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Local Limit Theorem for Complex Valued Sequences

Lucas COEURET!

Abstract

In this article, we study the pointwise asymptotic behavior of iterated convolutions on Z. We generalize the
so-called local limit theorem in probability theory to complex valued sequences. A sharp rate of convergence is
proved together with a generalized Gaussian bound for the first corrector.

AMS classification: 42A85, 35K25, 60F99, 656M12.
Keywords: convolution, local limit theorem, difference approximation, stability.

For 1 < g < 400, we let £9(Z) denote the Banach space of complex valued sequences indexed by Z and such
that the norm:

q

lullga = | D gl

JEZ
is finite. We also let ¢°°(Z) denote the Banach space of bounded complex valued sequences indexed by Z
equipped with the norm

[wll oo == sup |-
JEZ
Throughout this article, we define the following sets:
U:={2cC,|z|>1}, D:={z€C,lz| <1}, St:={zeC,|z|=1},

U:=Stul, D:=S'uDb.

For z € C and r > 0, we let B,(z) denote the open ball in C centered at z with radius r.

For E a Banach space, we denote £(E) the space of bounded operators acting on E and ||-[| ;5 the operator
norm. For T in L(F), the notation o(T) stands for the spectrum of the operator T" and p(T') denotes the spectral
radius of 7.

Lastly, we let M,,(C) denote the space of complex valued square matrices of size n and for an element M
of M,,(C), the notation M7 stands for the transpose of M.

We use the notation < to express an inequality up to a multiplicative constant. Eventually, we let C' (resp.
¢) denote some large (resp. small) positive constants that may vary throughout the text (sometimes within the
same line).

1 Introduction and main result

1.1 Context

We define the convolution a * b of two elements a and b of £(Z) by

Vi€Z, (axb)ji=> abj_.
IEZ

When equipped with this product, £!(Z) is a Banach algebra. For a € ¢1(Z), we define the Laurent operator
L, associated with a which acts on ¢P(Z) as

Yu € (P(Z), Lgu:=axu€cP(Z).
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Young’s inequality implies that those operators are well defined and are bounded for all p € [1, +oc]. Further-
more, we have that La., = L, o Ly for a,b € ¢*(Z). Finally, Wiener’s theorem [10] characterizes the invertible
elements of ¢*(Z) and thus allows us to describe the spectrum of L, via the Fourier series F' associated with a:

o(Lg) = {F(t) = Zakeitk,t € R} .

kEZ

We observe that the spectrum is independent of p and that F is continuous since a belongs to ¢1(Z).

If we suppose that the sequence a has real non negative coefficients and ), ., ar = 1, then the sequence
a™ = a*...%a is the probability distribution of the sum of n independent random variables supported on Z
each with the probability distribution? a. A lot is known on the pointwise asymptotic behavior of the sequence
a™ in this case. In particular, the local limit theorem states, under suitable hypotheses on a, that

n 1 |J — TlOéIQ 1
“ 2ro3n P (_ 2no? ) noo (\/ﬁ) 7 o
where o = Y, _; kay and 0% = 3", ., k*aj, —a? are respectively the mean and the variance of a random variable
with probability distribution a and where the error term is uniform on Z (see [11, Chapter VII] for more details).
This gives a precise description of the asymptotic behavior of a} in the range |7 — na| < y/n and implies that
the convolution powers of a are attracted towards the heat kernel.

Following, among other works, [6, 12, 3|, we are interested in generalizing the local limit theorem to the case
where a is complex valued. Extending the works of Schoenberg [15], Greville [8] and Diaconis and Saloff-Coste
[6, Theorem 2.6], the article [12] of Randles and Saloff-Coste already provides a generalization of the local limit
theorem for a large class of complex valued finitely supported elements of ¢!(Z). By doing so, the authors of
[12] describe an asymptotic expansion similar to (1) with an explicit expression of the attractors. Our goal in
this paper is to obtain a more precise description of the asymptotic result proved in [12] by proving a sharp
rate of convergence together with a generalized Gaussian bound for the remainder (see Theorem 1 below). In
the case where a is the probability distribution of a random variable, as above, our theorem would translate
in saying that, under suitable assumptions on a (namely that a is finitely supported with at least two nonzero
elements), there exist two constants C, ¢ > 0 such that

n

" 1 o |7 — nal? <Ce C|jfna\2
P ——exp | ————— —exp | —c——|.
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Using this result, we are able to prove the well-known Berry-Essen inequality (see [1, 7]) which states that there
exists a constant C' > 0 such that

Vn € N*Vj € Z,

neNVIez, | a-3 —— e _li=na?\| _ C
7 7 7 \/mXp 2no? - Jn

J<dJ isd

However, we will need stronger hypotheses on the elements of ¢!(Z) than the conditions imposed in [12].
We will consider here elements a of £}(Z) which are finitely supported and such that the sequence (a"), ey is
bounded in ¢*(Z). The fundamental contribution [18] by Thomée completely characterizes such elements and
is an important starting point for our work.

In the articles [6] and [12], the proofs mainly rely on the use of Fourier analysis to express the elements ay
via the Fourier series associated with a. In this paper, we will rather follow an approach usually referred to in
partial differential equations as "spatial dynamics". It aims at using the functional calculus (see [2, Chapter
VII|) to express the temporal Green’s function (here the coefficients a}}) with the resolvent of the operator L,
via the spatial Green’s function which is the unique solution of

(2Id — Lo)u =0, z¢€C\o(L,),

where § is the discrete Dirac mass 6 = (J,,0);jez. This approach has already been used in [3] to extend the result
of [6, Theorem 1.1] and obtain a uniform generalized Gaussian bound for the elements . It has also been used
in [4] to prove similar results on finite rank perturbations of Toeplitz operators (convolution operators on ¢7(N)
rather than on ¢P(Z)). The present paper is very much inspired by [3, 4] and we will use notations and proofs
similar to those articles. We will now present in more details the hypotheses we need on the elements a € ¢*(Z)
that we shall consider and we shall then our main theorem.

2We say that a sequence a is the probability distribution of a random variable X with values in Z when P(X = j) = a; for all
jE€Z.



1.2 Hypotheses and theorem
We consider a given sequence a € ¢*(Z). We let %, be the bounded operator acting on ¢P(Z) defined as

Yu € P(Z), Lu:= (Z aluj+g>

leZ jEZ

This operator is obviously linked to Laurent operators and could be written as one of them (£, = L; for
b = (a_;)jez). Our goal will be to study the powers £ for n large. This problem arises as the large time
behavior of finite difference approximations of partial differential equations. We also define the symbol F'
associated with a as

Ve €S, F(k):= Zaj/@j. (2)
JEZ
The Wiener theorem [10] implies that
o(Z,) = F(SY).

We are now going to introduce some hypotheses that are necessary for the rest of the paper.
Hypothesis 1. The sequence a is finitely supported and has at least two nonzero coefficients.

This hypothesis implies that we can extend the definition (2) of F on C\ {0} and F becomes a holomorphic
function on this domain. We introduce the two following elements

km :=min{k € Z, ar#0}, ky:=max{k€Z, ar#0}.

Observing that Hypothesis 1 implies k,, < kjs, we then distinguish three different possibilities:

e We have kj; < —1. Then, we define r := —k,, and p := 0.

e We have k,, <0 < kps. Then, we define r := —k,, and p := k.

e We have 1 < k,;,. Then, we define r := 0 and p := kj,.
In every case, we have r,p € N and —r > p. Also, we have that

P
Vu e P(Z),Nj e Z, (ZLyu);= Z ARy -
k=—r

The natural integers r and p we just introduced define the common stencil of the operators £ and Id and they
will be useful to study the so-called resolvent equation (13). We now introduce an assumption on F' which is
based on [18]. Just like in [6, 12, 3], we normalize a so that the maximum of F on S! is 1.

Hypothesis 2. There exists a finite set of distinct points {k,,...,kx}, K > 1, in St such that for all k €
{1,...,K}, z;, := F(k,,) belongs to S* and

Vze SN\ {ky,..., 65}, |F(2)] <1

Moreover, we suppose that for each k € {1,..., K}, there exist a nonzero real number ay, an integer py > 1
and a complex number Bi with positive real part such that

Flie') =, ziexp(—iang = B +O(§ ), (3)

Graphically, this means that the spectrum o(.%,) is contained in the disk D and intersects S' at a finite
number of points (see Figure 1 for an example with K = 2, z; = 1, z, = —1) and that F has a specific
asymptotic expansion at those intersection points. The condition (3) has been studied closely because of its
link with the stability properties of finite difference approximations for PDEs (see [18]). We can observe that,
under hypotheses 1 and 2, there holds

Ve N 15 2z (zy) = I e eny = 1-



Figure 1: An example of spectrum o(.%,). The spectrum o(.%,) (in red) is inside the closed disk D and touches
the boundary S! in finitely many points. In gray, we have O the intersection of the unbounded connected
component of C\o(%,) and {z € C, |z| > exp(—n)}.

It assures the ¢?-stability, or strong stability (see [16], [17]), of the numerical scheme defined as

utt = L, n >0,
{ ul € (2(Z). (4)

However, it has much further consequences, as the asymptotic expansion (3) assures the ¢P-stability of the
scheme (4) for every p in [1, +0o0] (see [18, Theorem 1] which focuses on the ¢>°-stability but also studies the ¢7-
stability as a consequence). From a more general point of view, it is proved in [18, Theorem 1| that Hypothesis
2 is one of two conditions to characterize the elements a of ¢*(Z) such that the family (a"),ecy is bounded in

0N(2).

For the rest of the paper, it will be useful to observe that the asymptotic expansion (3) implies that

Vke{l,...,K}, ak:—F’(@k)%eR*. (5)
2y,

Finally, we have the following lemma.
Lemma 1. For a € (*(Z) which verifies hypotheses 1 and 2, we have that a_, and ap belong to D.
Proof We introduce the polynomial function g defined by
P
Ve e C, g¢g(k):= Z aT
l=—7r

For all x € S', Hypothesis 2 implies that

lg(k)| = [k"F(r)| = [F(r)] < 1.

Observing that ¢ is not a constant function, the maximum principle for holomorphic functions [14] allows us to
conclude that
la_r| =1g(0)] < 1.

The same kind of argument allows us to conclude for the coefficient a,,. O

We now introduce yet another hypothesis.

Hypothesis 3. For all k € {1,..., K}, we have that the set
Iy ={ve{l,...,K}, z,=2z,}

has either one or two elements. Moreover, if there are two distinct elements v 1 and vy 2 in it, then oy, oy, , <
0.



Hypothesis 3 combined with the fact that the «j are nonzero real numbers (see Hypothesis 2) implies that,
for k € {1,..., K}, we have three different possibilities:

e Case I: 7} is the singleton {k} and oy > 0,
e Case II: Zj is the singleton {k} and oy < 0,
e Case III: 7, has two distinct elements v 1 and v 2 such that oy, , >0 and o, , <0.
Distinguishing those three cases will be useful later on. We define for z € C and j € {—r,...,p}
Aj(z) = 20,0 — a;. (6)

The definition of r and p implies that A_, and A, can vanish at most on one point which are respectively
a_y and a,. Lemma 1 allows us to find n > 0 such that A_, and A, do not vanish on {z € C,|z| > exp(—n)} .
We can therefore define for all z € C such that |z| > exp(—n) the matrix

7A -1(2) 7A*T‘(z)
Ap(z) oo Ap(2)
1 0o ... 0
M= T e M, ().
0 0 1 0

The application which associates z with M(z) is holomorphic. Moreover, since A_,.(z) # 0, the upper right
coefficient of M(z) is always nonzero and M(z) is invertible for all z € C such that |z| > exp(—n).

The three hypotheses we presented above will be crucial in the rest of the paper. Some of them could maybe
be less restrictive, but this would be consideration for future works.

Finally, by defining the discrete Dirac mass § = (d,,0)jez, we introduce the so-called temporal Green’s
function defined by

VneN"Vje€Z, 9= (‘,2””5)

Our main goal is to determine the asymptotic behavior of ¢7" when n grows and to determine a speed of
convergence with a uniform estimate of the remainder for j € Z As discussed in the previous section, the
asymptotic behavior is already known and justified in [12]. For p € N* and 8 € C with positive real part, we
let Hg .. - R = C be the function defined as

1 ; n
Vo € R, Hzﬁu(x) = %/]Re_“we_ﬁu2 du.

The following lemma gives sharp estimates on the function HQB "

Lemma 2. For u € N* and § € C with positive real part, there exist two constants C,c > 0 such that
‘HQH ‘ < Cexp (—c|x\2%l> ,
Vo € R, 5
(1.) @)

This lemma is proved in [13, Proposition 5.3]. For the sake of completeness, we give a complete proof of it
in the appendix (Section 5). We can now define the so-called "attractors":

2p
< Cexp (fc|x\ 2#*1) .

2" o (]ka)
1223 J .
nzﬂk n2rk

In [12, Theorem 1.2], it is proved that if we introduce p = maxeq,.. gy pr and K, = {k € {1,..., K}, ux = p},

then .
%Jn_Z%’}jnjmo< 1) (7)

kEK,, n2w

Vke{l,...,K} ,VneN"Vj€Z, 4] =

where the error term is uniform on Z. This result is obviously a generalization of (1) to complex valued
sequences. Using Lemma 2 for the estimate on %’jcnj and [3, Theorem 1] for the estimate on ¢, we can prove
that there exist two constants C, ¢ > 0 such that

2pp
P g —1
Vn € N*.Vj € Z, |§4”| <C E exp | —c (UM) ’ ,
k= 1”2“’“ n 2



and

M
C ; 2 —1
Vke{l,....K},VneN"Vj € Z,, ||<——exp —C<W) '

n2hk n 2k

Thus, the result of Randles and Saloff-Coste gives a precise description of the behavior of %j” for j such that
j = naw| £ n2, (8)
where k € ;. Our main result is this next theorem.

Theorem 1. If we consider a € (*(Z) which verifies hypotheses 1, 2 and 3, we can find two constants C,c > 0

such that
K 1 | R | 23!% .
— na k=
TYe) Py <3k>

k=1 TV Mk nzke

Vn € N*.Vj € Z,

K

DI
k=1

In particular, this implies that there exists a constant C > 0 such that if we define W= MmaxXpe(1,.. K} Mk, then

K ~

VneN' VI EZ, |Y 9 -> > Y| < <.

1
j<J k=1;<J nw

Our result gives a sharp estimate on the remainder for any j € Z and allows to extend the result of Randles
and Saloff-Coste by describing the asymptotic behavior 4 for every j in Z with a more precise speed of
convergence, in particular for j that verifies (8) where k € {1,..., K}.

However, Theorem 1 has some limits. A complete generalization of the local limit theorem would treat the
case were a and F satisfy wider hypotheses. For example, [12, Theorem 1.2] also treats the case where the
asymptotic expansion (3) has the form

F(kie™) (= 2k exP(—ian + &2 4 O (P 12Y),
—

where . is a real number. A generalization of Theorem 1 in this difficult case has not yet been found.

Theorem 1 is also constrained by Hypothesis 2 which imposes that ay, is nonzero. The result [12, Theorem
1.2] of Randles and Saloff-Coste does not have this kind of restriction. The hypothesis oy, # 0 is essential in the
proof of Theorem 1 below but it seems like the theorem should also be proved when «j can be equal to zero.
We therefore introduce a relaxed version of Hypothesis 2.

Hypothesis 4 (Hypothesis 2 bis). The sequence a verifies Hypothesis 2 but with the possibility that some cy
are equal to 0.

We now consider a finitely supported sequence a € ¢*(Z) which verifies Hypothesis 4 and let J € Z. Then,
if we define the sequence b = (a;j4.7);cz and F' the symbol associated with b, we have that b satisfies Hypothesis
4 since

Ve eSY, F(k)=r"'F(r),

and therefore _
Vi € S, ’F(n)‘ — |F(r)|.

Also, we have for k € {1,..., K}

Fle ') = w2y expl(—ilan -+ J)6 — BuE™ + of(€P#)). 0
Considering this new sequence b allows us to "shift" the elements . In particular, if we choose J large enough,
then b satisfies Hypothesis 2. We can also define the attractors associated to the sequence b thanks to the
asymptotic expansion (9). We can then prove the following corollary of Theorem 1 which generalizes Theorem
1 in the case where oy can be equal to 0.

Corollary 1. We consider a € (*(Z) which verifies hypotheses 1 and 4. If there exists some integer J € 7 such
that the sequence (a;1 ) ez verifies hypotheses 2 and 3, then we can find two constants C,c > 0 such that

K 1 |j no | 255111
— k
<C E - eXp | —¢ <1>

k=1 1"k n2k

Vn € N*,Vj € Z,

K
n n
DI
k=1



Before we start the proofs, we will see in the next subsection that the estimate of Theorem 1 is sharp with
some examples and numerical applications. Then, we start with the proof of Theorem 1. To do so, in Section
2, we will introduce the spatial Green’s function on which Coulombel and Faye proved holomorphic extension
properties and sharp bounds in [3, Section 2]. Our goal in Section 2 is to improve the analysis of [3] and to
obtain the precise behavior of the spatial Green’s function for z close to z; and to prove sharp bounds on the
remainder. In Section 3, we will express the elements %j" with the spatial Green’s function using the functional
calculus. The results of Section 2 will then allow us to conclude the proof of Theorem 1. The last Section 4 is
dedicated to the proof of Corollary 1.

1.3 Examples and numerical results

We consider some examples of elements a € ¢*(Z) which satisfy the conditions of Theorem 1 and see how sharp
the estimations we found are.

1.3.1 Probability distribution : real non negative sequences

First, we consider the case where a has real non negative coefficients. If we introduce the sequence b = (a_;);ez,
then b is the probability distribution of some random variable X supported on Z. We observe that L, = £,
so, recalling that ™ = b ... x b, we have

VneN"VjeZ, b =9
We will settle on a € ¢1(Z) such that a; = 0 for j # —1,0,1 and
a_1=2/3,a0 =1/6,a1 = 1/6.
This sequence verifies Hypothesis 1. In this case, we have r = p = 1. Also, F(1) =1 and
Ve e SN\ {1}, |F(k)|] <1.
The function F satisfies that

P(e¥) = exp(—iag - 56" +o(¢?)

where a = E(X) = 0.5 and 8 = V(ZX) = %. It also directly satisfies Hypothesis 3 since K = 1. We can then
define the attractors

. 1 j—n«a 1 |j—noz\2
v * 7 m_ B = LA
neNLvj € Z, % Vn 2 ( vn ) 47 fn eXP( 48n

Theorem 1 states that there exists two constants C, ¢ > 0 such that

* . n n n n c ‘j_na|2
vn € N*,Vj € Z, |bj—<%’;-|:‘§4j —<%”]-|<nexp<—c<n . (10)

This behavior is represented on Figure 2. The local limit theorem?® actually states for sequences b with finite
third moment (see [11, Section VII, Theorem 13]) that

1 j—na 1
n_ =" — " = — 11
9j' = A; bf — ; n—too 1 Tﬁq1< Tﬂn)—M(n), (11)

where the error term is uniform on Z and

N

E(X ~EQO)Y) o g

V2r(V(X))2

Knowing that there exist two constants C, ¢ > 0 such that the function ¢; verifies

Ve eR, q(z):=

Vo eR, |qi(z)| < Cexp (—ca?),

we conclude that the inequality (10) is sharp, meaning that the factor % cannot be improved.

3We refer to [11, Section VII] for a complete asymptotic expansion of b;? involving Hermite polynomials.
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Figure 2: On the left : A representation of nmax;c(_p,. . np} |€€j —H; | depending on n. As expected knowing

that —r < a < p, we see that the function is bounded and even seems to converge. On the right : We fixed

n = 200 and represented ¢ — ¢ (t?/%a> and j € Z — /20n (%j" - 3@”) We find the behavior we expected

from equation (11).

1.3.2 The O3 scheme for the transport equation

We will now consider an example linked to finite difference schemes. We consider the transport equation
Ou+ad,u=0, (t,z)eRy xR

with Cauchy data at ¢ = 0. The O3 scheme is an explicit third order accurate finite difference approximation
of the previous transport equation. We refer to [5] for a detailed analysis of this scheme. It corresponds to the
numerical scheme (4) for a € ¢!(Z) such that a; = 0 for j ¢ {—2,—1,0,1} and

~Aa(l = (Ma)?) ~Aa(l+ Xa)(2 - Aa) (1= (a)H)(2 - ) ~Aa(l = Xa)(2 - Aa)
e s 5 ;g = 5 ;o Q= — 6 5

with A = &t > 0. The parameter Aa is the Courant number. We have in this case that r = 2 and p = 1. For

Az

Aa €] — 1,1[\ {0}, we have that F(1) =1 and
Ve e S\ {1}, |F(k)] <1.

Also, there exists 3 € R such that

F(e') o exp(—ilaé — BE* + o(€Y)).

We have 1 = 2 in this case and Hypothesis 2 is satisfied with K =1, k; = 1 and z; = 1. The sequence a verifies
hypotheses 1, 2 and 3, so we can apply Theorem 1. We introduce the attractors

1 ;o
VneN'Vjez, A'=-H] (9 1”0‘) .

n4 ni

Theorem 1 then states that there exists two constants C, ¢ > 0 such that

* . n n ¢ |j—ﬂ0¢| %

n4

This behavior is represented on Figure 3 where we even see that the remainder \/ﬁ(%]" — A7) seems to

scale like f (j ?/%a) like in (11) for the case of probability distribution. Hence, the ﬁ pre-factor in (12) seems

to be sharp. We now turn to the proof of Theorem 1.
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Figure 3: For these figures, we chose Aa = 1/2. On the left : A representation of \/nmax;ci_pnr,. .. np} | i 7
depending on n. As expected, the function seems to be bounded. On the right : We fixed n = 100 and
represented j € Z — /n (%j” — 3‘(}") We observe the exponential decay in j. Also, we can see a particular
shape of curve that arises. It might be possible to go even further in the asymptotic expansion of %J” and find
a result similar to (11), but this would be consideration for other papers.

2 Spatial Green’s function

From now on, we consider a sequence a that satisfies the hypotheses 1, 2 and 3. In this section, we are going
to introduce the spatial Green’s function and prove some estimates. We start by defining the open set O which
corresponds to the intersection of the unbounded connected component of C\F(S') and {z € C,|z| > exp(—n) }
(see Figure 1). The Hypothesis 2 implies that U\ {z;, ..., zx } is contained within O. By recalling that (%) =
F(S'), when we consider that .%, acts on £2(Z), we have for every z € O of a unique G(z) € ¢?(Z) such that

(2] — £)G(z) = 6, (13)

where § still denotes the discrete Dirac mass. The sequence G(z) is the so-called spatial Green’s function. In [3,
Lemma 2, 3 and 4], there are already sharp bounds on this sequence G(z) that have been proved. Our goal is to
get a more precise description of the behavior of the sequence G(z), at least for z close to z,. The description
of G(z) in [3] far from the points z; will be sufficient for our purpose. This section will thus on many aspects
closely look like [3, Section 2| and we will specify where our study of the sequence G(z) will differ.

Using the functions A; which are defined by (6), the equation (13) can be rewritten as

p
VieZ, Y Au(2)Gju(z) =30

l=—7r

We introduce the vectors

1
Gj+p—1(z) 0
VieZ, W;z):= : ceCrt", e:=|. | ecCrt,
Gyr(2) ;
We then have 5
Ve OVj€Z, W,i(z) — M(2)W,(z) = ——22e. (14)
Ap(2)

The study of the recurrence relation (14) relies on the following lemma introduced in [9] that studies the
eigenvalues of M(z) for z € O and z € {z;,1 < k < K}. We recall that we defined cases I, IT and IIT according
to the cardinality of Z; and the sign of «y right after Hypothesis 3. We also recall that we consider that a
verifies Hypotheses 1, 2 and 3.



Lemma 3 (Spectral Splitting). Let z € O. Then the matriz M(z) has
e no eigenvalue on S,
o 1 eigenvalues in D\ {0} (that we call stable eigenvalues),
e p eigenvalues in U (that we call unstable eigenvalues).

We now consider k € {1,...,K}. The eigenvalues of the matriz M(z;) are described by the following
possibilities depending on k.

o In case I, M(z;,) has k;, € S* as a simple eigenvalue, r — 1 eigenvalues in D and p eigenvalues in U.
o In case II, M(z,,) has k;, € St as a simple eigenvalue, v eigenvalues in D and p — 1 eigenvalues in U.

o In case III, if we denote vy 1 and vy o the two distinct elements of I, then M(z;) has K, , € St and
Ky, € St as simple eigenvalues, r — 1 eigenvalues in D and p — 1 eigenvalues in U.

Lemma 3 is proved in [3, Lemma 1| and is the key to study the recurrence relation (14). We now want to
prove some estimates on the spatial Green’s function G(z). We begin with the following lemma.

Lemma 4 (Bounds far from the tangency points [3]). For all z € O, there exist a radius 6 > 0 and constants
C,c > 0 such that for all j € Z, z — G;(2) is holomorphic on Bs(z) and satisfies

Vz € Bs(2),Vj € Z, |G;(z)| < Cexp(—c|j|)-

Lemma 4 is proved in [3, Lemma 2| and allows us to study the spatial Green’s function far from the points
Z1, where the spectrum of %, intersects the unit circle S'. We will now have to study the spatial Green’s
function G(z) near those points z; while still remembering that G;(z) and W;(z) are only defined on O in the
neighborhood of z,. We are going to extend holomorphically G;(z) in a whole neighborhood of z,, and thus
pass through the spectrum o(.%,).

Lemma 5 (Bounds close to the tangency points : cases I and II). Let k € {1,...,K} so that we are either
in case I or II. Then, there exist a radius € > 0, some constants C,c > 0 and some holomorphic functions
Ky fio © Be(zy,) = C such that for all z € Be(z},), ki(2) is a simple eigenvalue of M(z) with ki (z;,) = Ky, for all
Jj € Z, the function z € B:(z;,) N O — G,(z) can be holomorphically extended on B:(z;,) and

Case I: (o, >0)

Vz € Be(z),¥j 2 1, |Gj(2) — ful(2)mu(2)’| < Cexp(—cj). (15)
Vz € Be(z;), V5 <0, |G4(2)] < Cexp(=c|j]). (16)
Case II: (o) <0)
Vz € Bo(z,),Vj > 1, |Gj(2)| < Cexp(—cj). (17)
Vz € Be(z),¥j <0, |Gj(2) = fu(2)mu(2)’| < Cexp(—clj]). (18)
Furthermore, we have in both cases that
elen) = T (19)

Lemma 6 (Bounds close to the tangency points : case III). Let k € {1,..., K} so that we are in case III.
The set Iy, has two elements v 1 and v 2 so that oy, , > 0 and ay, , < 0. Then, there exist a radius € > 0,
some constants C,c > 0 and some holomorphic functions Ky, |, kv, o fuis foe. @ Be(21) — C such that for all

z € Be(21), by, (2) and Ky, ,(2) are simple eigenvalues of M(2) with ky, ,(2;) = K,, | and Ky, ,(2;) = K, |
for all j € Z, the function z € B:(z;,) N O — G;(2) can be holomorphically extended on Be(z;) and
Vz € Be(z), Vi 21, |Gj(2) = fua (2)kn, , (2)’] < Cexp(—cj). (20)
Vz € Be(zy,), V5 <0, |Gj(2) = for 2 (2)huy , (2)’] < C exp(=c]j]). (21)
Furthermore, knowing that z;, = Zyp = 2y, 40 WE have that
Frorz) = s foalze) = —— (22)
R A
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Lemmas 5 and 6 are similar to [3, Lemmas 3 and 4] but instead of proving sharp bounds on the spatial
Green’s function, we express its precise behavior near the points z,. This is the crucial point that will allow us
to not just bound the elements ¢* but find their asymptotic behavior and prove a bound for the remainder.
Proof of Lemma 5 Our proof will be mostly similar to the proof of [3, Lemmas 3, 4]. First, we observe that
case II would be dealt similarly as case I and that case III is a mixture of both cases I and II. Therefore, we
will only detail the proof in case I. We therefore consider k € {1,..., K} so that we are in case I. Lemma 3
implies that r, is a simple eigenvalue of M(z;,). Thus, we can find a holomorphic function xj defined on a
neighborhood B.(z,,) of z;, such that for all z € B.(z;,), ki(z) is a simple eigenvalue of M(z) and k(z;,) = K-
We also know that for all z € B.(z;), the vector

,{k(z)p+r—l
Rk zZ) =
(2) o (2)
1

is an eigenvector of M(z) associated with ki(z). Because of Lemma 3, even if we have to take a smaller radius
g, we can assume that for all z € B.(z,), M(z) has xx(z) as a simple eigenvalue, r — 1 eigenvalues different from
kk(z) in D and p eigenvalues different from xy(z) in U. We define E*(z) (resp. E¥(z)) the strictly stable (resp.
strictly unstable) subspace of M(z) which corresponds to the subspace spanned by the generalized eigenvectors
of M(z) associated to eigenvalues different from ki (z) in D (resp. U). We therefore know that E*(z) (resp.
E%(z)) has dimension r — 1 (resp. p) thanks to Lemma 3 and we have the decomposition

CPt" = E%(2) @ E“(2) © Span Ry(z).

The associated projectors are denoted 7°(z), m%(z) and 7%(z). Those linear maps commute with M(z) and
depend holomorphically on z € B.(z},).

For all z € B.(z,) N O and j € Z, G;(z) and W;(z) are well defined. Also, by Lemma 3, we have that
|ki(2)] < 1 for all z € B.(z,) N O. By reasoning in the same manner as in the proof of [3, Lemma 3], we have
for all z € B.(z,) N O and j € Z

T W) = ey ) (23)
w(W(2) =~y e, (21)
T ()W (2) = —]IJ;:(’Z;"’[M@)HW’C@)@ = —]ljgil(’;rio[mk(z)jlﬂk(z)e. (25)

We observe that the right hand side in the equations (23), (24) and (25) can be holomorphically extended
on B.(z;). Therefore, we can extend holomorphically the applications which associates z to m°(z)W;(z),
7 (2)W;(z) and 7*(2)W;(z) on the whole open ball B.(z;) and this allows us to extend W;(z) on B.(zy).
Since G;(z) is a coordinate of the vector W;(z), the holomorphic extension property is proved.

By reasoning in the same manner as in the proof of the inequality [3, (23)], we prove that there exist two
constants C, ¢ > 0 such that

Vz € Be(zp),Vj € Z, |7 (2)W(z) + 7 (2)W;(2)]| < Cexp(=clj])-

This implies that
Vz € Be(2,), V) € Z,  [|Wj(2) = 7 (2)W;(2)]| < C exp(—cj]).

This is were our proof will now differ from the proof of [3, Lemmas 3, 4|. In [3], the authors find bounds on
7 (2)W;(2) to be able to find estimates on G;(z). In our case, we have a stronger hypothesis (Hypothesis 1)
that allows us to have a much simpler expression (25) of 7*(2)W;(z) and this will enable us to find the precise
behavior of G;(z).

For j < 0, we observe that 7%(2)W;(z) = 0 and that G;(z) is a component of W;(z). We therefore get the
inequality (16).

We now consider the case j > 1. We have that G;(z) = (W;(2)), for all z € B.(z;,) where (X), refers to
the p-th coordinate of a vector X € CP*". Then,

¥z € B(zi),  |Gj(2) — (7" (2)W;(2))p| < C exp(—clj).

11



We then define the holomorphic function

fet Be(zp) — ) C
S OGN OD
By observing that (7*(2)W;(2)), = fx(2)rr(2)?, we get the inequality (15) and it now remains to obtain the
expression (19). We have that

1

_ 1 k _ 0
fi(zk) ——m(ﬂ (zp)e)p, €= :
0

We first need to determine the spectral projector 7%(z,). We recall that x, € S! is a simple eigenvalue of M(z;,)
and the vector
p+r—1
Lag}
R, = : c Cptr
L
1

is an eigenvector of M(z,) associated with ;. We also know that there exists a unique eigenvector L, =
(1;)jeqt,... p+rt € CPFT of M(z;,)T associated with the eigenvalue x;, such that

Lk ‘Ek =1
where the symmetric bilinear form - on CP*" is defined as

p+r
VXY eCPt XY =) XY
=1

Then, we have that
VY € CPTT, o wF(2,)Y = (L, - Y)R,.

Thus, applying it for Y = e implies that
llﬁ;_l

Ap(zy) .

We thus need to find the value of the coeflicient /;. Since L, is an eigenvalue of M(gk)T for the eigenvalue
fg, We get

fi(zi) =

. = Ai(zg) b
Vie{l,...,p+r}, = Zﬁp—jﬂ—l Ap(z)

l=—r =k

We now have an expression of each [; depending on /;. To determine the value of [;, we have to use the
normalization choice that we have made between L, and R,. We have

p+T ‘ p+r p—j l
=Ly B =Y w7 = | DY Aulz)st -
j=1 j=li=—r Ap(21)

By the expression of A;(z;), this implies that

1= (Z (P—Z)Az(zk)%f”) Apl(lzk) = (pﬁilzk - (p—l)amgrl) Apl(lzk)

l=—r -

Using the relation (5), we finally get the equation (19). O

12
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J
Figure 4: An illustration of the sectors Dy. Here, we have a; = —2, ag = 0.5 and ag = 4. The rays labeled ay,

(resp. 9y, 6r) correspond to the ray j = nay, (resp. j = nd,, j = nd). We observe that, because d,, o and
0 have the same sign, j and «j have the same sign for (n,j) € Di. Also, the sectors Dy do not intersect each
other.

3 Temporal Green’s function

We are now ready to start proving Theorem 1. In a first step, we will prove the results of the Theorem far
from the axes j = nayg. In this regime, the proof will not rely on the previous section. Then, we will see the
link between the spatial Green’s function G(z) and the temporal Green’s function (here the elements ¢) using
functional calculus (see [2, Chapter VII|) and use the estimates we proved in the Section 2 to determine the
estimates on 4" near the axes j = nay,.

Before we start, we are going to make two hypotheses to simplify the proof. The first one is that —1 ¢
{2z4,.--, 2k }. This hypothesis is actually not restrictive. If it were not verified, we would just have to multiply
the sequence a by some well chosen element of S! to find a new sequence b that will verify this hypothesis and
prove the theorem for this new sequence. The theorem for our previous sequence a would directly follow.

The second hypothesis we make is that all oy are distinct from one another. This hypothesis has a real
impact on the proof, symplifying greatly some parts of the calculations. We will come back at the end (Section
3.5) on the case where the elements oy, are not distinct and explain what elements of the proof would change.

3.1 Estimates far from the axes j = nay

As we said in the previous section, we suppose that all «aj are distinct from one another. Without loss of
generality, we suppose that
a < .o <op<...<ag.

For all k € {1,..., K}, we define two elements ék,gk € R* such that Qk,gk and aj have the same sign and
0, <01 <61 < .. <6 <ap<p<..<Og<ag <O0g.
We are now defining for every k € {1,..., K} the sectors
Dy, = {(n,j) eEN*"xZ, ni,<j< ngk}.

We observe that the sectors Dy, do not intersect each other. We also introduce

K
D= U Ds.
k=1

We represent the sectors Dy, on the Figure 4. In this section, we are going to prove the following two lemmas,
which gives estimates on the elements ¢]" and J"; outside the sectors D.

Lemma 7. There exist two constants C,c > 0 such that

¥(n.j) € (N"xZ)\D, [FP]<C) L exp [ —c (“‘W) k

k=1 TVHk n2k
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Lemma 8. For all k € {1,...,K}, there exist two constants C,c > 0 such that

2pp
1 P -1
¥(n,j) € (N* x Z\Dg, |A7] < C——exp | —c ('J?ak') k
ntk

k n2kk

Both lemmas are proved in the same way. We will detail the proof of the first lemma and give some
indications for the second afterwards.
Proof of Lemma 7 The result [3, Theorem 1] gives us the existence of two constants C, ¢ > 0 such that

K . 21
1 _ Sh. —1

VneNVjezZ, [9<CY ——exp|—c ('3”%> *
- e

iy Nk

For a sufficiently small ¢ > 0, we have that
;o S —1
vk € {1,..., K}, ¥(n,j) € " x Z\D, & (‘7”O‘k|> C >
Also, we can find a constant C' > 0 such that

Vke{l,...,K},Vn e N*, exp(—én) < —

Therefore, we get the expected result. O

We could even have proved for those j and n a stronger estimate of the form
|gjn| < CecntliD

but the limiting estimate will occur in D so we can avoid being sharp here.
For the proof of Lemma 8, we use the first inequality of Lemma 2 (estimate on ng), which implies the
existence of two constants C, ¢ > 0 such that

2,
1 y 2 —1
Vke{l,...,K},¥neN"Vj € Z, || <C——exp —c<|j’}o"“|> "

n2uk n?uk

The rest of the proof is close to what we did for Lemma 7. The two Lemmas 7 and 8 imply that we have
two constants C, ¢ > 0 such that

K . 2pp

1 _ S —1

V(n,j) € (N* x Z)\D, <0y —exp| - ('j 7}“’“') ' (26)
k=1 MMk n2k

K
n mn
g = A
k=1

and, since the sectors Dy, do not intersect each other, there also exists two constants C, ¢ > 0 such that

K

D IE

k=1

Vko € {1,...,K},V(n,j) EDkO,

S = new ]\ T
§|%J@—%€Z7j|+02 —— exp —c<1>

oy ek N2k
k#kQ

(27)

3.2 Link between the spatial and temporal Green’s functions
Our goal will now be to prove the following proposition.

Proposition 1. For any k € {1,..., K}, there exist two constants C,c > 0 such that

1
] ¢ i — nag|\ 2FeT
¥(n,J) € D, |gjn - jﬁ;ﬂ < —exp | —c (M)

n ke n 2tk
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Because of the inequalities (26) and (27), if we prove Proposition 1, we will have proved Theorem 1. The
estimates on the spatial Green’s function that we introduced in the previous Section 2 will become one of the
main elements of the proof of Proposition 1. We will prove this proposition in Section 3.4. But first, we will
need to study the elements ¢;" more closely.

To prove the Proposition 1, the first step will be to express the elements ¢ via the spatial Green’s function
G, (#) using functional calculus. The equation (13) implies by using the inverse Laplace transform that if we

define a path which surrounds o(.%,) = F(S'), like for example I', = exp(p)S! for 0 < p <, then

1
VneN"VjeZ, ¥9'=_— 2"Gj(z)dz.
7 2im J5,
We fix this choice of path for now but we are going to modify it in what follows. The idea will be to deform
the path on which we integrate so that we can best use the estimates on G(z) proved in Section 2. We start

with a change of variable z = exp(7) in the previous equality. Therefore, if we define I', := {p +il,l € [-7, 7]}
and G;(7) = e"G;(e7), then

1
VneN"Vj€Z 9'= %in e"" G (T)dr. (28)
Fﬂ

We will therefore need a lemma that allows us to get from estimates on G,(z) to estimates on G;(7). First,
recalling that z,, # —1, we define for all k£ € {1,..., K} the unique element 7, := 6y of i] — m, 7[ such that

2, = exp(7,) = exp(iby).

We also introduce for all k € {1,..., K} the unique 0}, €] — 7, 7] such that

Ky = 'k

We now introduce a lemma to pass from estimates on G;(z) to estimates on G, (7).

Lemma 9. There exists a radius e, > 0 and for allk € {1, ..., K} two holomorphic functions wy, : Be, (1;,) — C
and gy : Be, (1)) — C such that for all € €]0,e,], there exist a width n. > 0 and two constants C,c > 0 such
that if we define

K
Us :={r € C,R(7) €] —ne, 7], S(7) € [-m,7]} and Q. :=U.\ U Be(14),
k=1

then for all j € Z, the application T — G,(T) can be holomorphically extended on U, U UkK:1 B.(1},) and we
have that

VreQ,Vj€Z, |Gi(r)] < Ce il (29)
Also, for all k € {1,..., K}, depending on the case, we have that
Case I:
V7 € B(1y,),Vj > 1, |Gj(T)— eTgk(T)ejw’“(T)\ < Ce Ml (30)
V1 € Be(1)),Vj <0, |Gy(r)| < Cemell, (31)
Case II:
V€ Bo(y),Vi > 1, |Gy(r)| < Cem W, (32)
Vr € Bo(1}), Vi <0, |Gj(1) — € gi(r)e?™ 7| < Ceell, (33)
Case III:
Y7 € Bo(ry), Vi 2 1, [Gi(7) = €7 gy, , (1) (T < Cemel, (34)
V7€ Bo(1),), Vi <0, [Gy(7) = €7 g, , ()2 D] < Cemelil, (35)

where we have Iy, = {vg1,vk2}, o, , >0 and oy, , <O0.
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For all k € {1,..., K}, we define pi(1) := —% + (—1)“’“"’1%(7 — 1,)%* for 7 € C. Then, there
exists a holomorphic function & : Be, (1)) — C such that
V7 € Be,(1y),  @r(r) = il + @i(T) + (7 — 1) (7). (36)
Finally, there exist two constants Ar, Ay > 0 such that for all k € {1,... K},

VT € B, (1), an (R(ww(7)) + [R(&k(7) (T — 1) 1))
< “R(7 — 1) + ApR(r - 1,)" — A3(r 1), (37)

VreC, apR(pr(r)) < —R(1 — 1)) + ArR(T — Ik)2“’“ — ArS(r — Ik)Q“’“. (38)

Proof Using the Lemmas 5 and 6 and writing s (z) = exp(wg(2)) for z near z, with wy(z,) = iy, we can
define for a choice of ¢, small enough two holomorphic functions wy and gx such that

VT € B (1), w@i(T) = wi(eT), gk(7) = fi(eT).
Lemmas 5 and 6 directly imply the inequalities (30), (31), (32), (33), (34) and (35) on the open balls B. (7;)
and the fact that the functions 7 — G;(7) are holomorphic on B, (7;). We now consider ¢ €]0,e,[. The
inequalities we just proved remain true on B.(7;). Using a compactness argument and Lemma 4, we also get
the existence of 7. and the inequality (29).
We observe that the asymptotic expansion (3) implies that
e +1 LAN2 e 2pt1
—an(w@i(r) — i) + (1) + By (wn(r) — i03) % + O ]wk(T) - u‘)k’ .

T—T, =
=k TT,,

We then deduce the existence of & and the equation (36).

There only remains to prove the existence of Ar and Aj to verify the equations (37) and (38).

We are going to prove (38) first. Because of Young’s inequality, we have that for [ € {1,...,2u, — 1}, for
all § > 0, there exists Cs5 > 0 such that for all 7 € C

RIS ()Pt < G3(7)2e + CaR(r)2ee.

Furthermore, we have that

aR(pr(r)) = —R(r = 1,) + (-~ (i(ﬁ’;)%w -z - 2 - m%)) .
k k
Then, for § > 0, there exists Cs > 0 such that
e R(pi (7)) < —R(T = ;) + R(r — 1) (W’“) + Cs) (7 — 1) (— L 5) -
ay oy

Therefore, by taking ¢ small enough, we can end the proof of inequality (38). The proof of inequality (37)
is similar. We have for 7 € B., (7},)

ag (R(@r (1) + R(E(T) (T = 1)) < =R(T — 73.) + 2ol (7) |7 — [+

R (m(ﬁ’;) R(r — 7))~ S (s m)z“k)) |
O O

We know there exists ¢1,co > 0 such that
Vee{l,...,K} Y7 €C, |7]*" < cR(7)** + coaS(1)%*.

Since &, can be bounded by some constant C' > 0 on B., (7)), using the same reasoning as previously gives
us

ag (R(@x (7)) + [R(E(T) (T — 1) )]) < —R(7 — 7;,) + 2C|agle(R(r — 1) ** + 2S(r — 1))
+ R(r — 1) (gﬁ(ﬁk) + C§> + (1 — 1, )2 (— R(Bx) + 5) .

2pr
o o

Taking § and e, small enough allows us to prove (37).
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Remark 1. We observe that the constants in the inequalities (30), (31), (32), (33), (34) and (35) could be chosen
uniformly for all € €]0,e,[. However, it is not the case for the constants in inequality (29).

Lemma 9 leads us to introduce the elements

J
Vke{l,...,K},VneN" Vi €Z, Fp = *27’“9’“;?7’;)@’“ / exp(n7 + jor(7))dr
o

where Ty := {it,t € [-m, 7]}. Because of the equalities (19) and (22) on fi(z;) = gr(7s), we get with an affine
change of variables that

T—0p

2"K J ay ) ) j
T = k27rk sgn (o) /ﬂf% exp <zs(nak —j) - %5k32m> ds.

X
We aim at proving the following proposition.

Proposition 2. For any k € {1,..., K}, there exist two constants C,c > 0 such that

20
' n n c | — nag|\ 2T
V(n,j) €Dy, |97 — FP| < —exp [ —c (U|)

nrk N

Proving this proposition is an important step in proving Theorem 1. In Section 3.4, we will just have to
estimate the elements 9‘;’ i %nj to prove Proposition 1 and thus Theorem 1.

3.3 Proof of Proposition 2

From now on, we fix a k € {1,..., K} and our goal is to prove the claim of Proposition 2 for this k. We will
suppose that «f > 0. The major consequence is that for (n,j) € Dy, we have j > 1. This implies that we
will use the inequalities (30), (32) and (34). The case where aj < 0 would need some little modifications, in
particular we will have that j < 0 for (n,j) € Dy and we would use the inequalities (31), (33) and (35).

Before we begin with the proof, we will need to introduce some lemmas and define some elements. First, we
can easily prove the following lemma which allows us to pass from bounds that are exponentially decaying in n
to the generalized gaussian bounds expected in Proposition 2.

Lemma 10. We consider C,c > 0. Then, there exist C’,E > 0 such that

C y 2;/‘71
V(n,j) € Dy, Cexp(—cn) < ——exp | —¢ (U?kn') :

nik n2rk

We now apply Lemma 9 and consider ¢ €]0, £,[ small enough so that
Vi, j€{l,....,K}, 2z #z;= Be(r;) N Be(z;) =0

and
VZG{I,...,K}, BE(II)C{TGCa %(T)G[fﬂaﬂ—]}'

This can be done because we supposed that 7; ¢ {—im,in} for all I. We also define a constant n €]0, n.|.
We will now follow a strategy developed in [19], which has also been used in [3] and [4], and introduce a
family of parameterized curves. For 7, € R, we introduce

Up(1p) =1 — ARTPQ‘”“.

1
2urAR

1
The function ¥y is continuous and strictly increasing on ] —00, ( ) e [ We choose € small enough so

that it is strictly increasing on | — oo, ¢]. We can therefore introduce for 7, € [—7, €]

Typp= {7' eC,—n <R(r) <1y, R(r—14)— ArR(T — zk)z‘““ + ArS(r — Ik)z“k = \I/k(Tp)} .
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Fk;,out

rk,r’cs

Figure 5: A representation of the path I'y for 7, = 0. It is composed of I'y oys (in red), I'y res (in green) and
Ik p (in blue). The section of I'y, which lies inside the ball B.(7),) (i.e. the reunion of I'y s and I'y ;) is notated

k,in-

It is a symmetric curve with respect to the axis R + 7, which intersects this axis on the point 7, + 7,. If we

Wy (7))~ Wk (=) | 7
Ar

)m, then —n + (0 + £y p) and —n + i(6x — Lk ) are the end points of T ,,.

We can also introduce a parametrization of this curve by defining vy : [k p, fk.p] — C such that

introduce £y, = (

Y1y € [-1,e] Yt € [~ipy liply S(vep(®) =+ 0k, R(Yp(t) = hyp(t) == V! (Vg (7p) — A1t2“’“) . (39)
The above parametrization immediately yields that there exists a constant M > 0 such that
V1 € [=n,e],Vt € [~lip, brpl,  |hy,(t)] < M. (40)
Also, there exists a constant ¢, > 0 such that
V1, € [-0, e, VT €Thpy, R(T—174) — Tp < —:S(T — 1) 2H*. (41)

Even if we have to consider a smaller 1, we can define a 0 < ¢ < ¢ such that the curve I'y ;, associated to
Tp = Ek,0 intersects the axis —n + (R within B, (7).

For 1, € [—g, 81:,0]7 we want to define the path 'y defined on the Figure 5. As we can see, it follows the ray
—n + i[—n, 7] and is deformed inside B.(7;,) into the path I'y ,. We define

Lipes ={—n+it,t € [-m, 7\[0k — lip, O + Ci,p]} N Be(Ty),
Ti.out :={—n +it,t € [—m, 7|} N B(1},)¢,
Diin =Tk p UL res,
Ty =T in Uk out-

We still have to define the choice of 7, depending on n, j and k. We let
1
J — nog Arj Gk Gl ) 2T
(G (160)5
HET n Yk V&
Our limiting estimates will come from the case where (i is close to 0. We observe that the condition

(n,j) € Dy, implies B
ARék S Yk S ARJk. (42)
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Moreover, we have that py (%) is the unique real root of the polynomial

Yl = (.

Then, we take

€k,05 if pr 57) > €40, (Case A)
Tp =4 Pk (%) ,if pg (,% €[-%,er0], (CaseB)
-3, if py %) < —7. (Case C)

We define for (n, j) € Dy

J
Jk] — ékgk@k)ﬁk / exp(nT + jor(7))dr.
? 20 Ty

We have the following lemma.

Lemma 11. There exist constants C,c > 0 such that

Y(n,j) € Dy, ’y,gj — 77,

. _2he
C |7 — nag |\ 21
< — e
< ——exp | —c .
ek n2ek

Proof We define the paths I'comp + 1= {t +im,t € [-n,0]} and Teomp,— := {t —im,t € [-n,0]}. The triangle
inequality and Cauchy’s formula gives us

/ exp(nT + jor(r))dr
N

comp,—

| 32,”| _‘/ exp(nt + jor(7))dr| +

comp —+

ng(m)l

We need estimations on both terms. We allow ourselves to only present the first estimation. We have

0
< / exp(nt + jR(ox(t + im)))dt.

-n

/ exp(nt + joi(7))dT
r

comp,+

Because of the inequality (38) and knowing that j > nd, with §, > 0, we have for ¢t € [—n, 0]
. . .] 205 2
nt + jR(pg(t +im)) < Tar (— — Apn™t + Al — 04| )

Therefore, because 0y, ¢ {—m, 7}, if we take n small enough, we have a constant ¢ > 0 independent from n
and j such that

—Ccn

<ne

/ exp(nT + jooi (r))dr
I

comp,+

Because of the Lemma 10, there exist C,c > 0 independent from j and n such that

. ik
C |7 — agn| 2767
S—Texp | —c| T —
nrE n 2k

/F exp(nt + joi(1))dr

comp,+

O

Using Cauchy’s formula and taking into account the "2im-periodicity" of G;(7), we also have that for all
neN“and jeZ
n 1 nTt 1 nTt
g = %in Fpe G;(r)dr = %in er G, (T)dr. (43)

To prove Proposition 2, Lemma 11 implies that we need to prove the following lemma.
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Lemma 12. For every k € {1,..., K}, there exist two constants C,c > 0 such that

. 72Hk
C |7 — nag| | T
S—Fexp|—c|—F—
nrk n2rk

The main part of this paper will now be to prove this lemma. Both elements can be expressed has integrals
along the path I'y. By using the triangle inequality, we have that

Y(n,j) € Dy, (54 - 77| <

27 ’% a‘

2| [ e - zusdontz explanr + jinrar| +
T'kin

/ e""G;(T)dr
Tk out

+

/ 2l ge(m) exp(nT + ion(r))dr]
Tk out

Furthermore, we have using the triangle inequality

/ e""G;(1) — zpkhgi(Ty) exp(nT + joor(1))dT
Tk in

<

/F €™ (G;(r) — €7 gi(7) exp(jmr(r))) dr| +

k,in

/ en'r-'rjwk("') (eTgk (7‘) — 29k (Ik)) dr
I

k,in

+

/ " 2,9 (T4, (ejwk(T) - ﬁiej(pk(Tv dr|.
Tk, in

Thus, using the triangle inequality and decomposing some of the integrals along I'y, ;,, in integrals along I'y, ,,
and I'y, ,cs, we have

—~ 1
‘gjn_gz,;fj < 5o (By+ By + By + By + Bs + Eg + By, (44)
where
Bi= || adaenr +iamdr.  Ba=|[ (G0 - o) emplma(n) dr.
Pk out Tk,in
E3 = / e (T gy (1) — zygr(zy)) dT|,  Ea= / ") (€7 g (1) — 2y gi(Ty)) dT
Pr.p Tk res

B = /F " g(rh) (emm —ﬁiem“)) drl.

k.,p

E; = / e""G;(T)dr
Fk,out

We will now have to determine estimates on all these terms depending on k (case I, IT and III) and also on
Tp and I'y :

Fe = / " gn(re) (emm _@iemm) dr! |
Fk res

e Case A: pyg (C—’;) € [*gvz?k,o]a

e Case B: p; (w) > €k,0,

2

e Case C: p; (f/—’;) < —7.

The main contribution will come from the terms E3 and E5. We will prove much sharper estimates for the
other terms.
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3.3.1 Preliminary lemmas

Before we start to determine the estimates on the different terms, we are going to introduce some lemmas to
simplify the redaction. Those lemmas assemble inequalities in the different cases (A, B and C) for which the
proofs are similar with variations depending on the case we are in. They mainly rely on the inequalities (37)
and (38). The proofs of those lemmas can be found in the appendix.

We start with a lemma which will be useful to study the terms F5 and FEjg.

Lemma 13 (An inequality in B.(1))). There exists C > 0 such that for all T € B.(1},) and (n,j) € Dy, we
have

e (5540 — eI # ()| < Ol — 3 exp(nR(r — 73) + G (R(em (7)) + [RE(T)(T — 7)),

This next lemma will be useful for terms where the integral is defined along the path Ty, (terms E3 and
Es).

Lemma 14 (Inequalities on I'y, ;). For (n,j) € N* x N* and 7 € T'y,,, we have
o Case A: py (5—’;) € [—g,ek,o]

nR(1 — 1) + J(R(@r (7)) + [R (&(7) (7 — ) 1) |) < —neaS(r — 1) — 0%(2,“16 — Dy (ﬁ) .
(45)
nR(T — 11,) + jR(wk (7)) < —ne (1 — 1) — 0%(2;% = D (52) .
(46)
o Case B: pg (%) > €0
nR(r — 13.) + F(R(wwk (1)) + [R (& (1) (7 — 7)) ]) < —O%(Zuk — 1)ARéksi’fO’°, (47)
PR(T = 7,) + R (r)) < = (e = D ARG (48)
e Case C: pg <,€—’;) < -2
nR(r = 1,) + J(R(@k (7)) + [ (E(r) (7 = 7)) <~ (2~ 1) Ard, (g)“’“ , (49)
nR(r — 1) + JR(@x (7)) < —— (2 — 1) Ardy (g)z’““ . (50)
Qg

We introduce in the next lemma some inequalities that will help us for the terms with integrals defined on
Tk res (terms E4 and Ejg).

Lemma 15 (Inequalities on I'y es). For (n,j) € N* x N* and 7 € Ty res, we have in all cases

nR(r = 1) + §(R(@(7) + [R (6(r)(r = ) )] < —nl, (51)
nR(7 = 1) + j (Rl (7)) < —n. (52)

Finally, we need a lemma for the term where the integral is defined along the path T'y; oy (term Ey).
Lemma 16 (An inequality on T'y out). For (n,j) € N* x N* and 7 € T'y; out, we have in all cases
nR(r = 1) + JR(pn(r)) < —n. (53)
Remark 2. Those lemmas could be generalized in the case where ay, < 0 but there would be some changes. For

example, we would have to prove the Lemmas 14, 15 and 16 for (n,j) € N x Z with j < 0. The main element
to use for those generalization would be to see that aik > 0.
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3.3.2 Estimates of a part of the terms

We are going to first prove estimates for the terms where the proof will not depend on the case A, B or C in
which we are.

e Estimate for F;:

If we use the inequality (53), we have

< / exp(nR(r) + jR(pn(r))ldr] < 4
I

k,out

/ 2l g () exp(nr + jion(r))dr
Tk out

o Estimate for Fs:
We introduce the path I'y ;, defined as

Lyri={-n+itt € [-m, 7]} N BA(1},).
Using Cauchy’s formula, we have that
/ " (Gy(1) — €"gr(7) exp(joor(r))) dT = / " (G;(7) — € gr(7) exp(jwi(7))) dr.
Ck,in ok

Because oy > 0, depending on whether we are in case I or III, the previous equality and the inequalities (30)
and (34) imply

—nn—cj
<e .

/F (G (r) — gu(r) expljm(r) dr

e Estimate for Fy:

We can suppose that the functions 7 € B.(7;,) — €"gx(7) have bounded derivatives on B.(r)). Therefore,
the mean value inequality and the inequality (52) imply

< / 7 — T4l exp (nR(7) + jR(@p(7)) |dr] < e .
T

k,res

/ e Hiwk(7) (€"gx(T) — 29 (7y,)) dT
Tkres

o Estimate for Fg:
If we use the Lemma 13, we have

/ " 2, gu(ry) (em(r> ﬁg;ejvk“)) dr
I

k,res

S/F exp(nR(T—1)+7 (R(wn (7)) +HR(Ek (T) (r—z,,) *F)])

k,res

n|t —Ik\2“k+1|dr|.

Therefore, the inequality (51) implies

_ _pn
Sne "2 Se ",

/ " 2, gu(r1) (ejwur) ] em(ﬂ) dr
Fk,res

It remains to study the terms E3, F5 and E7.

3.3.3 The terms E3 and E5, Case A : pg (%) € [—gﬁk,o]

This part of the proof is the most important because those terms will create the limiting estimates.
o Estimate for Fj:
Because of the mean value inequality, we have

Ba= / (e gi(T) — zpgr (7)) €=y
I

k,p

< / |7 — 7 exp (nR(T) + R (@ (7)) dr .

k,p

The inequality (46) implies

2pp

(2p — D)k <<k|> e

y 2
E; < / |7 — 74 e ex STz ) |d7| exp
r Vi

n
k,p Ak
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But, the inequality (42) and the fact that pg (C’“) = 7, imply

T 2 — 1
(2u Dy <|Ck|> 2 T Andenr,
T aj,

If we introduce ¢ > 0 small enough, then

By [ r e mlen e TR arexp (—enfr ).
I

k,p

Using the parametrization (39) and the inequality (40), we have

Zk,p
/r IT—zk\e‘"c*%‘zw’“ldﬂ5/ (7ol + [t dt.
k,p

_Zk,p

The change of variables s = nﬁt and the fact that the function x > 0 — xexp (fgle"“> is bounded imply

Zk,p 1
/ |t|e—nc*t2“kdts .

’ —ék,p nke
k.p 2 1 C
—ncyt Mk 2
/ |7p|e dt S ——exp (in‘TM "k) .
—Llip nHk

Thus,

1
E3 S ——exp (—gn|7p|2“’“> .
n ek

Lastly, the inequality (42) implies that we have a constant ¢ > 0 independent from j and n such that

2py
) 2pg —1
§n|7p|2’“‘ Z é <|] ";Lak|)
n

2

S0,
2

Hy

E3 S L exp | —¢ (J — nak|) L
~ 1 1
nik n 21k

e Estimate for Fs:
Using the Lemma 13 and the inequality (45), we have

Es = / " 2,91 (7) (eyw;c(f) erjwk(T)) dr
Fk,p

S /F nlm — 2 [ exp(nR(r — zi) + G (R(@r (7)) + [R(E (1) (7 — ) F)]))|d7

k,p

2p
Shp—1
Sewp [ = - (BT ) [ - et esp(one (- 2y,

k,p

Just like in the estimation of the previous term, because of the inequality (42), if we introduce ¢ > 0 small
enough, we have

Es < nexp (fcn|7'p|2’““) / |7 — 4|2 T exp(—ne, S (1 — 75, )25 ) |dT|.
Fk)p

The same reasoning as for the estimate of E3 implies that

g

Zk,p Zk,
7= P exp(ne (- g ldr| S [ et e [ e g
k

k,p —Ll,p “tk,p
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1 c
The change of variables s = n?#+ t and the fact that the function z > 0 — 2Tl exp <—§x2“’“> is bounded

imply
bhop 2+l —mc.t3Hk 1
n [t 5+ Tt e e dt < —,

—Li.p nHe

ekyp 1
n/ || 2Lt g < exp <§”|Tp|wk) '

—Lk,p nHe
Thus,

1
Es S ——exp (—gn|7'p|2”’“> .

Nk

Lastly, the inequality on ~; (42) implies that we have a constant ¢ > 0 independent from j and n such that

2
J’-TlfJélc|>"'“;f1
19 = nok]

c YT
§n|7p| - ZC(

n 2Hk

S0,

1 : 22Hk1

_ P —

S
nre n 2k

3.3.4 The terms E3 and E5, Case B and C:

We now consider that we are either in case B or case C (i.e. pk(f/—’;) ¢ -3 eno))
o Estimate for Fs:
Because of the mean value inequality, we have

Es =

/ enT+jwk () (eTgk (T) — 29k (Ik)) dr
r

k,p

< / |7 — 7] exp (nR(r) + jR(@r(7)) |dr].

k,p

Using the inequality (48) or (50) whether we are in case B or C, they imply that there exists ¢ > 0 independent
from j and n such that
E3 < e .

~

o Estimate for Es:
Using the Lemma 13, we have

Es = /F " 20k (T3, (ejWk(T) _ ﬁiej%(ﬂ) dr

k,p

S /F nlm — 2 [ exp(nR(r — z,) + F(R(@r (7)) + [R(E(7) (7 — ) FH)]))|d7 .

k,p
Using the inequality (47) or (49) whether we are in case B or C, they imply that there exists ¢ > 0 independent
from j and n such that
Fs <ne " < e 3m,
3.3.5 Estimate of the term E-
We recall that

E; =

/ e""G;(T)dr
Fk,out

For 7 € T'k out, we have different estimates depending on whether we are inside a B.(r;) or not. Therefore,
we introduce the set of distinct points

{t,...,7r}={z, 1e{l,....,K}}\ {1}

It allows us to decompose the path I'y o, as

R
F/c,out = U Fl»
1=0
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Figure 6: This is a representation of I';, were we decompose I'y, o,,+. The red path corresponds to fo the part of

Tk, out Which lies outside the balls B.(7;). The green path corresponds to fl the part of I'y o+ Which lies inside
the ball B.(7;). The dashed green path corresponds to the deformation we use in the proof of the estimate for
E-.

where for all [ € {1,..., R}

~

Fl = Pk,out N Bs(’f_l)

and

R
Lo :=Tkout\ U I.
=1

This decomposition of T'y; 4y is represented on the Figure 6. The inequality (29) gives us that

—nmn—c|jl
Se .

/A eV G;(T)dr
To

We now consider [ € {1,..., R}. There are two possibilities because of Hypothesis 3:
e The set {i € {1,...,R}, 1, =17} is the singleton {i} with a;; < 0 (i.e. we are in case II). Then, knowing
that for (n,j) € Dy we have j > 1, because of the inequality (32), we have

/A e""G;(T)dr
Iy

e The set {i € {1,...,R}, 1, =7} is the singleton {i} with ; > 0 (i.e. we are in case I) or it has two
distinct elements {7, j} with o; > 0 and a; < 0 (i.e. we are in case III). Either way, the inequalities (30) and
(34) imply that

—nn—clj|
<e .

< 2rCe el 4

/A e"" G, (T)dr

I

/A exp(nt + jw;(7))e g;(T)dr]| .
I

Just like we defined the path I'y p, 'k res and I'y s, 1= 'y p, Uy res, we can define a path I'; ,, I'; ;s and
Diin =T p UL res. The path I'y 4, is represented with a dashed green line on the Figure 6. Using Cauchy’s
formula, we then have

/A exp(nt + jw;(1))e” g;(7)dr = / exp(nt + jow,(7))e gi(1)dr
I Tiin

The function 7 — €7 g;(7) can be bounded so we just have to bound / exp(nR(1 — ;) + jR(w;i(1)))d|T|.
Tiin
We observe that the proofs of the Lemmas 14 and 15 are also true for I'; , and I'; ,..s because oy, and o; have
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the same sign. Using the inequality (52) for the integral along the path I'; ,.s, we prove that there exists a
constant ¢ > 0 independent from n and j so that

| el =) + )] S e

It remains to bound the integral along the path I'; ,. In the case A (i.e. pl(%) € [—4,¢€i0]), we observe that
for (n,j) € Dy, v; is bounded between two positive constants and

min(|o; — 8., | — Ox).-

|Gil >

1
24
Therefore, using the inequality (46) and the previous observation in case A and using the inequalities (48) and
(50) in cases B and C, we prove that there exists a constant ¢ > 0 independent from n and j so that

/P exp(nR(r — ;) + jR(wi(r)dlr] S e~

i,p

Therefore, there exists a constant ¢ > 0 such that

V(TL,]) S Dk? 5 676".

/A eV G, (T)dr
I

This gives a sharp estimate of E7.
If we recapitulate the estimates we found, we can define two constants C, ¢ > 0 such that

V(n,j) € Dy, VI € {1,2,4,6,7}, E; < Ce ",

and

2up,
C y 2pp —1
V(n,]) € ,DkaVZ € {3’5}7 El < T €Xp | —¢C (W) '

n ke n Mk

The estimates we proved on all the terms and the Lemma 10 allow us to conclude the proof of Lemma 12
and therefore of Proposition 2.

3.4 End of the proofs of Proposition 1 and Theorem 1

We recall that the inequalities (26) and (27) implied that to prove Theorem 1 we only had to prove Proposition
1 which announces generalized Gaussian bounds on 47" — %’jj‘y for (n,j) € Dy. Proving Proposition 1 will be
the goal of this section. Proposition 2 implies that there exist two constants C, ¢ > 0 such that

C y 2pp—1
Yk e {l,...,K},¥(n,j) € Dy, |9F - FL,| < ——exp c<|70"“”|> . (54)

nHk n ke

To prove Proposition 1, we understand that we just need to prove similar generalized Gaussian bounds for

9‘,? ; — ;. To do so, we introduce the following elements

— N, j -
ke {1,...,K},V(n,j) €Dy, A= 2 _pgh [ L0k
e

1 2
J) e g
(6573 (677

For (n,j) € Dy, Of—k is positive so those elements are well defined. Also, a% is close to n so it would seem

obvious that %/‘Z”J is close to %’f’] Furthermore, with an affine change of variables, we have that

. o éknﬁkj +oo . . J 2
Vke{l,...,K},¥(n,j) € Dy, H":= —o exp zt(nak—])—;ﬂkt ) dt.
T k

— 00

Therefore, %’Z"J should also be close to 9,? ;- We introduce the two following lemmas.
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Lemma 17. There exist C,c > 0 such that

2p

k
C |7 — agn| 2T
< —exp | —¢| ————
nHe n 2tk

Vk € {1, K} ¥(n,j) € Dy, | Ty — S

Lemma 18. There exist C,c > 0 such that
2u

— C’ y 2pp—1
Vk € {1,...,K},¥(n,j) € Dy, | A, — A| < ——exp —c<w> *

n 2Hk

If we prove those two lemmas, then we will have proved that there exists two constants C, ¢ > 0 such that

20
C ;o 2p —1
Vk € {1,...,K},¥(n,j) € Dy, | FP, — AT| < ——exp —c(‘]?kn|>
nrE n 3k

This inequality and the inequality (54) will end the proof of Proposition 1 and therefore the proof of Theorem

We consider k € {1,..., K} and we will now prove Lemmas 17 and 18 for this k. We will suppose that
ar > 0 and observe that the proof in the case where aj < 0 would be done in a similar way.

3.4.1 Proof of Lemma 17
We start with the proof of Lemma 17. We have

. =0
2Ky ok ]
9’,?7]. = *7]“2*]“ /7 J; exp (it(nak —j) - ]5kt2“’“> dt,
v(nvj) € Dk7 :: j j‘rkook ?ék
O = M/ exp | it(nag — j) — — Bt H* | dt.
. —T it(no, —j) — = B t2Hk O nan—)— < Bt .
We then need estimates on / e ok dt and / . € & dt. We will present
o T

X
the proof for the second term. Integrating by parts and recalling that 6 €] — m, [, we have

+ . + )
I e Y A

[e3 7@]9
! o~ (F5) R0 /+(>o w1 w@ady,
B / 2l n— J 42
R(B)2pup s (752) =tk 2y R(By) Lt

The second term is non positive. Knowing that j > nd, > 9,, we have a constant ¢ > 0 independent from j

and n such that
—+00 At( *‘)*LB tzf‘k
/ 61 nog—7j ap Pk dt Se—cn.
=6}

X

Lemma 10 allows us to conclude.

3.4.2 Proof of Lemma 18

We now prove Lemma 18. We have for (n,j) € Dy

1
—~ o\ 2Pk nog — J nayg — J nog — J
= (2 s (22) -, 2o, ()

_1 2 _1
'I’LQ‘”C HE ] 24y
ap
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We will have to use the Lemma 2 that we introduced earlier. It directly implies that there exist two constant
C, ¢ > 0 such that

o gl
|H2M($)|§Cexp c|z| 7w

Vx € R, , 20y
HE: (@) < Cexp (—clo|74T).

2k
Those inequalities will allow us to determine estimates for both terms of the sum. We start with the second
term. The mean value inequality implies that

nay — J
s (" )

n 2k

20
1 1 Inay, — j|\ 7 .
i 1 Sj eXp | —C\ ——— |nak - ]| sup

n2e FRE te[n, L]
ag k
23
[no — j [nag, — j|\ T
ST exp || ———

~ 1
n1+2“k

1
t1+m

2pp
The function x € R — zexp (—gm 2%*1) is bounded so

Bk nog —Jj
N%M<nﬁk)

There only remains to prove the estimation for the first term of the sum. Because of the mean value
inequality and knowing that (n,j) € Dy, we have

2

K
L ! <lexp _c <nakj|>2“’“1
L R W

ag

1

ag | 2k B nag —j B noy — j

<) Hz;]zk < 1 > - H2;k N

J n2rk j O\ 2hk
a

<ak)2‘uk lno —j[| 1 1 sup ‘H’B’“ /(t)‘

1
n 2tk n2Hk ( J )2“k
a nap—j nagp—j
k te #7%

IN

1 1
1 1

n 2k (L 2y

!/
and using the inequality on H. Dr " e

Using a similar proof as previously to estimate EHAE

have

i . . N L2
ag '\ nay — J nog — j L (|noy — [nag, — j|\ 7T
<) ngkk <1> - Hy: — = |[|S- /) ep || ———
J n 2k j . n n2rek n 2k

24k TS
()

2pp A
2“k—1> is bounded so

The function r € R — 2% exp <f§|x
1 . i 1 | ‘ 21
ag \ 2Pk nog — J nog — J c [ |nag — 7|\ 2!
(> Hzﬁ;ljk ( 1 ) - Hg/l;k —— || S —exp 9 < T >
] n2hk (L) Ry n N 2HK
ag

This concludes the proof of Proposition 1 and Theorem 1.

3.5 Coming back to the hypothesis on the coefficients «y,

As we said in the beginning on Section 3, we supposed in the proof that the elements «j were distinct from
one another. In the case where the aj can be equal, there are some changes that need to be done but the
calculations remain similar.
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First, just as in Section 3.1, we would define O, 5, and Dy, in the same manner but with the added condition
that if o, = oy, then dp = §; and §;, = §;.
If we consider kg € {1,..., K}, we define

Tk 2:{/{56{1,...,]:{}, Oék:Osz}.

We observe that for k € Ji,, we have Dy, = Dy, because of our new condition.
The estimate we found on &' and 7"; far from the axis j = nay (Lemmas 7 and 8) will remain true. Thus,
the inequality (26) would also remain true but the inequality (27) would become

K
— DAY

k=1

Vko € {1,...,K},V(n,j) Eka

2y,
1 y 2, —1
<c ¥ L exp _C(lf?ak> :

2
ke{l,...K\Tx, """ nokk

n n
9= D A
k€T,

Therefore, we now need estimates on |

— Zkejk %‘j&‘ for (n,j) € Dy,. We would still introduce for

k € Ji, the paths I'y, and the elements f,? , 9,? - and %"j with the same definition as in the previous proof.
Knowing that the Lemmas 11, 17 and 18 Would stlll be true without any changes to the proofs, we would just
need to prove the following lemma, which is a modification of Lemma 12, to prove the Theorem 1.

Lemma 19. For every ko € {1,..., K}, there exist two constants C,c > 0 such that

24y
j Z7 ¢ lj — nog| ) %1
V() €Dy, 97— S Flil< Y Sew 0(21
n<+k

k€T, KE Ty, TV

We recall that in the case where the elements oy were distinct from one another, we found an expression of
the elements ¢" as an integral along the path I'y and used the triangular inequality to find the inequality (44).
We then bounded all the terms C; to find an estimate on 4} ﬁ i ;- We will do the same thing in the case
where the elements «; can be equal but with a better sulted ch01ce of path to express the elements ¢". We
fix ko € {1,..., K} and introduce the path Ty, which is the ray {—n + it,t € [-7, 7]} deformed into the path
Tk in inside the balls B.(7;,) for k € Ji, (see Figure 7). Using Cauchy’s formula and taking into account the
"2im-periodicity" of G, (), we have that

1

VneN"VjeZ, 9'=_-—
2im Tro

eV G;(T)dr.

Using a similar proof as in the Section 3.3, we end up with an inequality similar to (44)

—~ 1
- Z Tl < o Eout + Z (Brg+ Eop+Esp+Ear+Esk+Es) |,
kE€Tk, k€T,

where E; ;, has the same definition as E; in (44) but depends on the k € Ji, we consider. The term FE,,; is
similar to E7 in (44) and is equal to
/~ e""G;(T)dr
Fko,out

where fko,out corresponds to the part of fko outside the balls B.(r;) for k € Ji, (see the red path on Figure
7). Reasoning in the same manner as in the case where the elements oy, are different from one another, we get
estimates on the different terms. The minor modifications are left to the reader. This concludes the proof of
Theorem 1. There only remains to prove Corollary 1.

Eout =
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Fkg,’i’n

Fk:(. sout

Figure 7: A representation of the path fko. Inside the balls B.(r;,) where k belongs to Jj,, it follows the path
Ik in composed of I'y, yes and 'y, ,. For I € {1,..., K}, if there is no k € Jj, such that 7, = 7;, then the path

T4, inside B.(r;) just corresponds to the ray {—n + it,t € [—m, 7]}

4 Proof of Corollary 1

We are now going to prove Corollary 1. We consider that a satisfies the hypotheses of Corollary 1, i.e. a satisfies
hypotheses 1 and 4 and we have an integer J € Z such that the sequence b = (a;1) ez satisfies hypotheses 2
and 3. As we said just before we introduced the corollary, we observe that if we define F the symbol associated
with b, then we have that _

Ve €S, F(k)=r"'F(k).

and we have for k € {1,..., K}

Flrge'®) =, s zeexp(—i(an + )§ = Bg™* +o(g™)). (55)

We can also define the attractors associated to the sequence thanks to the asymptotic expansion (55). Applying
Theorem 1 for the sequence b, there exists two constants C, ¢ > 0 such that

K (=T, Y. d F_
meN Ve, |(Ze), -y Bt A g (jn(af = '])) ‘

1 n ke n kK

Ko 1 — n(ap + J)\ Tt
i k M —
B SR R

k=1 ¥~ n 2k

By observing that
Vn e NVje€Z, (£'0);=(ZL0)j—nsi=9"0,

we conclude the proof of Corollary 1.

5 Appendix

Proof of the Lemma 2

We recall here the statement of Lemma 2.
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-R R

Figure 8: Integrating path for the proof of Lemma 2.

Lemma 20. For all p € N* and 8 € C with a positive real part, there exist two constants C,c > 0 such that
24
Sn—1

|H§M(x)| < Cexp (—c|:£
(HS, (2)] < Cexp (—clo]77) .

Vr € R,

Proof We will prove here the first inequality, the second one being proved in a similar way. We fix n € R that
we will choose more precisely later. Integrating the function z + exp(—izz — 82%*) on the rectangle depicted
in the Figure 8 using the Cauchy formula and passing to the limit R — 400, we obtain

1

Vn € R, HQ’BH(Z‘) =5

/ —iltrin)z o= Bltim® gy
R

Thus,
B e’ s \20
H ()] < S [ exp (<R (8¢ +in)™)) dt.
T Jr
Using Young’s inequality, we can show that there exists a constant ¢ > 0 such that

vteR, R(B(t+in)*) > @t% — e,

and thus there exists C > 0 such that ,
T

Optimizing with respect to n yields the desired result.

Proof of the Lemma 13

We recall here the statement of the Lemma 13.

Lemma 21. There exists C > 0 such that T € B.(1;,) and (n,j) € D, we have

o7 (5740 — e )| < Ol — 1 exp(nR(r — 7,) + G (R(ewr(7)) + [R(E(T)( — 7)),
Proof We define the holomorphic function S such that

1 if 2z=0
Vz € C, S(Z):{ sinh(z) he 7

else.

We consider (n,j) € Dy, and 7 € B.(1;,). We have because j > ng, > 0,

S (jgk(T)(T _2Tk)21Lk+1)’

exp (n%(T) +j <§R(wk(r)) — R (f’“m“ _QT’CWH))) .

e (O — IO | = gl - P
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We observe that the function z € C + [S(2)|exp(—|R(2)|) is bounded. Therefore, because the function &
can be bounded on B (1), j < nd and R(7) = R(r — 1),

e (eI(T) _ T i ek (M| < plr — 7 2Pt oxp (nR(7 — 7,) + § (R(wow (7)) + |R (&1 (7) (7 — 7, )2H* .
(7= — wle?x )| S mfr — 7, 5+ exp (nR(r — 7,) + § (Rwa (7)) + R (Ex(7)(7 = 1,)2++1)]))

Proof of the Lemma 14

We recall here the statement of the Lemma 14.

Lemma 22. For (n,j) € N* x N* and 7 € T'y ,, we have
o Case A: py, (5—’;) € [—g,€k,o]

21,

nR(T — 13,) + §(R(@x (7)) + [R (&6(7) (7 — 7)) |) € —neS(r — 1) 2% — 0%(2/% 1 (ﬁ) et

. x 2u n |C’f‘ ket
nR(r = 1) + IR(@k(7)) < —neS(7 =)™ = Qe = 1) . :

o Cuase B: pk( >>€ko

nR(r — 1) + J(R(@r (7)) + R (& (7)(r — zx)*F1)|) < —0%(2/% — D Ard,

nR(r — 1) + jR(wk (7)) < *;(2/% ~ D ARSiells -

e Case C: py, (%) < -

S

2

nR(7 — 13) + §(R(@i (7)) + R (G (r)(r — )2 1)|) < fa%@uk ~DArs (3)
WR(r = ) + R (7)) < ~ - (2 — 1) Any (™.

Proof We consider (n,j) € N* x N* and 7 € 'y, ,. Using first the inequality (37), the fact that 7 € I'y;, and
finally the inequality (41), we have

nR(7 — 1) + J(R(@i (7)) + [R(E:(T) (T — 2,)**F1)]) < nR(T — 1) — O%‘I’k(Tp)

< —ne, (1 — 1)+ OTk (Voo™ = 20 CrTp) -

o First, we consider the case A. Then, we have 7, = py ( ) Therefore,

2 _ 9 o — 1)y [ 1] T <0 56
VKT, ey = — (208 — 1)k o, <0. (56)

We deduce (45). The inequality (46) is a direct consequence of (45).
e We consider the case B. Because 7, = €9, we have

n

nR(T — 1) + §(R(@r (7)) + [R(E(7) (T — 1)+ H1)]) < (Wz‘i%k - 2uka€k,0> :

g

We recall that pg (C’“) > g0 and that py (C’;) is the only real root of —(; 4+ Yxx?**~1 = 0. Therefore,

2 1
G < —eyg and

2pur

YTy = 2uCeTp < — (208 — 1)7k5k0 <0. (57)
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Using (42) to bound 7y, we deduce the inequality (47). The inequality (48) is a direct consequence of (47).

e Finally, we place ourselves in case C. We have that 7, = —, so

WR(r = 2+ R + RO - ) < 2 (o ()" 4 amad ).

Qf

We recall that pg (5’“) < —% and that pg (C"> is the only real root of —(p + Yxz?**~! = 0. Then,

T T
Ck < =Yk (%)Mrl and

2 0 2Hk
YTy = 2ukCeTy < —(2pn — 1)k (5) <0. (58)
Using (42) to bound 7%, we deduce the inequality (49). The inequality (50) is a direct consequence of (49).
(|

Proof of the Lemma 15

We recall here the statement of the Lemma 15.

Lemma 23. For (n,j) € N* x N* and 7 € T'); yes, we have in all cases

IN
|
S

nR(r — ) + F(R(wk () + R (G(r)(r — 1))

nR(r — 1) + j(R(wx(7)) < —n

Proof We consider (n,j) € N* x N* and 7 € Ty, 5. Using the inequality (37) and the facts that (7 —1,,)%* >
Ziﬂpk and —n + il + 1), € Tk, we have

nR(T — 13) + Jj(R(wr(7)) + ’&E (& (T)(T — 7)) 2 H1) ‘) < —nn— 701 (=0 — Arn™"™ + AS(T — 1))
J
< —nnp— LW (n).
s —nn o k(Tp)
We know that n + 7, > 7, so

] n n
—nn — ~—(1p — ARTS“") =-nn+m)+ o ('ymg”’“ - 2,uk(k7p) < —ng + o (’ymg"k - 2MkaTp) )

We proved at the end of the proof of Lemma 14 that, in the three cases A, B and C, fykTg“k — 2upCr7p are
non positive (see (56), (57) and (58)). This concludes the proof. O

Proof of the Lemma 16

We recall here the statement of the Lemma 16.
Lemma 24. For (n,j) € N* x N* and 7 € T'y oy, we have in all cases

nR(r = 1) + 3 R(pu(7)) < —n3.

Proof We consider (n,j) € N* x N* and 7 € 'y out. Just as in the proof of Lemma 15, using the inequality
(38) and using the fact that (7 — 1, )%#* > fi”; and —n + ilg, + 75, € Tk, we have

nR(r = 1,) + JR(pu(7)) <~y = Wi (7).
We end the proof in the same way as for Lemma 15. O
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