N

N

Dispersive transport in porous media with biofilms:
local mass equilibrium in simple unit cells
Brian D. Wood, Fabrice Golfier, Michel Quintard

» To cite this version:

Brian D. Wood, Fabrice Golfier, Michel Quintard. Dispersive transport in porous media with biofilms:
local mass equilibrium in simple unit cells. International Journal of Environment and Waste Manage-
ment, 2011, 7 (1/2), pp.24-48. 10.1504/ITJEWM.2011.037364 . hal-03469263

HAL Id: hal-03469263
https://hal.science/hal-03469263
Submitted on 7 Dec 2021

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03469263
https://hal.archives-ouvertes.fr

OATAO

Cipen Archive Toulouse Archive Ouverte

OpenArchive TOULOUSEArchive Ouverte ODATAO)

OATAO is an open access repository that collectsvbik of Toulouse researchers and
makes it freely available over the web where possible.

This is an author-deposited version published in : http://oatao.univ-toulouse.fr/
Eprints ID: 8804

To link to this article : DOI:10.1504/IJEWM.2011.037364
URL : http://dx.doi.org/10.1504/IJEWM.2011.037364

To cite this version :
Wood, Brian D. and Golfier, Fabrice and Quintard, Michel
Dispersive transport in porous media with biofilms: local mass
equilibrium in simple unit cells. (2011) International Journal

Environment and Waste Management, vol. 7 (n° 1/2). ppi&4
ISSN 1478-9876

Any correspondence concerning this service should be sent to the repository
administrator: staff-oatao@listes.diff.inp-toulouse.fr




Dispersive transport in porous media with biofilms:
local mass equilibrium in simple unit cells

B.D. Wood*

Environmental Engineering,

Oregon State University,

Corvallis, OR 97331, USA

E-mail: brian.wood@oregonstate.edu
*Corresponding author

F. Golfier

L aboratoire Environnement, Géomécanique et Ouvrages,
LAEGO - ENSG - INPL,

Rue du Doyen Marcel Roubault,

BP 40, 54501 Vandoeuvre-lés-Nancy, France

E-mail: fabrice.golfier@ensg.inpl-nancy.fr

M. Quintard

Institut de Mécanique des Fluides,
Allée du Professeur Camille Soula,
31400 Toulouse, France

E-mail: michel.quintard@imft.fr

Abstract: In this work, we continue our study of upscaling biofilm
processes in porous media from the pore scale to the Darcy scale. We adopt a
continuum-level description of biofilms at the pore scale on the basis of work
reported in Wood et a. (2002b). We upscade from the pore scae
to the Darcy scale using the method of volume averaging and we predict the
effective dispersion tensor with two- and three-dimensional closure problems.
Our results indicate that, for a one-equation local mass equilibrium theory,
the primary influence of the biofilm is that the effective diffusion coefficient
is smaller than it would be without the presence of biofilm. This effect is
important primarily at low Péclet numbers.
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1 Introduction

The study of biofilms in porous media have had a long history from the environmental
engineering perspective (Meunier and Williamson, 1981; Rittmann, 1980; Williamson
and McCarty, 1976a, 1976b; Young and McCarty, 1969) and more recently have been
of interest to the subsurface as part of various remediation schemes (de Blanc et al., 1996;
Chen et a., 1992; Field et a., 1995; Scow and Hicks, 2005; Singh et al., 2006;
White et a., 1998). Thisinterest in microbially mediated reaction in the porous media has
led to the development of a large number of mathematical models to describe the
transport of biologically reactive dissolved solutes (Baveye and Valocchi, 1989;
Moltz et al., 1986; Widdowson et a., 1988; Wood et al., 1994, 1995) a thorough review
of mathematical representations of biofilms in porous media has been presented by de
Blanc et a. (1996) and Murphy and Ginn (2000).
Most biofilm models have generally been developed by

o first identifying the important mass transport, mass transfer and reaction processes
that may be involved for the system under consideration and then

e directly formulating a macroscale (Darcy scale) mathematical model by mass
balancing the hypothesised processes.

Although this process does result in a macroscale transport equation for the processes
hypothesised, it does not provide any direct link between the microscale structure and
properties to the effective macroscal e representation.

In recent past, several studies have conducted a more detailed analysis of hiological
processes in porous media where a pore-scale representation of mass transport has been
upscaled to devel op the macroscal e transport representation (Dykaar and Kitanidis, 1996;



Lasseux et al., 2004; Wood and Whitaker, 1998; Aspa et al., 2011). In these studies,
the detailed physical and biological processes that occur in porous media are explicitly
accounted for in the models that are developed and efforts are made to relate the
pore-scale physics to the conservation equations developed at the Darcy scale.
In these studies the detailed physical and biological processes that occur in porous media
are explicitly accounted for in the models that are developed and efforts are made to
relate the pore-scale physics to the conservation equations developed at the Darcy scale.

For our starting point, we will examine the hierarchical porous medium illustrated
in Figure 1. In this figure, a sequence of discrete length scales from the cell to the field
are illustrated, indicating that the macroscale manifestation of mass transport at the
largest scale (Level 1V, the ‘field’ scale) is coupled to the processes at the smallest scales
of interest (in this case, Level I, the ‘cell’ scale). In previous work, we have conducted
upscaling from the cell scale to the biofilm (the volume Vyiero in Figure 1 for the case of
single or multiple substrate transport with a specific transport mechanism for chemical
transport across the cell wall (Wood and Whitaker, 1998, 1999, 2000; Wood et .,
2002b)). In this work, we begin with a microscale description of the transport processes
within the pore space of a porous medium (associated with a characteristic support
volume Yicro) @nd homogenise this description to obtain a macroscal e transport equation
(associated with a characteristic support volume }’). We maintain a particular focus on
examining how the presence of biofilms influences hydrodynamic dispersion under the
conditions of local mass equilibrium. Homogenising for this work is conducted via the
method of volume averaging (Whitaker, 1999) and we predict the effective longitudinal
dispersion coefficient that arises from the homogenisation using a closure scheme in a
simple unit cell. Our focus is on systems where the rate of reaction does not significantly
affect the effective dispersive and convective fluxes and where there are assumed to be
no significant deviations from local mass equilibrium between the bulk fluid and the
biofilm phases. A few previous studies have considered the upscaling of chemical
transport in porous media containing biofilms (Dykaar and Kitanidis, 1996; L asseux
et a., 2004; Wood et al., 2002a) and this paper is an extension of that work. We note here
that the geometrical structure of biofilm itself is sometimes observed to be complex and
in these instances it maybe useful to interject a level of upscaling between Levels |1 and
Il in Figure 1. This problem is discussed in significant detail in the paper by
Aspaet a. (2011).

The paper is organised as follows. In Section 2, we establish the microscal e equations
that apply at the sub-pore scale within the fluid and biofilm phases, respectively.
In Section 3, we define the upscaling operators and outline the homogenisation process.
In Section 4, we consider the case of local mass equilibrium between the fluid and
biofilm phases and we outline the constraints required, so that a one-equation, local mass
equilibrium model isvalid. In Section 5, we discuss the closure problem and how balance
equations for concentration deviations can be developed to predict the effective
hydrodynamic dispersion tensor for the one-equation, local mass equilibrium model.
Finally, in Section 6, we present some numerical computations for the effective
longitudinal dispersion coefficient and we provide some discussion and conclusions
about these resullts.



Figurel A hierarchica structure for biofilmsin multiscale porous media systems

IV. Field Scale (macroscale)
L>> Ru 0.1 mto10'sof m

Ill. Darcy Scale (microscale)
cm to 10" s of cm

II. Biofilm Scale
10's of m to 100's of m

I. Cell Scale
1mto10's of m

2 Microscale equations

In this work, we treat the biofilm phase as a region that does not have significant
convective fluxes, when significant convective fluxes are present within the biofilm
itself, a convective term will appear for the w-phase as described by Aspa et a. (2011).
The mass balance equations are defined at the microscale and they apply everywhere
within the macroscale volume Villustrated by Level 1V in Figure 1. The governing
conservation equations applying at the microscale (Figure 2) for a single limiting
substrate, denoted as chemical species A, can be stated succinctly by Wood and Whitaker
(1998) Wood et al. (20024).

oc .
T‘VJ, V, -V, =V (D, Vc,), inthe y-phase D
BC1 -n,-D,,-Vc,, =0 aA, (2

BC.2 -n, D, -Vc, =0, aA, €)



BC.3 -n,-D,,-Vc,,=-n,-D,Vc,, aA, (4

BC.4 c,, =C,, @A, ®)
BC.5 c, =7%(t), aA, (6)
BC.6 c,, =F,(t), aA, 7
oC,, .
?:V'(DA@'VCAQ)—FRM' in the w-phase (8
where
R,, =— S ©)
A PrHa et G+ Ko :

The parameters appearing in these equations are defined as follows. The substrate
concentrations in the fluid and biofilm phases are given by ca, and Ca,, respectively.
The pore-fluid velocity is represented by v,. The diffusion coefficient in the fluid phase
is given by D,,, whereas in the biofilm phase diffusion is described by a tensor, D,
The reaction rate in the biofilm phaseis given by R,,, and the reaction rate involves the
microbial concentration (p,), the effective specific growth rate (ua«) and the effective
half-saturation constant (Ka ). For the initial and boundary conditions, A, indicates the
fluid-biofilm interface, A, indicates the interface of the fluid with the bounds of the
macroscale volume, 1V and A, indicates the interface of the biofilm and the bounds of the
macroscale volume V. The functions F (t) and ,(t) represent (generaly unknown)
Dirichlet boundary conditions that apply on A, and A .

Figure2 A representative region for the Darcy-scale volume V. The fluid and biofilm phases are
assumed each to be homogeneous and continuous at the microscale except at the phase
boundaries




The evolution of the microbial biomass phase is given by a semi-empirical relationship
of the form (Wood and Whitaker, 1999)

ap C
9Px _y . 10
ot Py et Gy Ko Ky 0y (10)

where Y is the yield coefficient (mass of cells produced per unit mass of substrate
consumed) and ky is the first-order decay coefficient. In this expression, we have
neglected biofilm sloughing and attachment (or detachment) of cells from the fluid phase;
in amore general treatment, such processes may be important.

In many cases, the reaction rate term is given by a multiplicative Monod form that
may depend on one or more chemical species

Cra G0 (11)

Ry, == puld
‘Aw XA, eff K K
CAw A, eff CBa) B, eff

and this creates a need for a transport equation for each chemical species involved
(e.g., Wood and Whitaker (2000)). For the purposes of this work, we will focus on a
single limiting substrate. The transport equations for additional species involved,
if necessary, can be developed along similar lines. Note that in these instances, the
Monod form can often be linearised (Wood and Whitaker, 1998, 2000) and the linearised
form is suitable under many conditions (Wood et al., 2007).

3 Developing the aver aged equations

To develop the macroscale equation for mass transport in the biofilm-porous medium
system, the microscale equations given by equations (1), (8) and (10) are averaged over
a representative volume, )’ (Figure 2). This averaging requires the use of the following
operators for defining the superficial average (where v is the averaging volume, V, is the
fluid phase volume and V,, is the biofilm volume).

<CA7> = %Iv, c,dVv, (cy,)= %va C,,dV. (12)

Similar operators can be established for the intrinsic averages by defining the volume
fractions of the fluid and biofilm phases

<CAy>7 = Vi"-\/r Cy,dV, <CAm>w = Vi-[vﬂ, C,,dV (13)
y »

where the volumes V, and V,, are rel ated to the volume )’ by

v
Y v @

V
£, =2 14
Y (14



hence

<CA7> =& <CAr>y + () =€ (Ca)” (15)

In addition, one needs the following two theorems to interchange the averaging and
spatial differentiation operators

1 1
(VeCy,) = V(cm>+§.f% Ny, Cho dA+§-[m n,.Ca, 0A (16)

<VCA7> = V<cAy> +%JAW N,.Ca, dA+%J‘AW n,.Cy dA a7

These two theorems are analogous to a three-dimensional Leibnitz rule for integration
(Anderson and Jackson, 1967; Gray et al., 1993; Howes and Whitaker, 1985; Slattery,
1967; Whitaker, 1967).

Finally, we will find it useful to define the deviation concentration as the difference
between the microscale and average concentrations

Gy =(Cay) —Caur Cao =(Can)” —Ciy (18)
and similar definitions hold for the velocity and the biofilm cell density

v,=(v,) v, (19)

Y

Py =(P)" = Py (20)

With these definitions, the average of equations (1), (8) and (10) is reasonably
straightforward, although the development is algebraically somewhat tedious. We will
not present the entire development here; details of this kind of development are available
in a large number of previously published works (e.g., Whitaker, 1999; Wood and
Whitaker, 1998, 2000). Forming the average of the two transport equations given by
equations (1), (8) and (10), the (unclosed) macroscale equations are found to be

Unclosed macroscal e species A transport equation, yphase (fluid)
e, (cy)
( v gtA7> ) vl (gy <V7>7 <CAy>7)
Accumulation Convection

=v.{8y% [v<%y+vi I
4

yo(

< 1 N
, n,Ca dA+ V—yL\M n,.Cs, dAﬂ
Diffusion ‘

1 1 o
+§L\W([) n,, (D, Vc,,) dA+§L\M n,.-(D,,Ve,,) dA-V (7,5, ).

. Dispersive
Interfacial flux Trzspon

(21)




Unclosed macroscale species A transport equation, @ -phase (biofilm)

9(eu{en)”) o1 N i
— = V.{ngAm {V(CM) +ZJ-AW@)”WCA“’ dA+%J.AM(t)nMcAw dAH
Accumulation Diffaon '
—j n,-D,, Vc )dA+ij n, (D, Vc,,)dA
V Ay, (1) wy Aw Ao V Ay () wk Aw Aw
Interfacial Flux
o {Ca)”
—&,(Pu)" Ha p
he < Aw> +KAeff
Reaction
(22)
Unclosed macroscale equation for biofilm growth, a-phase
J &, <px>w » C ¢ ®
W) vt iy @

ot

Accumulation

(Coo)” + Knat o

Biofilm Growth

The development of equations (21)—(23) have required several assumptions to obtain the
forms listed. To be explicit, the assumptions that we have made to this point are as
follows.

e Convection of species A due to the growth of the biofilm phase (and associated
movement of the fluid-biofilm interface) can be neglected relative to the rate of
diffusive transport in the fluid and biofilm phases.

e Thetimerates of change of the averaged concentration fields (c,, ) and {c,, )" are
large compared with the time rate of change of the biofilm volume fraction &,

. . . Y 2 .
e Theintrinsic averages <cAy2 and (CAM> can be removed from areaintegrals.
This requires a condition of separation of length scales, usually expressed by ¢,,
¢, <R, <L (Chapter 1.3, Whitaker, 1999).

e  For the biomass growth rate, the term ( ,Z)XCM) can be neglected relative to the term
(P)" (Cau)”

e Findly, for the linearisation of the reaction term, it is sufficient to specify that,
within an averaging volume, the standard deviation of the concentration field is
sufficiently small relative to the average concentration (Wood, 2007). Thisis usually
expressed by imposing the constraint that the concentration deviations are suitably
small (Appendix A, Wood and Whitaker, 1998), i.e., €,, < (Cy,)" , Gy, < (Ca, )"

In the next section, we will briefly describe one additional assumption regarding the state
of interphase mass transfer and this assumption will allow us to develop a one-equation
model for the macroscale transport equation. One-equation models are often used in



applications, however, in many cases the systems are poised such that it may be
necessary to consider disequilibrium between the fluid and the biofilm phases. In this
work, we consider only the case where loca mass equilibrium applies and a
one-equation model can be devel oped.

4 Local massequilibrium

In the most general form, there should be two separate mass transport equations for the
problem of biofilms in porous media. Such a model is similar to the mobile-immobile
models that have been prevaent in the literature (e.g.,, Coats and Smith, 1964,
van Genuchten and Wierenga, 1976). One of these two macroscale equations would
describe the mass transport in the fluid phase and the other equation would describe mass
transport in the biofilm phase. Equations (21) and (22) each include an interfacial flux
term that represents the macroscale mass interchange between the fluid and the biofilm.
In the development of a two-region model for this system, the two macroscale equations
would be coupled at the biofilm-fluid interface by these interfacial flux terms.

In some systems of practical interest, the characteristic time for transport in the
biofilm phase can be considered to be of the same order of magnitude as the
characteristic time for transport within the fluid phase. An example of such a situation
might be the case of thin hiofilms in groundwater transport under natural gradient
conditions. Under such circumstances, one might expect that there exists local mass
equilibrium between the fluid and biofilm phases. In this case, the two macroscale
concentrations would be related by an equilibrium expression of the form

<CA7>7 =(cy,)”, at thermodynamic equilibrium. (24)

When local equilibrium is valid, one of the two transport equations given by
equations (21) and (22) becomes essentially redundant, because the second macroscale
concentration is instead specified by the relation given by equation (24). A one-equation
model for the transport of chemical species A applies under these conditions.

The constraints that are required to be met such that equation (24) is valid are
possible to derive, but the development is complex. Here, we will establish the essential
features of the derivation, but the essential details are presented in the Appendix.
To begin, we define the following spatial average concentration

(&, +&,){(ca)=¢,(Cy ) +&,(Cu,)”- (25)
Note that at equilibrium, we now have the relationship among concentrations
(Ca) = <CA7>7 =(c,,)”, at thermodynamic equilibrium. (26)

When equilibrium conditions do not apply, we expect some differences between the three
macroscale concentrations. Note that by adding the quantities ¢, (c,,)" and &, (c,,)”,
respectively, to equation (25), we can define these differences by

<CA}/>7 = <CA>+ (<CAy>y _<CAw>w) (27)

£, +¢,



(en)” = {ea) = (e ~(cn)”): (29)

To assess the case of local mass equilibrium, we first start by developing an expression
for the spatial average concentration, (CA) , that applies even when local mass
equilibrium is not vaid. The most efficient way to do this is to add the two averaged
equations given by equations (21) and (22) together and then use equations (27) and (28)
to put the expression in terms of (cA> . Thisresultis

£, +e,

Macroscal e equation, spatial average concentration form

(€, +gw)¥+V : (gy<vy>y <CA>)

, o Hper \Ca
:V'(DA'V<CA>)_€w<px> <CA>'+—E<AG>“+Q (29)

where

D),-V{(cs)=(¢,Dy,0+&,D,,)-V(Ca)
1
+ |:ngAw . [z j&
- 1 <
£,D,, [V_y-[*\ N,.Ca, dA+V_-[A,«m n,Cy, dAﬂ

- <\776A7> (30)

and Q represents the terms of the equation that involve the difference in the two phase
concentrations as follows.

-9 { ) (o) ~(eu)’)

] £ 00w o)

£, +¢,

oy ()

N 1 -
n,,Ca, dA+ \/_WJ-AM(/) n,.Ca, dAH

=Y

+

gygw ®
+ Haer $Px)
E t+E

y ®

A

(<CA7>y _<CAaz>m) [
(00)+ Konar () ~(ena)” ) {08

When local mass equilibrium applies, we have the condition (c,)= cA7>7 =(Cp)"
and Q isidentically zero. It is possible to make a careful analysis of the conditions for
which Q can be neglected relative to other terms in the macroscale equation (Lasseux
et al., 2004; Wood and Whitaker, 1998), but such analyses are lengthy and usually
uite complex. We provide a rough outline for developing an estimate of the quantity
?(CA;/y/ —(CMY”) in the Appendix. There, we establish the result

o) oo



((ea) ~(e)”)= O(E_Q%A(CA)]. (32)

This estimate allows the comparison of each of the terms comprising Q with the
macroscal e dispersion term. To begin, we make the order-of-magnitude estimate

V-D;-V<CA>=O[D,AAL—2<CA>] (33)

where

D, = /%D; D). (34)

Similar kinds of order-of-magnitude estimates can be produced for each term
comprising Q. With these estimates, we can develop unitless constraints indicating
conditions when Q can be requiring that each term in Q be substantially smaller than
the term V-D’, -V(CA). Upon making these comparisons, we find restrictions take
the form

£€ D, —-D 0.\

o | Loy . ) T (35)
£,+E, D’, L

£,€
—r? |Dax1 (36)
£, 1€,

EE l
_re || = Pex«1 (37)
g+e, )L L

where v, = ‘l<vy>y.<v7>y,and D,, is defined analogously to equation (34). In these

expressions, we have identified the Péclet and Damkohler numbers by

Vv /
Pe= ly)y“’ (38)
Ay
wgz
g M ()" O (39)

K At DA;/

When these constraints are met, then the assumption of local mass equilibrium is
valid. We can choose the fluid-phase concentration, <cAy>y, to be the macroscale
concentration of choice (since all three concentrations defined are then equal) and we can
express the one-equation model for the transport equation in the form



Macroscal e equation, local mass equilibriumform

(6, +e) 2L (6, (v, {6, )= -0 9 (e )

t

—€w< X>w IUA,eff <CAy>y

<CA7>7 + Kt . (40

Here, the effective dispersion tensor is given by

D}, -V(cy ) = (e, Dpd+£,D,)-V(cy)’

1 ~ 1 -
+ {ewDM [% J‘Awm Ny, Cap GA+ V—L\M n, Cu, dAH

[

+

1 - 1 - oo
€, Dy, (V_L\H,m N50Cay dA+v_J-A@,m NCay dAﬂ _<V70A7>' (41)
Y Ve

The challenge at this point is to prove that equation (41) can be closed by eliminating the
two deviation concentrations €,, and¢,,. This problem is discussed in the next section.

5 Closure

Closure problems are ancillary conservation equations that serve to describe how the
microscopic and macroscopic of a multiphase system are related; this is done by
providing balance equations that predict the deviation quantities ¢,, andC,,. Generdly,
these ancillary problems are solved over a representative unit cell. The term
‘representative’ is meant to apply in a mathematically weak sense; the intent is that the
macroscopic parameters (such as the effective dispersion tensor) do not depend on the
pointwise values of the deviation concentration fields, but, rather, on area or volume
integrals of these fields. Beyond this, however, it is difficult to generate a unique and
precise definition for the term representative. In aloose sense, the term indicates a form
of spatial stationarity for the deviation concentration fields. In other words, as long as the
effective parameter does not depend strongly upon the microscale spatial structure of the
porous medium, then there exists the possibility that a representative region exists.
Ultimately, however, this dependence has only be examined heuristically.

As an example, an early and very successful model for diffusion in an isotropic
porous medium was developed by Rayleigh (1892) using a periodic array of spheres
embedded in cubes as the model for the porous medium. This model provides excellent
agreement between the theory and the values of the effective diffusion tensor measured
experimentally (Quintard, 1993; Whitaker, 1999). The use of the same mode for
predicting the effective dispersion tensor in a porous medium with flow still provides a
reasonable agreement with the available experimental data, the results predicted by the
theory do underestimate the magnitude of the dispersion tensor, particularly at high



values of the Péclet number (Wood, 2007). Apparently, there is something important
about the correlation structure of particles in randomly packed porous medium that leads
to features that are not captured by simpler models constructed of a periodic array
of spheres.

5.1 Deviation equations

The essential purpose of the closure problem is to eliminate the deviation quantities
€, and C,, that appear in the macroscale effective dispersion tensor (equation (41)).
The definition of the deviations themselves provides a suggestion for how to develop
a balance equation. The deviations can be rewritten in the form

€y =Cp, —<cAy>y (42)

Crw =Cap— <Cm>m (43)

and this suggests that subtracting the averaged equation from the microscale equation
will generate a balance equation for the deviation. For development of the closure
problem, we will assume that variations of the volume fractions &, and &, can be
neglected. Subtracting the macroscale (volume averaged) equations (21) and (22)
from the microscale equations (1) and (8) yields

Closure problem
dCy,

p +V, ~V<CA7>7 +v,-VE,, =V-(D, V¢, )+¢&,'V -<\7yéAy>

1 i 1 N
_V.{DM {V_},J.AW(I) n,,Ca, dA+V—yJ.A n,.Ca dAH

7 (t)

1 " 1 ~
_\TyjAwm Ny (DAyVCAy) dA_V_},IAM) n,. '(DA}'VCA}') dA (44)
BC.1 -n,,D,, V&, =n, D, V() aA, (45)
dispersive source
< 7
BC.2 -n, D, VE, =n, -DAyV<cAy> , aA, (46)
- oV

dispersive source

BC. 3 n,-D,, V¢, =n, DV, +n, (D 1-D,)-V(c,), aA, (47)

dispersive source

BC. 4 €, =C,,, aA, (48)
BC.5 G, =F(t), aA, (49)

BC. 6 €, =F,@t), aA, (50)
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Here, we have used the definition of the concentration deviations to derive the boundary
conditions. In boundary condition 3 (equation (47)), we have used the concept of local
mass equilibrium to derive this expression. Finaly, note that we have implicitly dropped
the reaction term relative to the remaining terms in the deviation equation. As mentioned
in the introduction, we are interested in cases where the reaction rate does not influence
the effective dispersion tensor. This requires that

RA—g;l(RA)«V-(DM -VE,,) (52)
and it has been shown by Wood and Whitaker (1998) that this restriction is met when

giwueff <px >w

<1 (53)
D Aw KA,eﬂ

We will assume that this constraint, which takes the form of a microscale Damkhdler
number, is met for the remainder of the development of the closure problem.

Although in many instances, the full transient evolution of the effective parametersis
of interest [e.g., in groundwater dispersion, cf. Wood et a. (20033)], this is primarily
dependent on the relative time scales involved at the microscale and macroscale.
Under the conditions already imposed for local mass equilibrium to be valid,
it is reasonable to assume a separation of time scales

< T (59

and this separation of time scales is conventionally known as quasi-steady conditions.
Noting the Péclet number restriction that we have aready imposed in equation (37),
itis easy to develop an estimate for the macroscale time scale of the form

2
ool (55)
DA
Similarly, we have for the microscale
2 2
tr=—1, t*:g”’. (56)
D,, D,,

Combining these last three equations, yields

¢ D 2
L« f—‘g < D—A,"’. (57)
>’ D, L D,



In light of the macroscale constraint imposed previously by equation (35), under
the conditions of loca mass equilibrium the microscale constraint requires only the
separation of length-scales, ¢, ¢,<<L imposed in Section 4. We will assume
from hereon that this constraint is met and that the closure problem can be treated as
quasi-steady.

5.2 Closurevariables

The closure problem is linear and its solution to the closure problem can be solved
in principle by developing the Greens function solution kernel for the set of differential
equations given by equations (44)—51). In general, this results in a nonlocal solution
that depends on spatial convolutions of the dependent variables. Such solutions have
been investigated in the context of volume averaging and they can be useful when,
for example, strong heterogeneity exists or the fully transient closure is desired
(Chastanet and Wood, 2008; Golfier et a., 2007; Wood, 2007). For the quasi-steady
problem under the length-scale constraints that have been imposed aready, it is not
difficult to show that the solution to the closure problem must take the following form
(cf. Wood, 2007)

Cuy =0, V(s ) (58)
Cro =0 V(Ca,)” (59)

where ba, and b, represent integrals of the kernel functions that define the solution.
Note that this shows only the solution form, but does not provide the solution itself.
In general, a closed-form analytic solution to the closure problem is not possible and we
must use numerical methods to integrate the closure problems. However, the general
solution form given by equations (58) and (59) are useful in that they allow a decoupling
of the macroscale and microscale equations. To see this, substitute equations (58) and
(59) into the closure problem specified before. One finds after some simplification.

5.2.1 Smplified closure problem
v, +v,-Vb, =V-(D,Vb,,)

1

1
-—[ n, (D, Vb, )dA-—[ n (D, Vb, )dA (60)
V}/ J‘AW o Ve Ve Vy J.% w Ve Ve
BC.1 -n,-D,Vb, = n D, , a&A, (61)
—
dispersive source
BC2 -n,.-D, Vb, =n,D, , aA, (62)
H_/
dispersive source
BC.3 -n,-D,Vb, =-n, D, Vb, -n (D,I-D,), aA, (63)

dispersive source

BC.4 b, =b,, aA, (64)



Periodicityl b, (x)=b, (x+1,), i=123 (65)

Periodicity 2 b, (x)=b,, (x+1), i=123 (66)

Constraint1 (b,,) =0 (67)

Constraint 2 (b,,)" =0 (68)

V-D,, -Vb )—ij n_-D, Vb dA+ij n -D, Vb, dA (69)
Aw Aw _Vd, Ay wy A Aw Va, A K Aw Aw

Note that here we have

e adopted periodic boundary conditions (where; is alattice vector defining
the periodic structure) in place of the original Dirichlet conditions given by
equations (6) and (7)

e added two constraints on the b, and b, fields.

These uses of periodic conditions for the solution of the closure problem have been
discussed extensively elsewhere [e.g., Ochoa-Tapia et al., 1994; Pickup et al., 1994,
Wood et a., 2003a, 2007].

In short, it is necessary to supply some boundary conditions at the edges of
the unit cell and periodic boundaries supply the weakest condition that is independent
of the average concentration. The two constraints are required so that the level of
the ba, and b, fields is specified; without these constraints, the problem is solved to
within an arbitrary but undetermined constant. With these simplifications in place,
equations (60)—(69) can be solved to determine the b, and b, fields and, subsequently,
the effective dispersion tensor. Using the genera solutions given by equations (58)
and (59), the effective dispersion tensor relationship given in Section 4 (equation (41))
can now be expressed in its closed form.

D;« ' V<CA;/>}/ = [(gyDAyI +€a)DA(u)

1 1
+ g‘”D ro {z .[Amym nwyb AwdA+ %J‘Amo nmb AwdA]

1
+ €7DA7 (V—y J.A

wy (1)

1
n,,b,, dA+ v [ . nWbAydA]
=V (7,0, ] V(Cy ). (70)

The numerical solution to equations (60)—(69) is described in the next section.

6 Resultsand discussion

6.1 Solution to the closure problem

As discussed in the introduction to this section, the solution to the closure problem is
usually conducted over some representative unit cell. Simple unit cells can often provide



substantial information about a macroscale phenomenon even in cases where more
complex unit cells may ultimately be necessary for capturing phenomena arising from
correlations in the porous media structure. For the presentation of results, it is useful to
define the particle Péclet number by

v, D,
Pe, =L (71)
D7
where Dy, is the hydraulic diameter given by
£
D, =4-~ (72)

a,

and a, = (A,, + A))/V is the area of fluid interface (fluid-solid or fluid-biofilm) per unit
volume of porous medium. For the case of hydrodynamic dispersion, a ssmple unit cell
can provide reasonable results, particularly for the longitudinal component for particle
Péclet numbers less than about 1000. Note that we have previously put arestriction of the
macroscale Péclet number and this constraint was

EE v, L
(_7 @ J[;_,«l. (73)
g (2]

7+£ A

This constraint can be rearranged in the form
D

<1 (74)
4 ¢,+¢,)a, D, D’

and this leads to a constraint of the form

D
& ’ |LaPe, <1. (75)
4\ ¢, +¢, )\ D,y

In this work, we have not considered the influence of fluid shear on the biofilm structure.
It is reasonable, then, to restrict our analysis to systems in which the particle Reynolds
number (Re, = p,v,Dy/i;) isless than 1; if water is the fluid of interest, thisis equivalent
to a Péclet number of about 1000.

The simplified closure problem was coded using a production level finite-element
solver (COMSOL Multiphysics, Comsol, Inc.,, Los Angeles) in both two- and
three-dimensional unit cells (Figure 3). Although not reported here, convergence analyses
were conducted for these simulations to assure that the physics were appropriately
resolved. Equations (60)—(69) were solved using a weak formulation to a pre-specified
relative convergence criterion. The integrations required for the determination of the
effective dispersion tensor, as indicated by eguation (70), were conducted using
afourth-order quadrature method as a post-processing step.

The solution to equations (60)—(69) is complicated by the integral terms. These terms
are nonlocal and this couples the solution at any one point in the domain to the solution at
every other point. In the discretised forms that arise in numerical schemes for these
equations, the appearance of the nonlocal integral terms creates a linear system in which
the array of unknownsis afull rather than sparse matrix. This dramatically increases both




computational time for matrix inversion and total memory requirements for storage of the
solution. This problem is particularly acute in three-dimensional systems, where the
degrees of freedom required to accurately discretise the equations are large to begin with.

We investigated the importance of these integral terms for the two-dimensional unit
cell illustrated in Figure 3. The effective dispersion tensor predicted for the simple
two-dimensional unit cell is shown as a function of particle Péclet number in Figure 4.
For these simulations, the parameters were as follows: ¢=1x10°m, &,=0.615,
£,=0188, a,=2199m?*, D,=0.0011m and Dy, =Dy, =1x10°m?/s, where the
diffusion tensor for the biofilm phase is assumed to be isotropic, D ,, = D,,|.

Figure3 Simple unit cells used for the closure problem computational domain:
(a) two-dimensional cell and (b) three-dimensional cell (with cut away for interior
visualisation)

w- phase (biofilm)

K- phase (solid)

x-phase (solid)
- -phase (biofilm]

@ (b)

The results of these two-dimensional computations indicate that, for the range of Pe,
investigated

o the dispersion tensor for the case of local mass equilibrium evolves qualitatively like
the conventional dispersion tensor in porous media without biofilms

o theintegral termsfor this case (symmetric unit cell, Pe, < 1000) are negligible
compared with other quantitiesin the closure problem

e theresultsat low values of Pg, compare favourably with the analytical expression of
Rayleigh (1892) for diffusion in an array of spheres.

For the three-dimensiona unit cells, we found a similar relationship. For these
simulations, the parameters were as follows: ¢ =2.34x 10" m, &,=0.235, g,=0.035,
a,=8572m™, Dy=11x10*mand D,, =1x10°m?*/s, where the diffusion tensor for
the biofilm phase is assumed to be isotropic, D,, =D,,l. In Figure 5, we show the
effective dispersion plotted as a function of the Péclet number for two different ratios of
the diffusion coefficient for the two phases (D,,/D,, =1and D,,/D,, =0.25). In the
high Péclet number range (Pe, > 10), mechanica dispersion is the dominant process
determining D', ... In this range, the diffusive resistance of the biofilm appears to have
little influence. The longitudinal dispersion coefficient takes roughly the form

D), = P€ (76)



where d=1.2. This is consistent with a wide variety of experimental data from the
mechanical dispersion regime and from previous studies of dispersion via volume
averaging with closure (Wood, 2007).

Figure4 Effective dispersion tensor for the two-dimensional unit cell illustrated in Figure 3
computed with and without the integral terms
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In the low Péclet number range (Pe, < 10), we find that the diffusion coefficient of the
biofilm can have a significant influence, primarily by lowering the effective diffusion
coefficient. When the diffusion coefficient of the biofilm and fluid are set equal to one
another, we expect to recover the effective diffusion coefficient that would be predicted
by the well-known results of Maxwell (1873) and Rayleigh (1892). Our results
for the limiting case Pg, — O are consistent with the predictions from these theories for
three-dimensional isotropic media.

In summary, for the one-equation, local mass equilibrium model studied here, the
influence of the biofilm phase on the dispersion process can be important in the low
Péclet number regime (Pe, < 10). For larger Péclet numbers, the effect of the biofilm is
overwhelmed by mechanical dispersion. In the results presented here, the influence of the
biofilm volume on the mechanical dispersion was small due to the small volume fraction
of the biofilm phase; for larger volume fractions, some effect of the biofilm volume on
the mechanical portion of the dispersion tensor might occur.

The constraints for the validity of the one-equation, local mass equilibrium model
have been presented in this work. Note that there are more likely to be many cases of
practical interest in which these constraints are not met and the one-equation, local mass
equilibrium model cannot be used. Two such cases include

e thecase where the reaction rate is not small compared with the rate of diffusion
within the biofilm [the constraint given by equation (36) is not met]

e the case where convection in the fluid phase is large compared with diffusion
through the biofilm [the constraint given by equation (37) is not met].



In the first case, a one-equation effectiveness factor model, similar to that described by
Wood et a. (2007), might be possible. In the second case, a two-equation model would
be necessary and in genera this may require a fully nonlocal-in-time approach.
These models will be considered in future developments.

Figure5 Effective dispersion tensor for the three-dimensional unit cell illustrated in Figure 3
computed without the integral terms
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Appendix

In this appendix, we provide a rough estimate for the concentration difference,
((Cap)’ —(Can®). To start, we subtract the unclosed macroscale equation for the a-phase
concentration from the analogous equation for y phase (after first dividing both sides of
each equation by the respective volume fraction). Assuming that the x=phase is
impenetrable, this resultsin
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Using the boundary condition given by equation (4), the closure relation given by
equations (58) and (59)
Coy = b, - V(Cy)” (78)
Caw =D a, V(Ca,)” (79

and the definitions of the macroscale deviations
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this expression can be written
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Here, we have used the following notation
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Rather than attempting to conduct an exhaustive comparison of the terms in this
expression, we instead rely on the significant similar work that has been on estimating
such terms. In particular, we follow Whitaker (1999) to suggest that this expression
is dominated by the interfacial flux term and the diffusion term. If these two terms
dominate, we can generate the estimate
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For the interfacial term, we adopt the estimate (cf. Whitaker, 1999, Chapter 3)
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where Jrepresents a diffusive boundary layer thickness. For the right-hand side
o o DA,sum
(V:(Dy1+DS,, +D,, +D5, ) V(c,)) =0 A (87)
where
Dyam = \/g(DAyHD;m +D,, +D%, ) :(Dal+D5,, +D,, +DY, ). (88)

Combining these expressions gives
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Here, _éﬁw = oae.,l(e, +¢,). Findly, note that it is convenient to adopt the
approximation
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so that the estimate above can be given as
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This estimate provides the basis for the estimates made in the body of the paper.





