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Quantum simulations can provide new insights into the physics of strongly correlated electronic systems. A well studied system, but still open in many regards, is the Hubbard-Holstein Hamiltonian, where electronic repulsion is in competition with attraction generated by the electronphonon coupling. In this context we study the behavior of four quantum dots in a suspended carbon nanotube and coupled to its flexural degrees of freedom. The system is described by a Hamiltonian of the Hubbard-Holstein class, where electrons on different sites interact with the same phonon. We find that the system presents a transition from the Mott insulating state to a polaronic state, with the appearance of pairing correlations and the breaking of the translational symmetry. These findings will motivate further theoretical and experimental efforts to employ nanoelectromechanical systems to simulate strongly correlated systems with electron-phonon interactions.

As for today, quantum simulators are the unique systems that can address, deepen our understanding, and ultimately solve with quantum advantage challenging problems of contemporary science: from quantum many body dynamics, through static and transient high T c superconductivity to design of new materials. As an important example one can think to the Hubbard model, a paradigm of strongly correlated systems, and that has been investigated through a number of experimental platforms. Such platforms include arrays of three and four dots in semiconductor heterostructures [START_REF] Hensgens | Quantum simulation of a fermi-hubbard model using a semiconductor quantum dot array[END_REF][START_REF] Dehollain | Nagaoka ferromagnetism observed in a quantum dot plaquette[END_REF], as well as various setups used in the ultracold-atom community [START_REF] Mazurenko | A cold-atom fermi-hubbard antiferromagnet[END_REF][START_REF] Chiu | Quantum state engineering of a hubbard system with ultracold fermions[END_REF][START_REF] Chiu | String patterns in the doped hubbard model[END_REF][START_REF] Bohrdt | Classifying snapshots of the doped hubbard model with machine learning[END_REF][START_REF] Ji | Coupling a mobile hole to an antiferromagnetic spin background: Transient dynamics of a magnetic polaron[END_REF][START_REF] Trotzky | Time-resolved observation and control of superexchange interactions with ultracold atoms in optical lattices[END_REF][START_REF] Görg | Enhancement and sign change of magnetic correlations in a driven quantum many-body system[END_REF][START_REF] Salomon | Direct observation of incommensurate magnetism in hubbard chains[END_REF][START_REF] Nichols | Spin transport in a mott insulator of ultracold fermions[END_REF].

An important outstanding goal for quantum simulators is to go beyond pure Hubbard models by addressing also interactions between the particles with vibrations of the lattice, that is, with phonons. The electron-phonon (e-p) interactions can generate effective attractive electron-electron (e-e) interactions, via the Cooper pairing channel in conventional superconductors [START_REF] Bardeen | Theory of superconductivity[END_REF] and therefore, directly compete with the repulsive e-e interactions present.Such electron-phonon class of models (EPCM) are crucial for understanding a plethora of strongly correlated phases like antiferromagnetism, charge density waves, superconductivity, hightemperature superconductivity and the pseudogap states in low-dimensional materials, [START_REF] Karakuzu | Superconductivity, charge-density waves, antiferromagnetism, and phase separation in the Hubbard-Holstein model[END_REF][START_REF] Lanzara | Evidence for ubiquitous strong electron-phonon coupling in high-temperature superconductors[END_REF][START_REF] Julià-Farré | Nanoscale phase separation and pseudogap in the hole-doped cuprates from fluctuating cu-o-cu bonds[END_REF][START_REF] Km Shen | Missing quasiparticles and the chemical potential puzzle in the doping evolution of the cuprate superconductors[END_REF]. The interplay between the e-p interaction and the Coulombic e-e repulsion is also of great importance for unconventional superconductors such as alkali-metal-doped fullerides [START_REF] Takabayashi | The disorder-free non-bcs superconductor cs<sub>3</sub>c<sub>60</sub> emerges from an antiferromagnetic insulator parent state[END_REF], pnictides [START_REF] De La Cruz | Magnetic order close to superconductivity in the iron-based layered lao1-xf x feas systems[END_REF][START_REF] Kontani | Orbitalfluctuation-mediated superconductivity in iron pnictides: Analysis of the five-orbital hubbard-holstein model[END_REF], and aromatic superconductors [START_REF] Mitsuhashi | Superconductivity in alkali-metal-doped picene[END_REF].

Since phonons are essentially absent in optical lattices, the study of EPCMs is challenging for atomic quantum simulators. Noteworthy in this context are the recent proposals for dynamical lattices [START_REF] Bissbort | Emulating solid-state physics with a hybrid system of ultracold ions and atoms[END_REF][START_REF] González-Cuadra | Strongly correlated bosons on a dynamical lattice[END_REF] and lattice gauge theory models, in which additional dynamical degrees of freedom on the bonds of the lattice (for reviews see [START_REF] Mari | Simulating lattice gauge theories within quantum technologies[END_REF][START_REF] Aidelsburger | Cold atoms meet lattice gauge theory[END_REF]). On the other hand, electromechanical devices have been employed with great success to couple mechanical modes to quantum electron transport. In these systems the electrons can be localized in one (or two) quantum dots (QDs), and they interact electrostatically with one or several mechanical modes. The strong and controllable localization of the charge, with reduced screening, allows one to reach very large e-p coupling constant. This leads to strong back-action on the oscillator with the predicted formation of polaronic states and suppression of the conductance [START_REF] Galperin | Hysteresis, Switching, and Negative Differential Resistance in Molecular Junctions: A Polaron Model[END_REF][START_REF] Koch | Franck-Condon Blockade and Giant Fano Factors in Transport through Single Molecules[END_REF][START_REF] Pistolesi | Selfconsistent theory of molecular switching[END_REF][START_REF] Micchi | Mechanical Signatures of the Current Blockade Instability in Suspended Carbon Nanotubes[END_REF] and observed softening of the mechanical resonating frequency [START_REF] Lassagne | Coupling Mechanics to Charge Transport in Carbon Nanotube Mechanical Resonators[END_REF][START_REF] Steele | Strong Coupling Between Single-Electron Tunneling and Nanomechanical Motion[END_REF]. Several transport regimes have been studied, such as single-electron tunneling [START_REF] Lassagne | Coupling Mechanics to Charge Transport in Carbon Nanotube Mechanical Resonators[END_REF][START_REF] Steele | Strong Coupling Between Single-Electron Tunneling and Nanomechanical Motion[END_REF][START_REF] Michael | Scanned probe imaging of single-electron charge states in nanotube quantum dots[END_REF][START_REF] Knobel | Nanometrescale displacement sensing using a single electron transistor[END_REF][START_REF] Naik | Cooling a nanomechanical resonator with quantum back-action[END_REF][START_REF] Ganzhorn | Dynamics and dissipation induced by single-electron tunneling in carbon nanotube nanoelectromechanical systems[END_REF][START_REF] Benyamini | Real-space tailoring of the electron-phonon coupling in ultraclean nanotube mechanical resonators[END_REF][START_REF] Pirkkalainen | Cavity optomechanics mediated by a quantum two-level system[END_REF][START_REF] Ares | Resonant Optomechanics with a Vibrating Carbon Nanotube and a Radio-Frequency Cavity[END_REF][START_REF] Khivrich | Nanomechanical pump-probe measurements of insulating electronic states in a carbon nanotube[END_REF][START_REF] Yutian Wen | A coherent nanomechanical oscillator driven by single-electron tunnelling[END_REF][START_REF] Blien | Quantum capacitance mediated carbon nanotube optomechanics[END_REF][START_REF] Vigneau | Ultrastrong coupling between electron tunneling and mechanical motion[END_REF], Kondo [START_REF] Götz | Nanomechanical characterization of the kondo charge dynamics in a carbon nanotube[END_REF][START_REF] Urgell | Cooling and self-oscillation in a nanotube electromechanical resonator[END_REF] and the quantum Hall effect [START_REF] Chen | Modulation of mechanical resonance by chemical potential oscillation in graphene[END_REF]. Several parameters of the Hamiltonian can be tuned independently, either at the fabrication stage or during the experiment. By tuning the nearby gate voltages, one can tune by a large amount the hopping term between the QDs, the local potential, and the e-p coupling. Advances in nanofabrication should soon enable the fabrication of several QDs (more than four) in a suspended carbon nanotube.

Therefore, electromechanical devices appear to be very promising as a new platform for simulating an EPCM. In this Letter, we scrutinize this novel quantum simulation platform, focusing on the concrete example of a phonon-induced delocalization transition. Given the theoretical interest in the EPCM, a tunable quantum simulator for such models is highly sought after, especially due to the restricted validity range of devised numerical and analytical approaches, such as quantum Monte Carlo [START_REF] Clay | Intermediate phase of the one dimensional half-filled hubbard-holstein model[END_REF], density-matrix renormalization group (DMRG) [START_REF] Fehske | Metallicity in the half-filled holstein-hubbard model[END_REF], variational ansatz [START_REF] Bj Alder | Variational monte carlo study of an interacting electron-phonon model[END_REF][START_REF] Wang | Zero-temperature phases of the twodimensional hubbard-holstein model: A non-gaussian exact diagonalization study[END_REF], dynamical mean-field theory (DMFT) [START_REF] Werner | Efficient dynamical mean field simulation of the holstein-hubbard model[END_REF], density-matrix embedding theory (DMET) [START_REF] Sandhoefer | Density matrix embedding theory for interacting electron-phonon systems[END_REF].

In this Letter, we discuss in detail, within practical experimental limits, the blueprint of a quantum simulation of an EPCM with e-e and e-p interactions using an electromechanical device. Specifically, we study the behavior of a system consisting of four QDs coupled to a set of phonons as a function of the e-p coupling constant and the hopping integral. In contrast to the well-studied Hubbard-Holstein model [START_REF] Beni | Low-temperature properties of the one-dimensional polaron band. i. extreme-band-narrowing regime[END_REF] with local e-p interaction, this setup realizes long range e-p interactions, as captured by the Hubbard-Froehlich model [START_REF] Alexandrov | The Fröhlich-Coulomb model of[END_REF]. For vanishing hopping, the problem can be exactly solved, and a discontinuous transition from a Mott localized state to a symmetry breaking polaronic state with double occupancy of the central dots is observed. The sharp transition allows for a continuous evolution when the hopping terms are finite, with setting in of pairing and phonon correlations. The transition can be detected in the zero hopping limit by measuring the occupation of the different dots with nearby single-electron transistors [START_REF] Hensgens | Quantum simulation of a fermi-hubbard model using a semiconductor quantum dot array[END_REF] (Fig. 1). The obtained results indicate that the system is particularly rich and is interesting to investigate both experimentally and theoretically because of the correlated states generated by the interplay of the electronic and phononic degrees of freedom. Note that even in the experimentally most accessible and controllable regime of very low hopping, which is the focus of this Letter, there are phononinduced fluctuations responsible for the interesting transition from Mott to polaronic states.

We consider a suspended carbon nanotube with four equally spaced QDs (see Fig. 1). The quantum dots are electrostatically defined along the nanotube with voltages applied to the gate electrodes patterned at the bottom of the trench (Fig. 1), which enables the realization of welldefined quantum dots [START_REF] Waissman | Realization of pristine and locally tunable one-dimensional electron systems in carbon nanotubes[END_REF]. We assume a perfectly symmetric device, where the three hopping terms t between the four dots and local chemical potentials are equal. In this configuration the local Coulomb repulsion U is considered to be the same in each dot. We assume that the interdot Coulomb coupling is negligible. The system is prepared with only four electrons populating the dots. The tunnelling amplitude to the leads of the first and fourth dots is assumed to be negligible, so that the total number of electrons remain fixed. The charge on the dots naturally couples to the flexural modes of the carbon nanotube (see for instance [START_REF] Pistolesi | Proposal for a nanomechanical qubit[END_REF]). The Hamiltonian describing the system belongs to the EPCM and therefore has a form:

H = H e + H p + H e-p . The electronic part is H e = H t + H U with H t = -t i,σ c † i+1,σ c i,σ + h.

c. and a Hubbard term

H U = U 2 i n i (n i -1), where n i = σ c † i,σ c i,σ .
Here, the index i represents the QDs, σ = ± accounts for the electrons' internal degree of freedom, and c i,σ are the destruction operators for the electronic states. We will focus on the case of two degrees of freedom, corresponding either to the valley degrees of freedom for the spin-polarized electrons, or the spin degrees of freedom when the valley symmetry is broken. The parameters t and U set the energy scale of hopping and on-site interaction. Since the system is isolated from the leads we can set the chemical potential to zero. The phonon part reads H p = µ ω µ a † µ a µ . Here a µ is the destruction operator for the flexural mode µ. We assume the limit of strong tension (guitar string limit) for which the resonating angular frequency ω µ = µω 0 of the different modes is an integer multiple of the fundamental mode frequency ω 0 . The e-p coupling reads H e-p = i,µ g i,µ n i (a µ + a † µ ), with its strength set by a electrostatically tunable parameter g 0 [START_REF] Micchi | Mechanical Signatures of the Current Blockade Instability in Suspended Carbon Nanotubes[END_REF], and explicitly given by g i,µ = g 0 8 π µ -3/2 sin[πµ(2i -1)/8] sin[πµ/8]. This expression is obtained by expanding the functional dependence of the capacitance, between each dot and the gate, on the displacement of the nanotube, and integrating it for the total dot extension, which is assumed to be 1/4 of the total nanotube length. The hopping term t/(2π ) and the electron phonon coupling g/(2π ) can be electrostatically tuned between 1 and 100 GHz and between 0.01 and 1 GHz, respectively. Here is the reduced Planck constant. The other parameters can be controlled by fabrication. Typically, the repulsion is U/(2π ) ∼ 2 THz, while the fundamental mode ω 0 /(2π) can range between 1 MHz and 1 GHz. The hopping parameter t of each tunnel barrier and the chemical potential of each dot can independently be tuned by appropriately varying the applied voltage on the nine gate electrodes shown in Fig. 1, see also Ref. [START_REF] Durrer | Automated tuning of double quantum dots into specific charge states using neural networks[END_REF][START_REF] Hsiao | Efficient orthogonal control of tunnel couplings in a quantum dot array[END_REF]. The gate voltage, and and the paired state (2 double occupancies), depends on the number of modes N mod taken into consideration. The density contrast between these opposite regimes is clearly visible even at T = 2K. (c) System behavior at finite hopping: As a function λ and t, we plot (c1) the number of phonons, (c2) the variance of the phonon operator, (c3) the number of double occupancies, (c4) the average value of charge correlations in the ground state. We consider a system of four electrons in four dots, with U/(2π ) = 2400GHz, and ω/(2π) = 1.35MHz. In (c), we have restricted ourselves to a single-mode model, evaluated by exact diagonalization thorugh iterated shift method in a Hilbert space of up to 30 phonons. Qualitatively, the parameter space at small t/U is divided into two localized regimes (Mott and paired regime), while at sufficiently large t/U a delocalized regime occurs, as indicated by finite charge correlations.

thus the electromechanical coupling, can also be tuned in a large range by changing the number N s of filled shells, that is, by tuning the chemical potential such that the electron number changes from N to N + 2N d N s , where N d is the number of QDs and the factor 2 accounts for the spin degeneracy.

Formally, the e-p coupling can be removed from the Hamiltonian by a Lang-Firsov (LF) transformation, U = e S with S = i,µ gi,µ ωµ n i (a † µ -a µ ). By applying this transformation accounts, the phonon coupling is accounted for through an additional effective interaction between electrons:

H Ũ = - µ i,j g i,µ g j,µ ω µ n i n j , (1) 
which is long-range due to the non-local nature of the phonons, and which can induce electron attraction. In addition to generating this effective potential, the LF transformation also modifies the effective hopping, making it prone to numerical instabilities. Therefore, we use the LF transformation only in the atomic limit, t = 0, where arbitrary numerical accuracy is possible.

In the atomic limit, the ground state is described by an electronic Fock state, which is selected by the potential H U + H Ũ , times an effective phononic vacuum.

From the physical point of view the LF transformation allows to write the total energy of the system in terms of the displacement measured from the equilibrium position that minimizes the energy for given values of n i . This generates the effective attractive polaronic potential since Eq. ( 1) is negative and quadratic in the number of particles. As illustrated in Fig. 1(b), two main regimes can be distinguished: (i) In the regime of weak electronphonon coupling, the Hubbard repulsion H U dominates over H Ũ , and therefore the Mott-insulating configuration with one electron per dot is selected. (ii) In the regime of strong electron-phonon coupling, H Ũ is dominant, and the leading contribution from the µ = 1 mode depletes the system on the outer dots and induces electron pairing on the inner dots. The system gains energy by the significant displacement of the nanotube.

For concreteness, let us consider in detail a nanotube with N = 4 QDs, at half-filling and unpolarized with respect to σ, i.e. we have N/2 electrons with σ = +, and N/2 electrons with σ = -. We introduce the dimensionless parameter λ = g 2 0 /(ωU ) which in the atomic limit conveniently serves as a single control parameter of the system. We find that the N !/[(N/2)!] 2 = 6 Mott states (i.e. all states with occupation numbers {1, 1, 1, 1}) have energy E/U = -2π 2 3 λ, and the unique paired state with occupation numbers {0, 2, 2, 0} has E/U = 2 -4π 2 3 λ. Accordingly, these two sets of states provide the electronic ground states of the system for any value of λ, with a level crossing at λ crit = 3/π 2 . We note that in this critical point, there are four additional ground states, referred to as "intermediate" states and characterized through occupation numbers {1, 2, 1, 0} or {0, 1, 2, 1} with an energydependence E/U = 1 -π 2 λ. To obtain these expressions for the energies, we have carried out an infinite sum over the phonon modes, although for practical purposes one might instead truncate this sum at a finite number of modes N mod . In this case, the scenario in the critical region is slightly altered: The degeneracy of three different types of density patterns (Mott, paired, intermediate) is lost. Instead, the intermediate states may appear above the ground states for any λ. This happens, e.g., for N mod = 1 or N mod = 5. Preferentially, though, the truncation of the modes gives rise to a tiny but finite parameter regime, in which the intermediate states become the unique ground states. This behavior is illustrated in Fig. 2(a), where the three regimes are distinguished by the number of doubly occupied sites in the ground state, plotted versus the dimensionless coupling parameter λ.

In practice, the number of doubly occupied dots is hard to quantify, since it would require simultaneous measurements of all local densities. However, as shown in Fig. 2(b), the density estimation on only two sites is sufficient to clearly distinguish between the different regimes. Concretely, we evaluate the density difference between an inner and an outer dot n 2 -n 1 . This quantity takes the value 2 in the paired state, 1 in the intermediate state, and 0 in the Mott state. Here, instead of ground state averages, we have considered thermal averages at temperatures between 0.5K and 2K, assuming that the system's energy scale is given by an interaction parameter U/(2π ) = 2400GHz. Moreover, we have varied the number of modes, N mod = 1, 3, or 6. Importantly, in all cases and for all temperatures, the transition from Mott to paired state is clearly seen from this data, with a steeper change at T = 0.5K. At larger T , the intermediate regime broadens, and notably, the broadening is more pronounced in the 3-or 6-mode model than in the one-mode model, where the intermediate state is absent from the ground state manifold. In none of these cases, though, the intermediate state would give rise to a flat regime at n 2 -n 1 = 1, demonstrating the secondary role played by the intermediate states.

The LF transformation can be viewed as a polaron dressing of the electrons, in which a certain electron occupation n i implies the presence of

N µ = a † µ a µ = i n i gi,µ ωµ 2
phonons in mode µ. From this number, readily obtained at t = 0, we find valuable information also for the system at small but finite t. As mentioned above, numerical instability then prohibit the use of the LF transformation, and truncation of the phononic Hilbert space becomes necessary. According to the expression for N µ , we find that, near criticality, the first (and most occupied) mode has N 1 ≈ (8λ crit U/g 0 ) 2 phonons. Thus, for the experimentally most relevant case of U g 0 , it is impossible to treat a Hilbert space with O(N 1 ) phonons.

Instead, we have developed an iterative shift method based on making the replacement

a µ → ãµ + S µ , (2) 
where ãµ is a shifted phonon operator, and S µ is a complex number. If we choose S µ = N µ , and numerically diagonalize the full Hamiltonian within a highly truncated Hilbert space of tilded phonons (e.g., n max ≈ 30), we recover, at t = 0, the same result as obtained before using the LF transformation. At finite t, the shift parameter S µ has to be adjusted properly, which can be done iteratively: Using the t = 0 shift as an initial guess, we determine a new shift parameter

S µ = (ã † µ + S * µ )(ã µ + S µ ) 0 , (3) 
and repeat updating this parameter, until S µ and S µ agree with the desired numerical precision. We have verified this method at small values of U/g 0 ∼ 1, where a numerical procedure without shift is also possible, due to the relatively small number of phonons.

In the following, we report on our results for the experimentally realistic values U/(2π ) = 2400GHz, being much larger than the phonon coupling strength g 0 (tunable, on the order of 1GHz [START_REF] Vigneau | Ultrastrong coupling between electron tunneling and mechanical motion[END_REF]), and the phonon frequency, set to ω/(2π) = 1.35MHz in order to exploit the system near criticality. Such low resonance frequencies can be achieved in long nanotubes [START_REF] Moser | Ultrasensitive Force Detection with a Nanotube Mechanical Resonator[END_REF]. In this scenario, the phonon number is O(10 6 ), and therefore, we fully rely on the shift method.

Our results are shown in Fig. 2(c1-c4) for a one-mode model. The inclusion of more modes, is numerically challenging and expensive but does not alter the overall picture. Qualitatively, we find three regimes: At small t/U , there are the two localized regimes (Mott and paired regime), clearly distinguished by the occupation of the dots [e.g. number of double occupancies plotted in Fig. 2 As an illustration of the electronic correlations, we plot in Fig. 2(c4) the average charge correlations C given by

C = 1 N i,j ( n i n j 0 -n i 0 n j 0 ) . (4) 
We note that in this regime, we have also obtained finite values of other pair correlators, such as s-wave or p-wave pairing correlators, S i S j 0 or P i P j 0 , with S † i = c † i↑ c † i↓ , and

P † i = (c † i+1↑ c † i↓ + c † i+1↓ c † i↑ )/ √ 2.
The correlated nature makes the delocalized state at large t crucially different from the intermediate state at t = 0 discussed earlier, despite their similar structure of the density. We stress that the delocalized regime is not adiabatically connected to the intermediate t = 0 states, as we have checked (at a small value of U ) by a three-mode calculation, which explicitly exhibits t = 0 intermediate states [cf. Fig. 1(a)]. Specifically, this calculation has shown that (i) finite values of t suppress the intermediate state until it fully vanishes, and that (ii) the delocalized regime, characterized by finite pair correlations, occurs only at even larger values of t. Intuitively, the suppression of the intermediate state by the hopping is understood from the extremely limited amount of firstorder hopping which are possible in this configuration.

Any physical realization of the device implies a degree of static disorder induced by the unavoidable fabrication imperfections. One can expect that the "phase" diagram presented in Fig. 2 should be affected only for values of λ for which the difference in energy between the competing states is smaller than the typical energy scale E of the static disorder. Using the estimate for vanishing t one finds that this region has a size δλ ∼ (3/π 2 )E/U . When E U this region is very small, indicating that the main picture is robust against weak disorder.

In summary, we have proposed an experimentally feasible way for quantum simulation of a Hamiltonian belonging to the EPCM, by placing four equally placed QDs in a suspended nanotube. A Mott state dominated by the e-e interaction, a polaronic state dominated by the e-p interaction, and a strongly correlated delocalized state at large hopping is observed. At small hopping, an intermediate state but not adiabatically connected to the strongly delocalized state is also found. The system has been theoretically explored by employing the Lang-Firsov transformation, which gives us analytically exact results for zero hopping, and by developing a numerically self-consistent iterative shift method. The distinction between the different regimes is done by looking at quantities such as the local electron density and e-e correlators, or the phonon distribution. These quantities in the finite hopping limit may be accessible in experiments where two of the dots are locally coupled to two different superconducting resonators [START_REF] Viennot | Coherent coupling of a single spin to microwave cavity photons[END_REF]. Moreover, in the proposed experimental setup, the parameters are sufficiently tunable to explore the different regimes, and we find that the stability of the states against finite temperatures is well within feasible temperature bounds.

Although this work focuses on the quantum simulation of the competition between the e-e and e-p coupling in four QDs embedded in a nanotube, it should be noted that our overall scheme is quite general. The first important extension would be to consider more dots. We focused on four because of current experimental capabilities. Albeit its reduced size, the system is already very rich. Ongoing advances in nanofabrication are expected to enable the fabrication of several QDs in suspended carbon nanotube, allowing to further investigate the evolution from the microscopic to the macroscopic system. Investigation of many intriguing scenarios are possible by controlling quantities like the number of electrons or dots, spin/valley degree of freedom, and the nature of mechanical modes (guitar string or doubly clamped beam without tensile tension). When filling N/2 electrons in N dots, the Peierls transition and charge density wave states may emerge with the help of the inter-dot Coulomb repulsion to prevent electrons to localize in nearby dots. Finally, by considering a current flowing through the nanotube, nonequilibrium physics could also be explored in the presence of e-p coupling, in such setups.

FIG. 1 .

 1 FIG. 1. (a) Schematic of the proposed setup: Four QDs in red are electrostatically defined along a suspended nanotube using the gate electrodes at the bottom of the trench. The electron states of the four QDs are coupled to the nanotube mechanical eigenmodes depicted as black lines. Real-time charge sensing of the QD array can be experimentally monitored with the sensing dots in grey defined on the sides [1]. (b) Illustration of the different regimes: Weak electron-phonon coupling (λ < λcrit) supports a Mott state with one electron per dot; the small distortion ∆x of the nanotube arises from the capacitive force when applying the voltage on the gate electrodes to form the quantum dots. In the presence of strong electron-phonon coupling (λ > λcrit), the nanotube gets deformed by a larger amount and the electrons get paired in the two central dots.

  FIG.2. (a,b) System behavior at t = 0: As a function of the dimensionless coupling parameter λ = g 2 0 /ωU , we plot the number of doubly occupied sites in the ground state (a), and the density contrast between dot 1 and dot 2, n2 -n1 , at finite temperature (b). The extent of the intermediate regime (1 double occupancy), between the Mott state (no double occupancy) and the paired state (2 double occupancies), depends on the number of modes N mod taken into consideration. The density contrast between these opposite regimes is clearly visible even at T = 2K. (c) System behavior at finite hopping: As a function λ and t, we plot (c1) the number of phonons, (c2) the variance of the phonon operator, (c3) the number of double occupancies, (c4) the average value of charge correlations in the ground state. We consider a system of four electrons in four dots, with U/(2π ) = 2400GHz, and ω/(2π) = 1.35MHz. In (c), we have restricted ourselves to a single-mode model, evaluated by exact diagonalization thorugh iterated shift method in a Hilbert space of up to 30 phonons. Qualitatively, the parameter space at small t/U is divided into two localized regimes (Mott and paired regime), while at sufficiently large t/U a delocalized regime occurs, as indicated by finite charge correlations.

  (c3)], but also through an abrupt change of the number of phonons [Fig. 2(c1)]. At sufficiently large t/U , a delocalized regime occurs, characterized through an intermediate phonon number and an intermediate number of doubly occupied dots. Interesting features of this third regime are finite values of electronic correlations, and the correlated phonon state. The latter is indicated by nonvanishing values of var(a) ≡ a † a -a † a [Fig. 2(c2)].
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