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Abstract We present an innovative mathematical model for studying the dy-
namics of forest ecosystems. Our model is determined by an age-structured
reaction-diffusion-advection system in which the roles of the water resource
and of the atmospheric activity are considered. The model is abstract but con-
structed in such a manner that it can be applied to real-world forest areas; thus
it allows to establish an infinite number of scenarios for testing the robustness
and resilience of forest ecosystems to anthropic actions or to climate change.
We establish the well-posedness of the reaction-diffusion-advection model by
using the method of characteristics and by reducing the initial system to a
reaction-diffusion problem. The existence and stability of stationary homoge-
neous and stationary heterogeneous solutions are investigated, so as to prove
that the model is able to reproduce relevant equilibrium states of the forest
ecosystem. We show that the model fits with the principle of almost uniform
precipitation over forested areas and of exponential decrease of precipitation
over deforested areas. Furthermore, we present a selection of numerical sim-
ulations for an abstract forest ecosystem, in order to analyze the stability of
the steady states, to investigate the impact of anthropic perturbations such as
deforestation and to explore the effects of climate change on the dynamics of
the forest ecosystem.
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1 Introduction

Over the past few years, scientific research has paid particular attention to the
nexus between the equilibrium of forest ecosystems and climate change, in an
international context of global warming which threatens the health of biodi-
versity as well as the running and progress of our societies. A huge literature
has emerged on this topic thus it is not reasonable to expect an exhaustive
review of the related papers. One can however mention several significant stud-
ies dedicated to forest management [8], [17], [26], [32], [34], forest fires [12],
[13], [25], [29], [44], [41], or to the role of forest ecosystems on carbon fixation
[6], [42], [45]. Recently, the impact of deforestation on the climate change has
encountered a growing interest [1], [14], [36], and it is now well admitted that
the protection of forest ecosystems will represent a major challenge in the near
future.

In this scientific landscape, mathematical modeling plays a crucial role for
a better understanding and predicting of the dynamics of forest ecosystems.
An inescapable work on this subject is certainly the book of Botkin [3], where
the ecological mechanisms which occur within forest ecosystems are reviewed,
so as to prepare the research of realistic models. Pioneer works on the model-
ing of forest ecosystems by dynamical systems and differential equations can
be found in [2], where the age-structure of the forest is considered, or in [18],
where the multi-species distribution of trees is taken into account. Age or size-
structured models are also studied in [20] and [23], where partial differential
equations such as reaction-diffusion equations or cross-diffusion equations are
introduced. In parallel, agent-based models have also been studied, for example
in [19] or [37], with a numerical approach. Besides competition and coopera-
tion mechanisms which take place within the population of trees composing
the forest ecosystem, it is essential to analyze the effect of exterior parameters
such as the water resource and the atmospheric activity, since extreme events
(e.g. droughts or storms) obviously exert a high pressure on forests. In a re-
cent paper [4], complex networks of forest patches have been studied with the
aim to model the interaction between two given forest patches through water
exchanges; in this work, the water exchanges have been modeled by consid-
ering the forest evapotranspiration phenomenon, which is well understood for
several decades as a key factor of the water cycle [7], [28], [39]. It is worth
noting that the results obtained in [4] by numerical simulations of a complex
network of differential equations converge with the observations discussed in
[43], where self-amplified forest loss due to deforestation or under dry-season
intensification is investigated for the Amazon forest. These recent works rep-
resent original attempts to integrate the role of the water resource on the
dynamics of forest ecosystems. However, the modeling of tree ages, tree den-
sities, their spatial distributions and their contribution to evapotranspiration,
has not been explicitly addressed in the models aforementioned. It is precisely
the original contribution of the present work to fill these lacks.

Therefore, we present in this article an innovative mathematical model
for studying the dynamics of forest ecosystems and their nexus with the wa-
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ter resource and the atmospheric activity. Stemming from a spatio-temporal
age-structured model presented in [20] and analyzed with a theoretical ap-
proach in [21], [22], we integrate firstly the effects of the atmospheric moisture
transport by supplementing the original model with a moisture conservation
equation, and secondly the role of the water resource by considering biological
parameters of the forest as functions of the precipitation quantity. In partic-
ular, we assume that a lack of the water resource causes an increase of the
mortality rates of trees and a decrease of the seeds production. In parallel, we
assume that a high density of trees in the forest favors the evapotranspiration
mechanism, whereas a weak density of trees induces an attenuation of evapo-
transpiration. The moisture transport is modeled by an advection field which
is assumed to emerge over oceanic areas and to carry the water resource across
the whole continental area. In our work, we choose to focus on the time evolu-
tion of the forest ecosystem, thus processes which act at a relatively fast time
scale, such as the wind activity, shall be subject to approximations, whereas
processes which act at a relatively slow time scale, such as climate change,
shall be treated by a change of parameters. Our modeling approach leads to
a reaction-diffusion-advection system; we establish the well-posedness of this
reaction-diffusion-advection model in a rigorous mathematical framework, by
using the method of characteristics and by reducing the initial system to a
reaction-diffusion problem. Next, we validate our model by proving that it is
in agreement with the principle of almost uniform precipitation over forested
areas and of exponential decrease of precipitation over deforested areas. Our
model is abstract, however we emphasize that it is constructed in such a man-
ner that it can be adapted to various real-world forest areas, such as the
Amazon forest, the Congo basin forest or the Siberian forest. Thus the model
allows to establish an infinite number of scenarios for testing a perturbation
of the atmospheric activity, which can be caused by climate change, as well
as anthropic actions such as deforestation. For example, the possible scenario
of a drought can be experimented, since the parameters of the model vary
with respect to the water resource quantity. Here, we explore the existence of
stationary homogeneous and stationary heterogeneous solutions, and analyze
their stability. We prove that the model admits a stationary heterogeneous
solution modeling a desert area; we search for conditions of instability of that
particular solution, which can be viewed as the possibility of regenerateness
of the forest, whereas stability corresponds to the impossibility of recreating a
healthy forest. We also prove that the model admits stationary homogeneous
solutions which model good health equilibrium states of the forest. Finally, we
present a selection of relevant numerical simulations which are performed in
order to test the effect of climate change on the equilibrium of the forest and
the resilience of the ecosystem to various strategies of deforestation.

Our paper is organized as follows. In the next section, we show how our
model is constructed, by improving a given age-structured reaction-diffusion
system and by incorporating the effects of the atmospheric moisture transport
and of the water resource. Afterwards, we present the mathematical analysis of
the reaction-diffusion-advection model and explore the existence and stability
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of equilibrium states for the water-forest system. To that aim, we establish the
existence of several stationary solutions; some of these solutions are uniform
in space and time, whereas other are uniform in time but not in space. In
the final section, we show that our model reproduces basic patterns of spatial
distribution of precipitation, which represents a first step in the validation of
the model. Then we focus on the stability of a particular stationary solution
by a numerical approach, so as to experiment the impacts of climate change
and deforestation.

2 Presentation of the model

In this first section, we present our innovative mathematical model, which
is designed in order to study the dynamics of forest ecosystems and their
nexus with the water resource. The mathematical model takes the form of
an evolution problem in which advection and reaction-diffusion processes are
coupled.

2.1 Modeling the water resource spatial distribution

Let us consider a bounded domain Ω ⊂ R2 with regular boundary ∂Ω, which
models a geographical region occupied by a forest ecosystem.

Ω

Forest area Γ : oceanic littoral

ν(x)

a: dominant winds

Fig. 1 Bounded domain Ω modeling a geographical area occupied by a forest. The domain
is crossed by an advection field a modeling the dominant winds, whose characteristic lines
enter by the border Γ , which models the oceanic littoral.

We denote by x = (x1, x2) ∈ R2 the space variable and by t the time
variable. We assume that the scale of the time variable t describes the evolution
of the forest ecosystem; in contrast, the evolution of the dominant winds is
described at a fast scale by a second time variable τ (see Remark 1 for details
on the precipitation and vegetation timescales in the example of the Amazon
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region). In our work, as mentioned above, we choose to focus on the time
evolution of the forest ecosystem, thus the processes which act at the fast time
scale τ shall be subject to averaging.

As illustrated in figure 1, we assume that the domain Ω is crossed by
an advection field a = a(x) reproducing the per year averaged activity of
dominant winds, and we assume this time average does not vary over the years.
We also assume that the characteristic lines of the advection field a enter the
domain Ω by the border Γ , which models the oceanic littoral, defined by

Γ = {x ∈ ∂Ω ; a(x) · ν(x) < 0} ,

where ν(x) denotes the outward normal vector at point x ∈ ∂Ω. As an example,
the domain Ω can model the Amazon forest, in which case the border Γ
corresponds to the Atlantic littoral. The advection field a can be perturbed
by various processes such as climate changes, which act at a very long time
scale which is not commensurate with the forest ecosystem time scale t; rather
than integrating the very long time scale in our model, we shall treat these
perturbations of the advection field a by a change of parameters.

We denote by ρ(t, x) the water quantity per unit of surface, by u(t, x) the
surface density of young trees, by v(t, x) the surface density of old trees and
by w(t, x) the surface density of seeds for each t ≥ 0 and each x ∈ Ω. We as-
sume that the water resource has two distinct origins. The first contribution is
stemming from climatic evaporation over maritime zones, whereas the second
contribution is the result of the evapotranspiration over forest. We propose to
model the distribution of the per year averaged water quantity by a moisture
conservation equation which reads

∂ρ

∂t
+ a · ∇ρ = −σρ+ ϕ(ρ)v. (1)

Considering that the per year average water kinematics are much more rapid
than the forest kinematics for adult trees (several years), it is reasonable to
assume that the solution of the non-stationary equation (1), between two rel-
evant time steps of the forest dynamics, evolves rapidly towards a stationary
solution (we show in the Appendix numerical results which underpin this ap-
proximation). We emphasize that this fast convergence has been proved in a
rigorous mathematical framework for a wide class of nonlinear transport equa-
tions, for instance in [30]. Thus we assume that the water resource distribution
can be approximated by the following stationary advection equation

a · ∇ρ(t, x) = −σρ(t, x) + ϕ(ρ(t, x))v(t, x). (2)

Here the parameter σ corresponds to the per year averaged decay rate of the
water resource evaporated over the maritime zone or over the forest zone,
when it is brought inland by the atmospheric advection (the rate σ can be
determined by considering the probability for a given water molecule standing
in atmospheric moisture to precipitate on soil). The perturbations of σ by very
long time processes such as climate change, shall be treated by a change of
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parameters, as for the advection field a. The forest evapotranspiration process
is modeled by the term ϕ(ρ)v, where ϕ is a non-negative increasing function
defined for v ≥ 0 and such that

ϕ(0) = 0, lim
ρ→+∞

ϕ(ρ) = ϕ0 > 0. (3)

The latter limit models a saturation process: when the available water resource
overcomes a given threshold, then the evapotranspiration process does not
vary any more. The shape of function ϕ is illustrated in figure 3 (a). With
this modeling choice, we consider that young trees do not contribute to forest
evapotranspiration, and that the forest evapotranspiration is vanishing when
the water resource decreases. Note that the water quantity ρ still depends
on the slow time variable t, since the density of old trees v varies with t.
We supplement the stationary advection equation (2) by a partial boundary
condition defined on Γ :

ρ(t, x) = m(x), x ∈ Γ, (4)

where m is a regular function modeling the per year averaged oceanic con-
tribution to the water cycle. Here again, we assume this average does not
vary in time while slow variations due to climate changes for instance can be
handled by parameter changes. In the sequel of the paper, we shall make sev-
eral assumptions on the vector field a and on the set Γ , in order to integrate
the advection equation (2) using the method of characteristics (see equations
(14)-(15)-(16)-(17) in subsection 3.1).

Remark 1 (Example of the Amazon region) Climate in the Amazon region
presents a marked seasonality, except for the mean air temperature, which
presents a small annual amplitude in most (albeit not all) of the region. Pre-
cipitation seasonality has strong spatial variations with short or absent dry
season in the west and northwest, in contrast to a very seasonal regime in the
south and southeast with longer dry seasons and a relatively rapid transition
between the wet and dry season (see e.g. [9] or [24]). Precipitation patterns
in the Amazon basin are, in turn, strongly linked to inter-annual and inter-
decadal tropical sea surface temperatures in both Pacific and Atlantic oceans
(see e.g. [10]). In terms of climate-vegetation equilibrium timescales, Oyama &
Nobre [27] performed climate simulations using an atmospheric general circula-
tion model to examine the potential equilibrium states after a complete Earth
deforestation scenario, and found that a simulation run of 15 years (with vege-
tation updated every 3 years) was sufficient for the climate-vegetation system
to reach equilibrium (notice that oceanic and atmospheric parameters were
updated at monthly scale in their model). This climate-vegetation equilibrium
timescale (10 years) seems reasonable, as the climatic response time of the veg-
etation is expected to be small compared to the time scale of climatic variation
to which it is responding [38].
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2.2 Dynamics of the water-forest ecosystem

Next, we incorporate the advection equation (2) into the forest kinematics
model proposed by [20]. Thus we consider the following reaction-diffusion-
advection problem: 

a · ∇ρ = −σρ+ ϕ(ρ)v,

∂u

∂t
= βδw − γ(v, ρ)u− fu,

∂v

∂t
= fu− h(ρ)v,

∂w

∂t
= d∆w − βw + α(ρ)v.

(5)

We recall that the fast dynamic of atmospheric activity with respect to the
slow dynamic of forest evolution justifies the assumption of a stationary advec-
tion equation for the distribution of the water resource. These equations are
supplemented by the partial boundary condition (4) on ρ and the Neumann
boundary condition on w:

∂w

∂ν
(t, x) = 0, t ≥ 0, x ∈ ∂Ω, (6)

which models the obvious impossibility for the forest to colonize the exterior
of the domain Ω, and the possible accumulation of seeds along the continental
border (however, note that a forest model with Dirichlet boundary condition
has been studied in [31]). Finally, initial conditions are given by:

u(0, x) = u0(x), v(0, x) = v0(x), w(0, x) = w0(x), x ∈ Ω, (7)

where u0, v0 and w0 are smooth non-negative functions defined in Ω.
The unknowns and parameters of our model are gathered in table 1, and

the dynamics of system (5) are illustrated in figure 2. In our model, we assume
that the spatial distribution of the water resource ρ(t, x) affects the dynamics
of the forest: for that reason, the mortality rates µ(ρ), h(ρ) of young and old
trees respectively, as well as the production rate of seeds α(ρ), will depend on
ρ. More precisely, the global mortality rate of young trees is given by γ(ρ, v).
We assume that this mortality rate can be written into the separated form

γ(ρ, v) = γ0(v) + µ(ρ). (8)

Here, the function γ0 models the competition with old trees; we assume that
γ0 is given by a polynomial expression of the form

γ0(v) = a(v − b)2 + c, (9)

with positive coefficients a, b, c. This quadratic expression models the compe-
tition between young and old trees; it is assumed that there exists an optimal
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Table 1 Unknowns and parameters of the forest model (5).

Unknown Symbol Unit
Water resource ρ(t, x) mm × ha−1

Young trees density u(t, x) trees × ha−1

Old trees density v(t, x) trees × ha−1

Seeds density w(t, x) seeds × ha−1

Parameter Symbol Unit
Oceanic contribution to water resource m(x) mm × ha−1

Maximum water production rate α0 yr−1

Maximum mortality rate of young trees µ0 yr−1

Seeds production rate β yr−1

Seeds establishment rate δ yr−1

Aging rate f yr−1

Maximum mortality rate of old trees h0 yr−1

Minimum mortality rate of old trees h1 yr−1

Decreasing rate of water resource σ yr−1

Maximum contribution rate to evaporation ϕ0 mm × trees−1 × yr−1

Parameters of competition a trees−2 × ha2 ×yr−1

between young and old trees b trees × ha−1

c yr−1

Diffusion rate of seeds d ha2 × yr−1

competition: γ0(v)u

aging: fu

production: α(ρ)v

birth: βδw

Forest transpiration: ϕ(ρ)v

mortality: h(ρ)vmortality: µ(ρ)u

Water: ρ

Oceanic contribution: m(x)

Advection: a · ∇ρ+ σρ

Young trees: u Old trees: v

Seeds: w

Diffusion: d∆w

Fig. 2 Graphical model illustrating the dynamics of a water-forest ecosystem. We assume
that the spatial distribution of the water resource affects the mortalities rates µ(ρ) and h(ρ)
of young and old trees respectively, as well as the forest transpiration rate ϕ(ρ) and the
production rate of seeds α(ρ).
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0 ρ

ϕ(ρ)

ϕ0

(a)
0 ρ

µ(ρ)

µ0

(b)
0 ρ

h(ρ)

h0

h1

(c)

0 ρ

α(ρ)

α0

(d)
0 v

c

b

γ0(v)

(e)

Fig. 3 Graphs of functions ϕ(ρ), µ(ρ), h(ρ), α(ρ), γ0(v) involved in model (5). (a) The
function ϕ(ρ) models the contribution of old trees to water evaporation over forest, depend-
ing on the water resource ρ. (b), (c) The functions µ(ρ) and h(ρ) model the mortalities of
young and old trees respectively, with respect to a variation of the water resource. (d) The
function α(ρ) models the production of seeds by old trees. (e) The function γ0(v) models
the mortality of young trees due to the competition with old trees.

configuration, corresponding to the minimum of the quadratic function γ0,
where the competition is attenuated. Indeed, in total absence of old trees,
young trees could be exposed to bad weather and present an increase of mor-
tality; but in overabundance of old trees, young trees could suffer a lack of
water and light resources. The function µ(ρ) models the effect of the water re-
source on the mortality rate of young trees. We assume that the over-mortality
rate µ is a positive decreasing function such that

µ(0) = µ0 > 0, lim
ρ→+∞

µ(ρ) = 0. (10)

The latter limit models again a saturation process: when the available water
resource overcomes a given threshold, then the mortality rate does not vary
any more. However, a lack of water resource increases the mortality of young
trees. The graphs of functions γ0 and µ are illustrated in figure 3 (e) and (b)
respectively.

Next, the mortality rate of old trees is given by h(ρ). We assume, as il-
lustrated in figure 3 (c), that h is a positive decreasing function of ρ such
that

h(0) = h0 > 0, lim
ρ→+∞

h(ρ) = h1 > 0. (11)

As for young trees, a lack of water resource increases the mortality of old trees,
but the mortality stabilizes if the available water resource overcomes a given
saturation threshold.

Furthermore, the aging rate of young trees is a positive coefficient denoted
by f . The evolution of seeds density is described by fourth equation in system
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(5). This evolution admits a production by old trees term given by α(ρ)v,
where the function α satisfies similar properties as function ϕ, that is

α(0) = 0, lim
ρ→+∞

α(ρ) = α0 > 0. (12)

The germination process of seeds is modeled by the term βδw in which β
and δ are positive coefficients modeling the seed production rate and the seed
establishment rate respectively. Finally, the evolution of seeds density admits
a diffusion in the air effect, modeled by the Laplace operator weighted by the
positive diffusion coefficient d.

3 Well-posedness and global solutions of the
reaction-diffusion-advection system

In this section, we prove that system (5) admits global in time solutions with
non-negative and bounded components

(
ρ, u, v, w

)
, for any non-negative and

sufficiently smooth initial conditions u0, v0 and w0 defined in Ω. Note that
some of the solutions may admit discontinuities, as established in [22] for the
model without water resource.

3.1 Reduction to a reaction-diffusion system

Here and in the rest of the paper, we assume that the functions α, ϕ, µ, h
are continuously differentiable real-valued functions satisfying the following
properties:

0 ≤ α(s) ≤ α0, |α(s1)− α(s2)| ≤ α0 |s1 − s2| ,
0 ≤ ϕ(s) ≤ ϕ0, |ϕ(s1)− ϕ(s2)| ≤ ϕ0 |s1 − s2| ,
0 ≤ µ(s) ≤ µ0, |µ(s1)− µ(s2)| ≤ µ0 |s1 − s2| ,
h1 ≤ h(s) ≤ h0, |h(s1)− h(s2)| ≤ h0 |s1 − s2| ,

(13)

for all s, s1, s2 ∈ R+, with positive coefficients α0, ϕ0, µ0, h0 and h1 (such
that h1 < h0). Explicit expressions are used in the last section of our pa-
per, to perform numerical simulations (see equations (42)). The function γ0
is defined as in [20] by (9). We also make assumptions on the advection field
a = (a1, a2): we assume the characteristic lines of a, determined by the orbits
of the differential system 

dx1

ds
= a1(x1, x2)

dx2

ds
= a2(x1, x2),

(14)
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with x(0) = x0 ∈ Γ , cover the domain Ω in such a way that each point x ∈ Ω
belongs to a unique characteristic line. We denote by

{
ξ(x0, s)

}
0≤s≤S(x0) the

unique orbit of system (14) stemming from x0 ∈ Γ . We assume that

ξ(x0, 0) = x0, ξ(x0, s) ∈ Ω if 0 < s < S(x0), ξ
(
x0, S(x0)

)
∈ ∂Ω \ Γ,

and that a is sufficiently smooth, so that the family of orbits
{
ξ(x0, s)

}
0≤s≤S(x0)

parametrized by x0 ∈ Γ vary continuously with x0, that is

sup
0≤s≤min (S(x0), S(x1))

‖ξ(x0, s)− ξ(x1, s)‖R2 → 0, (15)

as ‖x0 − x1‖R2 tends to 0. Furthermore, we assume that there exists a positive
constant S̄ such that

S(x0) ≤ S̄, ∀x0 ∈ Γ. (16)

Note that the latter assumption is directly satisfied if Γ is compact.
Next, for each x ∈ Ω, we denote the unique pair (x0, s) ∈ Γ ×R such that

x = ξ
(
x0, s

)
by

(x0, s) =
(
ζ1(x), ζ2(x)

)
. (17)

With the latter notation, the unique orbit of system (14) passing through
x ∈ Ω is

{
ξ
(
ζ1(x), s

)}
0≤s≤S(ζ1(x)). The continuity of a implies that of ζ1 and

ζ2.
Notation. Let q denote a function defined almost everywhere in Ω. We have

q(x) = q
(
ξ
(
ζ1(x), ζ2(x)

))
,

for x almost everywhere in Ω. We introduce the notation

q̃(x0, s) = q ◦ ξ(x0, s), x0 ∈ Γ, s ∈ [0, S(x0)]. (18)

In order to lighten the latter notation, and if the context is sufficiently clear,
we may simply write q̃(s) instead of q̃(x0, s).

Now, for each v ∈ L∞+ (Ω) and each m ∈ L∞+ (Γ ), we consider the stationary
advection equation a · ∇ρ = −σρ+ ϕ(ρ)v, x ∈ Ω,

ρ(x) = m(x), x ∈ Γ,
(19)

where L∞+ (Ω) denotes the subset of L∞(Ω) with non-negative functions almost
everywhere. Our aim is to study the following operator:

ψ : L∞+ (Ω) −→ L∞+ (Ω)
v 7−→ ρ

(20)

where ρ is the solution of the advection equation (19). In the sequel, the norm
of an element u ∈ L∞(Ω) will be denoted ‖u‖∞.
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Theorem 1 The operator ψ given by (20) is well defined and it is uniquely
determined along the characteristic lines of the advection field a by

ψ(v)(x) = m
(
ζ1(x)

)
e−σζ2(x)

+
∫ ζ2(x)

0
ϕ
(
ρ̃
(
ζ1(x), τ

))
ṽ
(
ζ1(x), τ

)
e−σ(ζ2(x)−τ)dτ,

(21)

for x almost everywhere in Ω and for each v ∈ L∞+ (Ω), with the notation (18),
where ζ1 and ζ2 are defined by (17).

Furthermore, the operator ψ is continuous in L∞+ (Ω) and we have

‖ψ(v + h)− ψ(v)‖∞ ≤ ‖h‖∞ ×
ϕ0

σ
eϕ0‖v‖∞S̄ , (22)

for all v, h in L∞+ (Ω). Finally, the operator ψ is differentiable in L∞+ (Ω). Its
derivative is given by

Dψ(v)h(x) =
∫ ζ2(x)

0
ϕ
(
ρ̃
(
ζ1(x), τ

))
h̃
(
ζ1(x), τ

)
e−σ(ζ2(x)−τ)dτ

+
∫ ζ2(x)

0
ϕ′
(
ρ̃
(
ζ1(x), τ

))
ṽ
(
ζ1(x), τ

)
Dψ(v)h̃

(
ζ1(x), τ

)
e−σ(ζ2(x)−τ)dτ,

(23)

for x almost everywhere in Ω and for each v, h ∈ L∞+ (Ω), with the notation
(18); its norm satisfies

‖Dψ(v)‖L (L∞(Ω), L∞(Ω)) ≤
ϕ0

σ
e‖v‖∞S̄ . (24)

Proof The proof of Theorem 1 is given in the appendix.

3.2 Well-posedness of the reduced system

By virtue of Theorem 1, system (5) reduces to the following non-linear reaction-
diffusion system:

∂u

∂t
= βδw − γ

(
v, ψ(v)

)
u− fu, t > 0, x ∈ Ω,

∂v

∂t
= fu− h

(
ψ(v)

)
v, t > 0, x ∈ Ω,

∂w

∂t
= d∆w − βw + α

(
ψ(v)

)
v, t > 0, x ∈ Ω,

∂w

∂ν
(t, x) = 0, t ≥ 0, x ∈ ∂Ω.

(25)

We consider the Banach space X given by

X = L∞(Ω)× L∞(Ω)× L2(Ω),
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and the linear operator Λ determined by the realization of the operator −d∆+
β in L2(Ω) with the Neumann boundary condition on ∂Ω. The norms in
L∞(Ω), L2(Ω) and X are denoted ‖·‖∞, ‖·‖2 and ‖·‖X respectively. We in-
troduce the diagonal operator A defined in X by

A = diag {f, 1, Λ} .

It is known that A is a positive self-adjoint and sectorial operator in X, with
angle strictly lesser than π

2 , which generates an analytic semi-group and admits
fractional powers. Its domain is given by

D(A) = L∞(Ω)× L∞(Ω)×H2
N (Ω),

where H2
N (Ω) = {w ∈ H2(Ω) ; ∂w

∂ν = 0 on ∂Ω}. The domains of its fractional
powers Aη, 0 < η < 1, are also well-known. We also introduce the non-linear
operator F defined by:

F (U) =


βδw − γ

(
v, ψ(v)

)
u

fu− h
(
ψ(v)

)
v + v

α
(
ψ(v)

)
v

 =


F1(U)

F2(U)

F3(U)

 ,

with U = (u, v, w)T ∈ D(Aη), where η is, now and in the rest of the paper,
a fixed exponent such that 1

2 < η < 1. Recall that by virtue of the Sobolev
embeddings, we have

D(Λη) = H2η
N (Ω) ⊂ C

(
Ω̄
)
,

with continuous embedding. Consequently, we have D(Aη) ⊂ (L∞(Ω))3. We
denote byX0 the subset ofX whose elements are component-wise non-negative
almost everywhere:

X0 =
{
U = (u, v, w)t ∈ X ; u(x) ≥ 0, v(x) ≥ 0, w(x) ≥ 0 a.e. in Ω

}
. (26)

The abstract formulation of system (25) reads:
dU

dt
+AU = F (U), t > 0,

U(0) = U0,
(27)

with U0 ∈ X0.

Theorem 2 For any initial condition U0 ∈ X0, the abstract Cauchy problem
(27) admits a unique local in time solution U = (u, v, w)T defined on [0, TU0 ],
with

u, v ∈ C
(
[0, TU0 ], L∞(Ω)

)
∩ C 1((0, TU0 ], L∞(Ω)

)
,

w ∈ C
(
(0, TU0 ], D(Λ)

)
∩ C

(
[0, TU0 ], L2(Ω)

)
∩ C 1((0, TU0 ], L2(Ω)

)
,
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where TU0 > 0 depends on ‖U0‖X only. Furthermore, the local solution U
satisfies

t ‖AU(t)‖X + ‖U(t)‖X ≤ CU0 , 0 < t ≤ TU0 ,

where CU0 is a positive constant which depends only on ‖U0‖X .

Proof The proof of Theorem 2 is also given in the appendix.

Next, we can prove that the local in time solutions of problem (25) starting
in X0 are non-negative component-wise, arguing as in [40] (Chapter 11, section
2.3). The association of Theorems 1 and 2 then leads to the following corollary.

Corollary 1 For any initial condition U0 ∈ X0 and any non-negative function
m defined in Γ , the reaction-diffusion-advection problem (4)-(5)-(6)-(7) admits
a unique local in time solution (ρ, u, v, w) defined on [0, TU0 ] with TU0 > 0
such that

ρ, u, v ∈ C
(
[0, TU0 ], L∞+ (Ω)

)
∩ C 1((0, TU0 ], L∞+ (Ω)

)
,

w ∈ C
(
(0, TU0 ], D(Λ)

)
∩ C

(
[0, TU0 ], L2

+(Ω)
)
∩ C 1((0, TU0 ], L2

+(Ω)
)
.

3.3 Global solutions generating a continuous dynamical system

After establishing the existence and uniqueness of local solutions to the reaction-
diffusion system (25), we can now prove that these solutions enjoy a dissipative
estimate. Indeed, there exist two positive coefficients k1, k2 such that

‖U(t, U0)‖X ≤ k1
[
e−k2t ‖U0‖X + 1

]
, t ≤ TU0 , (28)

for any U0 ∈ X0, where U(t, U0) denotes the solution of system (25) starting
from U0, defined on [0, TU0 ]. Since the proof of estimate (28) is quite similar
to that of Proposition 11.1 in [40], we may omit it. Estimate (28) guarantees
that the local solutions are global in time, and proves that the reduced system
(25) generates a continuous dynamical system S (t) defined in X, with phase
space X0. More precisely, S (t) is defined by:

S (t)U0 = U(t, U0), (29)

for any U0 ∈ X0 and all t ≥ 0. In the sequel, we aim to analyze the equilibrium
states of the continuous dynamical system S (t).

4 Stability analysis of the reaction-diffusion-advection system

4.1 Equilibrium states of the water-forest system

Geographical and hydrological observations of several forest areas, such as the
Amazon basin or the Congo basin, suggest that the water-forest ecosystem
often reaches a stationary equilibrium. It is the purpose of this section to
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investigate the existence of such stationary solutions to system (5). More pre-
cisely, we aim to firstly characterize stationary homogeneous solutions, which
are constant in time and uniform in space, and secondly investigate the ex-
istence of stationary heterogeneous solutions, which are constant in time but
not necessarily uniform in space. Next, we explore the stability of a particular
stationary heterogeneous solution by applying spectral theory methods.

4.1.1 Stationary homogeneous solutions

We begin with the research of stationary homogeneous solutions of system (5),
which are constant in time and uniform in space. Propositions 1 and 2 below
establish the list of these particular solutions.

Let us denote by V ∗ = (ρ∗, u∗, v∗, w∗)T a stationary homogeneous so-
lution of system (5). Such a stationary homogeneous solution satisfies the
following system: 

ρ∗ = m(x),
σρ∗ = ϕ(ρ∗)v∗,

βδw∗ =
[
γ(v∗, ρ∗) + f

]
u∗,

fu∗ = h(ρ∗)v∗,
βw∗ = α(ρ∗)v∗.

(30)

The first equation of the latter system imposes a condition on the boundary
term m(x). Thus system (5) cannot admit any stationary homogeneous so-
lution, unless the boundary term m is itself uniform on the inflow boundary
Γ .

First case: vanishing oceanic contribution. Let us assume that m(x) = 0
for all x ∈ Γ . This situation models a vanishing oceanic contribution. Note
that this situation happens with a seasonal cyclic rhythm in arctic regions,
thus can be of great biological interest. Then system (30) becomes

ρ∗ = 0,
0 = ϕ(0)v∗,

βδw∗ =
[
γ(v∗, 0) + f

]
u∗,

fu∗ = h(0)v∗,
βw∗ = α(0)v∗.

(31)

Since α(0) = 0, we obtain w∗ = 0, which leads to u∗ = v∗ = 0. In other words,
the trivial solution (0, 0, 0, 0) is a stationary homogeneous solution to system
(5) under the assumption m ≡ 0. We obtain the following proposition.

Proposition 1 If m(x) = 0 for all x ∈ Γ , then system (5) admits a unique
stationary homogeneous solution V ∗ = (0, 0, 0, 0).
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Second case: uniform oceanic contribution. Let us now assume that
m(x) = m∗ > 0 for all x ∈ Γ . With this assumption, system (30) becomes

ρ∗ = m∗,

σm∗ = ϕ(m∗)v∗,
βδw∗ =

[
γ(v∗, m∗) + f

]
u∗,

fu∗ = h(m∗)v∗,
βw∗ = α(m∗)v∗.

(32)

Assume for simplicity that α, ϕ, µ and h are given by expressions (42) below;
then we obtain successively

v∗ = σm∗

ϕ(m∗) = σ

ϕ0
(1 +m∗),

u∗ = h(m∗)v∗

f
= σ

fϕ0
(h0 + h1m

∗),

w∗ = α(m∗)v∗

β
= α0σ

βϕ0
m∗,

and m∗ must satisfy

fδα0m
∗ =

[
a

(
σ

ϕ0
(1 +m∗)− b

)2
+ c+ f + µ0

1 +m∗

]
(h0 + h1m

∗),

or equivalently
P (m∗) = 0, (33)

where P (m) is given by:

P (m) =
{[

a

(
σ

ϕ0
(1 +m)− b

)2
+ c+ f

]
(1 +m) + µ0

}
(h0 + h1m)

− fδα0m(1 +m).
(34)

Each positive solution of the latter fourth degree polynomial equation leads
to a stationary homogeneous solution to system (5). Since P (0) > 0 and

lim
m→+∞

P (m) = +∞, P (m) admits 0, 2 or 4 positive roots, depending on the
values of the parameters involved in the model (5). However, we observe that

P (−1) = µ0(h0 − h1) < µ0h0

P (0) =
[
a

(
σ

ϕ0
− b
)2

+ c+ f + µ0

]
h0 > µ0h0,

from which we can deduce P (−1) < P (0). Now, if P (m) admits 4 positive
roots, then it necessarily implies P (−1) > P (0), which leads to a contradiction.
Therefore, the number of positive roots of P (m) is 0 or 2 (both cases are
depicted in figure 4).
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P (m) with h1 = 0.7

P (m) with h1 = 0.5

Fig. 4 Shape of the curve P (m), where P is given by (34), for the parameters values
a = c = 0.1, σ = ϕ0 = b = f = µ0 = h0 = α0 = 1 and δ = 1.9. If h1 = 0.5, then P (m)
admits 2 positive roots, which corresponds to 2 stationary homogeneous solutions of the
form (35). If h1 = 0.7, then P (m) has no positive root, thus system (5) has no stationary
solution of the form (35).

Proposition 2 Assume that α, ϕ, µ and h are given by expressions (42).
Then each positive solution m∗ of the fourth degree polynomial equation (33)
generates a stationary homogeneous solution (ρ∗, u∗, v∗, w∗) to system (5),
which can be parametrized as follows:

ρ∗ = m∗,

v∗ = σ

ϕ0
(1 +m∗),

u∗ = σ

fϕ0
(h0 + h1m

∗),

w∗ = α0σ

βϕ0
m∗.

(35)

Remark 2 The stationary homogeneous solutions of system (5), whose exis-
tence has been proved in Propositions 1 and 2, correspond to equilibrium states
of the water-forest ecosystem. In particular, we have shown that our model is
able to reproduce the situation of a uniform spatial distribution of the water
resource, which is verified for several rain forests of continental scale. Further-
more, considering that the oceanic contribution to the water cycle is a given
parameter, we can view the polynomial equation (33) as an equation whose
unknowns are the parameters of the forest model (5). For example, equation
(34) is a simple first degree polynomial equation of unknown f (aging rate of
young trees), which suggests that the forest ecosystem may be regulating its
own biological characteristics in order to reach a healthy equilibrium.
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4.1.2 Stationary heterogeneous solutions

We continue with the research of stationary heterogeneous solutions of system
(5), which are constant in time but not necessarily uniform in space. These
stationary heterogeneous solutions can be written

V̄ (x) =
(
ρ(x), u(x), v(x), w(x)

)
;

they satisfy the following system:

a · ∇ρ+ σρ = ϕ(ρ)v, x ∈ Ω,
βδw = γ(v, ρ)u+ fu, x ∈ Ω,
fu = h(ρ)v, x ∈ Ω,
βw = d∆w + α(ρ)v, x ∈ Ω,

∂w

∂ν
(x) = 0, x ∈ ∂Ω,
ρ(x) = m(x), x ∈ Γ.

(36)

Solutions of particular interest are such that u, v, w are stationary homoge-
neous, while ρ = ρ(x) is stationary heterogeneous, or vice versa. At least one
such solution exists, when

u = v = w ≡ 0.
In that case, ρ = ρ(x) satisfies an advection equation, as stated in the following
proposition.

Proposition 3 System (5) admits a particular stationary heterogeneous so-
lution denoted by

(
ρ̄(x), 0, 0, 0

)
, where ρ̄(x) satisfies the stationary advection

equation
a · ∇ρ̄+ σρ̄ = 0, x ∈ Ω, ρ̄(x) = m(x), x ∈ Γ.

By virtue of Theorem 1, ρ̄(x) is determined along the characteristic lines
of the advection field a by:

ρ̄(x) = m(x0)e−σs, x ∈ Ω, (37)

where x0 = ζ1(x) and s = ζ2(x) (see equation (17)).

Remark 3 The stationary heterogeneous solution
(
ρ̄(x), 0, 0, 0

)
presented in

the latter proposition models the situation of a deforested area. Hence, it is of
great interest to study the stability of that solution. In the present situation,
stability would correspond to the impossibility to recreate a healthy forest
ecosystem with small perturbations of the stationary heterogeneous solution(
ρ̄(x), 0, 0, 0

)
, which could for example correspond to reforestation. At the

opposite, instability would signify that a small change in the land-use of the
deforested area could lead to the regenerateness of the forest.

Remark 4 It is worth noting that other stationary heterogeneous solutions
may exist. In particular, some of these stationary heterogeneous solutions can
be discontinuous. Such discontinuous solutions have been constructed in [22],
but for the model without water resource.
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4.2 Stability analysis

In this section, we investigate the stability of the stationary heterogeneous
solution

(
ρ̄(x), 0, 0, 0

)
given by Proposition 3. We denote by Ū = (0, 0, 0)

the corresponding stationary solution of the reduced system (25), with the
property ρ̄(x) = ψ(0). Our stability analysis is based on spectral methods; it
differs from that presented in [22] since the operator Ā = A − F ′(Ū), where
F ′(U) denotes the derivative of the non-linear operator F , will admit non
constant coefficients. In order to avoid any confusion with the parameters σ
and ρ of the water-forest model (5), the spectrum of any operator B will be
denoted by Spec(B) and its resolvent set will be denoted by R(B). Here, the
derivative F ′(U) is given by

F ′(U) =

−γ
(
v, ψ(v)

)
−2au(v − b)− uµ′

(
ψ(v)

)
Dψ(v) βδ

f 1− vh′
(
ψ(v)

)
Dψ(v)− h

(
ψ(v)

)
0

0 vα′
(
ψ(v)

)
Dψ(v) + α

(
ψ(v)

)
0

 .
Since ρ̄(x) = ψ(0), we obtain after elementary computations:

Ā =

 f + ab2 + c+ µ
(
ρ̄(x)

)
0 −βδ

−f h
(
ρ̄(x)

)
0

0 −α
(
ρ̄(x)

)
−d∆+ β

 .
Next, the stability of Ū is determined by the location of the spectrum

Spec
(
Ā
)

of Ā with respect to the line iR = {z ∈ C : <(z) = 0}. We introduce
the quantities ω1 > 0 and ω2 > 0 given by

ω1 = f + ab2 + c+ min
x∈Ω

µ
(
ρ̄(x)

)
, ω2 = min

x∈Ω
h
(
ρ̄(x)

)
,

as well as ω0 = 1
2 min(ω1, ω2) > 0. Let us now prove the following lemma.

Lemma 1 Consider Σ = Spec(−Ā)∩ {z ∈ C : <(z) ≥ −ω0}. Then the set Σ
enjoys the following properties.

(i) One has
Σ = {λ ∈ C : <(λ) ≥ −ω0 and 0 ∈ Spec (Lλ)} ,

wherein the elliptic operator Lλ : D(Lλ) ⊂ L2(Ω) → L2(Ω) is given, for
all complex numbers λ with <(λ) ≥ ω0, by

D(Lλ) = H2
N (Ω) and Lλ = λ+ β − d∆−Mλ(x)

and where the function Mλ ∈ C0(Ω) is defined by

Mλ(x) = fβδα(ρ̄(x))[
λ+ h

(
ρ̄(x)

)][
λ+ f + ab2 + c+ µ

(
ρ̄(x)

)] . (38)

(ii) One has Σ ⊂ R.
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Proof Let us first observe that when λ ∈ C with <(λ) ≥ −ω0, then both
functions

x 7→ 1
λ+ h(ρ̄(x)) and x 7→ 1

λ+ f + ab2 + c+ µ
(
ρ̄(x)

) ,
are continuous on Ω.

In order to prove (i), namely to describe the spectrum of −Ā in the half
plane {z ∈ C : <(z) ≥ −ω0}, let us fix a complex number λ in this half plane
and solve the equation

(λ+ Ā)U = Y,

for Y = (f1, f2, f3) ∈ X and U = (u, v, w) ∈ L∞(Ω) × L∞(Ω) × H2
N (Ω).

This rewrites 
[
λ+ f + ab2 + c+ µ

(
ρ̄(x)

)]
u− βδw = f1

−fu+
[
λ+ h

(
ρ̄(x)

)]
v = f2

α
(
ρ̄(x)

)
v + (λ+ β − d∆)w = f3,

or equivalently
Lλw = c1(x)f1 + c2(x)f2 + c3(x)f3

u = (f1 + βδw) /
[
λ+ f + ab2 + c+ µ

(
ρ̄(x)

)]
v = (f2 + fu)/

[
(λ+ h

(
ρ̄(x)

)]
,

wherein the functions c1, c2 and c3 are given by

c1(x) = α(ρ̄(x)),
c2(x) = α

(
ρ̄(x)

)[
λ+ f + ab2 + c+ µ

(
ρ̄(x)

)]
,

c3(x) =
[
λ+ f + ab2 + c+ µ

(
ρ̄(x)

)][
λ+ h

(
ρ̄(x)

)]
.

As a consequence of the above computations, one obtains for each λ ∈ {z ∈
C : <(z) ≥ −ω0}, λ ∈ R(−Ā) if and only if 0 ∈ R(Lλ), which completes the
proof of (i).

Let us now prove (ii), that is, Σ ⊂ R. To see this, let λ ∈ Σ be given. Then
since 0 ∈ Spec(Lλ), there exists w ∈ H2

N (Ω) \ {0} such that Lλw = 0.
Multiplying this identity by the conjugate function w ∈ H2

N (Ω) and inte-
grating over Ω yields

d

∫
Ω

|∇w(x)|2dx+ (λ+ β)
∫
Ω

|w(x)|2dx−
∫
Ω

Mλ(x)|w(x)|2dx = 0.

Next the imaginary part of the above equation reads as

=(λ)
∫
Ω

|w(x)|2dx−
∫
Ω

= (Mλ(x)) |w(x)|2dx = 0. (39)

Now set for simplicity

a(x) = f + ab2 + c+ µ (ρ̄(x)) ,
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so that

= (Mλ(x)) = −=(λ)
fβδα

(
ρ̄(x)

)∣∣λ+ h
(
ρ̄(x)

)∣∣2 |λ+ a(x)|2
[
2<(λ) + h

(
ρ̄(x)

)
+ a(x)

]
,

and (39) rewrites as

=(λ)
∫
Ω

|w(x)|2
[

1 +
fβδα

(
ρ̄(x)

) [
2<(λ) + h

(
ρ̄(x)

)
+ a(x)

]∣∣λ+ h
(
ρ̄(x)

)∣∣2 |λ+ a(x)|2

]
dx = 0.

Finally, since <(λ) ≥ −ω0, it follows that the integrand is positive and we
end-up with =(λ) = 0, which concludes the proof of the lemma.

For λ ∈ [−ω0,∞), define by s(λ) the smallest eigenvalue of Lλ. Recalling
that it is given by the Rayleigh quotient (see for instance [5], Theorem 2.1),
we obtain

s(λ) = λ+ β + min
ϕ∈H1(Ω), ‖ϕ‖L2 =1

{
d

∫
Ω

|∇ϕ|2dx−
∫
Ω

Mλ(x)ϕ2(x)dx
}
.

Let us observe that s : [ω0,∞)→ R is continuous, non-decreasing and satisfies
s(λ) ∼ λ as λ→∞.

We obtain the following theorem.

Theorem 3 If s(0) > 0, then there exists ε > 0 small enough such that

Spec(−A) ⊂ {z ∈ C : <(z) ≤ −ε},

and the stationary state
(
ρ̄(x), 0, 0, 0

)
is locally stable.

If s(0) < 0, then there exists λ0 > 0 such that λ0 ∈ Spec(−Ā) and the
stationary state

(
ρ̄(x), 0, 0, 0

)
is unstable.

Proof The proof Theorem 3 is given in the appendix.

The stability condition for the equilibrium
(
ρ̄(x), 0, 0, 0

)
is therefore re-

lated to the sign of the quantity s(0) that reads as

s(0) = β + min
ϕ∈H1(Ω), ‖ϕ‖L2 =1

{
d

∫
Ω

|∇ϕ|2dx−
∫
Ω

M0(x)ϕ2(x)dx
}
, (40)

where M0(x) is expressed, thanks to (38), by

M0(x) = fβδα(ρ̄(x))
h
(
ρ̄(x)

)[
f + ab2 + c+ µ

(
ρ̄(x)

)] . (41)

Now the explicit expression of ρ̄(x) given by (37) and equations (40)-
(41) allow to discuss the stability of the stationary heterogeneous solution(
ρ̄(x), 0, 0, 0

)
in terms of the size of the domain Ω, the exponential decrease

rate σ and of the oceanic contribution m(x) to the water resource. Indeed, if
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the size of the domain Ω increases along the characteristic lines of the advec-
tion field a, then the minimum of ρ̄(x) over Ω is attracted to zero; since α is
an increasing function, whereas µ and h are decreasing functions, we observe
that M0(x) may decrease, and therefore s(0) may remain positive. Similarly,
if the rate σ increases, or if the intensity of the oceanic contribution m(x)
decreases, then the same occurs. In these cases, the stationary heterogeneous
solution

(
ρ̄(x), 0, 0, 0

)
is stable. At the contrary, if the size of Ω decreases

along the characteristic lines of the advection field a, if the rate σ decreases,
or if the intensity of the oceanic contribution m(x) increases, then the min-
imum of ρ̄(x) over Ω grows, thus s(0) is likely to become negative. If s(0)
decreases further, then the instability if

(
ρ̄(x), 0, 0, 0

)
is strengthened, since

the number of positive values in Spec(−Ā) increases.
Roughly speaking, a large domain or a weak intensity of the water resource

are seen to stabilize the stationary heterogeneous solution
(
ρ̄(x), 0, 0, 0

)
, which

corresponds to a deforested area; in that case, the regenerateness of the for-
est ecosystem seems to be compromised. It is the purpose of the next section
to underpin and illustrate by numerical simulations this theoretical stability
analysis.

5 Numerical simulations

In this section, we propose to illustrate, by a selection of relevant numerical
simulations, several qualitative properties of the water-forest model given by
system (5), which allows to test an infinite number of scenarios. First, we aim to
show that our model fits well with the exponential decrease principle of water
precipitation for deforested areas. Then, we investigate the stability of the
stationary heterogeneous solution given in Proposition 3, which models such
a deforested area. We exhibit various parameter regimes for which the latter
solution is stable, which means that any small perturbation of the deforested
equilibrium fails to recover the forest ecosystem, and other parameter regimes
for which it is unstable, which corresponds to the possible regenerateness of
the forest ecosystem after small changes. We also investigate the effect of a
small climate change on this regenerateness process and prove that a small
variation of the oceanic contribution to the water cycle can compromise the
regenerateness of the forest ecosystem. Finally, we show that our model allows
to test multiple scenarios of deforestation, by analyzing the effect of three
deforestation strategies on the equilibrium of the water-forest ecosystem.

All the computations have been performed in a Debian/Gnu-Linux envi-
ronment with the FreeFem++ software [15]. The calculation code is based on
a splitting numerical scheme of Strang type [35] with discretization of time by
finite differences and discretization of space by finite elements, in which the
advection-diffusion process and the reaction process are separated. The values
of the main parameters are normalized and listed in table 2. We assume that
the domain Ω is given by an ellipse of dimensions 2L and L, with L = 2,
as illustrated in figure 1. The advection field a is simply directed along the
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first component axis and given by a1(x) = −0.5, a2(x) = 0, which models the
predominance of single directed winds, as observed in several tropical regions.
However, other atmospheric fields could easily be considered. The oceanic bor-
der Γ corresponds in this case to the right-side of the domain Ω. Finally, the
following explicit expressions for the functions α, ϕ, µ and h have been con-
sidered (see figure 3):

α(ρ) = α0ρ

1 + ρ
, ϕ(ρ) = ϕ0ρ

1 + ρ
, µ(ρ) = µ0

1 + ρ
, h(ρ) = h0 + h1ρ

1 + ρ
. (42)

Table 2 Values of the main parameters of the forest model (5) for the numerical simulations.

Parameter Value
α0 0.9
µ0 0.6
β 0.6
δ 0.9
f 1.0
h0 0.15 or 0.5
h1 0.05
σ 0.7
ϕ0 0.8
a 0.01
b 1
c 0.1
d 10

5.1 Exponential decrease of the water resource in deforested areas

As mentioned previously, the stationary heterogeneous solution
(
ρ̄(x), 0, 0, 0

)
given in Proposition 3 reproduces the real-world situation of a deforested area,
in which it is observed that precipitation decreases at an exponential rate with
the distance to ocean. However, this exponential decrease principle can hide a
variety of spatial distributions of the water resource, depending on the oceanic
contribution, which corresponds to the boundary term m(x) in our model, as
well as the atmospheric activity, which is determined by the advection field a
in system (5).

The three numerical simulations presented in figure 5 are obtained with
m(x) = 1 − x2

2, m(x) = 1 and m(x) = 1 + x2 respectively, for all x ∈ Γ . The
first situation models an atmospheric activity which is maximal in the center of
the littoral; the second situation corresponds to a uniform oceanic contribution
(such uniform oceanic contributions have been proved to lead to stationary
homogeneous solutions in Proposition 2); finally, the third situation models an
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Fig. 5 Spatial distribution of the water resource ρ(x) for the stationary heterogeneous
solution

(
ρ(x), 0, 0, 0

)
, which models a deforested area. The distribution has been calculated

for three distinct oceanic distributions : (a) m(x) = 1−x2
2; (b) m(x) = 1; (c) m(x) = 1+x2.

In each case, the exponential decrease of the water resource is verified.
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Fig. 6 Exponential decrease of the water resource with respect to the distance from the
oceanic littoral.

atmospheric activity which is maximal at the top of the littoral. In each case,
the exponential decrease of the water resource is obviously verified. A different
view of the spatial distribution of the water resource is presented in figure 6,
so as to visualize this exponential decrease. We emphasize that transitions
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from one case to another can be provoked by climate perturbations which
change the atmospheric activity. In particular, these climate perturbations
can make stationary homogeneous solutions vanish, and thus compromise the
equilibrium states of the water forest ecosystem, as will be shown below.

5.2 Stability of the heterogeneous stationary solution: death of the forest
ecosystem

Here, we propose to exhibit a non trivial parameter regime for which the sta-
tionary homogeneous solution

(
ρ̄(x), 0, 0, 0

)
given in Proposition 3 is locally

stable. Such a local stability means that a small perturbation of the defor-
ested area will generate a new solution of the water-forest model (5), which
will again be attracted to the deforested equilibrium state. In other words,
stability has to be understood as an impossibility to recreate favorable condi-
tions for a regenerateness of the forest, by small actions such as reforestation.

We present in figure 7 a numerical simulation of our model, obtained with
an heterogeneous oceanic contribution given by m(x) = 1−0.7x2

2 for all x ∈ Γ .
The initial distribution of young trees u0 is defined by

u0(x1, x2) = 1
1 + 0.1

(
x1 − 3L

4
)2 + 0.1x2

2

,

whereas the initial distributions of old trees v0 and of seeds w0 are given
by v0 ≡ 0 and w0 ≡ 0. This scenario roughly models reforestation near the
littoral. The values of other parameters are given in table 2. The maximum
mortality rate of old trees is set to h0 = 0.5. In this numerical simulation,
we observe that the density of young trees decreases with time: the maximum
density is of order 1 at time t = 0, or order 10−1 at time t = 20, and of
order 10−2 at time t = 100. After 100 units of time, the distribution of young
trees is limited to a narrow area near the littoral. In background, the spatial
distribution of old trees follows the same evolution, thus is unable to aliment
the water cycle through forest transpiration, and unable to produce a sufficient
quantity of seeds so as to maintain a sufficient birth of young trees. Therefore,
the mortality rate of old trees is too high to regenerate the forest ecosystem.

5.3 Instability of the stationary heterogeneous solution: regenerateness of the
forest

We continue our stability analysis of the stationary heterogeneous solution(
ρ̄(x), 0, 0, 0

)
given in Proposition 3, with the research of non trivial param-

eter regimes which guaranty instability. In this case, instability is seen as the
opportunity to recreate a healthy forest ecosystem by small perturbations of
the deforested distribution

(
ρ̄(x), 0, 0, 0

)
; these small perturbations can model

reforestation actions.
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Fig. 7 Time evolution of the spatial distribution of the water resource ρ(x) and of the
young trees density u(x), for a parameter regime which leads to the local stability of the
deforested equilibrium distribution. This local stability means that a small perturbation of
the deforested area generates a new solution of the water-forest model (5), which is again
be attracted to the deforested equilibrium state.

We present in figure 8 another numerical simulation of our model (5); the
oceanic contribution m(x) is similar to the previous section, as well as the
initial distributions u0, v0 and w0. The only change is in the parameter h0
which models the maximum death rate of old trees: here, we set h0 = 0.15.
With this parameter value, we observe that the density of young trees u(x)
increases, after a transitional phase during which u(x) is concentrated near the
littoral. After about 580 units of time, the density of young trees u(x) persists
in the whole domain Ω. In parallel, the density of old trees v(x) follows the
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Fig. 8 Time evolution of the spatial distribution of the water resource ρ(x) and of the
young trees density u(x), for a parameter regime which leads to the local instability of
the deforested equilibrium distribution. Instability means that a small perturbation of the
deforested area generates a new solution of the water-forest model (5), which converges to
a healthy equilibrium state of the forest ecosystem.

same evolution. Its lower mortality rate h0 now guarantees a sufficient forest
transpiration, which accounts for the time evolution of the water resource ρ(x):
after 580 units of time, ρ(x) persists in the whole domain, and even admits
greater values at the opposite of the littoral border.

These numerical simulations show that system (5) undergoes a bifurca-
tion of loss of stability, with respect to a variation of the parameter h0: when
h0 overcomes a critical value hc0, then the stationary heterogeneous solution(
ρ̄(x), 0, 0, 0

)
is seen to be locally stable; when h0 is lesser than hc0, we ob-

serve that it looses its stability. Further numerical investigations show that
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Table 3 Effect of a variation of several parameters on the stability of the stationary het-
erogeneous solution

(
ρ̄(x), 0, 0, 0

)
.

Parameter Variation Effect
h0 decrease loss of stability
δ increase loss of stability
f increase loss of stability
α0 increase loss of stability

the instability is more robust when h0 tends to 0. However, we do not know
at this stage if other steady states of system (5) bifurcate from

(
ρ̄(x), 0, 0, 0

)
as it looses its stability.

Finally, we indicate that the stability of the stationary heterogeneous so-
lution

(
ρ̄(x), 0, 0, 0

)
is similarly lost under the variation of other parameters

of the model (see Table 3). For instance, the loss of stability is observed for
an increase of the seed establishment parameter δ, for an increase of the aging
rate f , or for an increase of the maximum production rate of seeds α0.

5.4 Cascade effects due to climatic perturbation

As mentioned previously, the oceanic contribution to the water cycle, given
by the border term m(x) in system (5), can be perturbed by climate changes.
Such climatic perturbations can in turn affect the dynamics of the water-
forest ecosystem. In particular, climate perturbations can modify the param-
eter regimes of instability of the deforested equilibrium, and contrary a regen-
erateness process of the forest.

We present in figure 9 another numerical simulation of our model; the
parameters values are the same as in the previous section, except for the
oceanic contribution m(x): here, we set m(x) = 0.9− 0.7x2

2 instead of m(x) =
1 − 0.7x2

2, and a1(x) = −0.4 instead of a1(x) = −0.5. These variations can
roughly model a decrease of the intensity of precipitation. We observe that
the water-forest ecosystem, which should converge to a healthy equilibrium in
absence of climate perturbation, is now attracted to a vanishing equilibrium
of the forest: after 800 units of time, the maximal density of young trees is of
order 10−3, whereas it would be of order 1 in absence of climate perturbation.
In background, the density of old trees follows the same evolution, and thus
cannot contribute to the forest transpiration process, which in turn favors the
decrease of the water resource far from the littoral. Therefore, the dynamics
of system (5) can account for complex cascade effects in climate changes.

5.5 Testing scenarios of deforestation

It is nowadays admitted that the equilibrium of forest ecosystems is threatened
by anthropic activities such as mass deforestation, besides climate changes,
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Fig. 9 Time evolution of the spatial distribution of the water resource ρ(x) and of the young
trees density u(x), under a small perturbation of the oceanic contribution m(x) of the water
cycle, which affects the dynamics of the forest ecosystem. In absence of perturbation, the
forest ecosystem would exhibit a regenerateness process, as depicted in figure 8. Under the
climatic perturbation, the system is attracted to the vanishing equilibrium of the ecosystem.

which can also have an anthropic origin. In this final section, we aim to show
that our model allows to investigate the effect of deforestation on the water
resource distribution, which in turn impacts the equilibrium of forest ecosys-
tems. Here, we propose to test three scenarios of deforestation, which are
schematized in figure 10.

The first scenario corresponds to deforestation concentrated at the center
of the forest area, far from the ocean. The second scenario models deforestation
near the littoral. The third scenario tests the situation of several deforested
patches. In each case, the deforested surfaces are of equivalent order. Obvi-
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Fig. 10 Three scenarios of deforestation. (a) Deforestation at the center of the forest area.
(b) Deforestation near the littoral. (c) Deforestation of several patches. In each case, the
deforested surfaces are of equivalent order.

ously, deforestation may cause a perturbation in the forest evapotranspiration
process, which is likely to affect the dynamics of the water cycle. For each
scenario of deforestation, we can run the advection equation (2) in order to
observe how the loss of forest evapotranspiration modifies the spatial distribu-
tion of water. The results are depicted in figure 11. We observe that the first
and third scenarios seem to have severe impact on the distribution of the water
resource ρ(x), whereas the second scenario shows that the effect of deforesta-
tion seems to be damped. After running the advection equation (2), we can
again run the whole model (5) in order to observe the time evolution of the
water-forest ecosystem. We are then brought back to the above analysis of the
dynamics of model (5): deforestation generates a new solution of the model;
depending on the parameter regime, this new solution may be attracted to a
vanishing equilibrium of the forest, as in section 5.2, or at the opposite may
converge to a healthy equilibrium of the forest, as in section 5.3. In the latter
case, however, the dynamics of the forest ecosystem would be altered if the de-
forestation process persists and forbids a natural regenerateness of the forest.
Once again, the cascade effects which exert a perturbation on the equilibrium
of the ecosystem are reproduced by our mathematical model.
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Fig. 11 Effect of deforestation on the spatial distribution of the water resource ρ(x). (a)
Distribution of ρ(x) in absence of deforestation. (b) Spatial distribution of ρ(x) in the first
scenario (deforestation at the center of the area, figure 10(a)). (c) Spatial distribution of ρ(x)
in the second scenario (deforestation near the littoral, figure 10(b)). (d) Spatial distribution
of ρ(x) in the third scenario (deforestation of several patches, figure 10(c)).

6 Conclusion and perspectives

In this work, we have presented an overview of an innovative mathematical
model, which has been designed for studying the dynamics of forest ecosystems
and the roles of the water resource and the atmospheric activity. Stemming
from a well-known reaction-diffusion system, we have integrated the effect of
the atmospheric activity by adding a moisture conservation equation, and the
role of the water resource by considering biological parameters of the ecosys-
tem as functions of the precipitation quantity. Our modeling approach results
in a reaction-diffusion-advection model. This original model has been vali-
dated at two levels. Firstly, we have proved that it admits relevant stationary
solutions; among these stationary solutions, the existence of homogeneous so-
lutions shows that the model is able to reproduce the situation of almost
uniform precipitation quantity over forested areas. Secondly, we have proved
that our model is in concordance with the principle of exponential decrease
of the water resource over deforested areas. Furthermore, the well-posedness
of the model has been proved with a rigorous mathematical approach. Several
numerical simulations have been presented so as to test the effects of climate
change or deforestation on the equilibrium of the ecosystem.
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Finally, although abstract, our model can easily be adapted to real-world
forests. Thus in a near future, we shall apply our model to the study case of
the Amazon forest, after calibrating the parameters of system (5) with land
use and precipitation statistical data.
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7 Appendix

In this appendix, we present the proofs of Theorems 1, 2, 3, and we briefly show
numerical results which underpin the approximation of the non-stationary
advection equation (1) by the stationary advection equation (2).

7.1 Proof of Theorem 1

The proof of Theorem 1 is divided into three steps. First, we use the method
of characteristics to solve the stationary equation (19), so as to prove that the
operator ψ is well defined. Since v ∈ L∞(Ω) may be discontinuous, we use the
theory of ordinary differential equations of Carathéodory. In the second step,
we prove that the operator ψ is continuous, using an integral Gronwall lemma.
Finally, in the third step, we prove that the operator ψ is differentiable. We
remark that its derivative is uniquely determined as the solution of an ODE.

First step. Let
{
ξ(x0, s)

}
0≤s≤S(x0) denote one characteristic line of the ad-

vection field a, starting at x0 ∈ Γ and ending at ξ
(
x0, S(x0)

)
∈ ∂Ω \ Γ .

We introduce the function ρ̃ defined along the latter characteristic line by
ρ̃(s) = ρ ◦ ξ(x0, s), for 0 ≤ s ≤ S(x0), with the lightened notation (18). Then
it is seen that ρ̃ satisfies the following ODE:

dρ̃

ds
+ σρ̃ = ϕ(ρ̃)ṽ, 0 < s ≤ S(x0),

ρ̃(0) = m(x0).
(43)

Now we introduce the function θ defined on [0, S(x0)] by θ(s) = ρ̃(s)eσs. We
easily prove that θ satisfies the following ODE:

dθ

ds
= g(s, θ), 0 < s ≤ S(x0),

θ(0) = m(x0),
(44)

where g is given by
g(s, θ) = ϕ

(
θe−σs

)
eσsṽ(s).

Since v ∈ L∞(Ω), the function g is continuous in its second variable θ but
discontinuous in its first variable s. For that reason, we solve equation (44) as
an ODE of Carathéodory type (see e.g. [11], Chapter 1). We directly verify
the following properties:
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– the function g(s, θ) is defined in [0, S(x0)]×R, continuous in θ for almost
every s;

– for all θ, the function g(·, θ) is measurable;
– |g(s, θ)| ≤M(s) with M(s) = ϕ0e

σs |ṽ(s)| ∈ L∞
(
[0, S(x0)]

)
;

– |g(s, θ1)− g(s, θ2)| ≤ L(s) |θ1 − θ2| with L(s) = ϕ0 |ṽ(s)| ∈ L∞
(
[0, S(x0)]

)
.

By virtue of Theorems 1 and 2 in [11], Chapter 1, equation (44) admits a
unique local solution, defined on [0, s̄] with s̄ > 0. That solution is given by

θ(s) = m(x0) +
∫ s

0
g
(
τ, θ(τ)

)
dτ, 0 ≤ s ≤ s̄,

and it is absolutely continuous on each compact interval included in [0, s̄].
Next, the non-negativity of θ(s) follows from Proposition A.17 in [33] (note
that the continuity is not necessary in the proof of that proposition). We
continue by proving that θ is global in [0, S(x0)]. This simply follows from the
differential inequality

dθ

ds
≤ ϕ0 ‖v‖∞ θ, s > 0,

which leads to
θ(s) ≤ m(x0)eϕ0‖v‖∞S(x0), ∀s ∈ [0, s̄].

Thus we have s̄ = S(x0).
Now we are brought back to equation (43), which is solved by setting

ρ̃(s) = θ(s)e−σs, s ∈ [0, S(x0)].

As constructed, ρ̃ is absolutely continuous on each compact interval included
in [0, S(x0)], and uniquely determined by the representation formula

ρ̃(s) = m(x0)e−σs +
∫ s

0
ϕ
(
ρ̃(τ)

)
ṽ(τ)e−σ(s−τ)dτ, s ∈ [0, S(x0)],

which is the lightened expression for equation (21). Since equation (43) has
been solved along each characteristic line of the advection field a, we finally
solve equation (19) in Ω by setting

ρ(x) = ρ̃
(
ζ1(x), ζ2(x)

)
, x ∈ Ω,

with the notation (18), where ζ1 and ζ2 are defined by (17). As constructed, ρ
is continuous and non-negative along the characteristic lines of the advection
field a. Furthermore, the principle of continuity of the solution of equation
(43) with respect to a variation of the initial condition (see Theorem 6 in [11],
Chapter 1) and the continuity of the advection field a (see equation (15))
guaranty that ρ is continuous in Ω̄, thus belongs to L∞+ (Ω). We have proved
that the operator ψ is well defined.
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Second step. Let v, h ∈ L∞+ (Ω). We set ρ = ψ(v) and ρh = ψ(v+h). By virtue
of the representation formula (21), we have:

|ψ(v + h)(x)− ψ(v)(x)|

=
∣∣∣∣∫ s

0
ϕ
(
ρ̃h(τ)

)
(ṽ + h̃)(τ)e−σ(s−τ)dτ −

∫ s

0
ϕ
(
ρ̃(τ)

)
ṽ(τ)e−σ(s−τ)dτ

∣∣∣∣
=
∣∣∣∣∫ s

0

[
ϕ
(
ρ̃h(τ)

)
− ϕ

(
ρ̃(τ)

)]
ṽ(τ)e−σ(s−τ)dτ +

∫ s

0
ϕ
(
ρ̃h(τ)

)
h̃(τ)e−σ(s−τ)dτ

∣∣∣∣
≤ ‖v‖∞

∫ s

0

∣∣ϕ(ρ̃h(τ)
)
− ϕ

(
ρ̃(τ)

)∣∣ dτ + ‖h‖∞ ϕ0

∫ s

0
e−σ(s−τ)dτ

≤ ‖v‖∞ ϕ0

∫ s

0

∣∣ρ̃h(τ)− ρ̃(τ)
∣∣ dτ + ‖h‖∞

ϕ0

σ
,

where we have used properties of the function ϕ given in (13). Now we intro-
duce the function p defined by

p(s) =
∣∣ρ̃h(s)− ρ̃(s)

∣∣ , s ≥ 0.

We have proved above that

p(s) ≤ ‖v‖∞ ϕ0

∫ s

0
p(τ)dτ + ‖h‖∞

ϕ0

σ
.

By virtue on the integral Gronwall lemma, we obtain

p(s) ≤ ‖h‖∞
ϕ0

σ
e‖v‖∞ϕ0s ≤ ‖h‖∞

ϕ0

σ
e‖v‖∞ϕ0S̄ ,

where we have used the uniform bound (16). We then obtain

‖ψ(v + h)− ψ(v)‖∞ ≤ ‖h‖∞ ×
ϕ0

σ
eϕ0‖v‖∞S̄ ,

which proves the continuity of the operator ψ.

Third step. Finally, let us introduce the operator Lv uniquely defined for all
v ∈ L∞+ (Ω) by the integral formula

Lv h̃(s) =
∫ s

0
ϕ
(
ρ̃(τ)

)
h̃(τ)e−σ(s−τ)dτ +

∫ s

0
ϕ′
(
ρ̃(τ)

)
ṽ(τ)Lv h̃(τ)eσ(s−τ)dτ,

for all h ∈ L∞+ (Ω), where ρ = ψ(v). As constructed, the operator Lv is obvi-
ously linear. Now, let v, h ∈ L∞+ (Ω). We set again ρ = ψ(v) and ρh = ψ(v+h),
and we introduce the function p defined by

p(s) =
∣∣ρ̃h(s)− ρ̃(s)− Lv h(s)

∣∣ , s ≥ 0.

We use the continuity and differentiability of the function ϕ in order to write:

ϕ(ρ̃h) = ϕ(ρ̃) + o(1) as ‖h‖∞ → 0,
ϕ(ρ̃h) = ϕ(ρ̃) + ϕ′(ρ̃)(ρ̃h − ρ̃) + o

(
‖h‖∞

)
as ‖h‖∞ → 0,
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which leads to, after basic computations:

p(s) ≤ ‖v‖∞
∫ s

0
p(τ)dτ + o

(
‖h‖∞

)
×
‖v‖∞ + 1

σ
, s ≥ 0.

Using the integral Gronwall lemma again and equation (16) leads to∣∣ρ̃h(s)− ρ̃(s)− Lv h(s)
∣∣ ≤ o( ‖h‖∞ )× ‖v‖∞ + 1

σ
e‖v‖∞S̄ .

Furthermore, we easily observe that∣∣Lv h̃(s)
∣∣ ≤ ‖v‖∞ ∫ s

0

∣∣Lv h̃(τ)
∣∣+

ϕ0 ‖h‖∞
σ

.

Using a third time the integral Gronwall lemma leads to∣∣Lv h̃(s)
∣∣ ≤ ϕ0 ‖h‖∞

σ
e‖v‖∞S̄ .

In this way, we have proved that ψ is differentiable in L∞(Ω). Its derivative
is given by

Dψ(v)h = Lv h,

for all v, h ∈ L∞+ (Ω) and satisfies (24).

7.2 Proof of Theorem 2

By virtue of Theorem 4.4 in [40], it suffices to prove an estimation of the type∥∥F (U)− F (Ũ)
∥∥
X

≤ k
(
‖U‖X +

∥∥Ũ∥∥
X

)[ ∥∥Aη(U − Ũ)
∥∥
X

+ (‖U‖X +
∥∥Ũ∥∥

X
)
∥∥U − Ũ∥∥

X

]
,

for each U , Ũ in D(Aη), where k is an increasing function defined in R+ with
values in R+. Thus we consider U = (u, v, w)T , Ũ = (ũ, ṽ, w̃)T in D(Aη). We
begin by estimating the norm of the difference

∥∥F1(U)− F1(Ũ)
∥∥
∞. To that

aim, we write:∥∥F1(U)− F1(Ũ)
∥∥
∞ ≤ βδ ‖w − w̃‖∞

+ ‖γ0(v)u− γ0(ṽ)ũ‖∞
+
∥∥µ(ψ(v)

)
u− µ

(
ψ(ṽ)

)
ũ
∥∥
∞ .

Next, we use the expression of γ0(v) given in (9):

‖γ0(v)u− γ0(ṽ)ũ‖∞ ≤ a
∥∥v2u− ṽ2ũ

∥∥
∞ + 2ab ‖vu− ṽũ‖∞ + (ab2 + c) ‖u− ũ‖∞ .

But we have
‖vu− ṽũ‖∞ ≤ ‖vu− vũ‖∞ + ‖vũ− ṽũ‖∞

≤ ‖v‖∞ ‖u− ũ‖∞ + ‖ũ‖∞ ‖v − ṽ‖∞
≤ (‖U‖X +

∥∥Ũ∥∥
X

)
∥∥U − Ũ∥∥

X
.
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Similarly, we have:∥∥v2u− ṽ2ũ
∥∥
∞ ≤ ‖v‖

2
∞ ‖u− ũ‖∞ + ‖ũ‖∞ (‖v‖∞ + ‖ṽ‖∞) ‖v − ṽ‖∞

≤ (‖U‖2X +
∥∥Ũ∥∥2

X
)
∥∥U − Ũ∥∥

X
.

Afterwards, we write:∥∥µ(ψ(v)
)
u− µ

(
ψ(ṽ)

)
ũ
∥∥
∞ ≤

∥∥µ(ψ(v)
)
u− µ

(
ψ(v)

)
ũ
∥∥
∞

+
∥∥µ(ψ(v)

)
ũ− µ

(
ψ(ṽ)

)
ũ
∥∥
∞

≤ µ0 ‖u− ũ‖∞ + ‖ũ‖∞ × µ0 ‖ψ(v)− ψ(ṽ)‖∞
≤ µ0 ‖u− ũ‖∞ + ‖ũ‖∞ × ‖v − ṽ‖∞

µ0ϕ0

σ
eϕ0‖v‖∞S̄ ,

where we have used estimation (22) at the last step. Combining the above
inequalities leads to∥∥F1(U)− F1(Ũ)

∥∥
∞ ≤ k1

(
‖U‖X +

∥∥Ũ∥∥
X

)
(‖U‖X +

∥∥Ũ∥∥
X

)
∥∥U − Ũ∥∥

X
,

where k1 is a continuous increasing function. We estimate
∥∥F2(U)− F2(Ũ)

∥∥
∞

analogously.
It remains to estimate the norm of the difference

∥∥F3(U)− F3(Ũ)
∥∥

2. We
write: ∥∥α(ψ(v)

)
v − α

(
ψ(ṽ)

)
ṽ
∥∥

2

≤
∥∥α(ψ(v)

)
v − α

(
ψ(ṽ)

)
v
∥∥

2 +
∥∥α(ψ(ṽ)

)
v − α

(
ψ(ṽ)

)
ṽ
∥∥

2

≤ ‖v‖∞
∥∥α(ψ(v)

)
− α

(
ψ(ṽ)

)∥∥
2 +

∥∥α(ψ(ṽ)
)∥∥
∞ ‖v − ṽ‖2

≤ α0 ‖v‖∞ ‖ψ(v)− ψ(ṽ)‖2 + α0 ‖v − ṽ‖2 ,

where we have used the properties of the function α given in (13). Now we use
the embedding L∞(Ω) ⊂ L2(Ω) and estimation (22), which leads to

∥∥α(ψ(v)
)
v − α

(
ψ(ṽ)

)
ṽ
∥∥

2 ≤ C
[
‖v‖∞ ‖v − ṽ‖∞

ϕ0

σ
eϕ0‖v‖∞S̄ + ‖v − ṽ‖2

]
,

where C denotes a positive constant. Since ‖v − ṽ‖2 ≤ C
∥∥Aη(U − Ũ)

∥∥
X

, we
obtain:∥∥α(ψ(v)

)
v − α

(
ψ(ṽ)

)
ṽ
∥∥

2

≤ k3
(
‖U‖X +

∥∥Ũ∥∥
X

)[ ∥∥Aη(U − Ũ)
∥∥
X

+ (‖U‖X +
∥∥Ũ∥∥

X
)
∥∥U − Ũ∥∥

X

]
,

where k3 denotes a continuous increasing function. Combining the above esti-
mates leads to the desired conclusion.
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7.3 Proof of Theorem 3

If s(0) > 0, the spectral condition Spec(−A) ⊂ {z ∈ C : <(z) ≤ −ε} for some
ε > 0 follows directly from Lemma 1 and the above properties of the function
s. Next, the local stability of the stationary state

(
ρ̄(x), 0, 0, 0

)
is guaranteed

by the results of [40] (Section 6.2).
If s(0) < 0, if follows again from Lemma 1 that Spec(−Ā) contains a real

positive value. To prove that the stationary state
(
ρ̄(x), 0, 0, 0

)
is unstable,

by virtue of Corollary 5.1.6 in [16], it suffices to check that∥∥F (Ū + z)− F (Ū)− F ′(Ū)z
∥∥
X

= O
(
‖z‖pX

)
, (45)

for z in a neighborhood of 0 and p > 1. To this end, we easily compute

F (Ū + z)− F (Ū)− F ′(Ū)z =

−γ
(
z2, ψ(z2)

)
z1 + γ

(
0, ψ(0)

)
z1

−h
(
ψ(z2)

)
z2 + h

(
ψ(0)

)
z2

α
(
ψ(z2)

)
z2 − α

(
ψ(0)

)
z2

 ,

for all z = (z1, z2, z3)T ∈ X. Recall that X = L∞(Ω)× L∞(Ω)× L2(Ω). We
have∥∥γ(z2, ψ(z2)

)
z1 − γ

(
0, ψ(0)

)
z1
∥∥
∞ ≤

∥∥∥[a(z2 − b)2 + c− (ab2 + c)
]
z1

∥∥∥
∞

+
∥∥∥[µ(ψ(z2)

)
− µ

(
ψ(0)

)]
z1

∥∥∥
∞
.

First, it is easily seen that∥∥∥[a(z2 − b)2 + c− (ab2 + c)
]
z1

∥∥∥
∞

= O
(
‖z‖2X

)
,

as ‖z‖X tends to 0. Furthermore, since the function µ and the operator ψ are
differentiable, we have∥∥µ(ψ(z2)

)
− µ

(
ψ(0)

)∥∥
∞ = O

(
‖z‖X

)
,

from which it follows that∥∥∥[µ(ψ(z2)
)
− µ

(
ψ(0)

)]
z1

∥∥∥
∞

= O
(
‖z‖2X

)
,

as ‖z‖X tends to 0. We obtain∥∥γ(z2, ψ(z2)
)
z1 − γ

(
0, ψ(0)

)
z1
∥∥
∞ = O

(
‖z‖2X)

as ‖z‖X tends to 0. Since the functions h and α are similarly differentiable, it
is shown analogously that∥∥−h(ψ(z2)

)
z2 + h

(
ψ(0)

)
z2
∥∥
∞ = O

(
‖z‖2X)

and ∥∥α(ψ(z2)
)
z2 − α

(
ψ(0)

)
z2
∥∥

2 = O
(
‖z‖2X),

which proves (45) with p = 2. The proof is complete.
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7.4 Approximation of the non-stationary advection equation (1) by the
stationary advection equation (2)

In order to support the approximation of the non-stationary advection equa-
tion (1) by the stationary advection equation (2), we compute numerically the
solution of the following system with stationary advection

a · ∇ρ = −σρ+ ϕ(ρ)v,

∂u

∂t
= βδw − γ(v, ρ)u− fu,

∂v

∂t
= fu− h(ρ)v,

∂w

∂t
= d∆w − βw + α(ρ)v,

(46)

and in parallel, we compute the solution of the following system with non-
stationary advection

∂ρ̃

∂t
+ a · ∇ρ̃ = −σρ̃+ ϕ(ρ̃)ṽ,

∂ũ

∂t
= βδw̃ − γ(ṽ, ρ̃)u− fũ,

∂ṽ

∂t
= fũ− h(ρ̃)ṽ,

∂w̃

∂t
= d∆w̃ − βw̃ + α(ρ̃)ṽ,

(47)

with the same initial conditions and the same parameters. In both cases, the
solutions are attracted to the stationary heterogeneous solution

(
ρ̄(x), 0, 0, 0

)
given in Proposition 3, as depicted in the following figures.
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Fig. 12 Numerical results for ρ(x) and ρ̃(x). Left: stationary advection. Right: non-
stationary advection.



42 Guillaume Cantin et al.

u(x) at t = 10

2 · 10−2

4 · 10−2

u(x) at t = 40

2 · 10−3

4 · 10−3

6 · 10−3

8 · 10−3

u(x) at t = 80

5 · 10−4

1 · 10−3

1.5 · 10−3

2 · 10−3

u(x) at t = 120

4 · 10−4

6 · 10−4

8 · 10−4

1 · 10−3

u(x) at t = 160

4 · 10−4

6 · 10−4
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Fig. 13 Numerical results for u(x) and ũ(x). Left: stationary advection. Right: non-
stationary advection.
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ṽ(x) at t = 40

1 · 10−2

2 · 10−2

3 · 10−2
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ṽ(x) at t = 160

2 · 10−3

4 · 10−3

6 · 10−3

8 · 10−3

1 · 10−2

Fig. 14 Numerical results for v(x) and ṽ(x). Left: stationary advection. Right: non-
stationary advection.
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Fig. 15 Numerical results for w(x) and w̃(x). Left: stationary advection. Right: non-
stationary advection.
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