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APPLICATION OF THE NOTION OF ¢-OBJECT TO THE STUDY
OF p-CLASS GROUPS AND p-RAMIFIED TORSION GROUPS
OF ABELIAN EXTENSIONS

GEORGES GRAS

ABSTRACT. Article based on the English translation, with many improvements, new results, and
numerical illustrations, of our following original articles in French:

Application de la notion de p-objet a ’étude du groupe des classes d’idéaux des ex-
tensions abéliennes, Publications Mathématiques de Besangon. Algebre et théorie des nombres
2(1) (1976), 99 p. https://doi.org/10.5802/pmb.a-10

Etude d’invariants relatifs aux groupes des classes des corps abéliens, Astérisque 41-42
(1977), 85-58. http://www.numdam.org/item?id=AST_1977_.41-42_35_0

The “Main Conjecture”, about the equality of Arithmetic and Analytic Invariants, that we
revisit here, were stated in the papers mentioned above and given at the meeting: “Journées
arithmétiques de Caen” (1976). These papers were written in french with illegible fonts due to
the use of "typits”, on typewriters, for mathematical symbols | So they were largely ignored, as
well as some aspects of Leopldt’s papers on cyclotomy, written in Germain, in the 1950/1960’s.
Since that time, these abelian conjectures have been masterfully proven, essentially in the semi-
simple case, then in general for relative class groups and Iwasawa’s theory framework. The
non semi-simple real case, was less understood because of a problematic definition of cyclotomic
units (Leopoldt, Sinnott, etc.); but at the time, we proposed another more natural and canonical
conjectural context, still unproved to our knowledge (see the important Remark 7.12).

Let 4 .= Gal(@ab/Q) be the Galois group of the maximal abelian extension Q*" of Q and denote
by K any subfield of finite degree of Q*. The present article is divided into the following parts,
after an Introduction giving a brief description about the story (rather prehistory) that led to
the numerous proofs giving the “Main Theorem” on abelian fields:

(i) An algebraic part giving a systematic study of families My, K C Q®, of Z[#]-modules
and of the Z,[¥]-modules Ak := Mg ®Zy, including the non semi-simple case (i.e., p | [K : Q]).
This study leads to the definition of sub-modules .Z2'¢ (algebraic) and .Z2" (arithmetic), indexed
by the set of irreducible p-adic characters ¢ of ¢ (leading to the notion of p-objects).

The difference between .Z2' (used in all the literature) and .#2" is that the first one relates
to algebraic norms 1, ;s € Z[Gal(k/k")] for their properties, while the second one uses arithmetic
norms Ny ./, the gap being given by the relation 14, /5r = Jy/x © Ny /ir, where the transfer map
Ji/k is often non injective in p-extensions (see the corresponding definitions and the non semi-
simple examples, given § 3.3, justifying our Definition 3.12 for the Main Conjecture). Moreover
the “arithmetic” point of view allows more natural analytic formulas (as that of Theorem 3.15).
See §4.3 for the main properties of these families.

(ii) An arithmetic part where we apply the results on ¢-objects to the p-class groups J#%, for
K real or imaginary, then to the torsion groups Jx of the Galois group of the maximal p-ramified
abelian pro-p-extension of K real. For any rational character x and any p-adic characters ¢ | x,
we define the “Class Invariants” m?,,lg(%’) (algebraic), mg (o), my, (7) (arithmetic) and, in §8.2,
we define the corresponding “Analytic Invariants” mQ"(»), mg'(7) suggested by the analytic
formulas obtained for the arithmetic x-components (Theorems 5.10, 7.10, 6.2), and we develop
the problem of their comparison for even and odd p-adic characters (.

We conjecture a new annihilation theorem for JZ;", for any even ¢ (Conjecture 7.14).

Even if the conjectures are now largely proved in various ways, and extended to Iwasawa’s
theory statements, the case of even p-adic characters in the non semi-simple case seems largely
unproved to day. So, the method of p-objects may be useful to examine this case where the
distinction between “algebraic” and “arithmetic” definitions is particularly crucial.

(iii) An illustration is given with cyclic cubic fields for p = 1 (mod 3), as well as a PARI
program computing the above invariants, which was not possible in the 1970’s.

Date: January 5, 2022.
2020 Mathematics Subject Classification. Primary 11R18, 11R29, 11R27 ; Secondary 11R37, 12Y05, 08-04.
Key words and phrases. abelian fields; p-adic characters; class groups and units; cyclotomic polynomials.
1


https://doi.org/10.5802/pmb.a-10
http://www.numdam.org/item?id=AST_1977__41-42__35_0

CONTENTS

1. Introduction and brief historical survey

1.1. Main bibliographic reminders - Pioneering references
1.2.  Introduction of Arithmetic Objects

1.3.  Conclusion

2. Abelian extensions

2.1. Characters

2.2.  Main definitions and results

3. Definition and study of the x-object and (-objects

3.1. The Algebraic and Arithmetic ¥-families

3.2.  Definition of the ¥-modules M;lg, M, //ljlg, M

3.3. Comparison .#> versus ./

3.4. Arithmetic computation of #M g and #.# for cyclic extensions
4. Semi-simple decomposition of the Z,[¥]-modules //Z;Ig
4.1.  Study of the algebra o7, = Zy[G,|/(Py(0y))

4.2. Semi-simple decomposition of the <7 -modules .Z}"

4.3. Summary of the main results

5. Application to relative class groups of abelian extensions
5.1.  Arithmetic definition of relative class groups

5.2. Proof of the equality H}" = H;lg, for all y € 27~

5.3. Computation of #Hf" for x € 27~

5.4. Annihilation theorem for relative p-class groups

6. Application to torsion groups of abelian p-ramification
6.1. Order of Ik

6.2. Annihilation theorem for Jx

7. Application to class groups of real abelian extensions

7.1. The Leopoldt x-units

7.2. The Leopoldt cyclotomic units

7.3.  Arithmetic computation of #H} and #" for x € 2 +
7.4. Class field theory and regulators

7.5.  Annihilation conjecture for real p-class groups

8. Invariants (Algebraic, Arithmetic, Analytic) — Main Conjecture
8.1. Definitions of Algebraic and Arithmetic Invariants m®#), m* ()
8.2. Definitions of of Analytic Invariants m?®"(.#)

8.3. The Main Conjecture — Motivations and Statement

8.4. Finite Iwasawa’s theory in p-cyclic extensions

9. Numerical illustrations with cyclic cubic fields

9.1. Description of the computations

9.2. The general PARI program

9.3. Numerical examples

References

Original references (1976)
Additional references (2021,/2022)

1. INTRODUCTION AND BRIEF HISTORICAL SURVEY
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We translate, into english, and improve (with PARI programs and numerical illustrations),
some parts of the original french versions of the papers [Gral976, Gral976/77], despite the fact
that some arguments are now well-known, and that many progress have been done, to culminate
with the Main Theorem on abelian fields, proving (essentially in the semi-simple case, then in
general, for relative class groups and Iwasawa’s theory framework), some of the conjectures that
we stated in the 1970’s.
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However, the non semi-simple real case does not seem fully elucidated. Note that, in the
literature, the word “Main Conjecture/Theorem” is related to the particular Iwasawa’s theory
statement.

1.1. Main bibliographic reminders - Pioneering references. It is not possible to give here
all the story of such a subject, from Bernoulli-Kummer—Herbrand classical context, the initiat-
ing work of Iwasawa, Leopoldt, Greenberg, on the conjectures, then the deep results obtained
by Ribet—-Mazur—Wiles—Thaine-Rubin—-Kolyvagin—Solomon—Greither—Coates—Sinnott, and oth-
ers, on cyclotomy and p-adic L-functions, also giving the Iwasawa formulation of the Main
Theorem (see e.g., [Greel975], [Greel977]), which is less precise than the expected results for
finite extensions, but more conceptual in broader contexts (in fact, describing the similarity with
the theory of p-adic L-functions, a more generalizable feature).

We refer, for a very nice story of pioneering works, to Ribet [Rib2008a, Rib2008b], for detailed
proofs of Iwasawa Main Conjecture, to Washington’s book [Was1997, Chap. 15] (following
techniques initiated by Thaine, then Kolyvagin, Ribet, described in Lang’s book [Lang1990]).
A Bourbaki Seminar, by Bernadette Perrin-Riou [PR1990], gives a significant lecture, with an
impressive bibliography, on the works of Kolyvagin, Rubin and others about the Main Conjectures
for number fields and elliptic curves.

Finally, a proof of our conjectures for the relative p-class groups 2~ and the real torsion
groups 7 of the Galois groups of the maximal abelian p-ramified pro-p-extensions was given
(by Solomon, for .~ and p # 2 [Sol1990, Theorem II.1], by Greither, for 5#~, .7 with p > 2,
and 2T in a semi-simple context [Grei1992, Theorems A, B, C, 4.14, Corollary 4.15]). Let us
mention especially the proof by Rubin [Rub1990], from Kolyvagin “Euler systems” [Kol2007]
used in the above works.

Many complementary works about the orders or the annihilation of the J7,, for irreducible
p-adic characters ¢, were published before or after the decisive proofs (e.g., [Gral977, Gil1977,
Gral979, Or1981, Or1986, BelNg2005, All2013, BelMar2014, All2017, Gra2018b]). Let us men-
tion, for example, the (not very well-known) result of Oriat [Or1986, Theorem, p.333] showing
an algebraic link between the Main Conjectures, for J7, and 7%, in an abelian field containing
tp and under some assumptions, where @ is the reflection of ¢.

In the same way, it is hopeless to outline all generalizations giving “Main Conjectures” in other
contexts than the absolute abelian case (e.g., [MazRub2011, CoLi2019, CoLi2020, BBDS2021]);
an expository book may be [CS2006] for more recent works, but excluding the story of the
origins of the Main Conjecture as explained in Solomon—Greither papers [Sol1990, Greil992],
Washington’s book [Was1997], and Ribet’s Lectures [Rib2008a, Rib2008b].

In another direction, we refer to enlargements of the algebraic/arithmetic aspects with p-adic
characters in the area of metabelian Galois groups, with applications to class groups and units
(see for instance [Jaul981, Théoreme 1 and consequences], then [Jaul984],[Jaul986] in a class
field theory context, [Lec2018, SchStu2019] in a geometric or Galois cohomology context), and
the references of these papers. Due to the huge number of articles dealing with the concept of
“Main Conjecture”, some more recent (or not) articles may have escaped our notice and any
information on this will be welcome.

1.2. Introduction of Arithmetic Objects. Nevertheless, these works deal with algebraic defi-
nitions of the p-objects (for p-adic characters ¢); that is to say, for G := Gal(K/Q) cyclic of order
g =0 (mod p), %alg = Ak ®2,(] Lyplpg] = {x € Ak, Vgp(x) = 1, for allk & K} for p-class
groups (V) = algebraic norm), contrary to J5" := {z € H#x, N (z) =1, for allk & K} (see
§2.2 for the main definitions and results). So the distinction between algebraic and arithmetic
(p-components is not done in the literature. This does not matter for relative p-class groups S~
and torsion groups .7 since we will prove that the two notions coincide (Theorems 5.8, 6.1); so
the case of these invariants can be considered as definitely solved, contrary to real p-class groups
7 in the non semi-simple case. We give numerical illustration showing the gap between the
two notions (see § 3.3 for the two numerical examples given with p = 3).
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If one replaces the p-class group % of a real abelian field K by the larger Z,[¢]-module Jk
(torsion group of the Galois group of the maximal abelian p-ramified pro-p-extension of K), one
gets easier annihilation theorems and a proof of the Main Conjecture for such invariants. Indeed,
for them, the norm maps Ny i, are surjective and the transfer maps Jy ;s are injective under
Leopoldt’s conjecture [Gra2005, Theorem IV.2.1], [Jaul986, Jaul998, Ngl986]; so this family
behaves as the family of relative class groups, which allows obvious statements of the Main
Conjecture and then their proofs with similar techniques, as done for instance in [Greil992].

Moreover, Jk is closely related to the p-adic L-functions “at s = 1”7 [Coal975] and a par-
ticularity of Jx is its interpretation by means of the three Z,[%]-modules 5", Zx, Wi ; see
[Gra2005, Lemma I11.4.2.4], leading to the exact sequence (6.1) and the formula:

# T = # I - #HK - # Wk,

where #¥ is an easy canonical invariant depending on local p-roots of unity, Z is the normalized
p-adic regulator [Gra2018a, Lemma 3.1], and 745" a subgroup of #% (equal to .#%, except
“the part” corresponding to the maximal unramified extension contained in the cyclotomic Z,-
extension of K). The main invariant, besides the p-class group, is Zx whose order is (up to
an obvious factor) the classical p-adic regulator given by the p-adic analytic formulas, from
the pioneering work of Kubota—Leopoldt on p-adic L-functions, then that of Amice—Fresnel-
Barsky (see e.g., [Frel1965]), Coates, Ribet and many other; see a survey in [Gral978/79a] and
a lecture in [Rib1979] where is used the beginnings of the concept of p-adic pseudo-measures of
Mazur, developed by Serre [Ser1978]). At this time was stated the Iwasawa formalism of the
Main Conjecture by Greenberg [Greel975, Greel977] after Iwasawa [Iwal964b] and annihilation
theorems. We have discussed in [Gra2019, Gra2016] the behavior of Zx when p — oo

1.3. Conclusion. Let K/Q be a real abelian extension with a cyclic maximal p-sub-extension
assumed to be non trivial (non semi-simple case); set & := E ® Z,,, were E denotes groups of
global units in K. It would remain to prove our conjecture [Gral976/77] for the even p-adic
characters ¢, of Gal(K/Q), saying that #5" = w,, - #&, (w, € {1,p}), &, being the “p-part”,
in the meaning of p-objects, of &k = éaK/éa[%-ﬂK, where é‘}% C &k is generated by the &, for all
k& K and F = Fg ®Z, is the group of Leopoldt’s cyclotomic units (¢-version of the analytic
formula of Theorem 7.10, Corollary 7.11, and Remark 7.12).

2. ABELIAN EXTENSIONS

The idea of definition of the p-objects owes a lot to the work of Leopoldt [Leo1954, Leol962]
and their writing in french by Oriat in [Or1975a, Or1975b]. Some outdated notations in [Gral976,
Gral976/77, Gral977] are modified, after changing ¢ into p (e.g., Q) — @p, ﬁp = Cp, I' = Zp)
and new results are mentioned using additional references (References 9.3.2).

2.1. Characters. Let Q2P be the maximal abelian extension of Q, contained in an algebraic
closure Q of Q with the following diagram of inclusions (Q,, is an algebraic closure of Q, containing

Q, C, a completion of Q, and & := Gal(Q?*/Q)):

Q———Q,Q* Q, c,
| Q
@ - @pm@abi Qab
-—
9

_ Denote by W the set of irreducible characters of ¢, of degree 1 and finite order, with values in
Qp- We define the sets of irreducible p-adic characters ®, for the given prime p > 2, the set 2~
of irreducible rational characters and the corresponding sets of irreducible characters ¥y, @,

Z¥, of the Galois group, G := Gal(K/Q), of a subfield K of Q*P. The notation v | ¢ | x (for
Y eV ped, xe€Z) means that ¢ is a term of x and ¢ a term of .
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Let s € ¢ be the complex conjugation and ¢ € WU; if ¢(s) = 1 (resp. ¥(s) = —1), we say that
1 is even (resp. odd) and we denote by U} (resp. ¥) the corresponding subsets of characters.
Since \I’}t{ is stable by any conjugation, this defines <I>}t{, Z, f{c

Let x € £ be an irreducible rational character. Denote by:

9 Ko Gy, fro Qlugy),
the order of any v | x, the subfield of K fixed by Ker(x) := Ker(z), Gal(K, /Q), the conductor
of Ky, the field of values of the characters, respectively.
The set 2" has the following useful property which may be considered as an obvious “Main

theorem” for rational components (see e.g., [Leo1954, Chap. I, §1, 1]):

Theorem 2.1. Let K/Q be a finite abelian extension and let (Ay)yeay and (A))yeay be two

families of numbers, indexed by the set Zx of irreducible rational characters of K. If for all

subfields k of K, the equalities 11 A;( = I Ay are fulfilled, then A;( =A, forall x € Zk.
XE X% XEZk

2.2. Main definitions and results. Let M = (Mg )gec» be a family of finite Z[4]-modules,
indexed with the set J# of abelian extensions of QQ, and provided with the arithmetic norms
N/ and transfer maps Jg y, for any k& C K, where Jg /1, o Ny, = Vg, (the algebraic norm
in Z[Gal(K/k)]); we will give more well-known details in Section 3.1.

We associate with M the family of Z,[¥4]-modules 4 := M ® Z,,.
We define various x-components M;lg, MY, ///flg, MY (for x € 27), and we define various
(p-components %Slg, MG (for ¢ € ®), as follows:

Let P, be the global g, th cyclotomic polynomial and let P, be the local cyclotomic polynomial
associated with ¢ | x (so that P =[], Py in Zp[X]). We define:

M8 .= {2 € Mg, Pyoy) =1}, 42 = M 07,

//lglg ={ze %flg, Py(oy) -z =1},

M = {z € MY®, Ng_p(x) =1, forall k G Ky}, 42 = MY @ Z,,

M= {x € MEE Nk k() =1, for all k & K, }.

(i) Then we have the following results about the algebraic and arithmetic y-components:
M;lg = {z € Mg,, Vi, k(z) =1, for all k & K, } (Theorem 3.8),

///ng = Sg%(///;lg (Theorem 4.1),

M= Sz///;r (Theorem 4.4).

(ii) Assume that K/Q is cyclic and Mg finite.
(ii") If, for all sub-extensions k/k" of K/Q, the norm maps Ny, ;s are surjective, then:

#My = 1] #MZ (Theorem 3.15),
XEZK

where 2k denotes the set of rational characters of K (i.e., such that K, C K).

(ii”) Let K/Kj be the maximal p-sub-extension of K/Q; if, for all sub-extensions k/k’ of
K /Ko, the norm maps Ny, ;s are surjective, then:

# MY = I_‘I #.4," (Theorem 4.4 for finite modules).
elx
(ii””) The above conditions of surjectivity of the norms are automatically fulfilled for the
families H, 57, 7.

(iii) Applying this to class groups H and torsion groups 7 of abelian p-ramification, we obtain:
(iii”) For all odd characters y, we have:

HY = HY¢ and A = %alg , for all ¢ | x (Theorem 5.8);
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#HY = #Hilg = 2% .y, - 1_|[ (- %Bl(w_l)) (Theorem 5.10), in terms of Bernoulli numbers.
Plx

(iii”) For all even characters x, we have:
HY C H;lg and S5 C ,%’ipalg , for all ¢ | x (see Examples 3.13, 3.14 for strict inclusions);
#H = w, - (EKX : E?{X -F Kx) (Theorem 7.10), in terms of cyclotomic units, where E([){X is
the subgroup of Ef, generated by the Ey for all k & K.

(iii”") For all even characters y, we have:
T = T8 and T =T, '8 for all ¢ | x (Theorem 6.1);

# T = wy' - [T LL,(1,¢) (Theorem 6.2), in terms of p-adic L-functions.
Ylx

(iv) The Arithmetic Invariants of finite Z,[%]| modules .Z are defined by means of the obvious
algebraic writing of Zp[ug J-modules (for the law defined via o € 4 — (o), for ¢ | ¢):

ar narz(///) ar ar
MG~ Z];[1 [Zp[ugx]/pw“’ }, mg (A) = ;nw(/fz),

where p, is the maximal ideal of Zj|ug, ], obtained as p-adic closure of a suitable p | p of Z[y, |;
the definition of the Analytic Invariants mg"(.#) comes directly from the formulas of #.Z;" given

above in (iii), taking into account the decompositions M= D ///Sr, whence the statement of
elx
the Main Conjecture “m{ (.#) = m@'(.«), for all p € ¢” (see Section 8, Conjecture 8.1).

3. DEFINITION AND STUDY OF THE X-OBJECT AND @-OBJECTS

We shall give, in this section, a general definition of #-objects, # being an irreducible character
(rational or p-adic), the Galois modules which intervene in the definition of the f-objects being
not necessarily finite, as it is the case for unit groups; finally, the prime p is arbitrary and we
shall emphasize on the non semi-simple framework.

3.1. The Algebraic and Arithmetic ¢¥-families. Let JZ be the family of finite extensions K
of Q, contained in Q*", of Galois group Gx. We assume to have a family M of (multiplicative)
Z[%)-modules, indexed by % (called, without more precision, a ¢-family):

M = (Mk)kex

and two families of maps, indexed by the set of sub-extensions K/k, N K/k (arithmetic norms),
J ki (arithmetic transfers). For all sub-extensions K/k, we define the algebraic norm:

V= 2. o€ Z[Gal(K/k)].
o€Gal(K/k)

If o € 4, we denote by o the restriction of o to K.

3.1.1. Assumptions about the families (Mk)rxer, (Ng/k) k> (Ji/k)i/K- We consider the three
following conditions:

(a) For all K € ., all x € Mg and all 0 € ¢, 27 (sometimes written o - z) only depends
on the class of o modulo Gal(Q*?/K) (i.e., the M’s are canonically Z[G k]-modules).

(b) For all sub-extension K/k, the arithmetic maps:
NK/k:MK—>Mk & JK/kiMk—>MK

are ¥-module homomorphisms fulfilling the transitivity formulas Ny, o Ny /x = N/ and
JL/KOJK/k :JL/Im forall K, K,Le %,k C K CL.

(c) For all sub-extension K/k, we have, on M:

Jr/k o Ng/p = Uk -
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Definitions 3.1. (i) If M = (Mg) ke only fulfills condition (a), we shall say that the family
(M, V) is an algebraic 9 -family; one may only use Galois theory in K/k and the algebraic norms
Vg i € Z|Gal(K/k)].

(i3) If moreover, there exist two families (N i) and (Jg ) (canonically associated with M)
fulfilling conditions (b) and (c), we shall say that the family (M, N,J) is an arithmetic G -family.

Remark 3.2. Note that cohomology is only of algebraic nature since, for instance in the case
of a cyclic extension K/k of Galois group G =: (o), using the class group Hg, we have:

H' (G, Hg) = Ker(Vy,)/Hi 7,  H*(G,Hg) = HE Vg .(Hg);
in general Vg, (Hg) is not isomorphic to N/, (Hi) C Hy, even if the arithmetic norm is
surjective, since the transfer map J g, is often non-injective on class groups.
3.1.2. Obvious properties of the arithmetic 4 -families.
Proposition 3.3. For all K € X', Vg, Ng/i, Jx/x are the identity, id, on M.
Proof. This is true for Vg g; from condition (c), Jg/x o Ng/x = id and, from condition (b),
J%{/KONK/K:JK/K:JK/KONK/K:id' O
Proposition 3.4. If the map N, is surjective or if the map J g 3, is injective, then N p0J /g
is the elevation to the power [K : kJ.

Proof. Assume N, surjective. Let z € My, v = Ng/i(y), y € Mf; then we get Jgp(z) =

JinmoNg(y)= Il  y and NgjpoJp/n(z) =N II )= Il Ngw@),
K/k°Ng/k(y) et Y A Nk K/k(T) K/k(TEGal(K/k)y) TEQ&I(K/kg K/k(Y))

but Ny /i (y) € My, and the product is equal to (NK/k(y))[K:M = KK,
Assume J g, injective. Then for all x € My, we have J g/, o N/, 0 I g /i (7) = Vi (T () =

TEGE}I_(IK/R)(JK/k(x))T = TEGE}I_([K/IC) Jp(x™) = JK/k(a:)[K:k} = JK/k(x[K:k}), which leads to the
identity N /i, 0 J /() = ol O

Examples 3.5. The most straightforward examples of such arithmetic ¢-families are the fol-
lowing ones:

(i) Mf is the group Eg of units of K (for which the maps J/;, are injective);
(ii) M is the class group Hg of K, or the p-class group J#% for a prime p.
(iii) Mf is the torsion group Jx of the Galois group of the maximal p-ramified abelian
pro-p-extension of K.
These three cases are relative to the Galois action and the well-known maps N/, and Jg .

(iv) Mg := A[Gk], where A is a commutative ring; then Mg is a A[¢]-module if one
puts 0 - Q = 0,0 (product in A[Gg]), for all @ € A[Gk] and 0 € &. The maps N,
and Jg;, are defined by A-linearity by Ny (0y) = o, and, for o, € Gy, by Jg/(0y) =

reGal(K k) T 0, = Uk/k - 0} = Vk/koy, where o) is any extension of o, in Gg. So, for

o € Gy, Vg(og) = (ZTEGal(K/k) 7) "Og = Vk/kOk-

3.2. Definition of the ¥-modules M;lg, M, ;ﬂg, AZT. We shall assume in the sequel
that A € {Z, Z(p), Q, Zp, Qp}

3.2.1. Recalls on T's-conjugation [Ser1998]. Let x € 2". Let P (X) € Z[X] be the g, th global
cyclotomic polynomial. Let k4 be the field of quotients of A and let /QA(,ng) /KA be the extension
by the g, th roots of unity; so, 'y, y 1= Gal(ka (g, )/ka) is isomorphic to a subgroup of (Z/g,Z)* .

One defines, as in [Ser1998], the I',,-conjugation on ¥ by putting, for all 7 € I',, , and
Y eV, Y| x, Y7 =97 where a € Z is a representative of 7 in (Z/g,Z)*. If o, is a generator
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of Gy = Gk,, then the ¢"(oy) are the conjugates of ¥(oy) in ka(ug, )/ka. This defines the
irreducible characters over x4 (with values in A):

0= > .

’TEFKA,X

3.2.2. Correspondence between characters and cyclotomic polynomials. Let x be an irreducible
rational character. In k4[X], P, splits into a product of irreducible distinct polynomials P, ;;
each P ; splits into degree 1 polynomials over ra(py ) and is of degree [ra(ug, ) : Kal-

If ¢; Ig, is a root of P, ;, the other roots are the (] for 7 € Iy, y; thus, these sets of roots
are in one by one correspondence with the sets of the form (" (oy))rer,, - ¥7 | X, ¥7 € ¥ of
order g, describing a representative set of characters for the I'y,-conjugation. One may index,
non-canonically, the irreducible divisors of P, in k4[X] by means of the characters 6 obtained
from the characters ¢ € ¥ of orders g, and by choosing a generator o of G,. Put:

(3.1) Py = EQ(X —(ay)) € A[X].
Thus P, = [I Py; for A = Z,, we get the relation P, = I1 P,, for A =7, P, is irreducible.
0lx PED, p|x

3.2.3. Definition of the Z|ug |-modules M;lg and the Zy[pg, |-modules ///f;lg. We fix a prime
number p and consider ®, the set of irreducible p-adic characters of ¢.

Definition 3.6. Let M = (Mg )gex be a G-family and let # = M ® Z, be the corresponding
local G -family of Z,[9]-modules (MK )ken . Put, for x € Z and for ¢ | x, ¢ € ®:

Milg = {2 € Mg,, Py(oy) -z =1} and %;lg = Milg ® Ly ={x € Mk, Pyoy) x=1},
//lzlg ={xw ey, Pyoy) z=1}={ze ///;lg, Py(oy) - =1};

M s a sub-Zy|Gy|-module of My, (or of M) and the elements of M2 are called p-objects
(in the algebraic sense).

Since Z[Gy]/(Py(0y)) =~ Z[X]/(X9 — 1, P, (X)) = Z[ug |, the ¥-module M;lg is canonically
a Z|pg, J-module; in the same way, since Zy[Gy]/(Py(0y)) = Zp[X]/ (X9 — 1, Pp(X)) = Zp[pg, |,
the ¢-module //jlg is canonically a Zp[ugx]—module. The isomorphisms are realized via the
maps deduced from o — (o) for all o € Gy, (¢ | x, ¥ | ¢, respectively); ///Slg is the largest
sub-module of ///;‘lg on which G, acts by ¢ | .

From relation (3.1), the polynomials P, irreducible over Q,, depend on the choice of the
generator o, of G, but we have the following canonical property:

Lemma 3.7. The Definitions 3.6 (of the Zlug |-modules M;lg and the Zp|pg, J-modules ///;ﬂg)
do not depend on the choice of 0.

Proof. Consider a p-adic character .

We have Py(oy) = [[y,(0x — ¥(0y)) and, for a > 0, ged(a, g,) = 1, let o, =: 0% another

generator of Gy giving Py(d}) = [[,,(0} — ¥(0})); one must compare P,(oy) and P(c}).

Then, P (0}) = [1y,(0y —¥(0y)) = 1}1& [(oy —®(0y)) % (0;_1 +---+¢*(0y))], and similarly,

writing 1 = aa* (mod gX), where a* > 0 represents an inverse of a modulo g,, we have, from
oy = (03)", Pyloy) = QHD [0 — 9(05)) x (05« ™D+ 4 9@ D (a)))].

Since P, (0,) € Py(0y)Zy|Gy] and Py(oy) € P(0})Zy[G] the invariance of the definition of
the p-objects follows, as well as that of x-objects since P, = Hso\x P,. O
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3.2.4. Another characterization of the y-objects. For any rational character y € %, we have
defined M;lg and ///;ﬂg, but there is, a priori, no obvious algebraic relation between ///;?Ig and
the //lglg’s of Definition 3.6 by means of local cyclotomic polynomials. A main result will be
that ///ng is the direct sum of them (Theorem 4.1).

We then have the following result, only valid for rational characters, but which will allow
another definition of x and y-objects (that of “Arithmetic” objects):

Theorem 3.8. Let M be a &-family of finite or infinite Z[4]-modules and let (Definition 3.6)
M;lg = {a; € Mg, Pyoy) -z = 1}. Then for any x € & we have:

M2e = {z € Mk, Vi, e() =1, forall k & Ky},

whence //lflg = {z e Mk, Vg (x) =1, for all k & K} (one may limit the norm conditions
to Vg, sk, (7) =1 for all prime divisors € of [K, : Q], where ky C Ky is such that [Ky : k¢| = {).

Proof. ' We need three preliminary lemmas:

Lemma 3.9. Letn > 1 and let q be an arbitrary prime number. Denote by P,, the nth cyclotomic
polynomial in Z[X]; then:

(Z.) Pn(Xq) = an(X)} if q ’ n;

(Z'Z') Pn(Xq) = an(X) Pn(X)) if q Jf n;

(i4) For q prime and k > 1, Py(1) = q. If n > 1 is not a prime power, P,(1) = 1.

Proof. Obvious for (i), (ii) by means of comparison of the sets of roots of these polynomials and
by induction for (iii). O

Lemma 3.10. Let n = {1 -4y, t > 2, the {;’s being distinct prime numbers. Then for all pair
(i,7), i # j, there exist A] and A; in Z[X], such that AfPeg + A;'-Plg =1.
i i
Proof. This can be proved by induction on t > 2, the case t = 1 being empty.
Ift =2,n="{lls, Pn =P = Xa=lq4 X 41, Pn =P, = Xb=l4... 4 X +1. Let’s call
2 1

“geometric polynomial” any polynomial of the form X%+ X% 1 +...4+ X +1,d >0 (including
the polynomial 0).

Then if P and @ # 0 are geometric, the residue R of P modulo @ is geometric with residue
(P—-R)Q7! € Z|X]; indeed, if m >nand m+1=gqg(n+1)+7, 0 <r <n, we get:

X"+ 4+ X+l =
(Xn_’_' o+ X+ 1) > [Xm+1—(n+1) +Xm+1—2(n+1) 4. 'Xm+1—q(n+1)]
14X+ + X!

(if » > 1, otherwise the residue R is 0). In particular, the ged algorithm gives geometric poly-
nomials; as the unique non-zero constant geometric polynomial is 1, it follows that if P and @
are co-prime polynomials in Q[X], ged(P, Q) = 1 and the Bézout relation takes place in Z[X],
which is the case for the geometric polynomials P and Fy,.

Suppose t > 3. Let ¢;, {;, g, be three distinct prime numbers dividing n and put n’ := %; by

induction, since ¢; and ¢; divide n’, there exist polynomials A;', A;-i in Z[X], such that:

A’.j(X)P,ZL_/ (X) + A;i(X)P?_/ (X) =1,

i i
thus, A;j(Xq)P,L/ (X9) + A;i(Xq)Pn/ (X9) = 1. But Lemma 3.9 (ii) gives:

e, 7.
7 J

Py (X9) =Ps(X)Pu(X) & Pu(X)=P
l. i 0.

7.
% i J

1With the contribution of a personal communication from Jacques Martinet, October 1968.
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which yields the relation:
AJ(X)Pn (X)Py (X) + AY(XT)P

n
li Z £

We have proved the co-maximality, in Z[X], of any pair of ideals (Pz (X)), (P (X)), i # j (the
case n = £ giving the prime ideal (Pp(X)Z[X])). O

(X)P%/ (X)=1.

<.

[

t -1
Lemma 3.11. Let n > 1 of the form [l 08, a; > 1; put Ny o(X) = Z Xt " for any prime {
i=1

dividing n. Then there exist polynomials A¢(X) € Z[X]| such that P,(X ) Z A(X)Ny o (X) and

(N, o(X), €\n>Z[X P, (X)Z[X].

Proof. Assume by induction on n with ¢ fixed that P,(X) = ;Ag(X)Nn,g(X) and let ¢ be a
ln

divisor of n; we have, from Lemma 3.9 (i), Ppq(X) = P, (X?) = ;Ag(Xq)ng(Xq). Since we
ln

have N, ((X9) = Z Xia = Npge(X), we obtain that if the lemma is true for n, it is true for

ng for all q | n. It follows that if the property is true for all square-free integers n, it is true for
all n > 1. So we may assume n square-free to prove the lemma by induction on t.

Ifn=1/0, P (X)= Xo-lp 4 X+41= Ny, ¢, (X) and the claim is obvious. If n = l1fy - - - £y,
t > 2, with distinct primes, put n; = % for all k; by assumption:

P, (X) = AF(X)N,, 4 (X)),
k( ) 1§s§2t,:s;ék 8( ) k;7gs( )
hence, P, (X'%) = P, 1,(X) - P (X) = Py(X)P,, (X) = p <Zt? ” AF(X"% )N, 0, (X); whence:

Po(X)Py, (X) € (N o(X), €] n for all k;

")zix)

since ¢ > 2, Lemma 3.10 applies and a Bézout relation in Z[X] between any two of the P, (say
P, and Pnj) yields P, (X) x 1 € (Ny, ¢(X), | > zx)» Whence the result.

We then have proved that the ideal generated, in Z[X], by the N, ,(X), ¢ | n, contains
P,(X)Z[X]. Let’s see that P,(X) contains that ideal; it is sufficient to see that for all ¢ | n,
Npo(X) = Py(X7); any root of unity ¢, of order n (i.e., root of P,(X)), is a root of N, ¢(X)

since CZL =(r # 1 and Zf:é ¢l = 0; then P, (X) | Ny (X) in Z[X] (monic polynomials). O
We apply this to the Py(oy) = Py, (0y) and to the Ny _o(oy) = Vi, sk, where kg is, for all
¢ | g, the unique sub-extension of K, such that [K, : k] = £.
The theorem immediately follows. O

3.2.5. Application to the definition of MY'. Now we assume given an arithmetic ¢-family M,
provided with norms N and transfer maps J with Jo N = U/

Definition 3.12. By analogy with the case of Theorem 3.8 giving, for x-objects, the definition
Malg =1x € Mg, Ux_n(x) =1, for all k& K, }, we define the arithmetic x-objects:
X x/ X
MY :={z € Mg,, Ng j(z)=1, forallkG K} CME & 47 =MY®Z,

(one may limit the norm conditions to Ny s, (x) = 1 for all prime divisor £ of [Ky : Q], where
ke is the subfield of K, such that K, : k¢ =1{).

We have M{ = M;lg as soon as the Jx. /;’s are injective (for all £ & K, or simply the k;’s).

In the case of an arithmetic ¢-family M, then MY (resp. .#{") is a sub-Z[ug |-module of
M;lg (resp. a sub-Zp|ug, J-module of ///ng). One verifies easily that if the norm maps N /. are
surjective for all & & K, then M;lg /MY has exponent a divisor of HZI 0 14
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3.3. Comparison .#* versus .#Z*%. In most papers, the notion of -component My (6 p-adic
or rational) regarding the family M is, in an abelian field K of Galois group G:

Mg =M ®A[G} A[G],

where A[f] is the ring of values of 6 over A (e.g., for A =7,, 6 € ®, 0 | x, K = K, one gets
AlO] = Zp[pg, ])-

As for the example of cohomology groups, this definition is only algebraic and not arithmetic.
We shall compare this definition with Definition 3.12 considering irreducible p-adic characters.
Let p € @, ¢ | x; we have the classical algebraic definitions of the p-objects attached to ., that
is to say ([Greil992, Definition, p. 451], [PR1990, §1.3)):

—

My =M Ry,10 Lplpg, | = A [ Pp(oy) - M.

Another writing [Sol1990, §I1.1, pp. 469-471], is to define M¥ as the largest sub-Zy|G,]-module
of ./, such that G acts by ). Whence:

M? = {x e M, Pyloy) x =1} =M

with the exact sequence 1 — M = ///ﬁlg — M — Py(oy) - M — 1 giving the equalities
bMy = #MP = # M3 for finite modules.

These definitions must be analyzed in a numerical point of view for arithmetic objects, as
p-class groups; moreover, our forthcoming Definition 4.3 of the objects .ZJ" = 3" N ///;ng

(from the above Definition 3.12) introduces a second kind of experiments.

Indeed, the Main Theorem on abelian fields is concerned by algebraic definitions similar to
M, but our conjectures given in the 1970’s used the .ZJ" and new analytic formulas for #.4"
implying conjectural values for the #.47"s.

Of course, in the semi-simple case p { #Gy, A ~ M, D [P¢(UX) - M ] whatever the definition,
but, in the present paper, we are concerned by the non-trivial context when g, = Ky : Q] is a
multiple of a non trivial power of p. Consider, for example, the following framework:

Let & = Q(y/m) be a real quadratic field and, for p = 3, let K be the compositum of k
with a cyclic extension L of Q of 3-power degree; the field K is of the form K, for an irreducible
rational character y which is also irreducible 3-adic. We have given in [Gra2021b] many examples

of capitulations of the 3-class group of k in K, giving 7" & %(alg, as the two following ones:

Example 3.13. Let &k = Q(1/4409) and let L be the degree 9 subfield of Q(u19); for convenience,
put k =: ko, k1 := L1k (vesp. kg := Lok), where Ly (resp. Ls) is the degree 3 (resp. 9) subfield
of Q(u19). The prime 2 splits in ko, is inert in ky/kg and such that Qq | 2 in ky generates the
class group J;, (cyclic of order 9); considering the extensions Q; = Jy, /x,(Qo) of Qo in k;, we
test its order in the class group J4;,; of k;, i = 1,2 (we are going to see that /¢, ~ Z/9Z for all
i, which is supported by the fact that Ny, ;5 (Q2) = Qf but Ny, /5, (54) = 7).

The following program is only for verification, the general one being given in [Gra2021b, §4.2]:

{p=3;m=4409;P=x"2-m;ell=19;q9=2;for (n=0,2,

R=polcompositum(P,polsubcyclo(ell,p™n)) [1];kn=bnfinit(R,1);\\ Definition of kn, n=0,1,2
Fn=idealfactor(kn,q) ;Qn=component (Fn,1) [1];\\ Qn=ideal dividing 2 in kn (extension of QO)
print("C",n,"=",kn.cyc," ",bnfisprincipal(kn,Qn)[1]))}

co=[9] [4]1~ Cci=[9] [61~ c2=[9] [0]~

More precisely, CO = [9] denotes the class group of ky and [4]~ means that the class of Qg | 2
is hg, where hg is the generator (of order 9) given in kn.cyc by PARI; then C1 = [9], [6]™, is
the similar data for k; in which we see a partial capitulation since the class of Q1 = Jy, /5,(Qo)
becomes of order 3. Finally, C2 = [9], [0]~ shows the complete capitulation in ks; the 18 large
integers below are the coefficients, over an integral basis, of a generator of Qa = Jy,, /1, (Qo) in ka:
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Q2=[2,[-1,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,01",1,9, [0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0] ]

[[0]~, [-270476874595642910,323533824277028894 ,-236208800298303000,119737461690335806,
-255607858779215282,-198423813102857420,410588865020870414,-110028179006577678,
-449600797918214026 ,-4906665437527948,10274048566854232,4319852458093887,13258715755947394,,
-6817941144899095,-15448507867705832,2623003974789062,-3264916449440532,-16606126998680345] ~]

We use obvious notations for the characters defining the fields k,,, n = 0,1, 2. Since arithmetic
norms are surjective (here they are isomorphisms), the above computations prove that:

Vig 1y (Hy) = Ty /1y © Nigg j1er (Hey) = T jiey (Hy) = 2/ 3Z,
since Ny, /k, © Jpy /iy (H,) = jffi (partial capitulation of 4, ~ Z/9Z). Whence:
I =A{x € My, Niyyry (x) =1} =1,
,%’;f;lg = {z € J/4,, PX2(O'X2) cx =1}
={z € H,, Yy, (v) =1} = A5 ~ 7/3L.
We have Py, (0y) = O'?( + O’i +1 = Uy, (since L is principal, the norm Vo)1, does not

intervene in the definition of the #%#).
Similarly, we have Ly, /o (#k,) = Ji, /ko © Ny o (Her ) = iy 1o (Hy) = Z/3Z (partial capitu-
lation of 74, ~ Z/9Z); whence:
r%;(alr = {.Z' S %1, Nkl/ko(l') = 1} = 1,
HE = {x € iy, Vo (¥) = 1} = A0 ~ L/3L.
Thus, the forthcoming formula of Theorem 3.15 giving:
#H ey = # I - #HO - # I
is of the form #%, = 9 x 1 x 1, then #54, = 9 x 1; these formulas are not fulfilled in the
algebraic sense, the product being #%Z)lg : #e%”xilg : #%Zlg =9x3x3=3%

Now we intend to compute #J£7" = #(&, / &0 - Fr,) (analytic formula of Theorem 7.10); in
the general definition, .%, denotes the Leopoldt group of cyclotomic units of k, cf’,? the group of
units generated by the units of the strict subfields of k.

We give numerical values of the units | €0 | of ko, | ei | of L1, | Ej | of k1, and their logarithms;
they are, respectively (standard PARI programs):

Units Logarithms

€0=664.00150602068057486397714386165380336808 6.49828441757729630972016
e1=0.2851424818297853643941198735306274134267 -1.25476628739511494204754
e2=4.5070186440929762986607999237156780290259 1.50563588039686576534798
E1=0.2851424818297853643941198735306274134267 -1.25476628739511494204754
E2=0.2218761622631909342666800501850506155991 -1.50563588039686576534798
E3=664.00150602068057486397714386165380336808 6.49828441757729630972016
E4=945628377316488.87204143428389231544006082 34.4828707719825581974318
E5=0.0025736519075274654929993463127951309657 -5.96242941301396593243487

Cyclotomic units:
{f=19*4409;z=exp(I*Pi/f);g1=1ift(Mod(74956,f)“2);g2=lift(Mod(4410,f)“3);frob=1;
for(s=1,6,frob=1ift (Mod(3*frob,f)) ;Eta=1;for(k=1, (4409-1)/2,for(j=1,(19-1)/3,
as=1ift (Mod (gl k*g2~j*frob,f));if (as>f/2,next) ;Eta=Etax(z"as-z"-as)));

print("Eta"s",s,"=",Eta," ",log(abs(real(Eta)))))}

Eta~s1=945628377316488.87204143428389215664559 34.482870771982558197431847140626595088
Eta”~s2=2433718277092.6834663091300025037652746 28.520441358968592264996969512765259527
Eta~s3=0.0025736519075274654929993463127946973 -5.9624294130139659324348776278615043514

Eta~s4=1.0574978754738804652063211496834573 E-15  -34.482870771982558197431847140626932117
Eta"s5=4.1089390231091111982824613300378555 E-13  -28.520441358968592264996969512765596690
Eta”s6=388.55293409150677930552045771356632326 5.9624294130139659324348776278611673020

One obtains easily the following relations:
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El=el, E2=e2°-1, E3=e0, E_4"2=Eta"s, E5°2=Eta"-1,
Eta"{s"2-s+1}=1 giving Eta"(s"2)=E4"2.E5°2
Eta~{s"3+1}=1

Then, one gets (&, : cf’,?l - Fy) = (Eky @ iy - L, - Fa) = 1 as expected since ‘%’;calr = 1.
Moreover, we see that the conjugates of the cyclotomic units are not independent (see [Was1997,
Chap. 8] giving such kind of relations), but, with our point of view, this does not matter since
cf’,?l is of Zs-rank 3 and .%j, is of Zs-rank 2. Indeed, these relations lead to some difficulties in
x-formulas of the literature only using larger groups of cyclotomic units like Sinnott’s cyclotomic
units (see Remark 7.12 for more comments).

The computation of (&, : 5192 - F,) is analogous but much longer.

To be complete, we must compute the more classical index of .%,, =: (1) in &,:

{£=4409;z=exp (I*Pi/f) ;Eta0=1;g=znprimroot (f) "2;for(k=1, (f-1)/2,a=1ift (g k) ;if (a>f/2,next);
EtaO=Eta0*(z"a-z"-a)/(z" (3*a)-z"-(3%a))) ;print ("Eta0=",Eta0," log(Eta0)=",log(abs(Eta0)))}

Eta0=3.985459685929 E-26 log(Eta0)=-58.484559758195

giving immediately log(Eta0) = —9 x log(e0) from the above computation of log(e0); whence the
equality #27% = (&%, : EQ - Fry) = (Ey = Fiy) = 9; obviously, the annihilator 9 of &,/ %,
annihilates JZ¢" (see Conjecture 7.14).

Example 3.14. Consider the same framework, replacing 19 by the prime 1747; one obtains the

data showing, as before with Qg | 2, a partial capitulation of ¢, in k; (but .7, is not cyclic):

Cco0=[9] [4]1~
c1=[9,3,3] [6,0,01

One verifies that, in k;, the ideal Q; = [2,[-1,0,0,1,0,0]™~,1,3,[0,0,0,1,0,0]~], extending that
of kg, is non-principal and such that its class is h? hg hg on the PARI basis {h1, hy, h3}:

bnfisprincipal (X, [2, [-1,0,0,1,0,0]7,1,3,[0,0,0,1,0,017]) = [[6,0,0]1"
but its 6-power Q% = [64,0,0,21,0,0;0,64,0,0,0,42; 0,0, 64,0, 21,0;0,0,0,1,0,0;0,0,0,0,1,0;0,0,0,0,0, 1]
gives as expected the principality and an integer generator:

bnfisprincipal (X, [64,0,0,21,0,0;0,64,0,0,0,42;0,0,64,0,21,0;0,0,0,1,0,0;0,0,0,0,1,0;0,0,0,0,0,11)
=[[0,0,0]", [8217190756304871153969213,526028282779527429138218,-687786029075595676594134,
251301709772155482917577,-21032376402967976888126 ,-15609327127430752932511] 7]

The kernel of the arithmetic norm is isomorphic to Z/3Z x Z/3Z, thus:
e%’;(alr = {l’ S %1, Nkl/ko(‘r) = 1} ~ Z/3Z X Z/3Z,
HE = {x € My, Viyjro(z) = 1} = Z/3Z X Z/3Z x Z/3L.
since the transfer map applies 7" ~ Z /9Z onto (hS).
The formula of Theorem 3.15 is, here, of the form #.7¢;,, = #ﬁfgflr . #jfgg)r =9 x 9, since we
have " = Ay, of order 9; of course a same formula with the #?8’s does not exist since
1 1
#IE - #HE = 2T X 9.
It would be useful to deepen these properties linking the notion of ¢-objects (in both meanings)

and capitulation of classes.

3.4. Arithmetic computation of #Mg and ##k for cyclic extensions. Let M be an
arithmetic ¢-family where all the Z[¢]-modules Mg, K € J#, are finite; then we can state:

Theorem 3.15. Let K/Q be a cyclic extension and assume that for all sub-extension k/k' of
K/Q, the maps Ny, ;s are surjective. Then one obtains the following formula:

#Mg = 11 #M¥,
XEZK

where MY = {z € Mk, , Ng n(z) =1, for allk & Ky} (Definition 3.12).
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Assuming only the cyclicity of the p-Sylow subgroup of G, one obtains, for M3 = M & ZLy:
vy = 11 wa™

)
XEZLK X

Proof. One may replace the My, k C K, by the finite Z,[Gk]-modules .4}, := My, ® Z,, for all
primes dividing #M g, using the previous results, then globalizing at the end.

for that prime p.

Two classical lemmas are necessary.

Lemma 3.16. Assume that p does not divide [k : k']. If Ny My — My is surjective (resp.
if Yy o My — My, is injective), then Iy, is injective (resp. Ny i is surjective).

Proof. From Proposition 3.4, we know that Ny, /i 0Jy, /.y = [k @ k']; whence the proofs since [k : ¥']
is invertible modulo p. U

Put Gx = Gg x H, where Gy is a subgroup of prime-to-p order and H (cyclic of order p™) is
the p-Sylow subgroup of Gx. Let Ky (resp. K},) be the field fixed by H (resp. Gp). The set of
subfields of K is of the form:

{Kxiv X; € Zk,0<i<n},
where x; is the rational character above t; := ¥y, ,, where ¢, , € Wy is of order p' and
Yo € Vi,; thus K, is the compositum of K, and K;. The characters 1 (vesp. ¢, ,) will also
be considered as characters of Gg (resp. H). This leads to the diagram:

Go
K;L//Kxn\ K,=K
e
K! K,, K; H
| | 4
K)=Q Ky, Ko

Let ///[*{Xi = Ker(NKXi/KXFl), for 1 < i < n, then put //[[’QXO = Mk

have the exact sequences of Z,|G k|-modules:

o' By assumption, we

Ny /Ky
(3.2) L — Mo, —— M, —— M, —1, 1<i<n.

One considers them as exact sequences of Z,[Gpl-modules. The idempotents of this algebra
are those of Q[Gy| and are, for all x, € Zk,, of the form:

1 -
v, = 707, 2, Xo(0 ™) € Z,[Gal

From Leopoldt [Leol954], [Leol1962, Chap. V, §2], as the norm maps are surjective and the
transfer maps injective, regarding the sub-extensions k/k’ of prime-to-p degrees in K/Q, we get
the following canonical identifications:

Lemma 3.17. Let .# be an arithmetic &-family whose elements M are Zy|Go x H|-modules
in the above sense. Then ///Ie{to o~ ///;;0 and (M) 0 ~ (///[*{X_)GXO.

Proof. For all i, we identifie Gal(K;/K/) with Gy acting by restriction and put Gy := Go/gy,

where g, := Gal(K,/Ky, ). Thus, by abuse of notation, we identify U, /rc, with Ve, /5, =1 Uy

moreover, since the degree of these extensions are prime to p, we may identify N, k. ~ with

NKn/Kxn =: Ny, and Jf, /i, with JKn/Kxn =:Jg,. Thus Ny is surjective and Jg injective.
1% 1

One computes that e, = ﬂéxo, where &, = — > xo(@ 1Y) o € Z,[Gol; but we have:

#g() #GO 5650

(33) VQO ('%Kz) = Jg() ° Ngo(%Kz) = Ngo(%Kz) = '%le7
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whence .# ;ZO ~ M Ie{i‘i

Similarly, we shall obtain (.Z3 )0 ~ Ny (4, I*Q)EXO ~ (M I*(Xi )*o. For this, it suffices to verify
that, for all i > 1, Ny (Ax,) = ///[*{Xi' The inclusion Ny (#5,) C ///f*fxi being obvious, let
S %ﬁxi; we have z = Ny (y), y € Mk, and 1 = NKxi/Kxi,l o Ny, (y) = Ny, o Ny /i, , ().
Let z := Ng,/k,_, (y), we have Ny (2) = 1; applying JKz‘fl/Kxi,l’ one gets 1 (2) = 1; but we
have, as for (3.3), 1 (Ak,_,) ~ ///KXFI (or apply NoV in K;_1/K,, | of prime-to-p degree);
whence z = 1, y € M, and x € Ny (M} ). O

From [Leol1954, Chap.I, §1, 2; formula (6), p. 21] or our previous norm computations since
p 1 #Go, we have the relations (surjectivity of the norms and Lemma 3.16):

M = {w € M, N, pl@) =1 forall b, K[ ChG K},

///Kxjo ={zc M, Nk, j(w)=1forallk, K/CkGK,}
From the norm definitions of (///I‘};Z)XO and from ///I*{Xi ={x e M, NKxi/Kxi,l () =1},
it follows that (. )0 = A for all i > 1.
In the finite case, this yields, using the above, the exact sequence (3.2) and .# Ko = Ky

e
" * € * € s #% X_O e €
3.4 wa, ™ =wa, 0 [1 L —pm e, 11 ™ =1pa° = #aty.
i=0 Kx; Ko 5 X0 K XEX K X Xo K
# Ki 1
Which ends the proof of the theorem. O

The assumption on the surjectivity of the norms is fulfilled for class groups (resp. p-class
groups), as soon as K/Q (resp. the maximal p-sub-extension of K/Q) is cyclic; the same obser-
vation holds for the family 7.

4. SEMI-SIMPLE DECOMPOSITION OF THE Z,[%]-MODULES ///ng

Let . be a ¥-family of Z,[%4]-modules provided with norms and transfer maps as usual. From
¢ € W given, there exists unique v, 1, € ¥ such that ¢ = 9y, ¥, of prime-to-p order and
1, of p-power order. We restrict the study to K := K, for the rational character x above v, so
that, from the previous § 3.4, Gk becomes Gy = Gy x H of order g, = 9y’ p".

We shall use what we call the “semi-simple idempotents” of Z,[G,]:
4.1 v0.= L % o ez,Gyl, xo.= L 3 o e Z,)[Gol,
@) o=l X g o elGl o= b T (o™ € ZylGil

where ¢ (resp. x,) is the p-adic (resp. rational) character over 1.

4.1. Study of the algebra ./, := 7Z,[G,]/(Py(0y)). This algebra occurs naturally because

the jlflg are, by definition, Z,|Gy]-modules annihilated by P, (oy), then modules over ; this
algebra is an integral domain if and only if p does not split in Q(,ugx) /Q. We shall see that it is
semi-simple even when G, is not of prime-to-p order.

Theorem 4.1. Let A be a G-family of Z,[9]-modules. For all x € Z we get the decomposition:
alg al
M =D e,

X elx
The sub-cy-modules ME® (Definition 3.6) coincide with the sub-modules (A22)™°, where the
e?o € Z,[Go] are the semi-simple idempotents (4.1) associated to ¢, above the component 1),
of prime-to-p order of ¥ | x. More generaly, if ///)’( is a sub-a/ -module of ///;?Ig, then ///)’( =
Dy A, where A, = (///)’()e% = {2 € M}, P,-x' = 1}. These modules MEE, M, are
canonically Zp[,ugx]-modules by means of the choice of 1 | .
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Proof. One may suppose that g, =0 (mod p), otherwise we are in the semi-simple case and the
proof is obvious [Or1975a, Part II].

Let ¢, and ¢, be two distinct p-adic characters dividing x (if x = ¢ is p-adic irreducible, the
result is trivial). Put P, =: Q1, P,,(X) =: Q2 (cf. §3.2.2 for the definition of P,).

Lemma 4.2. There exist Uy, Us € Zp[X] such that U1Qq + UaQ2 = 1.
Proof. Since the distinct polynomials )1 and ()2 are irreducible in Q,[X], one may write a Bézout
relation in Z,[X]:
U1Q1 + UQ2 = p*, k> 1,
choosing U; (resp. Us) of degree less than the degree of Q2 (resp. @1); moreover, since 1 and

@2 are monic, one may suppose that (for instance) the coefficients of U, are not all divisible by
p, otherwise, necessarily U1 = 0 (mod p) and one can decrease k.

Let D, be the decomposition group of p in @(ng)/Q and let ¢ € K, be a root of @ (¢ is of
order g, and the other roots are the ¢ for Artin symbols o, € D, ); we then have:

(4.2) Us(¢) Q2(¢) = p¥ in Z[uy J;
but Q2(X) = [],,ep, (X — (), where ¢ =: ¢*, for some o, ¢ Dy; thus:
Q= 1 - = 1 ¢-¢)= II [ct-¢=h].

0a €Dy Oa X Oa x

Recall that g, = gXOp”, n > 1, and that g, since x is not an irreducible p-adic character. Then
1—¢%~!is non invertible in Zyp|pg, ] if and only if ac=1 =0 (mod g, ), which implies 040, € Dy
since Gal(Q(xg, ) /Q(,ugxo)) C D, because of the total ramification of p in the p-extension, but
o4 € D, implies 0. € D, (absurd). So Q2(¢) is a p-adic unit, whence, from (4.2):

Us(¢) =0 (mod p), k> 1.

Denote by p the maximal ideal of Zp[ug, | and let F, = Zp|pg, ]/p be the residue field; for any
P € Z,[X], let P be its image in F,[X] and let { be the image of ¢ in F,. We have:

(4.3) Q1= (Qo)",
where e = p"~!(p—1) (ramification index of p in Q(ug,)/Q) and where @, is irreducible in F,[X]

(that is to say the irreducible polynomial of ().

With these notations, any polynomial P € Z,[X] such that P({) = 0 (mod p) is such that
P € Q,F,[X]; in particular, it is the case of Us, so we will have, in F,[X] (since U # 0 in F,[X]
by assumption), Us = A (Qy)%, a > 1, A# 0, Qy 1 A. We may assume that A, Qg € Z,[X] have
same degrees as their images in F,[X]. This yields:

Uy =AQf +pB, B € Z,|X],

thus U2(¢) = A(Q) QF(¢) +pB(¢) =0 (mod p¥), whence A(¢) Q§(¢) =0 (mod p). But A(C) is
a p-adic unit (since Q1 A), which gives:
(4.4) Q5(¢) =0 (mod p).

Let’s show that « > e; the unique case where, possibly, p | gy and e = 1 is the case p = 2,
n = 1; this case trivially gives a > e. Consider the gxoth cyclotomic polynomial. Assuming

e > 1, we have Py (¢) = (Z/H 6 ¢?") = TI[¢(1 — ¢?"=1)]; but ¢P"*~ ! is of p-power
ae Ixo * a

order if and only if p"a = 1 (mod gXO); taking into account the domain of a, this defines a unique
value ag such that p"ag =1 (mod gxo), whence p"ag Z 1 (mod pgxo) and 1 — ¢P"0~1 ¢ p\ p?,
thus the fact that PgXO(C) € p \ p?; it follows, from ngo = CQg +pD, 5> 1, C,D € Z,[X],
C(¢) # 0 (mod p), that ngo () =C(©) Qg(() (mod p€), thus Qg(() € p\ p? since e > 1. This
implies 8 = 1 and Qo(¢) € p \ p2.
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The congruence (4.4), written QF(¢{) = 0 (mod p®), implies a > e and Uy = A’ Q§ + p B,
where A" := A QG ¢ but we also have from (4.3):
Ql = QS +pT, T € ZP[X]7
hence:
Uy=A(Q1—pT)+pB=AQ1+pS, SeZyX]

Since A # 0 by assumption, since A’ # 0 is monic, Uy is of degree larger or equal to that of Q;
(absurd). In conclusion, U = 0, contrary to the assumption £ > 1 in (4.2). (]

Give now some properties of the system of idempotents of @, = Z,[G,]/(Py(0y))-
Let {¢q,... ,gogp} be the set of distinct p-adic characters dividing x (thus, g, | ¢(gxo) is the
number of prime ideals dividing p in Q(ugx )/Q, so that, only the case gy = 1 is trivial for the
0

Main Conjecture); from the property of co-maximality, given by Lemma 4.2, one may write:

4z - 23 /(1 0uo) = 1 2,x1/(@ux) = @io».

There exist elements e, (X) € Z,[X], whose images modulo P, (X) constitute an exact sys-
tem of orthogonal idempotents of Z,[X]/(Py(X)). Whence a classical system of orthogonal
idempotents of Z,[G] given by the e, (o).

Since (///;ﬂg)P x(9x) = 1, we obtain (in the algebraic meaning):

9p

(4.6) M = D (e,

u=1

It remains to verify that:
(M) ) = 2% = {2 € MYE, P, (0y) o =1}

If v € (///ng)ewu("x), x = yeeulo) gy € //lflg and 2w (%) = ye%Ou(”X)PWu("X) but we have
ep., (0x) Py, (05)) = 0 (mod Py(0y)), whence y¢eu(7x) Peu(0x) = 1 since y € .4y '8 and z € ///;‘Lg.
Ifz € ///Sig, then xf%u(7x) = 1; writing = H?’;l 20 (%) we get e, (0y) = 0y (mod P, (ay)),
thus ey, (0y) =0 (mod P, (o)) for v # u and %) =1, for v # u. Whence x = x¢#u (7).

In the algebra @/, = Z,[Gy]/(Py(0y)), we obtain two systems of idempotents, that is to say,
the images in @7, of the €p,.00 where ¢, is above the component ¢, ,, of prime-to-p order, of
t,,, and that of the e, (o) corresponding to ¢,,. Fixing the character ¢, =: p above ¥ =: ¥ 1,
and its non p-part ¢, above v, we consider both:

4.7 e = L > o He
(4.7) ™ aeao%( )

and e, (o) defined as follows by means of polynomial relations in Z[X] deduced from (4.5):

(48)  eg(oy) = Ay(oy) - I Pu(oy), such that A, (X) - II Pu(X)=1 (mod P,(X));
p'FEp o'F#p

we denote e, (o) simply by ey, which is legitimate by Lemma 3.7.

To verify that (///fglg)ew = (///;?Ig)e‘f’, it suffices to show that e¥ and e, correspond to the same
simple factor of the algebra .7, . For this, we remark that the homomorphism defined, for the
fixed character ¢, by o, +— 1(oy), ¥ | ¢, induces a surjective homomorphism &/, — ZP['“QX]
whose kernel is equal to @ NN

©'Fp
Thus, to show that .27 e? .127 \ €y, it suffices to show that 1)(e?) # 0; but, from (4.7), e? is a

sum of the idempotents ey = g > ¢0(Uo)00 , where ¢, | ¢o. It follows, since 1) = 1), Vs

Xo 04€Go

that v(00) = 9y(00) and then:
Ulew) = 5= T dhloo)ilon) ™ = o= X dip(o0)valon) ",

gxo O'O gxo O'OEGO
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which is zero for all vy, except 1) = 1y where Y(ey,) = 1. Whence 9(e¥) # 0.
Let ///;ﬂg as @/, -module; on may write (from (4.6)):

'//;lg — @ %;lg)e¢

<p\x(

and we know that (.Z2)% coincides with the sub-module (.Z2'8)¢" = .#*# (Definition (4.7));
then, due to the properties of the e, (defined by (4.8)):

(M8)% = {w € MIE, Pyloy) -x=1} = M3%
We shall denote by e, any of these two semi-simple p-adic idempotents ¥ or e,.
If ), is a sub-/-module of AME then My = (M) = {2' € M), Py(oy)- 2" =1}. Since
Ay ep = Lppg, |, //jlg and .#, are canonically Zj[u, ]-modules.
This finishes the proof of Theorem 4.1. O

4.2. Semi-simple decomposition of the ,-modules .Z;". From Definition 3.12, one has:
M = {r € Mk, Nk, p(r)=1, forall k & K, }.

This invites to give the following arithmetic definitions, especially for numerical experiments and
to avoid intricate computations, with idempotents, to get (///;r)e%":

Definition 4.3. Let .# be an arithmetic family of Zy[4]-modules. For any ¢ | x, x € Z , we
define an arithmetic Zy[u, |-module of p-object by putting:

ME = MEEO M = {x € MFE, Ni () =1, for allk G Ky} = (M)
where ey, is defined by (4.7) or (4.8); AZ" is a sub-Zp|u, |-module of ///f;lg.
So, we have the arithmetic version of Theorem 4.1:
Theorem 4.4. Let 4 be a 9-family of Z,[4]-modules. Then we get the decomposition:

MY = GPJ//M forall x e 2.
lx

To summarize the results that we have obtained, we can state (from Theorems 3.15, 4.1, 4.4,
using Definitions 3.6, 3.12, 4.3):

4.3. Summary of the main results. Let .Z be an arithmetic family of Z,[¢]-modules with
the norm and transfer maps Ny, and Jy /s for any kK. ke, k' Ck. Let x be an irreducible
rational character and let ¢ be an irreducible p-adic character dividing x.

(i) Let o be a generator of G := Gk, and let g, := #G,; put:
MPE =z e My, Poy)-
MEE =[x € My, Pyoy)-
M= {z € %flg, Ny () =1, for all k & K, },

ME =z € M, N p(x) =1, forall k G Ky} = 42 0 A3°.

T = 1} where Py is the g, th global cyclotomic polynomial,
T = 1} where P, | Py is the local ¢-cyclotomic polynomial,

Then we have:
M =D & M =Dy
elx elx
(ii) Assume that the maximal p-sub-extension K/Kj, of K/Q, is cyclic and such that for all
sub-extensions k/k’ of K /Ky, the norms Ny, ;s are surjective. Then, if .Z is finite:
wly = 11w = 11 wa.

XEZLK PED K
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5. APPLICATION TO RELATIVE CLASS GROUPS OF ABELIAN EXTENSIONS

5.1. Arithmetic definition of relative class groups. The class groups of the number fields
K € ¢ lead to the algebraic and arithmetic ¢-families to which we will apply the previous
results using first odd characters y giving H;lg and HY', respectively. The case of even characters
requires some deepening of Leopoldt’s results [Leo1954]; it will be considered in the next section.

For K € J#, we denote by Hy the class group of K in the ordinary sense. If K is imaginary,
with maximal real subfield K+, we define the relative class group of K:
(5.1) (H%)™ = {h € Hg, Ng/x+(h) =1}
(the notation H*" recalls that the definition of the minus part uses the arithmetic norm and not
the algebraic one Vg g+ = 1+ s, s being the complex conjugation).

It is classical to put H;r( := Hy+; since K/K™ is ramified for the real infinite places of KT,
class field theory implies that Ny g+ is surjective for class groups in the ordinary sense, giving

N+
the exact sequence 1 — (H%)™ — Hg HECLSR Hy+ = Hj — 1 and the formula:

(5.2) #Hy = #(HY)™ -#HJ.
For the prime p fixed, we denote by % (resp. (J62")~, c%”fér = A+ ), the p-Sylow subgroup

of Hi (resp. (H3)™, H}.). For the Z,[%]-modules .#j, we introduce the @ -modules e%’éfdg and
A for x € 27, and the p-components (Definitions 3.6, 3.12, 4.3) which are Z, [,ugx]-modules.

5.2. Proof of the equality HY = H;lg, for all Yy € 2. To prove this equality, and the
equalities JZ3" = %alg, ¢ | x, it is sufficient to consider, for any p > 2, the p-Sylow subgroups
Ak, , and the y-components %gj‘lg, H, for x € 277

Lemma 5.1. Assume that 77" & %gj‘lg. Then there exists a unique sub-extension K,/ of K,
such that [Ky : K\/| = p (i.e., if 1 | x then X is above ¥/ =4P), and a class h € %gj‘lg such that
n o= NKx/KX/(h) fulfills the following properties, :

(i) For all prime £ # p dividing g, VKX,/k;(h/) = 1, where kj is the unique sub-extension of
Ky such that [Ky : ky] = £ (empty condition if g, is a p-power);

(i) I /e, (W) = 1;

(iii) h' is of order p in H ,.

Proof. Indeed, if [K, : Q] is prime to p, we are in the semi-simple case (for the algebra Z,[Gy])
and %gj‘lg = ;" since in that case the maps N are surjective and the maps J are injective. So
we assume that p | [K, : Q], whence the existence and unicity of K.

Let h € %, h ¢ A, and let I = Ny, /i, (h). Let €] gy, £ #p.

(i) We have the following diagram where k, is the unique sub-extension of K, such that
[Ky : ky] = ¢ and then k, = k, N K,

k, —t K, h
p p
kz —E KX/ h//Z:N}(X/R'X/(h/)

We have Vg, (h) = 1 since h € ,%”Xalg; applying Ny i ,, we get VKx’/kZ(h/) = 1.
(ii) We have JKX/KX,(h’) = JKx/KX/ o NKX/KX,(h) = I/KX/KX,(h) = 1 since h € ,%”Xalg.

(iii) Since the class b’ capitulates in K, its order is 1 or p. Suppose that ' = 1; for £ # p, the
maps Jp /i, and JKX’/’“E are injective, so NKx/kl(h) = NKX//ké(h/) =1, for all £ # p dividing
9,; since moreover h' = Ng K (h) = 1, this yields by definition h € J£* (absurd). O
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Lemma 5.2. Let K/k be a cyclic extension of degree p and Galois group G =: (c). Let E and
Ex be the unit groups of k and K, respectively. Consider the transfer map Jg 1, + H#p — Hi;

then Ker(J g /) is isomorphic to a subgroup of HY(G,Eg) ~ B} /E} 7 (where B = Ker(Vg 1))-
The group E*K/E}gg is of exponent 1 or p.

Proof. Let Zj, and Zk be the rings of integers of k and K, respectively; let c/x(a) € 4, with
aZg =: (0)Zk, o € K*. We then have o'~ =: ¢ € E%. The map, which associates with
di(a) € Ker(Jg ;) the class of ¢ modulo Ej 7, is obviously injective.

If e € E%, then 1 = ghtot+o"™t — op+(e-D2 ) ¢ 7[G]; whence P € E;°. O
5.2.1. Study of the case p # 2. We are in the context of Lemma 5.1. Put K := K, and k := K,/;
then K/k is of degree p and the class h' = N/ (h) € J is of order p and capitulates in K.
Assume that K is imaginary (i.e., x is odd, thus h € (J£2")7); if K/k is of degree p # 2, then k
is also imaginary and h' € (J42)".

We introduce the maximal real subfields, giving the diagram:

2

K+—2 K _h
P D G=(o)
K+ 2 kW =Ngu(h)

Lemma 5.3. Let uj be the p-torsion sub-group of Ej., that is to say the set of p-roots of
unity ¢ of K such that Ny, (¢C) = 1. Then the image of (V)™ N Ker(Jg ), by the map

Ker(Jg /1) — E}{/E}(_J of Lemma 5.2, is contained in the image of pj, modulo E}g".

Proof. Let q be the map E}, — E*K/E}g" Denote by x — T the complex conjugation in K.
If B e ()" NKer(Jgp), then Ny v (h') = 1 and U+ (W) = KB = 1; if W = lp(a) we
then have aa = aZy, a € k¥, and aZgaZy = aZg, with aZx = (0)Zi and 0Zg = (@)Zk,
a € K* (since a and @ become principal in K), which yields relations of the form a'=7 = ¢,
o™’ =% ¢F € E%. From the relation aa = aZj, one obtains, in K, aa = na, n € Eg, then
al=o@!t=7 = nl=7 giving ez = 7.

From [Has1952, Satz 24], e = et ¢, et € Ex+, ¢ € ug. So q(e8) = q(e*?) = 1. Since p is
odd and E’;{/E}{_o of exponent divisor of p, eT € E}{_U; since € € E, we have ¢ € E}-, whence
a(e) = a(0) € a(pk) = wic/ (BT N pie). D
Lemma 5.4. The group q(uj;) (of order 1 or p) is of order p if and only if pj, = (1) and
E}(_U N{(¢1) = 1, where (1 is of order p.

Proof. A direction being obvious, assume that q(uj) = pi/(Ej 7 N i) is of order p and let ¢
be a generator of uu}; (necessarily, ¢ # 1). If ¢ € k, then N /,(¢) = (P, s0 (P =1 and ( = (1 € k.

If ( ¢ k, K = k(¢); it follows that ¢; € k and (P € k (since [K : k] = [Q(() : kN Q(¢)] = p),
thus K/k is a Kummer extension of the form K = k(/(.), ¢, of order p", r > 1, ( = (41, and
(=7 = (4, giving Ng/i(¢) = ¢P =1, hence ( = (1 € k (absurd). So we have ( = (1 € k and
E}{” N € (C1). Thus, g(p},) being of order p, necessarily E}g” Ny = 1. O

Lemma 5.5. If ()" N Ker(Jg ) # 1, this group is of order p and K/k is a Kummer
extension of the form K = k(/a), a € k*, aZy = aP, the ideal a of k being non-principal (such
a Kummer extension is said “of class type”).

Proof. If ' € (J62")” NKer(Jg i), ' = dy(a) # 1, this means that aZx = oZg, a € K*;

so al=7

al—a

= ¢, ¢ € E}; from Lemma 5.4, q(¢) = q(¢1)*, hence ¢ = ({n'79, n € Eg, whence
{\771_“ and in the equality aZyx = aZyi one may suppose « chosen modulo Ex such
that o' =7 = Cf; moreover we have A # 0 (mod p), otherwise a should be in k£ and a should
be principal. Thus o'~ = ¢} of order p, and o = a € k*, whence K = k(a) is the Kummer

extension k(¥/a); we have aZy = aPZ g, hence aZy, = aP, since extension of ideals is injective. [
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We shall show now that the context of Lemma 5.5 is not possible for a cyclic extension K/Q,
which will apply to K, /Q.
Since K = k({/a), with aZj = aP, only the prime ideals dividing p can ramify in K/k.

Consider the following decomposition of the extension K/Q for p # 2, with K/Ky and K'/Q
cyclic of p-power degree p", K/K' and K(/Q of prime-to-p degree:

K e K=K(¢/a)
| v

K — &k
b

Q —— Ko

Let ¢ be a prime number totally ramified in K'/Q (such a prime does exist since G+ ~ Z/p"Z);
this prime is then totally ramified in K /Ky, hence in K/k; this implies £ = p and p is the unique
ramified prime in K'/Q.

This identifies the extension K’/Q; its conductor is p"*!, n > 1, since p # 2, and K’ is the
unique sub-extension of degree p™ of Q(pyn+1) and k" the unique sub-extension of degree phl

of Q(ppn) (in other words, K’ is contained in the cyclotomic Zy-extension); as (; € k, one has
ppr C K, Hpnt1 C K and Hpn+1 7 k,so K =k(() = k(W)) ¢ of order pn—i-l‘

It suffices to apply Kummer theory which shows that k({/a) = k(/CP) implies a = ¢(PbP, with
ptAand b € k*; so aZy = bPZy, = aP, whence a = bZj, principal (absurd).

So in the case p # 2, for K/Q imaginary cyclic, and K/k cyclic of degree p, we have the
relation (J4*)~ N Ker(Jg ) = 1 (injectivity of Jx/; on the relative p-class group).

5.2.2. Case p = 2. The extension K/Q is still imaginary cyclic and in that case k is necessarily
equal to K+ and o is the complex conjugation s.

From [Has1952, Satz 24] the “index of units” Q) is trivial in the cyclic case; thus for all
e € Ej, e =e"(, et €k, ¢ root of unity of 2-power order; then Ny i (e) = 1 yields e = 1,
thus et = +1 and ¢ = ¢/ = +(; since K/Q is cyclic (whence Q(¢)/Q cyclic), we shall have
ee{l,—1,i,—i}.

Recall that i’ = Ng/,(h) € Ker(Jg ), B = di(a) # 1, with aZg = aZk and a7 =¢c ¢
E}.. One may assume € € {—1,4, —i} (¢ # 1 since a ¢ k*):

(i) Case ¢ = —1. Then '™ = —1, a® = a € kX, a ¢ k*, and we get the Kummer extension
K = k(\/a) with aZ;, = a2, a non-principal (Kummer extension of class type).

(ii) Case € = +i. Then o'~ = 4j with —1 = (£i)177; one may assume o'~ = i. This yields
a?i~t € kX, Put o =ic, c € k*; it follows a’Zg = o?Zi = cZk, hence a® = cZy.

Let 7 be a generator of Gg; one has a?” = i"¢” = —ic” = —c¢"'a?, hence o™ = a?d, d :=
—c™71 € k*; we obtain (aZk)?*" = (aZk)*dZy, thus a>" Zy = a*ZyidZy giving a*™ = a>dZ;,.

If d € k2, d = e2, e € k*, and a7 ~ a saying that b’ is an invariant class in k/Q.

If d ¢ k*?, the relation a®” = od shows that d = (a”~1)? € K*2; from Kummer theory, since
K = k(v/d) = k(i), one obtains d = —62, § € k*, and a®” = a?6%Z, still giving a” = a-§Z;, and
an invariant class in k/Q.

But K is the direct compositum over Q of & = K1 and Q(:) and must be cyclic, so [k : Q]

is necessarily odd and an invariant class in k£/Q is of odd order giving the principality of a in k
(absurd). So, only the case (i) is a priori possible.
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Consider the following diagram, with K/Ky and K’'/Q cyclic of 2-power order, then K/K’
and K(/Q of odd degree:

K — K=k(a)
| 2 ><s>
K — k=Kt

Q —— Ko

where we recall that aZ; = a® with a non-principal and aZyg = aZg, o € K*. Similarly, since
K/k is only ramified at 2, then K/K( and K'/Q are totally ramified at 2, the conductor of K’
is a power of 2, say 2"+, » > 1 (K’ is an imaginary cyclic subfield of Q(ugr+1)).

The Kummer extension K'/k is 2-ramified of the form K’ = k/(v/d’), ' € k'*. So we have
a'Zy = o or a'Zy = o’%p’, where p’ | 2 in k. But all the subfields of Q(u2) have a trivial
2-class group; thus, one may suppose that @’ is, up to &’*2, a unit or an uniformizing parameter
of k’. Then K = k(v/d') is not of class type (absurd); so b/ = 1.

We have obtained:
Proposition 5.6. For any imaginary cyclic extension K/Q and for any relative extension K /k,
of prime degree p > 2, we have (H*)” NKer(Jg ) = 1 if p # 2 (in other words the relative
classes of k do not capitulate in K ), then Ker(Jg/x+) =1 if p = 2 (the real 2-classes of k = K+
do not capitulate in K ).

Using the order formula (5.2), we get:
Corollary 5.7. We have Jg g+ (Hxc+) =~ HE = A = Ny g+ (Hx) and the direct sum
Hy = (%I?r)_ ©® JK/KJF(%KJF)-

We then have obtained the following result about the relative class groups:

Theorem 5.8. Let K be an imaginary cyclic field of maximal real subfield K. Let p be any
prime number, and 7 = H ® Z,,. Define:

(A2 == {h € Hi, N+ (h) =1} & (H2%)7 = {h € S, Uigjier (h) = 1}
We have 763 = e%”[?lg and A" = %alg for all p € 5. Whence (H%)™ = (H%g)_.
Proof. For all subfield k of K with [K : k] = p, Jg/, is injective on ()™ if p # 2 and J g g+

is injective on A+ for p = 2; s0 Vg, = I/ 0 Ny yields (H5F7)~ = (%;lg)_ from Definition
3.12, then (H)~ = (H52)~ by globalization. O

We shall write simply H7 for the two notions “alg” and “ar” in the cyclic case.

Using Theorem 4.1 we may write for instance #%(alg = #H" = [I #,", for all x € 277
elx

Corollary 5.9. Let K/Q be an imaginary cyclic extension. Then #H}; = erg}? #HY', and
#H_ == ervﬁb}/‘}; #HZ;(I‘

Proof. To apply Theorem 3.15, we shall prove that all the arithmetic norms are surjective in any
sub-extension k/k’" of K/Q; we do this for each p-class group; so the proof of the surjectivity
is only necessary in the sub-extensions k/k’ of p-power degree; then we use the fact that this
property holds as soon as k/k’ is totally ramified at some place.

Consider K as direct compositum K'Kjy, over Q, where K/Kj and K'/Q are cyclic of p-power
degree and where K/K' and K(/Q are of prime-to-p degree. Let ¢ be a prime number totally
ramified in K’/Q; thus £ is totally ramified in any sub-extension k/k’ of K'/Q (and in K/Kj).

So Theorem 3.15 implies #Hx = 1] #H.
XEZK
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From (5.2), we have #Hy = #H - #H;r( and we can also apply Theorem 3.15 to the maximal

real subfield K+ of K, giving #HE: = [1 #H(', whence the formulas taking into account the
XEX T

relation HYf = H;lg for odd characters (Theorem 5.8). (]

5.3. Computation of #Hf" for x € 2"~. For an arbitrary imaginary extension K /Q, we have
(e.g., from [Has1952, p. 12] or [Was1997, Theorem 4.17]) the formula:

#Hy = Qruwr 11 (= 3Bi(v™)), with Bi(y™!) = fi
Yevy X a€[l, fx[

Vv (04) a,

K

where wy; is the order of the group of roots of unity of K and Q7 the index of units; from
[Has1952, Satz 24], Q% = 1 when K/Q is cyclic. We then have the following result:

Theorem 5.10. Let x € 2°~ and recall that HYY := {r € Hk,, N ,i(z) =1, for all k & K, }.
Let g, be the order of x and fy its conductor; then:

#HY 4 =2 TT (- 3B )
where ay =1 (resp. a,, =0) if g, is a 2-power (resp. if not), and where wy is as follows:
(1) wy =1 if K, is not an imaginary cyclotomic field;
(it) wy = p if Ky, = Q(upn), p > 2 prime, n > 1.
Proof. We use [Or1975b, Proposition III(g)] or [Leol1954, Chap. I, §1 (4)] recalled in Theorem

2.1; it is sufficient to prove that for any imaginary cyclic extension K/Q:

#H. = [I (2w, Il (-1iBi(v™h)),
XEX Plx
the expected equality will come from Theorem 5.8, taking into account the relation #Hj =
[1 B #H}'. So, it remains to prove that [I B (2°‘X . wX) = w-.
XEX XEZ
Consider the following diagram:

K — K
2‘ ‘2
K+ Kt
Q — Ky

where K/Ky and K'/Q are cyclic of 2-power degree and where K/K’' and K,/Q are of odd
degree. As KT and K'T are real, then all the o, are zero, except when g, is a 2-power, hence
for the unique x, defining K’ for which a, = 1; whence [[ 2% =2.
XEZ
If K does not contain any cyclotomic field (different from Q), then wj = 2, moreover, all the
w,, are trivial and the required equality holds in that case.

So, let Q(ppn), n > 1, be the largest cyclotomic field contained in K; this yields two possibil-
ities:

Kt— K
| |
Qp ) —————— Qi) .
Q — Q) ———— Qi) Q —— Qua)

pF#2 p=2
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In the case p # 2, one has [ wy = p" (due to the n odd characters defined by the Q(s,:),

XEZ
1 <i < mn), and for p = 2 this gives [I wy = 2; whence the result (cf. [Has1952, Chap. III,
XEZL
§ 33, Theorem 34 and others]). O

Remark 5.11. For any imaginary extension K, #H, = Qrwic ] #Halg, where n is the
27L XEQ//.,

number of imaginary cyclic sub-extensions of K of 2-power degree, and where w. is the 2-part

of wi (resp. 2wg) if Q(ps) ¢ K (resp. Q(ua) C K). See [Gral976, Remarque 112, p. 32).

5.4. Annihilation theorem for relative p-class groups. Before significant improvements,
by means of Stickelberger’s elements, leading to the construction of p-adic measures, to index
formulas and annihilators of various invariants of an abelian field, Iwasawa [Iwal962a] proves the
following formula for the cyclotomic fields K = Q(upn), p # 2, n > 1, of Galois group Gk

#Hy = (Z[Gk]™ : BRZ[GK) N Z[GK] ™),

Where Z|Gk]™ = {Q € Z|Gkl, (1 + s) - Q = 0}, s being the complex conjugation, and By :=
ao, ", where 0, € Gk denotes the corresponding Artin automorphism.

p a€ll,pm[,pta

One can verify that this formula does not generalize for arbitrary abelian imaginary extension
K/Q (see the counterexample given in [Gral976, p. 33]). Many contributions have appeared
(e.g., [Leol962, Gil1975, Coal975, Gral978, All2013, All2017, GreiKuc2020]; for more precise
formulas, see [Sin1980], [Was1997, §6.2, §15.1], among many other). Nevertheless, we gave in
[Gral976] another definition in the spirit of the p-objects which succeeded to give a correct
formula (we shall make the same remark for the index formulas given via cyclotomic units in the
real case).

5.4.1. General definition of Stickelberger’s elements. Let K € &, K # Q. Let fx =: f > 1
be the conductor of K and let Q(sus) be the corresponding cyclotomic field. Define the more
suitable writing of the Stickelberger element:

f -1
. a_ 1 Qluy)
Bouy) = —a; (} - 5) ' < p >
(in the summation, the integers a are prime to f and the Artin symbols are taken over Q). Note

f -1
that the part > <M> is the algebraic norm Lfy(, )/Q which does not modify the image of
a=1 a

Bao.) by v, for ¢ € U, ) # 1.

We shall use two arithmetic ¢-families: the ¢-family M, for which Mg = Z[Gg]| and the
@-family S defined by:

f -
(5.3) Sk :=BgZ[GK|NZ[GK], where Bx := No,,)/x (Bo(u,)) = -z ( 2> <5) 1'

a=1 a

Lemma 5.12. For any integer ¢ prime to 2f, let B, := < < > > By ; then BY, € Z|Gk].

Proof. We have BS. — —71%: [a (g)‘l — ac (£>_1<£)—1}

a C

be the unique integer such that a. - ¢ =a (mod f) and put:

< >_1. Let a, € [1, f]

a

a.-c=a+ (o) f, Na(c) € Z;
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using the bijection a + a., in the summation of the second term in between [ ] and the relation

(Z)(£) = (%), tnis yields:
e () S () ()
Z[a—a ](E 1+1—cz<)

T )
= e+ 5(5) e

IS]

We have moreover the relations Ay_q(c) + 15¢ = —(/\a(c) + 15¢) which proves that:
(5.4) % =B%-(1-s), BS € Z|Gk],
useful in the case p = 2 and giving Ny /x+(B%) = 0. O

Definition 5.13. Let K be an imaginary abelian field. Put Ui := {Q € Z|Gk], Bk € Z|Gk]}
Qg is an ideal of Z|Gk] and Sk = Bk - Ak (cf. (5.3)). We denote by Ax € Ui the least
rational integer such that AxkBy € Z[Gk| (thus Ax | 2f, where f is the conductor of K ).

For K = Ky, x € 27, we put A, =: A and A, =: Ay.

Since we will only use images by 1 € U~ of elements of Q[G k]|, we can neglect, by abuse, the

-1 . . L1 K\71.
term Z ( > in some reasonings and computations, using 7 >a (;) instead of Bg.

a= 12 a=1
K\ s 1R\
Note that for any odd ¢ prime to f, (1 —c (?> ) . Zl 5(;) € Z[Gk] and that such

considerations only concerns the case p = 2 when f is an odd prime power with [Q(uf) : K] odd
(see Example 5.20 with K = Q(u47)).

f -1
Lemma 5.14. Let o, be the coefficient of o € Gk in the writing of Zl a (%) on the canonical
a=

basis G of Z[Gk] (in particular, we have ap = 2 ) a). Then ay = cay (mod f), where ¢
a, Oa|p=
is a representative modulo f such that o. = o~ 1. Thus, we have Ag = m.
A - Q1

Proof. The first claim is obvious and Ag is the least integer A such that € Z, since

f ~1
A 21% (%) € Z[|Gk] if and only if Ao czforalloe Gk, thus, for instance, forc = 1. O
Proposition 5.15. (i) The ideal Ax of Z|Gk] is a free Z-module; a Z-basis is given by the set
{ e (5) —a, - AK}, for the representatives a of (Z/f7)* \ {1}.

(ii) If K/Q is cyclic, then A is the ideal of Z|G ] generated by (%) —c and A, where (%)
18 any generator of Gk .

Proof. See [Gral976, p. 35-36]. O
5.4.2. Study of the algebraic 4-families M := Z[G k], Sk := BgUx. We then have:
MKX = Z[GX], SKX = BKX leu

M, = {Q€Z[Gy], P,-Q=0}, S, =Bg A NM,
(M, and S, are ideals of Mf, ).
Lemma 5.16. We have M, = Hﬁ\g (1— agX/Z)Z[GX]. The image of My, by : Z|Gy| — Z[uy, |,

is isomorphic to the ideal ay =[], (1- w(ax)gx/Z)Z[ng]; in this isomorphism, S, corresponds
X
to an ideal b, multiple of a,.

Proof. See [Gral976, Lemmes I1.8 and I1.9, pp. 37/39]. O
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The computation of b, needs to recall the norm action on Stickelberger’s elements; because of
the similarity of the result for the norm action on cyclotomic numbers, we recall, without proof,
the following well-known formulas:

Lemma 5.17. Let f > 1 and m | f, m > 1, be any modulus; let Q(us), Q(um) € Q(uy), be the
corresponding cyclotomic fields. Let Nog. ) /Q(um) * QlGaus)] = QlGoum)]- Let:

Bog = 3 (22 1) () oy g

a=1
We have:
- ()TN
Nogus) /@) Bawp) = 1L (1= (Hen2) ™Y By,
_ Q L (@( nJ -1
Naw) /e (Cawn) = (Copn) 2= plfHMm <1 B (%) >

We can conclude by the following statements [Gral976, Théoremes I1.5, I1.6]:

Theorem 5.18. Let x € 2~ and let ) | x defining the law of Z[ug |-module for the x-objects.
Then H;lg = HY' is annihilated by the ideal Bi (v ((oa) —a, Ay) of Zlpyg |, where o4 = (%)
is any generator of Gk (cf. Lemma 5.14, Proposition 5.15).

The ideal (Y(04) — a,Ay) is the unit ideal except if K, # Q(ua) is an extension of Q(up,) of
p-power degree and if Ay, =0 (mod p), in which case, this ideal is a prime ideal p,, | p in Q(,ugx).
If K\, = Q(pa), this ideal is the ideal (4).

Theorem 5.19. For ¢ € @~ and ¥ | ¢, the Zp[ug, |-module %alg = ;" is annihilated by the
ideal B1(v™1) - (¢¥(04) — a, Ay) of Zplpg, ], where o4 is any generator of G .

The ideal (Y(0a) — a, Ay) of Zy[ug | is the unit ideal except if Ky # Q(ua) is an extension of
Q(up) of p-power degree, if Ay, =0 (mod p) and if A = 1 in the writing ¢ = w™ - Y, (where w is
the Teichmiiller character and v, of p-power order), in which case, this ideal is the prime ideal
of Lplpg, ). If Ky = Q(pa), this ideal is the ideal (4).

Example 5.20. Let K := K, be the field Q(u47), of degree g, = 46. From Theorem 5.10, we

have #H, = 2% - w, - @{II ( — %B1(1/)_1)) with in that case o, = 0 and w, = 47 and where by
X
46 46
definition —%Bl(i/)_l) = —% aZ::I (% - %)1/)_1(0’&) = —% 2 4% Y1 (0,). The following program
46
1 _
computes #H, = 47 - NQ(MG)/Q( -3 a; % P 1(%)):

{P=polcyclo(46) ;g=1lift (znprimroot (47));A=0;for(n=0,45,a=1ift (Mod(g,47) "n);
A=A+x"n* (1/47*a-1/2)) ;B=Mod (-1/2*A,P) ;print (47*norm(B))}
139

Note that —477B1(¢_1) is, with PARI polynomial writing x = (46, the integer:

4%xx"21+25%x720+9%x " 19+26%x718-19%x"17+11%x"16-22%x"15+x714-24*x"13+10*%x"~12
+6*x711+16%x710-21%x"9+20%x"8+8*x " 7+7*x"6-4*x"5+14*x"4-12%x"3+3%x " 2+14*x+27

Whence #H,, = 139 and H,, ~ Z[u46]/p139. Since A, = 47, the ideal A is (O‘a —a, 47), with
for instance a = 5 (Lemma 5.14), and 2k - %BK annihilates H,; since the image of ™Ax - %BK
is the ideal (%Bl(qﬁ_l)) = P139, the annihilator of H, is p139. But this ideal is not principal in
Q(pag) (from [Gral978/79b]); PARI checking:

{L=bnfinit(polcyclo(46)) ;F=idealfactor(L,139) ;print(bnfisprincipal (L, component(F,1) [1])[1])}
[21~

showing that its class is the square of the PARI generating class. More precisely, the class group
of Q(p45) = Q(p93) is equal to 3; then any qq7 | 47 or qi39 | 139 generates this class group.



APPLICATION OF THE NOTION OF ¢-OBJECT 27

In [Gral978, Chap. 1V, §2], [Gral978/79b, Théorémes 1, 2, 3], we have given improvements
of the annihilation for 2-class groups but it is difficult to say if the case p = 2 is optimal or not.
By way of example, we cite the following [Gral978, Théoréeme IV1] under the above context:

Theorem 5.21. Let x € Z~ and let ¢ | ¢ | x for p = 2 with ¢ = Yy and ¢y # 1 of
even order. Put K := K. The Zs|pg |-module %/JK/K+(%T) is annihilated by (3B (v 1)),
where At = {x € Hic+, Pyloy) -z =1} with ¢’ € ®F is above ¢’ := g 1)3.

Note that this result does not imply that 7, is annihilated by (%Bl(z/fl)).

6. APPLICATION TO TORSION GROUPS OF ABELIAN P-RAMIFICATION

Let K be a real abelian field and let J% be the torsion group of the Galois group of the
maximal p-ramified abelian pro-p-extension H} of K. Since Leopoldt’s conjecture holds for
abelian fields, we have Jx = Gal(H}; /K “¢), where K %¥¢ is the cyclotomic Z,-extension of K.

Tic
K —peye KO — i — Hic
b
7o
cyc nr nr %K/éaK
KA Hp—
K Hic

Then H} is the p-Hilbert class field, H })(p the Bertrandias—Payan field and .7, I?p = Gal(H 2p JEK )
is called the Bertrandias—Payan module (see [Ng1986, Section 4], [Jaul990, Section 2 (b)]). The
diagram is related to the exact sequence (we denote by K, the completion of K at the place v):

(6.1) 1= Wy — torz, (?/K/éa[{) &h@[{ = torzp(logp (?/K)/logp(éa;{)) — 0,

where Wi = (®y)p tip(Ky)) /1p(K), i denotes the group of local units at p and &x = Ex ®7Z,
is identified with its diagonal image in % (see [Gra2005, §IIL.2, (c), Fig.2.2; Lemma I11.4.2.4]
and [Gra2018a]).

6.1. Order of Jk. The order of this Z,[%]-module is well known and given, analytically, by the
residue at s = 1 of the p-adic {-function of K, whence by the values at s = 1 of p-adic L-functions
of the non-trivial characters of K (after [Coal975, Appendix]); see for instance [Gra2019, §3.4,
formula (3.8)] for analytic context. In conclusion we can write:
(6.2) 4T = # A # Ry - # Wi ~ [K N QY : Q) -wl;l1 3 Lp(1,0).

Since the arithmetic family of these Z,[¥]-modules Jx follows the most favorable properties
(surjectivity of the norms for real fields K, injectivity of the transfer maps), we can state, in a
similar context as for Theorems 5.8:

Theorem 6.1. For all x € 2" (resp. ¢ € ®T), we have:
T = ,7Xalg ={re Ik, Py-v=1}={xc Ik, Ny i(x) =1, for all k G K}

(resp. T3° = ﬂflg ={r€ Ik, Pprx=1y={xv € F, Ng p(z)=1, foralk$ K,}).

Moreover, if K/Q is real cyclic, we then have:

w7 = I w7 = 11 27
XEZK pED K

We denote simply .7, (resp. .7,) these components in the analytic and arithmetic senses. In the
analytic point of view, we have the analogue of Theorems 5.10 and 7.10 (see some p-adic formulas
about Ly-functions, from classical papers, as for instance [KL1964, AF1972, Gral978/79a] and
a broad presentation in [Was1997, Theorems 5.18, 5.24]):
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Theorem 6.2. Let y € 2\ {1}. Then #7, = w’ - [ JL,(1,%), where w{*® is as follows,
YIx
from analytic formula (6.2):
(i) wy" =1 if K, is not a subfield of Q<¢;

(i) wy" = p if Ky, is a subfield of Q°.

6.2. Annihilation theorem for Jx. An annihilator of Jk is given by the following statement
[Gra2018b, Theorem 5.5] which does not assume any hypothesis on K and p and gives again the
known results (e.g., [Or1981]):

Theorem 6.3. Let K be any real abelian field of conductor fx. Let ¢ € Z be prime to 2pfik.
Let f,, be the conductor of Ly, := KQ(ugpn), n large enough, where ¢ = p or 4 as usual. For all
a € [1, fn], prime to fn, let al. be the unique integer in [1, f,] such that a..- ¢ = a (mod f,) and
put a,-c—a = A\ (c) fn, \¥(c) € Z. Let s be the complex conjugation. Then:

Asn(c) ‘:é Vi) o™ () = Alenle) - (14 520), where Al (0 =f§/12 Ao o (5.

Let Ak (c) := lim [ %Ag(c) a”t (%)} =: Al (c) - (1 + s00); we then have:

n—oo a=1
(i) For p # 2, A’ (c) annihilates the Z,[Gk]-module Ty .
(it) For p = 2, the annihilation is true for 2- Ag(c) and 4 - A’ (c).

Remark 6.4. In practice, when the exponent p¢ of J is known, one can take n = ng+e, where
ng > 0 is defined by [K N Q< : Q] =: p"°, and use the annihilators A n(c), A% ,(c). When
K = K, the annihilator limit A, (c) is related to p-adic L-functions via the formula:

U(Ag, (c) = (1 =¥(c) - Ly(1,¢), for ¢ |x.
In the case where g, is not a p-power, one can choose ¢ such that 1 — 1(c) be invertible giving
Y(AK, (c)) ~ Ly(1,%); otherwise, if g, = p", n > 1, Y(Ak, (c)) ~ myLy(1,v), where 7, is an
uniformizing parameter in Qp(ppn ).

This annihilation theorem is the analog of Theorem 5.19, using Bernoulli’s numbers, linked to
L,(0,wyp™ 1), instead of Ly (1,4)).

7. APPLICATION TO CLASS GROUPS OF REAL ABELIAN EXTENSIONS

Denote by E the ¥-family for which Ex, K € J, is the group of absolute value of the global
units of K, the Galois action being defined by |¢|” = |¢7| for any unit ¢ and any 0 € 4. The Ex
are free Z-modules.

7.1. The Leopoldt y-units. In [Leol1954] Leopoldt defined unit groups, E,, that we shall call
(as in [Or1975b]) the group of x-units for rational characters x € 2" \ {1}; from the definition
of x-objects and the results of the previous sections we can write:

(7.1) E, = {le| € Ek,, Py(oy)-le| =1} ={|e| € Ex,, Uk si(le]) =1, for all k & K, }.

Definition 7.1. Denote by E° the &-family such that EY is the subgroup of Ex generated by
the By, for the subfields k & K (or simply the subfields ko such that [K, : k] =€ | [K, : Q]).

Lemma 7.2. We have E?{X- E, = E?{XEB E,, forallxe 2.

Proof. One knows that @ Ej is of finite index Q in Ex for any real K (cf. [Leol954, Chap.

0e 2k

5,84]). Let |¢| € E([){XQEX; there exist strict subfields k1, ..., k; of K such that || = |e1|--- - |e4],
leil € E, and an integer n > 1 such that [e]}'| € , @® Ey, for all i (in particular, x ¢ 23,); we

i€ k;

then have |e"| € ( ﬂEx = {1}, which implies |¢| = 1. O

Eg)
0c X, 04
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Definition 7.3. Let K be any real abelian field. Put Qr = (EK . @D EX>, where E, is the

XEZLK
group of x-units (7.1), and, for all x € 235, put Q) = (EKX : E(I)(X@ EX).
The main following computations are also available in [Leo1954, Leo1962] and [Or1975b].
Lemma 7.4. We have, for all cyclic real field K, Qg = 1} Qy-
XEXLK
Proof. This may be proved locally; for this, we use the ¢¥-family x := Ex ® Zj,, for any prime

p, and the & as above. Then one uses, inductively, Lemma 7.2 with characters ¢ | ¢ | x, written
as 1 = g1, (Yy of prime-to-p order, 1, of order p", n > 0). See the details in [Gral976, pp.

72-75]. O
Definition 7.5. Let ¢ be the Euler totient function and put, for all character x € 2+
#(9y)
Gy = Hflg =i , if g, 15 not the power of a prime number,
X
M_l m—1_1 . . .
gy =1 =" 7%, if g, is a prime power £", n > 1,
q1 = 1.

For any real abelian field K, set q = <H97 , where g := [K : Q] and d, is the

e
€15
= N}
IS
=
N———
(SIS

discriminant of Q(ug, )-

Lemma 7.6. We have, for all cyclic real field K, q; = I} Q-
X€

K

Proof. From [Has1952, §15, p. 34, (2), p. 35]; see [Gral976, pp. 76-77] for more details. O

7.2. The Leopoldt cyclotomic units. For the main definitions and properties of cyclotomic
units, see [Leol954, §8 (1)], [Or1975a].

Definitions 7.7. (i) Let x € 2" of conductor f,; we define the “cyclotomic numbers”:
R a —a
C, = I (&, -G,

a€Ay
where Caf, := exp (%), and Ay is a half-system of representatives of (Z/ f Z)* .
(ii) Let K be a real abelian field and let Cx be the multiplicative group generated by the
conjugates of |Cy|, for all x € Zx. Then we define the group of cyclotomic units:

Fr =CxNEr & Ik ZZFK®Zp.

Recall that Ci € K, and that any conjugate C; of C, is such that g—’; is a unit of K. If f,
is not a prime power, then C, is a unit.

Lemma 7.8. The Z[Gk|-modules Cx and Fx = Cx N Eg are free Z-modules; the families
defined by Cx and Fi are &-families with the arithmetic norms and transfers.

Proof. In particular, for conductors f and m | f, we have, for the norms, the formula given in
Lemma 5.17, N )/0(um) (1Ca(up) ) = [Cagum [, where @ = q\fl;[’[m (1- <w)> which
generates all the norm formulas in Q2P /Q. O

7.3. Arithmetic computation of #H}" and #" for x € 2 *. Using Leopoldt’s formula
[Leol1954, Satz 21, §8 (4)] and Propositions 7.4, 7.6, we obtain (see [Gral976, Théoreme II1.1]):

Proposition 7.9. For all x € 27"\ {1}, #H} = % (Ey C?X), where A, = p (1- ai"/g).
X ng

We get the relation #HS = (EKX : E?{XGB C?X) interpreting @y [Gral976, Corollaire III.1].

1
ax
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To interpret the coefficient g,, we have replaced the Leopoldt group C)%X of cyclotomic units
by the larger group Fg, := Cx, NEg, deduced from Cg, ; see the long proof [Gral976, Chap.
II1, § 3] giving the final result interpreting the coefficient ¢, and giving the analog of Theorem
5.10 for the real class groups.

Let Ek, be the group of absolute values of units of K, E(}{X the subgroup of Ek, generated
by the Ey for all the subfields & & K (Definition 7.1) and let Fx, = Cx, NEf, (Definition 7.7).

Theorem 7.10. Let x € 2"\ {1} and let HY := {z € Hg,, Ng p(x) =1, forallk & K,}.
Let g, be the order of x and fy its conductor. Then:
#HY = w, - (Ex cE% Fr,) & #=w, (6, : 68 - TK,),
where wy is defined as follows:
(i) Case g, non prime power. Then wy =1;
(ii) Case g, = p", p # 2 prime, n > 1:
(ii') Case fy, = £, £ prime, k > 1. Then wy = 1;
(ii") Case fy, non prime power. Then wy = p;
(i4i) Case g, = 2", n > 1:
(iii') Case fy, = €%, € prime, k > 1. Then w, = 1;
(iii") Case fy, non prime power. Then w, € {1,2}.

Proof. For the ugly proof see [Gral976, Théoreme I11.2, pp. 78-85]. O

Corollary 7.11. In the semi-simple case p { gy, we obtain #.6, = (éax : ,QX) and, conjecturally,
# M, = (8, Fyp), where & (resp. Fy) = {x € &k, (resp. Tk, ), Pyloy) -z =1}

Proof. In the semi-simple case, for any Z,|Gk|-module Ay, M, = H Ie(x, with the usual idem-
potent; thus, &, = é@f* = é"le{’;/(éalgx)e% ﬂfgx = &,/ Fy since (é‘}o{x)ex —1. 0

Remarks 7.12. (i) This point of view, which appears to have been ignored, seems more con-
venient than formulas using Sinnott’s cyclotomic units together with the ,%’;(alg, especially in the
non semi-simple case. Indeed, compare with [Greil992, Theorem 4.14] using instead e%’éfdg (only
in the semi-simple context of the relations (3.4)) and Sinnott’s cyclotomic units, more elaborate
than classical Leopoldt’s units (Definition 7.7), but which give rise to intricate index formulas.
Moreover, as we have mentioned in [Gral976/77, Remark III.1], an analytic formula for #%{alg ,
X € 2T, does not seem obvious (if any) because of capitulation aspects (see the numerical
examples of §3.3). We hope that this theorem suggests a new statement of the Main Conjecture,
especially in the non semi-simple case (see §8.2).

(ii) We remark that Ex = EKX/E(I)(X’ Fg, and (;(;X = cg"KX/cg"[%X' F K, are x-objects since, for

any non trivial norm, Ng. x(Ek, ) C E%X and Ng /i(6k,) C @‘"[%X. Then cogx =D é};p, where
elx
the ¢-components are (using the semi-simple idempotent e,):

&, = (&) ={Teé, P, T=1}

they are canonical with the classical Leopoldt definition of cyclotomic units, and independent of
the problems raised by the splitting, in sub-extensions of K, of ramified primes for Sinnott’s
cyclotomic units.

7.4. Class field theory and regulators. Let K € J# (denoting essentially a real field K,
in what follows). To simplify the diagrams and the statements, we assume to be in the most
common case where #x = 1 and K N Q% = Q, which gives the relations Jx = .7, [Ep (Diagram
of Section 6) and #Jk ~ [[c 9, $L,(1,%) (relation (6.2)).

The Galois group Jx may be compared with a “cyclotomic regulator” %) as follows.
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For this purpose, the diagram of the maximal abelian pro-p-extension K" of K is necessary
(from [Gra2005, II1.4 (d) & Diagram II1.4.4.1] with our present notations), where H2 is the
maximal tamely ramified abelian pro-p-extension of K and F;* the p-Sylow subgroup of the
multiplicative group of the residue field of the tame place v; let L be the compositum H}?H}?

Class field theory interprets Gal(K®P/L) as the Z,-module & and Gal(K®"/H') as the Z,-
module % as follows:

Uk | Ex

We put %z = {u € Uk, Ngjg(u) = £1}; since K is real, &k is of finite index in %
and one has the relation tor, (%x/éx) = Ui/Ex ~ Zk implying that F is fixed by %y
and that F N HY = KY°HY (recall, from [Gra202la, §2 & Figure 3], the exact sequence
1 = ZP™ = Ak — X — 1, so that a sub-extension of L/F may be unramified).

Which yields the more complete diagram, where F is the compositum of H with KV°H,
and where we suppose that K“° N Hy' = K to simplify; we have moreover:

Gal(F/KY°H) ~ Gal(Hy /Hy) ~ Gal(L/HE) ~ ([T, F) /¥

Tk
H
)]
v K<°Hy
Hy
Zp / -
! Hig—e

Define (under the assumptions #x =1 and K N Q¥° = Q):
R = torg, (U |6 Fi) = Uje | Ep- T = log,(Us) ] log, (6 Fk),
which yields, for x # 1, the Z,[G]-modules isomorphism:
(7.2) R, = R ).

We then have Z;° = Gal(Lo/F), where Ly is the subfield of K fixed by &% . For the
Artin maps defining the above Galois pro-p-groups, see [Gra2005, §111.4.4.5.1]

Remarks 7.13. Let x € 2"\ {1} and assume to simplify that #x =1, w, =1, KNQ¥* =Q
and KY“NHY = K.
(i) Theorem 7.10 and isomorphism (7.2) give:

cyc
Kx

# T = 4RI & #E = o
X

= $ A
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Of course the o/-modules .7, and %,”° (resp. &, and J4) are not necessarily isomorphic
and this is due essentially to the structure of %, as shown by the following table giving only
cyclic cubic fields K such that Zk is of maximal 7-rank 2 and Jk of 7-rank > 3 implying
Ak # 1; give a short excerpt (no example of 7-rank > 4 exists in the interval considered):

X" 3+x"2-39666*xx-2582719 Structure of the 7-torsion group: [7,7,7]
x"3+x72-43300%x-3411104 Structure of the 7-torsion group: [49,7,7]
X" 3+x"2-13226*x-508479 Structure of the 7-torsion group: [343,7,7]

X" 3+x72-427660*x-31551829 Structure of the 7-torsion group: [2401,7,7]
x"3+x72-2033484%x-966131001 Structure of the 7-torsion group: [49,49,7]

(ii) By nature, the Zj,-modules Zf, and %;{yxc are of p-rank limited by [K, : Q] — 1 and the
p-ranks of their p-components, ¢ # 1, are less or equal to the order of the decomposition group
of p in Qs ).

(iii) The sub-diagram, given by the extension K ab /K¢, opens perhaps an access way for an

interpretation of the Main Conjecture for even characters in the non semi-simple case, or at least
an annihilation theorem (see Conjecture 7.14) in the spirit of Thaine’s theorem:

cycrynr
K

7.5. Annihilation conjecture for real p-class groups. Before any proof of the conjectural
equality #.77" = #&, = #(ng/glgx'ij)so (giving again the Main Theorem for ¢ € ®}), it will
be interesting to prove that any annihilator of é"; annihilates 77", which will be more precise
than the annihilators of .7, (see Theorem 6.3, Remarks 6.4, 7.13).

To our knowledge, the best known annihilation theorem of real p-class groups is Thaine’s
Theorem [Th1988], [Was1997, Theorem 15.2] saying that any annihilator of &, /35;{)( (for a

classical definition of the group of cyclotomic units .%# kx) is an annihilator of #% . But Thaine’s
Theorem only concerns the semi-simple case.

Mention also annihilation theorems by Solomon [Sol1992], which are not optimal because of
vanishing of Euler factors; this is discussed in [Gra2018b].

Conjecture 7.14. Let y € 2 T\{1}. Any element on[,ng], annihilating B := Ef, /E?{X'FKX’
annihilates HY .

For this, we will prove the following lemma, giving some prerequisites on the subject, and
some numerical computations.

Lemma 7.15. Let Mg, be a torsion-free monogenic Z|Gy|-module (i.e., Z-free and Z[G,]-
generated by a single element). Let M’KX be a sub-module of M., , such that MKX/M’KX is finite

. . e A
and anmi‘nlated by Py(0y) ZIGy]. Then (Mk, [ M ) = (Mg, /My ) @ Zp)% = Lp|pg ]/p5°
for all v | x.

Proof. By assumptions, Mg, / M’KX is a finite monogenic Z[ugx]—module, whence of the form
Zlpg, ]/, with a non-zero ideal 2; so ///KX////I'{X >~ (Zpy, ]/A) ® Zy, giving:

Mg | M, = Dy [Lolg 1/077].

with the usual correspondence between prime ideals p | p and p-adic characters ¢ | x; whence
the claim. 0
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It is well-known that there exists in |E, | a unit |¢| generating, with its conjugates, a subgroup
E of |Ek, | of prime-to-p finite index (Minkowski unit). Then M := Z[G,] - [¢] is monogenic and
torsion-free.

Let M’KX = E%XFKX. Then, taking into account orders, monogenicity and the fact that
(Py(0y)) annihilates Mg, / M’KX, Lemma 7.15 is coherent with an annihilation theorem of the
HF"’s since, from the results of § 7.4, #7" is a quotient of RC.

Example 7.16. We consider, for p = 7, the cubic field K = K, of conductor f = 2557 defined
by the polynomial P = x3 + 22 — 852x + 9281; then S ~ Z/7TZ, Tx ~ Z/T*Z x Z/7Z and
Ex [Tk = Llj]/(1 = 2j)Z[j] = Z]j]/p for a prime p | 7.

The following program computes the annihilator Ak (c) of J; it may be easily used for other
examples, defining the three classes o* - Gal(Q(u pr) /K), k = 0,1,2, giving the annihilator

Ak(c) = Ag + Ajo + Ayo?, then B := Ag — Ay + (A — Ay) j, yielding pY - py in Z[us):

{p=7;£=2557;N=3; pN=p~N; fpN=£f*pN; e=eulerphi (fpN) ;

g=znprimroot (f) ;1g=1ift (Mod((1-1ift(g))/f,pN));g=Mod(1lift (g)+1gxf,fpN);g3=g"3;
G=znprimroot (pN) ;1G=1ift (Mod ((1-1ift(G))/pN,f)) ;G=Mod (1ift (G)+1G*pN,fpN);
c=lift(znprimroot (£)) ;cm=Mod(c,fpN) "-1;A0=0;A1=0;A2=0;

for(k=1, (£-1)/3,for(j=1,e,A=g3"k*G"j; gA=g*A; ggh=g " 2%4;

a=lift(A) ;aa=1ift (Axcm) ;la=(aa*c-a)/fpN;A0=A0+la*A"-1;

a=lift(gh) ;aa=lift(ghA*cm) ;la=(aa*xc-a)/fpN;Al=A1+la*A"-1;
a=lift(ggh);aa=1ift (gghA*cm) ;la=(aaxc-a)/fpN;A2=A2+1axA"-1));

print (Mod(1ift (A0),pN)," ",Mod(lift(A1),pN)," ",Mod(lift(A2),pN))}

Mod(51,343) Mod(203,343) Mod(195,343)

Modulo 73, one obtains Ag = 51, A; = 203, Ay = 195; since we can compute modulo the norm
1+ 0+ 0?2, this yields for instance the ideal (19+185) = p3. Whence T ~ Z[j]/(1 - 25)3Z[j] (as
Z-module, J is given by (7)@® (31 + j ), whose components are of order 72 and 7, respectively).
One verifies that Zx ~ (1 — 25)Z[j]/(1 — 2§)3Z[j] and that % ~ Z[j]/(1 — 2§)Z][j] is, indeed,
annihilated by (1 — 27).

8. INVARIANTS (ALGEBRAIC, ARITHMETIC, ANALYTIC) — MAIN CONJECTURE

In the sequel, we fix an irreducible character y € 2" (of order gy of conductor fx)- We apply
the previous results to the families %alg, AL and T, for any ¢ | x, p € ®.

8.1. Definitions of Algebraic and Arithmetic Invariants m®8(z), m® (#). Write simply
that ,%foalg, T and T = ﬂwalg are finite Zp[uy |-modules whatever ¢ € ® = & U ®7; thus:

g

alg ar
al ~ (]f ar . K n ,i( )
o = M2yl ) o0 ot = T2l 1 027, 7 2yl ) 07,

where p,, is the maximal ideal of Z, [ugx], the n,; being decreasing integers up to 0. Put:

i>1 il w\x
(8.1) mg () = Zlnga o myer ZIT mg (),
PIX
ar - Z ar 5 Z ar
m, (7) = 7l¢ i Tn/ (57 m, (7).
i>1

Whence the order formulas for ¢ € ® = dT U P ~:

# A = prOmEE) A = pprOImE) g pp)mE(T),

) 9
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8.2. Definitions of of Analytic Invariants m®"(#). We may define, in view of the statement
of the Main Conjecture, the following Analytic Invariants m", from the expressions given with
rational characters, where val,(e) denote the usual p-adic valuation; the purpose is to satisfy the
necessary relations implied by Theorems 3.15, 4.1 about arithmetic components:

2 mE(a) = 2o mi ),
elx olx

for any family .# € {¢~, #+, T} and any x € 2" (cf. Theorems 5.10, 7.10, 6.2).
8.2.1. Case p € ®~ for class groups. Here, Algebraic and Arithmetic Invariants coincide. The
definitions given in [Gral976, Gral976/77, Gral977] were:
(i) Case p # 2 (conjecture proven by Solomon [Sol1990, Theorem II.1]).
(") K, is not of the form Q(gpn), n > 1; then:

man (=) = Valp( (- %Bl(z/z_l))>,
Yle
(i) Ky = Q(upn), n > 1; let o = w - Y, ¥, of order p" ! (where w is the Teichmiiller
character); then:

man ey = valy (11 (= $Bi(w™)), if A £ 1,
Yle
mg'(#~) =0, if A=1.
(ii) Case p = 2 (conjecture proven by Greither [Greil992, Theorem BJ, when g, is not a
2-power and f, is odd).

(ii') g, is not a 2-power; then:
mg (A7) = vab(ﬂ ( — %Blw—l))).
)
(ii") g, is a 2-power; then:

ma ) = va12<7££ (- %Bl(q/,—l))), if Ky # Q(ma),
m =) =0, if Ky = Q(pq)-

8.2.2. Case p € ®T, ¢ # 1, for class groups. From Definition 7.7 and Theorem 7.10, we consider,
for any cyclic field K, where we recall that Fg := Cx N Eg:

bk =B ®ZLy,, 6L =E\®ZL, Fx=FxoL, & =08k /6% T = DE,

where: c;‘":p ={7 ¢ ‘;(;xa Py(oy) -z =1} = c;“v’xe“", in terms of the semi-simple idempotents of the
algebra @ = Zp[G\]/(Py(0y)). Since &, is, for ¢ # 1, a free Zp[ug |-modules of rank 1, we
define m& () by means of the relation:

~ man (.t an
ngzp[ﬂgx]/pgow( )7 mey, (#7%) 2 0.

Consider the relation #" = w, - (6k, : éDI%X - Fr,) = Wy 1_‘1#520 of Theorem 7.10; we
elx

remark that wy, = p occurs only when g, is a p-power, in which case p is totally ramified in
Q(ug,) and ¢ = x (which defines w, = wy). So, we may define mg'(#+) and wy, as follows
(the corresponding conjecture is proven by Greither [Greil992, Theorem 4.14, Corollary 4.15],
essentially in a semi-simple context (it is indeed that of the relations (3.4) which shall not give

each #7" compared with ggo) and using Sinnott’s definition of cyclotomic units):
(i) Case g, non prime power. Then w, = 1 and:
mH (At = Valp(#é@;).
(ii) Case g, = p", p # 2 prime, n > 1
(i) Case f, = ¢, ¢ prime, k > 1. Then w, = 1 and :
m (At = Valp(#é";),
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(ii”) Case fy non prime power. Then w, = p and
my () = Valp(#gsp) +1
(iii) Case g, =2", n > 1:

(iii") Case fy = ¥, ¢ prime, k£ > 1. Then w, = 1 and:
mi () = Valp(#g";o),

(iii”) Case f, non prime power. Then w, € {1,2} and:

man (e+) € {valy(#6,), val,(#6,) + 1}.

8.2.3. Case ¢ € ®T for p-torsion groups. From Theorem 6.2, we define mg'(7) as follows (con-
jecture proven by Greither [Greil992, Theorem C], when gy 1s not a 2-power):

(i) Case where g, and fy are not p-powers. Then:
mg'(7) = val (H L,(1, ))
(ii) Case where g, 75 1 and f, are p-powers. Then:

man () _val(H Ly(1,4)) +1.

8.3. The Main Conjecture — Motivations and Statement. The conjectures we have given
in [Gral976, Gral976/77, Gral977] where simply equality of Arithmetic and Analytic Invariants,
due to numerical observations, Theorems 5.10, 6.2, 7.10, with the specific property of the p-adic
characters given by Theorem 4.4, and the fact that counterexamples would introduce a curious
gap between an elementary context (abelian characters) and a deep one (class field theory), a
gap which is not in the general philosophy of algebraic number theory.

Moreover, the annihilation properties of Theorems 5.18, 5.19, 5.21, 6.3, enforce the conjectures
as well as reflection theorems that were given, after the Leopoldt’s Spiegelungsatz, in [Gral998]
or [Gra2005, Theorem I1.5.4.5] giving a more suitable comparison, for instance between 7, and
Twp—1, @ € @7, where w is the Teichmiiller character. See also [Or1981, Or1986] for similar
informations and complements.

Conjecture 8.1. For any abelian p-adic irreducible character o € ® = ®T U O, we have:
my ety =mPet) (p € ®F), mP ) =mPr) (pe ®), mY(7)=mP7) (p € dT).
A main justification of such equalities comes from the easy Theorem 2.1 since, from the analytic
Definitions 8.2 and the arithmetic expressions that we recall:
(i) Theorem 5.10 giving H{Y = 2% - w, - []y, (= 3Bi(v1)), for x € 277,
(ii) Theorem 6.2 giving #.7, = wy’* - wa % L,(1,%), for x € Z'T,
(iii) Theorem 7.10 giving #H}' = w, - (E, : B} -Fg,), for x € 27F,
we indeed satisfy, for any family .Z € {7 ~, ", 7}, to the following equalities:

2 mE (a) = 22 mi ).

®lx elx

Remark 8.2. It would remain the problem of giving the orders, #e%’é(alg and #%alg, for which no
analytic formula does appear clearly in the non semi-simple real case; for instance, in Example
3.13 for p = 3, x; = ¢; (i € {1,2}) are the characters of the fields k; of degrees 6 and 18,
respectively, in the compositum K of ky = Q(1/4409) with the degree 9 field of conductor 19,
one gets ,%”Xilg ~ 7./37 while " =1, as predicted by the conjecture and checked numerically.

In the Example 3.14, one finds ,%”alg (Z/37)3 while AT~ (Z./37)*.
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8.4. Finite Iwasawa’s theory in p-cyclic extensions. For more details and an applica-
tion to classical Iwasawa’s theory for real abelian fields, in the spirit of Greenberg’s conjecture
[Greel976], see [Gral976, Chap. IV]; nevertheless, the results hold in arbitrary cyclic extensions.
As usual, considering an irreducible character x € 2" and ¢ | ¢ | x, we put ¥ = g - 1, o of
order g, prime to p and v, of p-power order; then if Gy, = Go x H in an obvious way, we denote

by e, the semi-simple idempotents attached to Z,[G,], that is to say, e, := g—loagéo wolc™) o,
for ¢, above . N N

To use the properties of & := é"KX/é‘}%X Tk, = Dy, We note that (é}(}x)ev ~ é}e{“;, giving
Ep éa;(i/éa;(il . f;;, then the isomorphism é"f(i/é"e‘; >~ Zplpg, ] (see [Gral976, Lemma IV.1]),
and the following principle:

Theorem 8.3. Let x € 2™ be such that g, = go - p", p1 go, n > 2. Let X' (resp. X") be the
rational character such that (K, : K] = [Ky : K] = p; to simplify, set K == K, K' := K,/,
K" := Kyn. Assume that Ny, p(Fr) = Fir.? Let py, be the mazimal ideal of Zplpg, ]: put:

Tl | Tl NER =~ pé, A>0;
in the isomorphism & | & ~ Zp[,ugx /pls put:

ﬁ;ﬁ/ﬁf{fﬂgf{“‘,’,:pg:piﬁ a20 & NK/K/(cg";(“")/NK/K/(cf’;”)ﬂcg‘}e{f/Zp?p/pr;b, bZO
(i) Ifa < p"~2(p—1), then A =a —b.

(ii) If a > p"~2(p— 1), then A >p"2(p—1) —b.

Theorem 8.4. Let x € 2~ be such that g, = gy - p", p {99, n > 2. Let X' be the rational
character such that [K, : Ky/] =p and put K := K,, K’ :== K,,. Assume that the Stickelberger
elements By, By are p-integers in Zy|Gk| and that N x(Br) = By (see Footnote 2). Put:

Bi(¢ ) Zplug ] =95, A20 & Bi(W ) Lyluy g =l a > 0.

(i) Ifa <p"2(p—1), then A = a.
(ii) If a > p" =2 (p — 1), then A > p" 2 (p—1).

This allows to prove again Iwasawa’s formula in the case p = 0 [Gral976, Theorems IV.1,
IV.2, Remark IV.4] and gives an algorithm to study the p-class groups in the first layers.

To simplify, let & be a real base field such that Gy := G} is of prime-to-p order, and let
EY¢ = U,,>0 kn be its cyclotomic Zj,-extension. The condition p = 0 of Iwasawa’s theory is here
equivalent to the existence (for all the semi-simple component defined by the characters of Gy)
of n (corresponding to a character yn41 of order g, p"*!) such that a, < p"~2(p — 1) (case (i)
of the Theorem 8.3); then the sequence #.74;, becomes constant giving the A-invariant and the
relation &, = Ny /. (Ekysy) * Ek,_y for n>> 0; we then have = (&, éalgn Fr,,) for n > 0.
More precisely we have (with obvious notations) ps = (é";: : é";:fl 95:) for n > 0.

This methodology does exist in terms of p-adic L-functions for real and imaginary abelian
fields (see [Gral978/79a, Chap. V]).

Recall that Greenberg’s conjecture [Greel976] for a totally real base field (i.e., A = u = 0) is
equivalent to the property that the norms Ny, @ %, — %, , m > n > 0 are isomorphisms
(see other equivalent conditions in [Gra2019, Corollary 3.4]).

n?

Corollary 8.5. In an analytic context, Greenberg’s conjecture is equivalent to &, = (f,?n- Fr,,
for alln >0 (cf. Definitions 7.1 and 7.7 yielding cg"]?n and the group Fy, of Leopoldt cyclotomic
units computed from the field Q(ufn), where f,, is the conductor of k).

2Gee Lemma 5.17 giving the ramification conditions. In particular, it is the case when K and K’ have the same
set of ramified places, whence in the cyclotomic Zy-extension of a real number field k£ of prime-to-p degree.
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9. NUMERICAL ILLUSTRATIONS WITH CYCLIC CUBIC FIELDS
For x € 2" and é"vx = éaKX/é}O{X- Tk, We liave #IA = wy #g"x (Thforem 7.10), and for
any ¢ | x we have, conjecturally, # 73" = w, #&,, w, € {1,p}, &, ={T € &, P, T =1}, and:

o mzn (o an

#) H)
8o =~ Zp[ﬂgx]/Pso y My,

To
ar m i ( ar
) 20, Ay = gzp[ﬂgx]/l% - » My, i() 2 0,

To
for a decreasing sequence (mfgi(;f))i giving mi'(#) = Zl mzr,i(e%”) to be compared with mg ().
1=

We intend to see more precisely what happens for these analytic and arithmetic invariants
since the above equality defining m{"(#) can be fulfilled in various ways. We will examine the
case of the cyclic cubic fields K = K, for primes p = 1 (mod 3) giving two p-adic characters
@ | x; in that case, & = 1 and #" = (6k : Fi).

For example, for p = 7, the possible structures, for the Z[j]-module Ex /F g, are of the form
Z[j]/[(—Q +g)™ (34 5)M2 - a], (my,mo > 0 and a prime to 7), giving the two @-components

Z7[j1/ (=2 + )™ and Z7[j]/(3 + j)™ for the &,’s.

9.1. Description of the computations. The part of the PARI [Pari2016] program computing
all the cyclic cubic fields is that given in [Gra2019, §6.1].

A crucial fact, without which the checking of the ¢-components of the Gg-modules 8k / Fx
and % could be misleading, is the definition of a generator ¢ of G giving the correct conju-
gation, both for the fundamental units, the cyclotomic ones and the elements of the class group;
this is not so easy even if a conjugation does exist for the data given by K = bnfinit(P) from the
explicit instructions G = nfgaloisconj(P), giving % under the form g(x), g € Q[X], for a root x
of the defining polynomial P, and nfgaloisapply acting on any PARI object.

Thus it is not too difficult to find, from K.fu giving a Z-basis of Fx, a “Minkowski unit”
e and its conjugate €7 such that (¢,”), = Ek; indeed, for the numerical evaluation of e(x)
and €(g(x)), at a root p € R of P, we only have a set {p1, p2, p3} given in a random order by
polroot(P). Any change of root gives an inconsequential permutation (g,e7) — (e7,¢77), 7 € Gk.

For security, we test Reg; /Reg = 1 where Reg; is the regulator computed with the root p and
where Reg = K.reg is the true regulator given by PARI.

Then we must write the Leopoldt cyclotomic unit 7 of K of conductor f (Definition 7.7) under
the form n = e**P7 o, B € Z, which is easy as soon as we have  and 7. But 7 is computed by
means of the analytic expression of |C| = I1 1Cor — Cg_fa|, as product of the |§2af — Qz_fa

a’e[lvf/2[7 Ull‘Kzl

for the prime-to-f integers a < f/2 such that the Artin symbol o, = (M) is in Gg (which

a
is tested using a prime g, = a (mod f) giving 04|, = 1 if and only if g, splits in K).

If f is prime, Cgf—Cz_fl generates the prime ideal above p; thus, 7 := NQ(W)/K(C%—C{J}) =+C?
is such that 73 = f -7/, ¥ € By, whence 73(1-9) = y/1=9 = 36 .= (C'=?)6 (Proposition 7.9);
the program computes 3log(C) — %log( f) so that we must divide the regulator RegC by 3 and
multiply a + j 8 by 1%] in that case.

If f is composite, we have 7 = C obtained via the half-system and the class number is the
product of the index of units by w, = 3 (Theorem 7.10), so this appear in the results (e.g., for
the first example f = 13-97, P = 23 + 22 — 420z — 1728, classgroup = [21] and Index [Ex : Ck] = 7,
but o +j B8 = —3 — 2§ of norm 7; for f = 32307, P = 23 — 921z — 10745, classgroup = [21, 3]
and Index [Ek : Ck] =21, but a4+ j 8 = —5 — j of norm 21).

To define the correct conjugation (af Cgf =: Cgf, for some prime ¢, we use the fundamental

property of Frobenius automorphisms giving y™°*(@ = y? (mod ¢), for any integer y of K, if ¢ is
inert in K/Q; using 27 = g(z), we test the congruence g(x)—z¢ (mod ¢q) to decide if o = Frob(q)

or Frob(g)?, in which case Cgf = Cgf or Cg;, giving easily the conjugate n°.
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9.2. The general PARI program. The program is the following and we explain, with some
examples, how to use the numerical results checking the Main Conjecture (of course, now, the
Main Theorem); hmin = p'P means that the program only computes fields with p-class groups
CKp of order at least p¥P, and bf, Bf define an interval for the conductors f.

Other indications are given in the text of the program (if necessary, the program can be copy
and past at https://www.dropbox.com/s/k6v3bh6z957bdy9/Program.tex?dl=0 ):

\p 50

{p=7; \\ Take any prime p congruent to 1 modulo 3
bf=2;Bf=10"6;hmin=p~2;

\\ Arithmetic of Q(j), j~2+j+1=0:

S=y~2+y+1;kappa=bnfinit(S) ;Y=idealfactor (kappa,p);
Pi=component (Y, 1) [1] ;P2=component (Y,1) [2]; \\ Decomposition (p)=P1*P2 in Z[j]
\\ Iteration over the conductors f in [bf,Bf]:

for (f=bf,Bf,vf=valuation(f,3);if (vf!=0 & vf!=2,next);

F=£/3"vf;if (core(F) !=F,next) ;F=factor (F) ;Div=component (F,1) ;
d=matsize(F) [1];for(j=1,d,D=Div[j];if (Mod(D,3)!=1,break));

\\ Computation of solutions a and b such that f=(a"2+27%b"2)/4:

\\ Iteration over b, then over a:

for(b=1,sqrt (4*£/27) ,if (vf==2 & Mod(b,3)==0,next) ; A=4*£-27*b"2;

if (issquare(A,&a)==1,

\\ computation of the corresponding defining polynomial P:

if (vf==0,if (Mod(a,3)==1,a=-a) ;P=x"3+x"2+(1-f) /3*x+(f* (a-3)+1) /27) ;

if (vf==2,if (Mod(a,9)==3,a=-a) ;P=x"3-f/3*x-f*a/27);

K=bnfinit(P,1); \\ PARI definition of the cubic field K

\\ Test on the p-class number #CKp regarding hmin:

if (Mod(K.no,hmin)==0,print();

G=nfgaloisconj(P); \\ Definition of the Galois group G

\\ Frob = Artin symbol defining the PARI generator sigma=G[2]:
forprime(q=2,10"4,if (Mod(f,q)==0,next);
Pg=factor(P+0(q));if (matsize(Pq) [1]1==1,Frob=q;break)) ;X=x"Frob-G[2];
if (valuation(norm(Mod (X,P)) ,Frob)==0,Frob=1ift (Mod(Frob~2,f)));
E=K.fu;Reg=K.reg; \\ Group of units, Regulator

\\ We certify that a suitable PARI unit is a Z[G]-generator of E_K:
E1=1ift(E[1]);E2=1ift (nfgaloisapply(X,G[2],E[1]));

Root=polroots(P) ;Rho=real(Root[1]); \\ Selecting a root of P

el= abs(polcoeff(E1,0)+polcoeff (E1l,1)*Rho+polcoeff(E1l,2)*Rho"2);

e2= abs(polcoeff(E2,0)+polcoeff (E2,1)*Rho+polcoeff (E2,2)*Rho"2);
1l1=log(el) ;12=log(e2) ;Regl=11"2+11%12+12"2;quot=Regl/Reg;

print(quot); \\ This quotient must be equal to 1

\\ Computation of the cyclotomic units C1,C2=sigma(C1):

z=exp (I*Pi/f);C1=1;C2=1;

\\ Case of a prime conductor f using (Z/fZ) * cyclic):

if (isprime(f)==1,g=znprimroot (£f)"3;

\\ Description of a half-system:

for(k=1, (f-1)/6,gk=1ift (g k) ; sgk=1ift (Mod (gk*Frob,f)) ;
C1=C1*(z"gk-z"-gk) ; C2=C2*(z"sgk-z"-sgk)) ;
L1=3*log(abs(C1))-log(£f)/2;L2=3%log(abs(C2))-1log(£)/2; \\ Logarithms of C1,C2
\\ computation of the cyclotomic regulator and of the index Quot=(E:F):
RegC=L1"2+L1*L2+L2"2;Quot=1/3*RegC/Reg); \\ Division by 3 of RegC

\\ Case of a composite conductor:

if (isprime(£f)==0,for(aa=1, (f-1)/2,if(gcd(aa,f) !=1,next);

\\ Search of a prime ga congruent to a modulo f, split in K:
ga=aa;while(isprime(qa)==0,qa=qa+f) ;if (matsize(idealfactor(K,qa)) [1]==1,next);
\\ The Artin symbol of aa fixes K:
C1=Ci1*(z~aa-z"-aa) ;C2=C2*(z" (Frob*aa)-z~-(Frob*aa))) ;
Li=log(abs(C1));L2=log(abs(C2)); \\ Logarithms of C1,C2

\\ computation of the cyclotomic regulator and of the index Quot=(E:F):
RegC=L1"2+L1+L2+L2"2;Quot=RegC/Reg) ;

\\ printing of the basic data of K:

print("P=",P," f=",f,"=",factor(f)," (a,b)=","(",a,",",b")",

" class group=",K.cyc," sigma=",Frob);print("Index [E_K:C_K]=",Quot);
\\ Annihilator alpha+sigma.beta of the quotient E/C:


https://www.dropbox.com/s/k6v3bh6z957bdy9/Program.tex?dl=0
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alpha=((log(el)+log(e2))*L1+log(e2)*L2) /Reg;beta=(log(e2)*L1-1log(el)*L2)/Reg;

if (isprime(f)==1, \\ In the prime case one multiply alpha+j.beta by (1-3)/3
alphaO=(alphatbeta)/3;beta0=(-alpha+2*beta)/3;alpha=alphal;beta=betal) ;

\\ Writing of alpha and beta as reals for checking:
print("(alpha,beta)=","(",alpha,", ",beta,")");

\\ Computation of alpha and beta as integers:
alpha=sign(alpha)*floor(abs(alpha)+10~-6) ;beta=sign(beta)*floor (abs(beta)+107-6);
\\ Class group structure (r = global rank;rp = p-rang;expo = exposant of CKp)

\\ vp = valuations of CKp, ve = valuation of the exponent expo of CKp:
CK=K.clgp;r=matsize(CK[2]) [2] ;CKp=List;EKp=List;rp=0;vp=0;ve=0;for(i=1,r,
ei=CK[2] [i] ;vi=valuation(ei,p);if (vi>0,rp=rp+1;vp=vp+vi;ve=max(ve,vi)) ;expo=p~ve;
\\ The rp following ideals Ai generate the p-class group CKp:

Ai=idealpow(K,CK[3] [i],ei/p~vi);listput(CKp,Ai,i);listput(EKp,p~vi,i));

\\ Computation of the matrices h and sh of Ai and sAi on the PARI basis of CK
LO=List;for(i=1,r,listput(L0,0,1));LH=List;LsH=List;

for(i=1,rp,Ai=CKp[i] ;h=bnfisprincipal(K,Ai) [1];

sAi=nfgaloisapply(K,G[2],Ai) ;sh=bnfisprincipal(K,sAi) [1];

print("h=",h,", ","sigma(h)=",sh);listput(LH,h,i);listput(LsH,sh,i));

\\ Determination of the Pi-valuations of (alpha+j.beta), i=1,2:

Z=Mod (alpha+y*beta,S) ;wl=idealval (kappa,Z,P1) ;w2=idealval (kappa,Z,P2);

print(wil," ",w2," P1 and P2-valuations for alpha+j*beta");
\\ Galois structure of CKp; computation of the phi-components:
if (rp==1,

u=1ift(LsH[1] [1]*Mod (LH[1] [1],expo)~-1);

YY=Mod (y-u,S) ;vi=idealval (kappa,YY,P1) ;v2=idealval (kappa,YY,P2);
vi=min(vl,ve);v2=min(v2,ve) ;print(vi," ",v2," P1 and P2-valuations for H"));

if (rp==2,

\\ Computation of ci(mod expo) such that Pi=(ci+j),i=1,2 (phi-annihilators):
Sp=lift(factor(S+0(p~ve))) ;Spl=component (Sp,1) [1];Sp2=component (Sp,1) [2];
cl=polcoeff (Sp1,0) ;c2=polcoeff (Sp2,0);

\\ Coefficients of the classes LH[1],LsH[1],LH[2],LsH[2], on the PARI basis of CK
Hi1=LH[1];A1=H1[1];B1=H1[2];sH1=LsH[1];C1=sH1[1];D1=sH1[2];

H2=LH[2] ;A2=H2[1] ;B2=H2[2] ; sH2=LsH[2] ; C2=sH2[1] ; D2=sH2[2] ;

\\ Computation of the determinants of the relations:
Deltal=((Cl+c1*A1)*(D2+c1*B2)-(D1+c1*B1)*(C2+c1*A2)) ;Deltal=1ift (Mod(Deltal,expo));
Delta2=((C1l+c2*A1)*(D2+c2*B2) - (D1+c2*B1) * (C2+c2*A2)) ;Delta2=1ift (Mod(Delta2,expo));
print(Deltal," ",Delta2," Determinants: Deltal,Delta2");

\\ Computation of the relations defining the phi-components:
r11x=Cl+ci*Al;r11y=C2+c1*A2;

r12x=D1+c1%*B1;r12y=D2+c1*B2;

r1lx=1ift (Mod(riix,expo));rily=1ift (Mod(rily,expo));

r12x=1ift (Mod(r12x,expo)) ;ri2y=1ift (Mod (r12y,expo));

r21x=C1+c2*A1;r21y=C2+c2*A2;

r22x=D1+c2%B1;r22y=D2+c2*B2;

r21x=1ift (Mod(r21x,expo)) ;r21y=1ift (Mod (r21y,expo));

r22x=1ift (Mod(r22x,expo)) ;r22y=1ift (Mod (r22y,expo)) ;

print ("R11=",riix,"*X+" ,rily,"xY" " R12=",r12x,"*X+",r12y,"*Y");

print ("R21=",r21x,"*X+" ,r21y,"*xY" " R22=",r22x,"*X+",r22y,"*Y"));

\\ Structure of the torsion group Tp of p-ramification:

n=6; \\ Choose any n, large enough, such that p~(n+1) annihilates Tp:
LTp=List;Kpn=bnrinit (K,p"n) ;Hpn=Kpn.cyc;dim=component (matsize (Hpn),2) ;
for(k=2,dim, c=component (Hpn,k) ; if (Mod(c,p)==0,listput (LTp,p valuation(c,p),k)));
print("Structure of the ",p,"-torsion group: ",LTp)))))}

9.3. Numerical examples. Since the approximations are in general very good (with precision
\p 50), we have suppressed useless decimals in the numerical results for integers computed and
given as real numbers. But for some conductors, the precision \p 100 may be necessary, because
of a fundamental unit close to 0 (e.g., f = 21193, 30223). For f = 42667, \p 100 does not
compute correctly and \p 150 gives a nice result for a and ; but we see that, for this example,

e_1=3062171948818717694 .348000505806 & e_2=1.221295564694 E-69,

which explains what happens.
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Note that, according to the PARI version used, numerical data for generators of class groups
may vary and propagate in some computations, but without any trouble for final results.

9.3.1. Galois structure of x| Fk. Let € be the Z[G]-generator of Ex and let 7 that of the sub-
group Fg of Leopoldt’s cyclotomic units; thus we have n = ¢**#? and obtain the isomorphism:

Ex/Fr ~Z[jl/(a + j B)Z[j],
where j is root of S :=y? +y + 1.

In all the sequel, from a factorization p = (r1+j 1) (ro+775) =: p1p2 in Z[j], we associate, for
the exponent p°, the two annihilators ¢; +o such that (¢; +7) = p$ (up to a prime-to-p ideal); this
preserves the definition of the ¢, and ¢,-components. For instance, for p =7, py := (=24 j)Z[j]
and pg := (34 j)Z[j]; writing (o + 7 3) =: p} - p4 - a, a prime to 7, we get immediately the two
p-components of &k /. Fk (e.g., if e = 2, the two annihilators are 19+ j and —18+ j, respectively;
for p = 13, we get 23 4+ j and —22 + j).

9.3.2. Glalois structure of . Recall that the instruction bnfisprincipal(K,ldeal)[1] gives the
matrix of components, of the class of Ideal, on the basis {h1, ..., h,} given by K.clgp (in CK) and
the fact that 0 at the place ¢ means that the corresponding component of cl(ldeal) on h; is trivial.

We first replace the PARI basis of Hx by a basis {h,...,h,,} of #% (where 7, < r is the
p-rank). The Galois action on the h; is computed using the instructions:

h = bnfisprincipal (K, Ai)[1]; sAi = nfgaloisapply(K, G[2], Ai); sh = bnfisprincipal (K, sAi)[1];

where G[2] gives the o-conjugate; so the Galois structure of #% becomes linear algebra from the
matrices given by the program, via the relations h = [[;2, hY* (in h) and h° = [[;*, h?i (in sh).

(a) Case of 7-rank r; = 1. This case is obvious, writing h = h{, h® = hY; we write
Py, =c1+y (mod 7¢) and Py, = c2 +y (mod 7¢), where 7¢ is the exponent of Jf; we obtain
herte = pSeth and perto = pReth o g = A, (vesp. ) if and only if cia +b = 0
(mod 7¢) (resp. cza+ b =0 (mod 7¢)). In fact the program computes —a*b + j, where a* is
inverse of @ modulo 7¢, and write (—a*b + j) = p¥ for the suitable i € {1,2}.

The Galois actions are to be read in columns; for instance, the valuations:
v 0 P1 and P2 — valuations for alpha + j * beta (resp. H)

in a line gives the structures Z[j]/p} - p3 for “.# = &/.F (vesp. H)”, whence A, ~ Z[j]/pY,
My, =1, and so on.

Denote by & the family &/.%. The first examples with r7 = 1 are:

P=x"3+x"2-104*x+371 £=313=Mat([313,1]) (a,b)=(35,1)

Class group=[7] sigma=4

(alpha,beta)=(-3.000000000000,-2.000000000000), Index [E_K:C_K]=7.000000000000
h=[1]~, sigma(h)=[2]1"

1 0 P1 and P2-valuations for alpha+j*beta

1 0 P1 and P2-valuations for H

Structure of the 7-torsion group: List([7,7])

We have @5% ~ H, =~ Z7[j]/p1 ~ F7 and the conjugation h® = h?, giving the annihilator
(=2 4+ j) = p1 as expected; whence the two columns given by the program. We deduce that
T = A D R

P=x"3+x"2-2450*%x-1089 f=7351=Mat([7351,1]) (a,b)=(-1,33)

Class group=[49] sigma=4

(alpha,beta)=(5.000000000000,8.000000000000) , Index [E_K:C_K]=49.000000000000
h=[1]~, sigma(h)=[30]1"

2 0 P1 and P2-valuations for alpha+j*beta

2 0 P1 and P2-valuations for H

Structure of the 7-torsion group: List([2401])
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We have (a+7 3) = (5+83), thus the annihilator (19+5) = p?; then h? = h3° gives (modulo 7?)
the same annihilator. The two ¢,-components are of course trivial.

Since Tx ~ Z/T*Z, we deduce Z = ﬁlzz and i ~ T | Ry ~ L) T*L.
The first field such that %5 ~ Z/737Z is the following:

P=x"3+x"2-77006%x-342256 £=231019=Mat([231019,1]) (a,b)=(-1,185)

Class group=[343] sigma=4

(alpha,beta)=(19.000000000000,18.000000000000) , Index [E_K:C_K]=343.000000000000
h=[1]~, sigma(h)=[18]"

0 3 P1 and P2-valuations for alphat+j*beta

0 3 Pl and P2-valuations for H

Structure of the 7-torsion group: List([343,7])

The annihilator of J# is (—18 + j) = p3. The structures are similar with the (p,-components
since (19 + 187) = p3. In that case, T = Hk D %y with H# ~ 7)737 and Ry ~ 7.]T7Z.

(b) Case of 7-rank r7 = 2 This case depends on the matrices giving the data:
h = [a,b], sigma(h) =[c,d] & h =[a,b/], sigma(h’) =[c,d'];

this means that the corresponding generating classes h, h’, fulfill the relations (regarding the basis
{h1,ho} of the class group) h = h¢-hS and h® = h$-hg, then b’ = h¢ -hY and h? = h§ -h¢ . Thus
we compute the conditions H%7 = 1,4 = 1,2, for H := h*-h'Y; this gives the relations R11, R21
of the program (the relations R12, R22 are checked by security since they must be proportional
to the previous ones); whence the arrangement of lines when the conjecture holds. The program
computes the corresponding determinants of the relation (Determinants Deltal Delta2); this is
superfluous but have been computed (but not printed) for verification.

P=x"3+x"2-3422*x-1521 £=10267=Mat ([10267,1]) (a,b)=(-1,39)

Class group=[7,7] sigma=2

(alpha,beta)=(-7.000000000000,-7.000000000000) , Index [E_K:C_K]=49.000000000000
h=[1,0]1", sigma(h)=[0,1]1"

h=[0,1]", sigma(h)=[6,6]1"

1 1 P1 and P2-valuations for alpha+j*beta

R11=3%X+6%Y R12=1%X+2*Y

R21=5*X+6%Y R22=1%X+4*Y

Structure of the 7-torsion group: List([49,7])

This case means that & ~ Z[j]/(7), giving the two non trivial ¢-components of order 7.

The relations, for J#%, reduce to R11 =3« X+ 6*Y and R21 =5« X+ 6 Y. Thus J =
Hoy - Hp, ~ LJTL X LTL. Since Tx ~ L|T°L X L|TL, Rk ~ L|TL, and Ry = Ty,

P=x"3+x"2-55296%x-1996812 £=165889=[19,1;8731,1] (a,b)=(-322,144)

Class group=[294,2,2,2] sigma=25

(alpha,beta)=(-32.000000000000,-20.000000000000) , Index [E_K:C_K]=784.000000000000
h=[6,0,0,0]", sigma(h)=[108,1,0,0]"

0 2 P1 and P2-valuations for alphat+j*beta

0 2 P1 and P2-valuations for H

Structure of the 7-torsion group: List([49])

Here Zx = 1 and T = #i ~ Z7[j]/p3.

P=x"3+x"2-453576%x+117425873 £=1360729=Mat([1360729,1]) (a,b)=(2333,1)

Class group=[98,14] sigma=2

(alpha,beta)=(42.000000000000,28.000000000000) , Index [E_K:C_K]=1372.000000000000
h=[1,0]1", sigma(h)=[44,11]1"

h=[0,1]", sigma(h)=[7,11]"

2 1 P1 and P2-valuations for alphat+j*beta

R11=14*X+7xY R12=11%X+30*Y

R21=26*X+7*Y R22=11%X+42x%Y

Structure of the 7-torsion group: List([49,7,7])
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We have (o + (7) = 2 - 7(3 + 27) giving the annihilator p?ps which is also the annihilator of
H¢. The structure is Ty = #4 D .

P=x"3+x"2-884540*x-393129 f=2653621=Mat([2653621,1]) (a,b)=(-1,627)

Class group=[686,14] sigma=2

(alpha,beta)=(-112.000000000000,-70.000000000000) , Index [E_K:C_K]=9604.000000000000
h=[2,0]1", sigma(h)=[36,2]"

h=[0,2]1", sigma(h)=[0,4]"

1 3 Pl and P2-valuations for alpha+j*beta

R11=74*X+0xY R12=2xX+42xY

R21=0*%X+0*Y R22=2%X+311xY

Structure of the 7-torsion group: List([343,49])

In that case, Tx ~ Z/737 x Z.)7*Z and Zx ~ (Z/T3Z)° x (7Z/7*Z) in an obvious meaning.

(c) Larger 7-ranks. If the order 73, with 7-rank 1 or 2, is rather frequent for the 7-class
group, we find, after several days of computer, only three examples of 7-rank 3 in the interval
f € [7,50071423]; they are obtained with the conductors f = 14376321, 39368623, 43367263,
giving interesting structures (use precision \p 100).

The least field with 7-rank 3 is the following;:

P=x"3-4792107%x+4022175142 f£=14376321=[3,2;1597369,1] (a,b)=(-7554,128)

Class group=[21,7,7] sigma=5

(alpha,beta)=(-7.000000000000,-21.000000000000) , Index [E_K:C_K]=343.000000000000
h =[3,0,0]", sigma(h) =[15, 4, 0]~

h’=[0,1,0]", sigma(h’)=[3, 1, 0]~

h"=[0,0,1]1~, sigma(h")=[6, 5, 2]~

2 1 P1 and P2-valuations for alphat+j*beta

Structure of the 7-torsion group: List([7,7,7])

The ideals generating the 3 independent classes are given by K.clgp:
(12, e, 21, [[5, 3, 2; 0, 1, O0; O, O, 1], [25, 20, 23; O, 5, 4; 0, 0, 1]]]

Using the above information giving o and 3, we obtain, for @5;{ = &k FK:

Ex = (ZU)]T- (3 +2)) ® Ln = (Z[j]/pF p2) ® Zr = Zaj) /v} @ Zalj] /b2,
where p; = (=2 + j) and p2 = (3 + j). Using the annihilators 19 + o (mod 7?) and 31 + &
(mod 7?), we get the p-components @%Pl ~ Z7[j]/p? and (2@;02 ~ Z7[j]/p2.

To obtain the two ¢-components of #x = Tk, we put H = h*h'Yh"* and we determine the
solutions of the two relationsH'*:(7) = 1, that is to say, H=2+° = 1 and H3+° = 1. We then
obtain the systems (considered modulo 7 since the exponent of % is 7):

3z +3y+6z2=0
expressing H 217 =1 & 4r +4y+52 =0 expressing H317 = 1.

{2$+3y—z:0
z =0,

dr —y+52=0

Since the first system is of rank 1 and the second one of rank 2, they are equivalent to:
20 +3y—2z=0 (for H27 =1) & 2+y=0& 2=0 (for H3t7 =1).
Which gives, considering the Fr-dimensions given by the systems:

A, = Laljl /o X Za5l/pm & I = Zqlj]/pa.

We have indeed equalities for the orders of the p-components relative to & K and ¢, respectively,
but of course with different structures of Zz[j]-modules since we obtain &, ~ Zz[j]/p}.

The two other examples are similar and the analysis is left to the reader:

P=x"3+x"2-13122874*x-7765825411 £=39368623=[7,1;79,1;71191,1] (a,b)=(-5323,2187)
class group=[21,21,7] sigma=4

(alpha,beta)=(28.000000000000,-7.000000000000) Index [E_K:C_K]=1029.000000000000
h =[3,0,0]~, sigma(h) =[3,9,0]"

h’=[0,3,0]", sigma(h’)=[18,15,0]"
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h"=[0,0,1]1", sigma(h")=[15,6,4]1"
1 2 P1 and P2-valuations for alpha+j*beta
Structure of the 7-torsion group: List([7,7,7])

P=x"3+x"2-14455754*x-16977480367 £=43367263=[43,1;1008541,1] (a,b)=(-10567,1513)
class group=[273,7,7] sigma=2

(alpha,beta)=(42.000000000000,77.000000000000) Index [E_K:C_K]=4459.000000000000
h =[39,0,0]", sigma(h) =[0,5,1]1"

h’=[0,1,0]", sigma(h’)=[156,6,5]"

h"=[0,0,11", sigma(h")=[0,0,2]"

2 1 P1 and P2-valuations for alphat+j*beta

Structure of the 7-torsion group: List([49,7,7])

(d) Larger primes p. Let’s give, without comments, some examples for p = 13,19, 31:
p=13
P=x"3+x"2-15196*x-726047 £=45589=Mat([45589,1]) (a,b)=(-427,1)
Class group=[169] sigma=2
(alpha,beta)=(15.000000000000,8.000000000000) , Index [E_K:C_K]=169.000000000000
h=[1]1", sigma(h)=[146]"
2 0 P1 and P2-valuations for alphat+j*beta
2 0 Pl and P2-valuations for H
Structure of the 13-torsion group: List([169])

P=x"3+x"2-65862%x-6527689 f=197687=[13,1;15199,1] (a,b)=(-889,1)

Class group=[507] sigma=4

(alpha,beta)=(7.000000000000,15.000000000000), Index [E_K:C_K]=169.000000000000
h=[3]"~, sigma(h)=[66]1"

0 2 P1 and P2-valuations for alphat+j*beta

0 2 Pl and P2-valuations for H

Structure of the 13-torsion group: List([169])

P=x"3+x"2-186520*x-18424064 £f=559561=Mat([659561,1]) (a,b)=(-886,232)

Class group=[13,13] sigma=3

(alpha,beta)=(1.108047223073 E-68,13.000000000000), Index [E_K:C_K]=169.000000000000
h=[1,0]", sigma(h)=[3,0]"

h=[0,1]1", sigma(h)=[8,9]1"

1 1 P1 and P2-valuations for alpha+j*beta

R11=7+X+8*Y R12=0*X+0*Y

R21=0*X+8*Y R22=0*X+6*Y

Structure of the 13-torsion group: List([13,13])

P=x"3+x"2-238516*x-7579519 f=715549=Mat([715549,1]) (a,b)=(-283,321)

Class group=[13,13] sigma=2

(alpha,beta)=(7.000000000000,-8.000000000000) , Index [E_K:C_K]=169.000000000000
h=[1,0]1", sigma(h)=[9,01~

h=[0,1]", sigma(h)=[0,9]1"

0 2 P1 and P2-valuations for alphat+j*beta

R11=0*%X+0*Y R12=0%X+0*Y

R21=6*X+0*Y R22=0*X+6*Y

Structure of the 13-torsion group: List([13,13])

p=19

P=x"3-137271%x+45757 £=411813=[3,2;45757,1] (a,b)=(-3,247)

Class group=[1083] sigma=2

(alpha,beta)=(-21.000000000000,-5.000000000000) Index [E_K:C_K]=361.000000000000
h=[3]", sigma(h)=[204]"

0 2 P1 and P2-valuations for alphat+j*beta

0 2 Pl and P2-valuations for H

Structure of the 19-torsion group: List([361])

P=x"3+x"2-162636*x+25190561 £=487909=[31,1;15739,1] (a,b)=(1397,1)

Class group=[57,19] sigma=2

(alpha,beta)=(19.000000000000,4.195145162776 E-69) Index [E_K:C_K]=361.000000000000
h=[3,0]", sigma(h)=[51,16]"

h=[0,11", sigma(h)=[3,1]"

1 1 P1 and P2-valuations for alpha+j*beta
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R11=18*X+3*Y R12=16%X+9*Y
R21=11*X+3*Y R22=16%X+13*Y
Structure of the 19-torsion group: List([19,19])

p=31

P=x"3+x"2-63804*x+6181931 £=191413=Mat([191413,1]) (a,b)=(875,1)

class group=[31,31] sigma=4

(alpha,beta)=(31.000000000000,-4.108428504342 E-69) Index [E_K:C_K]=961.000000000000
h=[1,0]", sigma(h) =[30,30]1"

h’=[0,1]", sigma(h’)=[1,0]"

1 1 P1 and P2-valuations for alpha+j*beta

R11=5xX+1xY R12=30*X+6*Y

R21=256*X+1xY R22=30*X+26*Y

Structure of the 31-torsion group: List([31,31])

P=x"3+x"2-76004*x-8090239 f£=228013=Mat([228013,1]) (a,b)=(-955,1)

class group=[961] sigma=2

(alpha,beta)=(-11.000000000000,-35.000000000000) Index [E_K:C_K]=961.000000000000
h=[1]1", sigma(h)=[439]"

2 0 P1 and P2-valuations for alphat+j*beta

2 0 P1 and P2-valuations for H

Structure of the 31-torsion group: List([961])

The above program for cyclic cubic fields may be used to make statistics about the repartition
of the various structures of class groups %, and quotients &, = (x/Fk)°?, ¢ € {¢1, 92}

Some probabilistic approaches, taking into account the relations between these invariants, due
to the Main Theorem, may confirm (or not) the classical Cohen—Lenstra—Malle-Martinet heuris-
tics on p-class groups; indeed, heuristics on the p-class groups must be equivalent to heuristics
on the quotients &,. We left this as a question, as well as a proof of the Main Conjecture in
the non semi-simple real case using the statement with arithmetic p-objects, especially to prove
that for all x € 2" (where w, € {1,p} is defined §8.2.2):

#H = W, - #(é"KX/éa[%XﬂKX)eW, for all | x.
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