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COUNTING FUNCTIONS FOR DIRICHLET SERIES AND
COMPACTNESS OF COMPOSITION OPERATORS

FREDERIC BAYART

ABSTRACT. We give a sufficient condition for a composition operator with positive
characteristic to be compact on the Hardy space of Dirichlet series.

1. INTRODUCTION

1.1. Description of the results. Let #? be the Hilbert space of Dirichlet se-
ries f(s) = >, o, a,n"* with square summable coefficients endowed with ||f]|? =
3,1 lan|? By the Cauchy-Schwarz inequality, Dirichlet series in H? generate holo-
morphic functions in Cij2, where Cy = {s € C: Re(s) > 0}. Let ¢ : Cyjp — Cy )9 be
analytic. The composition operator with symbol ¢ is defined on H? by C,(f) = fop.
In [9], Gordon and Hedenmalm determined which symbols ¢ generate a bounded
composition operator on H?: this happens if and only if ¢ belongs to the Gordon-
Hedenmalm class G of the analytic functions ¢ : Cy/, — C;/ which may be written
o(s) = co + ¥(s) where ¢y is a non-negative integer, ¢ is a Dirichlet series that
converges uniformly in C. for every € > 0 and satisfies the following properties:

(a) if Co = 0, then wO(CO) - Cl/g;

(b) if ¢g > 1, then either (Cy) C Cy or ¢y = 0.

The non-negative integer cq is called the characteristic of ¢ and we will use the
notation Gy and Gs1, respectively, for the subclasses (a) and (b).

Once you know your operator is continuous the next step is to study whether it is
compact. In our context we try to characterize compactness of C, from properties
of its symbol ¢. This has been investigated in many papers (like [1], [2], [3], [0], [7],
[8], [1'1]). Following the seminal paper of Shapiro [12] for composition operators on
H?*(D), a natural way for doing so is to characterize compactness of C, by mean
of some counting function related to ¢. This was recently achieved in [7] for the
subclass Gy of composition operators with zero-characteristic.

In the present paper, we mostly concentrate on the subclass G>;. In [2], the
Nevanlinna counting function of ¢ = cos + ¢ € G>; was defined on C, by

Noy(w) = Z Re(s), w e Cy.
e(s)=w
In that paper, it was shown that provided |Im(t)| is bounded, the condition
Ny(w) = o(Re(w)) as Re(w) tends to 0 implies the compactness of C,,. Conversely,
in [1], Bailleul established that if v is supported on a finite set of prime numbers
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2 F. BAYART

and is finitely valent, the compactness of C, implies the above condition on N,.
Moreover these two properties are equivalent if ) is supported on a single prime
number (see [0]). We recall that if Q is a subset of the set of prime numbers, a
Dirichlet series ) a,n™* is supported on Q provided a, = 0 as soon as there exists
a prime number not in @ such that p|n.

Our aim here is to show that the result of [2] is still true without any assumption
on [Sm(v)].

Theorem 1.1. Let ¢ € G>; and let us assume that Ny(w) = o(Re(w)) as Re(w)
tends to 0. Then C,, is compact on H?.

1.2. Background material. We briefly review some basic facts on Dirichlet series.
Let T* be the infinite polycircle endowed with its Haar measure m. It can be
identified to the group of characters of (Q,+) via the prime number factorization:
to any z € T* we associate the character y defined by

d
x(n) = 20" 254 for n = Hp?j.
i=1

For f(s) = ), a,n™° a Dirichlet series and x a character, we denote by f, the
Dirichlet series f,(s) = Y. anx(n)n=*. If f converges uniformly in C, for some
0 € R, then for any yx € T, there exists a sequence of real numbers (7;,) such that
fx is the uniform limit in C, of the vertical translates (f( + i7,)). Conversely all
uniform limits in Cy of vertical translates are equal to some f,, which justifies that
the functions f, are called vertical limit functions.

If we now assume that f belongs to #?, then for almost every x € T, f, converges
in Cy and one can compute the norm of f via the following Littlewood-Paley formula:

W = nRF o0l +4 [ [ [ alrio +inPdueyizan),

where p is any finite positive measure on R.

Regarding composition operators, the notion of vertical limits is extended to sym-
bols ¢ € G>1 by defining ¢, = cyps + . The composition operators C,, and C,, are
related by the formula

(fo@)x = freo 0 py.

2. ON COUNTING FUNCTIONS FOR DIRICHLET SERIES

Let ¢ belong to G>;. The classical Nevanlinna counting function associated to ¢
is defined on Cy by

N, (w) = Z Re(s), w € Cy.
o(s)=w
It was introduced in [2] where the two following important properties were proved:
(NC1) N,(w) < %%e(w) for all w € Cy.
(NC2) If Ny(w) = o(Re(w)) as Re(w) — 0, then for all € > 0, there exists § > 0

such that, for all w € Cy with Re(w) < 6§, for all x € T, N, (w) < eRe(w)
(namely, the o bound is uniform with respect to x € T°).
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In this paper, we will be also interested in a restricted version of the counting
function, which is defined by

Ny(w) = Z Re(s), w € Cy.

o(s)=w
|[Sm(s)|<1

A similar restricted counting function has been introduced in [6], when ¢ is sup-
ported on a single prime number. The main interest of working with N, instead of
N, comes from the following enhancement of (NC1), which is inspired by [0, Lemma
6.3].

Proposition 2.1. Let ¢ = cops + 1 € G>1. There exists C > 0 such that, for all
X € T, for all w € Cy with Re(w) < co,

Re(w)
N, <COr—roo—F——.
S BT
Proof. Let © be the conformal map from D onto the half-strip
S={s=o0+it: c>0, |t| <2}

normalized by ©(0) = 2 and ©’(0) > 0. By standard regularity results on conformal
maps there exists C7 > 0 such that, for all s with 0 < Re(s) < 1 and |Sm(s)| < 1,

1

R < (Clog ——. 2.1
6(8) =~ Ly log |@_1(S)| ( )

Fix w € Cy and x € T* with 0 < Re(w) < ¢p. Define G on D by

Px(0(2)) —w
G(2) = Guy(2) i= 2.2
( ) 7X( ) QOX(G(Z))—FU) ( )
which is a self-map of ID. The Littlewood inequality for the standard Nevanlinna
counting function of G says that

1 1
log — < log ———. (2.3)
Z: 2| |G(0)]
zeG~1({0})
Now G(z) = 0 if and only if ¢, (0(2)) = w so that (2.3) becomes

) B
> logpy<log g0X<(<E>9<((§)>)>HU’

z —w
e(z)epy ! ({w)) Px

which itself can be rewritten

Z log L < log
- ©~1(s)| ~
s€px ({w})

Observe now that, when ¢, (s) = w, then 0 < Re(s) < 1 so that, using (2.1),

N, (w) = Z Re(s)

ox(s)=w
|Sm(s)|<1, Re(s)<1

1
<G 2L leigagy
—1
s€py ({w})

g

.
Aol

S
>
~—~
o
S~—




4 F. BAYART

Py (2) +w ‘

< Cylog |[———|.

=T Py (2) —w

Now we apply [7, Lemma 2.3] to get
Re(py (2))Re(w)
N, (w) < 2C X
N TN
o Re(i (2)Re(w)

(Re(py(2)) — Re(w))? + (Sm(py(2)) — Sm(w))?’
Our restriction on Re(w) shows that Re(p,(2)) — Re(w) > ¢p. On the other hand,
since 1 is a Dirichlet series uniformly convergent in each C., € > 0, (2 + iR) is

bounded. 1, being a vertical limit function of 9, there exists C5 > 0 such that
|0y (2)] < O for all x € T®. If |[Sm(w)| < 2C5, then we write

20102%6(’LU) 20102 2 %6(111)
N, < < 1+4 —
ox(W) < c? - (1+ 02>1+(%m(w))2
whereas, if |Sm(w)| > 2C,, then Sm(w) — Sm(py(2)) > 13Im(w) which yields
Re(w)
N, < 2041C: .
wnl0) < 20 G T
Therefore, in all cases, Proposition 2.1 is proved. O

Proposition 2.1 will be used to give a uniform bound on N, , in the spirit of
(NC2), upon the assumption N, (w) = o(Re(w)).

Corollary 2.2. Let p € G>1 and ¢ € (0,1). Let us assume that N,(w) = o(Re(w))
as Re(w) goes to 0. Then for all € > 0 there exists 0 > 0 such that, for all x € T,
for all w € Cy with Re(w) < 6,

Re(w) .
(1+ (Sm(w))?) 1+

Proof. Assume that the result is false. Then we can find € > 0, a sequence (wy) in
Co with Re(wy) — 0 and a sequence (i) in T* such that, for all k,

Re(wy,)
N‘Px 1+9)/2°
. (1+ (Sm(wy))2)

If Sm(wy) is unbounded, this contradicts Proposition 2.1 whereas if Sm(wy) is
bounded, this contradicts that M, (wy) = o(Re(wy)) and in particular (NC2). O

(2.4)

NSOX (w —

(wk) Z N‘ka (wk) > £

3. COMPACT COMPOSITION OPERATORS
3.1. Compactness on Hardy spaces.

Proof of Theorem 1.1. Let (f,) be a sequence in H? that converges weakly to zero.
We will let f,, , the vertical limit function of f,, with respect to the character x. By
the Littlewood-Paley formula applied with du(t) = %1[_1,1]dt, setting s = o + it,

IC (I = | fulo0) + 2 / ) / [N Pl (9 Podtdodmx).
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Our assumption on (f,) implies that (f,(4+00)) tends to zero. In the inner-most
integrals we do the non-univalent change of variables w = u + v = ¢, (0 + it).
Observe that this change of variables involves the restricted Nevanlinna counting
function N, whereas in [2] we used NV, (but we only obtained an inequality). Hence

ICFIE = Ufulo0) 2 [ [ [ 1 alw) PN, (wdodudm(),

R
Now let ¢ > 0 and let # > 0 be given by Corollary 2.2 for § = 1/2. We split the
integral over R, into foe + f€+°°. For the first integral, say Iy, we use (2.4) to get

e [ [ it Sammninto

< Crel fall?

Where we have used the Littlewood-Paley equality with the finite measure du(v) =
W To hande the integral over [0, +o00], say I, we now use Proposition 2.1 to

(ar
“+oo
I < C’/ / /|fn o (W dvdudm( )

write
+00
<c/ /Z|ank| (log k)*k~ 2“ T oadvdudim(x)

+
< Y an|*(log” k) / k2 du,

k>1
where we have written f,(s) = Zk>1 an kk~°. Now the argument of [2] shows that
Hm sup,, 4 oo D sy [@nkl” (log? k;) * k=2*du = 0, which finishes the proof of Theo-
rem 1.1. 0

Remark 3.1. Using the Littlewood-Paley formula for H? and the argument of [1],
a variant of the above proof shows that the condition N,(w) = o(Re(w)) as Re(w)
tends to zero is also sufficient to prove the compactness of C,, on H?, p > 1.

Remark 3.2. Proposition 2.1 provides also an alternative approach to the continu-
ity of C, when ¢ € G>1. Nevertheless, as it is written, we loose the fact that C, is
a contraction.

3.2. Compactness on Bergman spaces. In this section, we turn to the Bergman
spaces of Dirichlet series introduced by McCarthy in [10]. For o > —1 define

+o0o +oo 2
s Qn,
Aa:{f(s):Zann : Hf||izzm<+oo}
n=1 n=1

(as in the case of the disc, the Hardy space H? corresponds to the limiting case
a = —1). The norm of an element f of A, can be evaluated thanks to the following
Littlewood-Paley formula:

+oo
2 - 2 / 4\ [2 2+ad dod
=V + [ [ [ Ifide+ i Fo* e duttasdm(x)
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where p is any finite positive measure on R. Moreover, if f is a Dirichlet series
which converges uniformly in each half-plane C., £ > 0, an easy adaptation of [7,
Lemma 2.2] shows that

+00
1£12 < |f(+o0)? + lim  lim —/ / f'(o +it)]Po* dtdo. (3.1)

00—0+ T—+oo T’

Compactness of composition operators on A, has been studied in [2] and in [1].
The interest of working in Bergman spaces is that one often can replace a sufficient
condition on some counting function by a sufficient condition on the symbol itself.
This is what happens again here.

Theorem 3.3. Let ¢ € G and o > —1.

a) If p € G>1 and %;Q(;)D(s) — 400 as Re(s) = 0, then Cy, is compact on A,.

b) If p € Gy and %@1/2 — 400 as Re(s) — 0, then C,, is compact on A,.

Proof. Let us start with a). Let Ny = > o(s)=w (?)‘Ee(s))2+a be the appropriated
[Sm(s)|<1
Nevanlinna counting function for A,. We first observe that, for all Y € T* and for

all w € Co,

24«

Na,gox (w) S Z %6(8)

px(s)=w
| m(s)\<1

(Re(w))**e
1+ (Sm(w))2Fe

for some C' > 0. Moreover, let ¢ > 0 and 6 > 0 be such that Re(s) < § —
Re(s) < eRe(p(s)). For all x € T, one gets by vertical limit Re(s) < eRe(py(s)).
Let w € Co with Re(w) < 6 and let y € T™. If ¢ '({w}) = & then Ny, (w) = 0.
Otherwise, any s € ¢ ' ({w}) satisfy Re(s) < 6 so that

Nago(w) = > (Re(s))"™
ox(s)=1
|[Sm(s)|<1

< et §)‘Ee(w))wrl Z Re(s)

(%6(111)) 24«

< a+1
<O (Sm(w))?

where we have used Proposition 2.1. We then conclude exactly as in the proof of
Theorem 1.1. Details are left to the reader.

Let us turn to b). We are inspired by [7] but working in a Bergman space and
using this very strong assumption we will avoid most of the technical difficulties
which appear here. First we observe that for any f € A,, o,(f o ¢) < 0, which
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implies that we can estimate the norm of f o ¢ using (3.1). We then consider, for
0o, T > 0 and w € Cy, the counting function

1 o
Mo (00, Tiw) = > (Re(s)) ™™,
©(s)=w

|Sm(s)|<T, Re(s)>o0

The nonunivalent change of variables w = ¢, (s) leads to

ICf115 = [f(e(+00))[* + lim lim |/ (w)[* Map (00, T; w)dodt.

O'()—>0+ T—+o0o (C1/2

Let € > 0 and 0 < 6 < Re(p(+00))/2 such that Re(p(s)) < 3 + 6 implies Re(s) <
e (Re(p(s)) — 3). Then

MOMD(O-WT;IU) < ! Z (%6(3))24’0{

T
o(s)=w
|Sm(s)|<T
1 1+a1
14+
<e <9‘Ee(w) — 5) T Z Re(s)
p(s)=w
|Sm(s)|<T

elte (Re(w) — 1)2+a

2

<C
[w — p(+00)/[?

by [7, Lemma 2.3 and 2.4] where the constant C' is uniform in 7" for all T > oy,
for some oy > 0. The compactness of C, now follows from an argument similar to
that of [7, Theorem 1.4], using that the estimate on M, ,(0o, T;w) for Re(w) < 0
is uniform with respect to o9 and 7. O
Corollary 3.4. Let p € G and o > —1.
(1) If ¢ € G>1 and ¢ is supported on a finite set of prime numbers, then
%6(@(8)) Re(s)—0
Re(s)
(2) If ¢ € Gy and ¢ is supported on a single prime number, then
Re(p(s)) —1/2 Re(s)—0, oo
Re(s)

Remark 3.5. For the case of positive characteristic, we do not know whether the
condition Re(p(s))/Re(s) — +oo is always necessary for compactness.

C, is compact on A, <=

+00

C, is compact on A, <=

3.3. Concluding remarks.

Question 3.6. On H?2, can we get a necessary condition using some counting func-
tion without any extra assumption on ¢ € G=17 Or at least, if ¢ € G>; is supported
on a finite set of prime numbers, do we have

C, is compact on H* <= N, (w) = o(Re(w)) as Re(w) — 07
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Re(s)—0

Remark 3.7. The condition me(féjgi;” 2 > 400 is not necessary for com-

pactness on A, when the symbol is not supported on a single prime number. For
instance, ¢(s) = g —27% — 37% generates a compact operator on A, (the proof of [3,
Theorem 2], done in H?2, can be adapted to A,) which does not satisfy the above
condition.

Remark 3.8. We can also use the restricted Nevanlinna counting function intro-
duced here to simplify the results of [5], deleting an unnecessary assumption of
boundedness. For instance, we can replace Theorem 5.5 of [5] by: let ¢g and ¢; € G>1
and write them g = cos + Yo, Y1 = ¢os + 11. Assume moreover that there exists
C > 0 such that

e |0 — ¢1| < C'min(Re pg, Re¢1);

° lpp— i <C.
Then C,, and C,, belong to the same component of C(H), the set of composition
operators on H. If moreover we assume that

lpo — 1| = o(min(Re 0o, Regol)) and ¢ — ] — 0 as min(Re g, Rep1) — 0
then Cy,, — C

o1 1s compact.
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