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Abstract

Triply Periodic Minimal Surfaces are attractive porous media for the design of vol-

umetric solar energy receivers ; their design involves the evaluation of their heat

transfer capabilities in the mixed conductive/radiative mode. We present image-

based computations of effective thermal conductivities (ETC) for different radia-

tion/conduction ratios in twenty distinct TPMS structures, using a Hybrid Random

Walk numerical method, considering Opaque/Transparent media. Results are cast

in simple analytical correlations : the ETC is the sum of a purely conductive

contribution proportional to the relative density and of a radiative contribution

proportional to the radiation/conduction ratio; the coefficient of proportionality

contains an emissivity-indepedent contribution and another contribution propor-

tional to the emissivity which fades out above a critical ratio. This critical ratio

is linearly proportional to the solid/void volume ratio of the media. These results

are compared to similar ones obtained on open-cell foams. Application of these

dimensionless laws to two realistic cases are presented as illustrative examples.
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Nomenclature

Symbol Meaning Unit

Latin

as Solid thermal diffusivity m2.s−1

dp Equivalent pore diameter m

dw Equivalent wall thickness m

ER Effective Rosseland emissivity m−1

ks Solid heat conductivity W.m−1.K−1

kcond Heat conductivity linked to conduction only W.m−1.K−1

ke f f Effective heat conductivity W.m−1.K−1

k+ Radiative slope of conductivity vs. Nu′ -

k+
∞ Purely radiative limit of k+ -

k+
R Low-radiation value of k+ -

k̃ Scaled heat conductivity -

L Image edge length m

Nu′ Radiation/conduction ratio -

Nu∗ Critical radiation/conduction ratio -

S V Internal surface area per unit volume m−1

T Average temperature K

t Time s

Greek

∆k+ Slope of k+ vs. emissivity at low Nu′ -

ε Emissivity -

Π Pore volume fraction -

ρ Apparent specific mass kg.m−3

ρs Solid phase specific mass kg.m−3

σ Stefan’s constant = 5.68 · 10−8 W.m−2.K−4

τ Thickness parameter -

Φ Solid volume fraction -2



1. Introduction

Volumetric solar energy receivers have recently received considerable atten-

tion due to their very high thermal conversion efficiency [1] as compared to tubu-

lar receivers [2]. For this high-temperature application (up to 1300 K) in corro-

sive environments, cellular ceramics are superior candidates, in particular SiC-

based ones [3]. These high open porosity and specific surface materials are either

monolithic honeycomb structures [4, 5], isotropic reticulated foams [4–10], non-

extrudable 3D periodic lattices [7], or even multiscale structures [11]. The rapidly

growing ability to prepare porous ceramic bodies by 3D printing methods [12] en-

ables now a large wealth of achievable structures. Optimization of the architecture

with respect to specified requirements may now include a numerical loop coupled

to an experimental cycle. Structural optimization can be attempted through 3D

numerical modeling of effective properties for variations of structural parameters,

then by manufacturing the structures and verifying experimentally their increased

performance [13]. In the case of heat transfer at high temperatures, this involves

simulation of coupled heat transfer by conduction and radiation.

Among the numerous porous architectures that have been proposed for heat

exchangers, Triply Periodic Minimal Surfaces (TPMS) [14, 15] have attracted

special interest. Indeed, these surfaces, which have the peculiarity of having null

Gaussian curvature everywhere [16], develop a very large surface-to-volume ra-

tio, therefore increasing heat exchange between phases; they also can have pores

under the form of somewhat tortuous channels, helping mixing of solutes in the

fluid; finally they display very interesting mechanical properties such as strength-

to-weight ratio [17]. This family of structures can be obtained by parametric equa-

tions describing a unit cell that can be repeated in the three spatial dimensions. It

is therefore possible, through CAD and 3D printing techniques, to generate model

materials with such structures, in which the geometrical surfaces are replaced by

3



walls with a specified thickness. The printed materials properties can be measured

and compared to what can be computed in their numerical representations. An im-

portant foreseen application of TPMS is porous scaffolds for bone replacement,

using calcium-phosphate-coated Ti6Al4V [18], putting focus on the evaluation

of mechanical properties [17, 19–31] and on fluid permeability [15, 32]. Com-

pressive [22, 31, 33–36], acoustic and energy absorption [37–42] properties have

also been investigated. Another possible application is the preparation of support

for heterogeneous catalysts [15, 43], in which the emphasis is set on the same

properties, in addition to internal surface area and to heat conductivity.

Currently, to the authors’ knowledge, heat transfer computations in TPMS

porous structures [44, 45] have been restricted to conduction in the solid phase.

In view of possible applications to Concentrated Solar Power volumic receivers,

we propose in this paper, for the first time, a theoretical evaluation of conducto-

radiative effective heat conductivity, considering them as Opaque/Transparent (OT)

media. A recently developed software based on the principle of mixed random

walks [46] allows the evaluation of such a property in 3D numerical representa-

tions of such media, as already proved on other cellular foams [47]. Here again,

the objective is to link the thermal behavior of these porous media families to

their geometrical properties, and to systematically predict the evolution trends of

thermal conductivity with temperature for any member of the TPMS family.

In this paper, we will first describe the chosen numerical media and give a

brief recall on the solution method, then present the results and discuss them.

2. Methods

2.1. Investigated numerical materials

Twenty numerical media deriving from TPMS were computer-generated and

discretized. Four types have been chosen :
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• The P type, for Schwartz’s ”Primitive” structure [23, 48]

• The D type, for Schwartz’s ”Diamond” structure[31]

• The G type, for ”Gyroid” [22, 24, 27, 49]

• The I-WP type, for Schoen’s ”I-graph”-”Wrapped Package-graph” structure

[21, 42]

Approximate equations [50] were used to produce the numerical representa-

tions. More precisely, first-order approximations were taken, i.e. only the leading

term of the series development has been taken [51]. The equations are respectively

the following:

Type 1st-order approx. equation

P : Pτ(x, y, z) = cos x + cos y + cos z = τ

D: Dτ(x, y, z) = cos x cos y cos z − sin x sin y sin z = τ

G : Gτ(x, y, z) = sin x cos y + sin z cos x + sin y cos z = τ

IWP : IWPτ(x, y, z) = 2 (cos x cos y + cos z cosx + cos y cos z) − . . .

. . . − (cos 2x + cos 2y + cos 2z) = τ

X2 : (Xτ(x, y, z))2 = τ where X ∈ {P,G,D, IWP}

Here, varying the τ parameter allows changing the relative dimensions of the

two void subspaces separated by the walls. The square-power formula generates

structure with a double wall. A constant wall thickness of 5 voxels has been

chosen for all structures. All images were discretized in computation domains

200 × 200 × 200 voxels in volume. The images were binarized and the solid/void

interface was discretized with a Simplified Marching Cube scheme [52]. This

technique allowed computing the relative density Φ = ρ/ρswhere ρ is the effective

density of the structure and ρs the density of the bulk solid. Φ is also the solid
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volume fraction and is related to the porosity Π by Φ = 1 − Π. We also have

computed the internal surface area S V per unit volume and rough estimates of

the effective pore hydraulic diameter dp = 4Π/S V and of the strut diameter ds =

4Φ/S V which is defined in a similar way, inverting the roles of fluid and solid

phases. The hydraulic diameter is defined as the ratio of the available volume to

the wetted surface area [53]. All structures are described in Tables 1-4.
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Preview Function Relative Internal Effective Effective Void/solid

& para density surf. area strut diam. pore diam. ratio

Image -meter Φ (-) S V (pix−1) ds (pix) dp (pix) Π/Φ (-)

P type

P0 0.0575 0.0253 9.10 149.1 16.4

P0.8 0.0541 0.0219 9.89 172.9 17.5

P−0.8 0.0541 0.0219 9.89 172.9 17.5

P2 type

P2
0.2 0.1174 0.0486 9.66 72.6 7.5

P2
0.6 0.0962 0.0443 8.69 81.7 9.4

Table 1: List of produced geometries of the P and P2 types.
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Preview Function Relative Internal Effective Effective Void/solid

& para density surf. area strut diam. pore diam. ratio

Image -meter Φ (-) S V (pix−1) ds (pix) dp (pix) Π/Φ (-)

D type

D0 0.0983 0.0417 9.42 86.5 9.2

D−0.6 0.0811 0.0299 10.83 122.7 11.3

D2 type

D2
0.2 0.1898 0.0719 10.56 45.1 4.3

D2
0.5 0.1120 0.0435 10.30 81.6 7.9

Table 2: List of produced geometries of the D and D2 types.
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Preview Function Relative Internal Effective Effective Void/solid

& para density surf. area strut diam. pore diam. ratio

Image -meter Φ (-) S V (pix−1) ds (pix) dp (pix) Π/Φ (-)

G type

G0 0.0713 0.0335 8.51 110.9 13.0

G1.2 0.0545 0.0211 10.31 179.0 17.4

G1.4 0.0381 0.00996 15.28 386.2 25.3

G2 type

G2
0.6 0.1174 0.0589 7.97 59.93 7.5

G2
1.4 0.0854 0.0434 7.87 84.27 10.7

G2
2 0.0426 0.0177 9.64 216.7 22.5

Table 3: List of produced geometries of the G and G2 types.
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Preview Function Relative Internal Effective Effective Void/solid

& para density surf. area strut diam. pore diam. ratio

Image -meter Φ (-) S V (pix−1) ds (pix) dp (pix) Π/Φ (-)

IWP type

IWP2 0.0739 0.0333 8.89 111.40 12.5

IWP3 0.0470 0.0087 21.55 437.02 20.3

IWP−2.5 0.0615 0.0292 8.43 128.64 15.3

IWP2 type

IWP2
10 0.0859 0.0263 13.06 139.05 10.6

IWP2
4 0.2620 0.0656 15.98 45.02 2.82

Table 4: List of produced geometries of the IWP and IWP2 types.

2.2. Effective Thermal Conductivity (ETC) computations

Once the binarized image has been transformed into a biphasic resolution do-

main, the effective thermal diffusivity has been computed considering that the

medium is Opaque/Transparent, i.e. the solid phase is purely conductive and the
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void phase is perfectly transparent; we have used the Monte-Carlo Hybrid Ran-

dom Walk scheme described in [46] and Einstein’s formula. The method has been

applied with 2000 random walkers, walking through the images during a dimen-

sionless time astL−2 = 0.5 (where as is the solid-phase thermal diffusivity and L

the image edge size) using a “periodic+random tangential shift” boundary con-

dition, so that the whole space is paved by repetitions of the image, and that the

principal axes of the effective transfer are respected. The ETC is then obtained

through multiplication by the heat capacity. Figure 1 is an example of random

walker trajectory inside the discretized medium.

Figure 1: Example of a random walk in a TPMS structure discretized with the Simplified Marching

Cube scheme. Walkers have a Brownian motion walk in the solid walls and propagate in straight

segments between the walls.

Computations were carried out for varied values of the radiation/conduction

ratio, conveniently described by the following dimensionless number [46]:

Nu′ =
4σT

3

ks

Π

S V
(1)

where σ is Stefan’s constant, T the average temperature of the medium (assuming

temperature variations from one side to the other of the image is small with respect
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to this average temperature), ks the solid phase thermal conductivity, Π = 1 −

Φ the pore volume fraction and S V the internal surface area per unit volume.

Note that Π/S v is one-quarter of the equivalent pore diameter and is taken here

as a reference length Lre f . This number can be understood as a scaled transfer

coefficient. Indeed, the “equivalent radiative heat transfer coefficient” hrad is equal

to 4σT
3
. So, we can write Nu′ =

hradLre f

ks
as in a traditional Nusselt number. The

ratio Nu′ has been varied between 10−3 and 103 and the surface emissivity of the

solid ε has been varied from 0.1 to 1.0, considering the solid as a grey, diffuse

material.

3. Results

The ETC ke f f is rendered dimensionless by dividing it by the solid phase ther-

mal conductivity ks :

k̃e f f = ke f f /ks (2)

The typical accuracy of the computations was 4%, which suffices for the present

purpose. Figure 2 is an example of the results obtained for various values of Nu′

and ε. For Nu′ → 0, the ETC tends towards a limit kcond which is linked to

pure conduction through the solid phase ; it then increases with Nu′, appreciably

above 10−3, to reach a common first-power dependency at high values irrespective

of the value of ε. The intermediate regime shows dependency to the emissivity.

Subtracting the purely conductive part to the ETC and dividing by Nu′ gives a

radiative slope :

k+ =
(
k̃e f f − k̃cond

)
/Nu′ (3)

This quantity has been plotted against Nu′ for various emissivities in Figure 3,

where the transition between both regimes clearly appears. All the points were
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simultaneously fitted with the following relationship:

k+ = k+
∞ +

ε∆k+

Nu′
Nu∗ + 1

(4)

where a critical value Nu∗ appears. This value separates the domains for which

radiation fully dominates conduction (for Nu′ > Nu∗) and for which conduc-

tion still has an importance (for Nu′ < Nu∗). As seen in Figure 3, the slope k+

evolves between a high-temperature limit k+
∞, independent of the emissivity, and

a low-temperature limit
(
k+
∞ + ε∆k+

)
. This behavior is exactly similar to the one

observed in open-cell media [47]. When Nu′ < 10−1, which is usually the case,

the Rosseland approximation is recovered :

k̃e f f ≈ k̃cond + ·Nu′ ·
(
k+
∞ + ε∆k+)︸         ︷︷         ︸

k+
R

(5)

where k+
R = 4

3ER
in which ER is the classical Rosseland effective emissivity.
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Figure 2: Scaled ETC as a function of the radiation/conduction ratio Nu′ with various values of

the emissivity ε for structure D2
0.2.

Figure 3: Scaled slope of the radiative part of the ETC k+ as a function of the radiation/conduction

ratio Nu′ with various values of the emissivity ε for structure D2
0.2.
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The parameters k̃cond, k+
∞, Nu∗ and ∆k+ of (3) and (4) have been identified for

all studied media. The results are reported in Table 5.
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Function Scaled conductive Radiative slope Emissivity-dependent Critical

& para contribution high-T limit slope increment ratio

-meter k̃cond/Φ k+
∞ ∆k+ Nu∗

P0 0.61 0.894 1.030 30.15

P0.8 0.61 1.026 0.989 33.25

P−0.8 0.61 1.353 0.954 34.26

P2
0.2 0.61 0.951 1.057 15.21

P2
0.6 0.61 0.837 1.007 17.96

D0 0.61 0.900 0.997 17.7

D−0.6 0.61 1.608 1.013 20.6

D2
0.2 0.61 0.835 0.845 11.7

D2
0.5 0.59 1.443 0.907 17.0

G0 0.61 0.956 0.980 25.7

G1.2 0.61 1.934 0.983 32.8

G1.4 0.61 2.013 0.818 58.5

G2
0.6 0.61 0.985 0.912 14.3

G2
1.4 0.61 1.531 0.940 21.2

G2
2 0.61 2.151 0.933 31.9

IWP2 0.61 1.300 1.024 24.3

IWP3 0.61 1.502 0.704 59.3

IWP−2.5 0.61 1.331 1.051 33.5

IWP2
10 0.61 1.418 0.863 26.3

IWP2
4 0.61 0.784 0.900 7.2

Table 5: Computed parameters describing the conducto-radiative ETC of all media using (3) and

(4)
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It has been found that, in all images, the scaled ETC in purely conductive

regime is given by:

k̃cond ≈ 0.61Φ (6)

This factor is very close to the 2/3 factor given by Glicksman [54] and some-

what larger than the ones obtained in open-cell foams, which range from 0.4 to

0.55 [47]. The trend coincides almost exactly with the computations reported by

Abueidda et al. [44] for all of his structures with cubic symmetry except gyroids

(for which a 1/3 factor is reported). An experimental study [45] finds that the G

type and other ones display the same correlation parameter, in apparent contradic-

tion with [44].

The dimensionless parameters k+
∞ and ∆k+ are close to unity, confirming the

pertinence of the chosen scaling. Values are close to those obtained for open-cell

foams [47], as illustrated in Figure 4. There seems to be a slight tendency for k+
∞

to increase when the relative density decreases, whereas no clear trend seems to

appear for ∆k+. Note that it had been found that, in anisotropic media, the latter

quantity is almost isotropic.
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Figure 4: Parameters k+
∞ (above) and ∆k+ (below) as a function of the relative density Φ.
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Fig 5 is a plot of the obtained values of the critical ratio Nu∗ vs. the void/solid

ratio Π/Φ. There appears to be a rather clear scaling tendency, with Nu∗ ≈ 2Π/Φ,

as opposed to the tendency obtained previously on open-cell foams [47], which is

Nu∗ ≈ Π/Φ. This comes probably from the fact that the present TPMS structures

are made of walls instead of struts.

Figure 5: Critical ratio Nu∗ as a function of the void/solid ratio Π/Φ for the TPMS models (circles),

as compared to previous results obtained on open-cell foams [47] (crosses).

A physical justification for the correlations described in Fig. 5 could be given

as follows, reminding that the modelled medium is OT. When Nu′ becomes very

high, most of the thermal gradient is captured inside the solid part of the material.

Therefore, in this case, the precise value of the emissivity becomes pointless. On

the other hand, when conduction dominates, most of the thermal gradient is con-
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tained in the void part: in this case, it is sensitive to the value of the emissivity.

Somehow, Nu∗ translates a balanced situation between radiation and conduction,

so it seems reasonable that it gets related to the volume ratio of conducting re-

gions vs. radiating regions, which is Π/Φ. However, this type of relation is not

expected to hold for closed-cell media, because in these media there is always a

fully conductive path from one boundary of the medium to the other one, as is the

case here, but on the other hand the void phase does not percolate from one side

to the other; as a consequence, this changes the nature of the competition between

conduction and radiation.

4. Examples of ETC predictions

To illustrate the potential interest of the presented computations, we present

two examples of dimensional thermal conductivity predictions for ambient to high

temperatures, using our dimensionless results and given data on the solid phase.

The first example is the D2
0.2 structure made of sintered SiC, using a voxel edge

size of 50 µm. The internal surface area is therefore 1437 m−1 and the effective

pore diameter is 2.2 mm, the relative density being 19%. The solid phase intrin-

sic thermal conductivity ks is retrieved from literature [55], and the emissivity is

assumed constant: ε = 0.85. Figure 6 shows the evolution of the ETC with tem-

perature up to 1700 K, above which SiC begins to creep. As the graph shows, the

radiative contribution begins to be appreciable above 900 K and reaches ≈ 31% at

1500 K, which is still modest.
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Figure 6: Predicted effective thermal conductivity of the example 1 structure (sintered SiC, 50

µm/voxel.

The second example is the G1.4 structure made of Inconel 702 alloy, also using

a voxel size of 50 µm. It is a very thin structure, with 4% solid phase only, the

internal surface is 200 m−1 and the effective pore diameter is 19.2 mm. The solid

phase conductivity has also been retrieved from literature [56] and the emissivity

considered constant at 0.25. In Figure 7 we see that, as opposed to the first ex-

ample, the radiative contribution to conductivity is already dominant above 500 K

; at 1300 K it represents 88% of the total effective conductivity, even though the

surface emissivity of the solid is rather low. However, even in these conditions, the

radiation/conduction ratio is only Nu′ ≈ 10−1, so the transition to the emissivity-

independent regime is never attained with realistic values of the temperature.
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Figure 7: Predicted effective thermal conductivity of the example 2 structure (Inconel 702, 50

µm/voxel.

5. Conclusions and perspectives

In this document, we have reported image-based computations of effective

thermal conductivities in the conducto-radiative regime for a variety of TPMS

structures. The results are essentially in line with former results obtained on

open-cell foams like Kelvin cell structures : (i) the Rosseland approximation for

small temperature gradient holds, and the effective thermal conductivity is the

sum of a conductive contribution and of a radiative contribution, (ii) the conduc-

tive contribution is proportional to relative density, (iii) the radiative contribution

varies linearly with the radiation/conduction ratio and as an affine function of the

surface emissivity at low temperatures, (iv) there is a transition towards a high-

temperature regime in which the emissivity-dependent part of the radiative con-

tribution disappears, (v) the critical ratio for this transition scales approximately

as the double of the solid/void ratio, whereas it scales as the solid/void ratio itself

in open-cell lattices. This last property arises probably from the fact that TPMS

structures are made of walls instead of struts or beams.
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Two examples of predictions of effective thermal conductivity vs. temperature

are given, as an illustration of the potential use of the obtained results for the

thermal design of media.

Perspectives of this work are the actual production of the designed media,

followed by the measurement of their actual thermal properties, in order to check

the consistency of such computations; this relies on independent measurements of

the pure solid-phase conductivity. Actual design cases can be numerous, as can

be understood from the two given examples.

Further work on conducto-radiative ETC computations is envisaged on other

types of geometrical structures, either numerical, as is the case here, or actual (e.g.

from CT scans). Another direction is the incorporation of convection in the porous

media heat transfer simulations, so that a full design of a solar volumic receiver

becomes feasible with a single piece of software.
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