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LOCAL VERSIONS OF SUM-OF-NORMS CLUSTERING
ALEXANDER DUNLAP AND JEAN-CHRISTOPHE MOURRAT

ABSTRACT. Sum-of-norms clustering is a convex optimization problem whose solution
can be used for the clustering of multivariate data. We propose and study a localized
version of this method, and show in particular that it can separate arbitrarily close balls
in the stochastic ball model. More precisely, we prove a quantitative bound on the error
incurred in the clustering of disjoint connected sets. Our bound is expressed in terms of
the number of datapoints and the localization length of the functional.

1. INTRODUCTION

Let d € N and let z1,...,zxy € R? be a collection of points, which we think of as a
dataset. We consider the clustering problem, which is to find a partition of {z1,...,zx}
that collects close-together points into the same element of the partition. This problem has
a long history in the theoretical statistics and computer science literature, which we do not
attempt to review here. We focus our attention on the “sum-of-norms clustering” method
(also known as “convex clustering shrinkage” or “Clusterpath”) introduced in [19, 13, 16],
which identifies clusters as the level sets of the minimizer of the convex functional

1 & -
(?le--ayN)'_)NZ‘yn_xn’Q"’W w(|Zm = Tn|)|[Ym — ynl (1.1)
n=1 m,n=1
over (y1,...,yn) € (RHN, for some “weight function” w. Here | - | denotes the Euclidean

norm. The point y, is thought of as a “representative point” of the cluster to which x,
belongs, and so z, and x,, belong to the same cluster if y,, = y,,. The first term of (1.1) is
designed to keep the representative point of a cluster close to the points in that cluster
(thus encouraging having many clusters), while the second term (called the “fusion term”) is
designed to encourage points to merge into fewer clusters, at least if they are close together
according to the weight function. The parameter A controls the relative strength of these
two effects.

The present work will investigate an asymptotic regime of sum-of-norms clustering as
the number of datapoints becomes very large and the weight w is simultaneously scaled in
a careful way. Following our previous work [10], for the purposes of mathematical analysis
we consider the somewhat more general problem of clustering of measures. Thus, for a
measure u on R? of compact support, we define the functional Jurq i (L2 (1))* — R by

Juany () :/\U(w} —ﬂfl2du(w)+/\7d+l//e_”_yIU(HS) —u(y)ldp(z)du(y).  (1.2)

We note that (1.1) with w(r) = y**1e™" is obtained from (1.2) by setting 1 = + Zf:[:l Oz,
The regime v | 0 with Ay%T! kept constant corresponds to the unweighted problem (i.e.
with w = 1), which enjoys some good theoretical properties as discussed in, for example,
[23, 22, 9, 18, 20, 15, 8, 14, 21]. However, the unweighted problem has the drawback that
it fails to recover the clusters in the stochastic ball model [17] if the balls are too close
together, as we showed in [10]. In the present work, we will show that this deficiency can

be overcome if 7 is chosen as an appropriate function of the number of points N. To be
1



2 A. DUNLAP AND J.-C. MOURRAT

more precise, if our dataset is the empirical distribution of N > 1 points drawn from a
continuous distribution whose support is the disjoint union of sufficiently nice closed sets,
and if v is chosen suitably in terms of IV, then the minimizer of (1.2) will approximately
recover the p-centroids of these sets.

We denote by u,, )~ the minimizer of J, ), which exists and is unique because .J,, )  is
coercive, uniformly convex, and continuous on (L2(u))?. (See (2.2) below.) For every Borel
set U such that u(U) > 0, we let

cent,(U) = 1/U:cd,u(:c)

wU)
be the p-centroid of U. We also write a V b := max(a, b), and define
oo ifd=1,
d:=4% ifd=2, (1.3)
d ifd>3.

Our main result is the following.

Theorem 1.1. Let p1 be a probability measure on R® such that supp p = UeL:1 Uy, where
Ui,...,Ur are bounded, effectively star-shaped (see Definition 1.2 below) open sets with
Lipschitz boundaries, such that their closures Uy,...,Ur are pairwise disjoint. Assume
that p admits a density with respect to the Lebesque measure, and that this density is
Lipschitz and bounded away from zero on supp u. Then there exist Ao, C < oo such that
for every X\ = A, the following holds. Let (X,)nen be a sequence of independent random

variables with law p, N > 1 be an integer, uy = % Egzl 0x, , and
AV ={nef1,. .. N}|X,eU}, te{l,...,L}.
For every v > 1, we have

L

1
E Ng g \um\mﬁ()(n)—CentM(Ug)]2
/=1 (€)
neAN

<C (,YN—l/(dVQ)(IOgN)l/d’ +(4 )\)7_1/3) .

(1.4)

Now we define the technical condition used in the statement of the theorem.

Definition 1.2. For U a subset of R% and € > 0, let U, be the e-enlargement of U, namely
U. = {z e R?| dist(z,U) < &}.

We say that a domain U is effectively star-shaped if there exists x, € U and a constant
Cy < oo such that for every € > 0 sufficiently small, the image of U, under the mapping
x> T + (1 — Cye)(x — 24) is contained in U.

For d > 2, optimizing the right-hand side of (1.4) suggests the optimal choice v ~ N3/(4)
in which case the mean-square error is of the order of N~/ yp to logarithmic corrections.
We do not know if the estimate in (1.4) is sharp. If technical issues that arise near the
boundary of the domains could be avoided, then we believe that we could replace the
term 4~1/3 in (1.4) by ~~1/2; this in turn would suggest choosing v ~ NG9 up to a
logarithmic correction.

A similar result to Theorem 1.1 can be obtained if the weight r» — ™" is replaced by a
truncated version r — e~ 7"1,«, for an appropriate choice of w; see Proposition 6.1 below.
This result essentially says that we can choose w ~ y~!, up to a logarithmic correction,
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without modifying the optimizer substantially. In the discrete setting, this reduces the
number of pairs of points that need to be included in the sum that is the double integral
in (1.2), and thus may lead to improvements in computational efficiency. (See [7] regarding
efficient computational algorithms for sum-of-norms clustering, and in particular regarding
the effect of the sparsity of the weights on the computational complexity.) For instance,
under the assumptions of Theorem 1.1 and with the choice of w ~ 4~ ~ N=3/(44) 4 typical
point only interacts with about N1/4 points in its vicinity. Depending on the relative costs
of computation versus the procurement of new datapoints, efficiency considerations may
lead to a different choice of v than what would be suggested by the optimal accuracy
considerations discussed in the previous paragraph. We do not further pursue the question
of computational efficiency in the present paper.

An important step in the proof of Theorem 1.1, which is also of independent interest,
concerns what happens as 7 is taken to infinity. The factor v4*! in (1.2) was indeed chosen
so that a limiting functional would arise, under appropriate conditions on yu. Let U be a
bounded open subset of R% and suppose that supp i = U. Suppose furthermore that s is
absolutely continuous with respect to the Lebesgue measure on U, with density p € C(U)
bounded away from zero on U. We denote by BV(U) the space of functions of bounded
variation on U. (Some elementary properties of the space BV (U) are recalled in Section 2

below; see also [2].) If u € (L?(U) N BV (U))?, then we can define

Tunoel) = [ Ju(e) = o du(z) + e [ pla)? dlDul(o) (15)
where
c= / e Wy - e1] dy. (1.6)
Rd

We will see in Proposition 2.1 below that J, ) o admits a unique minimizer u, ) o €
(L2(U)NBV(U))% In Theorem 4.1, we will then show in a quantitative sense that, if U
is sufficiently regular and the density p is Lipschitz, then w,, ) 5 converges to u, o as v
tends to infinity.

The utility of the gradient functional (1.5) in the proof of Theorem 1.1 is apparent in
Proposition 5.1 below. This proposition states that when A is large enough, the minimizer
of the gradient functional recovers the centroids of the connected components of the support
of the measure pu.

The gradient clustering functional (1.5) only makes sense for smooth measures. In order
to show the convergence of the minimizers of the weighted clustering functionals (1.2) on
empirical distributions, we need to relate the minimizers of the finite-y problem for empirical
distributions to the minimizers of the finite-y problem for smooth distributions. We do
this by proving a stability result with respect to the co-Wasserstein metric Wy, which is
Proposition 3.1 below. This works in combination with a quantitative Glivenko—Cantelli-
type result for the co-Wasserstein metric proved in [12], and recalled in Proposition 7.1
below. However, since the latter result only holds for connected domains, we also need to
truncate the exponential weight in (1.2), which is done in Section 6.

Outline of the paper. In Section 2 we establish some basic properties of J, » 4 and J, \ oo-
In Section 3 we prove a stability result for ug ), as @ — p in the co-Wasserstein distance.
In Section 4 we prove the convergence result for u, ) 4 as v — oo. In Section 5 we show that
the limiting functional u, o recovers the centroids of the connected components of supp i
as long as A is large enough. In Section 6 we prove a stability result when the exponential
weight is truncated. In Section 7 we put everything together to prove Theorem 1.1.
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2. BASIC PROPERTIES OF THE FUNCTIONALS

As mentioned above, for a bounded open set U C R%, we denote by BV(U) the space
of functions of bounded variation on U. This is the set of all functions u € L*(U) whose
derivatives are Radon measures. For u € BV(U), we denote by Du the gradient of u,
which is thus a vector-valued Radon measure, and we denote by |Du]| its total variation. In
particular, for every open set V C U, we have by |2, Proposition 1.47] that

d
|Du|(V) = sup/ ¢+ dDu = SupZ/ ¢; dDj;u, (2.1)
¢ JV ¢ =17V

where the supremum is over all ¢ € (C.(V))? such that |9l oo (vy < 1, with the understand-
ing that

N =

d
9l Loc vy = @] | vy = eSS Sup (Z ¢?(w)>
z i=1

When u € (BV(U))?, the gradient Du is a Radon measure taking values in the space of
d-by-d matrices. Identifying each such matrix with a vector of length d?, we can still define
the total variation measure |Du| as above. (Thus, if Du is in fact an R?*?-valued function,
then |Du|(x) is the Frobenius norm of the matrix Du(x).) We refer to [2]| for a thorough
exposition of the properties of BV functions.

In the remainder of this section, we collect some basic properties of the functionals J,, » .
It is straightforward to see that, for any v € (0,00), the functional J, ) 5 is uniformly
convex on (L?(u))?. Indeed, for every u,v € (L?(u))?, we have

1

B (Juany(u+0) + Jupy(u—v)) = Jury(u) > /U2 dp. (2.2)

Since the functional is also coercive, the existence and uniqueness of the minimizer wu,, ) 4
follow. The next proposition covers the case when v = oo.

Proposition 2.1. Let U be a bounded open subset of R® and suppose that supppu = U.
Suppose furthermore that p is absolutely continuous with respect to the Lebesque measure
on U with a density p € C(U) that is bounded away from zero. Then for any X > 0, the
functional J, \ oo admits a unique minimizer uy, \ o € L*(U) NBV(U).

Proof. We start by observing that the convexity property (2.2) is still valid for v = oo, for
every u,v € (L*(U)NBV(U))% Let (ug)i be a sequence of functions in (L*(U) N BV (U))?
such that

lim J'u’)\’oo(uk) = inf JM,)MOO' (23)
k—o0
Since p is bounded away from zero, the functional J,, ) o is coercive on (L2(U) NBV(U))<.
By the Banach—Alaoglu theorem and [2, Theorem 3.23], by passing to a subsequence we

can assume that there is a u € (L?(U) N BV (U))? such that ug — u weakly in (L2(U))?
and weakly-* in (BV(U))?. From the weak convergence in (L?(U))¢ we see that

/]u(w) —zrdu(r) < likrgiorolf/ lug () — 2| dp(z).
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From the weak-* convergence in (BV(U))? we see that

l/f%@2dﬂhd@)=sup/mMw?¢@ﬁ'dDu@ﬁ
U o) U

< liminf sup /U o(2)26(z) - dDug(x)

k—o0 b

— liminf / o(2)2d| Dug|(z),
k—o0 U

where the supremum is over all ¢ € (Ce(U))? such that [pllLee(y < 1. The last two

displays and (2.3) imply that J,  co(u) = inf Jj, x 0, 50 We can take u, xoc = u. The

uniqueness of u,, \ « follows from the uniform convexity (2.2). O

A direct consequence of the convexity property (2.2) is that, for every v € (0, 00) and
u € (L%(pn))¢, we have

Uy ry T U
/ lu — U#,/\77|2 dp < 2 (Juaqy (W) + Juaqy (Upay)) — 4duay (M;>

<2 (Jyany () — inf J, ) - (2.4)

Under the assumptions of Proposition 2.1, the inequalities in (2.4) remain valid with v = oo,
provided that we also impose that u € (L2(U) N BV (U))?. Another important fact will be
that, for every v € (0, 00},

0 < infJ, 5, < Jyas(cent, (RY) = / |z — cent,,(RY)|* dpu(z), (2.5)

where we note that the right-hand side is the variance of a random variable distributed
according to i, and in particular is independent of A and ~.

3. STABILITY WITH RESPECT TO 0o- WASSERSTEIN PERTURBATIONS OF THE MEASURE

Throughout the paper, for any two measures p and v on R¢, we let Wy (i, ) be the

oo-Wasserstein distance between p and v, namely
Weo (i, v) = inf esssup |z — y|,
™ (zy)~m

where the infimum is taken over all couplings 7 of p and v. It is classical to verify that this
infimum is achieved. We call any 7 achieving this infimum an co-optimal transport plan
from p to v. In this section we prove that, for finite v, the minimizer u, ) is stable under
oo-Wasserstein perturbations of p.

Proposition 3.1. There is a universal constant C' such that the following holds. Let
¥, A, M € (0,00) and let u, i be two probability measures on R? with supports contained in
a common FEuclidean ball of diameter M. There exists an co-optimal transport plan w from
u to @ such that

lﬂ%m@-%m@ﬁ®@@<mM+WW%W@- (3.1)

Proof. Throughout the proof, A and v will remain fixed, so we write J, = J, », and
uy = Uy n~- (Nonetheless, we emphasize that the constant C' in the statement of the
theorem does not depend on A or 7.) Let m be an oo-optimal transport plan from u to .
We write the disintegration

dr(xz,z) =dv(z | x) du(z)
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and define
u(z) = /Ug(i:) dv(z | x).
‘We have

it Jp = [ un(@) — 52 4@ + 2™ [ e F (@) — up(@)| 5 (@) d7(5)
— [ 10a(@) ~ 7 vz | 2) due)
gt //// ez (7) — uz(@)| dv(F | ) dp() dv(F | v) du(y).  (3.2)

For the first term on the right side of (3.2), we write
uz(@) = 2° = Jup(@) — 2 — |z = 2 - 2(up(@) - 7) - (2 — 7)
> |uz(7) — z* — 3M |z — 7. (3.3)

For the second term on the right side of (3.2), we note that, for y-a.e. z,y, on the support
of v(Z | ) ® v(y | y) we have, writing W = Wyo(u, 1),

[y — ] <2W + |y — 2],

S0
e Tl > o= 2W o mly—al

Thus we can write

& M@ - (@] (@ | @) dute) dv(i | ) duto)
>t [ ot ([ (@ - wa @ vtz | 0w ) ) dnto) duto)
> [ e ate) - ay)| dute) duto), (3.4)

where we used Jensen’s inequality in the last step. Substituting (3.3) and (3.4) into (3.2),
we obtain

inf J; > / luz (@) — 2> dv(T | z) du(z) — 3M// |z — z|dn(z, Z)
e[ e aa) —a(y)] dute) du(w)

> / (@) — o2 dp(z) + Myt LoV // eV () — a(y)| dpu(ar) duy) — MW
> e W I (@) — 3MW,
where in the second step we again used Jensen’s inequality. Therefore, we have
inf J, < J, (@) < eV (inf J; + 3MW) < inf J; + 3Me*WW + (W — 1) M2, (3.5)
with the last inequality by (2.5). By symmetry, this implies that
linf J; — inf J,| < 3Me*WW 4 (2 — 1) M. (3.6)

Now we have, using the second and third inequalities of (3.5), as well as (2.4) and (3.6),
that

/ @ — uy?dp < 2(J, (@) — inf J,) < 2 (inf J; — inf J,) + 6Me*WW + 2 (e2V — 1) M?

< 12MePVW 4+ 4PV — 1)M? < (M 4+ 1)2Q("Weo (11, 1)) (3.7)
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where we have defined Q(t) := 12e?'t + 4(e? — 1).

The remainder of the proof is very similar to the second half of the proof of [10,
Proposition 5.3|. For each € > 0, let . be a measure on the ball B, absolutely continuous
with respect to the Lebesgue measure, and such that

Woo (s pie) < €. (3:8)

Since . is absolutely continuous with respect to the Lebesgue measure, by [6, Theorems 5.5
and 3.2] there are maps T; and T, . from supp u. to supp p and supp f, respectively, such that
(id XT% )4 (pe) is an co-optimal transport plan between p. and p and similarly (id XT3 ), (pe)
is an oc-optimal transport plan between p. and . We have

/ (T (2)) — (T () dpee ()
<2 / g (To(2)) — . ()2 dpee () + 2 / it () — (T (2))|? dpae ().

For the first term on the right side, we use (3.7) above with u + u. and 1 < p (so that
< uy 0 T;):

(3.9)

/ (T2 (2)) — 10, ()2 dpac () < (M + 1)2Q(e).

For the second term on the right side, we use (3.7) above with p < u. and g < @ (so that
U= ugo TE):

/ . (&) — (T ()2 dpae () < (M + 1)°Q(1Who (pe: ))-

Using the last two displays in (3.9), we get

/ u(T2(2)) — up(To(2))? dpe ()
<2(M +1)2Q(ve) + 2(M + 1)*Q(yWao (e, 1)) (3.10)

We can find a sequence ¢ | 0 and a coupling 7 of y and g such that (Tak,ﬁk,)*,uak — T as
k — oo. Taking € = ¢ in (3.10), and then taking the limit as k — oo, we get

/ g () — iy (B) 2 de(2, F) < 2M +12Q0Wao(w D). (3.11)

Hence, since, @ is smooth, Q(0) = 0, and the left side of (3.11) is also evidently bounded
above by M?, we obtain the desired inequality (3.1).

It remains to show that 7 is an co-optimal transport plan. This follows by using (3.8) to
note that

esssup |Tx(z) — Te(z)] < esssup [Te(z) — x| + esssup |z — To(x)| < € + Wao (pte, 1),

T e T~ e T e

and then taking limits along the subsequence ¢ | 0. g

4. CONVERGENCE AS v — 00

In this section we show that, under suitable assumptions on U and p, the optimizer u, ) 4
converges to U, )« as 7 — 0o. In essence, we will obtain this by showing a quantitative
version of the fact that the functional J, ), I'-converges to J, x - as 7y tends to infinity.
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Theorem 4.1. Assume that U = supp u is effectively star-shaped and has a Lipschitz
boundary, and that the measure u has a density with respect to the Lebesque measure that is
Lipschitz on U and is bounded away from zero. Then there exists a constant C < oo such
that, for every \ € (0,00), we have

[ inf Jyx 00 = inf Juxq|+ / [t 00 = Uppa|* dp < CyR, (4.1)

Proof. Without loss of generality, assume that the point x, in Definition 1.2 is the origin,
and that the constant C, appearing there is 1. We denote by p the density of u with
respect to the Lebesgue measure. By [11, Theorem 5.4.1|, we can and do extend p to a
Lipschitz function on R¢, which we can also prescribe to vanish outside of a bounded set.
Throughout the proof, we will leave p, A fixed, and write u, = u, ) and J, = J, \ . The
constant C' may depend on g but not on v or A, and may change over the course of the
argument. We let U, be the e-enlargement of U as in Definition 1.2.

For every € € (0,1), v € (0,00], and x € U,, we define
Uye(z) = uy((1—€)z),

and for every x € U, we define

Uy (@) = (Uy,e * Xe) (@),

where * denotes the convolution operator, x € CX(R?% R.) is a nonnegative smooth
function with compact support in the unit ball satisfying

/R X(@dr=1  and /R rx(a)dz =0, (4.2)

and where we have set x. := e 9y (e7 ).
Step 1. We show that, for every v € (0, 00),

|, @) = afpta) e 421 ] e @) — )l ey
< Jy(uy) + Ce.
To prove this, we bound the first term on the left side of (4.3) by

iy e (@) — 2 pla) da < (1 — )~ /U P (1 - ) da

</ lu () — 2*p(z) dz + Cé,
U

where in the second inequality we used the fact that p is Lipschitz. For the second term on
the left side of (4.3), we proceed similarly, noting that

d+1 e Ve=vliG. (x — Uy T
¥ //U NeU|, () — Ty e ()] dps() ds(y)

! Ayl (1—2) x y
< —le—yl/(1- -
S — o) //U2e |y (2) uv(y)|P< _€>P<1_€> dzdy
d+1 | | y
— YTy _
1_52d//U2 o) — )l () (122 ) ot

d+1
1—5 (1 —¢)2d //UQG e y”u (z) — uy(y)|p(w)p(y) dz dy + Ce.

(4.3)

x

x_
v Uy () 1—=
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It is in this calculation that the star-shaped property is crucial: in the second inequality,
we used that the map sending U. to U (i.e. the map z — x/(1 — ¢)) is contractive. We
also used (2.5) and again the fact that p is Lipschitz. Combining the last two displays, we
obtain (4.3).
Step 2. We show that, for every v € (0, 00),
Jy(tye) < Jy(uy) + Ce. (4.4)

Using (4.2), we can write

[t = af? dute) /‘/ e (y) — )xe(z — ) dy
< [ e o /R el = y)pla) ddy,

Since p is Lipschitz, the inner integral is close to p(y), up to an error bounded by Ce, and
we thus get that

2
p(z)dx

|t eta) = ol da) /|uw 2) — 2?p(z) dz + Ce. (4.5)
We also have

d+1//U2 —7lz— yl‘u (@) —uye(y)|p@)p(y) dz dy
< 7d+1// e~ Tyl / [y (T — 2) = Uy e(y — 2)]xe(2) dz
i+ //U 2 /R e (@) — e ()| xe ()l + 2)ply + 2) dz dady
<ot [ et o) =l [ xente + 2l 2)dz ) dedy
< A0 //U2 o Vlz—yl Uy e (x) — Uy e(y)| p(x)p(y) dz dy + Ce,

where in the last step we used (4.3), (2.5), and the fact that p is Lipschitz. Combining the
last two displays with (4.3) yields (4.4).

Step 3. We show that, for every v € [1,00) and € € (0, 1],

p(z)p(y) dr dy

C

In view of (4.4), it suffices to show (4.6) with J,(u,) replaced by Jy(u, ). We start by
using the fact that || D*uy c|| o,y < Ce™? to write

i1 //Uf_w_yl'uw(:r) — Uy e(y)|p(x)p(y) dr dy
> It //U e Dus (@) - (@ — y) lp(@)oly) da dy
T — ul2
Ot //UQ e—vlﬂc—yl‘EQy‘p(gg)p(y) dx dy. (4.7)

Since p is bounded and

vd“/ T V= 7‘1/ e W|y|% dy, (4.8)
R4 R4
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we see that the second integral on the right-hand side of (4.7) is bounded by Cvy~le=2.
Next, we aim to compare the first integral on the right-hand side of (4.7) with the same
quantity with p(y) replaced by p(z). Since p is Lipschitz and || Duy || oo,y < Ce™, the
difference between these two quantities is bounded by

Certgttt || e yp(woty) dedy < 07 1e
U2
using again (4.8) and the boundedness of p. To complete this step, it remains to argue that

d+1// e VT y‘|Duy5( ) - (w—y)]p(x)dedy>c/p(x)2|Du%5(ac)\dx+C’Y_15_1
U2

(4.9)
Recalling (1.6), we see that the first term on the right-hand side above can be rewritten as

7d+1// e—7|I—y||Du%€(aj).(x_y)|p(x)2 dy dx.
U JRd

For every § > 0, we denote U° := {2 € U : dist(z,0U) < §}. Since [ Dty el oo () < Ce!
the inequality (4.9) will follow from the fact that

7d+1/ / e VPl — yldyda < Cy7L (4.10)
U JRNU

Since U has a Lipschitz boundary, there exists § > 0 such that for every 0 < n <7’ <4,
the Lebesgue measure of U \ U" is at most C (' — n). Therefore,

vd“// e Ml — gl dy da
RI\U

)

[67]
< Oydtle=07 4 yd+l Z/ / e V=l — | dy da
Dy I\gky 1l JRA\U
5
d+1 -6 d+1 al -2 — ke
< CyHle™ 44T Yy " e e @ — y|dy do
o Uty gkt JRA
[7] .
< Crytle™ 4 oyt Z e 2
k=0
<Oyt
x Uy .

This is (4.10). Combining these estimates with (4.4) yields (4.6).
Step 4. We show that

[l e () — z|* p(x da:+c)\// )2d| Do £| () < Joo(too) + Ce. (4.11)
Ue
This follows from the fact that the the left side of (4.11) can be rewritten as
x

(1_5)—d/U £ p<1f )dx+ e d+1// ( ) d| Dun| (),

and from the fact that p is Lipschitz.
Step 5. We show that

Uoo () —

Joo(Usoe) < Joo(Uoo) + Ce. (4.12)
Arguing in the same way as for (4.5), we see that

/!uoo6 ) — z|* du(x) / U e () — x*p(2) dz + Ce. (4.13)
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For the second term, we notice that by [2, Proposition 3.2|, we have

D(aoo,s * X&) = Daoo,a * Xe,
and thus

| PP ID G 0 @) // 2Xe(@ — ) d| Difco | (y) da

< /U p(y)? d| Diie. .| () + Ce,

where we used (4.11), (2.5), and the fact that p is Lipschitz in the last step. Combining
this with (4.13) and using (4.11) once more, we obtain (4.12).

Step 6. We show that

C
Iy (Uoo,e) < Joo(Uoo) + Ce + e (4.14)

We decompose the fusion term of Jy (o) into

it //U & e o () — usee () (@) ply) dar dy
< it //Uz e MY Duge o (2) - (z — y)|p(z)p(y) dz dy
d+1 oyl l2 = 9l
Loyt // e =P p(@)p(y) de dy, (4.15)
U2

and estimate each of these integrals in turn. The second integral is the same as the second
integral in (4.7), and thus is bounded by Cy~'e72. We next aim to compare the first
integral on the right-hand side of (4.15) with the one where p(y) is replaced by p(z). Since
p is Lipschitz, the difference between these two quantities is bounded by

C”de // e77|zfy||Duooja(x)Hx — y|2 dedy < C’yl/ | Dttoo e ()| dr < C'y*l,
U2 U

where we used (4.12) and the fact that p is bounded above and below in the last step. Then
it remains to estimate

1 e D (0) 2 = @) drdy
U
< [ ey aldy [ |Duse(@)lp(e) de = c [ |Dusela)lpla) do
R? U U

where we recalled (1.6) in the last step. Thus we have
Iy (Uoso,e) < Joo(too,e) + Cyle?,

and inequality (4.14) then follows using (4.12).

Step 7. We can now conclude the proof. We take € := 4~ /3, and using (4.6) and (4.14),
we see that

JOO(UOO) < JOO(u'y;y*l/?’) < J’Y(U’Y)+Cry_l/3 < ‘]"/(uoo;yfl/g’)—’_(;”y—l/3 < JOO(UOO)+C7_1/3
From this, we deduce that
| oo (tto) = Jo ()] < Cy V3, (4.16)

and moreover that
0 < Joo(tty 1 13) — Joo(Uise) < Cy /2. (4.17)
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By (2.4) and (4.17), we obtain

/ ]uﬁmq/s — U2 dp < C~y~1/3, (4.18)

Using (2.4) and (4.4), we also infer that

/|u%71/3 —uy[2dp < O3, (4.19)

Combining (4.16), (4.18), and (4.19) yields (4.1). O

5. PROPERTIES OF THE LIMITING FUNCTIONAL

In this section we show that if A is large enough, then the minimizer wu, ) o of J, ) o
recovers the connected components of supp u.

Proposition 5.1. Let u be a probability measure on R satisfying the conditions of
Theorem 1.1, so its support is the disjoint union of Uy U --- U Uyr. There is a Ac < 00 such
that if X = Ac, then uy x oo(x) = cent,(Uy) for all x € Uy, £ € {1,...,L}.

Proof. Let u(x) = cent,(Uy) for all x € Uy, £ € {1,...,L}. Since the gradient of u is zero
on each Uy, we have

L
Tuoo(w) =Y [ |u(z) — 2[* du(z).
=170

Let U = Ungl Uy, p > d, and let WP(U) denote the usual Sobolev space with regularity 1
and integrability p. Note that W1P(U) embeds continuously into C(U) by Morrey’s
inequality; see [1, Theorem 4.12]. Let ¢ € (WHP(U))?*? be a weak solution to the PDE

d

2p(x)(u(zx); — xj) — cZDk(pzwjk)(x) =0, zxelUj=1,...,d; (5.1)
k=1

Yloy = 0. (5.2)
We note that the problem (5.1)—(5.2) separates into dL problems, one for each j and /.

Each problem can be solved by [5, Theorem 2.4] (which follows the approach introduced in
3, 4]). We have, for every v € (L?(U)NBV(U))4,

Ty oo+ ) = /U u() + v(z) — 2 du(z) + eA /U p(x)? d[Du|(z)
= T ) + /U (2(u(z) — 2) - o(x) + (@) dulz) + eA /U p(2)? d| Do (x).

A minor variant of (2.1) takes the form

[ oteraipil(@) = su{ [ oot apa), o € @) s ol <1}
U U
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Selecting ¢ = ¥/||¢|| oo (1), and using the assumption that A > ||¢b|| e (1), we obtain
Tunielt ) 2 Juroeli) + [ (2uta) =) - vla) + fo(e)?) du(a)
+c Z / )21 () Dyvj(z) do

7,k=1

oelt) + / (2(u(z) - ) - v(z) + o(@)?) du(z)

d

—Z/zm )(u(e); — ) (@) (2) da
7=1
oo (U /|U |2d,u
>JM>\O<>(

where we used (5.1) for the first equality. This implies that u, ) o = u, and hence the
statement of the proposition with Ae = [|9)| Lo (1) O

6. TRUNCATION

In this section we prove a stability result for when we truncate the exponential weight.
For ~,w € (0,00), we define the truncated functional

j,u,)\,%w (u)

= / Ju(z) — 2f* dp(z) + My // | — y| < whu(z) — uly)| du(z) duly).
(6.1)
The functional J, ), is uniformly convex and satisfies (2.2) and (2.4) in the same way as

Jux~- Let Wy x 4.0 be the (unique) minimizer of J,, .-

Proposition 6.1. Let v, \,w > 0 and let 1 be a probability measure on R with compact
support. Let M = diam supp p. Then we have

/ T () — s ()2 dpa) < 2MAy*H1e, (6.2)
In light of this statement, we define

Up Ay 7= Uy vy, (d+4/3)y 1 log v (6.3)

Then (6.2) implies that
/’u,u,A,'y(x) - Uu,)\,w(x”z du(z) < 2M)\771/3- (6.4)
Proof of Proposition 6.1. Subtracting (1.2) from (6.1), we obtain

Tyoryis (W) = Ty (1) = Ayt // eV {|z — | > whu(z) — uly)| du(z) du(y).
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Taking u = u,, ) ~, we get
Ty W) — inf Jy, 5
= Ayt //e_”_y'l{\fc —y| > whuppy (@) = upny (y)] dulz) du(y)
< MAy*Hle e,
and similarly,
Tuny @y ) = 10F T

= Xyttt //e‘”‘yl{!:v —y| > W w(®) = Tpr @) du(z) du(y) < 0.

Therefore, using (2.4) and the last two displays we have

/ Ty o) — s (@) i)

< 2 (Juay (@) —inf Jpx )
<2 [Ju,kﬂ(ﬂu,/\mw) - infju,/\mw] +2 [ju«\mw(“u,/\ﬁ) — inf Jw\ﬁ]
< 2M Ny le™ v,
as claimed. O

7. PROOF OF THEOREM 1.1

In this section we prove Theorem 1.1. We first need a result from [12]. Recall the
notation d’ introduced in (1.3).

Proposition 7.1. Let U C R? be a bounded, connected domain with Lipschitz boundary.
Let 1 be a probability measure on U, absolutely continuous with respect to Lebesque measure,
with density bounded above and away from zero on U. For every o > 1, there is a constant
C < oo, depending only on U, «, and p, such that the following holds. If (X,)nen are
independent random variables with law u, then for every integer N > 1,

N
1 :
P (Woo <M, N > 5Xn> > CN—1/<dV2>(1ogN)1/d) < CN—°,
n=1

Proof. For d > 2, this is a restatement of |12, Theorem 1.1]. For d = 1, the result can
be obtained from the classical Kolmogorov-Smirnov quantitative version of the Glivenko-
Cantelli theorem. O

Now we can prove Theorem 1.1. For a measure 1 on R? and a Borel set U, we denote
by pL U the restriction of p to the set U.

Proof of Theorem 1.1. Recalling (6.3), it is clear that if ~ is so large that
4/3)y 'logy < min di : 1
(d+4/3)y" logy < min dist(Ur, Ur), (7.1)

<UHU x

then
Uy LU Ay (T) = Ty 2~ (), for all x € Uy, (7.2)
and similarly
U U,z (T) = Ty x5 (2), for all z € U,. (7.3)
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Also, we have by the definitions and Proposition 5.1 that there exists A. such that for every
AZ A,

UL Uy 200 (T) = Up 2 00(T) = cent, (Up), for all x € Uy. (7.4)
By (7.4) and Theorem 4.1, we have

/ ’CGHtM(U@) - uﬂLUéaA:V|2 dp = / ’u,uLUz,/\,oo - u/tLUe,)u'Y’Z dp < 07_1/3-
Uy

Uy

By (7.3) and (6.4), we have, as long as (7.1) holds,

_ 2 — 2 —1/3
/U |uﬂ7)\7’7 o uMLUev)\7V| d,u = /U |uuLUg,>\77 - uuLUg,)\,7| d,u < 2M)\’}/ / .
¢ [

Combining the last two displays, we see that

/ [Tn — cent,(U) du < C(1+ Ay,

12

Using (6.4) again, this implies that
/ iy — cont (Un)[2 dpa < C(1 4+ Ay~ 2/3, (7.5)
Uy
On the other hand, by Proposition 7.1, we have for each ¢ that

pL U NNLUE) ~1/(dv2) 1/d’> ~100
P (W, (F=Se BNZ20Y S on log N < ON100. 7.6
(7~ (S i (log ) 0

By Proposition 3.1, for each ¢ there is an oo-optimal transport plan 7y x between

szil(_ng) such that, using also (7.2) and (7.3), we have

LU,

w(Ur) and

I 1000 =t (D 7)< o
UZ
Combining this with (7.5), we see that

1
/ (Ui Ay — cent“(Ue)\Q dun
Uy

pLUp pyL Uz)
w(Ue)” pun(Up)

un(Ue)

= //U2 |U/AN,A,7(5) - Centu(Ué)|2 drn(z, )
Y4

pL Uy MNLU4> 1/3>
<O (W (H=2L ENZT0N L 4y .
<7 <H(Ue) un(Ur) ( v

Now summing over ¢ and using (7.6) and the fact that the term inside the expectation on
the left-hand side of (1.4) is bounded almost surely, we obtain (1.4). O
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