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Bound states in continuum (BICs) are resonances with zero width (infinite lifetime) without any leakage
into the surrounding media. Their fascinating properties and potential applications have attracted a great
deal of interest. In this paper, we give an analytical, numerical, and experimental demonstration of BICs
in simple acoustic structures based on either a single solid layer or a triple solid-liquid-solid layer inserted
between two liquids. These modes are an intrinsic property of the inserted structure (solid layer or solid-
liquid-solid triple layer) with free surfaces and are independent of the surrounding media. Two kinds of
BICs are discussed: (i) Fabry-Perot (FP) BICs exist as the consequence of the intersection of the local
resonances induced by inserted structure intersect the transmission zeros induced by the solid layers.
(ii) Symmetry-protected (SP) BICs occur when appear at normal incidence due to the decoupling of the
transverse modes in the solid layer from the longitudinal modes that propagate in the solid and solid-
liquid multilayer media. When the incidence angle departs slightly from the BIC conditions, the latter
transform into Fano resonances characterized by an asymmetric line shape in the transmission spectra.
In addition, we show that the transmission zeros give rise to negative delay times and therefore acoustic
superluminal effect. The theoretical results are obtained by means of the Green’s function method, whereas
the experimental measurements are carried out in ultrasonic domain using plexiglass plates in water. These
results may have important applications to realize subsonic and acoustic superluminal phenomena as well
as acoustic filters and sensors.

DOI: 10.1103/PhysRevApplied.15.054046

I. INTRODUCTION

In various physical acoustic problems, the scattering
objects located in the vicinity of a substrate surface or
interface give rise to bound states below the substrate
sound lines and resonant states (or leaky waves) above
this line. The possibility to realize bound states above
the sound line that do not radiate energy into the bulk
media is quite intriguing. This kind of modes is known as
bound states in continuum (BICs) or trapped modes [1].
They have been interpreted as resonance states with infi-
nite quality factor, whose energies lie in the continuum
with zero leakage. In other words, they exhibit the property

*Corresponding author. elboudouti@yahoo.fr

of remaining confined (as stationary waves) despite their
coexistence with continuum states.

Historically, the concept of BICs was proposed as a
solution to the Schrödinger equation with a complex arti-
ficial potential [2]. Later, the issue of BIC-supporting
potentials was addressed again, this time by Herrick and
Stillinger [3] who implemented Wigner’s idea in a large
variety of potentials, and extended it to a two-electron
wave function. The concept of BICs is based on the inter-
ference phenomena and, hence, can be applied to any other
type of waves beyond the quantum systems. Clear experi-
mental observation of BIC was carried out by Plotnik et al.
in 2011 [4] on photonic crystals. Several theoretical works
have demonstrated the possibility to realize BICs in a wide
range of physical systems such as photonics [5–15], acous-
tics [16,17], microwaves [18,19], coaxial and LC circuits
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[20,21], and optical waveguide [22]. Their high-quality
factors that tend to infinity open the way to many appli-
cations such as lasers [12,23], filters [24], acousto-optic
modulation [25], and sensors [26–28].

Different mechanisms are behind the occurrence of
BICs [1]. Among them, we are more particularly inter-
ested in the following two mechanisms that we apply in
the acoustic spectrum of solid-fluid multilayer materials.
(i) The Fabry-Perot (FP)-type BIC. If radiation loss is the
only loss channel for a resonant structure, a FP-type cavity
can be created between two resonant structures to trap a
radiation wave. The BIC is formed when the quasi-bound
states of each resonator interfere with each other through
the FP cavity. This is, for example, the case for elastic
waves propagating in a system composed of two periodic
arrays of cylindrical defects separated by a distance that
can support BICs [29]. (ii) Symmetry-protected (SP)-type
BIC. If the resonant mode and continuum modes belong
to two different symmetry classes, coupling between them
will be prohibited. Therefore, the resonance is symmetry-
protected from the loss and leakage to the continuum
[30,31].

As mentioned previously, BICs appear as resonances
with zero width in the transmission spectra as well as
in the density of states (DOS). Therefore, they remain
confined in some parts of the system even though they
coexist with a continuous spectral range of radiating waves
that can transport energy away. However, these states can
exist only under an appropriate choice of the geometrical
or material parameters of the system and/or under spe-
cific external excitation conditions [29,32]. Therefore, by
slightly detuning the system from the BIC condition (for
example, changing an incidence angle), the BIC transforms
into a quasi-BIC characterized by a finite width because
of its interaction with the surrounding media as well as
intrinsic losses. In general, the quasi-BIC manifests itself
as a Fano resonance when it falls in the vicinity of a zero
of transmission, or as an acoustic-induced transparency
(AIT) resonance when it occurs between two close trans-
mission zeros. Let us recall that AIT resonance results
from an interference phenomenon where a sharp transpar-
ent window (enhanced transmission) associated with steep
dispersion is introduced into an opaque medium [33,34],
whereas Fano resonance is defined as the result of con-
structive and destructive interferences of a discrete state
with a continuum background [34,35].

In a recent paper [36], we have shown theoretically
that simple structures made of a single solid layer or a
solid-liquid-solid triple layer immersed in a liquid may
support BIC, Fano, and AIT resonances. These resonances
are shown through an analysis of the transmission coef-
ficient (amplitude and phase) and DOS obtained using
the Green’s function method [37,38]. The BICs appear as
a consequence of the coincidences at specific incidence
angles between transmission zeros induced by the solid

layers and discrete modes induced either by the single solid
layer or the triple solid-liquid-solid layer with free sur-
face boundary conditions. These modes represent what we
called FP BICs. In addition to these modes, there exist also
more trivial SP BICs that appear for normal incidence as
the result of the decoupling between the transverse modes
in the solid layer and the longitudinal modes that propa-
gate in the solid and liquid media. These latter modes have
been discussed recently by Mizuno [39] and by us [40].
In this work, we show how a slight deviation of the
incidence angle from the normal transforms the BIC to
quasi-BICs that manifest themselves under the form of
asymmetric Fano resonances.

In this paper, we give experimental evidence of the exis-
tence of FP and SP BICs either in a single solid layer or in
a solid-liquid-solid layer embedded in a liquid. The solid
and liquid media are made of plexiglass and water, respec-
tively, and the experiments are performed through an anal-
ysis of the transmission spectra in the ultrasonic domain.
These experimental results are confirmed by analytical cal-
culations using the Green’s function method where we
have introduced appropriately the loss in order to explain
the trends of the experimental spectra. In addition, we have
performed numerical simulations using a finite-element
method based on COMSOL Multiphysics software. Good
agreement has been found between theory, simulation, and
experimental measurements. In addition to the transmis-
sion amplitude, we have also studied the delay time in such
structures and shown the possibility of an acoustic super-
luminal phenomenon induced by the transmission zeros.
These experiments represent an experimental demonstra-
tion of BICs and Fano resonances in solid-liquid layered
media.

The rest of the paper is organized as follows. In Sec. II,
we give experimental evidence of the existence of FP and
SP BICs in a single solid layer. Section III is devoted
to the BICs and Fano resonances in a triple solid-liquid-
solid layer. The conclusions are presented in Sec. IV. The
details of analytical and numerical calculations as well as
the experimental procedure are given the in Supplemental
Material [41].

II. SINGLE LAYER

First, we consider the system presented in Fig. 1(a)
which is composed of a single solid layer embedded in a
liquid with mass density ρf and phase velocity vf . The
solid medium is characterized by its thickness dS, longitu-
dinal speed v�, transverse speed vt, and mass density ρs.
As discussed in more detail in the Supplemental Material
SM1 [41], the FP BICs occur at the intersection of the
curves representing the eigenmodes of the free solid layer
(namely the Lamb modes) as a function of the wavevector
parallel to the layers (or, equivalently, the incidence angle),
and the similar curves representing the transmission zeros
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(a) (b) (c)

m = 4, n = 2
m = 3, n = 1m = 3, n = 1

m = 4, n = 2

FIG. 1. (a) Schematic representation of a solid layer S (plexiglass) of thickness dS sandwiched between two semi-infinite liquids F
(water). Here θ is the angle of incidence. (b) Theoretical and (c) experimental variation of transmission versus the frequency and the
angle of incidence. White dotted curves represent the frequencies of the transmission zeros (total reflection), whereas black and cyan
curves are associated with symmetric and antisymmetric modes of the solid layer with free surfaces, respectively. The latter theoretical
curves are added on top of the experimental results for the sake of discussion. The black arrows at the normal incidence indicate the
positions of the SP BICs.

induced by the immersion of the solid layer in the liquid.
Then, the consequences of the BICs and the associated
Fano resonances in the transmission coefficient and DOS
are discussed. From the analytical analysis of the Lamb
modes of the solid layer and the zeros of transmission,
one can deduce (see Supplemental Material SM1 [41]) that
the frequencies and incidence angles where BICs occur are
given by the following:

(i) In the case of oblique incidence (θ �= 0◦), the fre-
quencies and the incidence angles giving the FP BICs are
found to be

fm,n = vl√
(

vl
vt

)2 − 1

1
2dS

√
m2 − n2 (1)

and

sin(θ) = vf

vl

(
m2 − n2(

vl
vt

)2

m2 − n2

)1/2

, (2)

respectively, where m and n are both odd or both even
integers and m > n.

Equations (1) and (2) are well known as the coor-
dinates of the crossing points of the uncoupled shear and
dilatational modes [42]. These crossing points coincide
with the transmission zeros induced by the solid layer giv-
ing rise to FP BICs. We have demonstrated that these
modes are independent of the nature of the liquids sur-
rounding the solid layer. Let us mention that for the angle
(θ) defined by the set of integers (m, n), BICs appear

not only at the frequency fm,n but also at all multiples of
this frequency (pfm,n where p is a nonzero integer). An
interesting point is to know the value of the transmission
coefficient t at the limit of the FP BIC where the width
of the peak becomes zero. A tedious calculation based
on a Taylor expansion of t around fm,n (see Supplemental
Material SM1 [41]) leads us to conclude that t reaches a
well-defined value, namely a complete transmission T = 1
for any combination of the pair of integers (m, n �= 0) and
T < 1 for the pair (m, n = 0).

(ii) In the case of normal incidence (θ = 0◦), we can
show easily from the calculation given in the Supplemental
Material SM1 [41] that the SP BICs are the pure transverse
modes of a solid layer of thickness dS with free surface
boundary conditions, namely

fp = pvt

2dS
(3)

where p is a nonzero integer. In addition, we show that
at SP BICs the transmission coefficient takes a finite
value between 0 and 1 (see Supplemental Material SM1,
Section A [41]).

For the numerical and experimental results, we con-
sider solid and liquid layers made of plexiglass and
water, respectively. The velocities of sound and mass den-
sities are given by vt = 1380 m/s, vl = 2700 m/s and
ρ = 1200 kg/m3, respectively, for plexiglass, and ρ =
1000 kg/m3 and vl = 1490 m/s, respectively, for water
[36]. It is well known [36] that when a solid layer is embed-
ded between two liquids, the transmission zeros induced
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by the solid layer exist only for a range of incident angles
such that 0 < θ < θc. In the case of plexiglass, θc = 39◦.
It is worth noting that the origin of transmission zeros
arise from the destructive interference of longitudinal and
transverse waves inside the solid layers, leading to the
cancelation of the transmitted waves.

Figures 1(b) and 1(c) give, respectively, the theoretical
and experimental variations of the transmission amplitude
(with color scale) versus the frequency and the incidence
angle for a plexiglass layer of thickness dS = 2.1 mm in
water. The experimental results are obtained using two
wide-bandwidth acoustic transducers with 1 MHz central
frequency, and a network analyzer for scattering parame-
ters Sij measurement (see Supplemental Material SM2 [41]
for the experimental setup). The white dots give the curves
of transmission zeros as a function of the incidence angle.
As mentioned earlier, the transmission zeros are induced
by the solid layer embedded between two liquids and are a
pure characteristic of the solid. On the other hand, the cyan
and black curves show the symmetric and antisymmet-
ric Lamb modes, respectively, of the solid layer with free
surfaces. We can see a good agreement between the the-
oretical and experimental results. The intersection of the
transmission zeros curves and Lamb modes curves define
the frequencies of the BICs. These modes, involving trans-
verse and longitudinal waves at θ �= 0◦, are known as FP
BICs. The first modes are obtained from Eqs. (1) and (2)
for (m = 4, n = 2) and (m = 3, n = 1), respectively, and
are indicated by the white circles marked I and II. The
corresponding coordinates are (θI = 7.59◦, fI = 1324 kHz)
and (θII = 26.24◦, fII = 1072 kHz), respectively.

In addition to these modes, there exist also the SP BICs
marked I′ and II′ corresponding to the pure transverse
modes of plexiglass layer, these modes appear for normal
incidence (θ = 0◦) where the transverse modes do not cou-
ple to longitudinal modes in solid and liquid layers. These
latter modes are given by Eq. (3) and the corresponding
frequencies are 332, 664, 985, 1314,. . . kHz. These modes
are indicated by black arrows in Figs. 1(b) and 1(c). We
focus only on the BICs I′ and II′ with fI′ = 1314 kHz and
fII′ = 985 kHz which are in the range of the experimen-
tal observation. Figure 1(c) provides a clear experimental
demonstration about the existence of both types of BICs
(FP BIC and SP BIC) in a single solid layer immersed in a
liquid.

In order to give a better insight about the behavior of the
BICs and the associated Fano resonances in the transmis-
sion amplitude, we plot in Figs. 2(a)–2(h) the transmission
versus the frequency for different values of the incidence
angles. The filled circles on the abscissa of Figs. 2(a), 2(c)
and 2(g) indicate the positions of the BICs. The green and
blue curves correspond to the theoretical results without
and with loss, respectively, whereas the red curves give
the experimental results. For θ = 0◦ [Fig. 2(a)], the trans-
mission coefficient shows ordinary FP oscillations for pure

longitudinal waves of a solid layer immersed in water.
The pure transverse modes in the single solid layer do
not couple to the longitudinal modes. As mentioned ear-
lier, these modes indicated by solid circles on the abscissa
axis represent what are called SP BICs. In addition, these
modes are hidden and do not give any signature in the
transmission spectra, the corresponding resonances have
zero width. For θ close to the normal incidence (θ = 5.7◦
and 7.1◦) [see Figs. 2(b) and 2(c) respectively], the first
BIC (II′) around 1000 kHz gives rise to a quasi-BIC in the
transmission spectra, where the transmission zero falls at
the vicinity of a Lamb mode. Therefore, the quasi-BICs
appear as Fano resonances as shown in Figs. 2(b) and
2(c). These resonances are characterized by an asymmet-
ric line shape (i.e., a resonance close to an antiresonance).
Figure 2(d) shows that this resonance remains of Fano
shape even far from the incidence angle (i.e., θ = 16.7◦).
The second BIC labeled (I′) at θ = 0◦ and fI′ = 1314 kHz
[Fig. 2(a)], still persists as a quasi-BIC for θ �= 0◦, how-
ever, due to the proximity of another FP BIC (I) at θ = 7.1◦
around the same frequency, its observation becomes com-
plicated in the transmission spectra. For a large value of
the incidence angle (θ = 16.7◦), the FP BIC (I) around
fI = 1314 kHz [Fig. 2(c)] transforms into a quasi-BIC with
a Fano shape [Fig. 2(d)]. It is worth noting that the dissipa-
tion affects considerably the shape of the Fano resonances,
however the main properties of these resonances, namely
the presence of a resonance near to an antiresonance, is still
visible. In a recent work, Mizuno [39] has given an ana-
lytical expression of the transmission coefficient following
a Fano form for Fano resonances falling near the normal
incidence for an immersed solid layer in a liquid.

In addition to these modes lying near normal incidence,
there exists also singular BICs labeled (II) at oblique inci-
dence, falling in the continuum modes of the surrounding
liquids without radiating their energy [Fig. 1(b)]. As men-
tioned previously, this kind of mode is known as a FP BIC.
Figures 2(e) and 2(f) clearly show the existence of a dip
(quasi-BIC) in the transmission spectra around mode (II)
for θ < θII = 26.5◦. By increasing the incidence angle, the
dip collapses for θ = θII [Fig. 2(g)] as a consequence of
the existence of both transmission zeros and Lamb modes
at exactly the same frequency, giving rise to a zero-width
resonance. For θ > θII, the dip reappears once again as
a Fano resonance at θII = 28.8◦ [Fig. 2(h)]. The experi-
mental results (red curves) are in good agreement with the
theoretical results in the presence of loss (blue curves).
One should also note that the resonances do not strictly
reach zero because of the loss in the solid materials. In
the calculation, the loss is introduced by adding a small
imaginary part ε to the transverse and longitudinal veloc-
ities of sound in the solid layer, namely vt(1 + ε) and
vl(1 + ε), to match the experimental data. It is worth not-
ing that the transmission spectra can be also obtained using
COMSOL Multiphysics software considering the actual
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(a) (e)

(b) (f)

(c) (g)

(d) (h)

(j)

(i)

FIG. 2. (a)–(h) Transmission spectra for different values of incidence angles versus the frequency. Green and blue curves correspond
to theoretical results without and with loss, respectively, whereas red curves correspond to experimental results. The black arrows
indicate the positions of the BICs. (i),(j) Theoretical variation of the quality factor of the transmission resonance around the BIC
marked II as function of incidence angle without and with loss, respectively.

scattering geometry in the experiment, an example is
provided in the Supplemental Material SM3 [41]. In addi-
tion, BIC modes and Fano resonances can be characterized
also by the DOS spectra where these modes appear as res-
onances without and with zero width, respectively. These
results are given in the Supplemental Material SM4 [41].

Figures 2(i) and 2(j) represent the quality factor of the
transmission around θII without and with loss, respectively.
The quality factor is given by Q = fII/� where � is the full
width at half maximum (FWHM) of the Fano resonance.
The latter is obtained from the maximum and minimum
of the transmission spectrum around the BIC, which is a
characteristic of this type of resonance. In a lossless sys-
tem [Fig. 2(i)], the quality factor Q increases and it goes
to infinity when θ approaches θII. Indeed, the width � of
the Fano resonance vanishes at the incidence angle θII. In
a lossy system, one can still define a quality factor, with
lower values than in the lossless system, as long as the
angle θ is not very close to θII [see Fig. 2(j)]. However,
in the very close vicinity of θII, the shape of the Fano res-
onance is affected considerably and it becomes difficult
to clearly define its maximum and minimum from which
the FWHM and the corresponding quality factor should be
deduced. This behavior has been discussed by some of our

group in Ref. [43] for BICs in magnonic circuits. In addi-
tion, similar results of the quality factor can be obtained
from the DOS (see the Supplemental Material SM4 [41]).

III. TRIPLE SOLID-LIQUID-SOLID LAYER

We now consider a more complex geometry of a
triple plexiglass-water-plexiglass layer immersed in water
[Fig. 3(a)]. In this case, we show that in addition to the
BICs and Fano resonances displayed by a single solid
layer, there exist other types of BICs and Fano resonances
that can be induced by this structure. We demonstrate that,
in order to obtain Fano resonances with such structure, the
two solid layers should be taken identical, which allows
the transmission zeros induced by both solid layers to be
obtained at the same frequency [36]. The thickness of all
the layers are chosen to be the same dS1 = dS2 = dF = 2.1
mm. The details of the calculation of dispersion relations,
transmission coefficients and DOS for the triple layer, are
given in the Supplemental Material SM1 (Section B) [41].

Figures 3(b) and 3(c) give, respectively, the theo-
retical and experimental variations of the transmission
amplitude (with color scale) versus the frequency and the
incidence angle. The white dots indicate the frequencies
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(a) (b) (c)

FIG. 3. (a) Schematic representation of a triple layer made of a liquid layer F of thickness dF sandwiched between two solids S
(plexiglass) of thickness dS . The whole system is inserted between two liquids. (b) Theoretical and (c) experimental variations of
transmission (with color scale) versus the frequency and angle of incidence. White dotted curves represent the frequencies of the
transmission zeros (total reflection). They are added to the experimental results for the sake of discussion. The black arrows at the
normal incidence indicate the positions of the SP BICs.

of the transmission zeros. As mentioned earlier, the trans-
mission zeros induced by the solid layers occur for θ <

θc � 39◦. It is worth noting here also that the FP BICs
appear as the consequence of the intersection of the triple-
layer Lamb modes and the transmission zeros. However,
we have shown [36] that the FP BICs of a single solid
layer still remain in the case of a triple layer. These modes
are given by Eqs. (S.26a) and (S.26b) and are represented
by the cyan circles marked I, II, VI, and VII. We do not
discuss these modes because FP BICs I and II as well as
SP BICs indicated by arrows at normal incidence θ = 0◦
[Fig. 3(b)] have already been discussed in the case of a
single solid layer [Fig. 1(b)]. In addition to these modes,
the triple-layer structure induces new additional FP BICs
which appear as the intersection between the resonance
lines (red area) and the transmission zeros (white dots)
marked III, IV, V, and VIII in Fig. 3(b). These modes do not
give any signature in the transmission spectra and are char-
acterized by an infinite lifetime. The corresponding coordi-
nates are (θIII = 34.7◦, fIII = 996 kHz), (θIV = 32.6◦, fIV =
398 kHz), (θV = 32.67◦, fV = 1181 kHz), and (θVIII =
26.9◦, fVIII = 1492 kHz), respectively. These modes are
specific modes induced by the triple layer independently of
the nature of the surrounding liquids. They are obtained by
solving the eigenmodes of the triple layer with free-surface
boundary conditions [36] [see Eqs. (S.26a) and (S.26b) in
the Supplemental Material SM1, Section B [41] ]. One can
note also that the experimental results [Fig. 3(c)] are in
good agreement with the theoretical results [Fig. 3(b)].

To give a better insight about the behavior of these
modes in the transmission spectra, we present in Fig. 4
the transmission through the triple layer around the modes

II and IV. Let us start with the mode II at f = 1050
kHz for a few incidence angles around this mode. For
θ = 24.2◦ [Fig. 4(a)], we can see the existence of a dip
(quasi-BIC) in the transmission spectra, this dip collapses
for θ = 26.5◦ [Fig. 4(b)] giving rise to a zero-width reso-
nance. As mentioned before, this kind of mode occurs as
the consequence of the coincidence of Lamb modes with
the transmission zeros induced by the solid layer. For θ >

26.5◦, the resonance reappears once again for θ = 28.8◦
[Fig. 4(c)]. Figures 4(d)–4(f) give the transmission spec-
tra around the BIC IV at (θIV = 32.6◦ and fIV = 398 kHz).
For θ = 26.5◦ < θIV, one can observe the existence of an
asymmetric Fano resonance characterized by a transmis-
sion zero on only one side. This resonance disappears at
θIV and fIV, giving rise to a FP BIC [Fig. 4(e)]. For θ =
34.9◦ > θIV, the BIC transforms again to a Fano resonance
with another shape where the transmission zero precedes
the resonance [Fig. 4(f)]. The theoretical and experimental
results in Fig. 4 confirm the existence of Fano resonances
which collapse, by adjusting the incidence angle, giving
rise to a BIC. The experimental results are well fitted by
the theoretical results (blue and red curves).

In addition to the transmission amplitude, a complemen-
tary quantity that enables to characterize the acoustic wave
propagation in solid-liquid layered media is the transmis-
sion delay time which is defined as τ = (d�/dω) where
� is the phase of the transmission and ω is the pul-
sation. An example of the delay time spectrum for the
triple-layer structure is given in Fig. 5(b) together with
the transmission amplitude [Fig. 5(a)] for θ = 16.58◦. The
transmission zeros in Fig. 5(a) around 358, 676, and 1007
kHz give rise to phase jumps of π in the phase of the
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(a)

(b)

(c)

(d)

(e)

(f)

FIG. 4. Transmission spectra through the triple layer versus
the frequency for different values of incidence angles. Green and
blue curves correspond to theoretical results without and with
loss, respectively, whereas red curves correspond to experimental
results. The black arrows indicate the positions of the BICs.

transmission and, therefore, negative peaks in the delay
time [Fig. 5(b)]. The negative delay time reaches τ =
−30 μs in the frequency domain with anomalous disper-
sion around the transmission zero at 358 kHz, giving rise to
a negative group velocity vg = L/τ = −210 m/s (L = 6.3
mm being the length of the triple layer). This behavior is
known as a superluminal acoustic phenomenon or pulse
tunneling [44,45]. It occurs for evanescent waves when
anomalous dispersion is sufficiently strong and the group
velocity can exceed the speed of light. However, in optics,
it is well established that this phenomenon does not violate
the special relativity or causality and the speed of infor-
mation remains subluminal [46]. In addition, the behavior
of the transmission delay time versus the frequency in the
absence of loss is plotted in Fig. 5(c) where the negative
delay times transform to delta peaks marked by verti-
cal bars. These results show that dissipation is crucial to
broaden the negative delta peaks which enables an exper-
imental measurement of the negative group velocity. The
different modes of the system appear as resonant peaks in
the DOS as described in Fig. 5(d). One should note that,

(a)

(b)

(c)

(d)

FIG. 5. (a) Amplitude of the transmission versus frequency at
the incidence angle θ = 16.58◦. The meaning of the curves is
the same as in Fig. 4. (b) Delay time versus the frequency. The
blue curve corresponds to theoretical results including dissipa-
tion, whereas the red curve corresponds to experimental results.
(c) Transmission delay time in the absence of loss, the vertical
bars indicate the positions of negative delta peaks. (d) Density of
states versus the frequency.

except for the negative delta peaks, the DOS is exactly
proportional to the lossless delay time [Fig. 5(c)] [47].
The behavior of the Fano resonance around 700 kHz and
its transformation to a BIC in the delay time is discussed
in the Supplemental Material SM5 [41]. The analysis and
exploitation of the delay times are useful for the character-
ization of the resonances and BICs, as reported here. The
correspondences between DOS and delay times are similar
to those reported recently by some of our group in photonic
coaxial cables [48].

IV. CONCLUSION

In summary, we have given a clear experimental evi-
dence about the existence of BICs and Fano resonances
in simple structures made of single plexiglass layer or a

054046-7



MADIHA AMRANI et al. PHYS. REV. APPLIED 15, 054046 (2021)

plexiglass-water-plexiglass triple layer immersed in water
in the ultrasonic domain. The experimental measurements
are confirmed by analytical calculations obtained with the
help of the Green’s function method as well as simulation
results obtained using a finite-element method. We demon-
strate the existence of two types of BICs, namely FP and
SP BICs. FP BICs exist as a consequence of the inter-
section of symmetric and/or antisymmetric Lamb modes
and transmission zeros of the solid layer, whereas SP BICs
occur as a consequence of the decoupling between longi-
tudinal and transverse waves in the solid layer at normal
incidence. These modes appear as resonances with zero
width in the transmission spectra, as well as in the DOS.
By slightly detuning the incidence angle from that corre-
sponding to BICs, one can obtain Fano resonances. These
resonances, characterized by an asymmetric line shape,
lie in the vicinity of a transmission zero. A study of the
delay time enables us to deduce complementary informa-
tion on the wave propagation, such as the superluminal
acoustic phenomenon associated with negative delay times
around the transmission zeros induced by solid layers. We
present experimental evidence showing the existence of
BICs and Fano resonances in simple solid-liquid layered
acoustic structures. These features are very sensitive to
small perturbations and therefore can find useful applica-
tions as efficient fluid sensors [49]. Another perspective of
our work is the possibility of realizing AIT resonances if
the thicknesses of the two solids in the triple-layer struc-
ture are chosen to be slightly different from each other
and produce two close but distinct zeros of transmission.
An AIT resonance can be achieved between these zeros
at an appropriate incidence angle by adjusting the thick-
ness of the fluid separating the solid layers. Although the
experiments presented in this paper are performed by using
plexiglass layers, other solids with less dissipation such as
Si and SiO2 and showing highest-quality Fano resonances
would be worthy of investigation. The BICs discussed in
this work can be applied to realize liquid-sensitive sensors
with high-quality factors. Indeed, adding a concentration
of albumin to water can shift and broaden the BIC of pure
water by transforming it into a Fano resonance for different
concentrations of albumin. The frequency shift of the reso-
nance is very sensitive to the variation of the concentration
of albumin. Finally, similar theoretical and experimental
works can be applied to periodic solid-liquid structures
where the BICs can fall inside the allowed bands of the
phononic crystal. The works cited are now in progress.
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and M. Soljačcić, Bound states in the continuum, Nat. Rev.
Mater. 1, 16048 (2016).

[2] J. Von Neumann and E. P. Wigner, Uber merkwiirdige
diskrete eigenwerte, Phys. Z. 30, 465 (1929).

[3] F. H. Stillinger and D. R. Herrick, Bound states in the
continuum, Phys. Rev. A 11, 446 (1975).

[4] Y. Plotnik, O. Peleg, F. Dreisow, M. Heinrich, S. Nolte,
A. Szameit, and M. Segev, Experimental Observation of
Optical Bound States in the Continuum, Phys. Rev. Lett.
107, 183901 (2011).

[5] D. C. Marinica, A. G. Borisov, and S. V. Shabanov, Bound
States in the Continuum in Photonics, Phys. Rev. Lett. 100,
183902 (2008).

[6] A. Taghizadeh and I. S. Chung, Quasi bound states in the
continuum with few unit cells of photonic crystal slab,
Appl. Phys. Lett. 111, 031114 (2017).

[7] E. N. Bulgakov and A. F. Sadreev, Bound states in the
continuum in photonic waveguides inspired by defects,
Phys. Rev. B 78, 075105 (2008).

[8] F. Monticone and A. Alu, Embedded Photonic Eigenval-
ues in 3D Nanostructures, Phys. Rev. Lett. 112, 213903
(2014).

[9] A. Cerjan, C. W. Hsu, and M. C. Rechtsman, Bound States
in the Continuum through Environmental Design, Phys.
Rev. Lett. 123, 023902 (2019).

[10] E. N. Bulgakov and A. F. Sadreev, Robust bound state
in the continuum in a nonlinear microcavity embedded
in a photonic crystal waveguide, Opt. Lett. 39, 5212
(2014).

[11] N. Rivera, C. W. Hsu, B. Zhen, H. Buljan, J. D. Joannopou-
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