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APPLICATION OF THE NOTION OF ¢-OBJECT TO THE STUDY
OF p-CLASS GROUPS AND p-RAMIFIED TORSION GROUPS
OF ABELIAN EXTENSIONS

GEORGES GRAS

ABSTRACT. We revisit, in an elementary way, the statement of the “Main Conjecture for p-class groups”,
in abelian fields K, in the non semi-simple case p | [K : Q]; for this, we use an “arithmetic” definition of
the p-adic isotopic components, different from the “algebraic” one used in the literature but not pertinent.
The two notions coincide for relative class groups and real p-ramified torsion groups, but not for real class
groups. Numerical evidence of the gap between the two notions is given (Examples 3.12, 3.13). It would
remain to make use of some classical tools (as Kolyvagin Euler systems) for this new non semi-simple real
context, still unproved as explained in § 1.4 of the Introduction.
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FOREWORD AND PRELIMINARY REMARKS

This survey provides improvements, new results and numerical illustrations (with PARI programs
[Pari2016]), from our original articles in French [Gral976, Gral977] and some pioneering articles described
in §1.1.

The “Main Conjecture”, about the equality of Arithmetic and Analytic Invariants (giving orders of the
p-adic isotopic components of class groups) in the theory of abelian fields that we revisit here, were stated
in the papers mentioned above (but not in [Gral977°] as erroneously stated by some authors), and given
at the meeting “Journées arithmétiques de Caen” (1976).

These papers were written in french with illegible fonts due to the use of "typits”, on typewriters,
for mathematical symbols | So they were largely ignored, as well as some aspects of Leopldt’s papers
[Leo1954, Leo1962] on cyclotomy, written in Germain, in the 1950/1960’s.

This conjecture has been proven in the semi-simple case, then in the non semi-simple case for relative
class groups and Iwasawa’s theory.

The non semi-simple case of even p-adic characters, was less understood because of a problematic
definition of p-adic isotopic components and cyclotomic units; but at the time, we proposed another more
natural conjectural context, still unproved to our knowledge, for which the definition of “Arithmetic -
objects” may be necessary since the distinction between “algebraic” and “arithmetic” definitions is crucial
(see more comments in Remarks 7.11).

Let ¢ := Gal(Q*/Q) be the Galois group of the maximal abelian extension Q*" of Q and denote by K
any subfield of finite degree of Q®P. The present article is divided into the following three parts, after an
Introduction giving a brief description about the story (rather prehistory) that led to the numerous proofs
giving, in some circumstances, a “Main Theorem”:

(i) An algebraic part giving a systematic study of families (Mg )x of Z[¢]-modules and of the Z,[¥]-
modules Ak = Mg ® Zjp, including the non semi-simple case p | [K : Q]. This study leads to the
definition of sub-modules //lglg (algebraic) and " (arithmetic), indexed by the set of irreducible p-adic
characters ¢ of 4 (notion of y-objects).

The difference between //lglg (used in all the literature) and .Z3" is that the first one relates to algebraic
norms Y,/ € Z[Gal(k/k')] for their properties in relative sub-extensions of K/Q, while the second one
uses arithmetic norms Ny, 5/, the gap being given by the relation:

Veskr = Jieyir © Nigyar

where the transfer maps Jy, 1, of Z,[%]-modules, are often non injective in p-extensions (see § 3.3 for various
contexts and some examples justifying the Definition 3.11 for the statement of the Main Conjecture).
Moreover, the “arithmetic” point of view allows more natural analytic formulas (as that given by Theorems

3.15, 4.5, claiming that #.#x =[] cq, ##3"). See §4.3 for the main properties of these families.
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(ii) An arithmetic part where we apply the results on @-objects to p-class groups %, K real or
imaginary, then to torsion groups Jk of the Galois group of the maximal p-ramified abelian pro-p-extension
of K real. For any rational character x and any p-adic character ¢ | x, we define the “Class Invariants”
mzlg(%) (algebraic), m (), my () (arithmetic) then, in §8.2, we define the corresponding “Analytic
Invariants” mg"(»#), mg'(7) suggested by the classical analytic formulas obtained for the arithmetic x-
components (Theorems 5.10, 6.2, 7.9) and we develop the problem of their comparison (where m,(.#)
denotes the p-valuation of #.#,). We conjecture a new annihilation theorem for JZ;*, for any even ¢ in

the non semi-simple case (Conjecture 7.13).

(iii) An illustration, in the semi-simple case, is given with cyclic cubic fields for p =1 (mod 3), as well
as a PARI program computing the above invariants, which was not possible in the 1970’s. It would remain
to give non semi-simple computations to verify the conjecture in the real case.

1. INTRODUCTION AND BRIEF HISTORICAL SURVEY

1.1. Main bibliographic reminders. It is difficult to give here the full story of such a subject, from
Bernoulli, Kummer, Herbrand classical context, the initiating work of Iwasawa, Leopoldt, Greenberg,
on the conjecture, then the deep results obtained by Ribet, Mazur, Wiles, Thaine, Rubin, Kolyvagin,
Solomon, Greither, Coates, Sinnott, and others, on cyclotomy and p-adic L-functions. Several papers also
give the Iwasawa formulation of the Main Theorem (see e.g., [Greel975, Greel977]); Iwasawa’s theory is
less general than the expected results for finite extensions, but more conceptual in broader contexts (in
fact, describing the similarity with the theory of p-adic L-functions, a generalizable feature to many fields
in number theory). Let’s give less known contributions:

We refer, for a very nice story of pioneering works, to Ribet [Rib2008, Rib2008"] for detailed proofs of
Iwasawa Main Conjecture, to Washington [Was1997, Chap. 15| following techniques initiated by Thaine
then Kolyvagin, Ribet (described by Lang [Lang1990]). A Bourbaki Seminar, by Bernadette Perrin-Riou
[PeRi1990], gives a significant lecture (with an impressive bibliography) on the works of Kolyvagin, Rubin
and others about the Main Conjectures for number fields and elliptic curves.

Finally, proofs of our conjecture for the relative p-class groups #~ and the real torsion groups .7
of the Galois groups of the maximal abelian p-ramified pro-p-extensions were given (Solomon for 2~
and p # 2 [Sol1990, Theorem I1.1], Greither for s#~, 7 with p > 2 and ST in a semi-simple context
[Greil992, Theorems A, B, C, 4.14, Corollary 4.15]). Let us mention the proof by Rubin [Rub1990], from
Kolyvagin Euler systems [Kol2007] used in above proofs. Many complementary works about the order or
the annihilation of the J#,’s, for irreducible p-adic characters ¢, were published before or after the decisive
proofs (e.g., [Gral977%, Gil1977, Gral979, Or1981, Or1986, GrKu2004, BeNg2005, All2013, BeMa2014,
GrKu2014, Al12017, Gra2018°, GrKu2021]). Let’s mention, for example, the (not very well-known) result
of Oriat [Or1986, Theorem, p. 333] using reflection theorem.

In the same way, it is hopeless to outline all generalizations giving “Main Conjectures” in other contexts
than the absolute abelian case (e.g., [Dar1995, MaRu2011, CoLi2019, DaKa2020, CoLi2020, BBDS21,
BDSS21]); an expository book may be [CoSu2006] for recent works, but excluding the story of the origins
of the Main Conjecture as explained in Solomon—Greither papers [Sol1990, Greil992], Washington’s book
[Was1997] and Ribet’s Lectures [Rib2008, Rib2008"].

In another direction, we refer to enlargements of the algebraic/arithmetic aspects of p-adic characters
in the area of metabelian Galois groups by Jaulent, with applications to class groups and units (see for
instance [Jaul981, Théoreéme 1 and consequences|, [Jaul984, Jaul986] in a class field theory context, then
[Lec2018, SchS2019] in a geometric or Galois cohomology context).

Due to the huge number of articles dealing with the concept of “Main Conjecture”, many recent (or
not) articles may have escaped our notice.

1.2. Introduction of Arithmetic p-objects. Nevertheless, all these works deal with an algebraic defi-
nition of p-class groups (for irreducible p-adic characters ¢); that is to say, when G := Gal(K/Q) is cyclic,
of order g (i.e., K is the fixed field of a rational character x and ¢ | x),

%alg = Ak ®z,1a) Zplug),
with the Z,[ug]-action 0 € G — (o) (¢ | ¢ of order g). We then prove that:
f%fflg ={z € Hk, V() =1, Vk & K} ®; () Zplpg] (Theorem 3.7)
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(where vk, is the algebraic norm), contrary to our definition:
%fj“ ={x € Hx, Ngp(x) =1, Vk & K} ®z,(a] Zppg),

where N/ is the arithmetic norm (see §2.2 for other equivalent definitions of %alg and JZ7" using
cyclotomic polynomials, then for a summary of the main properties and results of the paper).

In the non semi-simple case p | g, the distinction between algebraic and arithmetic p-components is not
done in the literature. This does not matter for relative p-class groups J#; and torsion p-groups Jx since
we will prove that the two notions coincide (Theorems 5.8, 6.1); so the case of these invariants is definitely
solved, contrary to that of ¢-components of p-class groups of real fields K in the non semi-simple case
deduced from the “y-formulas” given in Theorem 7.9 and the relation:

#Mc = 11 #2" (Theorems 3.15, 4.5).
pEPK
We compare the two definitions J#*¢ and 72" in §3.3 with numerical illustration showing the gap
between them (§ 3.4, Examples 3.12, 3.13).

1.3. Relation between the modules s and 7. If one considers, in the real case, the Z,[%]-modules
Tx, one gets, for them, an easier annihilation theorem from the p-adic Mellin transform of Stickelberger
elements (see §6.2). Moreover, the norm maps Ny, ;s are surjective and the transfer maps Jy, ;s are injective
under Leopoldt’s conjecture [Gral982, Théoreme I1.1], [Jaul986, Ng1986, Jaul998] (collected in [Gra2005,
Theorem IV.2.1]); so this family behaves as that of relative class groups, which allows an obvious statement
of the Main Conjecture and then its proof with similar techniques, as done for instance in [Greil992].

For K real, the order of the p-group Jx is closely related to the p-adic L-functions “at s = 1” [Coal977]
and a particularity of Jx is its interpretation by means of the three Z,[¢]-modules 54,5, Zx and Wi ; see
[Gra2005, Lemma IT1.4.2.4] leading to the exact sequence (6.1) and the formula # Ty = #567 “ # R -# Wk
where #J is an easy canonical invariant depending on local p-roots of unity, Zf is the normalized p-
adic regulator [Gra2018, Lemma 3.1] and "¢ a subgroup of #k (equal to #%k, except “the part”
corresponding to the maximal unramified extension contained in the cyclotomic Z,-extension of K).

The order of the group Zx is (up to an obvious factor) the classical p-adic regulator which intervenes in
the p-adic analytic formulas due to the pioneering works of Kubota—Leopoldt on p-adic L-functions, then
that of AmiceFresnel-Barsky (e.g., [Fre1965]), Coates, Ribet and many other; see a survey in [Gral978"]
and a lecture in [Rib1979] where is used the beginnings of the concept of p-adic pseudo-measures of Mazur,
developed by Serre [Ser1978]). See in [Gra2016, Gra2019] more complete studies and conjectures about
£@K>and<9k.

At this time was stated the Iwasawa formalism of the Main Conjecture by Greenberg [Greel975,
Greel977] after Iwasawa [Twal964].

1.4. Main problem today. Let K/Q be a real cyclic extension with a non trivial maximal p-sub-extension
(non semi-simple case). Let Ex (resp. Fg) be the group of units (resp. of Leopoldt’s cyclotomic units)
then 6k = Ex ®Z, and i = Fg @ Zy; let é”I% C &k be the subgroup generated by the &, for all k & K.

It would remain to prove our conjecture [Gral977, §III] for the even p-adic characters ¢ of K saying
that (see also Remarks 7.11 and 8.2):

#%’;ﬁ” =w, - #(é”K/@@IO( - Fr)e, wy € {1,p},
where:
AP = {x e Hi, Py(o)-x=1 & Ng(e) =1Yk G K},
where P, is the local cyclotomic polynomial attached to ¢ and o a generator of Gal(K/Q).

For the ¢-component (& /&y -+ Fk ),p, the two notions (arithmetic and algebraic) obviously coincide,
but the y-class group must be defined in the arithmetic sense.

2. ABELIAN EXTENSIONS

The idea of definition of the p-objects owes a lot to the work of Leopoldt [Leo1954, Leo1962] and their
writing, in french, by Oriat in [Or1975, Or1975"]. Some outdated notations in [Gral976, Gral977] are
modified, after changing ¢ into p (e.g., 2 — @p, Q= Cp, I' = Zy).
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2.1. Characters. Let Q*" be the maximal abelian extension of Q contained in an algebraic closure Q of
Q; let Qp be the p-adic field and @p an algebraic closure of Q,, containing Q. We put ¢ := Gal(Q**/Q)):

Denote by W the set of irreducible characters of ¢, of degree 1 and finite order, with values in @p. We
define the sets of irreducible p-adic characters ®, for a prime p > 2, the set 2" of irreducible rational
characters and the sets of irreducible characters U, ®x, 2k, of a subfield K of Q2P.

The notation ¢ | ¢ | x (for ¢ € ¥, p € &, x € Z7) means that ¢ is a term of x and v a term of ¢.

Let soo € 4 be the complex conjugation and 1) € U if ¥(ss0) = 1 (resp. ¥(so) = —1), we say that ¢
is even (resp. odd) and we denote by \I/}; (resp. W) the corresponding subsets of characters. Since \I/},E
is stable by any conjugation, this defines @}E, 2

Let x € Z; we denote by g,, Ky, Gy, fx, Q(ug ), the order of any ¢ | x, the subfield of K fixed by
Ker(x) := Ker(¢), Gal(K,,/Q), the conductor of K, the field of values of the characters, respectively. The

set Z" has the following obvious property to be considered as a “Main theorem” for rational components
(e.g., [Leo1954, Chap. I, §1, 1]):

Theorem 2.1. Let K/Q be a finite abelian extension and let (Ay)xezy, (A))xe2y be two families of
numbers, indexed by the set Xk of irreducible rational characters of K. If for all subfields k of K, one
has [1,c o, Ay = [ e 2, Ax: then A\ = Ay for all x € Zk.

2.2. Main results of the article. Let M = (Mg ) ke be a family of finite Z[¥]-modules, indexed with
the set " of finite abelian extensions and provided with the arithmetic norms N/, and transfer maps
J i, for any k C K, where Jg/j, o Ng /i, = Uk i, € Z[Gal(K/k)] (algebraic norm); we will give definitions
and well-known details in Section 3.1.

We associate with M the family of Z,[¢]-modules 4 := M ® Z,,.

We define various y-components M;lg, M, ///fglg, A (for x € 27) and the associated yp-components
MY, ME (for o € @), as follows:

Let P, be the global g, th cyclotomic polynomial, let P, be the local cyclotomic polynomial associated

with ¢ | x (so that Py =[], Py in Zp[X]). We define (with group algebras actions 2% written Q - z):

Mi;(lg = {z € Mg, Py(oy) -z =1}, //l;zlg = Mi;(lg Q ZLp,
MEE = {x € MPE, Py(oy) - x =1},
MY = {z € M¥¢, Nk (z) =1, Vk G K}, M =My QL
ME = {x € MY, Ni () =1, Vi G K, }.
Then 45" = {z ey, Pyoy) z=1%& Ng jp(r) =1VEk & K.}
Being annihilated by Py (o) (resp. P,(0y)) M2 and .#2'% (resp. M& and .#2'%) are Zpg, J-modules
(resp. Zp[p, |-modules), for the law defined via 0 € 4 — (o) € pg , for ¢ [ x (vesp. ¥ | ¢).

(i) Then we have the following results about the algebraic and arithmetic y-components:
o M¥e = {z € Mg, Uk s(z) =1, Vk & K,} (Theorem 3.7),
o ME = D e M = D A" (Theorems 4.1, 4.5).

(p b
elx 1p%

(ii) Assume that K/Q is cyclic and Mg finite:
(ii”) If, for all sub-extensions k/k" of K/Q, the norm maps Ny, are surjective, then:
o #My = ] #MT" (Theorem 3.15),

XE XK
(ii") Let K/Kp be the maximal p-sub-extension of K; if, for all sub-extensions k/k’ of K/Kj, the
norm maps Ny, are surjective, then:
o MY = I1 #5" (Theorem 4.5).

elx
(ii””") The above conditions of surjectivity of the norms are automatically fulfilled for the families H

(class groups), ¢ = H® Z, (p-class groups), 7 (torsion groups of abelian p-ramification).
(iii) Applying this to H and 7, we obtain:

(iii") For all characters x € 2 —, we have:
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o H¥ =H® and /™ = A5, V¢ | x (Theorem 5.8);

o #HY = #HYe = 2% - w, - 1¢1J_\[ (= 3+B1(®™")) (Theorem 5.10), in terms of Bernoulli numbers.
X

(iii”") For all characters y € 2'", we have:
o HY C Hi;{]g and 3" C %alg, V| x (see Examples 3.12, 3.13 for strict inclusions);

o #HY = w, - (Eg, : E(IJ(X'FKx) (Theorem 7.9), in terms of cyclotomic units, where E?(X = (Ey )kng.
(iii”") For all even characters x, we have:
o T =7 and T2 = T8 V| x (Theorem 6.1);

o # T = we. 1/5[ 2 L,(1,%) (Theorem 6.2), in terms of p-adic L-functions.
X

(iv) The Arithmetic Invariants of finite Z,[¥¢] modules .# are defined by means of the obvious algebraic
writing of Zy[u, |-modules:

ar ng (M) ar ar
%@ ~ 11;[1 [Zp[ﬂgx]/pcp% :|7 m«p (M) = Zi:n%i(//l)a

where p,, is the maximal ideal of Z, [ugx]; the definition of the Analytic Invariants mg"(.#) comes directly
from the formulas of #./3" given above in (iii), taking into account the decompositions .Z}" = @, .47,

whence the statement of the Main Conjecture “mg(.#) = mg" (), for all ¢ € &7 (Section 8, Conjecture
8.1).

3. DEFINITION AND STUDY OF THE (¢-OBJECTS

We shall give, in this section, the general definition of #-objects, 8 being an irreducible character (rational
or p-adic), the Galois modules which intervene in the definition of the #-objects being not necessarily finite,
as it is the case for unit groups; finally, the prime p is arbitrary and we shall emphasize on the non semi-
simple framework.

3.1. The Algebraic and Arithmetic ¥-families. Let # be the family of finite extensions K of Q,
contained in Q2" of Galois group G . We assume to have a family M of (multiplicative) Z[%]-modules,
indexed by # (called a ¥-family), M = (Mg ) ke -

In general there exist two families of ¥-homomorphisms, indexed by the set of sub-extensions K/k,
Ng/i : Mg — M, (arithmetic norms), Jg /i, : My — Mg (arithmetic transfers). For all sub-extensions

K/k, we put Vg := > o€ Z|Gal(K/k)] (algebraic norm).
oeGal(K/k)

We consider the three following conditions:

(a) For all K € 7, M(I}(al((@ab/m = Mk; so, for x € Mg and 0 € ¥, 27 = 29K, where 0y € G is
the restriction of o to K.

(b) For all sub-extension K/k, the arithmetic maps N k/k and J/;, are ¥-module homomorphisms
fulfilling the transitivity formulas:

NgkoNp/g =Nppand I g o Jg /e = I s

forall k, K, Le #, kC K C L.

(c) For all sub-extension K/k, Jg/, o Nk, = Ui, on M.
Definitions 3.1. (i) If M = (Mg )kex only fulfills condition (a), we shall say that the family (M, V) is an
algebraic & -family; one may only use Galois theory in K/k and the algebraic norms Vg, € Z[Gal(K/k)].

(ii) If moreover, there exist two families (N ) and (/) (canonically associated with M) fulfilling
conditions (b) and (c), we shall say that the family (M,N,J) is an arithmetic 4 -family.

The following properties are elementary:

Proposition 3.2. (i) For all K € X', Vg i, N/, Jx K are the identity, id, on My.

(i) If the map Ny i is surjective or if the map Jg . is injective, then Ny o Jg /) is the elevation to
the power [K : k.
(iii) The previous definitions and properties apply to the Zy[4]|-modules My = Mg & Z,,.
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Remark 3.3. Note that cohomology is only of algebraic nature since, for instance in the case of a cyclic
extension K/k of Galois group G =: (o), using the class group H, we have:

H'(G, Hx) = Ker(vgp) /[H 7, H(G,Hg) = HE /U (Hi);

in general Vg, (Hg) is not isomorphic to Ny, (Hg) € Hg, even if the arithmetic norm is surjective,
since the transfer map Jg/y is often non-injective on class groups.

Examples 3.4. The most straightforward examples of such arithmetic ¥-families M are the following
ones:

(i) the group Eg of units of K (for which the maps Jx/;, are injective);

(ii) the class group Hg of K, or the p-class group k.

(iii) the torsion group Jx of the Galois group of the maximal p-ramified abelian pro-p-extension of K.

(iv) the group-algebra A[G ], where A is a commutative ring; then A[Gk] is a A[¢]-module if one puts
0-Q = 0,0 (product in A[Gk]), for all Q € A[Gk] and 0 € 4. The maps N/, and Jg;, are defined by
A-linearity by Ng /(o) := 0}, and, for o, € Gy, by:

JK/k(Uk) = Tegg(:K/k)T . O-;c = VK/k . O-;c = VK/kU;ga

where 0}, is any extension of ¢, in Gx. So, for oy € Gk, Uk p(og) = (ZTGG&I(K/k) T)ox = Vk kO g -

3.2. Definition of the ¥-modules M;lg, M, //lglg, A5T. We shall assume in the sequel that A €
{Z, Z,}.

3.2.1. The T';-conjugation. Let x € 2. Let P (X) € Z[X] be the g, th global cyclotomic polynomial.
Let ka4 be the field of quotients of A and let ka (/Lgx)/liA be the extension by the g, th roots of unity; so,
Liax i= Gal(ka(pg, )/ka) is isomorphic to a subgroup of (Z/g,Z)*.

One defines, following [Ser1998], the I'y,-conjugation on ¥ by putting, for all 7 € T', , and ¢ € ¥,
Y| x, 7 == ¢?, where a € Z is a representative of 7 in (Z/g,Z)*. If o, is a generator of G := Gk,
then the 7 (o) are the conjugates of ¥(oy) in Ka(pg )/ka. This defines the irreducible characters over

k4 (with values in A), § = ZTQKA, LU

3.2.2. Correspondence between characters and cyclotomic polynomials. Let x € 2. In ka[X], P, splits
into a product of irreducible distinct polynomials P, ;; each P, ; splits into degree 1 polynomials over
k(g ) and is of degree [ra(pg, ) : Kal.

If G € pg, is aroot of Py ;, the other roots are the ([ for 7 € Iy, y; thus, these sets of roots are in one
by one correspondence with the sets of the form (Y7 (oy))rer,, » %7 | X, %™ € ¥ of order g, , describing a
representative set of characters for the I'y, -conjugation. One may index, non-canonically, the irreducible
divisors of Py in ra[X] by means of the characters 6 obtained from the characters ¢» € ¥ of orders g, and
by choosing a generator o, of G,. Put:

(3.1) Py = %—'[9()( —(0y)) € AIX].
Thus P, = 1‘_[ Py; for A=17, weget P, = ]I | P,, for A=1Z, P, is irreducible. So, A[G,]/(Ps(oy)) =~
0lx PED, p|x

A[X]/(X9% — 1, Py(X)) =~ Alug ]; then any module annihilated by Py(oy) is a Afug J-module; the law is
realized, for ¢ | 6, via 0 € Gy — ¥(0) € pg_.

3.2.3. The Z[pug ]-modules M38 and the Z, (1, ]-modules A%, We fix a prime p and consider the set ®
of irreducible p-adic characters of ¥.

Definition 3.5. Let M = (Mg )kex be a 9-family of Z[4]-modules and let M = M Q L, = (Mk)kex
be the corresponding local 4 -family of Z,[4]-modules. Put, for x € & and for ¢ | x, ¢ € ®:

M2 = {2z € Mg, Py(oy) -z =1},
MFE =MV R T, = {x € Mk, , Pyoy) z=1},
///jlg ={z € Mk, Pi(oy) - z=1}={z¢€ ///ng, Py(oy) -z =1}.

So, M3 is a sub-Zy[pig |-module of M, (or of MNE), for the law o € Gk, — (0), ¥ | ¢, and the
elements of ///Slg are called p-objects (in the algebraic sense).
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From relation (3.1), the polynomials P, depend on the choice of the generator o, of G,, but we have
the following canonical property:

Lemma 3.6. The Definitions 3.5, of the Z|ug ]-modules M2 and the Zplpg, |-modules M2, do not
depend on the choice of o, .

Proof. Let ¢ | x. We have Py(oy) = [],,(0x —¥(0y)) and, for a > 0, ged(a, g,) = 1, let o}, =: o} another

/!
X
generator of Gy giving Py (c7) =[], (0} — ¥(0%)); one must compare P, (o) and Pj(c?). Then:

Py(oy) = ﬂa( x —v(ey) :R: [(o = w(0)) x (057" + -+ 4" (oy))],

and similarly, writing 1 = aa* (mod gX), where a* > 0 represents an inverse of ¢ modulo g, , we have,

from o, = (a;)“*:

Pylox) = p (o = #(05)) x (o™ Y 4+ 9@ D (a))].

Since P, (0},) € Py(oy)Zp[Gy] and P,(oy) € P(0,)Zy[Gy] the invariance of the definition of the

X
w-objects follows, as well as that of y-objects since Py, = []_,, Pp. O

Plx

3.2.4. Characterization of Milg, ///ng, with algebraic norms. For any x € 2, we have defined Milg and
///ng (Definition 3.5). We then have the following characterization, only valid for rational characters, but
which will allow another definition of x and p-objects (that of “Arithmetic” objects):

Theorem 3.7. Let M be a 9-family of Z[%]-modules and let M8 = {x € Mk, , Py(oy) -z =1}, for
any x € Z'. Then:

MY = {2 € Mg, Uk si(z) =1, forallk & Ky},
///flg = {;E € Mk, VKX/k(:v) =1, forall k& Ky}
one may limit the norm conditions to Vk_ s, () = or all prime awsors £ o : , where C
limit th diti /K, 1 f Il pri divi EfKXQ h k, C K,

is such that (K : k,) = £).

Proof. With a contribution of a personal communication from Jacques Martinet (October 1968). We need
three preliminary lemmas:

Lemma 3.8. Let n > 1 and let q be an arbitrary prime number. Denote by P, the nth cyclotomic
polynomial in Z[X]; then:

(i) Po(X1) = Ppg(X), if ¢ | n;
(i) Pr(X7) = Pog(X) Po(X), if g fn.
Proof. Obvious for (i), (ii) by means of comparison of the sets of roots of these polynomials. O

Lemma 3.9. Let n=1{y--- 4, 1 > 2, the {;’s being distinct prime numbers. Then for all pair (i,9), i #£ 7,
there exist A] and A} in Z[X], such that A]Pp + A%Pn = 1.
i j

Proof. This can be proved by induction on ¢ > 2.
Ift =2, n=1/¢14 and:
=P =X+ +X+1, Pp=P, =X+ 4+ X+1
2 1
Let’s call “geometric polynomial” any polynomial in Z[X] of the form X?+ X491 +...+ X +1,d >0
(including the polynomial 0).

Then if P and Q # 0 are geometric, the residue R of P modulo @ is geometric with residue (P—R)Q ™! €
Z[X]; indeed, if m >nand m+1=¢qg(n+1)+r, 0 <r <n, we get:

X"+ .. +X+1=
(Xn 4o+ X + 1) ~ [Xerlf(nJrl)_’_ Xm+172(n+1)+ . +Xm+17q(n+1)}
+1+X 4+ +X!

(if » > 1, otherwise the residue R is 0). In particular, the gcd algorithm gives geometric polynomials; as the
unique non-zero constant geometric polynomial is 1, it follows that if P and @ are co-prime polynomials
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in Q[X], ged(P,Q) = 1 and the Bézout relation takes place in Z[X], which is the case for the geometric
polynomials P, and P, .

Suppose t > 3. Let ¢;, £;, ¢, be three distinct primes dividing n; put n’ :=
¢; divide n/, there exist polynomials A%, Al in Z[X], such that AT(X)P (X
[3

; by induction, since ¢; and

+ A;i(X)P?_f (X) =1, thus,

~ a3

AP (X9)P, (X9) + A (X9)P, (X9) = 1. But Lemma 3.8 (ii) gives:
7 [

k3 J

Py (X9) = Pp(X)Pp(X) & P (X%) = Pr(X) Py (X),

i i i J

o)
o

which yields A7 (X NPp (X)Pu (X)+ A} (X9)Pa(X)P, (X) = 1. We have proved the co-maximality, in
i [ j [

Z[X], of any pair of ideals (Px EX)), (P (X)), i#j (thé case n = { giving the prime ideal (P;(X)Z[X])).
i i
(]

i=0

there exist polynomials Ay(X) € Z[X] such that P, (X) = ZI: ¢(X)Npo(X) and (Ny ¢(X), €| n)
Ln

P, (X)Z[X].

t =1
Lemma 3.10. Let n = ][] 0> 1, a; > 1; put Ny o(X) := > X% for any prime { dividing n. Then
i=1

Z[X]

Proof. Assume by induction on n that P,(X) = z‘:Ag (X)N,o(X) (with ¢ fixed), and let ¢ | n; we have,
Lin

from Lemma 3.8 (i):

Pog(X) = Py(X9) = éilj Af(XT)N,, o(X9).
Since we have N, ¢(X?) = Zf;é X%9% = N,,¢(X), we obtain that if the lemma is true for n, it is true for
ng for all ¢ | n. It follows that if the property is true for all square-free integers n, it is true for all n > 1.
So we may assume n square-free to prove the lemma by induction on ¢.

Ifn=10, P (X)=X5""4 4+ X +1= N, (X) and the claim is obvious. If n = €10+ £y, t > 2,

with distinct primes, put ny = 7= for all k; by assumption, P, (X) = > # A];(X)ang (X), hence:
k 1<s<t, s#k

s

Pnk(Xlk) = Pnkfk(X)'Pnk(X)

= Pn(X)Pnk (X) = 1SS§S7H€ A];(Xlk)Nn,fs(X)a
whence P, (X)P, (X) € (N, o(X), €] n>Z[X], for all k; since t > 2, Lemma 3.9 applies; a Bézout relation
in Z[X] between any two of the P, (say P, and P, ) yields P,(X) x 1 € (Np ¢(X), £ | n>Z[X], giving the
result.

We have proved that the ideal generated, in Z[X], by the N, ((X), £ | n, contains P, (X)Z[X]. Let’s
see that P, (X) contains that ideal; it is sufficient to see that for all £ | n, N, o(X) = P;(X %); any root of
unity ¢, of order n (i.e., root of P,(X)), is a root of N, ¢(X) since ¥ = ¢ # 1 and Zf;é ¢} = 0; then
Po(X) | Npe(X) in Z[X] (monic polynomials). O

We apply this to Py(oy) = Py (0y) and to Ny _((0y) = Vk, /x,, Where k, is, for all £ | g, , the unique
sub-extension of K, such that [K, : k,] = £. The theorem immediately follows. O

3.2.5. Application to the definition of M. Let M be an arithmetic ¢-family, provided with norms N and
transfer maps J with Jo N = v.

Definition 3.11. By analogy with Theorem 3.7 giving, for x-objects, the definition M;lg = {3: €
Mk, Uk, i(x) = 1, for all k & K} and ///ng = M;lg ® Zp, we define the modules of arithmetic x-

objects:
M = {z € Mg, Ng s(2x)=1, forall kG K\} C M®
MY = MY R L.
Then M (resp. M) is a sub-Z|ug ]-module of M2 (resp. a sub-Zy|pig ]-module of M),
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We have MY = M';lg as soon as the Jx ,.’s are injective (for all & & K, or simply the k,’s). One
verifies easily that if the norms N /k, are surjective for all ¢ gy, then M;lg / MZ" has exponent a divisor
of Hflq ¢, whence ///ng///l;r of exponent 1 or p.

X

3.3. Comparison with classical definitions. In all classical papers, the notion of #-component My (6
rational or p-adic, above ¢ € ¥), regarding the family M is, in an abelian field K of Galois group G:

M9 = M ®A[G] A[H],

where A[f] := A[¢)] is the ring of values of 6 over A; the action being defined via (o, 2) € GxMy — ¢(0)-x €
Mjy. As for the example of cohomology groups, this definition is only algebraic and not arithmetic. We
shall compare this definition with Definition 3.11 considering irreducible p-adic characters ¢. We have the
classical algebraic definition of p-objects attached to .Z, that is to say, the largest quotient such that G,
acts by ¢ ([Greil992, Definition, p. 451], [PeRi1990, §1.3]):

—

My = //l@zp[gx] Zp[ﬂgx] ~ M |Pyoy) - M

Another viewpoint [Sol1990, §II.1, pp. 469-471], is to define M? as the largest sub-Z,[G,]-module of
A, such that G, acts by 1. Whence:

M? = {xe M, Pyloy) x=1} =M%,

Wit/}_l\the exact sequence 1 — M = ///Slg — M — P,(oy) - M — 1 giving the equalities #////; =
#MP = #///j,‘lg for finite modules.

Moreover, our forthcoming Definition 4.3 of .ZJ":
ME = MO A (with Definition 3.11 of LZ7"),

introduces another kind of computations. Indeed, the Main Theorem on abelian fields in the literature is
concerned by algebraic definitions similar to .Z,, or .#%, but our conjecture given in the 1970’s used .Z>"
and new analytic values giving #.;", justifying the conjectural values of #.#Z" for finite .#’s.

It is immediate to verify that, in the non semi-simple case p | gy, (///Slg G is equal to the order of
the capitulation kernel of Jx /1, where k, is the subfield of K, such that [K, : k,] = p. In the semi-simple

case pt #Gy, M ~ M, D [Py(cy) - #] whatever the definitions.

3.4. Numerical examples. Let &k = Q(,/m) be a real quadratic field and let K be the compositum of k
with a cyclic extension L of Q of p-power degree; the field K is of the form K, for y € 2" which is also

irreducible p-adic. We have given in [Gra2021°] many examples of capitulations of the p-class group of k
in K, giving " & %’;ﬂlg .

3.4.1. General PARI program. For the program, one must precise the prime p > 2, the minimal required
p-rank rpmin of Hy, the length N of the sub-tower considered and the interval for m (the program uses

primes £ (in ell) congruent to 1 modulo 2p”; the class group (resp. the p-class group) is computed in Ck
(resp. Ckp):

{p=3;rpmin=1;N=2;bm=2;Bm=10"4;for (m=bm,Bm, if (core (m) !=m,next) ;P=x"2-m;
k=bnfinit(P,1) ;Ck=k.clgp;r=matsize(Ck[2]) [2] ;Ckp=List;Ekp=List;rp=0;
for(i=1,r,ei=Ck[2] [i];vi=valuation(ei,p);if (vi>0,rp=rp+1;
ai=idealpow(k,Ck[3] [i],ei/p~vi);listput(Ckp,ai,rp);

listput (Ekp,p~vi,rp)));if (rp<rpmin,next);LO=List;
for(i=1,rp,listput(L0,0,i));forprime(ell=2,10"4,

if (Mod(ell-1,2%p~N)!=0 || Mod(m,ell)==0,next);
Lg=List;for(i=1,rp,A=Ckp[i];forprime(q=2,10"5,if (q==ell,next);

if (kronecker(m,q)!=1 || Mod((ell-1)/znorder(Mod(q,ell)),p)==0,next) ;
F=idealfactor(k,q) ;qi=component (F,1) [1];cij=qi;for(j=1,Ekp[i]l-1,
cij=idealmul(k,cij,A);if (Mod(j,p)==0,next);

if (List(bnfisprincipal(k,cij) [1])==L0,1listput(Lq,q,i);break(2)))));
print("____");print() ;print("m=",m," ell=",ell," Lg=",Lq);
for(n=0,N,R=polcompositum(P,polsubcyclo(ell,p™n)) [1];K=bnfinit(R,1);
print () ;print("C",n,"=",K.cyc) ;for(i=1,rp,Fi=idealfactor(K,Lql[il);
Qi=component (Fi,1) [1] ;print (bnfisprincipal(K,Qi) [1]1)))))}

We consider the base field k = Q(+/4409).
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Example 3.12. Let L be the degree 9 subfield of Q(u19); for convenience, put ko := k, k1 := L1ko (resp.
ko := Lokg), where Ly (resp. Lo) is the degree 3 (resp. 9) subfield of Q(u19). The prime 2 splits in ko,
is inert in kg /ko and such that Qo | 2 in ko generates 7, (cyclic of order 9); considering the extensions
Qi = I, /ko (Qo) of Qo in k;, we test its order in 7, i = 1,2 (we are going to see that %, ~ Z/9Z for
all 4, which is supported by the fact that Ny, /r, (Q2) = Qf but Ny, /i, (Hh,) = Hi, since ka/ko is totally
ramified at 19):
co=[9] [41~ ci=[9] [61~ c2=[9] [0]~

More precisely CO = [9] denotes the class group of kg and, using the instruction bnfisprincipal, [4]™~ means
that the class of Qo | 2 is h§, where hq is the generator (of order 9) given in kn.cyc by PARI; then C1 = [9],
[6]™, is the similar data for k1 in which we see a partial capitulation since the class of Qi = Jy, /1, (Qo)
becomes of order 3. Finally, C2 = [9], [0]~ shows the complete capitulation in ko; the 18 large integers
below are the coefficients, over an integral basis, of a generator of Q3 in ko:

Q2=[2,[-1,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,01",1,9, [0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,01~]

[[0]~, [-270476874595642910,323533824277028894 ,-236208800298303000,119737461690335806,-255607858779215282,
-198423813102857420,410588865020870414,-110028179006577678,-449600797918214026,-4906665437527948,
10274048566854232,4319852458093887,13258715755947394,-6817941144899095,-15448507867705832,2623003974789062,
-3264916449440532,-16606126998680345] ~]

We use obvious notations for the characters defining the fields k;, i« = 0,1,2. Since arithmetic norms
are surjective (here, they are isomorphisms), the above computations prove that:

Vk2/kl(%92) = sz/kl © Nkz/h(%@z) = Jk2/k1(%€1) = Z/3Z7

since Ny, /i, © Ty /ky (Hy) = 262, or simply i, /i, (54,) = 62 (partial capitulation of J, ~ Z/97Z).
Whence: .
%2 = {.I S %2, Nkz/kl(:c) = 1} =1,

l%;(azlg = {.I € ‘%627 PXQ(O.Xz) "= 1}
={zx € J,, Ve ke (x) =1} = %32 ~ 7./37Z.

We have Py, (0y,) = 0>6<2 + U>3(2 +1 = U, /k, (since L is principal, the norms 24, /1, does not intervene

in the definition of the f%ﬂxilg’s).
Similarly, we have:
Vir Jko (1) = Tiey ko © Ny p1eo (Her) = iy (Hioy) = Z/3Z
(partial capitulation of s, ~ Z/97Z); whence:
A =A{x € Ay, N io(w) =1} =1,
{%’;Zlg ={x € My, VW k() =1} =542 ~7/3L.
Thus, the forthcoming formula of Theorem 3.15 giving:
# Moy = #H - # I I
is of the form #.57;, = 9 x 1 x 1, then #54,, =9 x 1 since jf;(aor = .
These formulas are not fulfilled in the algebraic sense, because:
#AE - # A =9 x 3= 3% and # A0 - # AL # A =9 x 3 x3=3"
Now we intend to compute ##5" = #(Ek, /6, - T, ) (analytic formula of Theorem 7.9); in the general

definition, .7, denotes the Leopoldt group of cyclotomic units of &, & the group of units generated by the
units of the strict subfields of k. We give numerical values of the units |e0| of ko, |ei| of Ly, |Ej| of k1,
and their logarithms; they are, respectively (standard PARI programs):

Units Logarithms
e0=664.00150602068057486397714386165380 6.49828441757729630972016
e1=0.2851424818297853643941198735306274 -1.25476628739511494204754
€2=4.5070186440929762986607999237156780 1.50563588039686576534798
E1=0.2851424818297853643941198735306274 -1.25476628739511494204754
E2=0.2218761622631909342666800501850506 -1.50563588039686576534798
E3=664.00150602068057486397714386165380 6.49828441757729630972016
E4=945628377316488.87204143428389231544 34.4828707719825581974318

E5=0.0025736519075274654929993463127951 -5.96242941301396593243487
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Cyclotomic units:

{£=19%4409;z=exp (I*¥Pi/f) ; g1=1ift (Mod (74956,f) "2) ;g2=1ift (Mod (4410,£)"3);
frob=1;for(s=1,6,frob=1lift (Mod(3*frob,f)) ;Eta=1;for(k=1, (4409-1)/2,
for(j=1,(19-1)/3,as=1ift (Mod (gl k*g2"~ j*frob,f));if (as>f/2,next);

Eta=Eta*(z"as-z"-as)));print("Eta”s",s,"=",Eta," ",log(abs(Eta))))}

Eta"s1=945628377316488.87204143428 34.4828707719825581974318471
Eta”s2=2433718277092.6834663091300 28.5204413589685922649969695
Eta”s3=0.0025736519075274654929993 -5.96242941301396593243487762

Eta"s4=1.0574978754738804652063 E-15  -34.4828707719825581974318471
Eta”s5=4.1089390231091111982824 E-13  -28.5204413589685922649969695
Eta"s6=388.55293409150677930552135 5.96242941301396593243487762

One obtains easily the following relations:
El=el, E2=e2"-1, E3=e0, E_4"2=Eta’s, E5°2=Eta"-1,
Eta~{s"3+1}=1, Eta"{s"2-s+1}=1, giving: Eta"(s"2)=E4"2.E5°2.

Then, one gets:

(é%1: éﬁi '32%1) ::(éil: é%O' éﬁq '52%1) =1

as expected since f%’;“f = 1. Moreover, we see that the conjugates of the cyclotomic units are not indepen-
dent (due, from Lemma 5.17, to norm relations in k;/kq and k;/L; since 19 splits in ko and 4409 splits in
the L;’s), but, with our point of view, this does not matter since é",?l is of Zs-rank 3 and %, is of Zs-rank
2. Indeed, these relations lead to some difficulties in x-formulas of the literature using larger groups of
cyclotomic units like Sinnott’s cyclotomic units (see Remark 7.11).

To be complete, compute the classical index of %, =: (1) in &k,:
{£=4409;z=exp (I*Pi/f) ;Eta0=1;g=znprimroot (£)"2;
for(k=1,(£f-1)/2,a=1ift (g k) ;if (a>f/2,next);
Eta0=Eta0*(z"a-z"-a)/(z" (3*%a)-z"-(3%a)));
print ("Eta0=",Eta0," log(Eta0)=",log(abs(Eta0)))}
Eta0=3.985459685929 E-26 log(Eta0)=-58.484559758195
giving immediately log(Eta0) = —9 x log(e0) from the above computation of log(e0); whence #.7" = (&,
& - Pry) = (ko : Fay) = 9; obviously, 9 is the annihilator of &, /., and A (Conjecture 7.13).

The verification of (&, : &) - F,) = 1 is analogous since %, is of Zz-rank 8 (Ny, /i, (Fr,) = P,
Nkz/ko(%ﬂz) =1, Nkz/L2(%€2) = 1)

Example 3.13. Consider the same framework, replacing 19 by the prime 1747; one obtains the data
showing, as before with Qg | 2, a partial capitulation of 4, in k1 (but 44, is not cyclic):

Co=[9] [41~
c1=[9,3,3] [6,0,01"

One verifies that the ideal Q= [2,[-1,0,0,1,0,0]™,1,3,[0,0,0,1,0,0]~], extending Qo in ki, is non-
principal and such that its class is h$ h§ h on the PARI basis {h1, ha, h3}:

bnfisprincipal (X, [2, [-1,0,0,1,0,0]7,1,3,[0,0,0,1,0,0]1"]) = [[6,0,0]1"
but its 6-power gives as expected the principality and a generator:

bnfisprincipal (K, [64,0,0,21,0,0;0,64,0,0,0,42;0,0,64,0,21,0;0,0,0,1,0,0;0,0,0,0,1,0;0,0,0,0,0,1])
=[[0,0,0]", [8217190756304871153969213 ,526028282779527429138218 , -687786029075595676594134 ,
251301709772155482917577 ,-21032376402967976888126 , -15609327127430752932511] 7]

The kernel of the arithmetic norm is isomorphic to Z/3Z x Z/3Z, thus:
A ={x € Ay, Ny (w) =1} = Z/3L x L/3L,
A = {x € Ay, Vi,yne(x) =1} = Z/3Z x /3L x L/3L.
since the transfer map applies J7" ~ Z/97Z onto (nS).

Formula of Theorem 3.15 is of the form #.2;, = #7" - #7" = 9 X 9, since we have A" = Ay, of
order 9; of course a same formula with the .#728’s does not exist since #%‘;‘tjg . #f%’gglg =9 x 27.

Remark 3.14. The program gives the following other results, varying only ell, where q is the prime split
in kp and inert in ko:
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el1=37 q=2  Co=[9] [4]~  c1=[18] [6]1~ c2=[18] [o1-
ell=73 q=2 co=[9] [41~ C1=[9] [61~ Cc2=[171] [o1~
ell=109 g=5  CO=[9] [11~  c1=[9] 61~ c2=[9] [o1-
el1=127 gq=23 CO=[9] [4]~  cC1=[9] 61~ c2=[9] [o1~
ell=163 q=2  CO=[9] [4]~  c1=[54] [12]~ c2=[54] [181~
ell=181 q=2  CO=[9] [4]~  c1=[27] [12]~ c2=[81] (631~
el1=199 gq=2  Co0=[9] [4]~  c1=[9,3] [6,01~  C2=[27,3] [9,0]"

The image of 7, in k; is of order 3, except for ¢ € {163,181}; then J#;, capitulates in ko, except for
¢ € {163, 181,199}. One verifies that formula of Theorem 3.15 holds with the #.7,"" but not for the #%‘ﬁlg.

3.5. Arithmetic factorization of #My and #.#x. Let M be an arithmetic ¢-family where all the
Z[¥]-modules Mg, K € ¢, are finite; then we can state:

Theorem 3.15. Let K/Q be a cyclic extension and assume that for all sub-extension k/k' of K/Q, the
maps Ny are surjective. Then:

#Mpg = [ #Me,
XE XK

where MY := {z € Mg, Ng n(z) =1, Yk & Ky} (Definition 3.11).

Assuming only the cyclicity of the p-Sylow subgroup of G, one obtains, #.Mx = 11 # My
XEXK

Proof. One may replace the My, k C K, by the finite Z,[Gk]-modules .#}, := My, ® Z,, for all primes

dividing #M -, using the previous results, then globalizing at the end. T'wo classical lemmas are necessary.

Lemma 3.16. Assume that p{ [k : K']. If Ny : My — My is surjective (resp. if Ty p o My — My,
is injective), then Ji 1 s injective (resp. Ng/w is surjective).

Proof. From Proposition 3.2, we know that Ny /i o Jp /i = [k : k']; whence the proofs since [k : k'] is
invertible modulo p. ([

Put Gx = Go® H, where Gy is a subgroup of prime-to-p order and H (cyclic of order p™) is the p-Sylow
subgroup of Gg. Let Ky (resp. K/) be the field fixed by H (resp. Gy).
The set of subfields of K is of the form {K, , x; € 2k, 0 <4 < n}, where ; is the rational character

above ¢, := 1 wgnii, where 1, € W is of order p" and ¢, € Vk,; thus K, is the compositum KXOK{.
This leads to the diagram:

Go

/\

K, Ky, Kn=K
—_—_— Y~
‘ Go ‘ 90

K Ky, K; H
| |

K{=Q Ky, Ko

Let ///I*{X_ = Ker(NKxi/Kxi,)’ 1 < ¢ < n, then put ///}XD := My . By assumption, we have the

i Xo
exact sequences of Z,[G k]-modules:

Nireyi/Kxi_y

(3.2) 1 —*///I*(X. — Mk, —>///Kx-,1 — 1, 1<i<n.

One considers them as exact sequences of Z,[Go]-modules. The idempotents of this algebra are, for all

Xo € Zk,, of the form:
=1 ¥ o e Z,G
exO—';Qi;UGGDXb(U )0 € Zy|Gol.
From Leopoldt [Leo1954], [Leo1962, Chap. V, §2], as the norm maps are surjective and the transfer
maps injective, regarding the sub-extensions k/k’ of prime-to-p degrees in K/Q, we get the following

canonical identifications:

Lemma 3.17. Let A be an arithmetic 4 -family whose elements Mk are Z,|Go® H]-modules in the above
sense. Then ///;é“ o~ ///;;;“ and (M) >0 = (M )0,
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Proof. For all i, we identifie Gal(K;/K]) with Gy acting by restriction and put Gy = Go/g,, where
9o = Gal(K, /K, ). Thus, by abuse of notation, we identify x, /x  with Vg ,x_ =: 1, ; moreover,
since the degrees of these extensions are prime to p, we may identify Ny, Ky, with Ng Ky, = N,, and

Jr. ke, wWithJg /=i Jg . Thus Ny is surjective and Jg injective. One computes that e, = % €xo
i n 0

where €, = IS Xo(@ 1) o € Z,[Gol; but we have:

#Go 5eGo
(3.3) Voo (M) = Jg, 0 Ny, (Mi;) = Ny (Mr;) = Mk, ;
whence /// f(x” :
Slmllarly, we shall obtain (M5,) 0 ~ Ny (M) 0 ~ (A, )®o. For this, it suffices to verify that,
foralli > 1, N, (My,) = M} . The inclusion Ny (Af,) C ///K being obvious, let @ € .# ; we have

=Ny (y), yE///KZ,thenl—NK K, ONgo( ) Ny, oNg, /Kl (y). Let z := Ng, /., . (y ) we have
Ny, (2) = 1; applying Ik, 1K, > one gets Vy,(2) = 1; but we have, as for (3.3), vy, (Ak,_,) ~ Mk,
(or apply Nov in K;_1/K,, | of prime-to-p degree); whence z =1, y € .#} and x € Ny (M) O

From [Leo1954, Chap.1I, §1, 2; formula (6), p. 21] or our previous norm computations since p { #Go,
we have the relations (surjectivity of the norms and Lemma 3.16):

/// ' ={r €My, Ni p(e)=1forallk, K/ CkGE},

/// So={re Mic, N, pple) = Lforallk, K/ CkG Ky}
From the norm definitions of (Zy’ )y, and from:

/// ={ze€ ///KX ; NKX /K, (x) =1},

i—1

it follows that //l = M, for all i > 1. In the finite case, this yields, using the above, the exact
sequence (3.2) and J/ZK = ///KO

" *E «ey, 11 # o e
Il w0 =4ar 1l L =y,
(3.4) i=0 Kx, Ko 5 X0 K
. Ki 1
I v =1lspuy =nuk.
XEZXK Xo
Which ends the proof of the theorem and gives useful relations. O

The assumption on the surjectivity of the norms is fulfilled for class groups H (resp. p-class groups ¢
and p-torsion groups .7), as soon as K/Q (resp. the maximal p-sub-extension of K/Q) is cyclic.

4. SEMI-SIMPLE DECOMPOSITION OF &7, = Zp[Gy]/(Py(0y))

Let A be a ¥-family of Z,[¥]-modules provided with norms and transfer maps as usual. From ¢ € ¥
given, there exist unique ¢, 1, € ¥ such that ¢ = v, ¢,,, 1, of prime-to-p order and v, of p-power order.
We restrict the study to K := K, for the rational character x above %, so that, from the previous § 3.5,
Gk becomes Gy = Go ® H of order g, = Gy P

We shall use what we call the “semi-simple idempotents” of Z,[Gy]:
(4.1) e =1 Y (oY) o € Z,[Go),

where @, is the p-adic character over 9. In the semi-simple case 1, = 1, then ¢, = .
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4.1. Semi-simple decomposition of the %/ -modules //l;?lg . The algebra &%, occurs naturally because
the .#2'8 are, by definition, Z,[G,]-modules annihilated by Py (oy), then modules over ; this algebra
is an integral domain if and only if p does not split in Q(y, )/Q. We shall see that it is semi-simple even
when G, is not of prime-to-p order.

Theorem 4.1. Let A be a G-family of Z,[9]-modules.

(i) For all x € 2 we get, by means of the irreducible p-adic characters ¢ € ®, the decompositions
///ng = 6‘9 %jlg (cf. Definition 3.5).
wlx

More generally, if A}, is a sub-x-module of MY, then M| = @y M, where M), ={z' € M), Py(oy)-
o =1} C .2,

(ii) The sub-c\-modules M2, ¢ | x, coincide with the (//f;?lg)eqj0 ’s, where e®o is the semi-simple
idempotent (4.1) associated to ¢, above the component 1, of prime-to-p order of ¥ | ¢ | x.

(111) These modules ///Slg, M, are canonically Zy|p, |-modules by means of the choice of 1 | ¢ and the
action o € Gy — Y(0) € pg, .
Proof. One may suppose that g, =0 (mod p), otherwise we are in the semi-simple case and the proof is
obvious [Or1975, Part IT].

Let ¢, and ¢, be two distinct p-adic characters dividing x (if x = ¢ is p-adic irreducible, the result is
trivial). Put P, =: Q1, P, (X) =: Q2 (cf. §3.2.2 for the definition of P,).
Lemma 4.2. There exist U1, Uz € Z,[X] such that U1Q1 + U2Q2 = 1.
Proof. Since the distinct polynomials Q1 and Q2 are irreducible in Q,[X], one may write a Bézout relation
in Z,[X] of the form:

U1Q1 +U2Q2 = p¥, k>1,

choosing U; (resp. Usz) of degree less than the degree of Q2 (resp. @1); moreover, since Q1 and Q2 are

monic, one may suppose that (for instance) the coefficients of Us are not all divisible by p, otherwise,
necessarily U; = 0 (mod p) and one can decrease k.

Let D, be the decomposition group of p in Q(p, )/Q and let ¢ € p14 be a root of Q1 (¢ is of order g,
and the other roots are the (* for Artin symbols o, € D, ); we then have:

(4.2) U2(¢) Q2(¢) = p* in Z[py J;
but Q2(X) =][,,ep, (X — (F), where (1 =: ¢¢, for some oc ¢ Dy; thus:
Q@)= 11 -¢)= 1 ¢-¢9=1II [ca-¢=h].

oa €Dy oa €Dy 0. €Dy

Recall that g, = gXOp", n > 1. Then 1 — (%! is non invertible in Z, [ugx] if and only if ac—1 =10
(mod g, ), which implies 040, € D, since Gal(@(ugx)/(@(ngO)) C D, because of the total ramification
of p in the p-extension, but o, € D, implies 0. € D, (absurd). So Q2(¢) is a p-adic unit, whence, from
(4.2), Uz(¢) =0 (mod p*), k> 1.

Denote by p the maximal ideal of Z,[p14 ] and let F,:=17, (149, ]/p De the residue field; for any P € Z,[X],
let P be its image in F,[X] and let ¢ be the image of ¢ in F,. We have, in F,[X]:

(4.3) Q1= (Qo)",
where e = p"~!(p — 1) (ramification index of p in Q(pg, )/Q) and where @, is irreducible in F,[X] (i.e.,
the irreducible polynomial of ¢, in fact that of the image of a generator of Ky, ).

With these notations, any polynomial P € Z,[X] such that P(¢) = 0 (mod p) is such that P € Q, F,[X];
in particular, it is the case of Usg, so we will have, in F,[X] (since Uz # 0 in F,[X] by assumption),
Us=A(Qy% a>1, A#0, Q1A We may assume that A, Q¢ € Z,[X] have same degrees as their
images in F,,[X]. This yields:

Uy =AQ§ +pB, B e€Z,[X],
thus Uz(¢) = A(¢) Q§(¢) + pB(¢) = 0 (mod p*), whence A(¢) Q5 (¢) =0 (mod p). But A(¢) is a p-adic
unit (since Q1 A), which gives:

(4.4) Q5(¢Q) =0 (mod p).
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Let’s show that « > e; the unique case where, possibly, p | gy and e =1 is the case p = 2, n = 1; this
case trivially gives a > e. Consider the gxoth cyclotomic polynomial. Assuming e > 1, we have:

Py (= I (¢—¢" =M )

aE(Z/gXOZ)*
¢P"e=1 is of p-power order if and only if p"a = 1 (mod gxo); taking into account the domain of a, this

defines ag such that p"ag =1 (mod gxo), whence p"ag Z 1 (mod pgxo) and 1 —¢P"%0~1 ¢ p\ p?, thus the
fact that P, (¢) € p\p?; it follows, from P, = C Qb+pD, 8> 1,C,D € Z,[X], C(¢) #0 (mod p), that
X0 “Xo

PgXO (€)= C(C)Q5(¢) (mod p®), thus Q5 (¢) € p \ p? since e > 1. This implies 8 =1 and Qu(¢) € p \ p.
The congruence (4.4), written Q§(¢) = 0 (mod p¢), implies o > e and Uy = A’ Q§ + p B, where

A= AQ{ ¢ but we also have from (4.3):

Q1 =Q5+pT, T € Zy[X],

hence Uy = A" (Q1—pT)+pB=A"Q1+pS, S € Z,[X]. Since A # 0 may be chosen monic by assumption,
A’ # 0 is monic, U, is of degree larger or equal to that of @, (absurd). In conclusion, Us = 0, contrary to
the assumption k& > 1 in (4.2). O

Give now some properties of the system of idempotents of @7, = Z,[Gy]/(Py(0y)).
Let {¢y,...,¢, } be the set of distinct p-adic characters dividing x (thus, g, | qS(gXD) is the number of
P

prime ideals dividing p in Q(uqx )/Q, so that, only the case g, = 1 is trivial for the Main Conjecture);
“Xo0
from the property of co-maximality, given by Lemma 4.2, one may write:

P X = &p lgfl u
) Z,[X)/(P(X)) = ,[X] / ( T Qu(x))

~ T 2,(X]/(QuX)) =~ Zylny, ).

There exist elements e, (X) € Z,[X], whose images modulo P, (X) constitute an exact system of
orthogonal idempotents of Z,[X]/(Py(X)). Whence the system of orthogonal idempotents e, (o) of
Zp|Gy]-

Since (.#2'8)" x(7x) = 1, we obtain (in the algebraic meaning):

9p

(4.6) M = D (e (7).

u=1
It remains to verify that:
(A8) ) = 2 = {x € M5, P, (0y) x =1}
It z € (//fflg)e“’“(g"), =y () with y € //lflg; then we have z7%u(70) = yee. ()P, (o) Byt
e, (0x) Py (0y)) =0 (mod Py(oy)), whence yeeu (7)) Peu () — 1 gince y € A8 and € ,///;Lg.
Ifz € ///;ig, then x7%. () = 1; writing z = H?‘;l 20 (7 we get ey, (0y) = Ouw(mod P, (0y)), thus
ey, (0y) =0 (mod P, (o)) for v # u and z“v () =1, for v # u. Whence z = (7).

In the algebra o/, = Z,[Gy]/(Py(0y)), we obtain two systems of idempotents, that is to say, the images
in o, of the e, =~ €Zp [Go], where ¢, o is above the component 1, (, of prime-to-p order, of ¢,,, and that
of the e, (o) corresponding to ¢,. Fixing the character ¢, =: ¢ above ¢ =: ¢y, and its non p-part ¢,
above 1), we consider both:

(4.7) o= 1LY volc™H o

gXO oelGo

and ey (o) defined as follows by means of polynomial relations in Z[X] deduced from (4.5):
€py(0x) =Dp(oy) - ,H Por(oy),
p'FEp

such that A, (X) - 1;[ P, (X)=1 (mod P,(X));
%

(4.8)

we denote e, (o) simply by €,,, which is legitimate by Lemma 3.6.
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To verify that (,//Z;jlg)e% = (///ng)ev’o , it suffices to show that e¥o and e, correspond to the same simple
factor of the algebra &7, . For this, we remark that the homomorphism defined, for the fixed character
¢, by oy = ¥(oy), ¥ | ¢, induces a surjective homomorphism & — Zp[ug | whose kernel is equal to
w@w el
Thus, to show that @/ e¥o = e, , it suffices to show that ¥ (e?0) # 0; but, from (4.7), e®o is a sum of

the idempotents e, = = Yo(o)o! where 1) | ¢q. It follows, since v = 1), ¥, that (o) = ¥y(0)

Ixo0€Go
> dh(o)(e) = 2 X (o))

w(ewg) - a o€Go 9%, 7€Go
which is zero for all ¥, except 1 = o where (ey, ) = 1. Whence v)(e¥0) # 0. Let ///ng as @ -module;
on may write (from (4.6)):

and then:

'///;lg = Gasolx(///;lg)%o
and we know that (.Z3')°o coincides with (,///;‘1!‘5)6% = /3% (Definition (4.7)); then, due to the prop-
erties of the e, (defined by (4.8)):
(M) %0 = {x € MDE, Pyloy) v =1} =43
Denote by e, any of these two semi-simple idempotents e¥o or ey .
If ./ is a sub-o7-module of .2, then:
My = (M) = {2’ € My, Poloy) -2’ =1}

Since @ ey > Zplp, |, ///;Ig and .#, are canonically Zy[u, ]-modules.

This finishes the proof of Theorem 4.1 and we shall apply this to .27, -modules. O

4.2. Semi-simple decomposition of the @ -modules .#Z}". From Definition 3.11, .Z3" := {z €
My, N jp(r) =1, for all k& K, }. This invites to give the following arithmetic definition:

Definition 4.3. Let .# be an arithmetic family of Z,[¥]-modules. For any ¢ | x, x € &, ¢ € ®, we
define the arithmetic Zp|p, |-module:
MG = ///Slg NA ={z € //ljlg, Ny ji(z) =1, for all k & K,}.

Note that if p | gy, then the norm conditions may be limited to N/, (z) = 1, with [K, : k] = p.
Remark 4.4. Of course /45" = (M")%0, ey, being defined by (4.7) or (4.8), and .Z3" is a sub-Zp[u, |-
module of //lglg. In the sequel, we shall privilege the notation .#ZJ" rather than (///;r)e“’o since the
definition of .Z3" = {x € .4}, Py(0)-x = 1} is more convenient in any viewpoint.

So, we have the arithmetic version of Theorem 4.1:

Theorem 4.5. Let A be a ¥-family of Z,[4]-modules. Then we get, for all x € Z°, the decomposition
M =D M

wlx

4.3. Summary of the properties of the Z,[¥]-families .#*% and .#*. From Theorems 3.15, 4.1,
4.5, Definitions 3.5, 3.11, 4.3. Let x € 2 and let ¢ | x, ¢ € ®.

(i) Let o, be a generator of G, = Gal(K, /Q); put g, := #G,. Recall that P, (resp. P, | Py) is the
g, th global cyclotomic polynomial (resp. the local ¢-cyclotomic polynomial); define:

///flg = {x € Mk, , Poy) -z = 1},

///Zlg = {x € Mk, Pyloy) -z = 1},

M = {x € MM, Ny pn(z) =1, Vk G K},

ME = {x € MIE, Ny yp(x) =1, Vk G K} = M350 M

Then //l;?lg = EIB ///Zlg and A" = 6‘9 A5 All these components are Zy[ug J-modules via o € Gy —
elx elx

Y(o), for ¥ | x, ¥ | ¢, respectively.

(ii) Assume that the maximal p-sub-extension of K/Q is cyclic and such that for all its sub-extensions
k/K', the norms Ny 5, are surjective. Then, if ./ is finite, #.4k = [, c o #43" = [ ca, #25"-
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5. APPLICATION TO RELATIVE CLASS GROUPS

5.1. Arithmetic definition of relative class groups. We will apply the previous results using first
odd characters y giving H;lg and HY". The case of even characters requires some deepening of Leopoldt’s
results [Leo1954]; it will be considered in the next section.

For K € ¢, we denote by Hg the class group of K in the ordinary sense. If K is imaginary, with
maximal real subfield KT, we define the relative class group of K:
(5.1) (H%)™ :={h € Hg, Ng/g+(h) =1}
(the notation H?* recalls that the definition of the minus part uses the arithmetic norm and not the
algebraic one Vg g+ ).

It is classical to put H} := H+; since K/KT is ramified for the real infinite places of K, class field

theory implies that Ny g+ is surjective for class groups in the ordinary sense, giving the exact sequence:

Npg/r+

1— HY) — Hg —-—Hgr =HL -1
and the formula:
(5.2) #Hy = #(HY)™ - #HE.

We denote by 5 (vesp. (J42)~ and 58 .= Hi+), the p-Sylow subgroup of Hy (resp. (H3)~ and
H}.). For the Z,[%¥]-modules %, we introduce the <7, -modules HAME and AT for x € 27, then their
¢-components (Definitions 3.5, 3.11, 4.3) which are Zj[ug ]-modules.

5.2. Proof of the equality HY" = H;lg, for all x € 2 ~. To prove this equality and then the equalities
HGT = %’j;lg , ¢ | x, it is sufficient to consider, for any p > 2, the p-Sylow subgroups %%, and to prove
the equality of the y-components %’;flg , A for x € 27

Lemma 5.1. Assume that " & jf;(alg. Then there exists a unique sub-extension K,. of K, such that
[Ky : Ky =p (ie, if | x then x' is above ¥' =P ), and a class h € f%ﬂxalg such that h' := NKX/KX,(h)
fulfills the following properties:

(i) For all prime € # p dividing g, , VK /K, (k') = 1, where ky, is the unique sub-extension of K, such
that (K, : k)] = ¢;

(it) Ik /i, (B) = 1;

(ii) b’ is of order p in Hi ,.

Proof. Indeed, if [K, : Q] is prime to p, we are in the semi-simple case and j{;{alg = 7. So we assume
that p | [K, : Q], whence the existence and unicity of K,-.
Let h € f%fxalg, h ¢ A7, and let b’ := NKX/KX,(h). Let £ | g,, £ # p.

(i) We have the following diagram where k, is the unique sub-extension of K, such that [K, : k,| = ¢
and then k), = k, N K,-:

k, — K. h

P P

/ Z /
ky ——————— Ky W:=Ng k()

We have Vg /i, (h) = 1 since h € jf;lg; applying Nk ,, we get Vg , /i () =1.

(ll) We have JKX/KX’ (h,/) = JKX/KX’ e} NKX/KX’ (h) = VKX/KX/ (h,) =1 since h S t}f;(alg'

(ili) Since the class h’ capitulates in K, , its order is 1 or p. Suppose that h’ = 1; for ¢ # p, the
maps Jy i, and Jg ,/ are injective, so Ny /p, (h) = 1, for all £ # p dividing g,; since moreover
W =Nk, /i, (h) =1, this yields by definition h € J" (absurd). O

Lemma 5.2. Let K/k be a cyclic extension of degree p and Galois group G =: (o). Let E; and Ex be
the unit groups of k and K, respectively. Consider the transfer map Iy, + G, — Hic; then Ker(J ) is
isomorphic to a subgroup of H (G, Ex) ~ E¥ /E}7 (where Bl = Ker(vgi)). The group E% /Ey 7 is of
exponent 1 or p.
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Proof. Let Zj and Zk be the rings of integers of k and K, respectively; let cf(a) € 4, with aZx =:
()Zg, o € K*. We then have o =7 =: ¢ € E}. The map, which associates with c/;(a) € Ker(J g x) the
class of € modulo E}{", is obviously injective.

If e € Ef, then 1= gltotFo?™" — op+(e-1)0Q ¢ Z|G); whence e? € E- 7. O
5.2.1. Study of the case p # 2. We are in the context of Lemma 5.1. Put K := K, and k := K,/; then
K/k is of degree p and the class h’ = N, (h) € # is of order p and capitulates in K.

Assume that K is imaginary (i.e., x is odd, thus h € (2")7); since K/k is of degree p # 2, k is also
imaginary and h' € (J42)".

We introduce the maximal real subfields, giving the diagram:

Kt—— K_h
p D G=(o)
+ 2 ’
Kt —2 k7 B =Ng s (h)

Lemma 5.3. Let uj, be the p-torsion sub-group of Ej., that is to say the set of p-roots of unity ¢ of K
such that N/ () = 1. Then the image of (J62)~ NKer(J /i), by the map Ker(J /) — Ei/Ef of

Lemma 5.2, is contained in the image of pj modulo E}{U.

Proof. Let ¢ be the map Ej, — E}/E}{". Denote by x — T the complex conjugation in K. If b/ €
(A7)~ NKer(J g /p,), then Ny g+ (B') = 1 and 1+ (h') = h'W = 1; if b/ = clj(a) we then have a@ = aZy,
a € k*, and aZgaZy = aZg, with aZix = (a)Zg and 0Zig = (@)Zk, o € K* (since a and @ become

principal in K), which yields relations of the form o'~ = ¢, @'~ = g, ¢, € E}. From the relation
1

l—Ual—U _ 1—(7'

aa = aZg, one obtains, in K, aa = na, n € Ex, then =n'"%, giving €€ = n

From [Has1952, Satz 24], e = e+ (, et € Eg+, ¢ € ux. So q(¢8) = q(¢7?) = 1. Since p is odd and
E%/E} 7 of exponent divisor of p, et € Ej;7; since ¢ € E%, we have ( € Ej%, whence ¢(¢) = ¢q(¢) €
a(uie) = Wi/ (B 7 0 ). O

Lemma 5.4. The group q(u};) (of order 1 orp) is of order p if and only if u5, = (1) and E}{‘Tﬁ (G1) =1,
where (1 is of order p.

Proof. A direction being obvious, assume that q(ui) = pl/(El " N pl) is of order p and let ¢ be a
generator of pj. (necessarily, ¢ # 1). If ¢ € k, then N/ (¢) = (P, 50 (P =1 and ( = (1 € k.

If ( ¢ k, K = Ek(Q); it follows that (; € k and that (? € k (since [K : k] = [Q(¢) : kN Q(¢)] = p), thus
K/k is a Kummer extension of the form K = k(¥/(,), ¢ of order p", r > 1, ¢ = (i1, and (177 = (4,
giving Ng /1 (¢) = ¢ = 1, hence ¢ = (; € k (absurd). So we have ( = (; € k and Ey ° Nyl C (¢1). Thus,
q(wi) being of order p, necessarily B} 7 My = 1. O

Lemma 5.5. If (J4)” NKer(Jg /i) # 1, this group is of order p and K/k is a Kummer extension of
the form K = k(¥/a), a € k™, aZy = aP, the ideal a of k being non-principal (such a Kummer extension
is said to be “of class type”).

Proof. If ' € ()™ NKer(J 1), ' := cli(a) # 1, this means that aZyx = oZg, o € K*; so al=7 =¢,
e € E%; from Lemma 5.4, g(e) = q(¢1)*, hence € = (?n'~7, n € Ei, whence o'~ = ('~ and in the
equality aZyx = aZy one may suppose a chosen modulo Ex such that o'~ = ({; moreover we have
A # 0 (mod p), otherwise « should be in k and a should be principal. Thus o'~ = (] of order p and
aP = a € k¥, whence K = k(o) is the Kummer extension k(¥/a); we have aZyx = aPZg, hence aZj, = a?,
since extension of ideals is injective. O

We shall show now that the context of Lemma 5.5 is not possible for a cyclic extension K/Q, which will
apply to K, /Q.

Since K = k(¥/a), with aZj; = a?, only the prime ideals dividing p can ramify in K/k. Consider the
following decomposition of the extension K/Q for p # 2, with K/Kj and K’/Q cyclic of p-power degree
p", K/K' and K(/Q of prime-to-p degree, and let £ be a prime number totally ramified in K’/Q (such a
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prime does exist since Gg+ ~ Z/p"7Z); this prime is then totally ramified in K/Kj, hence in K/k, which
implies £ = p and p is the unique ramified prime in K’/Q:

K — K=k(¥a)
E

K — kK
pnfl

Q —— Ko

This identifies the extension K’/Q. Its conductor is p"*1, n > 1, since p # 2; thus K’ is the unique
sub-extension of degree p™ of Q(p,»+1) and k' is the unique sub-extension of degree p" 1 of Q(upn) (in
other words, K’ is contained in the cyclotomic Z,-extension). Since (i € k, one has ppn C k, pipn+1 C K
and i1 ¢ k, so K = k(¢) = k(/CP), with ¢ of order p"*.

It suffices to apply Kummer theory which shows that k(¢/a) = k(3/CP) implies a = (PbP, with p { A
and b € k*; so aZy = bPZy, = aP, whence a = bZ;, principal (absurd).

So in the case p # 2, for K/Q imaginary cyclic and K/k cyclic of degree p, we have the relation
()~ NKer(Jg) = 1 (injectivity of Jg/, on the relative p-class group).

5.2.2. Case p = 2. The extension K/Q is still imaginary cyclic, k is necessarily equal to Kt and o is the
complex conjugation S..

From [Has1952, Satz 24] the “index of units” @y is trivial in the cyclic case; thus for all € € Ej,
e =¢e"(, et €k, ¢ root of unity of 2-power order; then Ny (e) = 1 yields e™? = 1, thus et = £1 and
e = ¢’ = %(; since K/Q is cyclic (whence Q(¢)/Q cyclic), we shall have € € {1,—1,i, —i}. Recall that
B = Ng/i(h) € Ker(Jg ), M = dy(a) # 1, with aZg = aZg and o'~ = ¢ € E}. One may assume
ee{-1,i,—i} (¢ # 1 since o ¢ k*):

(i) Case ¢ = —1. Then a'™7 = -1, a? =: a € k*, a ¢ kX, and we get the Kummer extension
K = k(y/a) with aZj = a2, a non-principal (Kummer extension of class type).

(ii) Case € = #i. Then o'77 = 44 with —1 = (£i)!77; one may assume o'~ = i. This yields
a?i~l € kX, Put o =ic, ¢ € k*; it follows a?’Zx = o?Zx = c¢Zx, hence a® = ¢Zj,.

Let 7 be a generator of G ; one has a®™ = i"¢” = —ic” = —c¢" 1?2, hence a®” = o?d, d := —c" ' € k¥,
we obtain (aZk)?™ = (aZk)?dZy, thus a* Zx = a*ZdZy giving a*7 = a?dZy.

If d € k%, d=e€?, e € kX, and a” ~ a saying that k'’ is an invariant class in k/Q.

If d ¢ k*2 the relation o®™ = a?d shows that d = (o™~ 1)? € K*? from Kummer theory, since
K = k(v/d) = k(i), one obtains d = —62, § € k*, and a®” = a?0?Z, still giving a” = a - 6Z; and an
invariant class in k/Q.

But K is the direct compositum over Q of K = K and Q(i) and must be cyclic, so [k : Q] is necessarily
odd and an invariant class in k/Q is of odd order giving the principality of a in k (absurd). So, only case
(i) is a priori possible. Consider the following diagram, with K/K, and K’/Q cyclic of 2-power order, then
K/K' and K,/Q of odd degree, where we recall that aZ; = a? with a non-principal and aZx = oZp,
a € K*. Similarly, since K/k is only ramified at 2, then K/Ky and K'/Q are totally ramified at 2, the
conductor of K’ is a power of 2, say 2”1, r > 1 (K’ is an imaginary cyclic subfield of Q(ugr+1)):

K —— K=k(/a)

|2 ><soo>
¥ —————— k=KT

Q —— Ko

The Kummer extension K’/k’ is 2-ramified of the form K’ = k'(v/a/), a’ € k'*. So we have a'Zy = a”?
or a'Zy = a?p’, where p’ | 2 in k. But all the subfields of Q(uz~) have a trivial 2-class group; thus, one
may suppose that a’ is, up to &2, a unit or an uniformizing parameter of k’. Then K = k(v/a’) is not of
class type (absurd); so b’ = 1. Whence:
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Proposition 5.6. For any imaginary cyclic extension K/Q and any relative extension K/k of prime
degree, (") NKer(Jx/) = 1 if p # 2 (the relative classes of k do not capitulate in K ), then
Ker(Jp/x+) =1 if p =2 (the real 2-classes of k = K+ do not capitulate in K ).

Using the order formula (5.2), we get:

Corollary 5.7. We get Jy o+ (H+) ~ HE = Her = Ny g+ (i) and the direct sum A =
(:%ﬂfgr)i ®JK/K+(%K+)'

We have obtained the following result about relative class groups:

Theorem 5.8. Let K be an imaginary cyclic field of mazimal real subfield K. Let p be any prime number
and set A = H® Z,. Define:

o (e -

(A3E)™ = {h € Ay, Vic/ie+ (h) = 1}.
Then A3 = AR, AZ* = AL for all g € B, (HE)™ = (HF) ™.

Proof. For all subfield k of K with [K : k| = p, Jg/, is injective on ()™ if p # 2 and Jg g+ is
injective on .+ for p = 2; 50 Uk = I © Ny, yields (A7)~ = (f%f;lg)* from Definition 3.11, then
H3)~ = (H%2)~ by globalization. O
(HY K Yy g

We shall write simply H}, for the two notions “alg” and “ar” in the cyclic case. Using Theorem 4.1 we
may write, for all y € 2", #j‘f;(alg = #H = I1 # A
elx
Corollary 5.9. Let K/Q be an imaginary cyclic extension. Then:
Jr _ - - P
#Hyg =l e #BY & #Hp = [ cqp #HY.

Proof. To apply Theorem 3.15, we shall prove that all the arithmetic norms are surjective in any sub-
extension k/k" of K/Q; we do this for each p-class group; so the proof of the surjectivity is only necessary
in the sub-extensions k/k’ of p-power degree; then we use the fact that this property holds as soon as k/k’
is totally ramified at some place.

Consider K as direct compositum K'Ky, over Q, where K/Ky and K’/Q are cyclic of p-power degree
and where K/K' and Ky/Q are of prime-to-p degree. Let £ be a prime number totally ramified in K'/Q;
thus ¢ is totally ramified in any sub-extension k/k" of K’/Q (and in K/Ky). So Theorem 3.15 implies
#H = 11 #HY.

XEXK

From (5.2), #Hg = #H; - #H}. and we can also apply Theorem 3.15 to the maximal real subfield K+

of K, giving #H} = [ #H,
XEX L
odd characters (Theorem 5.8). (]

whence the formulas taking into account the relation HY = Hilg for

5.3. Computation of #H}" for xy € 2"~. For an arbitrary imaginary extension K/Q, we have (e.g.,
from [Has1952, p. 12] or [Was1997, Theorem 4.17]) the formula:
1

#Hy = Qpui 1T (=3Bi(w™), Biw )=~ 2 ¥ (0a)a,
PYEV L x a€l, fy|

where wy is the order of the group of roots of unity of K and @ the index of units; from [Has1952, Satz
24], Q% = 1 when K/Q is cyclic. Recall that H" := {h € Hx, Ng /() =1, for all k & K, }; then we
have:
Theorem 5.10. Let x € 2~ and let g, be the order of x and fy its conductor; then #HY = #H;lg =
29% -y, - 1_‘[ (- %Bl(w_l)), where oy, = 1 (resp. o, =0) if g, is a 2-power (resp. if not) and:
»lx

(i) wy =1 if K, is not an imaginary cyclotomic field;

(i) wy = p if Ky = Q(ppn), p # 2 prime, n > 1;

(i11) wy, =1 if Ky, = Q(pa) forp=2.
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Proof. We use [Or1975°, Proposition III (g)] or [Leo1954, Chap. 1,§1(4)] recalled in Theorem 2.1; it is
sufficient to prove that for any imaginary cyclic extension K/Q:

#Hp = [l (2% w11 (- 3Biw™)),
XEX Ylx
the expected equality will come from Theorem 5.8 and the relation:

#H, = I #HY.
XEX

So, it remains to prove that [I (ZO‘X -wX) = wg.
XEX
Consider the following diagram, where K/Ky and K'/Q are cyclic of 2-power degree and where K/K’
and K(/Q are of odd degree. :

K — K
2‘ ‘2
K+t Kt
Q — Ko

As KT and K't are real, then all the a,, are zero, except when g, is a 2-power, hence for the unique ¥,
defining K’ for which «,, = 1; whence er%g 20% = 2.

If K does not contain any cyclotomic field (different from Q), then w, = 2, moreover, all the w, are
trivial and the required equality holds in that case. So, let Q(ppn), n > 1, be the largest cyclotomic field
contained in K; this yields two possibilities:

Kt— K
Q(upn )t ————————— Q(pn) K+ g
Q Qup)* Q(pp) Q —————— Q(ua)
pF#2 p=2

If p # 2, er%g wy = p" (due to the n odd characters defined by the Q(y1,:), 1 <4 < n) and, for p = 2,
this gives erﬂ,}; wy = 2; whence the result (cf. [Has1952, Chap. III, § 33, Theorem 34 and others]). O

Remark 5.11. For any imaginary extension K, we have:

#H = U [ ymels,

2"K  xEZ

where ny is the number of imaginary cyclic sub-extensions of K of 2-power degree and wy is the 2-part
of wg (resp. swg) if Q(us) ¢ K (vesp. Q(ua) C K). See [Gral976, Remarque 112, p. 32].

5.4. Annihilation theorem for H.. Before significant improvements by means of Stickelberger’s el-
ements (leading to the construction of p-adic measures, to index formulas and annihilators of various
invariants), Iwasawa [Iwal962] proves the following formula for the cyclotomic fields K = Q(upn), p # 2,
n > 1, of Galois group Gg:

#H . = (Z[GK]_ :BrZ[Gk]N Z[GK]_),
where Z[Gg|™ = {Q € Z[Gk], (1 + sx) - 8 = 0}, soo being the complex conjugation, and By :=
1

— > ao, ! where ¢, € G denotes the corresponding Artin automorphism.
P" a€ll,p*[,pta

This formula does not generalize for arbitrary imaginary extension K/Q (see the counterexample given
in [Gral976, p. 33]).

Many contributions have appeared (e.g., [Leo1962, Gil1975, Coal977, Gral978, All2013, All2017]; for
more precise formulas, see [Sin1980], [Was1997, §6.2, §15.1], among many other). Nevertheless, we gave
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in [Gral976] another definition in the spirit of the p-objects which succeeded to give a correct formula (we
shall make the same remark for the index formulas given via cyclotomic units in the real case).

5.4.1. General definition of Stickelberger’s elements. Let K € ¢ \ {Q}. Let fx =: f > 1 be the con-
ductor of K and let Q(uy) be the corresponding cyclotomic field. Define the more suitable writing of the

-1
Stickelberger element Bg,,) := — Zl (% - %) . (Q(W)> (in the summation, the integers a are prime
a= a

to f and the Artin symbols are taken over Q). Note that the part ai:l (%)71 is the algebraic norm
Uy (us)/Q Which does not modify the image of Bgy,,) by ¢, for ¢ € ¥, ¢ # 1.
We shall use two arithmetic ¢¥-families: the ¥-family M, for which My = Z[Gk|] and the ¥-family S
defined by:
Sk := BkZ|Gk] N Z|Gk], where
(5.4)

B := Na(u)/x Bagy)) = aZiZl (% -3) (E)_l'

a

K

C

Bi= 73l (5) —ee(3) (5) ]+ ()

Let a!, € [1, f] be the unique integer such that a/, - ¢ = a (mod f); put:
a,-c=a+X(c)f, Xalc) €Z;

-1
Lemma 5.12. For any c, prime to 2f, let B}, := (1 - c( ) >~BK; then B, € Z[Gk].

Proof. We have:

using the bijection a — a, in the summation of the second term in between [ ] and the relation (E/) (5) =
CLC

C
(5) , this yields:
a

Bi= 7[Ta () -Tee(l) () 1+ R ()
K

) ()

Il
|
—_
=
—
S
|
Q\
9
[E )
/N
)

f
= % [rale) + 25 (X)) ezl
We have Af_q(c) + 15¢ = —(Aa(c) + 159), which proves that:
(5.5) B = B (1- s), BY € Z[Gr],
useful in the case p = 2 and giving N+ (B%) = 0. O

Definition 5.13. Let K be an imaginary abelian field. Put:
Ay = {Q S Z[GK], OBk € Z[GK]}

(g is an ideal of Z|Gk] and Sk := B - Ui (cf. (5.4)). Denote by Ax € Ax the least rational integer
such that AkBk € Z|Gk] (thus Ak | 2f, where f is the conductor of K ).

For K =Ky, x € 27, we put Ar, =: A, and Ax, =: Ay.

Since we will only use images by ¥ € U~ of elements of Q[Gk], we can neglect, by abuse, the term

f f

1 - . . .1 K\ L.
e in some reasonings and computations, using — Yall instead of Bg.
a=12 \a fa=1 a
K\ s 1 k)
Note that for any odd ¢ prime to f, (1—0 (—) ) . Zl 3 (—) is in Z[G k] and that such considerations
C a= a

only concerns the case p = 2 when f is an odd prime power with [Q(u¢) : K] odd (see Example 5.20 with
K = Q(par)).
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f -1
Lemma 5.14. Let o, be the coefficient of o € Gk in the writing of > a (5) on the canonical basis Gk
a=1 a

of ZIG k] (in particular, we have oy = > a). Then a, = caq (mod f), where ¢ is a representative
Ay Oa|p=
modulo f such that o, = o~'. Thus, we have A = #
ged(f, on)

Proof. The first claim is obvious and Ak is the least integer A such that A

L ¢ Z, since A Xi: % (—)716

%7 ¢ 7 for all o € G, thus, for instance, for o = 1. O

Z|Gk] if and only if A

Proposition 5.15. (i) The ideal Ak of Z|G ] is a free Z-module; a Z-basis is given by the set { -+, (&) —
; Ak}, for the representatives a of (Z/fZ)* \ {1}.

(i) If K/Q is cyclic, then Ax is the ideal of Z|Gk| generated by (%) — ¢ and Ak, where (%) s any
generator of Gk .

Proof. See [Gral976, p. 35-36]. O
5.4.2. Study of the algebraic G-families Mk := Z[|G k], Sk := Bg2x. We then have:
{MKX = Z[G,], Sk, =Bk, Uy,
M, = {Q € Z[G,], Py(oy)-2=0}, S, =Bg A, NM,

(M, and S, are ideals of M. ).

Lemma 5.16. We have M, = Hé|q(1 - qu/é> ZIGy], ay == (M) =[]y, (1 — oy )9x/?); then Sy
gives rise to an ideal b, multiple of a,.

Proof. See [Gral976, Lemmes I1.8 and I1.9, pp. 37/39]. O

The computation of b, needs to recall the norm action on Stickelberger’s elements; because of the
similarity of the result for the norm action on cyclotomic numbers, we recall, without proof, the following
well-known formulas (see e.g., [Gra2018", Section 4]):

Lemma 5.17. Let f > 1 and m | f, m > 1, be any modulus; let Q(ps), Q(pm) € Q(uy), be the
corresponding cyclotomic fields. Let:

Baw == 5, (51 (22) ™ Capy =14

We have, where No(u;)/q(um) : QlGa(us)] — QG-

Q
No(us)/um) Bas)) = 2 Boum) Nawus)/wn) (Cows)) = Capun)
—1
where () == H (1 — (M) )

plf, ptm p

We can conclude by the following statements [Gral976, Théorémes I1.5, I1.6]:

Theorem 5.18. Let x € 2~ and let ¢ | x. Then the Z[u, |-module H;lg = HY' is annihilated by the
ideal B1(¢™1) - (¥(0a) — a, Ay) of Zlpg, |, where oq := (£) is any generator of Gk (cf. Lemma 5.14,
Proposition 5.15).

The ideal (V(04) —a, Ay ) is the unit ideal except if K, # Q(pa) is an extension of Q(up) of p-power degree
and if Ay =0 (mod p), in which case, this ideal is a prime ideal py | p in Qug ). If Ky = Q(ua), this
ideal is the ideal (4).

Theorem 5.19. Let ¢ € ®~ and let ¢ | ¢. Then the Zy[u, |-module P8 = AT is annihilated by the
ideal B1 (™) - (Y(0a) — a,Ay) of Zplpg, ], where o4 is any generator of G

The ideal ((0a) — a,Ay) of Zplpg ] is the unit ideal except if Ky # Q(pa) is an extension of Q(up) of
p-power degree, if Ay, =0 (mod p) and if A\ = 1 in the writing ¢ = w* - ¥, (where w is the Teichmiiller
character and v, of p-power order), in which case, this ideal is the prime ideal of Z,, [ugx].

If Ky, = Q(ua), this ideal is the ideal (4).
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Example 5.20. Let K := K, be the field Q(ua7), of degree g, = 46. From Theorem 5.10, we have
#H, = 2% .w, - [] (- %Bl(wfl)) with in that case o, = 0 and wy, = 47 and where by definition:

Plx
_EB (w—l) __1 S (i _ 1)¢—1(U ) = _1 S iw—l(g )
21 245 \a1 2 @ 2 &= 47 as:
| &
Let’s compute #H, =47 - N@(H4G)/Q( -3 Z_:l 4% Vv (04)):

{P=polcyclo(46) ;g=1lift(znprimroot(47));A=0;for (n=0,45,
a=1ift(Mod(g,47) “n) ; A=A+x"n*(1/47xa-1/2)) ;B=Mod (~1/2%A,P) ;
print (47*norm(B) )}
139
Note that —%Bl(w_l) is, writing = (46, the PARI integer:

4xx"21+25%x720+9*x"19+26*x718-19*x"17+11*x"16-22%x"15
+x714-24%x713+10%x"12+6%x"11+16*x"10-21%x"9+20*x"8
+8¥XTT+T*X"6-4%x"5+14*x"4-12%x " 3+3%x "2+ 14%x+27

Whence #H, = 139 and H, ~ Z[u46]/p139. Since A, = 47, the ideal A is (oa — a,47), with for

instance a = 5 (Lemma 5.14), and Ak - %BK annihilates H,; since the image of A - %BK is the ideal

(%Bl(w_l)) = P139, the annihilator of H, is pisg.
But this ideal is not principal in Q(p46) (from [Gra1979°]); PARI checking:

{L=bnfinit(polcyclo(46));F=idealfactor(L,139);
print (bnfisprincipal(L,component (F,1) [1]) [1])}
[21~

showing that its class is the square of the PARI generating class. More precisely, the class group of
Q(pa6) = Q(pg3) is equal to 3; then any qq7 | 47 or qi39 | 139 generates this class group.

In [Gral978, Chap. 1V, §2; Théoréme IV1], [Gral979°, Théoreémes 1, 2, 3], we have given improvements
of the annihilation for 2-class groups but it is difficult to say if the case p = 2 is optimal or not. By way
of example, we cite the following under the above context:

Theorem 5.21. Let x € 2~ and ¢ | ¢ | x with 1 = g1, ¥y # 1 of even order, 2 of 2-power order.
Put K .= K,.

The Zs|pg, |-module A, | Ik i+ (f%’j) is annihilated by (3B1 (")), where At :={h € A+, Py(oy)-
x =1} with ¢’ € T is above V' := 1)y 3.

This result does not imply that %, is annihilated by (1By(y~1)).

6. APPLICATION TO TORSION GROUPS OF ABELIAN P-RAMIFICATION

Let K be a totally real number field and let J be the torsion group of the Galois group of the maximal
p-ramified abelian pro-p-extension H} of K. Under Leopoldt’s conjecture, we have Jx = Gal(H}} /K <Y°),
where K ¢ is the cyclotomic Z,-extension of K.

Let HF be the p-Hilbert class field and let Hf(p be the Bertrandias-Payan field; the Z,-module .7 I?p =
Gal(HIk}p/KCyC) is the Bertrandias—Payan module ([Ng1986, Sec. 4], [Jaul1990, Sec. 2 (b)]):

Tk

Uk |6k

KCyCﬂH?{r 71{;1{ _____________
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Let K, be the completion of K at the place v. The above diagram is related to the exact sequence:

1— WK — tOI‘ZP(%K/@@K) &)

R = toer(logp (%K)/logp(&()) — 0,
where Wi = ( @u)p tp(Ky))/1p(K), %k denotes the group of local units at p and &x = Ex ® Z,
is identified with its diagonal image in %k (see [Gra2005, §II1.2, (c), Fig.2.2; Lemma II1.4.2.4] and
[Gra2018]):
In all the sequel, we assume that K is abelian real.

(6.1)

6.1. Computation of #.7x for x € 2" *. The order of the Z,[G k]-module Jk is well known and given,
analytically, by the residue at s = 1 of the p-adic (-function of K, whence by the values at s = 1 of p-adic
L-functions of the non-trivial characters of K (after [Coal977, Appendix]); see for instance [Gra2019, § 3.4,
formula (3.8)] for analytic context. In conclusion we can write:

# Tk = #%Kcyc- # X - #W K

(6.2) ~[K N Q% : Q] 'wl;ll%Lp(lu¢)'

Since the arithmetic family of these Z,[¢]-modules Jk, for real fields K, follows the most favorable
properties (surjectivity of the norms, injectivity of the transfer maps in relative sub-extensions), we can
state, in a similar context as for Theorems 5.8:

Theorem 6.1. For all x € 2’ (resp. ¢ € T, v | x), we have:
{z{ar _ {z{alg — {.I c wa PX(UX) L= 1}
={zre Ik, NKX/k(I) =1, forall k& K, },
%ar:%alg:{xeﬂKX, P@(UX)'$:1}.

Moreover, if K/Q is real cyclic, # Tk = 11 # T = I1 # T
XE XK pedK
We denote simply .7 (resp. 7,) these components in the algebraic and arithmetic senses. In the analytic
point of view, we have the analogue of Theorems 5.10 and 7.9 (see some p-adic formulas about Lj,-functions,
from classical papers [KuLel1964, AmFr1972, Gral978"] and a broad presentation in [Was1997, Theorems
5.18, 5.24]):

Theorem 6.2. Let x € 2"\ {1}. Then #.9, = wyYe - 1_|[ %Lp(l,i/}), where w ¥ is as follows, from
blx
analytic formula (6.2):
(i) w¥e =1 if K, is not a subfield of Q<¥¢;

(i) w¥ = p if Ky is a subfield of Q<¥°.

6.2. Annihilation theorem for .7;. An annihilator of Jx is given by the following statement [Gra2018”,
Theorem 5.5] which does not assume any hypothesis on K (real) and p and gives again the known results
(e.g., [Gral979], [Or1981]):

Theorem 6.3. Let K be a real abelian field of conductor fr. Let f,, be the conductor of L, := KQ(ugpn),
n large enough, where ¢ = p or 4 as usual. Let ¢ € Z be prime to 2pfx. For all a € [1, f,], prime to f,
let al, € [1, fn] be the unique integer such that al,-c¢ =a (mod f,) and put a,-c—a = A7 (c) fn, N (c) € Z.
Then consider:

fn
Asn(€) = LA a (£) = Al () - (14 500) € 2, (G

fn/2
where s« is the compler conjugation and Al (c) = 21 A (c)a™? (£>
a=

a

Let Ak(c) := lim [ % ! a_l(g)} =: Al (c) - (1 + seo); then:

n—oo a=1
(i) For p # 2, Al (c) annihilates the Z,[G|-module T .
(ii) For p = 2, the annihilation is true for 2- Ak (c) and 4 - Al (c).
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Remarks 6.4. (i) In practice, when the exponent p° of Jk is known, one can take n = ng + e, where
ng > 0 is defined by [K N Q% : Q] =: p"°, and use the annihilators A ,(c), Al ,(c) (but any n > 0 is
suitable). When K = K, the annihilator limit Ag (c) is related to p-adic L-functions via the formula:

P(Ak,(0) = (1 =9(c) - Ly(1,¢), for ¢ | x.
If g, is not a p-power, one can choose ¢ such that 1 —(c) is invertible giving (A, (c)) ~ Ly(1,%); if
g =p",n>1, (A, (c)) ~ mLy(1,%), where 7, is an uniformizing parameter in Qp(pn ).
This theorem is the analog of Theorem 5.19, using Bernoulli’s numbers, linked to Lp(O,w@lfl), instead
of L,(1,1)).

(ii) Some other annihilation theorems exist for the Jaulent logarithmic class group (see [Jau2021,
Jau2022, Jau2022°)); [Jau2022°] is related to Greenberg’s conjecture and, when K contains j,, [Jau2021]
obtains that the Stickelberger ideal annihilates the imaginary component of the logarithmic class group and
that its reflection annihilates the real component of the Bertrandias—Payan module. It will be interesting
to formulate a “Main Conjecture” about the p-components of these modules.

7. APPLICATION TO CLASS GROUPS OF REAL ABELIAN EXTENSIONS

Denote by E the ¥-family for which Ex, K € J, is the group of absolute value of the global units of
K, the Galois action being defined by |¢|? = [¢7]| for any unit € and any o € 4. The Eg are free Z-modules
of rank [K : Q] — 1 for real fields K.

7.1. The Leopoldt x-units. In [Leo1954] Leopoldt defined unit groups, E,, that we shall call (as in
[Or1975")) the group of x-units for rational characters x € 2°F \ {1}; from the definition of x-objects and

the results of the previous sections we can write (where 1’ may be replaced by N):
(7.1) E\ ={lel € Ex,, Py(oy)-lel=1}
' ={le| € Ex,, vk s(le]) =1, for all k & K, }.

Definition 7.1. Denote by E® the 4-family such that EY; is the subgroup of Ex generated by the Ej’s
for all the subfields k & K (or simply by all the subfields k, such that [K, : k,] = | [K, : Q], £ prime).

Lemma 7.2. We have E%X- E, = E?{X@ E,, forall xe 2.

Proof. One knows that € Eg is of finite index Qx in Ex for any real K (cf. [Leo1954, Chap. 5, §4]).

e Xk
Let |e] € E?(X N E,; there exist strict subfields k1, ..., k; of K, such that || = |e1]- - - |es], |ei] € Eg, and
n > 1suchthat [e7| € €D Ey,, foralli (thus, x ¢ 2,); wethenhave |e"| € (@D E¢)nE, = {1},
0:€ 2, 0€ Xy, 0Fx
which implies |e| = 1. O

Definition 7.3. Let K be any real abelian field, Qx = (EK . D Ex) where B is the group of x-units

XEZK

(Definition (7.1)) and, for all x € 27, let Qy = (Ex : E(}(XEB E,).
The following computations are also available in [Leo1954, Leo1962, Or1975").
Lemma 7.4. We have, for all cyclic real field K, Qg = H% Q-
XEXL K

Proof. This may be proved locally; for this, we use the ¥-family 6k = Ex ® Z,, for any prime p, and the
&\’s as above. Then one uses, inductively, Lemma 7.2 with characters ¢ | ¢ | x, written as ¢ = ¢, 9, (¢
of prime-to-p order, ¢, of order p™, n > 0). See the details in [Gral976, pp. 72-75]. O

Definition 7.5. Let ¢ be the Euler totient function and put, for all character x € 2T

$(9y)
ax = Hflgxé 1 s if gy 1s mot the power of a prime number,

$(g9y)
gy = ¢ =1

¢ =1

n—1
R if 9, is a prime power £", n > 1,

-2
For any real abelian field K, set q, = (L) , where g := [K : Q] and d, is the discriminant of
HXE%'K dX
@(Ngx)'
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Lemma 7.6. We have, for all cyclic real field K, q; = 1} Q-
XEAK

Proof. From [Has1952, § 15, p. 34, (2), p. 35]; see [Gral976, pp. 76-77] for more details. O

7.2. The Leopoldt cyclotomic units. For the main definitions and properties of cyclotomic units, see
[Leol954, §8 (1)], [Or1975].

Definitions 7.7. (i) Let x € 2" of conductor f; we define the “cyclotomic numbers”:

Cx = agx(cgf" - C{fi)v <2fX ‘= €exp (%)a

where Ay, is a half-system of representatives of (Z]fyZ)* .
(ii) Let K be a real abelian field and let Ck be the multiplicative group generated by the conjugates of
|Cy |, for all x € Zk. Then we define the group of cyclotomic units:
Fr =CxnNEx & g ZZFK(X)ZP.
Recall that Ci € K, and that any conjugate C} of C, is such that g—i is a unit of K. If f, is not a
prime power, then C, is a unit and Fg = Ck.

7.3. Arithmetic computation of #H}", x € 2 *. Using Leopoldt’s formula [Leo1954, Satz 21, §8 (4)]
and Propositions 7.4, 7.6, we obtain (see [Gral976, Théoréme IIL.1]):

Proposition 7.8. For all x € 2"\ {1}, #H} = % - (Ey - Cﬁ"), where A, = ]1 (1- UiX/e). We get

x ure

the relation #H2 = — (E, : E%XGB Cﬁx) interpreting Q,, [Gral976, Corollaire III.1].

1
ax

To interpret the coefficient ¢,, we have replaced the Leopoldt group Cﬁx of cyclotomic units by the
larger group Fg, := Cx, NEg,_ deduced from Ck ; see the long proof [Gral976, Chap. III, § 3] giving the
final result interpreting the coefficient ¢, and giving the analog of Theorem 5.10 for real class groups, where
we recall that Ex. is the group of absolute values of units of K, E?(X the subgroup of Ex, generated by
the Ey, for all the subfields & & K (Definition 7.1) and Fx, = Cx, NEg, (Definition 7.7):

Theorem 7.9. Let HY := {z € Hg, Ng ;(z) = 1, forall k& Ky}. Let g, be the order of x €
Z T\ {1} and fy its conductor. Then:

#HY = w, - (Ek,: B} -Fk, ),
where w,, is defined as follows:
(i) Case g, non prime power. Then w, = 1;
(i) Case g, = p", p # 2 prime, n > 1:
(ii') Case f,, = L*, € prime, k > 1. Then w, = 1;
(it") Case f, non prime power. Then wy = p;
(ii) Case g, = 2", n > 1:
(iii') Case f, = ¥, £ prime, k > 1. Then w, = 1;
(1ii" ) Case f, non prime power. Then w, € {1,2}.
Proof. For the ugly proof see [Gral976, Théoréeme I11.2, pp. 78-85]. O
Corollary 7.10. Ifp{ gy, #56 = (gx : jx) and #7¢, = (&, : 3‘},), where &, = 516(‘; and %, is generated
by CY7.

Proof. In the semi-simple case p { gy, for any Z,[Gk|-module Ay, M\ = M* and M, = M;7 , with the
usual semi-simple idempotents; thus, &, = &~ = @“’Ie(’; /glgjx ﬁ}iﬁ = &/ Fy, since co(‘}o(fx = 1. The claim
for ¢ | x is the Main Theorem proved in the semi-simple context. ([
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Remarks 7.11. (i) The viewpoint given by Theorem 7.9, which appears to have been ignored, seems
more convenient than formulas trying to use Sinnott’s cyclotomic units. Indeed, compare with [Grei1992,
Theorem 4.14] using instead %’;flg (in a partial semi-simple context as explained in Remark 8.2) and
Sinnott’s group of cyclotomic units, larger than classical Leopoldt’s group of Definition 7.7, but which give
rise to intricate index formulas. Moreover, as we have mentioned in [Gral977, Remark III.1], an analytic
formula for #z%”xalg, x € 2, does not seem obvious (if any) because of capitulation aspects (see the
numerical examples of §3.3).

We hope that Theorem 7.9 suggests a new statement of the Main Conjecture for the J,’s, especially
in the non semi-simple real case (see § 8.2 for the corresponding analytic values).

(ii) Since N _/x(Ex,) C B , Nk /5(€k,) € 68, for all k G Ky, the modules E, := Ex, /E - Fr,

and gx = 6k, /@“’IO(X~ Jk, are x-objects (algebraic and arithmetic). Then gx = D, @5%,, where the

(p-components are g@ ={T e gx, Py(oy) -7 =1}

7.4. Class field theory and regulators. Let K € ¢ (denoting essentially a real field K, in what
follows). To simplify the diagrams and the statements, we assume to be in the most common case where
Wik =1 and K N QY = Q, which gives the relations Jx = LZEP (Diagram of Section 6) and #Jx ~

[lyeo 1 L,(1,%) (Formula (6.2)).

The Galois group Jx may be compared with a “cyclotomic regulator” 27 as follows. For this purpose,
the diagram of the maximal abelian pro-p-extension K" of K is necessary and is the first one below (from
[Gra2005, I11.4 (d) & Diagram II1.4.4.1] with our present notations), where H2 is the maximal tamely
ramified abelian pro-p-extension of K and F the p-Sylow subgroup of the multiplicative group of the
residue field of the tame place v; let L := Hy' H}2:

g
Uk |Ex
Tk
Hys
K

In this diagram, class field theory interprets Gal(K?®°/H ) as the Z,-module % and Gal(K®"/L) as
the Zy-module k := Ex ® Z, (embedded both in %x and [[,,, F,* with suitable Artin maps).

uip S v
Now, put %y := {u € %K, Ngjo(u) = *1}; since K is real, &k is of finite index in % and
tOI‘ZP(%K/@@K) = %I?/@@K 2;@[{1

F
TK
H 4
Keye K CYCEnr
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Then F := H{2 KY°H} is fixed by %;: and FNHY = KY°H}. Recall the exact sequence 1 — Z52™ —
R — XY — 1, from [Gra2021, §2 & Figure 3], so that a sub-extension of L/F may be unramified. We
assume K“°N H = K to simplify; we have moreover:

Gal(F/KY°Hp) ~ Gal(Hj2/HY) ~ Gal(L/HY) ~ (prFvX)/co@K.
Define (under the assumptions #x =1 and K N Q%° = Q):
R = torg, (U |ER- Tr) = Uit | R Fr ~og,(Uik)/log, (- Fi),

which yields, for x # 1 and K := K, the Z,[G k]-modules isomorphism:
(7.2) R ~ RV,

We then have %7 = Gal(Lo/F), where Ly is the subfield of K" fixed by &% . For the Artin maps
defining the above Galois pro-p-groups, see [Gra2005, § 111.4.4.5.1].
Remarks 7.12. Let x € 21 \ {1}, K = K, and assume to simplify that #% = 1, w, = 1 in Theorem
7.9, K NQ9° = Q and K¢ N HY = K.

(i) Theorem 7.9 and isomorphism (7.2) give:

# T = # B and #6, = # RS [# %y = # A

The o/, -modules .7, and Z ¥ (resp. gx and JZ7") are not necessarily isomorphic and this is due essentially

to the structure of J as shown by the following excerpt giving cyclic cubic fields K such that Zk is
of 7-rank 2 and Jx of 7-rank > 3 implying J#% # 1 (no example of 7-rank > 4 exists in the interval

considered):

X~ 3+x"2-39666*xx-2582719 Structure of the 7-torsion group: [7,7,7]
x"3+x72-43300*x-3411104 Structure of the 7-torsion group: [49,7,7]
x"3+x"2-13226%x-508479 Structure of the 7-torsion group: [343,7,7]

x"3+x"2-427660%*x-31551829 Structure of the 7-torsion group: [2401,7,7]
X"3+x72-2033484%x-966131001 Structure of the 7-torsion group: [49,49,7]

(ii) The sub-diagram:

__________________________ L S
T RSk & I
o ox o OKZK ™
F L Lo Kab

K RV Hy— [T B

given by the extension K /K opens perhaps an access way for an interpretation of the Main Conjecture
for even characters in the non semi-simple case, or at least an annihilation theorem in the spirit of Thaine’s
theorem (see Conjecture 7.13).

(iii) By nature, the Z,-modules Zx and %, are of p-rank limited by [K : Q] — 1 and the p-ranks of
their p-components, ¢ # 1, are less or equal to the order of the decomposition group of p in Q(ugx).

7.5. Annihilation conjecture for real p-class groups. Before any proof of the conjectural equality
# AT = #éAi, = #(6k, /cflo(x- Fx,)e (giving a Main Theorem for ¢ € ®7.), it will be interesting to prove
that any annihilator of éA”;, annihilates 7", which will be more precise than the annihilators of T, (see
Theorem 6.2, Remarks 6.4, 7.12).

To our knowledge, the best known annihilation theorem of real p-class groups is Thaine’s Theorem
[Thail988], [Was1997, Theorem 15.2] saying that any annihilator of &k, /F (for a classical definition of
the group of cyclotomic units ﬁ/{X) is an annihilator of %, . But Thaine’s Theorem only concerns the
semi-simple case. Mention also annihilation theorems by Solomon [Sol1992], which are not often optimal
because of vanishing of Euler factors; this is discussed in [Gra2018"]. Finally mention the numerous papers
of Greither and Kucera (like [GrKu2004, GrKu2014, GrKu2021]) on the annihilation of real class groups,
using special units or/and giving information on the Fitting ideals.
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Conjecture 7.13. Let x € 27"\ {1} and ¢ | x. Any element of Z[u, ] (resp. Zy[u, |) annihilating
EKX/E(I)(X' Fg,  (resp. (gKX/éaio(x- Ty )g), annihilates HY' (resp. ).

In this direction, we state the following lemma, giving some prerequisites on the subject.
Lemma 7.14. Let Mg, be a torsion-free monogenic Z|Gy]-module (i.e., Z-free and Z|G]-generated by a
single element). Let M be a sub-module of Mk, such that Mk, /M is annihilated by Py (oy) Z|Gy]
and finite. Then (M, [ My )o=(Mg, /My ) ® Zp)p= Zp[ugx]/pj;", Ap >0, for all ¢ | x.

Proof. By assumption, MKX/M’KX is a finite monogenic Z[u, J-module, of the form Z[u, ]/, ™A # 0; so
Mr, | My, = (Zlpg, |/A) © Ly, giving:

///Kx/'//lfl(x = eaw\x [Zp[ugx]/p;\ﬂ ’
with the usual correspondence between prime ideals p | p and p-adic characters ¢ | x; whence the claim. O

It is well-known that there exists in Ex, a unit € generating, with its conjugates, a subgroup E of Ex_
of prime-to-p finite index (Minkowski unit). Then M := Z[G,] - |¢| is monogenic and torsion-free.

Let My = E(IJ(X- Fk, . Then, taking into account orders, monogenicity and the fact that (Py(oy))
annihilates Mg, / M'KX, Lemma 7.14 is coherent with an annihilation theorem of the f%ffr’s since, from
the results of § 7.4, 7" is a quotient of Z¥°.

Example 7.15. Consider, for p = 7, the cubic field K of conductor f = 2557 defined by the polynomial
P = 23 4+ 22 — 852 x + 9281; then:
Hr ~Z[j)/(1 = 2§)Z[j] and Ex/Fx ~ Z[j]/(1 - 25)Z]]]
where (1 — 25)Z[j] is a prime ideal p dividing 7; then we compute:
T ~L)T*L O L)L

The following program (only valid for prime conductors f) computes the annihilator Ak (c) of Jk; it
defines the classes o* - Gal(Q(u,n)/K), k =0,1,2, of Artin symbols, giving Ak (c) = Ao + A10 + Aso?,
then f:= Ag — Az + (A1 — Ag) j, yielding (8) = p¥ - p% in Z[j] (up to a prime-to-p ideal):
{p=7;£=2557;N=4;pN=p~N; fpN=f*pN; c=1ift (znprimroot (f)) ; cm=Mod (c,fpN) ~-1;
g=znprimroot (f) ;1g=1lift (Mod ((1-1ift(g))/f,pN));g=Mod (1ift (g)+1g*f,fpN);g3=g"3;
G=znprimroot (pN) ;1G=1ift (Mod ((1-1ift (G))/pN,f)) ;G=Mod (1ift (G)+1G*pN,fpN) ;
A0=0;A1=0;A2=0;for(k=1, (£-1)/3,for(j=1,p~ (N-1) *(p-1) ,A=g3"k*G"j; gA=g*A; ggA=g " 2%A;
a=1ift (A) ;aa=lift (A*cm) ;la=(aaxc-a)/fpN;A0=A0+1la*Mod(a,pN) "-1;
a=1lift(gA) ;aa=1lift (gA*cm) ;la=(aa*c-a)/fpN;A1=A1+la*Mod(a,pN) "-1;

a=1lift(gghA);aa=1ift(ggh*cm) ;la=(aaxc-a)/fpN;A2=A2+la*Mod(a,pN)"-1));
print(AO," ",A1," ",A2)}

Mod (184, 2401) Mod (1526, 2401) Mod(643, 2401)

Modulo 74, Ag = 184, A, = 1526, Ay = 643; since we can compute modulo the norm 1 + o 4 o2, this
yields the ideal p? = (1 — 25)3. Whence Jx =~ Z[j]/p? ® Z[j]/p ~ Z/7?Z & Z/7TZ. We note that the
annihilator is p? although the structure is not Z[j]/p3.

8. INVARIANTS (ALGEBRAIC, ARITHMETIC, ANALYTIC)
We fix an irreducible rational character y € 2" = 2t U 2~ and we apply the previous results to the
Zyp|pg, J-modules SR A and T = TME = T, forany ¢ | x, o € DT UDT (p € ®T for T).
8.1. Algebraic and Arithmetic Invariants m®&(«), m® (). Write simply that %alg, HH and T,
are finite Zp[pg |-modules whatever ¢; let p,, be the maximal ideal of Zy[ug ]:

. nmi(jf)
%ﬂlg = il;ll Ly [/Lgx]/l:‘«p% ;

ar "Eﬁ(jf)
A~ 1.1;[1 Zp[ﬂgx]/pw ;

nZ(7)
9@2iglzp[ugx]/p¢”’ )
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where the n, ; are decreasing integers up to 0. Put:

al al al 1
mAE ) 1= 2 nE ), miE op) = D0 mE ),
i>1 ¥ elx
M () = 2 (), M (o) = 2 mi o),
i>1 elx
me (7) 1= E ng i(7), my(7) = > mg (7).
i>1 elx

Whence the order formulas:

#%alg _ pgp(l)milg(jf) #%ar _ pap(l) mi () #% _ pap(l) mzr(ﬁ).

3 3

8.2. Analytic Invariants m®"(.«). We define, in view of the statement of the Main Conjecture, the
following Analytic Invariants mg", from the expressions given with rational characters, where valy(e)
denotes the usual p-adic valuation; the purpose is to satisfy the necessary relations implied by Theorems
3.15, 4.1 about arithmetic components:

2 mi ) = 2 mE ),
Plx elx

for any family .# € {#, 7} and x € 2" (cf. Theorems 5.10, 7.9, 6.2).
8.2.1. Case p € ®~ for class groups. In that case, Algebraic and Arithmetic Invariants coincide. The
definitions given in [Gral976, Gral977] were:
(i) Case p # 2 (proven by Solomon [Sol1990, Theorem II.1]).
(') Ky is not of the form Q(upn), n > 1; then:
MR ) = valp(dyl[ (- $Biw™)),
©
(i") Ky = Q(upr), n > 1; let ¢ = w* - 4, ¢, of order p"~! (where w is the Teichmiiller character);
then:
man () 1= Valp(ll_ll (= $Biw)) i A#1,
©
mg' (™) =0, if A=1.
(ii) Case p = 2 (proven by Greither [Greil992, Theorem B], when g, is not a 2-power and f, is odd).
(ii’) g, is not a 2-power; then:
mar ey i=val (11 (= $Bi(v7))).

Plo
(ii”) g, is a 2-power; then:

man () 1= valz(ﬂa (= 3Bi™)) +1, if Ky # Quua),
mit ) =0, if K\ = Q(ua).

8.2.2. Case p € ®*, ¢ # 1, for class groups. From Definition 7.7 and Theorem 7.9, we consider any real
cyclic field K, where we recall that:
EY = (BEi)yc, Fx == Ck NEk, &k = Bx © Z,, 6} = B} ©Z,, Fx = Fx © Z,, and & =
k.. / co("I%X-ﬂ\KX, for which we have:
& = EP &y Ey={T €&y, Pyloy) -T=1}
elx
Since ép is a monogenic Zp[p, |-module we can write:
~ mi“(jf*)

Ep Zp[ﬂgx]/pw

Consider the relation # = w, - 1_‘[ #@gw of Theorem 7.9; we remark that w, = p occurs only when
elx
9, is a p-power, in which case p is totally ramified in Q(y ) and ¢ = x (which defines wy, := wy).

, maet) > 0.

So, we may define mg" (") and w, as follows:
(i) Case gy non prime power. Then w, =1 and:

mi () = Valp(#(;é;;).



NOTION OF ARITHMETIC ¢-OBJECTS 33

(ii) Case g, = p", p # 2 prime, n > 1

(ii') Case fy, = ¢*, ¢ prime, k > 1. Then w, =1 and :
mi () = Valp(#é;@;;),

(ii”) Case f, non prime power. Then w, = p and
met (") = Valp(#éa) + 1.
(iii) Case g, =2", n > 1:

(iii’) Case f, = ¢*, £ prime, k > 1. Then w, = 1 and:
met (") = Valp(#é,),

(ili”) Case f, non prime power. Then w, € {1,2} and:
m e+ € {val,(#6,), val,(#6,) + 1}.

8.2.3. Case ¢ € ®* for p-torsion groups. From Theorem 6.2, we define my'(7) as follows (proven by
Greither [Greil992, Theorem C], when g, is not a 2-power):

(i) Case where g, and fy are not p-powers. Then:
m(7) = Valp(dlj_‘[ %Lp(lﬂ/))).

©
(ii) Case where g, # 1 and f, are p-powers. Then:
min(7) = Valp(dlj_‘!p 1,1, w)) 1.

8.3. Main Conjecture — 1976 original statement. The conjecture we gave in [Gral976, Gral977],
especially in the non semi-simple case, where simply equality of Arithmetic and Analytic p-Invariants.
The main justification of such equalities comes from the easy Theorem 2.1 with the arithmetic definitions
of §8.1, the analytic definitions of §8.2 and the arithmetic expressions of the y-components that we recall:

(i) Theorem 5.10: HY" = 2% - w, - [, (= 3Bi(y™1)), for x e 277,
(ii) Theorem 6.2: #7, = w¥° - Hw\x % L,(1,¢), for x € 2,
(iii) Theorem 7.9: #HY = w, - (Ek, : E'}(X- Fg ), for x € Z'7;
they satisfy, for any family .# € {5#~, 7T, T}, the equalities:
> me (M) = > mg' (), for all x € 27,
Plx elx
taking into account the decomposition .#2" = @,|,.#3" (Theorem 4.5).

Moreover, the annihilation properties of Theorems 5.18, 5.19, 5.21, 6.2, enforce the conjecture as well
as reflection theorems that were given, after the Leopoldt’s Spiegelungsatz, in [Gral998] or [Gra2005,
Theorem I1.5.4.5] giving a more suitable comparison, for instance between ., and 7,1, ¢ € ®~, where
w is the Teichmiiller character. See also [Or1981, Or1986] for similar informations and complements.

Conjecture 8.1. For any p-adic irreducible character p € ®, we have:

m¥ () = mix) (p € PTUDT),

m¥(7) =m(7) (p€dT).
Remark 8.2. Let K/Q with a maximal p-sub-extension K/K| cyclic of degree p™, n > 1, and let K;,
Ky C K; C K, be such that [K; : Ko] = p’. Let ¢ € ¥k, and let ¢, € Ui of order p"; we put
vy =g - @[Jgnﬂ € Vg, and we consider the p-adic characters ¢; above ¢;, 0 < i < n.

The Main Conjecture proven by Greither in [Greil992, Theorem 4.14, Corollary 4.15], using Sinnott’s
cyclotomic units, deals with the semi-simple context defined by ¢ above 1y (it is indeed that of the
relations (3.4) which do not give each #.7" compared with #&,, ).

In other words, in his pioneering work, Greither proves the relation 2 meg. (#7") = > me: (#7"), for
=0 ‘ i=0 ’

each pg € Pk, , instead of our conjecture mg (#T) = mgl () for all i € {_O, 1,---,n}. However see many
progress by Greither—Kucera in [GrKu2004, GrKu2014] and some of their other papers.
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Remark 8.3. It remains the problem of the orders, #%’;ﬂlg and #%alg, for which no analytic formula
does exist in the non semi-simple real case. For instance, in Example 3.12 with p = 3, K is the compositum
of ko = Q(+/4409) with the degree 9 field of conductor 19, x; = ¢; (¢ € {1,2}) is the character of the field
k; of degree 2 - 3¢; then one gets z%”xailg ~ 7/37 while 2" = 1, as predicted by the conjecture and checked

numerically. In Example 3.13, one finds jfgé"llg ~ (Z/3Z)® while A~ (2] 3Z)2.
This phenomenon is due to the capitulation of p-classes in p-extensions and we have given in [Gra2021°,
Conjecture 4.1] a general conjecture justified by means of many computations.

8.4. Finite Iwasawa’s theory in cyclic p-extensions. For more details and an application to classical
Iwasawa’s theory for real abelian fields, in the spirit of Greenberg’s conjecture [Greel976], see [Gral976,
Chap. IV]; nevertheless, the results hold in arbitrary cyclic p-extensions.

As usual, considering x € 2" and ¢ | ¢ | x, we put ¥ = g - 1p, 1o of order g, prime to p, ¥, of p-power
order; then G, = Gy @ H, in an obvious way, and we consider, temporarily, the semi-simple idempotents
Cpy = = > wo(07Y) o, for @, above 1.

9 yech

We have &, := Er R, T, = Dy &,, with &, = &.7°; we note that ERPo = &y and Ey ~
é”;io /Epr -ﬁ;ﬁo, where ¢’ is above ¢ -7 and X’ above ¢'. This yields (6, /6x )y = Zplpg | ([Gral9T7e,
Lemma IV.1]) and the following principle:

Theorem 8.4. Let x € 2t be such that g, = g - p", p1f 9o, n > 2. Let X', X" be such that [K, : K,/] =
Ky : K] = p. To simplify, set K := K,, K' := K\, K" := Ky and assume that Ng g (Fx) =
Fir (see Lemma 5.17 giving the ramification conditions). Let p, be the maximal ideal of Zp[ugx]; put
(Fk /T NEK)p ~p2, A>0 and, in the isomorphism (Exr [ Excr)pr ~ Lplpg, p), put:

(EK//EK/ N @("K//)LP/ ~ pZ/ ~ pga, a Z O,

(Ng/x/(6x)/Ng i (Ex) N Exr)r = pl = ph°, b > 0.

(i) Ifa<p"2(p—1), then A=a—b.
(ii) If a > p" =2 (p— 1), then A >p"~2(p—1) —b.

Theorem 8.5. Let x € 2°~ be such that g, = gy -p", p{ gg, n > 2. Let X' be such that [K, : K\/] = p.
Set K := K, K' := K,/ and assume that the Stickelberger elements By, By are p-integers in Q[G k]
and that NK/K’ (BK) = BK/. Put:

B1(¢71)ZP[U9X] = P£7 A >0, Bl(dfp)Zp[/Lgx/p] =pL* a>0.

(i) If a < p"~2 (p—1), then A= a.
(ii) If a > p"~2 (p = 1), then A > p"~2(p —1).

This allows to prove again Iwasawa’s formula in the case p = 0 [Gral976, Theorems IV.1, IV.2, Remark
IV 4] and gives an algorithm to study the p-class groups in the first layers.

Let k =: kg be real of prime-to-p degree g and let k¢ = Unzo ky be its cyclotomic Z,-extension.
The condition u = 0 of Iwasawa’s theory is here equivalent to the existence of ng > 0 (corresponding
to a character x,, of order gp™) such that, for each ¢,,-component, a,,—1 < p™ 2 (p — 1) (case (i)
of Theorem 8.4); then the sequence #.7 becomes constant giving the A-invariant and the relations
Erur = Ny i1 (Ery) - Ek,_y for all n > 0; then p* = (&, : & - %, ) for n > 0. More precisely,
P = #(E /Gy Ty for > 0.

This methodology does exist in terms of p-adic L-functions for abelian fields (see, e.g., [Gral978",
Chap. V]).

Recall that Greenberg’s conjecture [Gree1976] for a totally real base field (i.e., A = u = 0) is equivalent

to the property that the norms Ny, /. @ 5, — %, , m > n>> 0 are isomorphisms (see other equivalent
conditions in [Gra2019, Corollary 3.4]). Whence the result:

Theorem 8.6. Let k be a real abelian field of prime-to-p degree. Greenberg’s conjecture is equivalent to
&, = co@,?n- P, , for alln > 0, where g,gn is the subgroup of &, generated by the units of the strict subfields
and %, 1is the group of Leopoldt cyclotomic units (Definitions 7.1, 7.7).
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9. NUMERICAL ILLUSTRATIONS WITH CYCLIC CUBIC FIELDS

For y € 2+ and &, := é”KX/é”I%X- TK,, we have #3 = w, - #&, (Theorem 7.9), and for any ¢ | x we
have (conjecturally):

#A, =Wy #éé,, w, € {1,p}, where éAi, ={z e @gx, P,(oy) -z =1}.

In another way, we have:
z mi’ (H)

@@«p = Zp[,ugx]/p«p ) m?an(%”) >0,

T‘P ar
A = B2y lug, )7 w20 migion 20,
and mg' () 1= :il mg () to be compared with meg ().

We intend to see more precisely what happens for these analytic and arithmetic invariants since the
above equality defining mg"(»#) can be fulfilled in various ways (indeed, c:?;, is cyclic and 4%, may have
arbitrary structure). We will examine the case of the cyclic cubic fields K = K, for primes p =1 (mod 3)
giving two p-adic characters ¢ | x; in that case, & = 1 and # A = (6k 1 TK).

For example, for p = 7, the possible structures, for the Z[j]-module Ex /F, are of the form Z[j]/[(—2+
J)™ - (3+4)™2-al, (m1,mz2 >0 and a prime to 7), giving the two ¢-components Zz /7™ Zr and Z7 /7™ 77
(from [Z[j]/(=2+ j)™ ]| ® Z7 and [Z[]]/(3 + j)™2 ® Z7]), for the &,’s.

9.1. Description of the computations. The PARI program computing all the cyclic cubic fields is that
given in [Gra2019, §6.1].

A crucial fact, without which the checking of the ¢-components of the Gx-modules &/ Fx and Ak
could be misleading, is the definition of a generator o of G giving the correct conjugation, both for the fun-
damental units, the cyclotomic ones and the elements of the class group; this is not so easy even if a conjuga-
tion does exist for the data given by K = bnfinit(P) from the explicit instructions G = nfgaloisconj(P), giving
2% under the form g(x), g € Q[X], for a root x of the defining polynomial P, and nfgaloisapply(K, Gli], X)
acting on any PARI object X.

Thus it is not too difficult to find, from K.fu giving a Z-basis of Ex, a “Minkowski unit” e and its
conjugate €7 such that (¢,e7), = Eg; indeed, for the evaluation of ¢(z) and £(g(x)), at a root p € R of
P, we only have a set {p1, p2,p3} given in a random order by polroot(P). Any change of root gives an
inconsequential permutation (g,&%) — (e7,e77), for some 7 € G.

For security, we test Reg;/Reg = 1 where Reg; is the regulator of the units e(p) and €(g(p)), computed
with the root p, and where Reg = K.reg is the true regulator given by PARI.

Then we must write the Leopoldt cyclotomic unit  of K of conductor f (Definition 7.7) under the form
n = e**P7 o, B € 7Z, which is easy as soon as we have 1 and 7. But 7 is computed by means of the
analytic expression of |C| = I1 (35 — Cof'], as product of the [(5; — (54'| for the prime-to-f
aE[l,f/2[,aa‘K:1 .
integers a < f/2 such that the Artin symbol o, = (M) is in Gal(Q(ps)/K) (which is tested using a
prime ¢, = a (mod f) giving 04|, = 1 if and only if ¢, splits in K).

If f is prime, (o — Cgfl generates the prime ideal above f; thus:

7 1= Nouy)/x (Gor — G ) = £C?

with 73 = f -9/, 0/ € Eg, whence 73179 = /=7 = y6 .= (C'=)S (Proposition 7.8); the program

computes 3log(C) — 4 log(f) = 3 log(n'), so that, to compute 7 from 7* = V7 %, we must divide the

regulator RegC by 3 and multiply a + 7 8 by 1%] in that case where w, = 1.

If f is composite, we have n = C obtained via the half-system and the class number is the product
of the index of units by w, = 3, so this appear in the results (e.g., for the first example f = 13- 97,
P = a3+ 2% — 4202 — 1728, classgroup = [21] and Index [Ex : Ck] = 7, but a+j 8 = —3 — 2j of norm 7; for
f=132.307, P = a3 — 9212 — 10745, classgroup = [21,3] and Index [Ex : Ck] = 21, but a +j 8 = —5 —j of
norm 21).

To define the correct conjugation, (a7 — (J = G 2 for some prime ¢, we use the fundamental property

Frob(q)

of Frobenius automorphisms giving y = y9 (mod q), for any g-integer y of K, if ¢ is inert in K/Q;
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using 27 = g(), we test the congruence g(z) — ¢ (mod q) to decide if ¢ = Frob(q) or Frob(gq)?, in which
2
case (§; = (3, or (3, giving easily the conjugate 7.

9.2. The general PARI program. The program is the following and we explain, with some examples,
how to use the numerical results checking the Main Conjecture (of course, now, the Main Theorem);
hmin = p*? means that the program only computes fields with p-class groups CKp of order at least p*P;
then bf, Bf define an interval for the conductors f.

Other indications are given in the text of the program (if necessary, the program can be copy and past
at (file “Program.tex”):
https://www.dropbox.com/s/t8f4]j5v9sp629j/Program%20Phi-objects.tex?dl=0 ):

\p 50

{p=7; \\ Take any prime p congruent to 1 modulo 3
bf=2;Bf=10"6;hmin=p~2;

\\ Arithmetic of Q(j), j~2+j+1=0:

S=y~2+y+1;kappa=bnfinit(S) ;Y=idealfactor(kappa,p);

\\ Decomposition (p)=P1*P2 in Z[j]:
Pi=component (Y, 1) [1] ;P2=component(Y,1) [2];

\\ Iteration over the conductors f in [bf,Bf]:

for (f=bf,Bf,vf=valuation(f,3);if (vf!=0 & vf!=2,next);

F=f/3"vf;if (core(F) !=F,next) ;F=factor(F) ;Div=component (F,1) ;
d=matsize(F) [1] ;for(j=1,d,D=Div[j];if (Mod(D,3)!=1,break));

\\ Computation of solutions a and b such that f=(a~2+27*b~2)/4:
\\ Iteration over b, then over a:

for(b=1,sqrt (4*£/27) ,if (vf==2 & Mod(b,3)==0,next) ; A=4*f-27*b"2;
if (issquare(A,&a)==1,

\\ computation of the corresponding defining polynomial P:

if (vf==0,if (Mod(a,3)==1,a=-a) ;P=x"3+x"2+(1-f)/3*x+(£f*(a-3)+1)/27);
if (vf==2,if (Mod(a,9)==3,a=-a) ;P=x"3-f/3*x-f*a/27) ;
K=bnfinit(P,1); \\ PARI definition of the cubic field K

\\ Test on the p-class number #CKp regarding hmin:

if (Mod(K.no,hmin)==0,print();

G=nfgaloisconj(P); \\ Definition of the Galois group G

\\ Frob = Artin symbol defining the PARI generator sigma=G[2]:
forprime(q=2,10"4,if (Mod(f,q)==0,next);
Pg=factor(P+0(q));if (matsize(Pq) [1]==1,Frob=q;break)) ; X=x"Frob-G[2] ;
if (valuation(norm(Mod(X,P)) ,Frob)==0,Frob=1ift (Mod (Frob~2,f)));
E=K.fu;Reg=K.reg; \\ Group of units, Regulator

\\ We certify that a suitable PARI unit is a Z[G]-generator of E_K:
E1=1ift(E[1]);E2=1ift(nfgaloisapply(XK,G[2],E[1]));
Root=polroots(P) ;Rho=real(Root[1]); \\ Selecting a root of P

el= abs(polcoeff(E1,0)+polcoeff (E1,1)*Rho+polcoeff (E1,2)*Rho"~2);
e2= abs(polcoeff (E2,0)+polcoeff (E2,1)*Rho+polcoeff (E2,2)*Rho"2);
1l1=log(el) ;12=1log(e2) ;Regl=11"2+11%12+12"2;quot=Regl/Reg;
print(quot); \\ This quotient must be equal to 1

\\ Computation of the cyclotomic units C1,C2=sigma(C1):

z=exp (I*Pi/f);C1=1;C2=1;

\\ Case of a prime conductor f using (Z/fZ)"* cyclic):

if (isprime(£f)==1,g=znprimroot (f) ~3;

\\ Description of a half-system:

for(k=1, (f-1)/6,gk=1ift (g"k) ; sgk=1ift (Mod(gk*Frob,f)) ;
C1=C1*(z"gk-z"-gk) ; C2=C2* (z"sgk-z"-sgk) ) ;

\\ Logarithms of C1,C2:
L1=3*log(abs(C1))-log(£f)/2;L2=3%1log(abs(C2))-1log(f)/2;

\\ computation of the cyclotomic regulator and of the index Quot=(E:F):
RegC=L1"2+L1*L2+L2"2;Quot=1/3*RegC/Reg); \\ Division by 3 of RegC
\\ Case of a composite conductor:

if (isprime(f)==0,for(aa=1, (f-1)/2,if (gcd(aa,f) !=1,next);

\\ Search of a prime ga congruent to a modulo f, split in K:
qa=aa;while(isprime(qa)==0,qa=qa+f) ;

if (matsize(idealfactor(K,qa)) [1]==1,next);

\\ The Artin symbol of aa fixes K:
C1=C1*(z"aa-z"-aa) ;C2=C2*(z~ (Frob*aa)-z"-(Frob*aa))) ;
Li=log(abs(C1));L2=1log(abs(C2)); \\ Logarithms of C1,C2

\\ computation of the cyclotomic regulator and the index Quot=(E:F):
RegC=L1"2+L1%L2+L2"2;Quot=RegC/Reg) ;
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\\ printing of the basic data of K:
print("P=",P," f=" f,"=" factor(f)," (a,b)=","(",a,",",b")",

" class group=",K.cyc," sigma=",Frob);print("Index [E_K:C_K]=",Quot);
\\ Annihilator alpha+sigma.beta of the quotient E/C:
alpha=((log(el)+log(e2))*L1i+log(e2)*L2) /Reg;
beta=(log(e2)*L1-1log(el)*L2) /Reg;

\\ In the prime case one multiply alpha+j.beta by (1-3)/3:

if (isprime(f)==1,

alphaO=(alphatbeta)/3;
betal=(-alpha+2*beta)/3;alpha=alphal;beta=beta0);

\\ Writing of alpha and beta as reals for checking:
print("(alpha,beta)=","(",alpha,", ",beta,")");

\\ Computation of alpha and beta as integers:

alpha=sign(alpha)*floor (abs(alpha)+10~-6);
beta=sign(beta)*floor (abs(beta)+107-6);

\\ Class group (r = global rank;rp = p-rang;expo = exposant of CKp)

\\ vp = valuations of CKp, ve = valuation of the exponent expo of CKp:
CK=K.clgp;r=matsize(CK[2]) [2] ; CKp=List; EKp=List;rp=0;vp=0;ve=0;
for(i=1,r,ei=CK[2] [i];vi=valuation(ei,p);

if (vi>0,rp=rp+1;vp=vp+vi;ve=max(ve,vi)) ;expo=p-ve;

\\ The rp following ideals Ai generate the p-class group CKp:
Ai=idealpow(X,CK[3] [i],ei/p~vi);listput (CKp,Ai,i);listput(EKp,p~vi,i));
\\ Matrices h and sh of Ai and sAi on the PARI basis of CK
LO=List;for(i=1,r,listput(L0,0,i));LH=List;LsH=List;
for(i=1,rp,Ai=CKp[i] ;h=bnfisprincipal(X,Ai) [1];
sAi=nfgaloisapply(K,G[2],Ai);sh=bnfisprincipal (K,sAi) [1];
print("h=",h,", ","sigma(h)=",sh);listput(LH,h,i);listput(LsH,sh,i));
\\ Determination of the Pi-valuations of (alpha+j.beta), i=1,2:

Z=Mod (alpha+y*beta,S) ;wl=idealval (kappa,Z,P1) ;w2=idealval (kappa,Z,P2) ;

print(wl," ",w2," P1 and P2-valuations for alphat+j*beta");
\\ Galois structure of CKp; computation of the phi-components:
if (rp==1,

u=1lift(LsH[1] [1]*Mod (LH[1] [1] ,expo)~-1);

YY=Mod(y-u,S) ;vi=idealval (kappa,YY,P1) ;v2=idealval (kappa,YY,P2);
vi=min(vil,ve);v2=min(v2,ve);

print(vi," ",v2," P1 and P2-valuations for H"));

if (rp==2,

\\ Computation of ci(mod expo) such that Pi=(ci+j),i=1,2:
Sp=lift(factor(S+0(p~ve))) ;Spl=component (Sp,1) [1];Sp2=component (Sp,1) [2];
cl=polcoeff (Sp1,0);c2=polcoeff (Sp2,0);

\\ Coefficients of LH[1],LsH[1],LH[2],LsH[2], on the PARI basis of CK
H1=LH[1];A1=H1[1];B1=H1[2];sH1=LsH[1];C1=sH1[1];D1=sH1[2];
H2=LH[2] ;A2=H2[1] ;B2=H2[2] ; sH2=LsH[2] ;C2=sH2[1] ;D2=sH2[2] ;

\\ Computation of the determinants of the relations:
Deltal=((C1l+c1*A1)*(D2+c1*B2)-(D1+c1*B1)*(C2+c1*A2));
Deltal=1ift(Mod(Deltal,expo));
Delta2=((C1l+c2*A1)*(D2+c2*B2) - (D1+c2*B1)* (C2+c2*A2)) ;
Delta2=1ift(Mod(Delta2,expo));

print(Deltal," ",Delta2," Determinants: Deltal,Delta2");

\\ Computation of the relations defining the phi-components:
r11x=Cl+c1*A1;r11y=C2+c1*A2;r12x=D1+c1*B1;r12y=D2+c1*B2;

ri1x=1ift (Mod(r1ix,expo));rily=1ift(Mod(rily,expo));

r12x=1ift (Mod(r12x,expo)) ;r12y=1ift (Mod(r12y,expo));
r21x=C1+c2%A1;T21y=C2+c2*A2; r22x=D1+c2+B1; r22y=D2+Cc2%B2;

r21x=1ift (Mod(r21x,expo) ) ;r21y=1ift (Mod(r21y,expo));

r22x=1ift (Mod(r22x,expo)) ;r22y=1ift (Mod (r22y,expo)) ;
print("R11=",rilx,"*X+",rily,"*Y"," R12=",r12x,"*X+",ri12y,"*Y");
print ("R21=",r21x,"*X+", 21y, "kY"," R22=",r22x, "*X+",r22y,"*¥"));
\\ Structure of the torsion group Tp of p-ramification:

n=6; \\ Choose any n, large enough, such that p~(n+1) annihilates Tp:
LTp=List;Kpn=bnrinit(K,p~n) ;Hpn=Kpn.cyc;

dim=component (matsize (Hpn),2) ;for (k=2,dim, c=component (Hpn,k) ;

if (Mod(c,p)==0,1listput (LTp,p~valuation(c,p),k)));

print("Structure of the ",p,"-torsion group: ",LTp)))))}
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9.3. Numerical examples. Since the approximations are in general very good (with precision \p 50), we
have suppressed useless decimals in the numerical results for integers computed and given as real numbers.
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But for some conductors, the precision \p 100 may be necessary, because of a fundamental unit close to 0
(e.g., f =21193, 30223). For f = 42667, \p 100 does not compute correctly and \p 150 gives a nice result
for o and 3; but we see that, for this example,

e_1=3062171948818717694.348000505806 & e_2=1.221295564694 E-69,

which explains what happens.

Note that, according to the PARI version used, numerical data for generators of class groups may vary
and propagate in other computations, but without any trouble for final results.

9.3.1. Galois structure of &k | Fk . Let € be the Z|G]-generator of Ex and let n that of the subgroup Fx
of Leopoldt’s cyclotomic units; thus we have = ¢**#9 and obtain the isomorphism:

Ex/Fx ~ Z[jl/(a+j B)Z[j],

where j is a root of S :=y? +y + 1.

In all the sequel, from a factorization p = (ry + jr}) - (r2 + jrh) giving the ideal product (p) = pip2
in Z[j], we associate, for the exponent p¢, the two annihilators ¢; + o such that (¢; + j) = p§ (up to a
prime-to-p ideal); this preserves the definition of the ¢, and p,-components.

For instance, for p =7, p1 := (=2 + j)Z[j] and p2 := (3 + j)Z[j]; writing (o + 7 3) =: p% - p4 - a, a prime
to 7, we get immediately the two ¢-components of &k = &k / Fk (e.g., if e = 2, the two annihilators are
19 + j and —18 4 j, respectively; for p = 13, we get 23 + j and —22 + j).

9.3.2. Glalois structure of ¥k . Recall that bnfisprincipal(K, A)[1] gives the matrix of components of the
class of A on the basis {hq,...,h,} given by K.clgp (in CK) and the fact that 0 at the place ¢ means that
the corresponding component of cl(A) on h; is trivial.

We first replace the generators of Hyx by generators Ai of ¢ (where r, < r is the p-rank). The

Galois action on the Ai is computed using the instructions (where G[2] gives the o-conjugate, G[1] being
the identity):

h=bnfisprincipal(K,Ai) [1];sAi=nfgaloisapply(K,G[2],Ai);

sh=bnfisprincipal (K,sAi) [1]};

so the Galois structure of % becomes linear algebra from the matrices given by the program, via the
relations:

h=II2 ki (inh) & ho =T[;"; kY (in sh).

(a) Case of 7-rank 77 = 1. This case is obvious, writing h = h{, h° = h%; we put P, =c+vy
(mod 7¢) and P,, = ¢z +y (mod 7¢), where 7¢ is the exponent of #%; we obtain h“*+7 = RS+ and
heato = pS2eth. oo e = H,, (resp. ) if and only if cia +b = 0 (mod 7¢) (resp. c2a +b =0
(mod 7¢)). In fact one computes —a*b+ j, where a* is inverse of @ modulo 7¢, and write (—a*b+ j) = p¥
for the suitable i € {1,2}.

The Galois actions are to be read in columns; for instance, the valuations in the two lines:

v 0 P11 and P2 — valuations for alpha + j * beta
v 0 P1and P2 —valuations for H

give the structures Z[j]/p} - p3 for “# = & = &) F and A7, respectively, whence .#, =~ Z[j]/p7,
AMp, =1, and so on. First examples:

P=x"3+x"2-104*x+371 £=313=Mat([313,1]) (a,b)=(35,1)

Class group=[7] sigma=4

(alpha,beta)=(-3.000000000,-2.000000000) Index [E_K:C_K]=7.000000000
h=[1]1"~, sigma(h)=[2]1"

1 0 P1 and P2-valuations for alpha+j*beta

1 0 P1 and P2-valuations for H

Structure of the 7-torsion group: List([7,7])

We have g{%’l ~ A, ~ (Z[j]/p1) ® Zz ~ Z/TZ and the conjugation h” = h?, giving the annihilator
(—24j) = p1 as expected; whence the two columns given by the program. We deduce that Tx = #x Xk .
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P=x"3+x"2-2450*x-1089 £=7351=Mat([7351,1]) (a,b)=(-1,33)

Class group=[49] sigma=4

(alpha,beta)=(5.000000000,8.000000000) Index [E_K:C_K]=49.000000000
h=[1]", sigma(h)=[30]"

2 0 Pl and P2-valuations for alpha+j*beta

2 0 Pl and P2-valuations for H

Structure of the 7-torsion group: List([2401])

We have (a + jB) = (5 + 8j), thus the annihilator (19 + j) = p?; then h? = h30 gives (modulo 7?)
the same annihilator. The two (p,-components are of course trivial. Since T ~ Z/T'Z, #x = 9; and

%K ~ y}(/;@]( ~ Z/72Z

The first field such that s ~ Z /737 is the following:
P=x"3+x"2-77006%x-34225 £=231019=Mat ([231019,1]) (a,b)=(-1,185)
Class group=[343] sigma=4
(alpha,beta)=(19.000000000,18.000000000) Index [E_K:C_K]=343.000000000
h=[1]~, sigma(h)=[18]"

0 3 P1 and P2-valuations for alpha+j*beta
0 3 Pl and P2-valuations for H
Structure of the 7-torsion group: List([343,7])

The annihilator of J# is (—18 + j) = p3. The structures are similar with the (,-components since
(19 + 18;) = p3. In that case, Tx = Hi © Xk with Ak ~ 7Z/T37 and Xk ~ L]TZ.

(b) Case of 7-rank 77 = 2 This case depends on the matrices giving:
h = [a,b], sigma(h) = [c,d] & h =[a',b’], sigma(h’) =[c,d];

this means that the corresponding generating classes h, h’, fulfill the relations (regarding the basis {h1, h2}
of the class group) h = h$ - h} and h? = h$ - hd, then h' = h¢' - hY and h? = h{ - h¢ . Thus we compute
the conditions H¢t° = 1, i = 1,2, for H := h® - h'Y; this gives the relations R11, R21 of the program
(the relations R12, R22 are checked by security since they must be proportional to the previous ones);
whence the arrangement of lines when the conjecture holds. The program computes the corresponding
determinants of the relation (Determinants Deltal Delta2); this is superfluous but have been computed (but
not printed) for verification.

P=x"3+x"2-3422*x-1521 £=10267=Mat([10267,1]) (a,b)=(-1,39)

Class group=[7,7] sigma=2

(alpha,beta)=(-7.000000000,-7.000000000) Index [E_K:C_K]=49.000000000
h=[1,0]", sigma(h)=[0,1]"

h’=[0,1]1", sigma(h’)=[6,6]"

1 1 Pl and P2-valuations for alpha+j*beta

R11=3*X+6*Y R12=1%X+2x*Y

R21=5*X+6*Y R22=1*X+4x*Y

Structure of the 7-torsion group: List([49,7])

This case means that & ~ Z[j]/(7), giving the two non trivial p-components of order 7. The relations,
for J#5, reduce to:
R11=3%«X+6*Y, R21=5xX+4+6xY.
Thus Hi = H, & Ay, ~LITLG L)L, R = T ~ LJTL.

P=x"3+x"2-55296%x-1996812 f=165889=[19,1;8731,1] (a,b)=(-322,144)
Class group=[294,2,2,2] sigma=25
(alpha,beta)=(-32.000000000,-20.000000000) Index [E_K:C_K]=784.000000000
h=[6,0,0,0]", sigma(h)=[108,1,0,0]"

0 2 P1 and P2-valuations for alphat+j*beta

0 2 P1 and P2-valuations for H

Structure of the 7-torsion group: List([49])

Here Zx = 1 and T = Hi ~ (Z[j]/93) @ L7 ~ L7 ]7*Z5.

P=x"3+x"2-453576%x+117426873 £=1360729=Mat ([1360729,1]) (a,b)=(2333,1)
Class group=[98,14] sigma=2

(alpha,beta)=(42.000000000,28.000000000) Index [E_K:C_K]=1372.000000000
h=[1,0]", sigma(h)=[44,11]"

h’=[0,11", sigma(h’)=[7,11]~

2 1 P1 and P2-valuations for alpha+j*beta

R11=14*X+7%Y R12=11%X+30*Y
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R21=26*X+7*Y R22=11*X+42xY
Structure of the 7-torsion group: List([49,7,7])
We have (a + 35) = 2 - 7(3 + 2j) giving the annihilator p?ps which is also the annihilator of 5% . The
structure is Jx = Hx © Zx.
P=x"3+x"2-884540%x-393129 £=2653621=Mat ([2653621,1]) (a,b)=(-1,627)
Class group=[686,14] sigma=2
(alpha,beta)=(-112.00000000,-70.00000000) Index [E_K:C_K]1=9604.00000000
h=[2,0]~, sigma(h)=[36,2]"
h’=[0,2]~, sigma(h’)=[0,4]1"
1 3 Pl and P2-valuations for alpha+j*beta
R11=74*X+0*Y R12=2xX+42%Y
R21=0*X+0*Y R22=2%X+311%Y
Structure of the 7-torsion group: List([343,49])

In that case, Tx ~ Z /737 & 7.)7*7 and Zy ~ (Z)737)° © (7Z/7?Z) in an obvious meaning.

(c) Larger 7-ranks. If the order 73, with 7-rank 1 or 2, is rather frequent for the 7-class group, we
find, after several days of computer, only three examples of 7-rank 3 in the interval f € [7,50071423];
they are obtained with the conductors f = 14376321, 39368623,43367263, giving interesting structures
(use precision \p 100).

The least cubic field with 7-rank 3 is the following:

P=x"3-4792107*x+4022175142 £=14376321=[3,2;1597369,1] (a,b)=(-7554,128)
Class group=[21,7,7] sigma=5

(alpha,beta)=(-7.000000000,-21.000000000) Index [E_K:C_K]=343.000000000
h =[3,0,0]", sigma(h) =[15, 4, 01~

h’=[0,1,0]", sigma(h’)=[3, 1, 0]~

h"=[0,0,1]1", sigma(h")=[6, 5, 2]~

2 1 P1 and P2-valuations for alpha+j*beta

Structure of the 7-torsion group: List([7,7,7])

Using the information on « and 3, we obtain, for Ex = Ex | Fk:
Ex = (Z[j)/T- (3+2)) ® Zr = (Z[j]/pip2) © Zs
~ (Z[j]/pT ® Z[j]/p2) @ L,
where p; = (=24 j) and p2 = (34 j). We get the p-components @5% ~ (Z[j]/p?) ® Z7 ~ Z/7?Z and
Ep, = (Z[j]/p2) © L7 ~ ZTL.

To obtain the two p-components of # = Tk, we put H = h*h'Yh/"* and we determine the solutions
of the two relationsH (7 = 1, i = 1,2, that is to say, H=2+% = 1 and H3+% = 1, respectively. We then
obtain the systems (considered modulo 7 since the exponent of J#% is 7):

3z 4+ 3y+62=0
(H 2t =1) & {4x+4y+52=0 (H** =1).

{2:c+3y+62—0
z=0,

dr +6y+52=0

Since the first system is of rank 1 and the second one of rank 2, they are equivalent to:
2043y +62=0(H?=1) & [vt+y=0 & z=0] (H3>"7=1).
Which gives, considering the F7-dimensions given by the systems:

Hop, = [(Zlj]/p1) © Zz]) & [(ZLj]/p1) ® Z7] &, ~ (Z[j)/p2) ® Zr.

We have indeed equalities for the orders of the p-components relative to gK and J#%, respectively, but of
course with different structures of Z7[j]-modules since &, ~ Z/7°Z and ¢, ~ [Z/?Z]2.
The two other examples are similar:

P=x"3+x"2-13122874*x-7765825411

£=39368623=[7,1;79,1;71191,1] (a,b)=(-5323,2187)

class group=[21,21,7] sigma=4

(alpha,beta)=(28.000000000,-7.000000000) Index [E_K:C_K]=1029.000000000
h =[3,0,0]~, sigma(h) =[3,9,0]1"

h’=[0,3,0]~, sigma(h’)=[18,15,0]1"

h"=[0,0,1]~, sigma(h")=[15,6,4]1"
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1 2 P1 and P2-valuations for alpha+j*beta
Structure of the 7-torsion group: List([7,7,7])

P=x"3+x"2-14455754*x-16977480367

£=43367263=[43,1;1008541,1] (a,b)=(-10567,1513)

class group=[273,7,7] sigma=2

(alpha,beta)=(42.000000000,77.000000000) Index [E_K:C_K]=4459.000000000
h =[39,0,0]~, sigma(h) =[0,5,1]"

h’=[0,1,01", sigma(h’)=[156,6,5]1"

h"=[0,0,11", sigma(h")=[0,0,21"

2 1 P1 and P2-valuations for alpha+j*beta

Structure of the 7-torsion group: List([49,7,71)

(d) Larger primes p. Let’s give, without comments, some examples:

p=13 P=x"3+x"2-15196*x-726047 f=45589=Mat ([45589,1]) (a,b)=(-427,1)
Class group=[169] sigma=2

(alpha,beta)=(15.000000000,8.000000000) Index [E_K:C_K]=169.000000000
h=[1]", sigma(h)=[146]"

2 0 P1 and P2-valuations for alphat+j*beta

2 0 P1 and P2-valuations for H

Structure of the 13-torsion group: List([169])

p=13 P=x"3+x"2-238516+x-7579519 £=715549=Mat ([715549,11) (a,b)=(-283,321)
Class group=[13,13] sigma=2
(alpha,beta)=(7.000000000,-8.000000000) Index [E_K:C_K]=169.000000000
h =[1,0]~, sigma(h) =[9,0]~
’=[0,1]~, sigma(h’)=[0,9]"
0 2 P1 and P2-valuations for alphat+j*beta
R11=0*X+0*Y R12=0*X+0*Y
R21=6*X+0*Y R22=0*X+6*Y
Structure of the 13-torsion group: List([13,13])

p=19 P=x"3-137271%x+45757 £=411813=[3,2;45757,1] (a,b)=(-3,247)

Class group=[1083] sigma=2

(alpha,beta)=(-21.000000000,-5.000000000) Index [E_K:C_K]=361.000000000
h=[3]", sigma(h)=[204]"

0 2 P1 and P2-valuations for alpha+j*beta

0 2 Pl and P2-valuations for H

Structure of the 19-torsion group: List([361])

p=19 P=x"3+x"2-162636%x+25190561 £=487909=[31,1;15739,1] (a,b)=(1397,1)
Class group=[57,19] sigma=2
(alpha,beta)=(19.00000000,4.19514516 E-69) Index [E_K:C_K]=361.00000000
h =[3,0]", sigma(h) =[51,16]1"
’=[0,1]1~, sigma(h’)=[3,1]"
1 1 P1 and P2-valuations for alpha+j*beta
R11=18*X+3*Y R12=16*X+9*Y
R21=11%X+3*Y R22=16*X+13*Y
Structure of the 19-torsion group: List([19,19])

p=31 P=x"3+x"2-63804*x+6181931 f=191413=Mat([191413,1]) (a,b)=(875,1)
class group=[31,31] sigma=4

(alpha,beta)=(31.00000000,-4.10842850 E-69) Index [E_K:C_K]=961.00000000
h=[1,0]~, sigma(h) =[30,30]"

h’=[0,1]1", sigma(h’)=[1,0]"

1 1 P1 and P2-valuations for alpha+j*beta

R11=5xX+1%Y R12=30*X+6*Y

R21=25*X+1%Y R22=30*X+26%*Y

Structure of the 31-torsion group: List([31,31])

p=31 P=x"3+x"2-76004*x-8090239 f=228013=Mat([228013,1]) (a,b)=(-955,1)
class group=[961] sigma=2

(alpha,beta)=(-11.000000000,-35.000000000) Index [E_K:C_K]=961.000000000
h=[1]", sigma(h)=[439]"

2 0 P1 and P2-valuations for alphat+j*beta

2 0 P1 and P2-valuations for H

Structure of the 31-torsion group: List([961])
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10. CONCLUSION

Some standard probabilistic approaches, may confirm (or not) the classical Cohen—Lenstra—Malle—
Martinet heuristics on p-class groups; indeed, heuristics on the JZ7"’s (which yield information on the

whole p-class group) must be compatible with that obtained with the (gi,’s.

Then, the main problem remains a proof of the Main Conjecture in the non semi-simple real case using
the statement with Arithmetic p-objects, especially a proof that for all abelian real field K, with a cyclic
maximal p-sub-extension, we have, for all ¢ € ¢k (cf. §8.2.2):
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