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We provide additional information about the analytical calculations performed in the paper, giving
the second-order correlation functions of emitted photons g(2)(τ), and the delay-time distribution
between two photon emission events w(τ). We derive the general expression for the average delay-
time 〈τ〉 between two photon-emission events from the rate equation.
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I. CONSIDERATIONS ABOUT THE RATE
EQUATION

A. Rate equation for the symmetric junction

We describe the dynamics of states (q, n), with q =
0(1) the charge-state of the empty(filled) dot and n ∈ N
the number of photons inside the STM plasmonic cavity.
The time-dependent probability of occupying those states
P(q,n)(t) is solution of the rate-equation (RE)

Ṗ(q,n)(t) =

+∞∑
m=0

{
Γqq)nmP(q,m)(t)− ΓqqmnP(q,n)(t)

}
+ (n+ 1)κ↓P(q,n+1)(t) + nκ↑P(q,n−1)(t)

− [(n+ 1)κ↑ + nκ↓]P(q,n)(t) , (1)

with given initial conditions P(q,n)(0). Eq. (1) is simpli-
fied in the case of an electron-hole symmetric junction,
for which ε̃0 = ε0 − λ2~ωc = 0, ΓL = ΓR = Γ, and
µL = −µR = eV/2. Indeed in this regime, the tunneling
rates are independent of the charge-states of the dot

Γ01
mn = Γ10

mn ≡ Γmn , (2)

Γmn = Γ|〈m|ñ〉|2
∑
α=±

f

[
(m− n) ~ωc − α

eV

2

]
. (3)

Moreover, the fact that T � ~ωc/kB , implies that
κ↑ ≈ 0 and κ↓ ≈ κ. Using the former simplification
and Eq. (2), the occupation probability of the cavity-
mode πn(t) =

∑
q=0,1 P(q,n)(t) which is obtained after

integrating-out the dot-charge states, is shown to be so-
lution of a simplified RE

π̇n(t) ≈
+∞∑
m=0

{Γnmπm(t)− Γmnπn(t)}

+ κ(n+ 1)πn+1(t)− κnπn(t) , (4)

with initial conditions πn(0).

B. Decomposition of the RE into eigenmodes

We define π(t) the vector of which components are
given by [π(t)]n ≡ πn(t). We note Γ the rate-matrix
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such that Eq. (4) can be written in vectorial form π̇(t) =
Γπ(t), with initial condition π(0). The solution of the
RE is then given by π(t) = eΓtπ(0). We can expand this
solution into eigenmodes of the RE. For this purpose, we
define the right and left eigenvectors vλ and wλ associ-
ated to the λ (real and negative) eigenvalue of the Γ-
matrix, such that Γvλ = λvλ and wtλΓ = λwtλ. The null
eigenvalue λ = 0 is a trivial eigenvalue of the Γ-matrix.
The corresponding null right eigenvector v0 = π(st) pro-
vides the vector of stationary cavity-mode populations
π(st) = limt→+∞ π(t), solution of Γπ(st) = 0. The null
left eigenvector is the vector w with components [w]n ≡ 1
associated to the condition of normalisation of the proba-
bility distribution, namely that wt ·π(t) =

∑+∞
n=0 πn(t) =

1 at all times t. We get the solution of the RE as a lin-
ear superposition of eigenmodes with coefficients given
by the initial condition

π(t) =
∑
λ

[
wtλ · π(0)

]
vλe

λt . (5)

A specific choice of initial condition πn(0) = δnm en-
ables to derive from Eq. (5) the conditional probability
P (nt|m0) that the state n of the cavity-mode is realized
at time t, knowing that the cavity was in state m at initial
time t = 0

P (nt|m0) = π(st)
n + Gnm(t) , (6)

Gnm(t) =
∑
λ 6=0

[vλ]n [wλ]m e
λt , (7)

with [G(t)]nm ≡ Gnm(t) the pseudo Green-function of
the RE. Eq. (6) is the starting point of the analytical
derivation for the average-delay time between two pho-
ton emission events (see Sec. III B). We further define
the Laplace-transform of any causal function g(t) writ-

ten g̃(z) =
∫ +∞

0
dtf(t)e−zt, and obtain

P̃ (nz|m0) =
π

(st)
n

z
+ G̃nm(z) , (8)

G̃nm(z) =
∑
λ6=0

[vλ]n [wλ]m
z + λ

. (9)

II. SECOND-ORDER CORRELATION
FUNCTION OF THE EMITTED PHOTONS

A. Monte Carlo approach

1. MC algorithm

We implement in Python a kinetic Monte Carlo
approach1,2 to solve numerically for the RE of Eq. (1).
A simplified sketch of the MC algorithm is provided in
Fig.1. We first discretize the time in Nt equal time steps
of size dt: typically, in our simulations, dt ≈ 0.02/κ. The
algorithm starts with the list {(qn), 0} containing an ar-
bitrary initial state of the system (qn) at initial time 0.

Figure 1. Graphical representation of the kinetic Monte
Carlo algorithm, solving numerically the RE of Eq. (1). The
notation {(qn), i} stands for the list of system states (qn) and
times i (in units of dt) in the MC loop.

Figure 2. Upper part: Details of the possible random tran-
sitions starting from the initial (qn) state in the box Random
transition of Fig.1. Lower part: The random selection of the
final state (q′n′) is made by separating the interval [0, 1] into
boxes of lengths proportional to the rate of each transitions
starting from (qn). A random number ξ ∈ [0, 1] is generated
that will fall in one box corresponding to the selected state:
here (q′n′) = (q̄m).

We then choose randomly (with the procedure ex-
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plained in the following) a state (q′n′) that is connected
to the state (qn) by the RE (see the box labelled Ran-
dom transition in Fig.1). Fig.2 (upper part) shows the
possible transitions that might happen. The transition
(q, n) → (q, n − 1) corresponds to a random event for
which ”the charge state of the dot is unchanged” and ”a
photon leaves the cavity” with rate nκ. The transition
(q, n) → (q,m) correspond to another random event for
which photons are emitted inside the cavity by any inelas-
tic electronic tunneling event, with a rate Γ(q̄m)(qn). All
the other possible transitions are taken into account, as
well as the particular event corresponding to leaving the
state of the system unchanged (q, n) → (q, n). In Fig.2
(lower part), we separate the interval [0, 1] into boxes of
lengths proportional to each of the transitions that might
be chosen, for instance one box with length ∝ nκdt for
the transition (q, n)→ (q, n−1), another box of length ∝
Γ(q̄m)(qn)dt for the transition (q, n)→ (q,m). The event
corresponding to stay on the same state (q, n) → (q, n),
has a box of length∝ 1−

(
nκ+ Γ(q̄m)(qn) + · · ·

)
dt. We fi-

nally generate a random number ξ ∈ [0, 1] that will fall in
one box of the interval corresponding to the state reached
by the system. For instance, the final state (q′n′) = (q̄m)
is reached in Fig.2 (lower part). In our MC simulations,
we discard the first 106 time-steps in order to reach the
steady-state before recording the time-trace used for the
subsequent statistical analysis.

2. Photon detection

Once a transition to the state (q′n′) has occurred, the
algorithm selects further if ”yes” or ”no” this transition
is associated to the emission of a photon out of the cavity
(see the box labelled Photon detected ? in Fig.1). Note
that, similarly to a photocounting experiment, we con-
sider that only photons emitted through the transitions
(q, n)→ (q, n−1) are recorded in the histories of photon-
emission events, namely we record only events at which
”the charge state of the dot is unchanged” and ”a photon
leaves the cavity” with rate κ (the emitted photon needs
to leave the cavity before being detected). The photons
emitted inside the cavity by any inelastic electronic tun-
neling event (q, n) → (q,m) (with rate Γmn) are thus
not recorded. In this section, each time we write that a
photon is ”emitted”, we mean that a photon is ”emitted
out of the cavity”. We then repeat the MC loop of Fig.1
many times (Nt times), so that we reach times scales
sufficiently long for improving the precision of the MC
calculation and decrease the error bars. At the output of
this calculation, we obtain the history of random times
at which a single-photon was emitted out of the cavity.

3. SCF calculation

We define the following correlation functions of the
emitted photon field

Figure 3. Second-order correlation function g(2)(τ) com-
puted from the MC calculation. A number of 40 different
MC runs are shown as dots to illustrate the uncertainty bar
of the method. Plain curves are the averages g(2)(τ) taken
over those 40 MC runs. The error bars represent three stan-
dard deviations. Parameters are the same as in Fig.2 of the
paper.

1. G1(t1)dt1 ≡ the probability to ”emit a photon” in
the time interval [t1, t1 + dt1],

2. G2(t1, t2)dt1dt2 ≡ the joint probability to ”emit a
first photon” in the time interval [t1, t1+dt1] and to
”emit a second photon” in the time interval [t2, t2+
dt2].

The normalized second-order correlation function (SCF)
of the emitted photons is defined by

g(2)(t1, t2) =
G2(t1, t2)

G1(t1)G1(t2)
. (10)

In the stationary regime, we get that G1(t1) ≡ Gst
1 ,

G2(t1, t2) ≡ Gst
2 (τ = t2 − t1) and g(2)(t1, t2) ≡ g(2)(τ =

t2 − t1). The stationary SCF is obtained as

g(2)(τ) =
Gst

2 (τ)

(Gst
1 )2

. (11)

Both quantities Gst
1 and Gst

2 (τ) are extracted from the
Monte Carlo time-traces in the following way: i) Gst

1 is
obtained by the ratio between the total number of photon
detection events and the number Nt of time steps, ii)
Gst

2 (τ) is computed as the ratio between the number of
pairs of photon emission events delayed by the (discrete)
time interval τ and Nt. Numerically, this is efficiently
computed by dividing the whole time-trace into smaller
sequences, for which the time differences in each sequence
(as well as between pairs of sequences) are sequentially
added to a sparse data array that records the number of
occurrences for each possible time delay.

We present in Fig.3, the output of the SCF calculation
for g(2)(τ) for 40 different MC runs (dot points), from
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Figure 4. Graphical representation of Eq. (14) giving the un-
normalized second-order correlation function for the emitted
photons G(2)(t1, t2) as a function of time. The photons emit-
ted at time t1 and t2 are presented as red arrows, while the
blue arrow stands for the time-evolution provided by Eq. (6)
in between those two detection events.

which error bars of three standard deviations (99.7% of
the values from a normal distribution) are constructed.
This enable to get the typical error bars of the MC cal-
culation. The average curves over the 40 MC runs (full
lines) are the one used for Fig.2 of the paper.

B. Explicit expression of the SCF from the RE

In this section, for notational simplicity, we will restrict
to the electron-hole symmetric molecular junction, the
RE which is given by Eq. (4). The first-order correlation
function G1(t1) is formally given by

G1(t1) =

+∞∑
n=0

nκπn(t1) . (12)

Once the stationary state is reached, Eq. (12) becomes

Gst
1 = κ〈n〉 ≡ Γ(st)

γ , (13)

with Γ
(st)
γ the rate or stationary probability per unit of

time to emit a photon, and 〈n〉 =
∑+∞
n=0 nπ

st
n the average

number of photons inside cavity. The unnormalized SCF
G2(t1, t2) is obtained as (see Fig. 4)

G2(t1, t2) =

+∞∑
n,m=0

mκP (m, t2|n− 1, t1)nκπn(t1) ,

(14)

from which we obtain, in the stationary state

Gst
2 (τ) = κ2

+∞∑
n,m=0

nmP (m, τ |n− 1, 0)πst
n , (15)

g(2)(τ) =
1

〈n〉2
+∞∑
n,m=0

nmP (m, τ |n− 1, 0)πst
n . (16)

Eq. (16) is the main result of this section. It connects
g(2)(τ) to the conditional probability P (m, τ |n− 1, 0)

obtained in Eq. (6) from the solution of the RE. Note
that that the state n − 1 is reached and not the state n
in P (m, τ |n− 1, 0). This is due to the fact that for a
single photon to be emitted out of the cavity, a cavity-
photon has to be destroyed before. Formally, Eq. (16) is
equivalent to the output of the numerical Monte Carlo
calculation.

C. Relation of the SCF to Glauber formula

In this section, we rewrite the correlation functions in
Eq. (13) and Eq. (15) in terms of quantum operators.
We suppose that the stationary reduced density-matrix
ρst for the cavity-mode is diagonal in the basis of the n
states, namely that ρst =

∑+∞
n=0 π

st
n |n〉 〈n|. Substituting

the photon number n by the quantum operator for the
photon number n̂ = a†a in Eq. (13), with a the destruc-
tion operator of the cavity-photon mode, we obtain

Gst
1 ≡ κ Tr

{
a†aρst

}
. (17)

In the same way, using the basic postulates of quan-
tum mechanics, we substitute in Eq. (15) the conditional
probability P (m, τ |n− 1, 0) by its expression in terms
of the cavity-mode wave functions P (m, τ |n− 1, 0) ≡
|〈m|e−iĤτ/~ |n− 1〉 |2, with Ĥ the full Hamiltonian of the
STM nanoplasmonic junction. We obtain

Gst
2 (τ) = κ2

+∞∑
n=0

n〈n− 1|eiĤτ/~a†ae−iĤτ/~ |n− 1〉πst
n

= κ2
+∞∑
n=0

〈n|a†eiĤτ/~a†ae−iĤτ/~a |n〉πst
n

= κ2 Tr
{
a†eiĤτ/~a†ae−iĤτ/~aρst

}
, (18)

where we used the relations a |n〉 =
√
n− 1 |n〉 and∑+∞

m=0 |m〉 〈m| = I, with I the identity matrix. From
Eq. (17) and (18) follows the expression

g(2)(τ) =
Tr
{
a†eiĤτ/~a†ae−iĤτ/~aρst

}
Tr {a†aρst}2

. (19)

Eq. (19) recovers the result of Glauber3 and the
expression used in Ref. 4, for which g(2)(τ) =〈
a†(0)a†(τ)a(τ)a(0)

〉
/
〈
a†a
〉2

.

III. WAITING-TIME DISTRIBUTION OF THE
EMITTED PHOTONS

A. Definition and computation of the WTD

In this section, we consider another indicator for the
statistics of emitted light out of the cavity, which is
the delay-time distribution or waiting-time distribution
(WTD) w(τ) between two successive emitted photons.
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For computing the WTD, we first need to introduce the
following distribution functions

1. P (t2|t1) ≡ conditional probability distribution to
emit a photon at time t2, knowing that a photon
has been previously emitted at time t1.

2. Q(t2|t1) ≡ exclusive conditional probability distri-
bution to emit a photon at time t2, knowing that a
photon has been previously emitted at time t1, with
the constraint that no photon has been emitted in
the time-interval ]t1, t2[.

Both P and Q are computed from the output of the
Monte Carlo calculation. We remark that in general
P 6= Q. Indeed, Q involves to the statistics of ”exclusive”
histories in which no photon-emission event is observed in
between two successive photon-emission events, while P
includes the statistics of the ”complete” history of events
(”0-photon” emission, plus ”1-photon” emission event,
plus ”2-photon” emission events, etc · · · ) in between two
photon-emission events. The SCF and WTD can be ex-
pressed in terms of these distributions

g(2)(τ) =
S(τ)

Γ
(st)
γ

, (20)

w(τ) = Q(τ |0) , (21)

with S(τ) ≡ P (τ |0). Eq. (20) coincides with Eq. (11),
while using the same derivation as in Sec. II B, we obtain
the following expressions for both S(τ) and w(τ)

S(τ) =
κ

〈n〉

+∞∑
n,m=0

nmP (m, τ |n− 1, 0)πst
n , (22)

w(τ) =
κ

〈n〉

+∞∑
n,m=0

nmQ (m, τ |n− 1, 0)πst
n . (23)

Introducing the notation Pnm (τ) ≡ P (n, τ |n, 0) and
Qnm (τ) ≡ Q (n, τ |n, 0), the relation between P and Q
is given by the following renewal-like equation5

Pnm (τ) = Qnm (τ) + κ

+∞∑
k=1

k (Pnk−1 ∗Qkm) (τ) ,(24)

where we wrote (g ∗ h) (τ) ≡
∫ τ

0
dτ1g (τ − τ1)h (τ1) the

convolution between any two causal functions g and h.
After Laplace-transform, Eq. (24) becomes an algebraic
equation

P̃nm (z) = Q̃nm (z) + κ

+∞∑
k=1

kP̃nk−1 (z) Q̃km (z) . (25)

B. Average delay-time between two successive
photon-emission events

In this section, we derive an analytical expression for
the average delay-time between two successive photon-

emission events 〈τ〉 =
∫ +∞

0
dττw(τ), using Eqs. (8),

(23) and (25). The idea of this derivation is based on
the fact that the Laplace-transform of w(τ) is the mo-

ment generating function w̃(z) =
∫ +∞

0
dτe−zτw(τ) of

the WTD. Its analytical behavior for z → 0, provides
w̃(z) ≈ 1 − z 〈τ〉 + · · · . Similarly to the theoretical
approaches used for computing the mean reaction time
of polymer reactions6–9, we thus perform a systematic
expansion10 of Eq. (25) for z → 0, using the following

expansion of P̃ and Q̃

P̃nm(z) ≈ π
(st)
n

z
+ G̃nm(0) + o

(
z0
)
, (26)

κnQ̃nm(z) ≈ πn|m − zτn|m + o (z) , (27)

with the coefficients

πn|m = κn

∫ +∞

0

dτQnm(τ) , (28)

τn|m = κn

∫ +∞

0

dττQnm(τ) . (29)

1. Lowest-order o (1/z)

The lowest-order in expanding Eq. (25) is of order
o (1/z), and provides the following condition

+∞∑
n=0

πn|m = 1 . (30)

Together with its definition given in Eq. (28), πn|m can

thus be interpreted as a splitting-probability6,9, namely
it is the probability of first photon-emission event from
state n to n − 1 (integrated in time), given that the
state m was realized at time 0. The notion of splitting-
probability enables, with the definition in Eq. (29), to in-
terpret τn|m as the average-time of first photon-emission
event from state n to n − 1, given that the state m was
realized at time 0. We remark that formally, the average
delay-time 〈τ〉 between two successive photon emission
events can be obtained from the times τn|m as

〈τ〉 =
1

〈n〉

+∞∑
n,m=0

τn|m (m+ 1)π
(st)
m+1 . (31)

2. Order o
(
z0
)

The next order in expanding Eq. (25) is of order o
(
z0
)
.

It provides, using Eq. (31), the following system of equa-
tions

ξn − κ2nπ(st)
n 〈n〉 〈τ〉 = κ2n

+∞∑
m=1

G̃nm−1(0)mπ(st)
m

− κn
+∞∑
m=1

G̃nm−1(0)ξm , (32)
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with the unknowns ξn = κ
∑+∞
m=0 πn|m (m+ 1)π

(st)
m+1 and

〈τ〉. Using Eq. (30), we find that
∑+∞
n=0 ξn = κ 〈n〉, and

get the general solution of Eq. (32)

ξn = κnπ(st)
n (33)

〈τ〉 =
1

κ 〈n〉
≡ 1

Γ
(st)
γ

, (34)

Eqs. (33) and (34) are the main results of this section.
Eq. (34) states that the stationary probability per unit of
time of emitting a photon out of cavity is the inverse av-
erage delay-time between two successive photon emission
events. This relation is reminiscent of Kac’s lemma11,12,
and holds generally for ergodic systems.

C. Relation between the SCF and WTD

Eq. (24) provides a relation between the P and Q dis-
tributions. However, it does not imply a simple relation
between S(τ) (see Eq. (22)) and w(τ) (see Eq. (23)),
except in the case of a two-level atom or molecule (see
Sec. IV C). In general, the complete distribution func-
tion P (τ |0) is formally obtained as the sum of all inter-
mediate histories containing ”no photon emission”, plus
”one-photon emission event”, plus ”two-photon emission
events”, plus etc · · · between the two photon-emission
events in the time-interval ]0, τ [. This can be written
mathematically as the following series

P (τ |0) = Q(τ |0) +

∫ τ

0

dτ1Q(τ, τ1|0)

+

∫ τ

0

dτ1

∫ τ

τ1

dτ2Q(τ, τ2, τ1|0) + · · · ,

(35)

with Q(τ, τ1|0) the exclusive probability distribution that
one photon is emitted at time τ , and another one is
emitted at time τ1, knowing that one photon-emission
event occurred at time 0. A similar definition holds
for Q(τ, τ2, τ1|0) that contains an additional photon-
emission event at time τ2. If the stochastic process
of emitting photons out of the cavity is Markovian,
then Q(τ, τ1|0) ≡ Q(τ |τ1)Q(τ1|0) and Q(τ, τ2, τ1|0) ≡
Q(τ |τ2)Q(τ2|τ1)Q(τ1|0). Eq. (35) thus reduces in this
case to

P (τ |0) = Q(τ |0) +

∫ τ

0

dτ1Q(τ |τ1)Q(τ1|0)

+

∫ τ

0

dτ1

∫ τ

τ1

dτ2Q(τ |τ2)Q(τ2|τ1)Q(τ1|0)

+ · · · ,
(36)

This series can be resummated into an integral equation

P (τ |0) = Q(τ |0) +

∫ τ

0

dτ1P (τ |τ1)Q(τ1|0) .

(37)

Figure 5. Graphical representation of the truncated rate
equation Eq. (40) giving the cavity-mode populations πn(t),
in the case of a symmetric junction close to the first inelastic
threshold for photon emission. Red (blue) downward (up-
ward) arrows stand for dominant (subdominant) transition
rates induced by cavity-damping (inelastic tunneling of elec-
trons) .

Using the definition of S(τ) (see Eq. (20)) and w(τ) (see
Eq. (21)), if the stochastic process associated to the emis-
sion of photons out of the cavity is both Markovian and
stationary, we finally obtain

S(τ) = w(τ) + (S ∗ w) (τ) . (38)

Eq. (38) can be solved by Laplace-transform, thus pro-

viding a simple algebraic link between S̃(z) and w̃(z), the
respective Laplace transforms of S(τ) and w(τ)

w̃(z) =
1

1 + S̃−1(z)
. (39)

IV. ANALYTICAL RESULTS FOR A
SYMMETRIC JUNCTION

A. Analytical solutions of the RE

In this section, we restrict to the case of electron-hole
symmetric junctions, and bias voltages close to the first
inelastic threshold for photon emission µL = −µR =
eV/2 ≈ ~ωc. In this regime, the dominant transitions
rates are represented in Fig. 5, as red downward arrows
for cavity-damping rates (κ and 2κ) and blue upward ar-
rows for inelastic tunneling rates of single electrons across
the STM junction (Γ10 and Γ21). Eq. (4) then reduces to
an approximate RE involving a vector of populations of
lower dimension π(r)(t) = [π0(t), π1(t), π2(t)] (see Fig. 5)

π̇(r)(t) = Γ(r)π(r)(t) , (40)

Γ(r) ≈

−Γ10 κ 0
Γ10 −(κ+ Γ21) 2κ
0 Γ21 −2κ

 , (41)

Both left, right eigenvectors and eigenvalues of the re-
duced Γ(r)-matrix can be found analytically, although
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Figure 6. Time-dependence of S(τ) = κ 〈n〉 g(2)(τ) (dashed-
blue curves) obtained from Eq. (61), and w(τ) (plain red
curves) obtained from Eq. (63), both expressed in units of Γ10.
Upper panel: ”Long” time-scale τ ≥ τm in units of 1/κ, with
τm given by Eq. (66). Lower panel: Same curve but on ”short”
time-scale τ ≤ τm. Parameters are : κ = kBT/~ = 0.1ωc,
ΓL = ΓR = Γ = 0.1κ, µL = −µR = eV/2 = ~ωc, λ =

√
2, and

ε̃0 = 0.

the resulting expression for computing the SCF and
WTD are lengthy. We thus resort on the limit Γ � κ,
for which the following approximation of the non-zero
eigenvalues λ± is found

λ+ ≈ − (κ+ Γ10 − Γ21) ≈ −κ , (42)

λ− ≈ −2 (κ+ Γ21) ≈ −2κ , (43)

as well as the stationary populations of the cavity-mode

πst
1 ≈

Γ10

κ
, (44)

πst
2 ≈

Γ10Γ21

2κ2
, (45)

πst
0 = 1− πst

1 − πst
2 . (46)

The corresponding approximate solution of Eq. (40) is
obtained in this limit, for any initial condition π(r)(0) =
[π0(0), π1(0), π2(0)] as

π1(t) ≈ πst
1 +

{
π1(0) + 2π2(0)−

[
πst

1 + 2πst
2

]}
e−κt

+ 2
{
πst

2 − π2(0)
}
e−2κt , (47)

π2(t) ≈ πst
2 +

{
π2(0)− πst

2

}
e−2κt , (48)

π0(t) = 1− π1(t)− π2(t) . (49)

B. Analytical result for the SCF

Using the results of the previous Sec. IV A, Eqs. (13)
and (15), we obtain the following approximate expres-
sions

Gst
1 ≈ κ

(
πst

1 + 2πst
2

)
=

Γ10(κ+ Γ21)

κ
≈ Γ10 , (50)

Gst
2 (τ) ≈ κ2

{(
πst

1 + 2πst
2

)2 (
1− e−κτ

)
+ 2πst

2 e
−κτ

}
,

(51)

from which the SCF of emitted photons is obtained as

g(2)(τ) ≈ 1 + e−κτ
(
g(2)(0)− 1

)
, (52)

g(2)(0) =
〈n(n− 1)〉
〈n〉2

=
2πst

2

(πst
1 + 2πst

2 )
2 ≈

Γ21

Γ10
. (53)

Eqs. (53) and (52) are the main results of this section.
They recover and confirm independently the numerical
results of Ref. 4, that g(2)(τ) decays exponentially in time
with the cavity-damping rate κ. We find a

1. Bunching behavior (g(2)(τ) ≤ g(2)(0) ≈ 2) for λ�
1,

2. Complete antibunching (g(2)(τ) ≥ g(2)(0) = 0) for

λ =
√

2 ≈ 1.41,

3. Poissonian behavior (g(2)(τ) = g(2)(0) = 1) for λ =√
2−
√

2 ≈ 0.77.

C. Special case of photon antibunching (λ =
√

2)

1. Occupation probability of the cavity mode

In this section, we focus on the case of plasmon-
molecule coupling λ =

√
2, for which perfect antibunch-

ing is obtained in Eq. (52). Due to the vanishing of the
Franck-Condon overlap between the states n = 1 and
n = 2 of the displaced cavity-mode, we have that Γ21 = 0,
so that the excited cavity-state n = 2 in Fig. 5 cannot
be reached. Eq. (40) describing the physical problem of
light-emission, thus simplifies to a problem involving only
two cavity states n = 0 and n = 1

π̇1(t) ≈ Γ10π0(t)− κπ1(t) , (54)

π0(t) = 1− π1(t) . (55)

Its solution for the initial condition π1(0) = 0 (initially
empty cavity) is given by

π1(t) = πst
1

{
1− e−κtt

}
, (56)

≈ Γ10

κ

(
1− e−κt

)
, (57)

with κt = κ + Γ10, and πst
1 = Γ10/κt. In the rest of

this supplementary material, the approximate sign ≈, as
written in Eq. (57), will mean that the limit κ � Γ10

is taken. We note that the stationary occupation of the
cavity-mode is reached for time-scales t � 1/κ and is
given by πst

1 ≈ Γ10/κ, which comes from the balance
between the rate at which the cavity is populated (with
a rate given by the inelastic electronic tunneling rate Γ10)
and the rate at which the energy is dissipated (with cavity
dissipation-rate κ). At shorter time scales 0 ≤ t � 1/κ,
the population of the cavity modes is given by π1(t) ≈
Γ10t, and thus grows linearly with the inelastic tunneling
rate Γ10. This reflects the fact that starting with an
empty cavity n = 0, a new electron has to tunnel into
the dot so that a cavity photon is emitted to reach the
occupancy n = 1.
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2. SCF for the emitted photons

Using the results of the previous Sec. IV C 1, we obtain
the first-order correlation function

Gst
1 = κπst

1 =
κ

κt
Γ10 ≈ Γ10 . (58)

The probability that a photon is emitted out-of-cavity
between times t1 and t1 +dt1, is thus proportional to the
inelastic electronic tunneling rate Γ10. In other words,
an electron has to tunnel onto the dot and emit a cavity-
photon that further decays out of the cavity. We obtain
in the same way the SCF in this regime

Gst
2 (τ) = κ2P (1τ |00)πst

1

=

(
κΓ10

κt

)2 (
1− e−κtτ

)
≈ Γ2

10

(
1− e−κτ

)
,

(59)

g(2)(τ) = 1− e−κtτ ≈ 1− e−κτ . (60)

After the first photon has been emitted between time t1
and t1 + dt1, the cavity mode gets back to its ground-
state n = 0 and an additional electron tunneling event
is needed to repopulated the cavity mode to n = 1
that fast decays by emission of a second photon out-
of-cavity between times t2 and t2 + dt2. This refilling
of the cavity-mode is encoded by the time-evolution of
π1(τ) in Eq. (56). We obtain at large times τ � 1/κ

that Gst
2 (τ) ≈ Γ2

10 ≡ (Gst
1 )

2
, hence the two photon emis-

sion events become independent one from each other. At
short times τ � 1/κ, we find Gst

2 (τ) ≈ Γ2
10κτ , and the

initial slope Ġst
2 (0) = Γ2

10κ. This is consistent with the
argument that two inelastic electronic tunneling (rare)
events are necessary for two photons to be emitted,
thus explaining the Γ2

10 factor, while being not incom-
patible with the fact that the correlation function itself

g(2)(τ) = Gst
2 (τ)/ (Gst

1 )
2

decays with the damping rate
κ (frequent decay events) in Eq. (60). Finally, we re-
mark that Eq. (60) is consistent with Eq. (52) for the

case λ =
√

2.

3. WTD of emitted photons

For completeness, we present in Fig. 7 the WTD w(τ)
(histogram), as obtained from the output of the numer-
ical Monte Carlo calculation. We remark that the his-
togram is well approximated by the analytical distribu-
tion (see plain blue curve) shown by Eq. (63). In this
section, we compute w(τ) analytically. We first remark
that in the regime of Sec. IV C, Eq. (24) can be rewrit-
ten, after restricting to the available states of the cavity
n = 0, 1, in the form of Eq. (38). In other words, once
g(2)(τ) is known, w(τ) can be obtained by solving the
integral Eq. (38). We pursue further by rewriting explic-
itly S(τ) = κ 〈n〉 g(2)(τ) using Eq. (60), and performing

Figure 7. Time-dependence of w(τ) (histogram) obtained
from the Monte Carlo numerical calculation, expressed in
units of Γ10. The plain blue curve is the corresponding ana-
lytical result of Eq. (63). Parameters are those of Fig. 6.

its Laplace transform S̃(z)

S(τ) =
κΓ10

κt

{
1− e−κtτ

}
, (61)

S̃(z) =
κΓ10

z (z + κt)
. (62)

Incorporating Eq. (62) into the expression of w̃(z) in

terms of S̃(z) (see Eq. (39)), we find after inverse Laplace
transform

w(τ) =
κΓ10

κ− Γ10

{
e−Γ10τ − e−κτ

}
, (63)

≈ κΓ10τ −−−−→
τ→0+

0+ , (64)

≈ Γ10e
−Γ10τ −−−−−→

τ→+∞
0+ . (65)

Eq. (63) is the main result of this section, showing that
w(τ) is the sum of two exponentials, one with relaxation
rate Γ10 and the other with relaxation rate κ. We show
on Fig. 6, the time-evolution of S(τ) (dashed blue curves)
given by Eq. (61) and w(τ) (plain red curves) given by
Eq. (63). At ”short” times (τ � 1/κ), w(τ) vanishes lin-
early with τ , with a rate proportional to the inelastic elec-
tronic tunneling rate Γ10 (see Eq. (64) and Fig. 6-lower
panel). The vanishing of w(τ) at coincidence time τ = 0
is a signature of antibunching of emitted photons, while
the linear slope with Γ10 translates the fact that after one
photon has been emitted, one needs to wait some delay
time for refilling the cavity mode (by charging or dis-
charging the dot) and have another photon emitted. In
the opposite limit of ”long” times (τ � 1/κ), w(τ) van-
ishes exponentially in time with the rate Γ10 (see Eq. (65)
and Fig. 6-upper panel). This reflects both that w(τ) is a

normalized distribution function
[∫ +∞

0
dτw(τ) = 1

]
, and

that it becomes very unlikely that after one photon has
been emitted initially, another photon is not emitted after
a delay-time much larger than the cavity damping-time.
It is interesting to notice that w(τ) is a non-monotonous
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function of time, reaching a maximum at time τm ≈ 1/κ
given by

τm =
1

κ− Γ10
ln

(
κ

Γ10

)
. (66)

Finally, we obtain from Eq. (63), the average delay-time
〈τ〉 between two photon emission events

〈τ〉 =

∫ +∞

0

dττw(τ) =
1

Γ10
+

1

κ
≈ 1

Γ10
. (67)

Eq. (67) recovers the general expression given by
Eq. (34).

We thus conclude that S(τ) decays exponentially in
time with the total dissipation rate κ + Γ10, and thus
with a relaxation time 1/ (κ+ Γ10) ≈ 1/κ, as reported
in Ref. 4. In contrast to S(τ), w(τ) exhibits a non-
monotonous behavior with time, from which the average
delay-time between two photon emission events 〈τ〉 is ob-
tained as the sum of the inverse relaxation time 1/Γ10

associated to inelastic electronic tunneling plus the in-
verse relaxation time of cavity photon-decay 1/κ. In
summary, S(τ) and w(τ) do not contain the same sta-
tistical information, each exhibiting different character-
istic time-scales characterizing a different aspect of the
photon-emission statistics. Those two time-scales are not
inconsistent one with each other but constitute comple-
mentary statistical indicators. Only in the short-time
regime τ � τm, the behavior in time of w(τ) and S(τ)
coincide (being related to the same antibunching mecha-
nism), while at large time τ � τm they differ in a signifi-
cant manner, since w(τ) goes exponentially to zero while
S(τ) converges to Γ10 (see Fig. 6).

For completeness, we present in Fig. 7 the WTD w(τ)
(histogram), as obtained from the output of the numer-
ical Monte Carlo calculation. We remark that the his-
togram is well approximated by the analytical distribu-
tion (see plain blue curve) shown by Eq. (63).

D. Special case at the crossover point

(λ =
√

2−
√

2)

Finally, we present in Fig. 8 the WTD w(τ) (his-
togram), obtained from the numerical Monte Carlo cal-
culation, at the crossover point between the bunching

and antibunching regime (λ =
√

2−
√

2 ≈ 0.77). For
this particular value of the coupling strength, we have
shown both numerically (see Fig.2 of the paper, cyan
upper triangles) and analytically (see Sec. IV B) that
the second-order correlation function is constant in time
and thus presents a Poissonian behavior, namely that
g(2)(τ) = g(2)(0) = 1. We thus expect the WTD in this
regime to be exponentially decreasing in time. We show
that this is indeed the case (see histogram in Fig. 8), on
the whole time-window. The explicit time-dependence of
the WTD is provided by the approximated analytical for-
mula w(τ) ≈ Γ10e

−Γ10τ (see plain blue curve), with the

Figure 8. Time-dependence of w(τ) (histogram) obtained
from the Monte Carlo numerical calculation, expressed in
units of Γ10. The plain blue curve is given by the approx-
imated analytical formula w(τ) ≈ Γ10e

−Γ10τ . Parameters
are those of Fig. 6, but with a modified coupling strength

λ =
√

2−
√

2.

decay rate provided by Γ10 (evaluated at λ =
√

2−
√

2).

In this section, we model the non-perfect detection ef-
ficiency of photodetectors collecting the photons emitted
out of the cavity. We assign a probability η for a photon
to be detected by the photodetector, namely η is the ex-
perimental detection-yield. A perfect detector efficiency
means η = 1. For computing how g(2)(τ) and w(τ) are
impacted by this detector efficiency, we need to modify
the definitions of Sec. II A and Sec. III A

1. G1(t1)dt1 ≡ probability to ”emit a photon and
detect it by the apparatus” in the time-interval
[t1, t1 + dt1].

2. P (t1, t2) dt1dt2 ≡ joint-probability that ”a first
photon is emitted and detected by the apparatus”
in the time interval [t1, t1 +dt1] and that a ”second
photon is emitted and detected by the apparatus”
in the time interval [t2, t2 + dt2].

3. Q (t1, t2) dt1dt2 ≡ joint-probability that ”a first
photon is emitted and detected by the apparatus”
in the time interval [t1, t1 +dt1] and that a ”second
photon is emitted and detected by the apparatus”
in the time interval [t2, t2 + dt2], without any pho-
ton emitted in the time interval ]t1 + dt1, t2[.

The role of a non-perfect detection-yield is taken into
account in the Monte Carlo simulations by an addi-
tional random process with probability η, that is inde-
pendent of the photon-emission events. Due to the above
mentioned statistical independence between the photon-
emission and photon-detection events, the previously de-
fined probability distributions factorize

G1(t1) = ηG1(t1) , (68)

P (t1, t2) = η2P (t1, t2) , (69)
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Figure 9. Same curves as for Fig. 6, but for a low detection
yield η = 0.1 as frequently obtained in experimental situa-
tions.

with the underline symbols corresponding to quantities
evaluated at perfect detection efficiency (η = 1). Those
equations imply a modification of Eq. (10) and Eq. (20)
as

S(τ) = P (τ |0) = ηS(τ) , (70)

Gst
2 (τ) = P (τ, 0) = η2Gst

2 (τ) , (71)

g(2)(τ) =
P (τ |0)

Gst
1 (0)

=
ηS(τ)

ηGst
1

= g
2
(τ) , (72)

so that the unnormalized SCF Gst
2 (τ) is modified by the

non perfect photon-detection quantum-yield, while the
normalized SCF g(2)(τ) is not, since in the former, the
η2 factors simplify in the numerator and denominator.
Using the definition of w(τ) = Q(τ |0), Eq. (38) and

Eq. (70), we find that in the regime of photon antibunch-

ing (λ =
√

2) of Sec. IV C

ηS(τ) = w(τ) + η (w ∗ S) (τ) , (73)

which provides after Laplace transform

w̃(z) =
1

1 +
{
ηS̃(z)

}−1 . (74)

Eq. (74) generalizes Eq. (39) to the case of a non-perfect
detection yield. The final WTD is obtained as

w(τ) =
ηκΓ10

κd

{
e−

(κt−κd)τ
2 − e−

(κt+κd)τ
2

}
, (75)

with κd =
√
κ2
t − 4ηκΓ10. The corresponding average

delay-time 〈τ〉 between two photon emission events is
modified to

〈τ〉 =
1

η

{
1

Γ10
+

1

κ

}
. (76)

It is interesting to notice that, in contrast to g2(τ), w(τ)
depends significantly on the non-perfect detector effi-
ciency η. Eq. (75) shows indeed that the initial slope
of w(τ) is decreased upon decreasing efficiency, while the
rate of its exponential decrease at long times is also mod-
ified. Finally, 〈τ〉 increases towards longer times with a
reduction of η in Eq. (76). This exemplifies the necessity
to properly take into account the detector efficiency η in
the analysis of the short-time behavior of the WTD.

We show in Fig. 9, the comparison between w(τ) and
S(τ), in the case of a weak detection yield η = 0.1, as
typically obtained in experiments. In contrast to Fig. 6,
both curves get very close one from each other on the
same time-window (see Fig. 9-lower panel).
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