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Axiomatic characterization of the y? dissimilarity
measure”

Denis Bouyssou! Thierry Marchant? Marc Pirlot?

Abstract

We axiomatically characterize the y? dissimilarity measure.

1 Introduction

Let N = {1,2,...,n} be a set of categories (with n > 2). The vector
x = (x1,...,2,) represents the respective numbers of observations in each
category and the total number of observations is denoted by s(z) = >, n -
We want to measure the dissimilarity between the observed distribution
r and a reference distribution m = (71,...,m,), with >, v m = 1 and
m; € Q4 for all ¢ € N, where Q4 is the set of positive rational numbers.
We exclude reference distributions with null components because the y?2
dissimilarity measure is not defined when a component is zero. The set of
all observed distributions is X = N% i.e. the set of all mappings from N to
Np, where Ny is the set of non-negative integers. The set 1I of all reference
distributions is defined by Il = {m € QY, : 3", .y m = 1}.

A dissimilarity measure f is a mapping from X xII to Ry (the set of non-
negative real numbers) satisfying f(z,7) = 0 iff z/s(x) = 7. It measures
how far the observed distribution is from the reference. In this paper, we
axiomatically characterize the x? dissimilarity measure defined by

Glam = Y Gledm )

&

and frequently used in statistics as a measure of goodness of fit.
The dissimilarity measure x3 defined by x(x,7) = x3(z,7)/s(z) has
been characterized in [ , ] and we will also provide a new
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characterization thereof. It is popular in ecology [ , ], sociology

[ , |, economics [ , |, and so on.
While we consider in our paper that the number n of categories is given
and fixed, [ | consider that n can vary. Depending on

the context, one or the other assumption can be more relevant. For in-
stance, when we use Pearson’s y? test, we have a sample distributed over n
categories and the p-value is computed conditional on a theoretical proba-
bility distribution with the same number n of categories. If we repeat the
experiment and draw other samples, we obtain other p-values always based
on the same theoretical probability distribution with the same number n of
categories. It therefore makes sense to consider n as given.

A common feature of | , | and our paper is that we
use a framework in which 7 can vary and such that comparisons of the
dissimilarity measure across different reference distributions are relevant.
Yet, unlike [1972], we also consider the case in which the
reference distribution 7 is fixed (as in our Pearson’s x? example).

For characterizations of other dissimilarity measures, in the context of
political sciences, see [ |. See | , ]
for a characterization of a wide class of dissimilarity measures. While we
consider dissimilarity measures in this paper, it is also interesting to consider
dissimilarity rankings as in | , ]

Section 2 presents our main conditions and results. Section 3 shows the
independence of the conditions used in our results. Section 4 concludes. All
proof are gathered in Section 5.

2 Axioms and results

The x2 and x? dissimilarity measures are respectively homogeneous of degree
0 and 1, where homogeneity is defined as follows.

A 1 Homogeneity of degree w. For all positive integer X and x € X,
fQz,m) = X f(z, 7).

In statistics, it seems unanimously accepted that a dissimilarity measure
(used as a goodness-of-fit statistic) should be homogeneous of degree 1, but
in ecology, many researchers seem to favour homogeneity of degree 0. Indeed,
when they measure the dissimilarity between the species distribution in an
ecosystem and a reference distribution, they want the dissimilarity to be
independent of the size of the ecosystem. It is easy to see that Homogeneity
of degree 0 (resp. 1) is satisfied by X3 (resp. x?). Indeed, we have
2
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Suppose the dissimilarity between a distribution x and w is zero. This
implies x = kx for some positive integer k. The next condition states that,
when we modify k7w by moving a single individual from category [ to j, then
the dissimilarity measure is inversely proportional to the harmonic mean of
m; and 7. Let 1’ € X be a vector such that 1 = 1 and 13'. =0 for all j # i.

A 2 Inverse Effects. If kn,kn’ € X, then, for all j,l,r,s € N, with j # 1

and r # s,
. 1,1
flkr+1U —17) = T

flem' + 17 — 15, 7) ar

™

In our first result, we will use a restricted variant of Inverse Effects in
which 7 = #/. This weaker condition is named Restricted Inverse Effects
and is trivially satisfied when n = 2. We now prove that Inverse Effects is
satisfied by X(2)3

xa(kr4+17 -1l 7) =

2 2
(1R, /w1 <1 . 1) |

M M kK2 \m;  m
The proof for x? is similar.

Let  and y be two observed distributions of size k. The deviation
between x and kw is © — kw. The corresponding deviation for y is y — k.
If we add these two vectors of deviations, we obtain x + y — 2k7 and the
corresponding observed distribution is x+y—2km+km = x+y—kn (provided
all components are non-negative). Hence, f(x + y — km, ) represents the
dissimilarity corresponding to the additive combination of two deviations:
between x (resp. y) and k. Similarly, f(x —y + k7, ) corresponds to the
subtractive combination of the same two deviations. Finally, f(x + y —
km,m) + f(x —y + km,m) corresponds in some sense to four deviations (two
x- and two y-deviations) combined once additively and once subtractively.
Our next condition states that this must be equal to 2f(x, ) + 2f(y, 7),
which is another way to combine the same four deviations.

A 3 Deviations Balancedness. For all z,y € X with s(x) = s(y) = k, if
c4+y—kreX andx —y+kr e X, then

fle+y—kmm)+ flx—y+km,m) =2(f(z,7) + fy,7)).

This condition is inspired from [ , |, in which
they characterize the Euclidean distance in R™. Let us prove that x7 satisfies



Deviations Balancedness. We have

(s(a +y — km)m — (i +ys — bmi))”
s(x+y— km)m;

Xi(x+y—kmm) =3
1EN

_ Z (2km; — m; — y;)?
iEN ks

and

(s(z —y+ km)m; — (@ — yi + km))2
s(z —y+ km)m;

i@ —y+hmm) =3
1EN

zi — yi)®
:Z( kﬂ?)

1EN

Hence, x3(z +y — km,7) + X3 (z — y + km, 7) is equal to

(2km; — i — y;)? (z; — y;)?
Z km; + Z km;

iIEN iEN
B Z 2(k:27rl-2 + :1:12 — 2kmz;) + 2(/’<:27TZ-2 + yl2 — 2km;y;)
o km;

iEN

=23 (z, ) + 2x3 (y, ).

We are now ready to state our first result in which we consider that 7 is
given and does not vary.

Theorem 1 Assume 7 is given. For w € {0,1}, a dissimilarity measure f
satisfies Homogeneity of degree w, Deviations Balancedness and Restricted
Inverse Effects iff f = vx?2, for some positive v € R. Restricted Inverse
Effects is not required when n = 2.

Notice that Theorem 1 does not hold when 7 is not fixed. Indeed, for
any ¢ : II - R} with ¢ not constant, the dissimilarity measure

(mi — zi/s())”
olw,m) = o(m) 3 AT TR
ieEN ¢
satisfies Homogeneity of degree 1, Deviations Balancedness and Restricted
Inverse Effects but is not of the form vx2 or vx7. In order to characterize

the x? dissimilarity measure when 7 varies, we need the full power of Inverse
Effects.

Theorem 2 For w € {0, 1}, a dissimilarity measure f satisfies Homogene-
ity of degree w, Deviations Balancedness and Inverse Effects iff f = vx2,
for some positive v € R.



3 Independence of the axioms

In order to prove the independence of the conditions characterizing y with
7 variable, we provide three examples of dissimilarity measures violating
only one of the three conditions in Theorem 2.

The dissimilarity measure x? violates Homogeneity of degree 0 but satis-
fies Deviations Balancedness and Inverse Effects. The dissimilarity measure

fomy = 3 ozl

4 T,
iEN

violates Deviations Balancedness but satisfies Homogeneity of degree 0 and
Inverse Effects. The dissimilarity measure

flz,m) =) (i —xi/s(x))?

1EN

violates Inverse Effects but satisfies Homogeneity of degree 0 and Deviations
Balancedness.

Our examples are easily adapted to prove the independence of the con-
ditions characterizing x? with 7 variable. Finally, our examples can also
be used for Theorem 1 since it involves the same conditions as Theorem 2
except for Restricted Inverse Effects which is weaker than Inverse Effects.

4 Discussion

Theorems 1 and 2 characterize the dissimilarity measures 2 and x? up to
a multiplication by a positive real number v. We could easily add a con-
dition characterizing exactly 2 or x3. For instance, the extra condition
f(1',(1/n,...,1/n)) = n — 1 is enough to force v = 1 in both characteri-
zations. Yet, unlike [1972], we consider that such a normal-
ization is not really interesting. Indeed x? and yx? (with v # 1) convey
exactly the same information, just like a distance measurement in meter or
yard. In particular, if we want to perform a Pearson’s x? test, we are free
to use Pearson’s statistic (i.e. x?) and to compute the p-value using the y?
density or to use vx? (with an arbitrary ) and to compute the p-value using
the corresponding density. The resulting p-value will of course be identical.
The same holds for x2 and ~yx3.

5 Proofs

We need a few lemmas before proving Theorem 1.



Lemma 1 Let f(x,m) = s(z)f'(x,m). Then f satisfies Homogeneity of
degree 1 iff ' satisfies Homogeneity of degree 0. And f satsifies Deviations
Balancedness (resp. Inverse Effects) iff f' satisfies Deviations Balancedness
(resp. Inverse Effects).

Proof.  Since f satisfies Homogeneity of degree 1, we have f(Az,m) =
Af(z, ) for all positive integer \. We thus have As(z) f'(Az, 7) = As(z) f'(z, 7).
Hence f'(Az,7) = f'(z,7) and f’ is homogeneous of degree 0. The proof of
the reverse implication is similar. The rest of the proof is left to the reader.

O

Lemma 2 Suppose 7 is fived. If a dissimilarity measure f satisfies Homo-
geneity of degree 0, then f(x,n) = F(x/s(x)), for some mapping F : 11 —
R,.

Proof. Since 7 is fixed, we can define a mapping g : X — R such that
f(x,m) = g(x). Define now the mapping F' : II — R, as follows. For any
p €I, F(p) = g(z) if there is € X such that p = z/s(x). The mapping F
is defined everywhere because p has rational components and, hence, there
is always © € X such that p = x/s(z). The mapping F is well defined. In-
deed, suppose now there are x,y such that p = z/s(z) and p = y/s(y). By
Homogeneity of degree 0, f(z,7) = f(y, ). Therefore, F(p) = g(z) = g(y).
O

We say that a set S in QF is rational convex if whenever u,v € S, then
au+ (1 —a)v € S for all rational « € [0, 1].

Lemma 3 Let S be a rational convex subset of Q% such that S is full-
dimensional. Let g : S — R4 be a mapping such that the graph of g is a
parabola on any line segment r C S. Then g(u,v) = pu? + ov? + Tuv + pu +
vv + & for some real p,o, T, 1, v, &.

Proof. Since S is full-dimensional, the interior of S is not empty and we
can suppose without loss of generality that (0,0) € intS. Let us consider
the line defined by (at, (1 — a)t) for some o« € Q and all t € Q. The
intersection of this line with S defines a line segment r, passing by the
origin. The graph of g on r, is a parabola. We can express this by means
of the following polynomial of degree 2 in ¢:

glat, (1 —a)t) = kat? + ot + ma, (1)

where ko, [, and m, are real numbers.
Let us now consider the line defined by (at, (1 — «)t) for some t € Q
and all « € Q. The intersection of this line with S defines a line segment



s¢. We can express that the graph of g on s; is a parabola by means of a
polynomial of degree 2 in «:

g(ata (]- - a)t) = OZQﬁt + aryg + 5157 (2)

where (3,7 and J; are real numbers. Setting ¢ = 0 in (2) yields, ¢g(0,0) =
a?By+ayo+ 6. Since this must be true for all a, we must have 8y = 79 = 0.
Equating (1) and (2) yields

katz + lat +mq = azﬁt + v+ 5t~ (3)
Setting t =0, ¢t =1 and ¢ = 2 in (3) yields

meqog — (50
ko +loa+ma = o®Bi+ay+8
dko + 20 +ma = o?Bo+ aye + 6.

The solution of this system is

mMeq = 50
-2 -2 0o — 20 1)
ko = o B2 31+a’72 mo 92 1+ 0o
2 2 2
43, — 4y — 461 — 69 — 36,
L, = o 512 B2+a 712 72, 40 22 0
Let us rewrite (1):
-2 -2 0o — 20 )
glot,(1—a)t) = (o Pa=2b1  m2=2n  02=201+00)
2 2 2
48, — 4y — 461 — 69 — 36,
+<a2 512 52—1—04 712 72 40 22 0>t+(50.

Letting ot = u, (1 — a)t = v, = u/(u +v) and t = u + v, this equation
becomes,

-2 -2 0o — 201 + 6
glu,v) = u? 7/82 5 b + u(u +v) 2= in 5 n —i—(u—i—v)2 27 A 21 0
u? 4B — B 41 — 72 401 — 02 — 369

— 1.

+u+v 5 +u 5 + (u+v) 5 + do

The graph of g(u,v) must be a parabola on the line segment correspond-
ing to v =wu+ 1. That is,

-2 -2 0o — 20 1)
u2w+u(2u+l) RTIRT gl+70+(2u—|—1)2 21T 21+ 0
u? 461 — Bo dy1 — 2 — 37 401 — 62 — 3do

2 1) ———=———— +§

+2u+1 5 +u 5 + (2u+1) 5 )

(4)



must be a parabola in w. This is possible only if 48; — S2 = 0. We have
therefore reached the conclusion that (4) can be written as in the statement
of the lemma. O

Let K ={1,2,...,k} and K* ={1,2,...,k—1}.

Lemma 4 Let S be a rational convex subset of QF such that S is full-
dimensional. Let g : S — R4 be a mapping such that the graph of g is a
parabola on any line segment r C S. Suppose the restriction of g to the
hyperplane defined by Y ;.- ui =t ( for all t € R such that the hyperplane
intersects S) has the form g(ui, ..., uk_1,t — D ;cpe i) = D o= Oigtis +
Zi7jEK*,i<j 045 UiUj + ZieK* o;u; + 0y fO?" some real 0ii,04j,04,00-

Then g(ui,...,ur) = Y ick piu? + Zi,jeK,Kj PijUitly + D i g Piti + PO
f07‘ some real Piis Pijy Pis PO-

Proof. Since S is full-dimensional, there is v € int S and we can suppose
without loss of generality that u = (0, ...,0). Let us consider the line defined
by (aa1t,ant,...,ap_1t,(1 = ;- a;)t) for some ay,..., a1 € R and all
t € R. The intersection of this line with S defines a line segment r,, passing
by the origin. The graph of g on r, is a parabola. We can express this by
means of the following polynomial of degree 2 in t:

glaat, ant, .. ap_at, (L= Y oq)t) = kat® + ot + ma, (5)
1EK*

where k,, [, and m, are real numbers.

Let us now consider the hyperplane defined by (a1t asot, ..., ag_1t, (1 —
Yick- @i)t) for some t € R and o; € R,Vi € K*. We assumed in the
statement of the lemma,

g(art,ant, ... ag_1t, (1 — Z a;)t) =
1€ K*

Z ola? + Z afjaiaj + Z ota; +0b. (6)

ieEK* 1,JEK* i<g EK*

Setting t = 0 in (6) yields, g(0,...,0) = > ;g a?l-a%—l—zi’jeK*Jq U?jaiaj—l—

> e+ 0 + 0. Since this must be true for all o; € R,i € K*, we must
have a?i = 0% = a? =0, for all 4,5 € K*.

Equating (5) and (6) yields

2 2 t
kot® + lot +mg = g oha? + E oo + E ola; + b (7)
ieK* i jEK* i<] ieK*



Setting t =0,¢t =1 and ¢t = 2 in (7) yields

mey = 0Op
1.2 1 1 1
ko +lo+me = E o5 + E ooy + g o; 0y + 0
€K+ i, JEK* i< ieK*
Ak ) _ 2 2 2 2
o+ 2l +Mme = a S0+ 000 + oo+ 0g.
iEK* i,JEK*i<j iEK*

The solution of this system is

my = O0p
2 1
o 2 os — 20
ka = E Q{ 7'7' ’L’L —|— E aza] %
1EK* 1,JEK*i<j
2 1 2 1 0
n Z o % — 20; +O'0—200+(70
(2
1€ K* 2 2
1 2
4ol — 52 4ol — 52
l, = E Oé? z22 oy E i ¥ 5 )
1€EK* 1,JEK*i<j
1 2
n Z o 4o; — o3 +4UO—00 300
(2
1€ K* 2 2

Let us rewrite (5): g(ait, aot, ... ap_1t, (1 =3 cpee ai)t) =

1

2 1
02 — 20 o5 — 20 o? — 20! 08—205+08 9
> of Zit “+ ) aiaj%JrE ap =+ 5 t

e K* i,jEK*i<j e K*
4ol — o2 40’ o; o2 4o} — o2 — 300
+ g oz? 7”2 oy E a0y ] + E ozl % + 0 20 9 | t40p.
ieK* ijEK* i<j ieK*

Letting a;t = u;, Vi € K*, (1 = ), gv )t = ug, we have a; = wi/ Y g Ui

and t = ), u;, and the previous equation becomes, g(u1,...,ux) =
2 1 2 1
Z u; 7 — 20 2 % + Z Ui T U] 220” + Z UiZUj i — 29 22%
iEK* 1,JEK*i<j i€eK* jeK
’ 03 — 204 + o u? 4ok — o2 wu; 4o} —oh
Zui 0 0 0+Z i i — %y Z ity ij ij
€K 2 e ZJ'EK U 2 ‘,jeK* <] 2 jek Uj 2
— 0§ — 300
—i—Zul +Zu,—+ao.
IEK* €K



For any j € K*, the graph of g(uy,...,u;) must be a parabola on the
line segment corresponding to u; = 0,Vi € K* \ {j},up = u; + 1. That is,
g(0,...,0,u;,0,...,0,u; +1) =

2 1 2 1
o%. — 20, o4 — 20+ 2_2 1 0
U? %4—1@(2%—1—1) S 5 J —|—(2uj—|—1)2 00%‘0_‘_00
2 1 2 1 2
us do:. — 0%, do: — 0% 4ol — 52 — 340
+2u"+1 ”2 Ay 732 ]+(2uj+1)w+ag
J

must be a parabola in u;. This is possible only if 40}]- — O'?j = 0 for all
j e K*.

Similarly, for any i,j € K* with ¢ < j, the graph of g(uy,...,u;) must
be a parabola on the line segment corresponding to u; = u;, w; = 0,VI €

K*\{i,j},ur = u; + 1. That is, ¢(0,...,0,u;0,...,0,u;,0,...,0,u; +1) =
2 _ 951 o2 — 20t o2 — 20k

2 94 — %4 2 2 . 90 4 g2 24 5 94 oui(3u; + 1) 5
2 1 1 2
o; — 20; + Gui +1)? 03 — 20} + 0 u? o — oy

2 2 Ju; +1 2
Aol — 52 4ot — o2 4ol — 52 — 340
2 2 2

must be a parabola in wu;. This is possible only if 40’1-1]- — O'?j = 0 for all
1,7 € K* with i # j. We have therefore reached the conclusion that g has
the desired form. O

2 1
o5 — 20;

+ ui(3u; + 1)

Lemma 5 Let S be a rational convex subset of QF such that (0,0,...,0) €
intS. Let g : S — Ry be a mapping such that g(uy,...,ux) = 0 iff
(u1,...,ur) = (0,...,0) and the graph of g is a parabola on any line segment
r CS. Then g(uy,...,ux) = D ek piiu? + Zi,jeK,Kj pijuiu; for some real
Piiy Pij -

Proof. By induction and Lemma 4 and 3, g(u1,...,ux) = ;e pistis +
dijerici Pijtitti + D e g pitti + po for some real pi;, pij, iy po. On the line
ug = ug = ... = up = 0, g(uy,0,...,0) = p11u® + p1u + po. The graph of
this function of u must be a parabola with vertex in 0. Hence p; = pg = 0.
Similarly, for any ¢ € K, considering the line defined by u; = 0,Vj # i en-

tails p; = 0. In conclusion, g(uy,...,ux) = > ;cx ,omuf + Zi,jeK,Kj Pij Uit
Od

Lemma 6 Suppose 7w is fired and the dissimilarity measure f satisfies Ho-
mogeneity of degree 0 and Deviations Balancedness. Then, for all p,q € 11
such that p+q—m €1l and p — q+ 7 € I, we have

Flp+q—m)+ F(p—q+m) =2F(p) + 2F(q). (8)

10



Proof. Let p,q be as in the statement of the lemma. There are two
distributions z,y € X such that z/s(x) = p and y/s(y) = ¢q. Hence F(p) =
f(z,m) and F(q) = f(y, ). By Homogeneity of degree 0, F(p) = f(x,7) =
f(s(y)x,7) and F(q) = f(y,m) = f(s(x)y,n). The two distributions s(y)x
and s(z)y have the same size, i.e., s(x)s(y). Hence we can apply Deviations
Balancedness and we find

2F(p) +2F(q) = 2f(s(y)z,m)+2f(s(x)y,m)
= f(s(y)z + s(x)y — s(z)s(y)m, )
f(s(y)x — s(x)y + s(z)s(y)m, 7).

—+

By definition of F,
f(s)x + s(@)y — s(x)s(y)m,m) = Fp+q—7)

and
f(s(y)z — s(x)y + s(z)s(y)m, m) = F(p— g+ 7).

In conclusion,

Flp+q—m)+ F(p—q+m) =2F(p) +2F(q).

For every | € N, define N; = N \ {{} and Ny, = N\ {l,m}.

Lemma 7 Suppose m is fixed and the dissimilarity measure f satisfies Ho-
mogeneity of degree 0 and Deviations Balancedness. Then, for everyl € N
and p € 11,

Fp) =Y pulpi—m)>+ > ply(pi — m)(p; — 75)
= i, JEN:i<]
for some real péi,péj.
Proof. Let 7 be a line segment with extremities s,t € II, with s # ¢.
Every point of » N II can be written as at + (1 — «)s with a € [0,1] and
« rational. Consider any two points p,q € r N 1I, the position of which on

r is characterized by « and [ respectively. Then p 4+ ¢ — 7 lies on the line
segment between 2t — m and 2s — 7 and it can be written as

(a;’6>(2t—n)+<1—a;’8>(2s—w).

Similarly, p — ¢ 4+ 7 lies on the line segment between t — s+ 7 and s —t 4+«
and it can be written as

(4o o2

Notice that (a+ 3)/2 € [0,1] and (« — 8+ 1)/2 € [0, 1] for any «, 8 € [0, 1].
Define three mappings as follows:

11



L:[0,1]NQ— Ry by L(a) = F(p) if p=at+ (1 — a)s;
e G:[0,1]NQ =Ry by G(a) = F(p)ifp=a2t—m)+ (1 —a)(2s — 7);
e H:[0,1]nQ — R4 by H(a) = F(p) if p = a(t—s+m)+(1—a)(s—t+).
Then (8) can be rewritten as

G(a;ﬁ)JrH(a_ngl)—2L(a)+2L(ﬁ) 9)

and it holds for all rational «, 8 € [0,1]. This functional equation is a
generalization of Equation (18) discussed in | , , p-82].

If a = B, then G(a) + H(1/2) = 4L(«) obtains. In other words, G(«) =
4L(a) 4+ ¢’ for some real number ¢'. If « =1—f, then G(1/2)+ H(1 - ) =
2L(1 — B) + 2L(B). So, H(1 — ) = 2L(B) + 2L(1 — ) + " for some real

number 6”. We can now rewrite (9) as

O e e e A A

2
(10)
with 6" = —¢’—¢". If we now let &« = (m—2)c and 8 = me with m a positive
integer (m > 2) and ¢ a positive rational number such that mc € [0, 1], then

4L ((m —1)e)+2L((1/2) — ¢)+2L((1/2) + ¢) = 2L((m—2)c)+2L(mc)+48".

If we divide this equation by 2 and reorder the terms (with § = §"/2), we
obtain

L(me) — L((m—1)c) = L((m—1)c) — L((m —2)c) + L((1/2

—2)c) — L((m — 3)c) + 2(L(
L((m —3)c) — L((m —4)c) + (L(

[l
=
3

/2) —c¢)+ L((1/2) +c)+ 6
(1/2) —¢) + L((1/2) + ¢) + 0)
(1/2) —¢) + L((1/2) + ¢) + 6)

= L(c) = L(0) + (m — 1)(L((1/2) — ¢) + L((1/2) + ¢) + 6).

Notice that, for all m € N(m > 2) and ¢ € Q44 such that mc € [0, 1],

NE

L(me) = (L(ic) = L((i — 1)c)) + L(0)
=1
= > (Bl0) = L)+ (i = D(L(1/2) = ) + L((1/2) + ) +0) ) +
i=1
= mL(c)+ (1 —m)L(0)
LD p(1/2) - o)+ L((1/2) + ¢) +6).
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If m =0, it is easy to verify that (11) still holds. Indeed,

M (L((1/2) —c)+ L((1/2) +¢) +5)-

L(0c) = 0L(e) + (1 = 0)L(0) + —=—

A similar reasoning holds when m = 1. Hence, for any fixed value of ¢ (a
positive rational number), L(f) is a polynomial of degree 2 in § for every
B € [0,1] that can be written as mc for some integer m, hence we can also
write (11) as

L(B) = af® + b3 +d,

for some real numbers a, b, d. Let ¢ = 1/2; 5 can take the values 0,1/2,1. We
have

L(0) = d
L(1f2) = ljra+12b+d
L(1) = a+b+d
This is a non-singular (determinant = —1/4) system of linear equations

which determines unique values for a,b,d. These are a linear combination
of the values of L(/3) for 8 = 0,1/2,1. There is a single parabola that passes
through the three points (8, L(B)) for 5 =0,1/2,1.

Consider now any rational number § = 2%. If w' is odd, we also have
that 8 = 2% so that we can assume that w’ is even. Using (11), we have
that L(B) = a/8? + V'3 + d’ for some a/,b',d and for any integer w in the
interval [0, w']. We have to show that these constants are a,b,d. Indeed, for
w = 0,w'/2,w’, we have that 8 = 0,1/2,1 respectively. Hence, the points
(B,L(B)) for B =0,1/2,1 are also on the parabola with coefficients a’, ', ¢/
and these points are the same as in the case w’ = 2 since L is a single
function. Since there is only one parabola through these points and the
parabola with coeflicients a, b, ¢ passes through these points, we conclude
that a =a’, b=V and d = d'.

This being true for any (even) value of w’, we have that L(8) is a
quadratic function of 4 independently of the denominator of the rational
number .

Of course, the coefficients of the polynomial a,b and d depend on the
line segment 7 joining ¢ and s. So, we better write L,(3) = a,3% + b, + d,.
We now go back to F. Since L, is a polynomial of degree 2 for any r,
we find that the graph of F' is a parabola on any line segment r. Define
G :II - Ry by G(p—m) = F(p). Then G is like ¢ in the statement of
Lemma 5, with k¥ = n — 1 (because II has only n — 1 dimensions). Then,
Gp—m)=F(p) = ZieNl Péi(Pi - Wi)Q + Zi,jENz,Kj Pi’j(pi —m;)(pj — ;) for
some real pl;, pk ;- Notice that, for each [ € IV, we have such an expression. O

Proof of Theorem 1.
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Case n = 2.

f is homogeneous of degree 0. Since n = 2, we have (p; —m)? =
(pa — m2)%. Then Lemma 7 yields F(p) = p?,(p1 — m1)? = p“ (pr —m)* +
(p2 — m2)?) and

f(xm)ngl<<$—W1>2+<$—m>2>. (12)

f is homogeneous of degree 1. By Lemma 1, f/s(x) satisfies
Homogeneity of degree 0 and Deviations Balancedness. By (12), f/s(z) is
proportional to x3 and f to x3.

Case n > 3.

f is homogeneous of degree 0. We know from the previous lemma
that F' can be expressed as

= i)+ > s —m) ) (13)
i€Nn i,jENp:i<]
for some real pjj, pj;. Recall that N, = N\ {n}. So, for all j,l € N, with
J#1

pJ] + pll p?l

flemr+19 =1 7) = (14)

and

flkr +1" =17 7) = 2 (15)

For the sake of simplicity, for all j,I € IV, let A;; denote L t:l” Then, thanks
to Restricted Inverse Effects, we can write, for all j,l € N, with j #£ [.
flem+ U —1l7)  pfi+on—rp A
flhm + 11 =12, 7m)  pfy + phy — pTy Arp’

flkm +17 — 1™ ) 7%7h

flkm+ 1 =17 m)  pYy  Aj,

and
flkr+11 =17 7) P11 A

flem +11 =12 7) - P11+ Poy — Po App

Using each of these three equations separately, we find

Ajr ) .
Pj =Pyt ot o A (P12 P11 — P2), Vi, 1 € Np:j #1, (16)
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n o _ n Ajn -
p]j pllAlnv \V/] € Nn (17)
Pt P = P12 _ P11
Aiz Ay’
If we substitute (17) and (18) in (16), we obtain

A;j A A;
n n Jn In 5l . .
(A + — , Vj,l € Ny : l,
Piji P11 <A1n AL A1n> J niJ#
Uh!
— 2"

P11 T+ T
From (17), we find

n n T + T 1 Vi

vo— ) € N,.

p]j P11 T T+ T J n
Let us define
_n T1Tn
Y= P11 Tt
Then,
=0y T T — 9 L vjie N, j £,

1T T+ Tp Tn

and n . n
T+ T T+ 7r ;i +
=7 ——— L —— =y L VjeN,
1T Uy T+ T T
If we now substitute the expressions of p7; and p7; into (13), we obtain
fa,m)
YN zi \’ 2y T T
- S (24 2) () S B (ne ) (n- 2y
ien, N T s() i jeNni< ™ s(2) s(2)
2 2
T T
- S ) )
€N, iEN,

N,
f ) ()

1ENp 1€EN, €N,
2 2
_Zl”'_xi +7<7T_ﬂ:n>
- 3 n
ieN, T s(z) n s(x)




f is homogeneous of degree 1. By Lemma 1, f/s(x) satisfies
Homogeneity of degree 0, Deviations Balancedness and Inverse Effects. By
(19), f/s(z) is proportional to x2 and f to x3. O

Proof of Theorem 2. We prove the result only for x3 (the case of
X(Q) being similar). We want to prove that there exists 4 > 0 such that
f(z, ) =vx3(z,7) for all z € X and all 7 € II. From Theorem 1, we have
f(z,7) = v2x3(x, ), where we now use the notation 7, to make clear that
v can depend on 7. Thanks to Inverse Effects, for all 7,7’ € II, we have

, 1 1 1 1
f(kﬂ'—i_lj—]_l,ﬂ') _'YW(,T].‘F;Z) E_‘_WT
kr' +17 — 1L 7/) D N
£ ) V! (F;"‘Fl’) ”j+7rz
This is possible only if v, = v, for all 7,7’ € II. O
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