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A B S T R A C T 

Blazar flares have been suggested as ideal candidates for enhanced neutrino production. While the neutrino signal of γ -ray 

flares has been widely discussed, the neutrino yield of X-ray flares has received less attention. Here, we compute the predicted 

neutrino signal from X-ray flares detected in 66 blazars observed more than 50 times with the X-ray Telescope (XRT) on 

board the Neil Gehrels Swift Observatory. We consider a scenario where X-ray flares are powered by synchrotron radiation of 
relativistic protons, and neutrinos are produced through photomeson interactions between protons with their own synchrotron 

X-ray photons. Using the 1 keV X-ray light curves for flare identification, the 0.5–10 keV fluence of each flare as a proxy for 
the all-fla v our neutrino fluence, and the IceCube point-source ef fecti ve area for dif ferent detector configurations, we calculate 
the number of muon and antimuon neutrinos abo v e 100 TeV e xpected for IceCube from each flaring source. The bulk of the 
neutrino events from the sample originates from flares with durations ∼1–10 d. Accounting for the X-ray flare duty cycle of the 
sources in the sample, which ranges between ∼2 and 24 per cent, we compute an average yearly neutrino rate for each source. 
The median of the distribution (in logarithm) is ∼0.03 yr −1 , with Mkn 421 having the highest predicted rate 1.2 ± 0.3 yr −1 , 
followed by 3C 273 (0.33 ± 0.03 yr −1 ) and PG 1553 + 113 (0.25 ± 0.02 yr −1 ). Next-generation neutrino detectors together with 

regular X-ray monitoring of blazars could constrain the duty cycle of hadronic X-ray flares. 

Key words: neutrinos – radiation mechanisms: non-thermal – galaxies: active – X-rays: galaxies. 
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 I N T RO D U C T I O N  

lazars are a subclass of active galactic nuclei (AGNs) with 
elativistic jets closely aligned to our line of sight (e.g. Urry &
 ado vani 1995 ) which are powered by accretion on to a central
upermassive black hole (e.g. Begelman, Blandford & Rees 1984 ). 
hey are the most powerful persistent astrophysical sources of non- 

hermal electromagnetic radiation in the Universe, with spectral 
nergy distributions (SEDs) spanning ∼15 decades in energy, from 

adio frequencies up to high-energy γ -rays (for a recent re vie w on
GNs, see P ado vani et al. 2021 ). 
The blazar SED has a characteristic double-humped appearance 

in an ε F ( ε ) space) with the low-energy component peaking between
nfrared and X-ray energies and the high-energy component peak- 
ng in γ -rays (e.g. Ulrich, Maraschi & Urry 1997 ; Fossati et al.
998 ). The low-energy hump is generally attributed to synchrotron 
adiation produced in a localized region of the jet (aka a blob) by
 E-mail: stamstath@yahoo.gr (SS); mpetropo@phys.uoa.gr (MP); 
eorgios.vasilopoulos@astro.unistra.fr (GV) 
 Mercator Fellow. 
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 population of relativistic electrons. The origin of the high-energy 
omponent, ho we ver, is less clear, with two alternative scenarios
ut forward to explain it. In leptonic scenarios, high-energy photons 
re produced via inverse-Compton scattering between relativistic 
lectrons in the jet and their own synchrotron photons (synchrotron 
elf-Compton, see e.g. Maraschi, Ghisellini & Celotti 1992 ; Bloom &
arscher 1996 ; Mastichiadis & Kirk 1997 ) or low-energy external

adiation fields (external Compton, see e.g. Dermer, Schlickeiser & 

astichiadis 1992 ; Sikora, Begelman & Rees 1994 ; Ghisellini &
adau 1996 ). In hadronic scenarios, high-energy emission is either 

xplained by synchrotron radiation of relativistic protons (Aharonian 
000 ; M ̈ucke & Protheroe 2001 ) or by synchrotron (or inverse-
ompton) processes of secondary electrons and positrons produced 

rom proton–photon interactions and photon–photon pair production 
n the jet (e.g. Mannheim, Biermann & Kruells 1991 ; Stecker et al.
991 ; Mannheim 1993 ; M ̈ucke et al. 2003 ). The latter class of models
lso predicts high-energy muon and electron neutrinos from the decay 
f charged pions produced in photomeson interactions. Hence, the 
etection of high-energy neutrinos from individual blazars would 
e the smoking gun of baryon-loaded jets acting as cosmic ray

ccelerators. 
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In 2013, the IceCube neutrino telescope disco v ered a diffuse flux
f astrophysical neutrinos at energies exceeding a few tens of TeV
Aartsen et al. 2013a , b ). The absence of a significant anisotropy
s consistent with the majority ( � 85 per cent) of the neutrino signal
oming from extragalactic sources (e.g. Aartsen et al. 2017b , 2019b ).
arious astrophysical populations have been suggested to explain

he diffuse flux observed by IceCube (for a recent re vie w, see
 ́esz ́aros 2017 ). Even though the identity of the sources producing

he diffuse flux remains largely unknown, strong constraints have
lready been placed on specific classes by the lack of correlations
etween high-energy neutrinos and known sources or the lack of
ignificant clustering in high-energy neutrino events (e.g. Murase &
axman 2016 ; Aartsen et al. 2017a ; Yuan, Murase & M ́esz ́aros

020 ). 
Searches for transient electromagnetic phenomena, such as blazar

ares, could impro v e the association of neutrinos with astrophysical
oint sources, since both the arri v al time and direction of the
etected events could be utilized, while the contribution from the
tmospheric background could be much smaller than the signal. 1 

uch a multimessenger approach led to the first association in time
nd space of a high-energy neutrino event, IceCube-170922A, with
 γ -ray flaring blazar TXS 0506 + 056 (at the ∼3 σ level) (IceCube
ollaboration et al. 2018 ). A follo w-up archi v al search of more than
 yr of IceCube data revealed an excess of high-energy neutrinos
ith respect to the atmospheric background o v er a period of ∼6
onths in 2014–2015. This finding provided a ∼3.5 σ evidence for

eutrino emission from the direction of TXS 0506 + 056 (IceCube
ollaboration 2018 ). Notably, during that time the source was not
aring at any wavelength (from radio up to GeV γ -rays) (IceCube
ollaboration 2018 ; Garrappa et al. 2019 ). 
From a theoretical perspective, assuming a hadronic scenario,

eriods of flaring activity are considered to be ideal for enhancing the
redicted neutrino signal, as long as both messengers (photons and
eutrinos) are produced at the same site. The increased electromag-
etic flux during flares usually implies that the density of photons
sed as targets for photomeson interactions with relativistic protons
n the blazar jet is higher and/or the injection rate of accelerated
rotons is enhanced. As a result, many models predict that the all-
a v our neutrino luminosity, L ν , is strongly enhanced during flares,
ith L ν ∝ L 

γ

ph , where L ph is the photon luminosity in some energy
and and γ ∼ 1.5–2 (e.g. Murase, Inoue & Dermer 2014 ; Tavecchio,
hisellini & Guetta 2014 ; Petropoulou, Coenders & Dimitrakoudis
016 ; Murase et al. 2018 ). 
The Large Area Telescope (LAT) on board the Fermi Gamma-

ay Space Telescope (Atwood et al. 2009 ) has been instrumental
n searches of γ -ray electromagnetic counterparts to IceCube high-
nergy neutrinos (e.g. Brown, Adams & Chadwick 2015 ; P ado vani
t al. 2016 ; Palladino & Vissani 2017 ; Murase et al. 2018 ; Giommi
t al. 2020 ; Smith, Hooper & Vieregg 2021 ). With an ∼13-yr-
ong operation period, Fermi -LAT produced a large sample of
ong-term blazar γ -ray light curves with regular sampling that
lso enables correlation studies of γ -ray flares and high-energy
eutrinos (Oikonomou et al. 2019 ; Yoshida et al. 2019 ; Franckowiak
t al. 2020 ). The disco v ery potential of these searches, ho we ver,
epends strongly on the intrinsic opacity of the source in γ γ pair
roduction at GeV energies. GeV γ -ray dark sources could still
 Bright flaring sources are detectable in neutrinos regardless of the contribu- 
ion of the blazar population to the extragalactic neutrino sky (e.g. Murase & 

axman 2016 ; Gu ́epin & Kotera 2017 ; Murase, Oikonomou & Petropoulou 
018 ). 
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e bright neutrino emitters (e.g. Murase, Guetta & Ahlers 2016 ),
ut would be missed by Fermi -LAT searches. For instance, the
ack of flaring activity in GeV γ -rays during the period of the
eutrino excess in TXS 0506 + 056 (IceCube Collaboration 2018 )
assuming that the detected neutrinos are truly of astrophysical

rigin – suggests attenuation of multi-GeV photons on low-energy
hotons (e.g. Reimer, B ̈ottcher & Buson 2019 ; Rodrigues et al. 2019 ;
etropoulou et al. 2020 ) or decoupled regions for GeV photon and
eV neutrino production (e.g. Xue et al. 2019 ; Zhang et al. 2020 ). 
Moti v ated by the possibility that high-energy neutrinos are not

l w ays correlated with γ -ray flares, Mastichiadis & Petropoulou
 2021 ) presented an alternative scenario that relates X-ray flares with
eV-PeV neutrinos. In their model, X-ray flares occur whenever
rotons are accelerated intermittently to high enough energies in
he blazar jet, and produce pions interacting mainly with proton–
ynchrotron radiation. The reason for focusing on X-ray flares is
wofold: X-ray photons are energetic targets for photomeson interac-
ions, thus reducing the required proton energy for pion production
nd, at the same time, can be plentiful providing substantial optical
hickness for the interactions. Notably, the X-ray flux of the proposed
adronic flares is a good proxy for the all-fla v our neutrino flux, while
ertain neutrino-rich X-ray flares may be dark in GeV–TeV γ -rays. 

In this work, we present quantitative neutrino predictions of the
adronic X-ray flaring scenario of blazars. We compute the number of
uon and antimuon neutrinos abo v e 100 TeV expected for IceCube

rom X-ray flares of blazars that were observed more than 50 times
ith the X-ray Telescope (XRT; Burrows et al. 2005 ) on board

he Neil Gehrels Swift Observatory between No v ember 2004 and
o v ember 2020 (Giommi et al. 2021 ). To this end, we apply the
ayesian block algorithm to the 1 keV XRT light curves of these

requently observed blazars to characterize statistically significant
ariations and identify flares. Using X-ray spectral information in
he 0.5–10 keV energy range, and the duration of each flaring block
s a proxy of the flare duration, we compute the all-fla v our neutrino
uence of each flare. Adopting the point-source ef fecti ve area of
ceCube, we compute the predicted number of muon and antimuon
eutrinos per flare from each source. To the best of our knowledge,
his is the first time that Swift /XRT data are utilized for this purpose.

This paper is structured as follows. In Section 2, we summarize
he theoretical model, highlighting the ingredients needed for the
stimation of neutrino events from X-ray flares. In Section 3, we
resent the data set and methods used for the search of X-ray flares.
n Section 4, we present our method for computing the expected
umber of muon and antimuon neutrino events from X-ray flares. We
ontinue with a presentation of our results in Section 5. We conclude
ith a summary and discussion of our findings in Section 6. 

 T H E O R E T I C A L  M O D E L  

he basic assumption of our model is that every X-ray blazar flare
s produced by the synchrotron radiation of a hadronic (proton)
opulation that is intermittently accelerated in the blazar jet. The non-
aring X-ray emission of the source does not necessarily originate
rom the same region as the flares. In our scenario we assume that
t is attributed to radiative processes of electrons accelerated in the
lazar jet and will not be discussed further. 

Upon acceleration to relativistic energies, protons are assumed
o be injected into a region where they lose energy via radiative
rocesses, including synchrotron radiation and photomeson interac-
ions. In particular, photomeson interactions of protons with their
wn synchrotron photons lead to the production of a simultaneous
igh-energy neutrino flare. From the peak frequency of the X-ray flare
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Figur e 1. Spectral ener gy distribution of Mkn 421 compiled using data 
from various instruments and epochs (adopted from the Open Universe for 
Blazars). The spectrum of an X-ray flare is highlighted with red symbols and 
the shaded region indicates the 0.5–10 keV energy range. Solid and dash–
dotted lines present the proton–synchrotron spectrum and the accompanying 
all-fla v our neutrino spectrum of the flare, respectively. A likely contribution 
to the non-flaring spectrum from an accelerated electron population is also 
displayed (dotted line). 
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pectrum we can infer the minimum proton energy needed to produce 
eutrinos through photomeson interactions with proton synchrotron 
hotons. In addition, we relate the flux of the X-ray flare to the
ll-fla v our neutrino and antineutrino flux through a theoretically 
oti v ated scaling parameter ξX . Detailed numerical calculations of 

he broad-band photon spectra and the associated neutrino emission 
n the proposed scenario for X-ray blazar flares have been presented 
n Mastichiadis & Petropoulou ( 2021 ). For completeness, we briefly 
iscuss the model ingredients that are also necessary for this work. 
Relativistic protons with Lorentz factor γ ′ 

p in the presence of 
 magnetic field with strength B 

′ 
radiate synchrotron photons of 

haracteristic observed energy ε. Henceforth, primed quantities are 
easured in the rest frame of the emission region, while unprimed 

uantities correspond to the measurements in the observer’s frame. 
he proton Lorentz factor can be written as 

′ 
p � 1 . 4 × 10 6 

√ 

D 

−1 
1 B 

′ −1 
1 ε keV (1 + z) (1) 

here D is the Doppler factor that corresponds to the relativistic 
otion of the emission region, z the redshift of the source, ε keV =

/1 keV, and the notation q x = q /10 x in cgs units was introduced,
nless stated otherwise. 
Protons with Lorentz factors given by equation (1) would produce 

eutrinos if they exceed the energy threshold for photomeson 
nteractions with synchrotron photons of energy ε. This translates 
o a minimum proton Lorentz factor given by 

′ 
p , th = 1 . 4 × 10 6 (1 + z) −1 D 1 ε 

−1 
keV . (2) 

Provided that γ ′ 
p � γ ′ 

p , th , the energy of neutrinos produced by 
rotons radiating synchrotron photons of energy ε is 

 ν � 0 . 05 D(1 + z) −1 γ ′ 
p m p c 

2 

� 0 . 6 
√ 

D 1 B 

′ −1 
1 ε keV (1 + z) −1 PeV (3) 

here we used equation (1). 
Ignoring the Bethe–Heitler pair production as a cooling process for 

rotons, the ratio of neutrino-to-photon luminosities can be written 
s 

L ν+ ̄ν

L ph 
≈ (1 − α) t ′−1 

mes 

t ′−1 
syn + αt ′−1 

mes 

(4) 

here α � 5/8 and L ν+ ̄ν, L ph are the bolometric neutrino and photon
uminosities. Here, we focus on the ‘neutrino-rich’ scenario where 
he photomeson energy loss rate is comparable to the energy loss
ate due to proton–synchrotron radiation t ′−1 

syn � t ′−1 
mes (for details see 

astichiadis & Petropoulou 2021 ). In this case, equation (4) yields 

 ν+ ̄ν = 

1 − α

1 + α
L ph � 0 . 23 L ph . (5) 

etailed numerical calculations of proton–synchrotron-powered X- 
ay flares have shown that equation (5) is indeed a good proxy for the
eutrino luminosity close to the peak time of the X-ray flare. If we
eplace the bolometric photon luminosity with the 0.5–10 keV X-ray 
uminosity of the flare, equation (5) becomes L ν+ ̄ν = ξX L X with ξX 

1. 
We model the differential neutrino plus antineutrino energy flux 

f all fla v ours as 

 ν+ ̄ν( ε ν, t) = F 0 ( t) ε 
−s( t) 
ν e −ε ν /ε ν, c ( t) (6) 

here the parameters to be defined are ε ν, c (characteristic energy), 
 (spectral slope), and F 0 (normalization). Numerical calculations 
resented in Mastichiadis & Petropoulou ( 2021 ) show that the slope
 does not change much during the flare with an average value 〈 s 〉
 −0.5. This is the value we are going to adopt in our calculations.
he characteristic neutrino energy is found from equation (3) with 
 corresponding to the peak energy of the flare spectrum ( ε pk ), 2 

hich can in principle change during the flare. We can calculate the
ormalization factor F 0 using the following relation ∫ ε ν, max 

ε ν, min 

d ε νF ν+ ̄ν( ε ν, t) = ξX 

∫ ε max 

ε min 

d ε F X ( ε, t) (7) 

here ε ν,min ≈ 0, 3 ε ν,max = ∞ , ε min = 0.5 keV, ε max = 10 keV and
 X ( ε, t ) is the differential photon energy flux in X-rays. If the latter
an be described by a power law with photon index 	 between ε min 

nd ε max at time t , namely 

 X ( ε, t) = F X , 0 ( t) ε 
−	+ 1 , (8) 

he normalization factor of the neutrino flux, F 0 ( t ), can be expressed
s 

 0 ( t) = 

⎧ ⎪ ⎨ 

⎪ ⎩ 

ξX 
F X , 0 ( t) 

(
ε −	+ 2 

max −ε −	+ 2 
min 

)
ε s−1 
ν, c 

( −	+ 2) 
∫ ∞ 

0 d x x −s e −x , if 	 
= 2 , 

ξX 
F X , 0 ( t) ln ( ε max /ε min ) ε 

s−1 
ν, c 

( −	+ 2) 
∫ ∞ 

0 d x x −s e −x , if 	 = 2 . 
(9) 

Our model is schematically shown in Fig. 1 . We present the proton
ynchrotron spectrum and the all-fla v our neutrino spectrum (see 
quation 6) from an X-ray flare of Mkn 421. In our model, proton
ynchrotron radiation is assumed to power the flaring X-ray states 
f a source, while other processes, such as electron synchrotron or
nverse-Compton scattering of low-energy photons, are responsible 
or the non-flaring X-ray emission. This leptonic component is 
chematically shown with the dotted line. Additional emission 
omponents accompanying the X-ray flare (from photopair and 
hotopion processes) are not shown here (for a complete treatment 
f the multiwavelength emission, see Mastichiadis & Petropoulou 
021 ). 
MNRAS 510, 4063–4079 (2022) 

art/stab3404_f1.eps


4066 S. I. Stathopoulos et al. 

3

W  

2  

t  

p  

i  

b  

o  

a  

t  

3  

1  

4  

f  

o  

w  

s  

i  

b  

m  

(  

P  

p  

e  

F
 

a
 

p  

B  

b  

d  

a  

w  

x  

T  

1  

f  

c  

r  

v  

e  

f  

r  

T  

b
 

(  

i  

t  

X  

b  

i  

o  

n  

4

t

I
G
5

o  

l  

2  

b  

h  

i  

w  

t  

l  

s  

O  

l  

t  

c  

p  

i  

w  

p

3

T  

t  

o  

fl  

e  

i  

a  

r  

w  

o  

 

a  

(  

f  

p  

p  

t  

d  

e
 

i  

t  

g  

l  

b  

b  

w  

r
 

t  

B  

i  

b  

c  

M

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/510/3/4063/6446004 by C
N

R
S user on 20 April 2023
 X - R AY  L I G H T  C U RV E S  

e use data from the X-ray Telescope (XRT, Burrows et al.
005 ) on board the Neil Gehrels Swift Observatory obtained be-
ween No v ember 2004 and No v ember 2020. Our sample com-
rises of all blazars that have been observed at least 50 times
n this period with Swift (see Table A1 ). This amounts to 66
lazars out of which 26 are high-synchrotron peaked (HSPs)
bjects, 15 are intermediate-synchrotron peaked (ISPs) sources,
nd 25 are low-synchrotron peaked (LSPs) objects. 4 We exclude
hree sources from our analysis (i.e. 1RXS J154439.4 −112820,
HSP J022539.1 −190035, and 2E 1823.3 + 5649). For instance,
RXS J154439.4 −112820 was pointed 55 times by Swift , but only
5 observations could be used for X-ray analysis. Typical reasons
or excluding an observation are very short exposures ( < 200 s)
r a low count rate (e.g. the window-time readout mode is used
hen the source count rate is lower than 0.5 c s −1 , which makes

pectral analysis unreliable). The case for 3HSP J022539.1 −190035
s different; this source was not the target of Swift observations,
ut lied in the field of view of GRB 091127, which was observed
any times over a short time interval. Some of these sources

TXS 0506 + 056, 1ES 0229 + 200/3HSP J023248.5 + 20171, and
KS 1502 + 106/5BZQ J1504 + 1029) have also been identified as
ossible counterparts of IceCube high-energy tracks (e.g. Kadler
t al. 2016 ; IceCube Collaboration 2018 ; Garrappa et al. 2019 ;
ranckowiak et al. 2020 ; Giommi et al. 2020 ). 
To search for X-ray variability we use the 1 keV X-ray light curves

s obtained by Giommi et al. ( 2021 ). 
The Swift /XRT data products are based on the pipeline, the

rocedure, and methodology developed for the Open Universe for
lazars project (Giommi et al. 2018 , 2019 ). Here, we provide a
rief outline of the analysis procedure, but for a comprehensive
escription we refer the reader to Giommi et al. ( 2021 ). X-ray source
nd background events were extracted from XRT data. For data sets
ith enough counts (i.e. > 20) X-ray fitting was performed with
spec (Arnaud 1996 ) assuming an absorbed power-law model.
he goodness of the fit was estimated using Cash statistics (Cash
979 ). From the best fitting model, the 1 keV fluxes were computed
rom the power-law normalization. For sources with less than 20
ounts available, spectral fitting was not performed. Instead, count
ates were estimated in different energy bands using source detection
ia an X-ray image package ximage , 5 and the 1 keV fluxes were
stimated by scaling the count rates and adopting generic parameters
or the spectral model. To estimate the neutrino fluence of each X-
ay flare, we use the integrated flux in the 0.5–10 keV energy range.
his is either computed from the best spectral fit or by scaling the
road-band XRT count rate, as described abo v e. 
Fig. 2 sho ws indicati ve 1 keV X-ray light curves from our sample

about the 0.5–10 keV light curves, see Appendix B). Each point
n the light curve is derived from individual XRT snapshots with
ypical duration of ∼1 ks. Most sources have sparse co v erage in
-rays, despite belonging to the sample of frequently observed
lazars with XRT, with observations clustered around times of
nterest. An illustrativ e e xample is the 2017 multiwavelength flare
f TXS 0506 + 056 that has been associated with the high-energy
eutrino IC 170922A (Aartsen et al. 2018 ). The lack of X-ray
 Blazars are divided in spectral classes depending on the peak energy of the 
heir low-energy (synchrotron) hump ( ε S pk ) into LSPs with ε S pk < 0 . 41 eV, 

SPs with 0 . 41 < ε S pk < 4 . 1 eV, and HSPs with ε S pk > 4 . 1 eV (P ado vani & 

iommi 1995 ; Abdo et al. 2010a ). 
 Software is part of HEASOFT/FTOOLS http:// heasarc.gsfc.nasa.gov/ ftools 
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bservations prior to that epoch makes difficult a detailed study of the
ong-term behaviour of this source in neutrinos (Petropoulou et al.
020 ). 4FGL J1544.3-0649 is a unique blazar, as it transitioned from
eing an anonymous mid-intensity radio source, never detected at
igh energies, to one of the brightest extreme blazars ( ε S pk � 1 keV)
n the sky (Sahakyan & Giommi 2021 ). It is one of the sources that
ould go unnoticed if the γ -ray intensity of the flare remained below

he sensitivity of Fermi -LAT or if the γ -ray emission was intrinsically
ow during the X-ray flare, as predicted in the hadronic scenario under
tudy for certain parameters (Mastichiadis & Petropoulou 2021 ).
nly a few sources, like Mkn 421 and Mkn 501, have well-sampled

ight curves, thus allowing a robust characterization of their long-
erm X-ray variability properties. Large amplitude variability (i.e.
hanges in flux by a factor ∼2–3) on different time-scales is clearly
resent in all sources displayed in Fig. 2 . X-ray flares are ubiquitous
n the blazars in our sample. In the next paragraph we describe how
e define X-ray flares whose properties (i.e. duration and flux) are
resented in Section 5.1. 

.1 Bayesian blocks and definition of flares 

o search for X-ray variability we apply a Bayesian blocks algorithm
o every X-ray light curve of our sample. 6 The algorithm finds the
ptimal segmentation of the data taking into account the statistical
uctuations from the measurement errors. This allows us to represent
ach light curve by a series of contiguous ‘blocks’ where the flux
s considered to be constant. This block representation provides
n objective way to detect significant variations in a light curve
egardless of variations in gaps or exposure. We note ho we ver that
e cannot probe variations in flux shorter than the typical duration
f an XRT snapshot, as this is the building block of our light curves.
We use the astropy implementation of the Bayesian blocks

lgorithm (Price-Whelan et al. 2018 ) described in Scargle et al.
 2013 ), with the option of ‘measures’ in the fitness function and
alse alarm probability p 0 = 0.1. This parameter is related to the
rior on the number of bins, ncp prior , and the actual number of data
oints N as ncp prior = 4 − ln (73 . 53 p 0 N 

−0 . 478 ). While p 0 affects the
otal number of blocks building the light curve, we expect no big
ifferences in the derived flaring states and total number of neutrino
vents for p 0 ∼ 0.01–0.1 (for details, see Appendix C). 

The Bayesian block representation of the light curves presented
n Fig. 2 is indicated by solid lines. The height of each block is
he statistical mean of all flux measurements belonging to it. Large
aps between consecutive data points are represented by blocks with
ong duration. These long horizontal lines have usually no sampling
etween a data point and a new block. So, interpretation of these
locks as periods of stable flux should be made with caution. We
ill discuss in more detail the impact of long-duration blocks on our

esults later in Section 5.1. 
Several definitions of flares have been proposed in the litera-

ure (e.g. Resconi et al. 2009 ; Ahnen et al. 2016 ; Meyer, Scargle &
landford 2019 ). Flares could be, for instance, defined by an increase

n the block flux by at least a factor of 2. In this case, a flare could
e comprised of several rising blocks in a row . Alternatively , flares
ould be defined using the light curves directly and not their Bayesian
lock representation. For instance, Nalew ajk o ( 2013 ) defined flares
s periods of time containing a local maximum in flux during which
he flux exceeds half of the peak value. This definition would not
 All light curves with the Bayesian block representation can be found at 
t tps://st amst at h.wixsit e.com/1kevxrtlc 

http://heasarc.gsfc.nasa.gov/ftools
https://stamstath.wixsite.com/1kevxrtlc
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Figure 2. 1 keV light curves of blazars from our sample (symbols). Error bars indicate the 68 per cent uncertainty in flux. Solid lines show the Bayesian block 
representation of the light curves. Long horizontal lines with no sampling between a data point and a new block do not guarantee a stable flux. 
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llow any two flares to o v erlap. Flares could also be identified by
nding the local maxima of a light curve, and then be fitted using
re-defined functional forms (e.g. a piece-wise exponential functions 
altaoja et al. 1999 ; Abdo et al. 2010b ; Abeysekara et al. 2018 ). An
lternative way of studying flux variability in blazar light curves and 
tudying the properties of flares was presented by Liodakis et al. 
 2018 ). These authors used a Bayesian hierarchical model that treats
ach light curve as a superposition of flares with different shapes.
n this approach, a peak in the light curve could be composed by
ev eral o v erlapping ‘flares’. While the definition of flares may affect
he statistical properties of the inferred flaring states (i.e. duration and
uxes), it is not expected to affect significantly the fluence, hence
MNRAS 510, 4063–4079 (2022) 
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Figure 3. 1 keV light curve of PKS 1424 + 240 with the two flux threshold 
values used to classify flares indicated by horizontal lines (see the text for 
details). The inset plot shows a zoom in to the early-time portion of the light 
curve. 
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Table 1. Point-source ef fecti ve areas for different con- 
figurations used in our analysis. Data are taken from 

Aartsen et al. ( 2020 ) and IceCube Collaboration ( 2021 ). 

IceCube configuration Season (MJD) 

IC40 54 562–54 971 
IC59 54 971–55 347 
IC79 55 347–55 694 
IC86-I 55 694–56 062 
IC86-II > 56 062 
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he expected number of neutrino events from flares. In this work we
se the following definitions. 

EFINITION 1 (FLARE). Flare is any block with flux f B exceeding
he mean value μ of all flux measurements by a factor of n σ . Here, n
s an integer and σ is the standard deviation of the flux measurements.

EFINITION 2 (FLARE DURATION). The duration of a flaring
lock, 
 t , is used as a proxy of the duration of the X-ray flare, which
s needed for the calculation of the neutrino events (see equation 10).

e return to this point later in Section 5.2. 

Therefore, when two or more consecutive blocks are found to
 v ercome the flare threshold they are treated as separate flares.
epending on n ≥ 1 there is a probability that the selected flaring
lock is a true enhancement in the photon flux of the source or
 fluctuation of the average flux level. Wanting to investigate a
ikely relation between the flaring block flux and duration, we also
istinguish flares in two types as follows: 

(i) Type A: μ + σ < f B < μ + 3 σ , 
(ii) Type B: f B > μ + 3 σ . 

his classification may be phenomenological but it can help us inves-
igate if a certain type of flares has a larger contribution to the neutrino
uence of a source (i.e. we expect higher neutrino flux from a Type
 flare of the same duration than a Type A flare for a given source). 
The identification of flares 7 is e x emplified in Fig. 3 , where we

how the full 1 keV light curve of PKS 1424 + 240 and the two flux
hresholds discussed abo v e (solid and dashed line) and the dashed–
otted line denotes the mean of all flux measurements. At early times
 ∼54 990–55 005 MJD), the source was in a flaring state. If we zoom
nto that portion of the light curve (see inset plot), we can identify
everal blocks with short durations ( ∼0.6 d) and μ + σ < f B < μ

 3 σ (Type A), while only two blocks exceed the μ + 3 σ threshold
Type B). The duration and flux distributions of all flares identified
n the sample are presented in Section 5.1. 

 E X P ECTED  N E U T R I N O  E V E N T  C O U N T S  

he expected number of muon plus antimuon neutrinos from an
-ray flare can be calculated as 

 νμ+ ̄νμ
= 

1 

3 

∫ t end 

t ini 

d t 
∫ E ν, max 

E ν, min 

d ε ν A eff ( ε ν, δ) 
F ν+ ̄ν( ε ν, t) 

ε ν
, (10) 
 Henceforth, we use the terms ‘flares’ and ‘flaring blocks’ interchangeably. 

t  

w  

s
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here we assumed vacuum neutrino mixing and used 1/3 to convert
he all-fla v our to muon neutrino flux. Moreo v er, t ini and t end define
he duration of the X-ray flare as 
 t = t end − t ini and A eff ( ε ν , δ) is the
nergy-dependent and declination-dependent point-source ef fecti ve
rea of IceCube (Aartsen et al. 2020 ; IceCube Collaboration et al.
021 ). Swift observations for certain sources, such as Mkn 421, are
vailable since 2005, well before the starting date of IceCube opera-
ions. We therefore use different effective areas for our calculations
see Table 1 ) depending on the configuration of IceCube at the time
f the flare. For this purpose, we check if the midpoint, ( t ini + t end )/2,
f a flare block falls in a specific season of IceCube operation and
dopt the corresponding ef fecti v e area. F or flares occurring before
he start of IC40, we set the number of events equal to zero. For
he inte gration o v er energies we set E ν,min = 100 TeV and use the

aximum energy to which A eff is computed as E ν,max . 
The neutrino energy flux, F ν+ ̄ν( ε ν, t), is computed using equa-

ions (6)–(8). To account for a non-hadronic origin of the non-flaring
-ray emission, as illustrated in Fig. 1 , we subtract from all X-ray flux
easurements, F X , the mean of the 0.5–10 keV energy fluxes. We

iscuss how this choice affects our neutrino predictions in Section 6.
Depending on the number of flux measurements contained within

 flare block with duration 
 t , we treat the time integral of
quation (10) differently. More specifically, if there are multiple flux
easurements within the block of the flaring state (i.e. N > 1), then

he predicted muon and antimuon number of neutrinos is estimated
s 

 νμ+ ̄νμ
≈ 1 

3 

N−1 ∑ 

i= 1 


t i 
F 0 ,i I i + F 0 ,i+ 1 I i+ 1 

2 
+ 〈 F 0 I〉 ( 
t − t N + t 1 ) , 

(11)

here the index i runs o v er the number of flux measurements, F 0, i 

F 0 ( t i ), 
 t i ≡ t i + 1 − t i , 〈 ... 〉 denotes the mean o v er the flux
easurements, and 

 i ≡
∫ E ν, min 

E ν, max 

d ε ν A eff ( ε ν, δ) ε −s−1 
ν e −ε ν /ε ν, c ( t i ) . (12) 

he second term on the right-hand side of equation (11) takes into
ccount the contribution from the block outside the time window of
ux measurements ( t > t N and t < t 1 ). The peak neutrino energy
 ν, c is given by equation (3) after replacing ε keV with the peak
nergy of the X-ray spectrum in ε F ε space ( ε pk ). Depending on
he photon index 	 of the best-fit power-law spectrum in the 0.5–
0 keV energy range, which can vary between measurements, we
onsider two options. If 	 < 2 ( > 2), then ε pk = 10 (0 . 5) keV, and
f 	 = 2 we set ε pk = 2.23 keV (i.e. the logarithmic mean of the
nergy band). While it could be possible that the true peak energy of
he X-ray spectrum (in εF ε ) might lie outside the 0.5–10 keV range
e prefer not to extrapolate but rely instead only on narrow-band

pectral information. 
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Figure 4. Normalized distributions of durations ( 
 t ) and fluxes at 1 keV 

( f B , 1 keV ) of blocks classified as flares of Types A and B (coloured his- 
tograms). Data are binned using the Freedman–Diaconis estimator, hence the 
differences in bin size. Dash–dotted and dashed lines show the representation 
of the data for flares of Types A and B respectively using a continuous 
probability density curve. 

Figure 5. Block fluxes at 1 keV versus duration of blocks classified as flares 
of Types A and B. Different coloured symbols indicate the spectral blazar 
class (see inset legend). Open symbols indicate blocks with 
 t > 10 d and 
only one flux measurement within this interval. 
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If there is only one flux measurement within the block of a flaring
tate, we cannot do much better than to assume that the 0.5–10 keV
nergy flux and the peak neutrino energy remain constant o v er the
ime window of the flare. In this case, equation (10) simplifies into
he following one 

 νμ+ ̄νμ
= 


tF 0 . 5 −10 keV 

2 . 7 ε −s+ 1 
ν, c 

I, (13) 

here F 0.5–10 keV is the integrated mean-subtracted flux between 0.5 
nd 10 keV energies, and 
 t is the duration of each flaring state
xtracted from the Bayesian blocks analysis of the 1 keV light curve.

The conventional muon plus antimuon neutrino atmospheric flux 
n the surface of the Earth forms a background at high energies
or searches of point-like neutrino sources. In our model, the source 
eutrino spectrum typically peaks at ε ν � 1 PeV and the neutrino
umber of events is computed abo v e 100 TeV. Abo v e this energy the
ontribution of the atmospheric background (declination-averaged) 
s ∼0.0007 events per year and can be safely neglected in most cases
see also Petropoulou et al. 2016 , for Mkn 421). For completeness,
e compute the yearly rate of atmospheric muon and antimuon 
eutrinos abo v e 100 TeV coming from the direction of each source
see last column of Table A1 ). We approximate the conventional 
uon plus antimuon neutrino atmospheric flux by a power law with 

ndex ∼−3.7 (Honda et al. 2007 ), and treat this component as
urely isotropic. For the normalization at 100 TeV of the atmospheric 
uon and antimuon neutrino fluxes averaged over the zenith angle 
e use the mean value of the model predictions as presented in
g. 33 of Fedynitch et al. ( 2019 ). The expected muon and antimuon
umber from the atmospheric background is then calculated using 
quation (10) by integrating over energy, time, and solid angle 
ssuming that the neutrino flux and ef fecti ve area (we use IC86-
I configuration) are constant. We integrate over a typical angular 
esolution of 1 deg to estimate the expected neutrino number. Thus,
he integral over the solid angle in equation (10) reduces to a constant.

 RESULTS  

.1 X-ray flares 

sing the 1 keV X-ray light curves we find in total 967 flaring states
of both types). About 22 per cent of flaring states (217/967) are
ttributed to Mkn 421, which is one of the brightest and, as a result,
est monitored blazars at all wavelengths. 
Fig. 4 presents the normalized distributions of durations ( 
 t ) and

uxes at 1 keV ( f B , 1 keV ) of blocks classified as flares. Histograms
f different flare types are displayed with different colours. The 
ontribution of Mkn 421 to the flaring sample is evident by the
ighest flux bin in the histogram of flare fluxes (of both types).
nstead of testing whether the two groups of flares are different, 
e derive an estimate of how different their mean values and 

tandard deviations are using a Bayesian estimation tool (Kruschke 
013 ) implemented in PyMC3. 8 For the difference of means in flux
duration), at least 99 per cent of the posterior probability values 
re less (greater) than zero. This suggests that the group means are
redibly different. The differences in the standard deviations of flux 
nd duration are, ho we ver, smaller. These results do not necessarily
eflect intrinsic differences between flare types, as they could arise 
rom observational biases related to the irregular sampling of XRT 

bservations. For instance, states with higher fluxes are more likely 
 ht tps://docs.pymc.io/not ebooks/BEST.ht ml 

d  

i
o  
o be observed multiple consecutive times, while low-flux states are 
ess frequently observed (see also Fig. 2 ). 

Fig. 5 summarizes our findings by showing the block flux com-
uted from the 1 keV light curves, f B , 1 keV , as a function of the
lock duration 
 t . Different symbols indicate blazars of different
pectral types, namely HSP (circles), ISP (triangles), and LSP 

squares). Flares from HSP sources are on average brighter than 
hose produced by ISP or LSP objects. The clump of points with f B 
 3 × 10 −10 er g cm 

−2 s −1 corresponds to Mkn 421, which dominates
ur sample both in terms of flare number and flare brightness. We find
o clear evidence for a linear relation between the flux and duration
f blocks identified as flares or of the type of flares with either
uration or flux. A careful statistical analysis of the flare properties
s unwarranted at this point because of observational biases affecting 
ur sample. For instance, a comparison of the flare fluxes, durations,
MNRAS 510, 4063–4079 (2022) 
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Figure 6. Expected muon and antimuon neutrino number from X-ray flares 
versus the duration of the flare as defined by the Bayesian block algorithm 

(in logarithmic scale). Symbols are colour coded according to the 1 keV flux 
of the flares (see also Fig. 5 ). Solid lines show linear regression model fits to 
the data, and shaded regions indicate the 95 per cent confidence intervals. 
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Figure 7. Normalized distribution of the expected muon and antimuon 
neutrino number from X-ray flares (in logarithmic scale). Distributions 
obtained after removing blocks with 
 t > 100 d and 30 d are o v erplotted for 
comparison. 
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nd duty cycles between sources with very different X-ray coverage
e.g. Mkn 421 and TXS 0506 −056) would not yield meaningful
esults. We will return to this point in Section 6. 

Open symbols in Fig. 5 indicate blocks with 
 t > 10 d containing
nly one flux measurement (for the neutrino expectation from such
ares, see Section 4). In fact, after visual inspection of the Bayesian
lock representation of all light curves, we find that most blocks
ith 
 t � 60 d contain ∼1–2 XRT snapshots (see e.g. second and

hird blocks from the start of the light curve of TXS 0506 + 056
n Fig. 2 ). Using the flux of a couple XRT snapshots with total
uration of a few ks as a proxy for the source flux state on week-
ong or even month-long periods introduces big uncertainties in the
redicted neutrino fluence. Hence, if the block duration is > 10 d and
ontains only one XRT observation, we set 
 t = 1 d equation (13),
hich is close to the most probable value of the duration distribution

see Fig. 4 ). Similarly, most blocks with 
 t ∼ 30–60 d contain a
andful of measurements clustered in time, occupying only a small
raction of the total block duration. Such month-long blocks are a
esult of large gaps between Swift observations (see e.g. the light
urve of PG 1553 + 113 in Fig. 2 ) caused by the lack of all-sky X-ray
onitoring. Because we cannot predict the behaviour of the source

uring these long periods, we will also report the expected number of
eutrinos from each source after excluding these blocks (for details,
ee Section 5.2). 

.2 Neutrinos from X-ray flares 

ig. 6 shows the predicted number of muon and antimuon neutrino
vents from X-ray flares occurring after 54562 MJD as a function
f the block duration. Different colours are used to indicate the
 keV flare flux (see inset legend). We used the same flux bins as
hose determined by the Freedman–Diaconis estimator for the flux
istogram shown in Fig. 4 (bottom panel). For fixed duration, flares
ith higher X-ray fluxes are found to produce a higher number
f events compared to flares with lower X-ray fluxes. This finding
asically reflects the model’s main assumption, namely F ν+ ̄ν ≈ F X 

see also Section 2). Each intermediate flux state will fall inside these
oundary lines. The relation between the duration of each flaring
tate and the predicted number of events (in logarithmic space) is
ell described by a linear function, as shown by the linear regression
t to the data (see solid lines). The correlation of N νμ+ ̄νμ

with 
 t
s another demonstration of the lack of strong correlation between
he X-ray flux and duration of flares (see also Fig. 5 ). Thus, flares
ith similar flux will produce more neutrinos if they last longer. The
NRAS 510, 4063–4079 (2022) 
catter of the neutrino number within one flux bin is mostly a result
f the declination-dependent area of the detector (see equation (10)).
or instance, the scatter is significantly reduced in the two bins with

he highest X-ray fluxes ( −12 . 75 < log ( f B , 1 keV ) < −12 . 15) that are
ominated by one source (Mkn 421). 
Fig. 7 shows the distribution of the predicted number of muon and

ntimuon neutrino events from all flares happening after 54562 MJD
blue), which has a median of � 0.01 events. We also plot the
istograms of log ( N νμ+ ̄νμ

) after excluding the contributions of blocks
ith 
 t > 100 d (maroon) and 30 d (tan). While the choice of the

pecific time windows is not strict, it is motivated by the following:
a) blocks with 
 t > 60 d, in a plethora of cases, contain XRT
napshots that have time separations similar to the duration of the
lock itself; (b) after visual inspection of the Bayesian representation
f the light curves in our sample, we find that blocks with 
 t > 30 d
ften contain clustered XRT measurements that occupy only a small
raction of the block duration. As discussed in Section 5.1, such
onth-long blocks are usually a result of large gaps between Swift

bservations (see e.g. the light curve of PG 1553 + 113 in Fig. 2 ).
eutrino fluences computed by assuming a constant flux level for

uch a long time are therefore highly uncertain. Nonetheless, Fig. 7
hows that the general shape, including the mean and median, of the
vent distribution does not change after removal of blocks with 
 t
 30 d. Indeed, there are only a few blazars in our sample whose
ain contribution to the neutrino number comes from flares with 
 t
 30 d. These findings suggest that the bulk of the neutrino events of

ur sample originates from flares with much shorter durations whose
eutrino fluence predictions are more robust. To better illustrate this,
e present the two-dimensional density map of log ( N νμ+ ̄νμ

) versus
og ( 
 t ) in Fig. 8 . Indeed, the highest density is observed for 
 t ∼
–10 d and N νμ+ ̄νμ

∼ 0 . 01. Hence, blocks with 
 t � 30 d that may
e sources of large systematic uncertainties in the neutrino fluence
o not seem to affect the neutrino expectation of the whole sample. 
In Fig. 9 , we present the cumulative number of muon and antimuon

eutrino ev ents e xpected from each source with N fl X-ray flares.
oti v ated by the previous discussion, we only show results for

ares with 
 t < 30 d (happening after 54 562 MJD). Each curve is
ormalized to the total expected number of neutrino events. We find
hat the majority of sources exhibits less than 10 flares contributing to
he neutrino signal o v er the course of the Swift co v erage. The abrupt
ncrease in the cumulative neutrino number found for a few sources,
ncluding Mkn 421 (index 37), occurs at the first flare happening after
he starting date of IceCube with the IC40 configuration. Inspection
f the cumulative curves of 1ES 1959 + 650 (index 6) and Mkn 501
index 38) shows that a similar total number of flares ( N fl ∼ 90)
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Figure 8. Two-dimensional histogram (in logarithmic scale) of the number 
of muon and antimuon neutrinos expected from flares of duration 
 t . The 
histogram is normalized so that the area underneath it integrates to 1. 
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ontributes to the total expected number of neutrinos for each source. 
o we ver, the gradient of the two curves is very different, suggesting
 different temporal behaviour between these two sources. Indeed, 
s shown in Fig. 2 , 1ES 1959 + 650 appears to have entered a state
haracterized by higher average X-ray flux and more variability after 
7 000 MJD, while Mkn 501 was more active at earlier times 55 000–
7 000 MJD. These results highlight the importance of regular X- 
ay monitoring of blazars o v er long-time intervals in making robust
redictions of their multimessenger emission. 
We mo v e then to compute the total number of muon and antimuon

eutrinos, N 

(tot) 
νμ+ ̄νμ

, expected from each source by summing up the 
xpectations of individual flares. Our results are summarized in 
ig. 10 (bottom panel) in the form of a bar plot. Sources are marked
y an index as dictated in Table A1 . Different colours indicate
esults obtained after excluding blocks of certain durations (see 
nset legend for details). No results are reported for sources with 
o blocks satisfying our flare condition (i.e. f B , 1 keV > μ + σ , see
lso Section 3.1 for details). There are a handful of sources whose
eutrino signal originates solely from long-duration blocks (see e.g. 
ingle coloured bars), which are a result of long gaps between XRT
bservations. In this case, the reported neutrino signal is likely an 
 v erestimation. F or the remaining sources of the sample, the true
eutrino expectation is bounded from the blue and tan coloured bars,
ith the latter providing a rather weak upper limit. Only two sources

n the sample have a total neutrino number larger than one after
xclusion of long-duration blocks, namely Mkn 421 (index 37) and 
kn 501 (index 38). None of them has ever been associated with a

igh-energy neutrino track event, while Mkn 421 has been reported 
s a candidate source of a cascade-like neutrino event (Padovani & 

esconi 2014 ). We will discuss the implications of our findings in
ection 6. 
While the bar plot in the bottom panel of Fig. 10 provides a

uick-look view of our results, it should not be used on its own
o directly compare sources in terms of their neutrino output. The 
esults presented in Fig. 10 strongly depend on the number of
RT observations that is displayed on the top panel (grey bars). In
eneral, sources with more observations tend to have higher predicted 
eutrino numbers [see, for instance, Mkn 421 (index 37) and Mkn
01 (index 38)]. This is due to the fact that flares from sources with
oorer temporal co v erage are more likely to be missed. Moreo v er,
he number of observations for a given source is correlated with 
he number of observations belonging to flaring blocks (compare 
rey and maroon bars in top panel). There are ho we v er e xceptions
o this general rule. For instance, GB6J0521 + 2113 (index 33) and
B6J1159 + 2914 (index 34) have a comparable number of XRT
easurements, but differ in the predicted number of events by ∼ two
rders of magnitude. This difference can be attributed to differences 
n the number of flaring states (compare maroon bars of objects
3 and 34 in the top figure panel) and IceCube’s ef fecti ve area.
ence, neutrino predictions are also affected by the unique temporal 
ehaviour of each source, the physical parameters describing the 
aring region, and the source declination as we demonstrate in the
ollowing paragraph. 

.2.1 Effects of model parameters and source declination 

o far we have presented results for fixed values of the magnetic
eld strength ( B 

′ = 10 G) and Doppler factor ( D = 10) in all
ources. Here, we present the effects of both model parameters on
he predictions of the total neutrino number from X-ray flares, and
iscuss the role of the source declination. 
A higher value of the magnetic field strength B 

′ 
would lower the

roton Lorentz factor γ ′ 
p needed to produce synchrotron photons of 

nergy ε pk (see equation 1). For sufficiently strong magnetic fields, 
t is therefore possible that the proton Lorentz factor drops below the
hreshold value for pion production on synchrotron photons of the 
ame energy (see equation 2). Fig. 11 shows the dependence of the
otal neutrino number (after excluding long-duration blocks) on B 

′ 
for 

ome of the sources of our sample whose light curves were presented
n Fig. 2 . To better illustrate the effects of the magnetic field strength
n the total number of events, we adopted a common value for the
ynchrotron photon energy ( ε pk = 1 keV) and the Doppler factor
 D = 10). Solid lines are used to mark the magnetic field values that
atisfy the energy threshold ( γ ′ 

p > γ ′ 
p , th ), while dashed lines are used

therwise. 
All curves consist of a power law for sufficiently low magnetic field

 alues, follo wed by an exponential cut-off for larger values of the
agnetic field. The shape of the curves can be understood as follows.
oting that ε ν, c ∝ B 

′ −1 / 2 (see equation 3) and approximating the
f fecti ve area for neutrino detection with a δ-function centred at
he energy of its maximum value, i.e. A eff = A 0 δ( ε ν − ε ν, pk ), we
ay write N νμ+ ̄νμ

∝ A 0 ε 
2 
ν, pk x 

−s+ 1 e −x , where x ≡ ε ν, pk /ε ν,c (see
quation 12). For x � 1, we recover the power-law dependence 
n B 

′ 
, i.e. N νμ+ ̄νμ

∝ x −s+ 1 ∝ B 

′ −( s−1) / 2 , while for x � 1 we obtain

 νμ+ ̄νμ
∝ e −aε ν, pk 

√ 

B ′ (here a is parameter depending on the Doppler
actor and source redshift). Consequently, there is a critical value of
he magnetic field, B 

′ 
∗, for each source that maximizes the predicted

eutrino number. Under the δ-function approximation for A eff , we 
nd B 

′ 
∗ ≡ 10 G (0 . 6 PeV /ε ν, pk ) 2 (1 − s) 2 D 1 εkeV / (1 + z). In reality,

he dependence of B 

′ 
∗ on ε ν, pk is expected to be weaker, since the

ceCube ef fecti ve area has a broad peak. This critical magnetic
eld value depends on the source declination through ε ν, pk , which

s a decreasing function of the angle δ. As a result, blazars at
ower declination angles obtain their maximum neutrino number 
or lo wer v alues of the magnetic field strength than objects at higher
eclinations. This effect becomes clearer in the bottom panel of 
ig. 11 where each curve is normalized to its value at B 

′ = 10 −2 G. 
Similarly, the predicted total neutrino number depends on the 

oppler factor through ε ν, c . Its ef fects, ho we ver, are less pronounced
n the range of values expected for blazar jets, as shown in Fig. 12 . 

 DI SCUSSI ON  

e have presented predictions for the expected neutrino signal 
rom X-ray blazar flares using a recently proposed theoretical 
cenario (Mastichiadis & Petropoulou 2021 ). According to it, 
MNRAS 510, 4063–4079 (2022) 
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Figure 9. Cumulative number of muon and antimuon neutrino events expected from individual sources and N fl X-ray flares with 
 t < 30 d. Coloured symbols 
correspond to different sources, as indicated by their indices in the inset legend (for the source names see Table A1 ). 

Figure 10. Bottom panel: Stacked number of muon and antimuon neutrinos expected from X-ray flares of individual sources (coloured bars). Different colours 
indicate the expected number when different cuts on the block duration are made (see inset legend). Top panel: Number of XRT observations ( N obs ) and number 
of XRT observations belonging to blocks identified as flares ( N 

(fl) 
obs ) per source. All values are listed in Table A1 . 
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-ray flares are powered by synchrotron radiation of intermittently
ccelerated protons that pion produce on their own synchrotron
hotons, thus resulting in a high-energy neutrino flare. Using
 sample of 66 blazars that were observed at least 50 times
ith Swift /XRT, we have computed the number of muon and

ntimuon neutrinos abo v e 100 TeV e xpected from X-ray flares
 v er IceCube’s liv etime. This is the first time (to the best of
ur knowledge) that Swift /XRT data have been used for this
urpose. 
The luminosity of the accelerated proton population in the comov-

ng frame, L 

′ 
p , powering an X-ray flare of observed luminosity L X 

in the 0.5–10 keV range) is 

 

′ 
p � 10 46 L X , 45 R 

′ −1 
16 D 

−7 / 2 
1 B 

′ −3 / 2 
1 ε 

−1 / 2 
keV (1 + z) −1 / 2 erg s −1 (14) 
NRAS 510, 4063–4079 (2022) 
here R 

′ 
is the radius of the emission region. To derive the

quation abo v e, we assumed for simplicity a mono-energetic proton
istribution centred at γ ′ 

p (see equation 1), but these estimates can
asily be generalized for a power-law proton distribution. The X-ray
uminosity is normalized to 10 45 erg s −1 , which is close to the median
-ray luminosity of flares (in logarithmic scale) from our sample.
he Eddington luminosity of an accreting black hole with mass M BH 

s L Edd = 1.26 × 10 46 M BH /(10 8 M �) erg s −1 . The beaming corrected
roton luminosity in the observer’s frame is L p ≈ D 

4 L 

′ 
p / (2 	 

2 ),
here a conical jet with half-opening angle of 1/ 	 was assumed.
sing equation (14) we find that 

 p ≈ 5 . 7 × 10 47 L X , 45 R 

′ −1 
16 D 

1 / 2 
1 	 

−2 
1 B 

′ −3 / 2 
1 ε 

−1 / 2 
keV (1 + z) −1 / 2 erg s −1 . 

(15) 
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Figure 11. Top panel: total number of muon and antimuon neutrinos from 

flares with 
 t < 30 d as a function of the magnetic field strength for a 
fe w indicati v e sources (see inset le gend; values in the parenthesis indicate 
declination angles). Other parameters used here are: D = 10 and ε pk = 

1 keV. Bottom panel: Same as in the top panel, except that each curve has 
been normalized to its value at B 

′ = 10 −2 G. 

Figure 12. Stacked number of muon and antimuon neutrinos from flares with 

 t < 30 d as a function of the Doppler factor for a few indicative sources (see 
inset legend; values within parentheses indicate declination angles). Other 
parameters used here are: B 

′ = 10 G and ε pk = 1 keV. 
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or the default model parameters we find that L p ∼ 8 L Edd for M BH =
.3 × 10 8 M �, which assumes the host galaxy to be a typical giant
lliptical (Labita et al. 2006 ). This black hole mass is close to
he mean value of the black hole masses ( 〈 log ( M BH / M �) = 8.6 〉 )
stimated by (Paliya et al. 2021 ) from a large sample consisting
f thousands of blazars. Moreo v er, it is close to the median value
f black hole masses recently estimated for a sample of 47 blazars
y P ado vani et al. ( 2021 ). As long as the proton distribution is not
 flat power law (i.e. p > 2) starting from the proton rest mass
ner gy, the ener getic requirements of the model are lower than
hose in other hadronic models for blazar emission (e.g. Petropoulou 
t al. 2015 , 2016 ; Liodakis & Petropoulou 2020 ). The ratio of
he (comoving) proton energy density to the magnetic field energy 
ensity, R = u 

′ 
p /u 

′ 
B , is written as 

 � 1 . 5 × 10 5 L X , 45 R 

′ −3 
16 B 

′ −7 / 2 
1 D 

′ −7 / 2 
1 ε 

−1 / 2 
keV (1 + z) −1 / 2 . (16) 
he emitting region producing hadronic X-ray flares is therefore 
 ar aw ay from energy equipartition between relativistic protons and
agnetic fields for default parameter v alues. Ho we ver, because of

he strong dependence on the magnetic field, equipartition can be 
eached for B 

′ 
> 100 G (and all other parameters fixed). Thus, strong

agnetic fields are more fa v ourable from the energetic point of view,
f the size of the flaring region and the magnetic field are not related.

We adopted a theoretical scenario for transient neutrino production 
n blazars where the contribution of the hadronic component to the
-ray emission of the source is assumed to be negligible except
uring flares. To account for the fact that the baseline emission
f the source originates from a leptonic component (e.g. electron 
ynchrotron radiation in the case of HBLs), we subtracted from the
lock flux the mean flux of all X-ray measurements (in the 0.5–
0 keV energy range), assuming that the latter is a proxy for the
aseline (non-flaring) emission. This ‘reduced’ flux was then used 
or the calculation of the neutrino fluence. In some sources without
ong-term co v erage, the mean flux may pro vide an o v erestimation
f the baseline flux. For instance, if 1ES 1959 + 650 were observed
nly after 57 000 MJD, its mean flux would be ∼1.4 times higher
han the mean flux estimated from all its measurements (see Fig. 2 ).
lternatively, one could use the median of all flux measurements 

s a representati ve v alue for the leptonic X-ray flux. We therefore
epeated the analysis by subtracting the median of X-ray flux 
easurements (in the 0.5–10 keV energy range) and found an 

ncrease of ∼11 per cent on the median value of N νμ+ ̄νμ
. An increase

f ∼47 per cent in the latter quantity was found, when no correction
or the baseline emission was made. Hence, a systematic uncertainty 
f ∼10–40 per cent can be assigned to the predicted neutrino numbers
o account for the leptonic non-flaring emission. 

The X-ray spectrum of FSRQs can be more complicated than in
rue BL Lac objects due to additional thermal emission components. 
SRQs usually exhibit a ‘blue bump’ in their low-energy spectra (e.g.
altani, Courvoisier & Walter 1998 ; Jolley et al. 2009 ), which is an

ndication of emission from the accretion disc. Hence, a fraction of
he observed X-ray emission in FSRQs could be related to thermal
adiation from the inner accretion flow (e.g. Grandi & Palumbo 2004 ;
iommi et al. 2012 ). Even though we did not explicitly take into

ccount this component, we assumed that the hadronic population 
s responsible for emission that exceeds the time-average flux of the
ource. A more careful analysis of the X-ray flaring spectrum in
SRQs requires detailed modelling of individual sources and lies 
eyond the scope of this work. 
Understanding time variability and flaring states of blazars across 

he electromagnetic spectrum is a complex subject that is poorly 
nderstood. Within the literature even the characterization of flaring 
r quiescent states is ambiguous (see Resconi et al. 2009 , and ref-
rences within). In X-rays, in particular, the problem is complicated 
ecause of the lack of all-sky monitoring surveys that are sensitive
nough to provide accurate flux measurements on a daily basis. In the
ast, instruments like the All-Sky Monitor (ASM; Levine et al. 1996 )
n board of the Rossi X-ray Timing Explorer ( RXTE ) have provided
ecade-long data only for a handful of the brightest blazars. Ho we ver,
iven the non-imaging nature of the detector, the study of the fainter
tates remained challenging. For our project we used Swift /XRT data
hat can provide accurate flux estimates and spectral information 
or a much larger sample of blazars. Nonetheless, the observations 
ollow irregular patterns and the observing cadence varies a lot among 
ources. F or e xample, states with higher flux es are more likely to be
bserved multiple consecutive times, whereas low-flux states are 
ore likely to have a few isolated observations as shown in Fig. 2 .
hese issues constitute a ‘completeness problem’ that is important 
MNRAS 510, 4063–4079 (2022) 
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Figure 13. Average yearly muon and antimuon neutrino rate from X-ray 
flaring blazars as a function of the source declination. The symbol size 
corresponds to the duty cycle of X-ray flares (see the inset legend). Colours 
indicate the time-average 1 keV flux (in logarithmic scale and in units of 
er g cm 

−2 s −1 ). 
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o address if one wants to make a meaningful comparison of sources
n the sample. 

To correct for the incompleteness of light curves in our sample,
ne could use Mkn 421 or Mkn 501 that have the most well-sampled
-ray light curves. Ho we ver, this correction might still introduce

rrors in the estimation of neutrino counts from different sources,
ecause the properties of X-ray variability are unique among blazars
compare e.g. Mkn 421 and 1ES 1959 + 650 in Fig 2 ). For this
urpose, we estimate the duty cycle of X-ray flares for each blazar,
.e. the percentage of its life spent on a flaring or a low state. Using
XTE /ASM data, Resconi et al. ( 2009 ) calculated the duty cycle
f blazars based on the absolute time the source spends in each
ux lev el. F or Swift /XRT data this method cannot be implemented
ecause of the irregular sampling and the large observational gaps. To
stimate a duty cycle we therefore need to make some assumptions.
irst, Swift /XRT sampling is random and the temporal behaviour of
 source remains the same when no monitoring data are available.
oreo v er, we ignore intraday variability, so that each XRT flux
easurement is representative of the flux state of the source within

hat day. The duty cycle can be then defined as the number of
wift /XRT pointings that coincide with a flaring state o v er the total
umber of XRT visits, i.e. d fl ≈ N 

(fl) 
obs /N obs . 

For each source in the sample, we used Bayesian blocks to estimate
he duration of the flaring states (i.e. 
 t ), we computed the neutrino
uence within these time intervals, and total number of expected
eutrinos to be detected from all flares N 

(tot) 
νμ+ ̄νμ

. The average neutrino
ate of a source due to X-ray flares can be then written as 〈 Ṅ νμ+ ̄νμ

〉 ≈
 flN 

(tot) 
νμ+ ̄νμ

/ 
∑ N fl

i 
t i . This provides a more representative estimate of

he expected neutrino emission than N 

(tot) 
νμ+ ̄νμ

, as it roughly accounts
or differences in X-ray co v erage among sources. The duty cycle
nd the average yearly neutrino rate of the sources in our sample
re shown in Fig. 13 (see also Table A1 ). We find no obvious trend
etween the average X-ray flux and the duty cycle, while higher
early rates are expected, in general, for sources with higher average
-ray fluxes. The yearly rate also depends on the source declination

hrough the ef fecti ve area with a maximum close to 0 deg. Being the
rightest X-ray source (on average) in the sample, Mkn 421 has also
he highest yearly rate despite its large declination. 

So far, only one cascade-like neutrino event (with a me-
ian angular error of 16.5 deg) was tentatively associated with
kn 421 (P ado vani & Resconi 2014 ). At the time of the neutrino

rri v al (55 685.66 MJD), the source was not flaring in X-rays and
NRAS 510, 4063–4079 (2022) 
he flux was close to its minimum value as shown in Fig. 2 . If our
odel for neutrino production in flaring blazars is true, the lack of

igh-energy neutrinos from the direction of Mkn 421 (Aartsen et al.
019a ) can be explained in tw o w ays: only a fraction of X-ray flares
as hadronic origin ( � 15 per cent for B 

′ = 10 G) or B 

′ 
� 0.1 G in

he neutrino emission region (see top panel in Fig. 11 ). The source
ith the second highest total number of events and average yearly

ate of events in our sample is 3C 273 (see Table A1 ), a flat spectrum
adio quasar (FSRQ) at redshift z = 0.158. Excluding flaring blocks
ith 
 t > 30 d, our model predicts less than 1 muon neutrino event

rom all X-ray flares of this source. This is consistent with the lack
f neutrino excess above the background from the direction of this
ource (e.g. Aartsen et al. 2019a ). 

Only three sources from our sample are positionally consistent
ith astrophysical muon neutrino track events detected by IceCube,
amely TXS 0506 + 056, 1ES 0229 + 200, and PKS 1502 + 106.
wift /XRT data are available close to the arrival time of the
igh-energy neutrino only in the case of TXS 0506 + 056 and
C 170922A (IceCube Collaboration 2018 ). Our prediction in terms
f muon plus antimuon neutrinos after the neutrino detection is
.0012 events in ∼7 d. The estimated average rate of muon and
ntimuon neutrinos from the SED modelling of the 2017 flare is
˙
 νμ+ ̄νμ

∼ 0 . 1 yr −1 (K ei v ani et al. 2018 ; Petropoulou et al. 2020 ).
dopting this rate, we find 0.0019 events for the same time interval.
he two predictions are similar even though the underlying models
f electromagnetic emission are different, because the maximum
eutrino flux in the model of K ei v ani et al. ( 2018 ) is also limited
y the X-ray flux. During the period of the so-called neutrino flare
f TXS 0506 + 056 in 2014/15 (IceCube Collaboration 2018 ), only
pper limits from Swift /BAT (15–50 keV) (Reimer et al. 2019 ) and
AXI (4–10 keV) were available (Petropoulou et al. 2020 ). Hence,

ur model cannot be applied to that period. While 1ES 0229 + 200 has
 moderate X-ray flare duty cycle ( ∼13 per cent), we identify only
wo flaring states with our method. Accounting for both, we predict
 νμ+ ̄νμ

= 0 . 05 ± 0 . 01 in IceCube’s li vetime. Ho we ver, the number
rops significantly (by a factor of ∼10), if we remo v e the flaring state
ith 
 t = 143 d as being non-physical. It is likely that several other
ares were missed due to the irregular pattern of XRT pointings. In

he case of PKS 1502 + 106, we find only one flaring state with 
 t
1.7 d. Based on the available XRT data, we obtain a very low

uty cycle for X-ray flares from this source. Hence, the detection of
C 190730A from the direction of PKS 105 + 106 (Taboada & Stein
019 ) would be explained as chance coincidence in this model. 
We have shown that hadronic X-ray flares can be factories of

igh-energy neutrinos. The ideal targets for X-ray monitoring in
erms of their baseline flux are HSP blazars. This group of blazars
as its peak frequency of the synchrotron component at the X-
ays. Assuming that every X-ray flaring episode in HSP blazars
s generated by a hadronic population, the hadronic X-ray flare,
hich will be abo v e the X-ray baseline, will also produce a neutrino
are of equal integrated flux. An ideal object for X-ray monitoring

s 1ES 0229 + 200 (extreme synchrotron source) which is in spatial
oincidence with an astrophysical muon neutrino track event detected
y IceCube (Giommi et al. 2020 ). The declination of the source
 δ � 20.3 deg) makes it also suitable for neutrino detection since
here are no constraints in terms of the ef fecti ve area of IceCube for
his declination. Continuing with this idea another interesting HSP
lazar for X-ray monitoring is PG 1553 + 113 with moderate X-ray
ariability (duty cycle ∼13 per cent) and a total number of ∼0.6
redicted muon and antimuon neutrinos. In addition, is one of the
lazars with the highest average rate of muon and antimuon neutrinos
rom flares in our sample with 〈 Ṅ νμ+ ̄νμ

〉 ∼0.25 yr −1 . 
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The limited sensitivity of the current all-sky surveys (i.e. 
wift /BAT, MAXI) allows monitoring of a handful of the brightest
lazars. Moreo v er, future X-ray all sky monitoring missions will not
ush beyond the current sensitivity limits. While mission concepts 
ike STROBE-X (Ray et al. 2019 ) could provide a helping hand,
heir status is unclear. From current observatories only Swift /XRT 

as the flexibility for frequent observations. Thus, continuation and 
nhancement of Swift /XRT observing campaigns is the only way 
o obtain meaningful light curves to study flaring variability and 
onstraining the duty cycle of potential neutrino emitting sources. 

The scenario of hadronic X-ray flares can be scrutinized with 
he advent of next-generation neutrino detectors and regular X-ray 

onitoring of blazars. The combination of larger detection volumes, 
s in IceCube-Gen2 (IceCube-Gen2 Collaboration 2014 ), with the 
ocation of KM3Net (Adri ́an-Mart ́ınez et al. 2016 ), Baikal-GVD 

Baikal-GVD Collaboration 2018 ) and the P-ONE (Agostini et al. 
020 ) in the Northern hemisphere, will increase the number of high-
nergy neutrino detections and provide a more uniform co v erage of
he neutrino sky in terms of sensitivity. Lack of neutrino detections 
rom sources with frequent X-ray flaring activity and high X-ray flare 
uences could constrain the magnetic field strength of the flaring 
egion and the duty cycle of hadronic X-ray flares. 
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Table A1 – continued 

Source index Source name Dec (deg) z Class N obs d fl (per cent) N 

(tot) 
νμ+ ̄νμ ( 
t < 30) d 〈 Ṅ νμ+ ̄νμ 〉 ( ×10 −4 yr −1 ) Ṅ 

(atm) 
νμ+ ̄νμ ( ×10 −4 yr −1 ) 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 

38 Mkn 501 39 .76 0 .0300 HSP 1036 13 .8 1.37 ± 0.05 1986.8 ± 79.3 8 .4 
39 MS 1207.9 + 3945 39 .49 0 .6170 HSP 557 17 .8 – – 8 .4 
40 OJ 287 20 .11 0 .3060 ISP 898 12 .0 0.13 ± 0.02 311.0 ± 52.2 11 .8 
41 ON 231 28 .23 0 .1020 ISP 233 6 .0 0.0034 ± 0.0006 23.0 ± 4.3 10 .4 
42 PG 1553 + 113 11 .19 0 .3600 HSP 496 13 .1 0.57 ± 0.05 2543.8 ± 204.1 13 .9 
43 PKS 0208-512 − 51 .02 1 .003 LSP 304 12 .8 0.00039 ± 0.00008 37.5 ± 7.8 0 .3 
44 PKS 0235 + 164 16 .62 0 .9400 LSP 373 1 .3 0.020 ± 0.002 45.3 ± 4.5 12 .4 
45 ∗ PKS 0506-61 − 61 .16 1 .0930 LSP 81 – – – 0 .3 
46 PKS 0528 + 134 13 .53 2 .0700 LSP 276 11 .6 – – 13 .0 
47 PKS 0548-322 − 32 .27 0 .0690 HSP 321 21 .2 0.0011 ± 0.0002 461.4 ± 99.5 0 .5 
48 PKS 0637-752 − 75 .27 0 .6530 LSP 112 7 .1 0.0001 ± 0.0001 3.2 ± 4.5 0 .8 
49 PKS 0921-213 − 21 .60 0 .0530 ISP 167 2 .4 0.0023 ± 0.0006 20.4 ± 5.3 1 .0 
50 PKS 1222 + 216 21 .38 0 .4390 ISP 259 13 .9 0.007 ± 0.003 84.3 ± 38.2 11 .5 
51 ∗ PKS 1406-076 − 7 .87 1 .4940 LSP 161 – – – 5 .6 
52 PKS 1424-41 − 42 .11 1 .5220 LSP 227 17 .2 0.00020 ± 0.00008 18.9 ± 8.0 0 .3 
53 PKS 1424 + 240 23 .80 0 .6100 ISP 120 18 .3 0.031 ± 0.003 1033.1 ± 94.6 11 .0 
54 PKS 1502 + 106 10 .49 1 .8390 LSP 120 1 .7 0.00013 ± 0.00012 4.8 ± 4.6 13 .9 
55 PKS 1510-08 − 9 .10 0 .3600 ISP 693 11 .8 0.02 ± 0.01 90.2 ± 55.8 5 .6 
56 PKS 1622-297 − 29 .86 0 .8150 LSP 138 11 .6 – – 0 .6 
57 PKS 1730-130 − 13 .08 0 .9020 LSP 182 19 .8 – – 2 .8 
58 ∗ PKS 1830-211 − 21 .06 2 .5070 LSP 236 – – – 1 .2 
59 PKS 2155-304 -30 .23 0 .1170 HSP 490 10 .0 0.031 ± 0.002 183.7 ± 10.0 0 .6 
60 RXS J05439-5532 − 55 .54 0 .2730 HSP 90 15 .6 0.008 ± 0.002 93.0 ± 28.9 0 .3 
61 S4 0954 + 658 65 .57 0 .3670 LSP 199 14 .6 0.0016 ± 0.0003 30.4 ± 5.3 4 .0 
62 S4 1749 + 701 70 .10 0 .7700 ISP 107 12 .1 0.00017 ± 0.00006 11.4 ± 4.0 3 .2 
63 S5 0716 + 714 71 .34 0 .3100 ISP 657 18 .6 0.009 ± 0.001 118.8 ± 15.6 3 .2 
64 S5 0836 + 71 70 .90 2 .2180 LSP 260 18 .8 0.009 ± 0.002 64.0 ± 14.6 3 .2 
65 † ; S5 1803 + 784 78 .47 0 .6800 LSP 154 8 .4 < 0.000076 < 0.10 2 .7 

Notes on columns . (2): Common or disco v ery name. (3): Source declination. (4): Source redshifts adopted from Massaro et al. ( 2015 ), Chornock & Margutti ( 2017 ), Paiano et al. 
( 2018 ), Ro v ero et al. ( 2016 ), Torres-Zafra et al. ( 2018 ), Chang et al. ( 2019 ). (5): Spectral class. (6): Number of XRT observations. (7): Flare duty cycle, defined as the ratio of the 
number of XRT observations in flaring state and N obs . (8): Total number of muon and antimuon neutrinos from flares with 
 t < 30 d. (9) Average rate of muon and antimuon neutrinos 
from flares with 
 t < 30 d (defined as 〈 Ṅ νμ+ ̄νμ 〉 ≈ d flN 

(tot) 
νμ+ ̄νμ / 

∑ N fl
i 
t i ). (10) Yearly rate of atmospheric muon and antimuon neutrinos. 

∗No flares of Type A or B were identified. ∗∗Objects excluded from the analysis (see Section 3). † ; Upper limits are quoted whenever the statistical error is larger than the predicted 
value. 
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PPEN D IX  B:  1  K E V  VERSUS  0 . 5 – 1 0  K E V  

I G H T  C U RV E S  

he variability in the X-ray flux is often accompanied by changes in
he photon index. The photon index exhibits a complicated behaviour 
uring flaring states. In HSP objects, the photon index usually 
ecomes harder when the source becomes brighter (e.g. Aggrawal 
t al. 2018 ; MAGIC Collaboration et al. 2019 ; Wang et al. 2019 ).
herefore we expect some differences in the variability properties 
s derived from the 1 keV and 0.5–10 keV light curv es. Moreo v er,
he uncertainty of the flux measurements at 1 keV and 0.5–10 keV,
hich depends on the data processing, can also differ. In fact, the
ux at 1 keV is estimated from the count rate in a narrow energy
and (0.3–2 keV) while the 0.5–10 keV flux is calculated using the
pectral slope derived from the best-fitting spectral model. The latter 
ethod introduces larger uncertainties and depends on the fitting of 

he data at these energies. 
Fig. B1 shows the light curve of Mkn 421 in the 1 keV and 0.5–

0 keV energy bands. Overall, we find that fluctuations in flux exhibit
he same behaviour. During the time interval of 56390–56400 MJD, 
wo flaring events occurred. The spectrum of the first flare centred 
t 56394 MJD) has photon index 	 ∼ 2. Thus, fluxes in both energy
ands would change with time in a similar way. During the following
are, the spectrum was harder with photon index 	 ∼ 1.6. Hence, the
.5–10 keV flux differs, and increases by a factor 4.6, from the mean
alue of all flux measurements (compared to a factor of 3.0 in the
ase of the 1 keV light curve). In general, for the case of Mkn 421, we
ound 217 flaring states using the 1 keV light curve from which 185
re Type A and 32 are Type B. Utilizing the 0.5–10 keV light curve
e found 178 flaring states out of which 145 are Type A and the rest

re Type B using the same criteria for flare classification applied in
he 1 keV light curve. Thus, the number of Type B flares remained the
ame while a smaller number of Type A flares was found in the 0.5–
0 keV light curves. Notably, all flares which are reported in the 0.5–
0 keV light curve are also identified as flaring states in the 1 keV light
urve. 

For completeness, we repeated the flare identification using the 
.5–10 keV light curves of all sources in the sample. In this case, we
ound a smaller number of flaring states in the sample (723 compared
o 967). This is a result of larger uncertainties in the 0.5–10 keV
ux measurements, which eventually lead to different blocks with 
ifferent flux es. Moreo v er, spectral changes during flares may lead to
ifferences in the flare fluxes at 1 keV and 0.5–10 keV, as illustrated
n Fig. B1 . The percentages of Type A and Type B remain the same
n both cases (84 − 83 per cent Type A and 16 −17 per cent Type B
or the 1 keV and 0.5–10 keV light curv es, respectiv ely). As a result,
he choice of the 0.5–10 keV light curves for the flare identification
nd classification would reduce the predicted neutrino emission and 
imit our statistics. 
MNRAS 510, 4063–4079 (2022) 
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Figure B1. Top panel: Segment of the full Mkn 421 light curve at the 1 keV and in the 0.5–10 keV energy range. Solid and dashed lines show respectively the 
Bayesian block representation of the 0.5–10 keV and the 1 keV light curves. Bottom panel: Photon index of the X-ray spectrum for the same time period. 
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PPENDIX  C :  FA LSE-POSITIVE  R AT E  O F  

AYESIA N  B L O C K  A L G O R I T H M  

n this section, we discuss the implications of p 0 on the identification
f flaring states and neutrino predictions. The choice of p 0 in the
ayesian block algorithm is important, since it is the probability

hat a change-point reported by the algorithm is truly statistically
ignificant. 

In our analysis we used p 0 = 0.1, while a value of at least 0.05 is
sually adopted in γ -ray variability studies (e.g. Ahnen et al. 2016 ;
arrappa et al. 2019 ; Meyer et al. 2019 ). Higher values of probability

et a weaker threshold for the identification of statistically significant
ariations, thus leading to a larger number of blocks detected by the
ayesian block algorithm. This effect is demonstrated in Fig. C1
here we plot the number of total blocks (top panel) and flaring
locks (bottom panel) as a function of p 0 (normalized to their values
or p 0 = 0.1) for all sources in the sample. We find that the number
f flaring blocks is not very sensitive to the value of p 0 for most of
he sources in the sample (see clustering of almost horizontal lines
round the value of one). Certainly there are a couple of sources
here the choice of p 0 has a stronger impact on N fl, as indicated by

he points with the large scatter. Still, N fl is comparable for p 0 = 0.05
nd p 0 = 0.1. More specifically, only 14 sources have a difference in
aring blocks for these specific values of p 0 , with 12 of them having a
ifference of only one flaring block. The number of detected blocks,
o we ver, depends more strongly on p 0 than N fl even for p 0 ≤ 0.1.
his result is driven by blocks with lower fluxes than the adopted

hreshold for flare definition (i.e. f B < μ + σ ), which are not used
n our analysis. We also note that not every single point of the light
NRAS 510, 4063–4079 (2022) 
urve consists of a block even for p 0 values as high as 1. For example,
he ratio N bl / N obs ranges between ∼2 and ∼60 per cent for the sources
n our sample for p 0 = 0.1. 

We then take a closer look at the impact of p 0 on the number of Type
 and B flares as well as on the predicted number of muon neutrinos
sing three indicative sources from our sample (see Fig. C2 ). The
umber of Type A flares, which are characterized by lower fluxes
han Type B flares (see definition in Section 3.1), increases for higher
alues of p 0 (see green bars in Fig. C2 ). This is an expected result
ince Type A contains more flux measurements inside a flux block
ompared to Type B flares, which can be interpreted as significant
ariations by the algorithm for a sufficiently weak limit on p 0 . A
igher value of p 0 considers each flux measurement as a unique
aring state inside the light curve and this essentially increases the
umber of Type A flares. On the contrary, Type B flares many times
onsist of only one measurement, as it is less likely for higher flux
tates to last longer. As a result, the increase of p 0 does not affect as
uch these blocks (see brown bars in Fig. C2 ). A larger value of p 0 

ould be used for objects in the sample that are not ‘well-sampled’ or
ave large uncertainties. In this work, we try to keep our analysis as
imple as possible and treat each light curve in the same way. Hence,
e select p 0 = 0.1 for all sources in the sample. 
Dif ferent v alues of p 0 would naturally af fect the number of flux

locks and the number of flaring states, but would not have a strong
mpact on neutrino predictions. Fig. C2 (right-hand panel) shows
hat different values of p 0 have almost a zero effect on the predicted
otal number of muon and antimuon neutrinos ( ∼ 1 per cent change
n the case of TXS 0506 + 056). This can be understood as follows.
n the left-hand panel of Fig. C2 we demonstrated that changes in p 0 

art/stab3404_fB1.eps
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Figure C1. Bottom panel: Normalized number of total blocks in all light curves of the sample. Top panel: Normalized number of flaring blocks in all light 
curves of the sample. 

Figure C2. Left-hand panel: Number of blocks detected by the Bayesian block algorithm when applied to the 1 keV light curves of three blazars from our 
sample as a function of the false-positive rate p 0 . Coloured bars indicate the number of: all blocks (blue), all flares (grey), Type A flares (green), and Type B 

flares (brown). Right-hand panel: Total number of muon and antimuon neutrino events from X-ray blazar flares as a function of the false-positive rate p 0 of the 
Bayesian block algorithm. The neutrino number is normalized to the value obtained for the nominal value of p 0 = 0.1. 
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ffect the o v erall number of blocks, but much less so the number of
aring blocks that contain one flux measurement (Type B flares). In
ther words, an increase in p 0 will divide a block with several flux
easurements into blocks with shorter duration containing a smaller 

umber of data points. Thus, the initial information about the fluence 
f the original flaring block is not lost, but is divided into a larger
umber of flaring blocks, each having a smaller X-ray fluence. Given 
hat the number of neutrinos from a source depends essentially on
he X-ray fluence of the flare, we expect small differences of the total
eutrino signal for different values of p 0 . 
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