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UNCERTAINTY PRINCIPLES IN GELFAND-SHILOV SPACES AND
NULL-CONTROLLABILITY

JEREMY MARTIN

ABSTRACT. We provide new uncertainty principles for functions in a general class of
Gelfand-Shilov spaces. These results apply, in particular, with the classical Gelfand-
Shilov spaces as well as for spaces of functions with weighted Hermite expansions. Thanks
to these uncertainty principles, we derive null-controllability results for evolution equa-
tions with adjoint systems enjoying smoothing effects in specific Gelfand-Shilov spaces.
More precisely, we consider control subsets which are thick with respect to a quasi lin-
early growing density and establish sufficient conditions on the growth of the density to
ensure null-controllability of these evolution equations.

1. INTRODUCTION

This paper aims at broadening the understanding of the link between uncertainty prin-
ciples and localized controllability of evolution equations. An uncertainty principle is a
property which gives some limitations on the simultaneous concentration of a function
and its Fourier transform. There exist different forms of uncertainty principles and one of
them consists in studying the support of functions whose Fourier transforms are localized.
The Logvinenko-Sereda Theorem [20] ensures the equivalence of the norms || - || 12(gay and

I Nl 22w, where w C RY is a measurable subset, on the subspace
{f e L}(RY); supp f C B(O,R)} with R >0,

where f denotes the Fourier transform of f, as soon as w is thick. The thickness property
is defined as follows:

Definition 1.1. Let d € N* and w be a measurable subset of R4 For 0 < v < 1 and
L > 0, the set w is said to be y-thick at scale L > 0 if and only if

Ve RY,  |wn(z+ [0, L)) >~LY,

where |A| denotes the Lebesgue measure of the measurable set A. The set w is said to be
thick if and only if w is y-thick at scale L > 0 for some 0 <y <1 and L > 0.

We define more generally the thickness with respect to a density:

Definition 1.2. Let d € N*, 0 < v < 1, w be a measurable subset of R and p : R¢ —
(0, +00) a positive function. The set w is said to be y-thick with respect to p if and only if

vo € RY  |wn B(z, p(2))| = |B(x, p(x))],
where B(x, L) denotes the Euclidean ball of R? centered at x with radius L.

Of course, a measurable subset of R is thick if and only if it is thick with respect to a
positive constant density. Kovrijkine provided a quantitative version of the Logvinenko-
Sereda Theorem in [I8, Theorem 3]:
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2 JEREMY MARTIN

Theorem 1.3 (Kovrijkine [I8, Theorem 3]). Let w C R? be a measurable subset y-thick
at scale L > 0. There exists a universal positive constant C > 0 independent on the
dimension d > 1 such that for all f € L*(R?) satisfying supp f C J, with J a cube with
sides of length b parallel to coordinate axes,

(1.1) [fl2@ay < (v, d, L D) fll 22 (w)s
with .
CdN Cd(Lb+1)
c(v,d, L,b) = (7) .

The thickness property was recently shown to play a key role in spectral inequalities
for finite combinations of Hermite functions. In [2I, Theorem 2.1], the authors establish
quantitative estimates with an explicit dependence on the energy level N with respect to
the growth of the density appearing in Definition

Theorem 1.4 (Pravda-Starov & Martin). Let p : R —s (0,+00) be a 3-Lipschitz posi-
tive function with R% being equipped with the Fuclidean norm, such that there exist some
positive constants 0 < e <1, m >0, R > 0 such that

Ve eRY, 0<m <p(x) < Rx)'°.

Let w be a measurable subset of R% which is -thick with respect to the density p. Then,
there exist some positive constant kq(m, R,v,€) > 0, Cy(e, R) > 0 and a positive universal
constant kq > 0 such that

Kd ) Cale, )N~ %

(12) VN > 1, Vfeén, ||f||L2(]Rd) < Kd(m’R”y’E)(? ||f||L2(w)7

with En being the finite dimensional vector space spanned by the Hermite functions (@Q)‘QEN.

We refer the reader to Section Bl for the definition and some notations related to
Hermite functions (®4),ecne. We emphasize that Theorem [[4] ensures, in particular, the
equivalence of the norms || - || 2(gay and || - [[z2(,) on the subspace £y as soon as the
measurable subspace w is thick with respect to a suitable density. Actually, contrary to
the case when the functional subspace is the space of functions whose Fourier transforms
are compactly supported, this fact holds true as soon as w is a measurable subset of positive
measure. As explained by the authors of [7, Section 2], the analyticity property of finite
combinations of Hermite functions together with an argument of finite dimension imply
that for all N € N, there exists a positive constant Cy(w) > 0 such that

Vieen, fllrzmey < ONW)IIFllL2(w):

as soon as |w| > 0. The main interest of Theorem [I.4] is the quantitative estimate from
above on the growth of the positive constant Cny(w) with respect to the energy level N,
which is explicitly related to the growth of the density p thanks to e. As the norms ||-||z2(ra)

and [ - [|z2(,) are not equivalent on L?*(R?) when |R%\ w| > 0, the constant Cy(w) does
have to blow up when N tends to infinity. However, the asymptotic of this blow-up is
very much related to the geometric properties of the control set w, and understanding this
asymptotic can be assessed as an uncertainty principle.

One of the purpose of this work is to establish new uncertainty principles holding in a
general class of Gelfand-Shilov spaces and to provide sufficient conditions on the growth
of the density allowing these uncertainty principles to hold. Furthermore, this paper aims
at providing new null-controllability results as a byproduct of these uncertainty principles.
Indeed, some recent works have highlighted the key link between uncertainty principles
and localized control of evolution equations matters. Thanks to the explicit dependence
of the constant with respect to the length of the sides of the cube in (III), Egidi and
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Veseli¢ [10]; and Whang, Whang, Zhang and Zhang [29] have independently established
that the heat equation

{ (0 — Ap)f(t,2) = u(t,2)lu(z), 2 €RY, ¢>0,
fli=o = fo € L*(RY),

is null-controllable in any positive time 7' > 0 from a measurable control subset w C R? if
and only if the control subset w is thick in R?. By using the same uncertainty principle,
Alphonse and Bernier established in [3] that the thickness condition is necessary and
sufficient for the null-controllability of fractional heat equations

(O + (—AL)®) f(t,x) = u(t,z)1,(x), zeRY t>0,
(13) { Flico = fo € L?(RY),

when s > 3. On the other hand, Koenig showed in [I5, Theorem 3] and [16, Theorem 2.3]
that the null-controllability of (L3)) fails from any non-dense measurable subset of R when
0<s< % In [4], Alphonse and the author point out the fact that the half heat equation,
which is given by (3] with s = %, turns out to be approximately null-controllable with
uniform cost if and only if the control subset is thick. Regarding the spectral inequalities
in Theorem [[.4] thanks to the quantitative estimates (I2]), Pravda-Starov and the author
established in [21, Corollary 2.6] that the fractional harmonic heat equation

{ Orf(t,x) + (=Ay + |22 f(t,x) = u(t,z),(x), xR t>0,
fli=o = fo € L*(RY),

with % < s <1, is null-controllable at any positive time from any measurable set w which
is thick with respect to the density

vz eR?, p(z) = R(z)°,

with 0 < 6 < 2s—1and R > 0. More generally, the result of [21, Theorem 2.5] shows that

this thickness condition is a sufficient condition for the null-controllability of a large class

of evolution equations associated to a closed operator whose L?(R?)-adjoint generates a
1

semigroup enjoying regularizing effects in specific symmetric Gelfand-Shilov spaces S3%°.

The sufficiency of the thickness conditions for control subsets to ensure null—controllal?)sility
results for these evolution equations is derived from an abstract observability result based
on an adapted Lebeau-Robbiano method established by Beauchard and Pravda-Starov
with some contributions of Miller in [§, Theorem 2.1]. This abstract observability result
was extended in [6l, Theorem 3.2] to the non-autonomous case with moving control sup-
ports under weaker dissipation estimates allowing a controlled blow-up for small times in
the dissipation estimates.

The main limitation in the work [2I] is that Hermite expansions can only characterize
symmetric Gelfand-Shilov spaces (see Section [5.2)) and therefore, the null-controllability
results in [21] are limited to evolution equations enjoying only symmetric Gelfand-Shilov
smoothing effects. This work partially adresses this matter by investigating the null-
controllability of evolution equations associated to anharmonic oscillators, which are known
to regularize in non-symmetric Gelfand-Shilov spaces. More generally, we establish null-
controllability results for abstract evolution equations whose adjoint systems enjoy smooth-
ing effects in non-symmetric Gelfand-Shilov spaces. This work precisely describes how the
geometric properties of the control subset are related to the two indexes u, v defining the
Gelfand-Shilov space S5 .

This paper is organized as follows: In Section 2.1l new uncertainty principles and quan-
titative estimates are presented. We first establish uncertainty principles for a general class
of Gelfand-Shilov spaces in Section 2Tl In a second time, we deal with the particular



4 JEREMY MARTIN

case of spaces of functions with weighted Hermite expansions in Section These re-
sults are derived from sharp estimates for quasi-analytic functions established by Nazarov,
Sodin and Volberg in [24]. Some facts and results related to quasi-analytic functions are
recalled in Sections Bl and 53l Thanks to these new uncertainty principles, we estab-
lish sufficient geometric conditions for the null-controllability of evolutions equations with
adjoint systems enjoying quantitative Gelfand-Shilov smoothing effects in Section

2. STATEMENT OF THE MAIN RESULTS

The main results contained in this work are the quantitative uncertainty principles hold-
ing for general Gelfand-Shilov spaces given in Theorem The first part of this section
is devoted to present these new uncertainty principles and to discuss the particular case
of spaces of functions with weighted Hermite expansions. In a second part, we deduce
from these new uncertainty principles some null-controllability results for abstract evo-
lution equations with adjoint systems enjoying Gelfand-Shilov smoothing effects. Before
stating these results, miscellaneous facts and notations need to be presented. A sequence
M = (Mp)pen of positive real numbers is said to be logarithmically convex if

vp 2 ]-7 Mg S Mp-l—lMp—h

where N denotes the set of non-negative integers. Let U be an open subset of R?, with
d > 1. We consider the following class of smooth functions defined on U associated to the
sequence M,

) = {f € C*W,C): V8N, |0l < Mig) |

A logarithmically convex sequence M is said to be quasi-analytic if the class of smooth
functions Cx((0,1)) associated to M is quasi-analytic, that is, when the only function in
Cm((0,1)) vanishing to infinite order at a point in (0, 1) is the zero function. A necessary
and sufficient condition on the logarithmically convex sequence M to generate a quasi-
analytic class is given by the Denjoy-Carleman theorem (see e.g. [17]):

Theorem 2.1 (Denjoy-Carleman). Let M = (Mp)pen be a logarithmically convex sequence

of positive real numbers. The sequence M defines a quasi-analytic sequence if and only if
+o0o Mp—l

M,

= —|—OO
p=1

Let us now introduce the notion of Bang degree defined in [5] and [24], and used by
Jaye and Mitkovski in [I4],

(2.1) YO<t<1,Vr >0, Ognt,M,r:sup{NEN: Z Aj}_l <r}§+oo,
—logt<n<N n

where the sum is taken equal to 0 when N = 0. Notice that if M is quasi-analytic, then

the Bang degree n aq, is finite for any 0 < ¢t < 1 and » > 0. This Bang degree allows

the authors of [14] to obtain uniform estimates for L?-functions with fast decaying Fourier

transforms and to establish uncertainty principles for a general class of Gevrey spaces.

These authors also define

(2.2) Vp>1, ~ym(p) = sup j(
1<j<p

M; 1 M;_
_ﬁﬁfLi_l) and T (p) = detTm®),

J
We refer the reader to the Section [5.3] for some examples and useful results about quasi-

analytic sequences.
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2.1. Some uncertainty principles.

2.1.1. Uncertainty principles in general Gelfand-Shilov spaces. In this section, we study
uncertainty principles holding in general Gelfand-Shilov spaces. We consider the following
subspaces of smooth functions

T k(%’?
GSx = {f € C=(RY, ey O s oo},
kEN, BeNd Ny, 18]

where p : R — (0, +00) is a positive measurable function and N = (Np.g) (p,qen2 1s a
sequence of positive real numbers. Associated to these spaces, are the following semi-norms

()55 £l 2 sy

Vfe€GSn,p fllesy, = N
kEN, BeNd k|81

When .
vo € R p(z) = (z) = (L+||z]?)2
and NV = (C’p+q(p!)u(q!)ﬂ)(p 4)eN? for some C'> 1 and p,v > 0 with p+v > 1, GSxr, is a

subspace of the classical Gelfand-Shilov space S, whereas when p = 1, the space GS Nop
characterizes some Gevrey type regularity. We choose here to not discuss this particular
case since it is studied in the recent works [4, [14]. In the following, a positive function
p:RI — (0, 400) is said to be a contraction mapping when there exists 0 < L < 1 such
that

Va,y € RY  |p(z) — p(y)| < Lz -y,

where || - || denotes the Euclidean norm. A double sequence of real numbers N' =
(Np.g) (p,q)en2 is said to be non-decreasing with respect to the two indexes when

Vp<p'\Vqg <q, Npg<Npg.

The following result provides some uncertainty principles holding for the spaces G'Sy ,:

Theorem 2.2. Let 0 < v < 1, N = (Npg)pgenz € (0, +00)N be a non-decreasing

sequence with respect to the two indexes such that the diagonal sequence M = (Np p)pen €

(0, +00)N defines a logarithmically-convex quasi-analytic sequence and p : R — (0, 4+00)

a positive contraction mapping such that there exist some constants m > 0, R > 0 so that
Vz e R 0<m<p(z) <Rz

Let w be a measurable subset of R%. If w is y-thick with respect to p, then there exist some

positive constants K = K(d,p) > 1, K' = K'(d, p,v) > 1, r = r(d, p) > 1 depending on the

dimension d > 1, on v for the second and on the density p such that for all 0 < e < N&O,
VF €GN N1F B < CellfIae + el flEsy,

where
L[ 2d dneg M,r
Cg = K 71—‘/\/[(271,1507'/\/177-)
with ne, pmr being defined in (2.1 and
1
£2

to = .
0" KNyg

It is particularly interesting to notice that Theorem 2.2 provides a quantitative estimate
of the constant C. with respect to the different parameters. In specific cases, the Bang
degree is easily computable (see Lemma [5.4]) and an explicit upper bound on the constant
C. can be obtained. The above uncertainty principles apply in particular to the case of
the classical Gelfand-Shilov spaces S (RY) as follows:
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Theorem 2.3. Let A>1,0<u<1l,v>0withpu+v>1and0<4§< 1_7” < 1. Let
p:RE— (0, 4+00) be a positive contraction mapping such that there exist some constants
m >0, R> 0 so that

Ve eRY, 0<m<p(z) < Rz
Let w be a measurable subset of R%. If w is thick with respect to p, then for all0 < e <1,
there exists a positive constant C. o4 > 0 such that for all f € 7 (R%),

( H<m>p8£fHL2(Rd) >2
ArHBI(phr (18|~ )

where, when § < 1_7”, there exists a positive constant K = K(d,~,p,u,v) > 1 depending
on the dimension d, p and v such that

(23) 1 1a ) < CoallfIagy +2 sup
p€EN,BENT

2
0< Cop < eN(-losztAT707)

)

1— . .. .
whereas, when § = T“, there exists a positive constant K = K(d,~, p, p,v) > 1 depending
on the dimension d, p and v such that

0<C4< eK(l—loga—i—logA)eKA2
g,A > .

Let us notice that the estimate (2.3]) is only relevant when

sup ||<$>p8£f||L2(Rd) -
peN,gend APTIBl(phv (1)~ ’

that is, when f € GSy 5, with N = (APT9(p!)” (¢!)") (p.g)en2 and p = (). The quantitative
estimates given in Theorem 23] are playing a key role in order to establish the following
null-controllability results.

The proof of Theorem is given in Section Bl It follows the strategy developed by
Kovrijkine in [I§], and its generalization given in Theorem [[.4l together with a quantitative
result on quasi-analytic functions which is a multidimensional version of [24] Theorem B|
from Nazarov, Sodin and Volberg. Regarding Theorem 23] its proof is given in Section 3.5
It is a direct application of Theorem together with Lemma [5.4l Next section shows
that Theorem also applies to more general sequences.

2.1.2. Uncertainty principles in symmetric weighted Gelfand-Shilov spaces. Let
© : [0, +00) — [0, +00),

be a non-negative continuous function. We consider the following symmetric weighted
Gelfand-Shilov spaces

GS@ _ {f c L2(Rd) . ”f”GS(—) = H(e@(‘a|)<f7 q)Ot>L2(Rd))o¢€Nd ZQ(Nd) < +OO}7

where (®,,),ene denotes the Hermite basis of L2(R?). The definition and basic facts about
Hermite functions are recalled in Section 5.1

Before explaining how the spaces GSg relate to Gelfand-Shilov spaces defined in Sec-
tion 0.2] the assumptions on the weight function © need to be specify further. Let us
consider the following logarithmically-convex sequence

(2.4) Vpe N, M, =sup tre=OW),
t>0

Let s > 0. We assume that the sequence (M,)yen satisfies the following conditions:
(H1) Vpe N, 0< M, < o0,
(H2) There exist some positive constants Cg > 0, Lg > 1 such that
VpeN, pP’ < CeLlM,,



UNCERTAINTY PRINCIPLES AND NULL-CONTROLLABILITY 7

with the convention 0° = 1,
(H3), The sequence (M,)yen is quasi-analytic, that is,
+00
M, _1\S
ICORE
p=1 P
according to Denjoy-Carleman Theorem. Under these assumptions, the following Bern-

stein type estimates hold for the spaces GSg:

Proposition 2.4. Let © : [0, +00) — [0, 400) be a non-negative continuous function. If
the associated sequence (M,)pen in [Z4) satisfies the assumptions (H1) and (H2), then
the space GSg is included in the Schwartz space .7 (R?), and for all 0 < s < 1, there exists
a positive constant Dg 45 > 1 such that

Vf € GSe,Vr € [0, +00),V5 € N%,

S
I 0% sy < (Do.a) ™ (M) cscinepponasn ) Ifllaso,

where |-| denotes the floor function.

Remark 2.5. Let us notice that Proposition implies in particular the inclusion of
spaces GSe C GSy,p,, when % < s <1, with

Vz e R py(z) = (z)*!

and

_ (2s—1)p+q+14 rs
N = <(D®,d,s M{(zs—l)p+1+q+(2—s)(d+1>J+1 (pg)EN?’

2s

and the following estimates
VfeGSe, |fllasy,, <fllcse-

The proof of Proposition 2.4] is given in Appendix (Section Bl). In order to derive
uncertainty principles for functions with weighted Hermite expansions, the sequence M
has in addition to satisfy the assumption (H3), for some % <s<1.

The quantitative estimates in Proposition [24] together with the uncertainty principles
given by Theorem allow us to establish the following estimates:

Theorem 2.6. Let 0 < 0 < 1 and O : [0,400) — [0,400) be a non-negative contin-
uous function. Let us assume that the associated sequence (Mpy)pen in (24]) satisfies the
assumptions (H1), (H2) and (H3)1ws. Let p : R* — (0,+00) be a positive contraction
mapping satisfying ’

Im >0,3R>0,Vz e R, 0<m<p(x) <R(z).

If w is a measurable subset of R thick with respect to p, then there exists a positive
constant eg = £0(0,d,d) > 0 such that for all 0 < e < g¢, there exists a positive constant
D. = D(d,0,¢,0,p) > 0 so that

(2.5) VfeGSe, |Ifl72me < Dellflliz) + el fllEse-

The above result provides some uncertainty principles for functions with weighted Her-
mite expansions. Its proof is given in Section Let us point out that it is possible to
obtain quantitative estimates on the constant D, thanks to the ones in Theorem 2.2] and
to recover the spectral inequalities for finite combinations of Hermite functions established
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in [2I] with a constant growing at the same rate with respect to N. Indeed, by taking
O(t) =t on [0, +00), we readily compute that

P
VpeN, M, = suptPet = (2—))
t>0 €

and the Stirling’s formula provides

p!
M, ~ .
P pstoo V21

It follows that the assumptions (H1), (H2) and (H3), are satisfied. By noticing that

1F1Ese = Y I(f, Pa) p2ey* < NI £1I35 gays
la|<N

when N € N and f = 7, <n(f, Pa)Pa, we deduce from ([2.5) while taking e = se 2N
that

VN € N,Vf € gN’ ||f||%2(Rd) < QD%e*QNHfH%Q(w))

where Ey = Spanc{@a}aeNd,MSN.
We end this section by providing some examples of functions ©, which define a sequence
M = (Mp)pen satisfying hypotheses (H1), (H2) and (H3), for some % <s<1. In[H4
Proposition 4.7], Alphonse and the author devise the following examples in the case s = 1:

Proposition 2.7 ([4], Alphonse & Martin). Let k > 1 be a positive integer and Oy :
[0,4+00) — [0,400) be the non-negative function defined for all t > 0 by
t

Ok,1(t) = OG0k where  g(t) = log(e +t),

with ¢°* = go...o0g (k compositions). The associated sequence M®r1 = (Mpgk’l)peN

defined in (24]) is a quasi-analytic sequence of positive real numbers.

Let us notice that the assumption (H2) is satisfied as

p
Vk >1,Vp € N, Mfk‘l = sup tPe k1) > qup tPet = (E) .
t20 >0 e

Proposition 27 allows to provide some examples for the cases % <s<1:

Proposition 2.8. Let k > 1 be a positive integer, % <s5<1and Oy, :[0,+00) = [0,+00)
be the non-negative function defined for allt > 0 by
tS
O s(t) = ,  where g(t) =log(e +t),
0= GO0 (0= losle 1)

with ¢° = go...o0g (k compositions). The associated sequence M®ks = (Mp@k’s)peN

defined in ([2.4) satisfies the assumptions (H1), (H2) and (H3),.

The proof of Proposition 28] is given in Section [(£.3]
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2.2. Applications to the null-controllability of evolution equations. This section is
devoted to state some null-controllability results for evolution equations whose adjoint sys-
tems enjoy Gelfand-Shilov smoothing effects. Before presenting these results, let us recall
the definitions and classical facts about controllability. The notion of null-controllability
is defined as follows:

Definition 2.9 (Null-controllability). Let P be a closed operator on L*(R%), which is the
infinitesimal generator of a strongly continuous semigroup (e 7)o on L2(R%), T > 0
and w be a measurable subset of R®. The evolution equation

{ (O + P)f(t,x) = u(t,x)1,(x), reR: >0,
fli=o = fo € L*(R?),
is said to be null-controllable from the set w in time T > 0 if, for any initial datum

fo € L2(RY), there exists a control function u € L2((0,T) x RY) supported in (0,T) x w,
such that the mild (or semigroup) solution of (2.8) satisfies f(T,-) = 0.

(2.6)

By the Hilbert Uniqueness Method, see [9] (Theorem 2.44) or [19], the null-controllability
of the evolution equation (2] is equivalent to the observability of the adjoint system

{ (8 + PYg(t,z) =0, xR ¢t>0,

2.7
27) gli=o = go € L*(RY),

where P* denotes the L?(R9)-adjoint of P. The notion of observability is defined as follows:

Definition 2.10 (Observability). Let T > 0 and w be a measurable subset of RY. The
evolution equation (27)) is said to be observable from the set w in time T > 0, if there
exists a positive constant Cp > 0 such that, for any initial datum go € L?>(R?), the mild
(or semigroup) solution of (2.7) satisfies

T

/\g(Tyx)Pdm < CT/</\g(t,m)\2dm)dt.
R4 0 w

In the following, we shall always derive null-controllability results from observability
estimates on adjoint systems.

2.2.1. Null-controllability of evolution equations whose adjoint systems enjoy non sym-
metric Gelfand-Shilov smoothing effects. In this section, we aim at establishing null-
controllability results for evolution equations whose adjoint systems enjoy Gelfand-Shilov
smoothing effects. We consider A a closed operator on L?(R%), that is the infinitesimal
generator of a strongly continuous contraction semigroup (e=*4);>o on L?(R?), that is
satisfying
Ve >0,Vf € L*(RY), [le " fllpeay < I1f 112 ra),

and study the evolution equation

{ O f(t, ) + Af(t, ) = u(t,2)ly(z), xeRY >0,
fli=o = fo € Lz(Rd)'

We assume that the semigroup (e7*4");>¢ generated by the L?(R%)-adjoint operator A*,
enjoys some Gelfand-Shilov smoothing effects for any positive time, that is,

vt > 0,Yf € L*(RY), e f e SH(RY),

(2.8)
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for some p,v > 0 satisfying p + v > 1. More precisely, we assume that the following
quantitative regularizing estimates hold: there exist some constants C' > 1, ry > 0, ro > 0,
0 < tg <1 such that

(2.9) Y0 <t <t Va,B e NLVYf e L2(RY),

0 A" O +lal+18] .
|20y (e f)||L2(Rd) < W(a!) (ﬁ!)“||f||L2(Rd),

where a! = aq!...aq! if @ = (a1,...,aq) € N4 In a recent work [2], Alphonse studies the
smoothing effects of semigroups generated by anisotropic Shubin operators

Hm,k = (_Am)m + |$|2k,

equipped with domains
D(Hump) = {f € LARY) : Hnf € LARY) ],

when m,k > 1 are positive integers. This author establishes in [2, Corollary 2.2] the
following quantitative estimates for fractional anisotropic Shubin operators: for all m, k >
1, s > 0, there exist some positive constants C' > 1, r1,79 > 0, ty > 0 such that

Y0 < t < tg,Va, B € N4 Vf € L*(RY),

018,8 _tHink < Cl—Ha'—Hﬁ' 1\Vm,k,s 1'\H¥m,k,s
|2 z(e : f)HL?(Rd) > m(a-) s (BL)Hm.k, ||f||L2(Rd),

( 1 m ) q ( 1 k )
v =max|(—,—— ] an =max | ——, ——).
m.k,s 2sk’ k+m Hem, ks 2sm’ k+m

Thanks to these quantitative estimates and the general result of null-controllability for evo-
lution equations whose adjoint systems enjoy symmetric Gelfand-Shilov smoothing effects
in [2I, Theorem 2.5], Alphonse derives in [2, Theorem 2.3] a sufficient growth condition
on the density p to ensure the null-controllability of evolution equations associated to
the Shubin operators H;;, with [ > 1, in any positive time from any measurable thick
control subset with respect to p. In this work, we extend this result to general Shubin
operators H,, ;, with m,k > 1, and more generally establish the null-controllability of
evolution equations whose adjoint systems enjoy quantitative smoothing effects in specific
Gelfand-Shilov spaces S¥.

The following result shows that null-controllability holds for the evolution equations
(28) when the parameter ¢ ruling the growth of the density is strictly less than the

critical parameter 6* = 1_7“

with

Theorem 2.11. Let (A, D(A)) be a closed operator on L*(R?) which is the infinitesi-
mal generator of a strongly continuous contraction semigroup (e )¢ on L?(R?) whose
L?(R%)-adjoint generates a semigroup satisfying the quantitative smoothing estimates (Z.9)
for some 0 < < 1, v > 0 such that p+v > 1. Let p : R? — (0, +00) be a contraction
mapping such that there exist some constants 0 < § < 1_—”, m >0, R >0 so that

14
Ve eRY, 0<m<p(x) < Rx)°.
If w C R? is a measurable subset thick with respect to the density p, the evolution equation
{ O f(t,x)+ Af(t,x) = u(t,z)1,(z), reR: >0,
fli=o = fo € L*(RY),
1s null-controllable from the control subset w in any positive time T > 0; and equivalently,
the adjoint system

{ Org(t,x) + A*g(t,x) =0, zeRY t>0,
gli=0 = go € L*(R%),



UNCERTAINTY PRINCIPLES AND NULL-CONTROLLABILITY 11

is observable from the control subset w in any positive time T' > 0. More precisely, there
exists a positive constant K = K(d, p,d, p,v) > 1 such that

122y dt-

e K T
Vg € L*(RY),VT >0, e g|f2(ga) < K exp (—)/ le= g
Tlfy,féu 0

The proof of Theorem 2.11]is given in Section[d It is derived from the uncertainty prin-
ciples established in Theorem [2.3] while revisiting the adapted Lebeau-Robbiano method
used in [§, Section 8.3] with some inspiration taken from the work of Miller [22].

Contrary to [2I, Theorem 2.5], where the authors take advantage of the characteriza-
tion of symmetric Gelfand-Shilov spaces through the decomposition into Hermite basis,
let us stress that the above proof does not rely on a similar characterization of general
Gelfand-Shilov spaces through the decomposition into an Hilbert basis composed by the
eigenfunctions of a suitable operator. In the critical case § = ¢*, the null-controllability of
the evolution equation (2.8)) whose adjoint system enjoys quantitative smoothing estimates
in the Gelfand-Shilov space S. is still an open problem.

As mentionned above, the general Shubin operators H,, are self-adjoint and gener-
ate strongly continuous semigroups on L?(R?), which enjoy quantitative smoothing ef-
fects. Consequently, Theorem [2.11] can be directly applied to obtain the following null-
controllability results:

Corollary 2.12. Let m,k > 1 be positive integers, s > ﬁ and

; k
f {1 if s > 5o

mk,s
Let p : R — (0,400) be a contraction mapping such that there exist some constants
0<d<d, m>0, R>0 so that
VeeRY, 0<m<p(x)<Rx).

If w € R% is a measurable subset thick with respect to the density p, the evolution equation
associated to the fractional Shubin operator

{ Of(t,x) + My, () = u(t, 2) Ly (z), reRL >0,
fli=o = fo € L*(RY),
18 null-controllable from the control subset w in any time T > 0.

3. PROOF OF THE UNCERTAINTY PRINCIPLES

3.1. Proof of Theorem This section is devoted to the proof of Theorem Let
p: R4 — (0,400) be a positive contraction mapping such that there exist some positive
constants m > 0, R > 0 so that

(3.1) Ve eRY 0<m<p(z) <R(x).
Let w C R? be a measurable subset y-thick with respect to the density p, that is,
30 <y <LVeeRY  |wn Bz p@)| = v|B(, p(x))| = yp(x)?B(0,1)]

where B(xz,7) denotes the Euclidean ball centered at z € R? with radius > 0, and where
| -| denotes the Lebesgue measure. Since p is a positive contraction mapping, Lemma [5.12]
in Appendix and the remark made after the statement of this result show that the family
of norms (|| - ||z)zcra given by

Vo e Ry e RY, [yl = 2L
p(x)

where || - || denotes the Euclidean norm in RY, defines a slowly varying metric on R
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3.2. Step 1. Bad and good balls. By using Theorem [5.13] in appendix, we can find a
sequence (7x)g>0 in R? such that

(3.2) 3Ky € N,V(iy,...,ixo41) € NEOH with iy #£ 4, if 1 <k #1< Ko+ 1,
Ko+1

() Bi, =9
k=1

and
400
(3.3) R* = | J By,
k=0

where

(34) By={y eR": |ly —apllo, <1} ={y € R |ly —anll < p(ar)} = Blaw, plaw))-

Let us notice from Theorem 5. I3l that the non-negative integer Ky = Ky(d, L) only depends
on the dimension d and L the Lipschitz constant of p, since the constant C' > 1 appearing
in slowness condition (5:30) can be taken equal to C = 1. It follows from (B2 and

B3) that
(3.5) veeRY, 1< Z 15, (z) < Ko,

where 15, denotes the characteristic function of By. We deduce from (3.5]) and the Fubini-
Tonelli theorem that for all g € L?(R%),

912y = | lata |dw<Z /B 2)2dz < Kolgl2s g

Let f € GSn,,\ {0} and € > 0. We divide the family of balls (Bj)x>0 into families of good
and bad balls. A ball By, with k& € N, is said to be good if it satisfies

(3.6) Vp e N,V € N, / ()P 0] f () Pde < 71 PPHEDTEH RGN, / 2)l'dz,
By

On the other hand, a ball B, with £ € N, which is not good, is said to be bad, that is,
when

(3.7) 3(po, Bo) € N x N¢,

/B ool (@) P> I IGONS / 2)2dz.

If By, is a bad ball, it follows from (B.7)) that there exists (po, 59) € N x N? such that

€ 2 B 2
38 [ 1 o < AT RN [, oo s
Po,|Po

€ 2|98 2
< 2 20BN A1 Ky N2 / p(z)710: f ()] de.
(p,B)ENXNd 18|

By summing over all the bad balls and by using from ([B3.2]) that

< E <
1Ubad balls Bt = 1Bk - KOlUbad balls Bk’
bad balls
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we deduce from (B.8) and the Fubini-Tonelli theorem that

(3.9) / f(@)Pde < ) / |f(2)2d
Ubad batis B bad balls ¥ Bk
5
< > / Ip(@)P 0P f () da.
2 T
(p,B)GNXNd 22(p+‘6|)+d+1Np7|B‘ Ubad balls Bk

By using that the number of solutions to the equation p + 81 + ... + 84 = m, with m > 0,
d > 1 and unknowns p € N and 3 = (1, ..., Bq) € N%, is given by (m+d), we obtain from

m
B9) that

(")
2 2
(3.10) / |f(@))Pde <) st g 1 sy,
Ubad balls Bk mZO
2m+d ) )
<e Y srrpllflEse, = <l flgsy.,
m2>0
since
+d
<m+d> <T§: <m+d> _ gmtd,
m )T = j

Recalling from (3.3]) that

<
1< 1Ubad balls Bk + 1Ugood balls Bk

we notice that

(3.11) 11y < | )P+ [ £(2)Pda.
good balls Bk Ubad balls Bk
It follows from (B.I0) and (3.IT)) that
(3.12) 11y < [ £ (@)2da + &l fl3se,
good balls Bk

3.3. Step 2. Properties on good balls. As the ball B(0,1) is an Euclidean ball, the
Sobolev embedding

W42(B(0,1)) — L>*(B(0,1)),

see e.g. [I] (Theorem 4.12), implies that there exists a positive constant Cy > 1 depending
only the dimension d > 1 such that

(3.13) Vu € Wd’z(B(Oa 1), HU”Loo(B(o,l)) < Cd”uHdeQ(B(O,l))’

By translation invariance and homogeneity of the Lebesgue measure, it follows from (3.1]),
B4) and [BI3) that for all u € W%2(By,),

||U||%oo(3k) = [lz = u(zp + 330(“))”%00(3(0,1)) < Cillx = ulay + wp(xk))||12/vd,2(3(o71))

— 1o} ol — z 2|o|—d 1o}
3 Y [ staperdogupds =3 3 [ el d( PO o o)
k k

m
aeN?, aeNY,
|| <d || <d
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and

(3.14) ||U||L°°(B ) < C? max(m, m™ Z / |80‘ (2))*dx
€N, By
|a\<d

= C%max(1,m 1)%p(xy,) Z/ |0%u(x)|?d.

aeN?,
|a\<d
We deduce from (3.14) that for all u € W%2(By),
. d
(3.15) [ull oo () < Camax(1,m™ ") p(ax)? |ullyaz(p,)-

Let By be a good ball. By using the fact that p is a L-Lipschitz function, we notice that

(3.16) Vi € By = Bla,pla)), 0 < plax) < ——p(a).

We deduce from (BI5) and (BI6) that for all 3 € N and k € N such that By, is a good
ball

d
(3.17) p(ze)P2 102 f | oo (8

N 1
< Cymax(1, m_l)dp(l‘k)‘ﬁHd( Z ||azﬁ+ﬁf||%2(3k)) :
BeN?, |B|<d

_ 1
= Cymax(1, m_l)d( Z ||p(:L“k)‘6|+d85+ﬁf||%2(3k)) i
peNd, |B|<d

_ 1 G
< Camax(tm ™ o (30 M@0 )
BeN?, |B|<d

D=

By using ([B.1)) and the definition of good balls ([B.6]), it follows from (BI7) and the fact
that A is non-decreasing with respect to the two indexes that for all 3 € N¢ and k € N
such that By is a good ball

(3.18)
d
P("L“k)l’B‘Jr2 ||5ff||Loo(Bk
1 l
—1\d —162(2|8]+|8])+3d+1 2 2 2
< Cymax(l,m™ ") 7(1_ )|B+d< Z e "2 Ko N\6|+d ‘6|+‘6|||f||L2(Bk))
BeNd,
B|<d
1 4 8]
< e 2 KgmL (m) Nigjta,g+dll fllz2(By)s
with
42 \d
Kd,m,L =Cy max(l,m_l)d\/ 2K0(1 :/_L> (d+ 1)% >1,
since Cy > 1.

3.4. Step 3 : Recovery of the L?(R%)-norm. Let By, be a good ball. Let us assume
that || f]|z2(p,) # 0. We can therefore define the following function
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We observe that

[N

1

I fll Lo (B £
9l o (B(0,1)) = €2 p(wk) ) >

KamNaallflrzsy) ~ |B0,1)]2 Kgpm.oNaa

[SIIeH

and
e2 pl(wk) 15 108 fll oo )
3.20 VB e N, [00¢] .
(3-20) 102 ¢lle< (5017 = Kim, . Naall fllL2(sy)
It follows from (B.I8]) and ([B.20) that
4 18] IV,

4 |8]+d, IBHd

(3.21) VB €N 071 (Bo,1) < (1 - L) Naa

We deduce from (B21I]) that ¢ € Cr¢(B(0,1)) with
4 p N, d.p+-d
r— (M — p+d,p+ ]
M ( p)pEN ((1—L) Ndd )pEN

The assumption that the diagonal sequence M = (N p)pen is logarithmically-convex and
quasi-analytic implies that these two properties hold true as well for the sequence M’.
Indeed, the logarithmic convexity of M’ is straightforward and since

+o0o Ml 1_
- ZNH

200
we deduce from the qua81—analytlclty of M and from the Denjoy-Carleman’s Theorem
(Theorem 27T]) that the sequence M’ is also quasi-analytic. Furthermore, we observe from
the definition of the Bang degree (ZI)) and the equality

,p+l

M’ 1-L Ny 1,1
V0 <t <1,VneN* el 2T H Dp—lp-1
s5Lvn ’ Z M! 4 Z Npp
—logt<p<n p —log(te—4)<p<n+d ’
that
(3.22) VO<t <1, ngm2ed= "Ny M, e~ d< nte*d,/\/l,%e
Setting

T — Tk
Ey = B(0,1) : B B(0,1
A {p(m e B(0,1): z € kﬂw}c (0,1),
we notice from ([3.4]) that

W Brl o 2Bl o
plrp)d ~ plx k)d -

since w is y-thick with respect to p and By = B(xg, p(zk)). From now on, we shall assume
that

(3.24) 0<e < Ngo.

We deduce from ([B.22)) and Proposition B.I0 applied with the function ¢ and the mea-
surable subset Ej of the bounded convex open ball B(0,1) that there exists a positive
constant D, = D(E,N, d,v, L, m) > 1 independent on ¢ and k such that

(3.25) / 16(2)[2dz < D, / )2,
B(0,1)

with

(3.23) |Ex| = B0, 1) >0,

2d 4Ny at 2eq
D. = ( L g (2n0 0 2@d)> ;
YNY
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and
1
c2
max (1, |B(O, 1)‘ %)Kd,m,LNd,d‘
Notice that from (B:24)), we have

t =

0<t<1,

since Kg,, 1, > 1 and N is non-decreasing with respect to the two indexes. Let us also
notice from the definitions in (22]) that

Vn>1, 1<Trr(n) <Tym(n+d).
We deduce from (B:22]) and the non-decreasing property of Iy that

2 /2 4”t,M’,zed
(3.26) D, < N <7F.M(2nt,/\/l’,2ed + d)>
2 (2d Ay g, 84
< ; <7FM (znte—d,./\/l,ldee)> :

Let us denote

2 2d 4nt€_d,M, 1§dL e
c.=? <7rM (Qnte_dﬂ/l’%e)) |
We deduce from (319), (3:23)), (B:25) and (3:26]) that
(3.27) / |f(z)2dx < C. |f ()| dz.
By,

wﬂBk

Let us notice that the above estimate holds as well when || f||z2(p,) = 0. By using anew

from (3:2)) that

< g <
1Ugood balls Bk - 1Bk - KOlUgood balls Bk ’
good balls

it follows from (3.12]) and (B.27) that
nm;m@g/' (@) 2z + ]| f3s,,

Ugood balls Bk

< D WM le, +ellflizs,,

good balls

<. Y[ if@Pdo+<lfls,,

good balls wn By

< KoCe |f(@)Pdz + el fliEs,,-
C"]m(LJgood balls Bk)

The last inequality readily implies that
112ty < KoCellf22) + el fI2sy -
This ends the proof of Theorem

3.5. Proof of Theorem 23l Tet A > 1,0 < p < 1, v > 0 with pu 4+ v > 1 and
0<d< 1_7” <1 Let fe f(Rd). We first notice that if the quantity
sup ()P 3% £l 2 gy e
pen,gend APHBI(pl)v (| 8]1)x 7
is infinite, then the result of Theorem [2.3] clearly holds. We can therefore assume that
sup H<m>p8£fHL2(Rd)
peN,gend APHIBI(phy (|81

(3.28)
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By assumption, we have
(3.29) Im,R>0,Vz e R, 0<m < p(x) < R(z)°.
We deduce from (3.28)), (3.29) and Lemma [5.3] that
Vp e NVB € N [|p(@)P0] [l p2ray < RP((x)°P0 fll 2y
[{2)902 f || L2 (ra)
sup T
qeNyend AT (gh)r ([ ]!~
”<x>q8;fHL2(]Rd)
sup ,
geNena AT (gl (| |Hx

< RP(4¥e” AP p) > (|1

< (4"¢” max(1, R) Ay (p)* (| p|1)*

which implies that

1(2)? 07 £l 2 (e
f as S sup < oo,
H H Nop peN,BENd Ap+‘6|(p')y(|,8")“

with the non-decreasing sequence

A= ((4yeu max(1, R)A)p+q(p!)5”(q!)“) (pia)eN?

The assumption 0 < § < 1_7“ implies that the diagonal sequence

M = (My)pers = (4" max(1, () A (p)™ )
pe

is a logarithmically convex quasi-analytic sequence thanks to the Denjoy-Carleman’s the-

orem (Theorem 2.1]) and since ov + p < 1. Since w is assumed to be ~-thick with re-

spect to p for some 0 < v < 1, we deduce from Theorem that there exist some

constants K = K(d,p,d,u,v) > 1,K' = K'(d,p,v) > 1,7 = r(d,p) > 1 so that for all

0<e< MZ=1,

(3:30) |1 flZ2gay < CellFl 72w + ellflEsy,

1()P07 £l 2 rer )2

< C.IfI? . +5< sup
€|| ||L2( ) peN, BENd AP+‘5|(p!)”(|ﬁ|!)“

where
, 2d 4nt0,M,'r
(3.31) Cc.=K VFM(%O,M,T)
with )
£2
0<ty= KA <1
Direct computations
N N
My -2 (p— 1)!6%’_“
VN > 1, Z Vi = (4’/@’/ max(l,R)A) Z W,
p>—logto p p>—logto
show that
Nto,M,r = ntO,M6V+H,TJA27
with

Mspyy = ((p!)5”+“)p€N and ' =r16”e? max(1, R?).

By using from Lemma [5.4] that 'z, 4+, 18 bounded, it follows that there exists a positive
constant D > 1 such that

VTLEN*, FM(’I’L):FMM_‘_M(’I’L)SD.
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By using anew Lemma [5.4] and (8.31]), we deduce that when 0 < dv + u < 1,

2 ANy M,y A2
(3.32) O<Q§K(£D>O S
Y

<K

( 21_—51VT#+2(1—10gt0+(A2r’)1_—51VT#)
!/

?)
_ K(

Since 0 <logA < AL Alﬂiw and loge <0, it follows from (3.32]) that

2d

Y
—d 49 1

2d 21-bv—p (1+10gK+2dlogA—%10g8+(A2r’)1—5V—u)

2d D)

Y

9

D’(l—loga-ﬁ-Al_—g”T#)
21,)

0<CE§K’<
~

with D/ = 27755 2 max (H—log K, 2d+r' ST , %) On the other hand, when dv+p =1,
Lemma [5.4] and the estimates (3.31]) imply that

2d Ang o g a2
(3.33) 0<C. < K’<7D> o

4(1-log to)erlA2
e
Y
2d 4(1+log K+2dlog A—% log zs)eT/A2
< K’(—D) :
Y

While setting D' = 4max (1 + log K,2d,r’, 1), we obtain from (3:33)

) 2 D/(l—l—logA—loge)eDlA2
0<C. <K <—D>
Y

This ends the proof of Theorem 23]

3.6. Proof of Theorem Let 0 < § <1 and © : [0,+00) — [0,4+00) be a non-

negative continuous function such that the associated sequence (M),)pen in (Z4) satisfies

the assumptions (H1), (H2) and (H3).:+s. Beforehand, let us notice that the logarithmic
2

convexity property of the sequence (Mp)pen, that is,
VpeN*, M} < My M, 1,

implies that

Vp € N*, M,y < Myt < %,
Mp i1 M, My

since M), > 0 for all p € N. It follows that the modified sequence (M, )pen = ((%)pMp)peN
144

is a non-decreasing logarithmically convex sequence. Let f € GSg and s = . According
to Proposition 2.4] there exists a positive constant Dg 45 > 1 independent on f, such that



UNCERTAINTY PRINCIPLES AND NULL-CONTROLLABILITY 19

for all » > 0, § € N¢,
e 02 ) < (Do) (M) oo ) Il

r+1+]8|+(2—s)(d+1)

M- L J-‘,—s s
1 1 2s
= (Do ,ds) +r48] (MO) ( {r+1+6+§:5)(d+1)J+1> HfHGS@

) S
< DV (M seigearann ) I

where D' = D'(0,d,0) > 1 is a new positive constant. Since the sequence (M,)pen is
non-decreasing and 1 5 <s<1, we deduce that

S
I fllase-

Ur 2 098 €N (@) 2 sy < DT (M1 )

This implies that f € GSyr, and

[ fllcsn., < Ifllase
with
146
2

N = (Npg)pgena = (max(R 1P D (M gy oy 0) 7)o

We conclude by applying Theorem To that end, we notice that the non-decreasing
property of the sequence (M];)pGN ensures that the sequence A is non-decreasing with
respect to the two indexes. We deduce from the Denjoy-Carleman Theorem (Theorem [2:1))
and assumption (H3) 148 that the diagonal sequence

1446
(Npp)pen = (max(R, 1)pD/1+2p(M +2d+a) 7 )pENJ

is quasi-analytic since

+00
> e - e > ()
N 41 max(R, 1)D”? M!

Pl p=2d+4 ~ ptl

B 1 (Ml)“g”s = (Mp

i )7 =
"~ max(R,1)D"? \ My M1 -

—2d-+4
The result of Theorem 2.6]then follows from Theorem 2.2l It ends the proof of Theorem 2.6l

4. PROOF OF THEOREM 211

This section is devoted to the proof of the null-controllability result given by Theo-

rem 2111

Let (A, D(A)) be a closed operator on L?(R?) which is the infinitesimal generator of a
strongly continuous contraction semigroup (e~#4);>o on L2(R?) that satisfies the following
quantitative smoothing estimates: there exist some constants 0 < pu < 1, v > 0 with
p+rv>land C>1,r >0,7r0 >0, 0 <ty <1 such that

(4.1) Y0 <t < tg,Va, B € N% Vg e L*(R?),
s C1+lal+|8] ,
20} (e~ )HL2(Rd < m( al)” (BY*[|gll 2 (s

where A* denotes the L?(R%)-adjoint of A. Let p : R? — (0,+00) be a L-Lipschitz
positive function with R? being equipped with the Euclidean norm and 0 < L < 1 such
that there exist some constants 0 < § < 1_7“, m >0, R > 0 so that

vz eRY, 0<m<p(z)<Rx).
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Let w C R? be a measurable subset that is thick with respect to the density p. Let us show
that Theorem [2Z.11] can be deduced from the uncertainty principles given in Theorem 2.3
To that end, we deduce from the estimates (4.I]) and Lemma[5.2that there exists a positive
constant ¢’ = C'(C,d) > 1 such that

(4.2) Y0 <t <ty VpeNVseN Vge L2(RY),

5 i O +p+B] ,
[(z)? 0y, (e 9)”L2(Rd) < m@!) (|5“)“HQHL2(Rd)-

It follows from ([&2) and Theorem 23 applied with f = e7*4" g € .7(R?) that there exists a
positive constant K = K (v,d, p, pt,v) > 1 such that V0 < t < tg,Vg € L?>(R%),V0 < ¢ < 1,

2 0/2
—tA* K 1 C't—r1)T=s —tA*
(43) e gl3a ey < XUTORAOTITD ot g2, o g,

with 0 < s = v+ < 1. Thanks to the contraction property of the semigroup (e_tA*)tZO,
we deduce that for all 0 < 7 < {, % <g<1,0<e<1,ge L*RY),

* 1 T *
—TA —tA
||e T g“%ﬁ(Rd) < m W ||e t g||%2(Rd)dt
2
K(1—loge+(C'(qr)~T1)1=s) pr 2
e —tA*
< (1_q)7_ ||€ K gH%Q( dt—i—E(q )27«2 ||g||L2(Rd)
qr
2
K(l—loge+(C'2r17="1)1=s) pr r20/2
e —tA*
< — e g1 ot + = a1 s
qr

For0<7'§t0and%§q<1,wechoose

0<z—::eXp(—7' 128)<1

Since 1 < Qr , it follows that there exists a new constant K’ = K'(v,d, p, 6, u,v,C’,r1,8) >
1 such that for all 0 < 7 < tg, 3 1 <g<1, gel2RY,

27rq
K/t T=s T Yall)
—TA* 112 € —tA* 12 L anc
I s < Tggy [ 1 ol +exm (=) T ol

We follow the strategy developed by Miller in [22]. Let 0 < t; < ¢y such that for all
0< 71 <y,

_ 2
exp (K’T 1—8)

27y
< exp (QK/T_E>

-
and ,
4r2C"? 7T
eXp(—T_l—S) §exp(— 5 )
It follows that for all 0 <7 <t1, 3 < ¢ <1, g € L*(R?),
K'\\
(1= q)exp (= o ) e ™ 9113 a
T1=5
T oK' + 1
< [ et 9”2L2(w)dt +(1—g)exp ( - 272) HQHLz(Rd)
qT T1-s

Setting f(7) = (1 — q) exp ( = 22‘151/ ) and choosing ¢ so that

71-s

max <<72K, )12;18 1) <g<l1
/ l b - q )
2K + 5 2
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we obtain that for all 0 < 7 < t; and g € L2(R?),

(4.4) FONe™ gl2agay < [ e glBaydt + F(am)9l2e za
qT

Thanks to this estimate, the observability estimate is established as follows: let 0 < T < ¢
and define the two sequences (73)r>0 and (Tj)r>0 as

VE>0, m=q¢"1—-¢)T and Vk>0, Thp1=Th—14 To=T.
By applying (@4) with e~7k+14" g it follows that for all g € L?(R%) and k € N,

FENle™ A g2 ey — Frsn) e g2,

T T ) A |12 T tA* 12 T tA* 112
< [e T g = [ e g [ e gl
Tht1 Tht1+T k41 Trt1

By summing over all the integers &k € N and by noticing that
1' = 1 = — =
k—lﬁaoof(Tk) 0 kgr-lr-loo =T ZTk 0,
keN
and

Vk >0, ||6_TkA*9||L2(Rd) < gl L2 (ay;

by the contraction property of the semigroup (e_tA*)tZO, it follows that
_TaA 1 2K’ R
”6 raA gH%Q(Rd) S exp( 2rq )/ ”6 tA g ‘%Q(W)dt
N (e S S

By using anew the contraction property of the semigroup (e_tA*)tZO, we deduce that for
all g € L2(RY), T > t4,

—TA* 2 0 A* 2 1 2K’ B e
e g gy < e 9122 ey < 7= exp ( s ) [ e gt
T4 N - gt o
1 2K’ T
< = exp( 2y )/ e A 9‘%2(w)dt-
N (R R

This ends the proof of Theorem 2111

5. APPENDIX

5.1. Bernstein type estimates. This section is devoted to the proof of the Bernstein
type estimates given in Proposition 2.4l To that end, we begin by recalling basic facts
about Hermite functions. The standard Hermite functions (¢y)r>0 are defined for x € R,

e e I T PR RS
V2REL/T dat INCTING dx VT

where a is the creation operator

or(z) =

The Hermite functions satisfy the identity

2

d
Vk € N, (— — +a:2)¢k = (2k + 1)
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The family (éx)ren is a Hilbert basis of L2(R). We set for a = (qj)1<j<q € N4, 2 =
(2j)1<j<d € RY,

d
Ba(@) = [ bos ().
j=1

The family (®4)aene is a Hilbert basis of L?(R?) composed of the eigenfunctions of the
d-dimensional harmonic oscillator

H=—Dp+ |27 =D 2k+d)P;, Id=> P
k>0 k>0

where PPj; is the orthogonal projection onto Span(c{q)a}aeNd7‘a|:k, with |a| = a1+ -+ ag.
Instrumental in the sequel are the following basic estimates proved by Beauchard, Jam-
ing and Pravda-Starov in the proof of [7, Proposition 3.3] (formula (3.38)).

Lemma 5.1. With £y = Spanc{®a}acne, |oj<n: we have for all N €N, f € En,

o lal+18l [(N + |af + |8|)!
Vi B) €N X N, 5702 ey < 252 [ AL Dy

We can now prove Proposition Z4l Let © : [0,4+00) — [0,+00) be a non-negative
continuous function such that the associated sequence (M,)pen in (2.4) satisfies the as-
sumptions (H1) and (H2). Let f € GSe, 0 < s < 1 and (a, 3) € N? x N%. We begin by
proving that there exist some positive constants Cg > 0, Co > 0, independent on f, «
and S such that

~ + S
1202 flz2(ay < CoCE™ (M wssonsgparaen ) I lse

It is sufficient to prove that there exist some positive constants Cg > 0, Co > 0, indepen-
dent on f, a and 8 such that for all N > |a| + 3] + 1,

~ + S
(5.1) 205w sy < CoCE ™ (M) wassspovarn ) 1 hosa

with 7 f the orthogonal projection of the function f onto the space Spanc{®a } ey, | <N
given by

(5.2) TN f = Z (f, ®a) 2 (ma) Pa-

aeNY,

lo|<N
Indeed, by using that (mxf)nyen converges to f in L?(R?) and therefore in D’(RY), we
obtain that the sequence (z® Panf )NeN converges to 2200 f in D/ (R9). If the estimates

(5.1) hold, the sequence (a;o‘(‘)f 7N f)Nen is bounded in L?(R?) and therefore weakly con-
verges (up to a subsequence) to a limit g € L?(R?). Thanks to the uniqueness of the limit

in D/(RY), it follows that g = z°95 f € L2(RY). Moreover, we have
. . ~ + 6 S
12205 £l p2(ray < lim inf 1205 7o) £ | 2 ey < CoHCE™! |<M{a+6+;2ss)(d+1)J+1> [ fllcse-

Let us prove that the estimates (5.I]) hold. Since 74|+ |g is an orthogonal projection on
L?(R%) and therefore satisfies

710181 | 2@ey < 1 f 2 may,
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we deduce from Lemma 5. and (5.2)) that for all N > |a| + 8] + 1,
287N fllz2 < 1207 ma)i8.f 12 + 12905 (1 = Moy 118 f 1|2

eizis [(2(jal + [B)) )
<2 2 ﬁwllfllpmd Z | (f, @) 2 [l 85(I)W||L2(Rd)-

~EN?,
la+|Bl+1<|v[<N

By using anew Lemma [5.1] it follows that for all N > |a| + |5| + 1,
(5.3)

12077 £l 2

lal+1] lal 5] (Iv| + || + 8])!
< 212H180(ja] + [B) "= [1£ll 2@ + > [ (s ®y)p2 (272 \/ B
~EN, R
lal+|Bl+1<]yI<N
e +18] H—\ﬂ\ \a\-Hﬂ\
<2l +18) 7 |1 fll ey + > | (f, @) 2 [21%1F11y| 2
Nd
o+ 1< <N
On the first hand, it follows from 0 < s <1 that for all N > |a| + |8] + 1,
(5.4)
\&H—\ﬁ\
> | {fs @)yl 2
Nd
lad+B 1< <N
€ () o O g PG s
vEN?,
lv1>1
(2—s) d+1)
< (M{a+ﬁ+(2 SYEDY ) > @y 2 ey
~EN?,
Iv|=1
s (2—s)(d+1)
< (M wssszaronn 4y ) 10 210 ) emallisy D2 (14 @) 1e000) =275,
veN?,
=1
Holder’s inequality implies that for all 0 < s <1,
(@=9)(dt1) 5
655 > (1052 1e20D) |y~ < Dag || (PPD i 0))
s YEN||;2 (N)
[v|=1
with L
= (32 nITH) T < oo,
vEN?,
lvI>1
Since O(|y|) > 0 for all v € N, it follows that
56 (B0 )y eallierny < N85 D)l oy < 1 fllas
We deduce from (5.4]), (5.5) and (5.6]) that
H—\ﬂ\ s
(5.7) Y @)l S Das (Mg aenn ) 1 lse.

Nd
la\+|ﬁ\+1<|“/|<N



24 JEREMY MARTIN

On the other hand, the assumption (H2) implies that there exist Cg > 1 and Lg > 1 such
that if || + [3] > 1 then

N 8l /e slol1s)
5.9 (Jof + 185" = (25 (121217
al+18 ‘Oé| + |/B‘ \Q\HB\J_H)
(|2
lal+1] | s
< (2s) CoLeL (MV;BJH) :

The last inequality holds true as well when |a| + || = 0 with the convention 0° = 1 since
CeM; > 1 and Lg > 1. The logarithmical convexity of the sequence (Mp)pen gives

M,
VpeN, M,<="

Ml Mp—',—l

and therefore,
My\a—»p
Vo<p<gq M,< ( ) M,
SP>(q M, q
By using this estimate together with the following elementary inequality

Ve,y >0, |z+y] <|z|+ |yl +1,

we obtain
(5.9) VO <r <, M, <max (1 ﬁ) v _TJ+1MLTIJ.
1
It follows from (5.8]) and (5.9) that
(5.10)
(2—s)(d+1)
(lorl + ‘/BD = (\/m>|a\+|5\ max <17 %)S(L ” JH) (MLa+6+(22Ss)(d+1)J+1>S

s s la)+]8| Mo d+2 s
< CLg <\/ 25L®> max <17 ﬁ) (MLa+6+(25)(d+1)J+l> )
1 2s
since 0 < s < 1. We deduce from (5.3)), (5.7) and (5.10) that for all N > |o| + |5 + 1,
1208w fll p2(ray < K®,5Kg?;+|/8<M{a+6+;zs)<d+1.>J+1> [ fllcse

d+2
with Ko s = Dy s + C& L max (1, %‘;) > 1 and K{, , = 2max(1,v/2sLg) > 1. This
implies that f € . (R?) and for all o, 3 € N9,
S
G100 e < Ko KEL (M) wisisngonwen ) 1 lase

By using Newton formula, we obtain that for all k£ € N,

I (@) 02 £y = /R (1+2 )|aﬁf )Pda
k'
/ > Batllf@lde = 30 10902 sy

yENI+L, v yENIHL,
lv|=Fk 1=k
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where we denote 7 = (71, ..., 7a) € N?if v = (71, ...7q41) € N1 It follows from (59) and
(5110 that for all k € N and 8 € N¢,

(5.12)
! i 2
k 2(17]+|8
1) 02 ey < D0 KB KET D (M sssponann ) I s
'yENd+17 . 2s
IvI=k
k! 2t Mo k-151+2 2
< > —'KésKé’(s w)max(l,ﬁ) (M{k+a+(z—s><d+1>J+1) £ 156
’yENd+17 . 1 2s
IvI=k
Mo k+2 2
2 k Mo 12(k+|8|) 2
<K§ 4(d+1)" max (L Ml) Kg s (MLk+B+(§5—S)(d+1)J+1) [ £11Gses
since
k!
> =@+
WGN‘Hl,’Y'
IvI=k

thanks to Newton formula. Let € R% \ N. There exist 0 < # < 1 and k£ € N such that
r=0k+(1-6)(k+1).
By using Holder inequality, it follows from (5.12]) that

(5.13) 11(2)" 02 fll 2y < 14207 FI| 72 a1 2) 107 | 2y

T MO z+1 s6 5(]_—6
< Ko s(d+1)2 max (1, _> 2 Kg;:w (MVJrﬁﬂgs)(dﬂ)JH) (MLk+1+6+2(25)(d+1)J+1>

)

By using anew (5.9]), we have

MO r+21s—k+1
M{k+\ﬁ\+(§—s)(d+1>J+1 < max <17 ﬁ)

r+1+[B[+(2—s)(d+1)
1 I 2 |+

and
Mo) T+l

MLHHWE@_S)MH)J“ < max (17 )

r+14|8|+(2—s)(d+1
L | \2(5 )( )J_,’_l’

since k < r. We deduce from (5.13]) that

1 %) gk it
7M1

My~ 5+3

< Kg,s max <1, ﬁ) ?

T S
| (@) 08l 2ne) < Ko max ( @+ 05K (M) corvispoan ;) Wllase

[ s
(d+ 1)2K(§78|/3\ <Mv+1+6+2(25)(d+1)J+1> I fllGses

since0 <s<1l,k<r<k+1and0 <6 < 1. Let us notice that the above inequality also
holds for r € N. Indeed, it follows from (5.9) and (5.12]) that

k
k k Mozt ket §
I 2" 92 2y <Keosld +1)% max (1, 32) KGN (M ssssgoaen ) 1 s

Mo\ 5+145+1 iis s
_> K@,s‘ |(Mv+1+ﬁ+(2s)(d+1)J+1> HfHGS@

2s

[SIE

<Keg s(d+1)2 max <1,

[SIE

Mo\ 313 ik s
<Keo,s(d+1)2 max <1= _> Kl@,jlm (M{k+1+6+2(2s)(d+1)J+1> 1fllcse-

This ends the proof of Proposition 2.4l
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5.2. Gelfand-Shilov regularity. We refer the reader to the works [11], 12} 25| 26] and
the references herein for extensive expositions of the Gelfand-Shilov regularity theory. The
Gelfand-Shilov spaces S (R?), with u, v > 0, u4v > 1, are defined as the spaces of smooth
functions f € C>°(RY) satisfying the estimates

JA,C >0, |0%f(z)| < CAll(anre el
or, equivalently

JA,C >0, sup [2P0%f(z)| < CAFBl ) (B, B e N,
x€R4

with ! = (a1!)...(ag!) if @ = (a1,...,aq) € N% These Gelfand-Shilov spaces S/ (R?)
may also be characterized as the spaces of Schwartz functions f € .(R?) satisfying the
estimates

3C>0,e>0, |f(a)<Ce " zeR: )] < Ce T cerY

In particular, we notice that Hermite functions belong to the symmetric Gelfand-Shilov

1/v

zeR? aeN,

space Sllg(Rd). More generally, the symmetric Gelfand-Shilov spaces S} (RY), with pu >

1/2, can be nicely characterized through the decomposition into the Hermite basis (®4)aend,
see e.g. [26], Proposition 1.2],

1
feSiRY) & fe LXRY), 3to >0, [|({(f, ®a) 2 exp(tolal®)) , a2 ey < +00

1
& fe LR, 3tg >0, [[e"™ £l 2(ma) < +oo,

where H = —A, + |z|? stands for the harmonic oscillator. We end this section by proving
two technical lemmas:

Lemma 5.2. Let p,v > 0 such that p+v >1, C >0 and A> 1. If f € SH(RY) satisfies
(5.14) Vo e NLYB e N |02 £ Lo qray < C ARl (@) (B1)H,
then, it satisfies

Vp e N,VB € NY, ()P0l £l pamay < C(d + 1) APTI(pl)  (|B]1)-.

Proof. Let f € SH(RY) satisfying the estimates (5.14)). By using Newton formula, we
obtain that for all p € N, g € N¢,

5:15) POl e = | | (HZ MWAORE
| -
= [ BaFlolr@lae = 3 Be02 s,

yENd+1 7 yENd+L,
[vl=p [vl=p

where we denote ¥ = (v1,...,74) € N if v = (71, ..., 7a41) € N1, Since for all o € N9,
al < (Ja])!, it follows from (B.I4]) and (BI5]) that

p' ~ ~ v
1(2)P 0] 72 ey < €% D = AZOIHED (51027 (1811
’76Nd+1, :
Ivl=p

< C3(d + 1) AZPHID (p1y2 (1512,

> p (d+1)P.
~yENE+1, s
Iv|=p

since
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O

Lemma 5.3. Let p,v > 0 such that uy+v >1,0<6<1,C>0and A> 1. If f € Sff(Rd)
satisfies

(5.16) Vp e N,VB € N, [[(2)P05 fllpaay < CAPTPI)Y (181,
then, it satisfies
Vp e N,VB € N, [[(2)°P0] fl| 2(ray < C(8"€” AP (p)™ (|BIN".

Proof. Let f € SE(R?) satisfying the estimates (5.16]). It follows from Hélder inequality
that for all r € (0, +o0c0) \ N and 8 € N¢,

(5.17) H(x}T(?ff”%Q(Rd) :/I‘%d (( >2L7“J‘8ﬁf( )| ) lr]+1- T(<m>2(LrJ+1)‘85f(m)‘2)r—[ﬂdm

< )07 £ " ) a2 I s

where |-| denotes the floor function. Since the above inequality clearly holds for r € N,
we deduce from (5.16) and (5I7) that for all » > 0 and 8 € N,

(5.18) )72 Fllaqay < CAPr T () 1)) D7 gy
< CA™PU(Lr) + 1)) (18IH"
< CA™P(|r) + 1)+ (|gpm
< CA™ Pl + 1)+ (|-,
It follows from (5.I8) that for all p € N*, 8 € N¢,
(5.19) (@)} fll 2 (ey < CAPTl(p 4+ 1) (|g|Hr < CAPHPl (2p) 0P D (|1
< O (27 Ay lp» (2p) P (|81 < C(8%e” APl (p)™ (|BI1)*,
since for all positive integer p > 1,
p+1<2p<2’ and pP <ePpl

Notice that from (B.I6]), since 8¢’ > 1, estimates (B.I9]) also hold for p = 0. This ends
the proof of Lemma 5.3 O

5.3. Quasi-analytic sequences. This section is devoted to recall some properties of
quasi-analytic sequences and to state a multidimensional version of the Nazarov-Sodin-
Volberg theorem (Corollary[5.8]). This theorem plays a key role in the proof of Theorem 2.2
We begin by a lemma which provides some quasi-analytic sequences and quantitative
estimates on the Bang degree ns v, defined in (2.1)):

Lemma 5.4. Let 0 < s <1, A>1 and M; = (AP(p!)’)pen. If 0 < s < 1, then for all
0<t<1,r>0,

(5.20) neor < 275 (1 — logt + (Ar) 7).
If s=1, then for all0 <t <1, r >0,

(5.21) neyr < (1 —logt)e
Moreover,

Vo< s<1,VpeN", 0<yum.(p) <s.
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Proof. Let 0 < s <1 and 0 <t < 1. The sequence My is logarithmically convex. By
using that the Riemann series

1 AP (p — 1)1)°
—1 _
A Z ps Z Ap(pl)s
is divergent, we notice that for all r > 0, ng pq,,» < +00. When 0 < s < 1, we have that
for all integers p > 1,

1
1—s
It follows that for all NV € N*,

1 _ _ 1
(N + )7~ (~logt + 1)) < > ot
—logt<p<N

1—s 1-s P 1 1
"7 —p7°) = —dr < —.
(0= =) = [ e s

By taking N = n4 am,» and since 0 < 1 — s < 1, it follows that
1

Nt M < ((1 —logt)! ™5 + Ar) =
The result then follows by using the basic estimate
Vay >0, (o)t < 2T ma (g ) <20 (2T 4y ).

By proceeding in the same manner in the case when s = 1, we deduce the upper bound
(521I) thanks to the formula

VpeN', log(p+1) —logp = /p+1 w1
p T D
By noticing that
7+1 s 1
W0 < s <1,Vj € N, <j+1)s—f:/j A= S s

we finally obtain that for all 0 < s < 1, p € N*,
Mg My 1)

e = sup jl_s((j—l—l)s—js) < s < 4o0.
J

M, (p) = sup j (
1<5<p

1<5<p
O

Let us now prove Proposition 2.8 This proof uses the following lemmas established
in [4]:

Lemma 5.5 ([4, Lemma 4.4]). Let M = (M,)pen and M’ = (M,)pen be two sequences
of positive real numbers satisfying

vpeN, M, <M,

If M is a quasi-analytic sequence, so is the sequence M.

Lemma 5.6 ([4, Lemma 4.5]). Let © : [0,400) — [0,+00) be a continuous function. If
the associated sequence M® in [@4) is quasi-analytic, so is MTOT¢ for all ¢ > 0 and
T > 0.

Let k > 1 be a positive integer, £ < s < 1 and Oy, : [0, +00) — [0,400) be the non-
negative function defined in Proposition 2.8 We first notice that the assumption (H1)
clearly holds for M®%s. Let us check that the assumption (H2) holds as well. To that
end, we notice that

VE>0, Opst)<t+1
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and we deduce that
Op,s p —(t+1) _ —1(P\?
VpeN, M,"" >suptle =e (=) .
t>0 €
It remains to check that (H3), holds. Thanks to the morphism property of the logarithm,
it is clear that

S
@]ﬁs(t) bt oo S@]ﬁl(t )
and this readily implies that there exists a positive constant Cj ¢ > 0 such that

Vi >0, Oput) + Crs > 5Ok (t°).

It follows that

Vp € N, (Mp@k’s)s _ eka,s (Ml?k,s'f‘ck,s)s < eka,s sup tspe—SQGk,l(tS)

>0
— ¢5Ck.s sup tpe—82@k,1(t)
>0

= eSC’V’SM;Q@k’I.
By using Proposition 2.7 together with Lemmas and 0.0 the quasi-analyticity of the
sequence ((Mp@ k’s)s)p o follows from the quasi-analyticity of MOk,

The following result by Nazarov, Sodin and Volberg [24] provides an uniform control on
the uniform norm of quasi-analytic functions ruled by their values on a positive measurable
subset. Originally stated in [24] Theorem B], it has been used by Jaye and Mitkovski ([14])
in the following form:

Theorem 5.7 ([14, Theorem 2.5]). Let M = (M,)pen be a logarithmically conver quasi-
analytic sequence with My = 1 and f € Cp([0,1]) \ {0}. For any interval I C [0,1] and
measurable subset J C I with |J| > 0,

PM(Qn”f”LOO([O,l])vMy@)‘I‘ )Q"IIfIILOO([Oyl]),M,e
|7

The following corollary is instrumental in this work:

sup |f] < ( sup |f].
I J

Corollary 5.8. Let M = (M,)pen be a logarithmically conver quasi-analytic sequence
with My =1 and 0 < s,t < 1. There exists a positive constant C = C(M) > 1 such that
for any interval I C [0,1] and measurable subset J C I with |J|>s >0,

L (2rgane) || ) 2t Mee

Vf € Cm([0,1]) with || f]|Le(jo,1]) =t Sl}P\f\ < ( .

sup | f].
J
Corollary B.8]is directly deduced from Theorem [5.71by noticing that for all f € Ca([0, 1])
satisfying || f|| Lo (jo,1)) = 1,
n”f”Loo([O,l])vae S ntvae'
In order to use this result in control theory, we need a multidimensional version of Corol-

lary G.8E

Proposition 5.9. Let d > 1 and U be a non-empty bounded open convezx subset of R?
satisfying |OU| = 0. Let M = (M,)pen be a logarithmically convex quasi-analytic sequence
with Mg =1, 0 <y <1and 0 <t < 1. For any measurable subset E C U satisfying
|E| > ~|U| > 0, we have

(5:22) V1 € CoanlU) with |[f | z=o > b

) ) 2N, M, d diam(U)e

d
sup |f] < <—PM (214 M, d diam(U)e sup | f].
U Y E
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Proof. Let 0 < v < 1and 0 <t < 1. Let EF be a measurable subset of U satisfying
|E| > ~|U| > 0 and f € Coq(U) with || f||gee(ury > t. Since U is compact and that f can be

extended as a continuous map on U, there ex1sts xo € U such that
(5.23) Sup |f1 =1/ (o)l

By using spherical coordinates, we have

“+oo
|E| = / 1g(z)dz = / 1g(zo + x)dz = / / 1g(zo + tU)dO’td_ldt.
Rd Rd 0 Sd—1

Since U is convex, we deduce that

0<|E|l= / / 1g(xo + to)t4 Ldtdo
Sd—1

= / (o) / 15 (z0 + Jg(o)to)t™dtdo
Sd—1 0
1
< / Ty ()" / 1g(z0 + Jg(o)to)dtdo < / T (0)1,|do,
Sd-1 0 s§d—1

with
(5.24) Jg(o) =sup{t >0: z9+toc €U} and I, = {t € [0,1] : zo + J(o)to € E},
when o € S, Notice that

Vo e S J(0) < 400,

since U is bounded. It follows that there exists o9 € S¥~! such that
(5.25) |E| < |IUO|/ o)ddo.

By using the assumption that |0U| = 0 and U is an open set, we observe that

_ 1 1
U] = (7] = / (o) / e — L / Jo(0)do.
§d_1 0 d gd—l

By using that |E| > ~|U|, the estimate (5.25) and the above formula provide the lower
bound
~

(5.26) Iy = 5 > 0.
Setting
(5.27) vt e [0,1], g(t) = f(zo + Jg(o0)too),

we notice that this function is well-defined as z¢ + Ji(09)tog € U for all ¢ € [0,1]. We
deduce from the fact that f € Cp(U), the estimate

Jg(00) < diam(U) = diam(U),

where diam(U) denotes the Euclidean diameter of U, and the multinomial formula that
for all p € N,

||9(p)||Loo([0,1]) < Z B,HGBfHLOO ( U(JO))p
BeN,
|Bl=p

p! .
< < > !> diam(U)? M, = (d diam(U))" M,,.
BeN,
|Bl=p
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We observe that the new sequence
M = ((ddiam(U))"My)
peN
inherits from M its logarithmical convexity, its quasi-analytic property with the following
identity for the associated Bang degrees
Nt M e = N, M, ddiam(U)e-

The function g belongs to Co¢ ([0, 1]). By using from (5.26)) that [I5,| > 0 and ||g|| £ (j0,17) =
19(0)| = || fllzo ) > t, we can apply Corollary 5.8] to obtain that

PM/ 2nt7_/\/1/’ 20y p e
(5.28) sup |g| < (%) sup [g].
[071] | 0'0| Io’o
By noticing that
Fpm =T,

we deduce from (5.23), (5:24), (5.26), (5.27) and (5.28]) that

d 214, M, d diam(U)e
Sgp |f1 = 1f(z0)| = |g(0)] < suplg| < <;FM(2nt,M,ddiam(U)e)>

sup |g|
[0,1] I,
d 214 M, d diam(U)e
< (;PM(Znt,M,ddiam(U)e)) sup ‘f‘
This ends the proof of Proposition 0

In order to use estimates as (5.22]) to derive the null-controllability of evolution equations
posed in L?(R?), we need the following L2-version of the Nazarov-Sodin-Volberg Theorem:

Proposition 5.10. Let d > 1 and U be a non-empty bounded open convexr subset of
R?. Let M = (M p)peN be a logarithmically convex quasi-analytic sequence with My = 1,

0<v<1land0<t<1. IfE CU is a measurable subset satisfying |E| > ~v|U|, then for
all f € Cpm(U) with || f| gy = t,

4nt, ,d diam e
[ 1@z < 2 (Fraasagani)) 0 [ 5@

Proof. Let 0 <t <1, f € C(m(U) so that ||f[|p () >t and E be a subset of U satisfying
|E| > ~|U| > 0. Setting

B={eer: 0P < [ WP},

we observe that
: gy 2B\ B :
(5.29) [@par= [ iepa 2 RS [ repae

Let us prove by contradiction that the integral

/ f(@)2dz > 0,

E

/ f (@) Pz =0,
FE

Eg:{xEE: f(a:)zO},

is positive. If

then,
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satisfies [Ez| = |E| > 0. We therefore deduce from Proposition 5.9} since || f||zec@y > ¢
and |Ez| > 0, that f = 0 on U. This contradicts the assumption || f||peczy > > 0 and
therefore

/ |f(2)|?dz > 0.
E
We deduce from (5.29) that

&

Bl =|E| = |B\E| > = > J|U| > 0.

|
o2

Applying Proposition 5.9 provides that

2d 214 M, d diam(U)e
Sgp Ifl < (7F.M(2nt,./\/l,ddiam(U)e )

2d 24 M ddiam()e /2 3
< (Zr (@i madmon)) = ([ Mf@)Pa)
y E

VIE]

sup | f|
E

It follows that

2 2d g p,d diam(U)e 2| U
[ 1@z < 01 (sup111)” < (a2 s i) L Vs
U U gl E|l JE

2d Ang m,d diam(U)e 2
< (20 m@nmadmmn.)) 2 [ If@)Pda.
v 7 JE
This concludes the proof of Proposition B.10l O

In [14], the authors also establish a multi-dimensional version and a L2-version of the
Nazarov-Sodin-Volberg Theorem (Theorem [5.7]) but the constants obtained there are less
explicit than the ones given in Propositions and .10l Quantitative constants will be
essential in Section to set up an adapted Lebeau-Robbiano method in order to derive
null-controllability results. We end this section by illustrating the above result with an
example:

Example 5.11. Let 0 < s <1, A>1, R>0,d>1,0<t<1,0<~v <1 and
M = (AP(p!)®)pen. Let E C B(0, R) be a measurable subset of the Euclidean ball centered
at 0 with radius R such that |E| > v|B(0, R)|. There exists a constant K = K(s,d) > 1
such that for all f € Cpm(B(0, R)) with || f|lreB(0,r)) = t,

[ fllee(B0,R)) < CtasrydllfllLem and |[fllr2o,r) < CtasrydlfllLee),
where when 0 < s < 1,

1

K\ K(1—logt+(AR)T-5)

0<CrasRyd< <7>

and when s =1,

K\ K(1-logt)eKAR
0<Cia1ryd < (;) :

Let us check that Example 5.ITlis a consequence of Propositions (5.9 and 510, together
with Lemma 5.4l We deduce from Propositions [5.9 and [5.10] that for all f € Ca(B(0, R))

with || fllze(B(0,Rr)) = 1,
d 2n¢, M,2Rde
£l (B(0,R)) < <§FM(2nt,M,2Rde)> | fll oo ()
and

I f1lz2()-

) 214, M,2Rde

2 /2d
[ fllz2(B(0,R)) < \/;<7PM(2nt,M,2Rde)
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Furthermore, Lemma [5.4] provides that
Vn e N*, Ty(n) < et
and if 0 < s < 1 then,

Nt M ,2Rde < Zi (1 — lOgt + (QARde)i)j

whereas if s = 1, then

e marde < (1 — logt)e?AHde,

The result of Example [5.11] therefore follows from the above estimates.

5.4. Slowly varying metrics. This section is devoted to recall basic facts about slowly
varying metrics. We refer the reader to [I3] (Section 1.4) for the proofs of the following
results. Let X be an open subset in a finite dimensional R-vector space V and || - ||, a
norm in V' depending on x € X. The family of norms (|| - ||)zcx is said to define a slowly
varying metric in X if there exists a positive constant C' > 1 such that for all x € X and
for all y € V satisfying ||y — x|l < 1, then y € X and

1
(5.30) voeV, Slvll: < llvlly < Clvfla.

Lemma 5.12. [I3| Example 1.4.8]. Let X be an open subset in a finite dimensional

R-vector space V' and d(x) a %—Lz’pschitz continuous function, positive in X and zero in
V\ X, satisfying

1
Vo,y € X, Jd(@) —d(y)] < 5lle -yl

where || - || is a fized norm in V. Then, the family of norms (|| - ||z)zex given by
v
vl = %, reXvev,

defines a slowly varying metric in X.

The proof given in [13, Example 1.4.8] shows more generally that result of Lemma
holds true as well when d is a contraction mapping function, that is, when there exists
0 < k < 1 such that

Ve,ye X, d(z) —d(y)| < kllz —yll.
Let us consider the case when X = V =R and || - || is the Euclidian norm. If 0 < § < 1
and 0 < R < %, then the gradient of the function ps(z) = R (z)° given by
x

Vo € Rd, Vv xr) = R(s )
ps(x) (1’>2_6

satisfies ||V ps]| reo(rd)y < RO < 1. The mapping ps is then a positive contraction mapping
and Lemma [5.12] shows that the family of norms || - ||, = % defines a slowly varying
metric on R%.

Theorem 5.13. [13| Theorem 1.4.10]. Let X be an open subset in V' a R-vector space of
finite dimension d > 1 and (|| ||2)zex be a family of norms in V defining a slowly varying
metric. Then, there exists a sequence (T)k>0 € XN such that the balls

By={xeV: ||z -z, <1} C X,

form a covering of X,

“+oo
X = By,
k=0
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such that the intersection of more than N = (403 + 1)d two by two distinct balls By,
is always empty, where C > 1 denotes the positive constant appearing in the slowness

condition (5.30).
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