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LIE-RINEHART ALGEBRAS ~ ACYCLIC LIE co-ALGEBROIDS

CAMILLE LAURENT-GENGOUX AND RUBEN LOUIS

ABSTRACT. We show that there is an equivalence of categories between Lie-Rinehart algebras
over a commutative algebra O and homotopy equivalence classes of negatively graded Lie oo-
algebroids over their resolutions (=acyclic Lie co-algebroids). This extends to a purely algebraic
setting the construction of the universal @-manifold of a locally real analytic singular foliation
of [28, 30]. In particular, it makes sense for the universal Lie co-algebroid of every singular
foliation, without any additional assumption, and for Androulidakis-Zambon singular Lie alge-
broids. Also, to any ideal Z C O preserved by the anchor map of a Lie-Rinehart algebra A, we
associate a homotopy equivalence class of negatively graded Lie oco-algebroids over complexes

computing Torp (A, O/T). Several explicit examples are given.
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INTRODUCTION

The recent surge of studies about Lie oo-algebras or Lie oco-groups, their morphisms and

their -oids equivalent (i.e. Lie oo-algebroids [0, 38, 39] and “higher groupoids” [10]) is usually
justified by their use in various fields of theoretical physics and mathematics. Lie oco-algebras
or -oids appear often where, at first look, they do not seem to be part of the story, but end
up to be needed to answer natural questions, in particular questions where no higher-structure
concept seems a priori involved. Among examples of such a situation, let us cite deformation
quantization of Poisson manifolds [25] and many recent developments of BV operator theory,
e.g. [5], deformations of coisotropic submanifolds [7], integration problems of Lie algebroids
by stacky-groupoids [34], complex submanifolds and Atiyah classes [20, 10, 29]. The list could
continue.
For instance, in [28]-[30], it is proven that “behind” most singular foliations F there is a natural
homotopy class of Lie oco-algebroids, called universal Lie co-algebroid of F, and that the latter
answers natural basic questions about the existence of “good” generators and relations for a
singular foliation. The present article is mainly an algebraization of [28], algebraization that
allows to enlarge widely the classes of examples. More precisely, our Theorems 2.1 and 2.4 are
similar to the main theorems Theorem 2.8. and Theorem 2.9 in [23]:

(1) Theorem 2.1 equips any free O-resolution of a Lie-Rinehart algebra A with a Lie oco-
algebroid structure (Theorem 2.8. in [28] was a statement for geometric resolutions of
locally real analytic singular foliation on an open subset with compact closure). This is
a sort of homotopy transfer theorem, except that no existing homotopy transfer theorem
applies in the context of generic O-modules (for instance, [0] deals only with projective
O-modules). The difficulty is that we cannot apply the explicit transfer formulas that
appear in the homological perturbation lemma because there is in general no O-linear
section of A to its projective resolutions.

(2) Theorem 2.4 states that any Lie oc-algebroid structure that terminates in A comes
equipped with a unique up to homotopy Lie co-algebroid morphism to any structure
as in the first item (Theorem 2.8. in [28] was a similar statement for Lie co-algebroids
whose anchor takes values in a given singular foliation).
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As in [28], an immediate corollary of the result is that any two Lie oo-algebroids as in the
first item are homotopy equivalent, defining therefore a class canonically associated to the Lie-
Rinehart algebra, that deserve in view of the second item to be called “universal”.

However:

(1) While [28] dealt with Lie oco-algebroids over projective resolutions of finite length and
finite dimension, we work here with Lie oo-algebroids over any free resolution -even those
of infinite length and of infinite dimension in every degree.

(2) In particular, since we will work in a context where taking twice the dual does not bring
back the initial space, we can not work with @-manifolds (those being the “dual” of Lie
oo-algebroids): it is much complicated to deal with morphisms and homotopies.

By doing so, several limitations of [28] are overcome. While [28] only applied to singular foliations
which were algebraic or locally real analytic on a relatively compact open subset, the present
article associates a natural homotopy class of Lie co-algebroids to any Lie-Rinehart algebra, and

in particular

a) to any singular foliation on a smooth manifold, (finitely generated or not). This con-
struction still works with singular foliations in the sense of Stefan-Sussmann for instance,

b) to any affine variety, to which we associate its Lie-Rinehart algebra of vector fields), and
more generally to derivations of any commutative algebra,

¢) to singular Lie algebroids in the sense of Androulidakis and Zambon [3],

d) to unexpected various contexts, e.g. Poisson vector fields of a Poisson manifold, seen
as a Lie-Rinehart algebra over Casimir functions, or symmetries of a singular foliation,
seen as a Lie-Rinehart algebra over functions constant on the leaves.

These Lie oo-algebroids are constructed on O-free resolutions of the initial Lie-Rinehart algebra
over 0. They are acyclic universal in some sense, and they also are in particular unique up to

homotopy equivalence. Hence the title.

A similar algebraization of the main results of [28], using semi-models category, appeared
recently in Yaél Frégier and Rigel A. Juarez-Ojeda [14]. There are strong similarities between
our results and theirs, but morphisms and homotopies in [I1] do not match ours. It is highly

possible, however, that Theorem 2.1 could be recovered using their results. Luca Vitagliano
[36] also constructed Lie oo-algebra structures out of regular foliations, which are of course a
particular case of Lie-Rinehart algebra. These constructions do not have the same purposes.
For regular foliations, our Lie oco-algebroid structure is trivial in the sense that it is a Lie
algebroid, while his structures become trivial when a good transverse submanifold exists. Lars
Kjeseth [23, 22] also has a notion of resolutions of Lie-Rinehart algebras. But his construction is
more in the spirit of Koszul-Tate resolution: Definition 1. in [23] defines Lie-Rinehart algebras
resolutions as resolutions of their Chevalley-FEilenberg coalgebra, not of the Lie-Rinehart algebra
itself as a module. It answers a different category of questions, related to BRST and the search
of cohomological model for Lie-Rinehart algebra cohomology. For instance, the construction in
[22] for an affine variety and its normal bundle does not match the constructions of Section 3.3
and, in our opinion, are of independent interest.

Our construction admits an important consequence. For any ideal Z C O, and any O-free
resolution &, of a Lie-Rinehart algebra 4 over O, the tensor product & ®p O/ computes
Torp(A,O/I). It is easy to check that if Z is a Lie-Rinehart ideal (i.e. if p(A)[Z] C Z), then the
universal Lie oo-algebroid structure that we constructed goes to the quotient to Ee®@»O/Z (which
is a complex computing Torp (A, O/Z)). Also, two different universal Lie co-algebroid structures
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on two different resolutions being homotopy equivalent, they lead to homotopy equivalent Lie
oo-algebroid structures on two complexes computing Torp(A, O/Z). To a Lie-Rinehart ideal Z
is therefore associated a homotopy equivalence class of Lie oco-algebroids on such complexes.

This article is organized as follows: In Section 1, we fix notations and review definitions,
examples, and give main properties of Lie-Rinehart algebras. Afterwards, we present the concept
of Lie oo-algebroids, their morphisms, and homotopies of those. In Section 2, we state and prove
the main results of this paper, i.e. the equivalence of categories between Lie-Rinehart algebras
and homotopy classes of free acyclic Lie co-algebroids, which justifies the name universal Lie
oo-algebroid of a Lie-Rinehart algebra. Section 3 is devoted to a precise description of the
universal Lie oco-algebroids of several Lie-Rinehart algebras. The complexity reached by the
higher brackets in these examples should convince the reader that it is not a trivial structure,
even for relatively simple Lie-Rinehart algebras.
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Convention. Throughout this article, O is a commutative unital algebra over a field K of
characteristic zero, and Der(Q) stands for its Lie algebra of K-linear derivations. Also, [f]
stands for the derivation § € Der(O) applied to f € O.

An other important convention is that for O an algebra over K, and £ an O-module, we will
denote by Sk& the symmetric powers over the domain K and (&) € its symmetric powers over O.

1. LiIE-RINEHART ALGEBRAS AND LIE co-ALGEBROIDS

Except for Remark 1.3, this section is essentially a review of the literature on the subject,
see, e.g. [18, 19].

1.1. Lie-Rinehart algebras and their morphisms.
1.1.1. Definition of Lie-Rinehart algebras.

Definition 1.1. A Lie-Rinehart algebra over O is a a triple (A, [, ] 4, p.4) with A an O-module,
[-,-]4 a Lie K-algebra bracket on A, and p4: A — Der(O) a O-linear Lie algebra morphism
called anchor map, satisfying the the so-called Leibniz identity:

[a, b4 = pa(a)[f]b+ fla,bla for all a,b € A, f € O.
A Lie-Rinehart algebra is said to be a Lie algebroid if A is a projective O-module.

Definition 1.2. Given Lie-Rinehart algebras (A, [-, -] 4, p4) and (A, [, )4, par) over algebras O
and O’ respectively. A Lie-Rinehart algebra morphism over an algebra morphism n: O — O’
is a Lie algebra morphism ®: A — A’ such that for every a € A and f € O:
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(1) @(fa) =n(f)®(a)
(2) nlpala)f]) = pa(2(a)[n(f)]-
When O = O’ and n = id, we say that ® is a Lie-Rinehart algebra morphism over O.

Remark 1.3. Let us recall some basic constructions for Lie-Rinehart algebras.

(1) Restriction. Consider a Lie-Rinehart algebra (A,[-,-]4,p4) over O. For every Lie-
Rinehart ideal T C O, i.e. any ideal such that

pa(AZ] T

the quotient space A/ZA inherits a natural Lie-Rinehart algebra structure over O/Z.
We call this Lie-Rinehart algebra the restriction w.r.t the Lie-Rinehart ideal Z. In
the context of affine varieties, when Z is the ideal of functions vanishing on an affine
subvariety W, we shall denote % by ijA.

(2) Localization. Assume that O is unital. Let S C O be a multiplicative subset with no zero
divisor which contains the unit element. The localization module S™'A = A ®p S~1O
comes equipped with a natural structure of Lie-Rinehart algebra over the localization
algebra S™'O. The localization map A < S~!'A is a Lie-Rinehart algebra morphism
over the localization map O < S~'O. Since localization exists, the notion of sheaf of
Lie-Rinehart algebras [35] over a projective variety, or a scheme, makes sense.

(3) Algebra extension. Assume that the algebra O is unital and has no zero divisor, and let
O be its field of fraction. For any subalgebra O with @ ¢ O C O such that p(a) is for
any a € A valued in derivations of O that preserves @, there is natural Lie-Rinehart
algebra structure over O on the space O ®p A.

(4) Blow-up at the origin. Let us consider a particular case of the previous construction,
when O is the algebra C[z1,...,2y]. If the anchor map of a Lie-Rinehart algebra A over

O takes values in vector fields on C vanishing at the origin, then for alli = 1,..., N, the

Ti—1 CTita
) Ty 0V gy 0t

polynomial algebra O, generated by %, e . %V satisfies the previous
condition, and Oy, ®o A comes equipped with a Lie-Rinehart algebra. Geometrically,
this operation corresponds to taking the blow-up of CV at the origin, then looking at
the ¢-th natural chart U; on this blow-up: Oy, are the polynomial functions on U;. The
family Oy, ®o A (for i@ = 1,...,N) is therefore an atlas for a sheaf of Lie-Rinehart
algebras (in the sense of [35]) on the blow-up of C at the origin, referred to as the

blow-up of A at the origin.

1.1.2. Geometric and Algebraic Examples. Below is an ordered list of examples to which we
intend to apply our results: Vector fields vanishing on subsets of a vector space (Example 1.5),
Lie algebroids (Example 1.6), cohomology in degree of —1 a Lie oc-algebroid (Example 1.7),
singular foliations, or non-finitely generated generalizations of those (Example 1.8) are Lie-
Rinehart algebras over the algebra of functions on a manifold M. We also give an example of a

Lie-Rinehart algebra over Casimir functions (Example 1.11).

Example 1.4. For every commutative K-algebra O, the Lie algebra A = Der(O) of derivations
of a commutative algebra O is a Lie-Rinehart algebra over O, with the identity as an anchor
map. Vector fields on a smooth or Stein manifold or an affine variety are therefore instances of
Lie-Rinehart algebras over their respective natural algebras of functions.

Example 1.5. Let (A,[-,-] 4,pA) a Lie-Rinehart algebra over an algebra O and Z C O be an
ideal. The sub-module ZA is a sub-Lie-Rinehart algebra of A and its anchor is given by the
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restriction of p4 over ZA C A. It follows easily from

[fa,gbla= fgla,bla+ fpa(a)lglb— gpa(b)[f]a for all a,b € A, f,g € L.

Example 1.6. Let M be a smooth manifold. By Serre-Swan Theorem, Lie algebroids (in the
sense of [31]) over M are precisely Lie-Rinehart algebras over C*°(M) of the form (I'(A4), [-, -], p)
where A is a vector bundle over M and p: A — T'M is a vector bundle morphism.

Example 1.7. (see section 1.2.2) For every Lie oco-algebroid (&£, (¢)k>1, pe) over an algebra O,
the quotient space 61‘(9%2) comes equipped with a natural Lie-Rinehart algebra over O, that we

call the basic Lie-Rinehart algebra of (€, (Ur)k>1, pe)-

Example 1.8. There are several manner to define singular foliations on a manifold M. All
these definitions have in common to define sub-Lie-Rinehart algebras F of the Lie-Rinehart
algebra X(M) of vector fields on M (or X.(M), i.e. compactly supported vector fields on M).
With this generality, unfortunately, there are no good definition of leaves: as a consequence,
several assumptions are generally made on F, and singular foliations are usually defined as
sub-Lie-Rinehart algebras F of X(M) (or X.(M)) satisfying one of the conditions below:

(1) “singular foliation admitting leaves”: there exists a partition of M into submanifolds
called leaves such that for all m € M, the image of the evaluation map F — T,,M
is the tangent space of the leaf through m (when F coincides with the space of vector
fields tangent to all leaves at all points, we shall speak of a “Stefan-Sussman singular
foliation™)

(2) “self-preserving singular foliations”: the flow of vector fields in F, whenever defined,
preserves F,

(3) “locally finitely generated singular foliations”: F C X (M) is locally finitely generated
over C*°(M) and closed under Lie bracket, see e.g. [3, 11, 12, 2]),

(4) “finitely generated singular foliations”: when F C X(M) is finitely generated over
C>°(M) and closed under Lie bracket.

It is known that Condition n + 1 above implies Condition n, for n = 1,2,3. The converse

implications are not true in general. See [30] for an overview of the matter.

Example 1.9. Singular subalgebroids of a Lie algebroid (A4, [, ], p), i.e. submodules of I'(A)
stable under Lie bracket, are examples of Lie-Rinehart algebras: their anchors and brackets are
the restrictions of the anchors and brackets of I'(A). Locally finitely generated ones are studied
in [12, 3, 41]. In particular, sections of a Lie algebroid valued in the kernel of the anchor map
form a Lie-Rinehart algebra Ker(p) for which the anchor map is zero.

Example 1.10. For a singular foliation F (in any one of the four senses explained Example
1.8) on a manifold M, consider S := {X € X(M) | [X,F] C F} (i.e. infinitesimal symmetries of
F) and

C:={feC®M)|Y[f]=0, forall Y € F}

(that can be thought of as functions constant along the leaves of F). The quotient % is Lie-

Rinehart algebra over C.

Example 1.11. Let (M, 7) be a Poisson manifold. We define A := HL(M) to be the first
Poisson cohomology of m and H2(M) = Cas(w) to be the algebra of Casimir functions. The
bracket of vector fields makes A a Lie-Rinehart algebra over Cas(m).
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1.2. Lie oco-algebroids and their morphisms. Lie co-algebras are well-known to be coderiva-
tions of degree —1 squaring to 0 of the graded symmetric algebra S(E). For Lie oco-algebroids,
the situation is more involved, because the 2-ary bracket is not O-linear. In the finite dimen-
sional case [38], rather than seeing it as a coderivation of the symmetric algebra, it is usual to
see it as a derivation of the symmetric algebra of the dual, i.e. as a ()-manifold. The duality
“finite rank Lie oco-algebroids” ~ “Q-manifolds” is especially efficient to deal with morphisms.
In the lines above, we present a co-derivation version of Lie co-algebroids, which is subtle, but
gives a decent description of morphisms and their homotopies as co-algebra morphisms.

1.2.1. Graded symmetric algebras. Let us fix the sign conventions and recall the definition of
(negatively-graded) Lie oco-algebroids. For £ is a graded-O module, we denote by |z| € Z the
degree of a homogeneous element = € €.
(1) We denote by (O° € and call graded symmetric algebra of € over O the quotient of the
tensor algebra over O of &, i.e.

THE =B 1ERo - ®p &
k times
by the ideal generated by = ®p y — (—1)‘m||y|y ®e x, with =,y arbitrary homogeneous
elements of £. We denote by ® the product in ()°® £.
(2) Similarly, we denote by Sg(€) and call graded symmetric algebra of € over the field K
the quotient of the tensor algebra (over K) of &, i.e.

TRE =®72, ERR -k €
k times
by the ideal generated by z ®@x y — (—1)*IWly @k x, with z,y arbitrary homogeneous
elements of £. We denote by ®x or - the product in Sg(€).

The algebras (O° £ and S§(€) come equipped with two different “degrees” that must not be
confused.

(1) We define the degree of x =21 © - Oz, € Q" Eor z =212, € SE(E) by

for any homogeneous 1, ...,z, € £. With respect to this degree, (O* € and S§(€) are
graded commutative algebras.

(2) The arity of 21 ® -+ @z € O"E or 1 - -+ -y € SE(E) is defined to be n. We have
O E = Pr>1 OF € and SL(E) = ®r>15%(E) where OF € and SE(E) stand for the O-
module of elements of arity k& and the K-vector space of elements of arity k, respectively.

Convention 1.12. For £ a graded O-module, elements of arity k and degree d in (O°* E (resp.
SE(&)) shall be denoted by oF &, (resp. SHIE(E)M).

For any homogeneous elements z1,...,2; € £ and 0 € & a permutation of {1,...,k}, the
Koszul sign €(o;x1,...,x) is defined by:
To(1) @ @ To(y = €05 21, ..., k) 21 O+ O T
We often write €(o) for e(o; 21, ..., x%).
For i,j € N, a (i,7)-shuffle is a permutation ¢ € &;; such that o(1) < ... < o(i) and

o(i+1) < ... < o(i +j), and the set of all (7,j)-shuffles is denoted by &, ;. Moreover,



8 CAMILLE LAURENT-GENGOUX AND RUBEN LOUIS

for ®: & — & and ¥: & — £ two homogeneous morphisms of Z-graded O-modules, then
PRU:ERE — £ ®E" stands for the following morphism:

(@0 0)(zxy) = (—1)"17d(z) @ U(y), for all homogeneous z € £,y € £”.

Lemma 1.13. Both (O* & and S%(E) admit natural co-commutative co-unital co-algebra struc-

tures with respect to the deconcatenation A defined by:
n—1
A O 0x) =Y €0) Y To0) @ OTp(i) @ Tp(ip1) @ O Ty(n)
i=1

for every x1,...,x, € E.

1.2.2. Lie co-algebroids as co-derivations of graded symmetric algebras. Lie co-algebroids over
manifolds were introduced (explicitly or implicitly) by various authors, e.g. [33], [39], and [13].
We refer to Giuseppe Bonavolonta and Norbert Poncin for a complete overview of the matter
[1]. Also, [23, 37] extend theses notions to the Lie-Rinehart algebra setting.

Definition 1.14. A negatively graded Lie oo-algebroid over O is a collection £ = (&;)i<—1 of
projective O-modules, equipped with:

(1) a collection of K-linear maps ¢; : )" & — & of degree +1 called i-ary brackets
(2) a O-linear map £_1 — Der(O) called anchor map

satisfying the following axioms :
(7) the higher Jacobi identity:
Z Z E(U) en—i-ﬁ-l(gi(xa(l)v s 7xa(i))7 Lo(i+1)s - - 7$O'(’I’L)) =0, (1)
=1 0€6; n—;
for all n > 1 and homogeneous elements x1,...,x, € &;

(7i) for i # 2, the bracket ¢; is O-linear, while for i = 2,

lo(x, fy) = pe(x)[fly + fla(z,y) forallz,y € £, f € O,

where, by convention, pg is extended by zero on £_; for all ¢ > 2.
(iv) pgoly =0on E_,.
(v) pe is a morphism of brackets, i.e., ps(la(z,y)) = [pe(x), pe(y)] for all x,y € E_1.

Remark 1.15. The third and the fourth axiom are consequences of item (i) and (i7) if £_; has

no zero divisors.

Convention 1.16. From now on, we will simply say “Lie co-algebroid” for “negatively graded

Lie co-algebroid”.
It follows from Definition 1.14 that
&g_gﬁg_Qgg_l

is a complex of projective O-modules. A Lie oo-algebroid is said to be acyclic if this complex
has no cohomology in degree < —2.

There is an equivalent way to define Lie oo-algebroids in term of co-derivations. We will use
such a definition to deal with morphisms of Lie co-algebroids.
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Remark 1.17. [21] Recall that a co-derivation Q¢ of the symmetric algebra Sg(€) is entirely
determined by the collection indexed by k € Ny of maps called its k-th Taylor coefficients:

QY ske) 25 su(e) e, (2)
with pr being the projection onto the term of arity 1, i.e. pr: S(€) — Si(€) ~ €.

Definition 1.18. A co-algebra morphism ®: Sy (') — S(€) or a co-derivation Q¢ of the
symmetric algebra Sg(€) are said to be of arity k € N, if ®M) =0, for n # k or Qén) =0, for
n # k.

1.2.3. Lie oco-algebroids and Richardon-Nijenhuis brackets. The space of K-multilinear maps
from £ to £ admits two gradings, the degree and the arity. Elements of arity k and degree j
shall be, by definition, the space

Homj, (SEF1€,€) i= @pezHomy (SET1E, &)
The Richardon-Nihenhuis bracket [24]-[20]
[Homi, (Sk*1e,€)  Homi, (SE'e.¢)] . C Homy? (sit+te e)

is defined on homogeneous elements A, B € Homg (Sg€,E) by

[A, Blax = t4B — (—1)!4I1Bl, 5 A, (3)
Here 14 B (also denoted by A o B) is the interior product defined by
(LAB)(.Tl, ey $p+q) = Z 6(0’)14(3(330(1), N ,LL’U(p)), xa(p+1), ves ,mg(erq)). (4)
€6y q

The bracket is extended by bilinearity. It is classical that this bracket is a graded Lie algebra
bracket.

Let us relate the bracket with co-derivations. For a given i € Z, and a given A =5, Ak)
with A®) e Homﬁg (Sﬂliﬂ(g),g), we denote by d4 the unique co-derivation with Taylor coeffi-

cients (A(k)) keNo- This co-derivation has degree 7, and the following Lemma is easily checked:
Lemma 1.19. [21] For every A, B of degrees i,j as above, we have
5A (¢} (53 — (—l)ijéB (¢] 514 = 6[AvB]RN'

We can now give an alternative description of Lie oo-algebroids in terms of co-derivation
(extending the usual [38] correspondence between Lie oo-algebroids and @-manifolds in the
finite rank case). For a good understanding of the next Proposition, see notations of Taylor
coefficients in Equation (2).

Proposition 1.20. For a collection €& = (E)p<—1 of projective O-modules, there is a one-to-
one correspondence between Lie co-algebroid structures on £ and pairs made of co-derivations
Qe: SE(E) — SE(E) of degree +1 which satisfies Q% =0, and a O-linear morphism, pg: E_1 —
Der(O) called the anchor, such that

(1) for k # 1 the k-th Taylor coefficient Q(gk): S’H%Jrl(g’) — & of Qg is O-multilinear,

(2) for allz,y € € and f € O, we have, Qél)(x < fy) = fQél)(x ~y) + pe(@)[f]y,

(3) peoQY) =0 on s,

(4) pe 0 QY (w.y) = [pe(x), pe(y)], for all z,y € E_1.
The correspondence consists in assigning to a Lie co-algebroid (€, ({k)k>1, ps) the co-derivation
Qg whose k-th Taylor coefficient is the k-ary bracket £y for all k € Ny.
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Proof. The higher Jacobi identity is equivalent to
> i lasrilen = 0.
i=1,...,i=n

For all positive integer n. The statement is then an immediate consequence of Lemma 1.19. [J

Convention 1.21. From now, when relevant, we will sometime denote an underlying structure
of Lie co-algebroid (&, (br)k>1,pe) on € by (€,Q¢) instead.

Remark 1.22. Notice that Qg: S§(E) — SK(E) does not induce a co-derivation on ()*E
unless pg = 0.

1.2.4. Universal Lie co-algebroids of Lie-Rinehart algebras.

Definition 1.23. We say that a Lie oo-algebroid (€, ({x)k>1,pe) terminates at a Lie-Rinehart
algebra (A, [, -] 4, p.4) when it is equipped with a O-linear map 7 : £_; — A, called hook, such
that

paom = pg and [ﬂ-(x)v F(y)]A = W(EQ(xvy)% for all x,y € & 1.

Example 1.24. Every Lie oo-algebroid (&, (¢x)r>1,pe) terminates at the basic Lie-Rinehart
algebra £_1/01(E_2) of Example 1.7, the projection 7: £_1 — £_1/¢1(E_2) being the hook.

Definition 1.25. Let (A, [-, -], p.4) be a Lie-Rinehart algebra. A Lie oo-algebroid (€, (k)k>1, ps)
that terminates at A through an hook = is said to be universal for A if

.i>5_2£>5_2£>8_1l>,4—>0.
is a projective resolution of A in the category of O-modules.

In other words, a universal Lie oco-algebroid of a Lie-Rinehart algebra (A, [, ], p) is a Lie

oo-algebroid built on a projective resolution of A as an O-module, whose Lie-Rinehart algebra

is (Av ['7 ']7 p)‘

1.2.5. Morphisms of Lie co-algebroids and their homotopies. This section extends Section 3.4
of [28] to the infinite dimensional setting. Let £ and £’ be graded O-modules. A co-algebra
morphism ®: Sy (') — Sk (£) is completely determined by the collection indexed by k € Ny
of maps called its k-th Taylor coefficients:

o®): SEF1(E) 5 Sp(E) €,

with pr being the projection onto the term of arity 1, i.e. pr: Sg(€) — SE(€) ~ €.
The following Lemma is straightforward:

Lemma 1.26. Let ®: Sy (') — SK(E) be a co-algebra morphism. The following conditions
are equivalent:
(i) For everyn >0, the n-th Taylor coefficient ®™): SET (&) — & of ® is O-multilinear
(ii) There exists an induced co-algebra morphism ®©: (O°* &' — O° € making the following

diagram commutative :

SE(E) —2> 52(E)

L

o/CI’O .
Q¢ ——0°¢
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We say that a co-algebra morphism ®: S§ (&) — Sg(E€) is O-multilinear when one of the
equivalent conditions above is satisfied.

Now, let (€, pg, (lk)k>1) and (&', pe, (€})k>1) be Lie oo-algebroids. Let Q¢ and Qg be their
square-zero co-derivations of Sg(€) and Sg(€’) respectively as in Proposition 1.20. Recall from
[27] that Lie oco-algebra morphisms from (S (£), Q¢) to (Sg(E’), Qsr) are defined to be co-algebra
morphisms ®: Sg(E') — Sg(€) such that

oQe = Qs o ®. (5)

We will need two additional assumptions to turn a Lie oo-algebra morphism into a Lie oo-
algebroid morphism:

Definition 1.27. A Lie oc-algebroid morphism from a Lie oc-algebroid (Sg(E’), Qgr) to a Lie
oco-algebroid (S§(€),Q¢), is a Lie oo-morphism ®: Sy (') — Sk () which is

(1) O-multilinear,

(2) and satisfies pg 0 @0 = per on £ ;.
Above, ®©) . (& 01) — (£,£1) is the chain map induced by ® (i.e. the restriction of
P: Sp(E') — SK(E) to & = €&).

When the Lie oco-algebroids (Sg(£'), Qsr) and (Sg(€),Q¢) terminate at a given Lie-Rinehart
algebra (A, [-,-]4,p4), we define morphisms of Lie co-algebroids that terminate at A as being
Lie oo-algebroid morphisms that satisfy « o ®O©) = 7/ where 7,7’ are their respective hooks.
This property implies the second condition in Definition 1.27.

Example 1.28. An O-linear Lie algebroid morphism ®: A — B [31] is a Lie oo-algebroid
morphism: the corresponding co-algebra morphsism is aj - - -+ - ap, — ®(ay) - -+ - - (ay,), for all
ai,...,ay € A

Let us now define homotopy of Lie oo-algebroid morphisms. We start with a technical but
important object:

Definition 1.29. Let ® : S§(E’) — Sk (£) be a graded co-algebra morphism. A ®-co-derivation
of degree k on S*(&’) is a degree k multilinear map H : SE(E’') — SK(E) which satisfies the
(co)Leibniz identity:

AoH(v) = (H®@P®)oA'(v) + (P ®H)oAl'(v) for every v e Sg(&'). (6)
For a given co-algebra morphism ®, H is entirely determined by the Taylor coefficient
HM . sty — &,

which are called its n-th Taylor coefficients:

n—1
H(zy,...,2n) =Y > e(xr,zgy, .. xy ) HID (@) - @D,y e ()
k=0

I LT 1Dk
={1l..n}
(7)
where for every subset J = {j1 < ... < j,} C {1,---,n}, x; stands for the list z;,,...,z; and

|J| = r stands for the length of the list. This formula shows that the Taylor coefficients of H
are O-multilinear if and only if H induces a ®©-co-derivation' HO: O*E& — O°E.

ldefined as in (6) with ®© instead of ®
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Proposition 1.30. Let ®: Sg(£') = Sg(E) be a Lie co-algebroid morphism. For H: Sy (') —
S (E) a O-multilinear ®-co-derivation of degree k < —1, HoQg—(—1)*QgoH is a O-multilinear
®-co-derivation of degree k + 1.

Proof. We first check that H o Qg — (—1)*Qg o H is a ®-co-derivation:
AoHoQe =(HR®+ ®®H) oA oQf, by definition of H
=HRP+PRH)o (Qe ®id+id ® Qg) o A, by definition of Q%
=(HoQe @@+ (-1)'20Qo@H+HO®PoQe + 2@ HoQp)o A

Subtracting a similar equation for (—1)* AoQgoH and using (5), one obtains the ®-co-derivation
property for Ho Qg — (—1) Qg o H. We now check that Ho Qg — (—1)FQg o H is O-multilinear,
for which it suffices to check that its Taylor coefficients are O-multilinear by Lemma 1.26. Let
z1,...,%, € & be homogeneous elements. Assume z; € £ (if we have more elements of degree
—1 the same reasoning holds). To verify O-multilinearity it suffices to check that for all f € O:

pro(HoQs — (=) Qs o H)(x1,. .. \wiy ..oy faj .. an) = (8)
fpro (HOQg/ — (—1)kQ5 o?—[)(xl,...,xi,...,xj...,xn).

Only the terms where the 2-ary bracket with a degree —1 element on one-side and f on the
other side may forbid f to go in front. There are two such terms:

(@i, g, o YHO D (O (2, fa;), xpis) and — (—1)e(as, 270 lo (DO (), FHO Y (21))

where x;: and xi; stand for the list 21, ..., x, where z; and x;, z; are missing respectively, and
H"=D is the (n — 1)-th Taylor coefficient of H. Since pg o ®) = pg/, in both terms pg(e;)[f]
appears, and these two terms add up to zero. [l

Remark 1.31. If the degree of H is non-negative, then H o Q¢ — (—1)’“(25 o H may not be
O-multilinear any more, since there may exist extra terms where the anchor map appears, e.g.
terms of the form fo(H(z ), fO)(z;)).

We can now define homotopies between Lie co-algebroid morphisms, extending [28] from finite
dimensional ()-manifolds to arbitrary Lie oc-algebroids.

Let V be a vector space. Unless a topology on V' is chosen, the notion of V-valued continuous
or differentiable or smooth function on an interval I = [a,b] C R does not make sense. However,
we can always define the notion of a piecewise rational function f C I — V as follows: we
choose a finite increasing sequence a = tg < --- < t,, = b of gluing points, and we require that
for all i = 0,...,n — 1 the restriction f? of f to [t;,t;11] is a finite sum of functions of the form
g(t)v with v € V and g(t) a real rational function on [¢;,¢;41] which has no pole on [t;, ti+1]. If
fi and fi+1 coincide at the gluing point ¢;11, we say that f is continuous. When V is a space
of linear maps between the vector spaces S and T', we shall say that a V-valued map f; is a
piecewise rational (continuous) if fi(s) is a piecewise rational (continuous) T-valued function for
all s € S.

Here is an important feature of such functions.

Lemma 1.32. The derivative of a piecewise rational continuous function is defined at every
point which is not a gluing point and is piecewise rational. Conversely, every piecewise rational
functions admits a piecewise rational continuous primitive, unique up to a constant.



LIE-RINEHART ALGEBRAS ~ ACYCLIC LIE co-ALGEBROIDS 13

A family (®;)cs of co-algebra morphisms can now be defined to be piecewise rational contin-

(n)

uous if its Taylor coefficients ®; "’ are piecewise rational continuous for all n € N. For such a
family (®¢)ier, a family (H¢)ier made of ®4-co-derivations is said to be piecewise rational if all

its Taylor coefficients are.

Remark 1.33. In the above definitions, we do not assume the gluing points of the various
Taylor coefficients <I>£n) or Ht(n) to be the same for all n € Np.

We now extend Definition 3.53 in [28] to the infinite rank case.

Definition 1.34. Let ® and ¥ be Lie oo-algebroid morphisms from (Sg(€'), Qgr) to (Sg(E), Qs)-
A homotopy between ® and V is a pair (®¢, Ht)e[q,p consisting of:

(1) a piecewise rational continuous path t — ®; valued in Lie oo-algebroid morphisms be-
tween Sg(€') and Sk (&) satisfying the boundary condition:

b, =P and P, =7,

(2) a piecewise rational path ¢ — Hy, with H; a ®;-co-derivations of degree —1 from Sg(&’)
to Sg(€), such that the following equation:

do
CT;:QEOHtJrHtOQE' (10)
holds for every t €]a,b[ where it is defined (that is, not a gluing point for the Taylor

coefficients). More precisely, for every v € S =gy,

do,

g(v) = Qg o Hy(v) + Hy 0 Qgr (v) (11)

for all ¢ which is not a gluing point of the Taylor coefficient of @gk), Ht(k) fork=0,...,n
Definition 1.34 is justified by the following statement:

Proposition 1.35. Let ® be a Lie co-algebroid morphism from (Sg(E'),Qer) to (Sg(E),Qe).
For all t € [a,b], let Ht(n): SEt (&) — &€ be a family O-multilinear piecewise rational maps
indezed by n € Ng. Then,
(1) There exists a unique piecewise rational continuous family of co-algebra morphisms ®,
such that
(a) &, =P
(b) (P4, Hy) is a solution of the differential equation (10), where H; is the ®y-co-
derivation whose n-th Taylor coefficient is Ht(") for all n > 0.
(2) Moreover, for all t € [a,b], (Ps, Hs)sc|ay 18 a Lie co-algebroid homotopy between ® and
o,

Proof. Let us show item (1). We claim that equation (10) is a differential equation that can be

solved recursively. In arity zero, it reads,

o)
dt = Q¢ o 1" + 1" 0 Q) (12)

and .
o :¢(0)+/ (Q< Vo HO 4+ HO oQg,) (13)

is deﬁned for all t € [a,b)]. Also, (?t@(nﬂ) S(+2) (£ — £ is an algebraic expression of
Q ,...,Q (nt+1) , Q(gg),...,Q (n+1) ) sy gn),Ht(O),...,Ht(nH). But <I>§n+1) does not appear
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in the (n+ 1)-th Taylor coefficient of Q¢ o H; + H; 0 Q¢ by Equation (7). By Lemma 1.32, there
exists a unique piecewise rational continuous solution @gnﬂ) such that <I>,(1n+l) = &+, The
construction of the Taylor coefficients of the co-algebra morphisms ®; then goes by recursion.
Recursion formulas also show that @, is unique.

Let us show 2), i.e. that ®; is a a O-multilinear chain map for all ¢ € [a,b]. The function
given by

Ap(t) = (Qe o @y — B0 Q)™ forall ¢ e la,b], k € Ny

are differentiable w.r.t ¢ at all points except for a finitely many ¢ € [a,b] and are piecewise
rational continuous. The map % is a Lie oo-morphism because Q?g = 0 and Q?g, = 0, hence
A'(t) = 0. By continuity, Ag(t) is constant over the interval [a,b]. Since &, = ® is a Lie
oo-algebroid morphism, we have Ag(a) = 0. Thus, Ax(t) = 0 and,

Qgo® =D0Qg, forallte [a,b].
]

Lemma 1.36. Let (&', (0})k>1,per) and (€, (Ur)ik>1,pe) be Lie oco-Lie algebroids that terminate
in A through hooks ' and w. Let ((I)t:Ht>te[a,b] be a homotopy. If ®, is Lie co-algebroid
morphism that terminates at A (i.e. mo ® = x’), then so is the oco-algebroid morphism ®; for
all't € [a,b].

Proof. This is a direct consequence of Equation (13), since Q(go) =/t :E 59— &1 and Qfg) =
0y &4 — &' are valued in the kernels of 7 and 7’ respectively.

Last, O-multilinearity of ®; follows from the O-multilinearity of Qg o Hy + Hy o Q¢/, which is
granted by Proposition 1.30. This completes the proof. U

Let us show that homotopy in the sense above defines an equivalence relation ~ between Lie
oo-morphisms. We have the following lemma.

Lemma 1.37. A pair (94, H;) is a homotopy between Lie oo-algebroid morphisms ®, and
&y, if and only if for all rational function, g: [a,b] — [c,d] without poles on [a,b], the pair

(Py@r)> 9'(t)Hyp)) is a homotopy between @ g,y and @ 4.

g(a

Proof. Let g: [a,b] — [c,d] be a rational function without poles on [a,b]. A straightforward
computation gives:

do

ditt Qs o Hi + Hy o Qgr (by definition)
= %Eﬂ%@)) = Qeo Hyyy + Hyyyo Qe (by replacing ¢ by g(t))
= &% = Qeo(d(WHyw) + (9 () Hyw) 0 Qe (by multiplying by ¢'(1)).

The last equation means that (4,9 (t)Hy)) is a homotopy between @, and ®4y. The
backward implication is obvious, it suffices to consider a = ¢, b = d and g = id. O

Proposition 1.38. Homotopy between Lie co-morphisms is an equivalence relation. In addition,
it is compatible with composition, that is, if ®,¥: (Sx(E'),Qer) — (S (), Qs) are homotopic Lie
co-algebroid morphisms and ®, U (Sx(£),Qe) — (SK(E"),Qgr) are homotopic Lie oco-algebroid
morphisms, then, so are their compositions dod and Uo .

Proof. We first show that this notion of homotopy is an equivalence relation. Let &, ¥ and
E: SE(E') — Sg(E) be three Lie co-morphisms of algebroids.
e Reflexivity: The pair (®; = ®, H; = 0),¢[9,1) defines a homotopy between ® and ®.
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e Symmetry: Let (@, Hy).e[o,1) be a homotopy between ® to ¥. By applying Lemma 1.37
with g(t) = 1—t, we obtain a homotopy between W and ® via the pair (®1-¢, —H1—¢)se[0,1]-
e Transitivity: Assume &~V and U~Z and let (®;, Hy ¢)
and ¥ and let (W, Hay),e
respectively Hy; and Hy; we obtain a homotopy (O, Hy)sc(o,1] between @ and =.

t€[0,1] be homotopy between ®

11 be a homotopy between ¥ and =. By gluing ®; and W,

We then show it is compatible with composition. Let us denote by (®;, H;) the homotopy
between ® and ¥, and (é’u f[t) the homotopy between ® and ¥ . We obtain,
di’t o} (I)t . di’t 2 d(i)t

=05, + b0 08
dt a ST Yoy

:QS//O(ﬁto@t+(§tOHt)+(-E[to(pt+:ptoHt)oQ5"

Hence, do® and ¥o U are homotopic via the pair ((it o Oy, ﬁt o®d; + (f’t o H;) which is easily
checked to satisfy all axioms. This concludes the proof. O

We conclude this section with a lemma that will be useful in the sequel.

Lemma 1.39. Let (®y, Hy)cle 400 be a homotopy such that for all n € Ny and for every t > n,
Ht(n) = 0. Then the n-th Taylor coefficient @ﬁn) is constant on [n,~+oo[ and the co-algebra
morphism ®o, whose n-th Taylor coefficient is @in) for any n € Ny and t € [n,+o0] is a Lie
oco-algebroid morphism.

Moreover, for g : la,b[— [c,+00| a rational function with no pole on [a,b] and such that

lim g(t) = +oo, the pair (Py), g'(t)H,
t—b

g(t)) 18 a homotopy between ®. and P .

(n)
Proof. Since the n-th Taylor coefficient of the ®;-co-derivation dqzl’; =(QgsoHi+ Hyo ng)(")
. (m)
depends only on Ht(l) for 2 =0,...,n — 1, we have by assumption dqjﬁ =0 for all £t > n. As

a consequence @En) is constant on [n,+oo[. It follows from Proposition 1.35 that ® is a Lie

oo-algebroid morphism since for every n € Ny and ¢ € [n, +00]

(Qe 0 Pos — P 0 Qe)™ = 3~ (QP 0 0! — 0 0 QY))
i+j=n

=0 (since ®; is a Lie oo-algebroid morphism).

Let us prove the last part of the statement. By assumption, there exists a < b, < b such

that for all t € [by,b], we have g(t) > n, so that (I)%s)) = o and g’(t)HéZ)) = 0 on [by,b].

The function @En) (resp. Ht(n)) being piecewise rational continuous (resp. piecewise rational) on
[c,n], the same holds for CIJS&)) (resp. ¢ (t)Hg(Z))) on [a,by]. By gluing with a constant function
®oo (resp. with 0), we see that all Taylor coefficients of @,y (vesp. g¢'(t)Hy()) are piecewise
rational continuous (resp. piecewise rational) with finitely many gluing points. This completes
the proof. O

Remark 1.40. Lemma 1.39 explains how to glue infinitely many homotopies, at least when for
a given n, only finitely of them affects the n-th Taylor coefficient.

2. MAIN RESULTS

2.1. The two main theorems about the universal Lie co-algebroids of a Lie-Rinehart
algebras. Let us now extend the main results of [28] from locally real analytic finitely generated
singular foliations to arbitrary Lie-Rinehart algebras.



16 CAMILLE LAURENT-GENGOUX AND RUBEN LOUIS

2.1.1. Existence Theorem 2.1. Here is our first main result, which states that universal Lie oo-
algebroids over a given Lie-Rinehart algebra exist. We are convinced that it may be deduced
using the methods of semi-models categories as in Theorem 4.2 in [11], but does not follow from
a simple homotopy transfer argument. It extends Theorem 2.8 in [28].

Theorem 2.1. Let O be an algebra and A be a Lie-Rinehart algebra over O. Any resolution of
A by free O-modules

e e, e U (14)

comes equipped with a Lie co-algebroid structure whose unary bracket is £1 and that terminates
in A through the hook .

Since any module admits free resolutions, Theorem 2.1 implies that:
Corollary 2.2. Any Lie-Rinehart algebra A admits a universal Lie co-algebroid.

While proving Theorem 2.1, we will see that if £_; can be equipped with a Lie algebroid
bracket (i.e. a bracket whose Jacobiator is zero), then all k-ary brackets of the universal Lie
oo-algebroid structure may be chosen to be zero on £_1:

Proposition 2.3. Let (£,41,7) be a free resolution of a Lie-Rinehart algebra A. If £_1 admits
a Lie algebroid bracket [-,-] such that m: E_1 — A is a Lie-Rinehart morphism, then there exists
a structure of universal Lie oco-algebroid (&, (Uk)k>1, pe, ™) of A whose 2-ary bracket coincides
with [-,-] on E_1 and such that for every k > 3 the k-ary bracket €}, vanishes on OF E_1.

2.1.2. Universality Theorem 2.4 and corollaries. Here is our second main result. It is related to
Proposition 2.1.4 in [14] (but morphisms are not the same), and extends Theorem 2.9 in [25].

Theorem 2.4. Let A be a Lie-Rinehart algebra over O. Given,

a) a Lie co-algebroid (£, (¢} )k>1, per, ') that terminates in A through the hook ', and
b) any Lie co-algebroid (&, (by)k>1, pe, ) universal for A through the hook m,

then
(1) there exists a morphism of Lie co-algebroids from (£, (€})k>1, per, ') to (€, (bk)k>1, pe, )
over A .

(2) and any two such morphisms are homotopic.

Recall that a Lie co-algebroid morphism ® as above is “a morphism of Lie oo-algebroid that
terminates in A” (or “over A” for short) if mo®(®) = 7/, see Definition 1.27. Here is an immediate
corollary of Theorem 2.4.

Corollary 2.5. Any two universal Lie co-algebroids of a given Lie-Rinehart algebra are homo-

topy equivalent. This homotopy equivalence, moreover, is unique up to homotopy.

We will prove that the morphism that appears in Theorem 2.4 can be made trivial upon
choosing a “big enough” universal Lie co-algebroid:

Proposition 2.6. Let A be a Lie-Rinehart algebra over O. Given a Lie co-algebroid structure
(&, (0 )k>1,per, ") that terminates in A through a hook w', then there exist a universal Lie
oo-algebroid (€, (Ck)k>1, pe, ™) of A through a hook m such that

(1) &€ contains £ as a subcomple,
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(2) the Lie oo-algebroid morphism from &' to € announced in Theorem 2./ can be chosen
to be the inclusion map & — & (i.e. a Lie oo-morphism where the only non-vanishing
Taylor coefficient is the inclusion £ < ).

The following Corollary follows immediately from Proposition 2.6:

Corollary 2.7. Let A be a Lie-Rinehart algebra over O and B be a Lie-Rinehart subalgebra of

A. Any universal Lie co-algebroid of B can be contained in a universal Lie co-algebroid of A.

2.1.3. Induced Lie co-algebroids structures on Torp(A,O/TI). Let A be a Lie-Rinehart algebra
over O with anchor p4. We say that an ideal Z C O is a Lie-Rinehart ideal if pa(a)[Z] C T for
all a € A. Since this assumption implies [Z.A, A] C Z.A, the quotient space .A/Z comes equipped
with a natural Lie-Rinehart algebra structure over O/Z.

For (£, (k)k>1, pe, ™) an universal Lie co-algebroid of A, the quotient space £ /Z ~ O/IT®pEs
comes equipped with an induced Lie co-algebroid structure: the m-ary brackets for n # 2 go
to quotient by linearity, while for n = 2, the 2-ary bracket goes to the quotient in view of
the relation pg(E_-1)[Z] C Z. Also, 7 goes to the quotient to a Lie-Rinehart algebra morphism
5_1 / 17— .A/ I.

Definition 2.8. Let A be a Lie-Rinehart algebra over O. For every Lie-Rinehart ideal Z C O, we
call Lie co-algebroid of T the quotient Lie co-algebroid & /Z, with (£, (¢k)r>1, pe, ™) a universal
Lie oco-algebroid of A.

Remark 2.9. The complexes on which the Lie co-algebroids of the ideal Z are defined compute
Torp (A, O/I) by construction.

Moreover, for any two universal Lie co-algebroids for A, defined on &£, £’ the homotopy equiva-
lences @ : £ — £ and ¥ : £ — &, whose existence is granted by Corollary 2.5, go to the quotient
and induce an homotopy equivalences between O/Z @ E¢ =~ E¢/Z and O/I Rp E, ~ E,/T. The
following corollary is then an obvious consequence of Theorem 2.4.

Corollary 2.10. Let A be a Lie-Rinehart algebra over O. Let T C O be a Lie-Rinehart ideal.
Then any two Lie co-algebroids of T are homotopy equivalent, and there is a distinguished class
of homotopy equivalences between them.

Taking under account Remark 2.9, here is an alternative manner to restate this corollary.

Corollary 2.11. Let A be a Lie-Rinehart algebra over O. Let T C O be a Lie-Rinehart ideal.
Then the complex computing Tory, (A, O/I) comes equipped with a natural Lie co-algebroid struc-
ture over O/Z, and any two such structures are homotopy equivalent in a unique up to homotopy

manner.

When, in addition to being a Lie-Rinehart ideal, Z is a maximal ideal, then K := O/Z is a field
and Lie oo-algebroids of Z are a homotopy equivalence class of Lie oco-algebras. In particular
their common cohomologies, which is easily seen to be identified to Torg, (A, K) comes equipped
with a graded Lie algebra structure. In particular, Tor(_gl(.A, K) is a Lie algebra, Tor(_QQ(A,K)
is a representation of this algebra, and the 3-ary bracket defines a class in the third Chevalley-
Eilenberg cohomology of Toré1 (A, K) valued in ToréQ(A, K). This class does not depend on any
choice made in its construction by the previous corollaries and trivially extends the class called
NMRLA-class in [28]. If it is not zero, then there is no Lie algebroid of rank r equipped with
a surjective Lie-Rinehart algebra morphism onto A, where r is the rank of A as a module over



18 CAMILLE LAURENT-GENGOUX AND RUBEN LOUIS

O. All these considerations can be obtained by repeating verbatim Section 4.5.1 in [28] (where

non-trivial examples are given).

2.1.4. Justification of the title. Let us give a categorical approach of Theorem 2.1 and Corollary
2.2

Definition 2.12. We denote by Lie-co-alg-0ids/O the category where:

(1) objects are Lie oo-algebroids over O,
(2) arrows are homotopy equivalence classes of morphisms of Lie co-algebroids over O.

Theorem 2.4 means that universal Lie oco-algebroids over Lie-Rinehart algebra A are termi-
nal objects in the subcategory of Lie-oo-alg-oids/O whose objects are Lie oco-algebroids that
terminate in A.

Let us re-state Corollary 2.5 differently. By associating to any Lie co-algebroid its basic Lie-
Rinehart algebra (see Example 1.7 and 1.24), one obtains therefore a natural functor:

e from the category Lie-0o-alg-oids/O,

e to the category of Lie-Rinehart algebras over O.
Theorem 2.1 gives a right inverse of this functor. In particular, this functor becomes an equiva-
lence of categories when restricted to homotopy equivalence classes of acyclic Lie oo-algebroids

over O, i.e:

Corollary 2.13. Let O be an unital commutative algebra. There is an equivalence of categories
between:

(i) Lie-Rinehart algebras over O,

(i) acyclic Lie co-algebroids over O.

The corollary justifies the title of the article.

Remark 2.14. In the language of categories, Corollary 2.10 means that there exists a functor
from Lie-Rinehart ideals of a Lie-Rinehart algebra over O, to the category of Lie co-algebroids,
mapping a Lie-Rinehart ideal Z to an equivalence class of Lie oo-algebroids over O/Z.

2.2. An important bi-complex: PBage™ (', E).

2.2.1. Description of Bage™ (£',&). Let A be an O-module, and let (£,d,7) and (£,d’, ') be
complexes of projective O-modules that terminates at A:

7_(_/

Se b ma o Se, S Toa (15)

For every k > 1, the (k + 1)-th graded symmetric power @Hl &' of & over O is a projective
O-module, and comes with a natural grading induced by the grading on &’.

Definition 2.15. Let k € Ng. We call page number k of (£,d,7) and (£,d’,7’) the bicomplex
of O-modules on the upper left quadrant Z~ x Ny defined by:

k+1
Page(k)(é”,é’)j,m := Homp (@ N 5j> , form>0and j < —1 (16)

k+1
Page® (€', €)g.m := Homo <@ N A) ) for m >0, (17)
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together with the vertical differential defined for ® in any one of the two O-modules (16) or (17)
by

5(<I>) ($17 s 733]4:-"-1) =®od (1'1 ©... ka-‘rl)’ Vay,... y Tk41 € g,a

where d’ acts as an O-derivation on 21 © ... ® 2311 € OF &' (and is 0 on £ ;). The horizontal
differential is given by

Or—>do® or P> 7o d

depending on whether ® is of type (16) with 7 < —2 or the type (16) with j = —1. It is zero
on elements of type (17). We denote by (‘Bagesk) (&€), D) its associated total complex. When

&' = & we shall write ‘Bageﬁm (€) instead of ‘,Bagegk) (&,8).

The following diagram recapitulates the whole picture of &Bagesk) (&,8):

t T il

—  Homp <©k+1 5"7]%3,5,2) g) Homgp (Ok+1 5,|7k7375,1) 1> Homp <@k+1 5’\7)673,./4) — 0
61 o1 07T
— Hom (@k’“ g L€ ) 4 Homo (OQF'e  L.64) 5 H OM*e L A) = 0
< [—k—27C=2 mo [—k—22¢—1 omo [—k—27
61 67T 07T
— Hom (@’““ g L ) 4 m Offle  e4) 5w Flgn A 0
o |[—k—12¢—2 omo |—g—12¢—1 omo (O |k—1° -
) ) T
0 0 0
"-2 column" "-1 column" "last column"

(18)
For later use, we spell out the meaning of being D-closed.

Lemma 2.16. An element P € &Bage;k) (&',€) in ®;>1Homp <@k+1 i €_i> is D-closed if
and only if:
N
(1) the component P_y: Q" &"|_._,

(2) the following diagram commutes:

— E_1 is valued in the kernel of m : £E_1 — A,

(=17d’

k+1 or k+1 or
@ g |—j—i @ g | —j—it1
Pii lpu»l
E i ] E—it1

with P_; being the component of P in Homp (@kH & Pri’gﬂ')'

For (€,d) = (&',d), the second condition above also reads [P,d]gxy = 0. Here is now our main
technical result.

Proposition 2.17. Let (£,d,m) be a resolution of A in the category of O-modules. Then, for
every k >0,

(1) the cohomology of the complex (&Bageﬁk) (&), D) for the total differential De :=d —(—1)*d
is zero in all degrees;
(2) Moreover, a D-closed element whose component on the “last column” of the diagram

above is zero is the image through D of some element whose two last components are
also zero.
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(3) More generally, for all n > 1, for a D-closed element P € ‘Bageék)(é') of the form
®i>pHomp (@kH o |7],7i,5_,~), one has P = D(R) and R € ‘Bageg-k_)l(é’) can be chosen

in O;>n+1Home (@kJrl & | it E_; ) .

Proof. Since (OF E'|j+m—rk is a projective O-module for all (j,m) € Z~ x Ny, and (£,d,7) is a
resolution, all the lines of the above bicomplex are exact. This proves the first item. The second

and the third are obtained by diagram chasing. (]
We will need the consequence of the cone construction.

Lemma 2.18. Let (R,d”,7%) be an arbitrary complex of projective O-module that terminates in
a O-module A. There exists a projective resolution (£,d€,7¢) of A, which contains (R,d™, %)
as a sub-complex. Moreover, we can assume that R admits a projective sub-module in & in direct

sum.

Proof. Resolutions of an O-modules A are universal objects in the category of complexes of
projective O-modules. In particular, for every projective resolution (F,d”, 7%) of A, there exist

a (unique up to homotopy) chain map:
¢: (R,d",7%) = (F,d”,x7).
We apply the cone construction (see, e.g. [9], Section 1.5) to:
(1) the complex (R,d%, 7R)
(2) the direct sum of the complexes (R, d”) and (F,d”) namely, (R & F,d® & d7, 7% & 77)
(3) the chain map obtained by mapping any x € R to (z,¢(x)) € R & F.
The differential is given by

df(z,y,2) = (—dRz,dRy — z,d7 2 — p(2)) (19)

for all (z,y,2) € E-; = R_iy1 ® R_; ® F—;, i > 2. Since the chain given in item 3 is a
quasi-isomorphism, its cone is an exact complex. We truncate the latter at degree —1 without
destroying its exactness by replacing the cone differential at degree —1 as follows: 7€: R_1 @
Fq1 = A, (r,e) = 77 (e) — 7%(r). For a visual description, see Equation (20) below: the
resolution of A described in Lemma 2.18 is defined by:

F F
o Fog—1o Fy—1 Foq—T A (20)
. . /
. R_3 d R, d R4
¢ ¢
id id
.. R_ — R4
The proof of the exactness of this complex is left to the reader.
The henceforth defined complex (£, d€, 7€) is a resolution of A, and obviously contains (R, d%, 7R)

as a sub-chain complex of O-modules. U

Let (£,d®, 7€) be a free resolution of A and (R, d”, %) a subcomplex of projective O-modules
as in Lemma 2.18. We say that P € ‘Bagegk) (&) of the form &;>,Homp (@k+15| & Z)

—j—i’ -
preserves R if @kHRHﬂ, is mapped by P to R_; for all possible indices. In such case,
it defines by restriction to (O*R an element (5P in the graded O-module ‘Bagegk) (R) =
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@i>pHompe (@kHRHﬂ,,R_Z). For the sake of clarity, let us denote by D¢ and D™ the

respective differentials of the bi-complexes ﬁageék) (€) and ’Bagegk) (R) and by D§, DF and DT,
DT the horizontal differential resp. vertical differential, of their associated bi-complexes. Also,
15 P will stand for the restriction of P € ‘Bagegk) (&) to O* R (a priori it is not valued in R but

in &).

Lemma 2.19. Let (£,d%,7%) be a free resolution of A. Let R C & be a subcomplex made of

free sub-O-modules such that there exists a graded free O-module V such that £ =R ® V.
(1) For every k > 0, a DE-cocycle P € ‘Bagegk) (€) which preserves R is the image through
Df of some element Q € ‘Bagegki)l () which preserves R if and only if its restriction
P e ‘Bagegk) (R) is a D®-coboundary.
(2) In particular, if the restriction of ¢ and 7€ to R makes it a resolution of m¢(R_1) C A,
then any D¢ -cocycle P € ‘Bage§-k) (§) which preserves R is the image through D€ of some

element Q € ‘Bage;@l (€) which preserves R.

Proof. Let us decompose the element P € magegk)(g) as P =), P with, for all i > 1, P in
Homg (@kﬂ & \—j—wg—i)' Assume P € ‘Bageg-k) (£) is a D®-cocycle which preserves R.

Let us prove one direction of item 1. If P is the image through D of some element Q €
Page!™, (€) which preserves R, then DR (15Q) = i DF(Q) = 1} P, with 13Q € Page", (R).
Thus, the restriction 5 P € ‘Bage§k) (R) of P is a D®-coboundary.

Conversely, let us assume that 1 P € &Bage;.k) (R) is a DR-coboundary, i.e. iz P = DRQr
for some Qr € ‘J3age§»k_)1 (R). Take Q € ‘,Bageg-k_)l (€) any extension of Qr (e.g. define Q to be
0 as soon as one element in V is applied to it). Then P — Df(Q) : ©F"' & — £ is zero on
@Hl R. We have to check that it is a Df-coboundary of a map with the same property. Put
k=P— DS(Q). By Proposition 2.17, item 1, there exists 7 € mageyi)l (€) such that D (1) = k.
The equation D?(7) = & is equivalent to the datum of a collection of equations

Df(ﬂ) + Di(TiJrl) = /€¢+1,i 2 1, and D;‘E(Tl) = K1, (21)

with, 7, € Homp (@kHEH%H,S_i) and k; € Homp (@k+15|,j,i,5—i> for every 1 > 1.
Since k1 = 0, we have that D5 (tpm1) = i (D5(r1)) = 0, (with the understanding that
txT1, = 0). Using the exactness of the horizontal differential D¥ | there exists C € Page¥ (&)
such that D}EL(Cl) = ), 71. We now change 71 to 71 and 7 to 75 by putting 7{ := 7 — ¢j;7 and
75 := 79+ D5 (C1). One can easily check that Equation (21) still holds under these changes, i.e.,

Df(T{) + Di(Té) =Ky and D,‘f(Té) + Df(Tg) = K3.

We can therefore choose 7 such that 171 = 0. We then iterate this procedure, which allows
us to choose 7 € magegﬁ)l (€) such that %7 = 0 and D®(7) = k. By construction, Q := 7 + Q

preserves R, while 15, Q = Qr, and Df(Q) = P. The second item follows from the first one. [

2.2.2. Interpretation of Page™ (£,&). Let ¢: (£,d’) — (£,d) be a chain map, and let ®©) :
O*E — (O° € be its natural extension to a co-algebra morphism, namely:

We denote by Qfgo) and Qg) the differentials of arity 0 on ()* & and (O°® &’ induced by d and d'.
As in Definition 1.29 and Proposition 1.30, ®(©)-co-derivations of a given arity n form a complex
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when equipped with
He QY ol + (-1 HoQW.

Proposition 2.20. For every k € Ny, and ¢: (£',d") — (€,d) be a chain map as above. The
_——(k

complex of ®O-co-derivations of arity k is isomorphic to the complex iBage( )(5’,8) obtained

from mage(k)(é",g) by crossing its “last column”, see diagram (18).

Proof. The chain isomorphism consists in mapping a ®(©)-co-derivation H of arity k and degree

j to its Taylor coefficient, which is an element of degree j of ‘,Bage(k) (&', €). Tt is routine to check
that this map is a chain map. O

Here is an other type of interpretation for sJ?aae.(é" ,&) involving the Richardson-Nijenhuis
bracket.

Proposition 2.21. [15] For & =¢&’, ‘,@.(5’,5) 1s the the bi-graded complex of exterior forms
on & and the differential D of Page (E',E) is D(-) = [d, |rn-

2.3. Existence: The Lie co-algebroid on a free O-resolution.

2.3.1. Proof of Theorem 2.1. In this section, we prove Theorem 2.1.

Consider (£,d = ¢1,m) a resolution of A by free O-modules: such resolutions always exist[9].
To start with, we define a binary bracket f5. The pair (d,#2) will obey to the axioms of the
object that we now introduce.

Definition 2.22. [30] An almost differential graded Lie algebroid of a Lie-Rinehart algebra
(A’ PA, [ ’ ]A) Is a complex
o Le s e, e S A

of projective O-modules equipped with a graded symmetric degree +1 K-bilinear bracket o =
[-, -] such that:

(1) £9 satisfies the Leibniz identity with respect to the anchor pg := pgom: E-1 — Der(0O),

(2) d is degree +1-derivation of ¢s, i.e. for all x € &,y € &:

de(IE, y) + EQ(dIE? y) + (71)1‘62(1’7 dy) = 07
(3) 7 is a morphism, i.e. for all z,y € £_4

m(la(z,y)) = [x(x), 7(y)] -

Lemma 2.23. Every free resolution (£,d,m) of a Lie-Rinehart algebra (A,[-,-]a,pa) comes
equipped with a binary bracket £s that makes it an almost differential graded Lie algebroid of A.

Proof. For all k > 1, let us denote by (egik))iejk a family of generators of the free O-module £_j.
(=1

By construction {a; = n(e; ') € A|i € I1} is a set of generators of A. In particular, there

exists elements ufj € O, such that for given indices i, j, the coefficient uf] is zero except for
finitely many indices k, and satisfying the skew-symmetry condition ufj = —ug‘?i together with
lai ], =Y ular, Vijel (22)

kel
We now define:

Z(.*l)) = pa(a;) for alli e I,
2) a degree +1 graded symmetric operation 05 on & as follows:
( g g y

(a) ly (eg_l),e§_1)> = kel ufjel(;l) for all i,j7 € ;4.

(1) an anchor map by pg(e
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(b) Oy (eg*@,eyw) —Oforalliely,jel withk>2orl>2.
(c¢) we extend 05 to € using O-bilinearity and Leibniz identity with respect to the anchor
pe.
By construction, ¢, satisfies the Leibniz identity with respect to the anchor pe. Also, pcod =0
on £_ 9. The map defined for all homogeneous z,y € £ by

[d, Colrn (2, y) = d o fo (2,y) + bz (dz,y) + (—1)1l (2, dy)

is a graded symmetric degree +2 operation (€ ® £)e —> Eet2, and [d,gg]RN‘g = 0. Let us
—1
check that it is O-bilinear, i.e. for all f € O,z,y € &:

[de]RN(xy fy) — f[dag2]RN($;y) =0.

(1) if x € £_1, this quantity is zero in view of

[, Lalrn(, fy) = f1d, G (x,y) + dpe(@)[f]y — pe()[f] dy

v~

=0

(2) if x € £_9, one has

[, La]un (@, fy) = f1A, b (2, y) = Ea(dx, fy) — fla(da,y) = pe(da)(f)y =0

since pgod =pgomod =0,
(3) if € £_; with i > 3, it is obvious by O-linearity of £ on the involved spaces.
As a consequence [d, fo]ry is a degree +2 element in the total complex Page™ (€). By con-
struction [d, fo]gx has no component on the last column. Since ﬂ'([d,gg]RN‘g ) = 0 and also
-1

d, [d, ZZ]RN]RN‘g = 0, the O-bilinear operator [d, fs]ry is D-closed in PageV(E).
<2 -
By virtue of the first item of Proposition 2.17, the operator [d, #2]rx is then a D-coboundary
so there exists » € @;>2Homp (@2 S_j_l,c‘:_j> such as D(my) = —[d,gg]RN. Upon replacing

572 by 22 + 1o we obtain a 2-ary bracket /5 of degree +1 which satisfies all items of Definition
2.22. O

Proof (of Theorem 2.1). Lemma 2.23 gives the existence of an almost differential graded Lie
algebroid with differential /1 = d and binary bracket £5. We have to construct now the higher
brackets ¢, for k > 3.

Step 1: Construction of the 3-ary bracket ¢3. (Its construction being different from the
one of the higher brackets, we put it apart). We first notice that the graded Jacobiator defined
for all z,y,z € £ by

Jac(z,y, 2) = ba(la(w,y), 2) + (=) (Lo (2, 2), ) + (1) (0 (y, 2), )

is O-linear in each variable, hence is a degree +2 element in ;- Homop ((O* & |j_2:€—j) C
PBage? (€). For degree reason, its component on the last column of diagram (18) is zero, i.e. it
belongs to sITaEe(l)(é').
Let us check that it is D-closed: for this purpose we have to check that both conditions in
Lemma 2.16 hold:
(1) Since 7 is a morphism from (€_1,%2) to (A, [, -]4), and since [, -] 4 satisfies the Jacobi
identity, one has for all z,y,z € £_1:

Jac(x,y, z) € ker .
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(2) Furthermore, a direct computation of [Jac, d]rx gives in view of item 2 of Definition 2.22:
dJac(x,y, z) = Jac(dz, y, 2) + (—1)*Jac(z, dy, z) + (=1)#FWJac(z, y, dz)
for all z,y,z € €.
Thus, D(Jac) = 0. By Proposition 2.17, item 2, Jac is a D-coboundary, and, more precisely,
there exists an element 3 = 3., Eg € %52) (&) with Eg e Hom(®* & |_;_1»€—j) such that
D(l3) = —Jac ie, [d,{3]zy = —Jac. (23)

We choose the 3-ary bracket to be /3.
Step 2: Recursive construction of the k-ary brackets ¢, for k > 4. Let us recapitulate:
1 = d , ¢y and {3 are constructed and the lowest arity terms of [¢1 + lo + l3,01 + {3 + {3]rx
satisfy

(1) [f1,41]rx = O (since d? = 0),

(2) [f1,l2]rny = 0 (since d = ¢1 and /5 define an almost Lie algebroid structure) .

(3) [l2, lo]rn+2[ls, l1]rn = 2(Jac+[l3, ¢1]rn) = 0 by definition of /3, and because [¢2, {2]rn =

2Jac.

However, the following term of degree +2 and arity 3 may not be equal to zero:

4
[EB,EQ]RN S @Homo (@ 5j+1,(€j) fBagelg)( ) (24)

Let us check that this term is indeed a O-multilinear map: For x1 € £_1,x92, 23,24 € E<_2 and
f € O, the only terms of (¢3 0 ly + f3 0 l3)(x1, fra, x3,x4) where the anchor shows up are:

l3(La(z1, f22), 23, T4) = pe(1)[f1ls(w2, w3, 24) + f(Ls(la(21, 02), 3, 24))
(=)l tlasltlealey (£05 (w2, w3, 24), 1) = —pe(@1)[f1ls(2, 23, 24)
+ (=)ol gy (f5 (w0, w3, 24), 21))
The terms containing the anchor map add up to zero. When there is more elements in £_1,
the computation follows the same line. Moreover, by graded Jacobi identity of the Richardson-
Nijenhuis bracket:
[[01 + lo + €3, 01 + o + l3]rn, b1 + 2 + C3]gn = 0

The term of arity 4 in the previous expression gives [[¢s, £2]rn, £1]rny = 0. Hence, by Proposition
2.21, [l3,l2)rN is & D-cocycle in the complex Page® (€), whose components on the last column

and the column —1 are zero. It is therefore a coboundary by Proposition 2.17 item 3: we can
continue a step further and define ¢4 € ©;>3Hom (@4 5|_]._1,8,j> such that:

- [£2a £3]R [gla £4]RN [d 64] (25)

We choose the 4-ary bracket to be £4. We now proceed by recursion. We assume that we have
constructed all the k-ary brackets £ such as :

1
[dﬂgk]RN == Z [Eivgj}RN = D) Z [Eivéj]RN (26)
itj=k+1 itj=k+1
1<j ,j21

for every k = 1,...,n with n > 4. The (n + 1)-ary bracket is constructed as follows. First the

operator » iyj—pi1 [li, j]gy i checked to be O-linear as before. Now, we have
1,521

Z [d Wiy i) an = -2 Z 4, 1d, 4] ]RN (by graded Jacobi identity).

i+j=n+2 i+j=n+2
1,521 1,521
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Since /; satisfies Equation (26) up to order n, we obtain

Z [d’ [gi’ej]RN] RN Z [éi’ [gjaek]RN] RN 0,

itj=n+2 it+j+k=n+3
1,521 1,5,k>1

where we used the graded Jacobi identity of the Nijenhuis-Richardson bracket in the last step.
Therefore, Y iy j—nya [li, 5]y, Seen as an element in Bage"H7-2) (€) by Remark 2.21, is a cocycle
ij>1

and for degree Teason it has no element on the last column, and the columns —1,...,3 —n in
18. The third item of Proposition 2.17 gives the existence of an (n + 1)-ary bracket ¢, such as

[ bl == D i ly)py -

i+j=n+2
1<j

This completes the proof. ]
2.3.2. Proof of Proposition 2.3 and Proposition 2.6.

Proof (of Proposition 2.3). This is a consequence of Proposition 2.1 and the third item of the
Proposition 2.17: If the component of Jac on the column —1 is zero, we can choose ¢35 with no
component on the last column and in column —1 (see Proposition 2.17), i.e. the restriction of
{3 to @3 &E_1 is zero. Then /3 has no component on the last column, the column —1 and the
column —2. so [l3,¢3]gn has no component in the last column, —1 and —2 columns as well.
Hence ¢4 can be chosen with no component on column —1, —2 and —3 by the third item of

Proposition 2.17. The proof continues by recursion. O
We finish this section with a proof of Proposition 2.6.

Proof (of Proposition 2.6). We prove this Proposition in two steps.

(1) Lemma 2.18 guarantees the existence a free resolution (€, d, ) of the Lie-Rinehart alge-
bra A such that £ contains £ and such that there exists a graded free module V with
Eay=_¢E.

(2) Let Df and D€ be as in the proof of Lemma 2.19. We construct the n-ary brackets on
&€ by extending the ones of (&', (¢}.)k>1, per, ') in the following way:

(a) We first construct an almost Lie algebroid bracket ¢5 on £_; that extends the 2-ary
bracket of £ ;. Since the 2-ary bracket is determined by its value on a basis, the
existence of a free module V_; such that £’ ; ®V_; = £_; allows to construct [2 on
& such that its restriction to £ is ¢4 and such that it satisfies the Leibniz identity.
As in the proof of Theorem 2.1 (to be more precise: Lemma 2.23), we see that
[03,d€)gy is O-linear, hence belongs to ‘Bageg) (£) and is a Df-cocycle. Since &' is
a Lie oo-algebroid, its restriction to 02 & is zero. Lemma 2.19 allows to change /5
to an 2-ary bracket £y := gg + 15 with 7 = 0 on @2 E’. Hence {5 defines a graded
almost Lie algebroid bracket, whose restriction to £ is still £5.

(b) Since ¢5 is an extension of £}, its Jacobiator Jac € ‘Bageg) (&) of the 2-ary bracket
{3 preserves &'. Also, its restriction £ Jac € ‘Bagegz) (&') is the Jacobiator of £,
and the latter is the Dgl—coboundary of ¢5 in view of the higher Jacobi identity of
&', Since Jac € ‘I?ageém (£) is a Df-cocycle, Lemma 2.19 assures that Jac is the
image through D¢ of some element {3 € ‘Bage?) (€) which preserves £ and whose
restriction to @3 &' is ¢. The proof continues by recursion: at the n-th step, we
use Lemma 2.19 to construct an n-ary bracket for £ that extends the n-ary bracket
of £



26 CAMILLE LAURENT-GENGOUX AND RUBEN LOUIS

By construction, the inclusion map ¢: & < &£ is a morphism for the n-ary brackets for all
n>1. O

2.4. Universality: Proof of Theorem 2.4. Let A be a Lie-Rinehart algebra. We consider
(€, (lk)k>1, pe) a universal Lie oo-algebroid of A: its existence is granted by Theorem 2.1, proved
in Section 2.3.1. Let (&', (¢})k>1,7", pe’) be an arbitrary Lie co-algebroid that terminates in A
through a hook 7’. Let Q¢ (resp. Qg) be the co-derivations of Sy (&) (resp. of Sg(E’)) associated
to the Lie oo-algebroid structures (&, (¢x)k>1,pe, ™) (vesp. (£, per, ())k>1), ') that terminate
in A.

Let us show that:

(1) there is a Lie oo-algebroid morphism from &’ to &,

(2) Any such two Lie co-morphisms are homotopic.

Altogether, these two points prove Theorem 2.4. The Taylor coefficients of the required Lie
oo-algebroid morphisms and homotopies will be constructed by induction. These inductions
rely on Lemmas 2.24 and 2.26 below.

Lemma 2.24. Let ®: Sg(E') — SK(E) be a co-algebra morphism such that

(1) @ is O-multilinear,

(2) To®® =7’ on &,
For every n € Ny such that’ (® o Qgr — Qg o <I>)(i) = 0 for every 0 < ¢ < n, then the map
Sk (&) — Sk (E) given by:

(®0 Qe — Qe o @)t

(1) is a ®O)-co-derivation of degree +1,

(2) is O-multilinear,

(3) and the induced ®©) -co-derivation (@' &, QS)) — (O' g, Q‘(go)) satisfies:

QY o (D0 Qe — Qe 0 )™ = (Qg 0 ® — B o Q) 0 QY.

Remark 2.25. The following remark will be crucial. Under the assumptions of Lemma 2.16,
(® o Qer — Qe o ®)™) corresponds to a D-closed element of degree +1 in the bi-complex
Page ™D (&', €) through the chain isomorphism described in Proposition 2.20. Here, &£, &’ are
equipped with the differentials ¢;, ¢ which are dual to the arity 0 components Q(go), an).

Proof. A straightforward computation yields:
A((I)OQg/ —QgO(I)) = (@@@)OA/OQ&‘/ —(Qg@ld-Fld@Qg)OAOq)
=(PoQe —Qe o) @2+ 2@ (PoQe — Qg o)) oAl

Now, A preserves arity i.e. A : SE(E) — DitjmnSL(E) @ S]{%(é’) and so does A’. Taking into
account the assumption (® o Qg — Qg o <I>)(i) =0 for every 0 < i < n, we obtain:

A O ((I) (e) Qg/ — Qg O q))(n-i-l)
— ((«p 0Qs — Qe o ®) ™) 230 4 30 @ (doQe — Qe o cp)<n+1>) oA,

All the other terms disappear for arity reasons. Hence (® o Qg — Q¢ © CID)(”“) is a ®©-co-

derivation.

29, Qg — Qg 0 ® being a $-co-derivation, its component of arity i is zero for 0 < i < n if only if its i-th Taylor
coefficient is zero for i =1 < --- < n.
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Let us prove that it is O-linear. It suffices to check O-linearity of Tp := PoQgr —Qgo®. Let us
choose homogeneous elements z1,...,zy € £ and let us assume that z; € £ | is the only term
of degree —1: The proof in the case where there is more than one such an homogeneous element
of degree —1 is identical. We choose j # i and we compute T (z1,...,%;,..., fzj,...,xN) for
some f € O. The only terms in the previous expression which are maybe non-linear in f are
those for which the 2-ary brackets of a term containing fx; with z; or ®© (z;) appear (since ®
and all other brackets are O-linear). There are two such terms. The first one appears when we
apply Qg first, and then ®: this forces ® (¢ (x;, fz;), ;) to appear, and the non-linear term
is then:

e(@,0i)per (@) [f] (i) (27)
with o; the permutation that let ¢ goes in front and leave the remaining terms unchanged. There
is a second term that appears when one applies @ first, then Qg. Since it is a co-morphism,
O(x1...25..., fxj...xN) is the product of several terms among which only one is of degree —1,
namely the term

e(z,09) 0O () ®(fayi).

Applying Q¢ to this term yields the non-linear term

e(x,0:)pe (@) (2:))[f] (2 o), (28)

where I' and I are as in Proposition 1.30. Since pg o ®©) = pg/, we see that the terms (27)
and (28) containing an anchor add up to zero.

Let us check that (® o Qg — Qg o @)("H) is a chain map, in the sense that it satisfies item
3). Considering again Ty := ® 0 Qgr — Qg o D, we have that Tq()k) =0, forall k=0,...,n. Since
Ty 0 Qe = Qg o Te, one has

0=(To 0 Qe + Qe o To) "™ =Ty 0 Q) + QP o 7™V + 3 (780 QF) + QF o 1))

i+j=n+1
ij>1 0

By consequent, the O-linear map (® o Qg — Qg o ®)("*+1) satisfies item 3). O
Lemma 2.26. Let ®,® : ( ( "), Qer) — (SK(E),Qe) be O-linear Lie co-algebroid morphisms
and let n € No. If @) = &) for every 0 <i <n, then (& — )"+ S2 () — S (&)
(1) is a Q(O)—co—derivation
(2) is O-multilinear
: (0) o oo 45 o o1 (0 o (0) : .
(3) and the induced ®'*-co-derivation ((D*E", Qg | — (O E,Q¢ ") satisfies:

QW o (& — @)D = (& — &)™) 6 Q).

Remark 2.27. Proposition 2.20 means that the map (@—@)("H) as in Lemma, 2.26 corresponds
to a closed element in Page™ (£, &), equipped with differentials £y, ¢,

Proof. For all z1,...,x, € £, one has:
A(@ — @) (21© - Oay) = Z Y @,0)8(250) O O To(5) © B)(o(i41) O - © Topr)
j= 10’663k j

!
=D D @, 0)( (1) @ O Ty(s) ® B(Tp(jr1) O+ O To)

J=10€6;k—;

:((é—@)@@—i—‘i@@(‘i—@))OA/(JH@"'@J%)-
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Since A has arity 0 and (& — @)@ = 0 for all 0 < i < n, we obtain

AP — ) D (20 Oay) = (@ — ) ) g 80 4 0O g (& — ¢)<n+1>) oA (21® - Oxp).

(29)
This proves the first item. Since both ® and ® are O-multilinear, (® — ®)"*1) is O-multilinear.
Which proves the second item. Since, ® and @ are Lie co-morphisms:

(®—®)oQe — Qs o(®—d) =0. (30)
By looking at the component of arity n+1, one obtains, (@—@)(”+1)0Q§59) —Q((go)o(cf)—fb)(”*l) =0.
This proves the third item. O

Lemma 2.28. Under the assumptions of Lemma 2.206, there exists

(1) a Lie co-morphism of algebroids ®;: Sk (E') — Sk(E)

(2) and a homotopy (¢, Hy) joining ®1 to ®, compatible with the hooks,
such that

(1) the components of arity less or equal to n of Hy vanish,

(2) égl) =00 for every 0 < i <n+1.

Proof. Let us consider (® — @)1 : ©*&" — (O*&. By assumption, (& — ®)®) = 0 for all
1 < n, so that in view of Lemma 2.26
(1) (® — @)+ is a &O)-co-derivation.
(2) The restriction of (& — &)1 to (O™ £’ corresponds to a closed element of degree 0
in Page (£, E).
Proposition 2.17 implies that there exists a degree —1 O-linear map Hy,y1: Q”+2 (&) — &, of
arity n + 1, hence an element in Page™ (£, E), such that,

(& — @)+ = Q((go) oHpy1+ Hppr0 Qg). (31)

We denote its extension to a ®(©-co-derivation of degree —1 by H(*+1). We now consider the
following differential equation for ¢ € [0, 1]:

do -

T;:QSOHt‘i‘HtOQé”a and &g = ®, (32)

where H; is the unique ®;-co-derivation of degree —1 whose unique non zero Taylor coefficient
is H,+1. The existence of a solution for the differential equation (32) is granted by Proposition
1.35. By considering the component of arity 1,...,n,n + 1 in Equation (32), we find

& (1)
d‘g; 0 fori=0,...,n,
5(n+1) ~
d<I>tdt _ QE‘:O) o H(nt+1) + HM+) o Qgg) — ((I) _ @)(n-ﬁ-l)

Hence:

(fgi) = 30 fori=0,...,n,
qt)gnﬂ) — p+y) +t(<i> _ (I))(nJrl)'

Therefore, applying ¢t = 1 to the previous relation, one finds

(fgi) = 3@ fori=0,...,n,
) = D) 1 (§ — P)(ntD) = D)

This completes the proof. [l
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Proof (of Theorem 2.4). Let us prove item 1. We construct the Taylor coefficients of the Lie
oo-algebroid ® by recursion.

The Taylor coefficient of arity 0 is obtained out of classical properties of projective resolutions
of O-modules. Given any complex (&', pgr, ¢}, 7") which terminates in A through 7, for every
free resolution (&, pg, f1,m) of A, there exists a chain map ®©): (£, £,) — (£,£1) as in Equation
(15), and any two such chain maps are homotopic. We still denote by ®(O) its extension to an
arity 0 co-morphism (O*&" — ©O° €.

To construct the second Taylor coefficient, let us consider the map:

SZ(EN = &

(0y) = 000 f(a,y) — (O (2), 00 (y)). (33)

This map is in fact O-bililinear, i.c. belongs to Homep (€&, &), hence to Page (&', E), see
Equation (18). Let us check that it is a D-cocycle:

A. If either one of the homogeneous elements z € £ or y € £ is not of degree —1, a
straightforward computation gives:

t0 (@0 0 by(w,y) — £ (80 (2), 8 (y) ) ) = 8 0 8} 0 by, ) + b () 0 ¢} (2), 2V (3))
+ (-1)6 (2@ (@), 80 0 £1(1))
_ (q><0> ol — 0y (q><0>, <1><0>)) ol (zOy).
B. If both z,y € & are of degree —1:
™ (i’(o)fé(a:,y) — lp(dO g, <I>(O)y)> = 7 oly(x,y) —moly (<I>(0):U, <I>(0)y)

= ['(2), 7 (y)] - [7? (@%) . <<I>(0)x>]
= [7'(2), 7' (y)] - ['(2), 7' (y)]
= 0.

By Proposition 2.17 item 2), there exists ®") € Home (O2 &, 5), of degree 0, so that

3O ot (z,y)+ W ol (z@y) = £100W (2, y) + (0 (), O (y)) for all z,y € &'. (34)
Since, @@ is a chain map, Relation (34) can be rewritten in terms of Q¢ and Q¢ as follows

{ Q(SO) o ®0 — 0, ng)

Q(go) oM _ (M) o Q(EQ) — 04 QS/) _ Q,(sl) o ) (35)

The construction of the morphism ® announced in Theorem 2.4 is then done by recursion.

The recursion assumption is that we have already defined a O-multilinear co-morphism ¢ :

S2(E) — S%(E) with
(®0Qe —Qeo®) ™ =0 forall 0<k<n.

The co-morphism ® : Sg () — S&(E) with Taylor coefficients ®(©) and ®() satisfies the recur-
sion assumption for n = 1.

Assume now that we have a co-morphism & that satisfies this assumption for some n € Ny,
and consider the map Ty := ® o Qg — Qg o . Lemma 2.24 implies that it is a O-multilinear
®()_coderivation, and that it corresponds to a D-closed element in &Bage(”ﬂ)(é" ,€). Since it
has no component on the last column for degree reason, Proposition 2.17 implies that Té)nﬂ) is
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a coboundary: That is to say that there is a ®(©-co-derivation © ‘Bage(”ﬂ)(é”,é’) (of arity
n+ 1 and degree 0) which can be seen as a map © : O"2(£') — & such that:

7 = QW o0 - 00 QY.

Consider now the co-morphism ® whose Taylor coefficients are those of ® in arity 0,...,n and
®(+1) L @ in arity n + 1:
g0 .= 2 H=<i<n, (36)
o) Lo ifi=n+1
This is easily seen to satisfy the recursion relation for n 4 1. This concludes the recursion. The
Taylor coefficients obtained by recursion define a Lie oo-algebroid ®: S§(£) — Sk (€) which
is compatible by construction with the hooks =, 7’

By continuing this procedure we construct a Lie oo-morphism from Sg§(€’) to Sg(€). This
proves the first item of Theorem 2.4.

Let us prove the second item in Theorem 2.4. Notice that in the proof of the existence of the
Lie co-morphism between Sg (€’) and S (&) obtained in the first item, we made many choices,
since we have chosen a coboundary at each step of the recursion.

Let ®, ¥ be two Lie co-morphisms between S¥ (') and Sg(&). The arity 0 component of the
co-morphisms ® and ¥ restricted to £ are chain maps:

e, £,

/ / !/
/ / ™
’ v
/

h h 7/
PR ORRE ONESA TORNE (O

. s
p ) v /
7/ s
i ¥

E o E

which are homotopy equivalent in the usual sense because (€, ¢1) is a projective resolution of A:
said differently, there exists a degree —1 O-linear map h: & — & such that

O 0O =g oh+hot, on & (37)
Let us consider the following differential equation:
e = Qe o Hy(Zy) + Hy(Zy) 0 Qgr, fort € [0,1]
(38)
Zo= .
with Hy(Z;) being a Z;-co-derivation of degree —1 whose Taylor coefficient of arity 0 is h. This

equation does admit solutions in view of Proposition 1.35.
By looking at the the component arity 0 of Equation (38) on &', one has:

=

djf =lioh+holt]

— g0 _ o0

Hence, Ego) =00 ¢ (\I/(O) — <I>(0)) is a solution such that Ego) = ¥, By construction, Z; is
homotopic to ® via the pair (E;, H;) over [0, 1], and its arity 0 Taylor coefficient coincides with
the Taylor coefficient of W.
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From there, the construction goes by recursion using Lemma 2.28. Indeed, this lemma allows
to construct recursively a sequence of Lie oco-algebroids morphism (V¥y,),>0 and homotopies
(Ent, Hpyt) (with t € [n,n + 1]) between ¥,, and ¥, such that: H,(;)t is zero for t > n
and i # n + 1. By Lemma 2.28, all these homotopies are compatible with the hooks. These
homotopies are glued in a homotopy (Z¢, Ht)[0,+oo[ such that for every n € Ny, the components
of arity n of the Lie co-algebroids morphism Egn) are constant and equal to U™ for ¢t > n. By
Lemma 1.39, these homotopies can be glued to a homotopy on [0, 1]. Explicitly, since ¢ — ﬁ
maps [0, 1] to [0, +00[ and by Lemma 1.39, the pair (Eﬁv ﬁHkﬁ) is a homotopy between
® and V. This proves the second item of the Theorem 2.4.

O

3. EXAMPLES OF UNIVERSAL LIE 0co-ALGEBROID STRUCTURES OF A LIE-RINEHART ALGEBRA

3.1. New constructions from old ones. In this section, we explain how to construct universal
Lie co-algebroids of some Lie-Rinehart algebra which is derived from a second one through one of
natural constructions as in Section 1.1 (localization, germification, restriction), when a universal

Lie oco-algebroid of the latter is already known.

3.1.1. Localization. Localisation is an useful algebraic tool. When O is an algebra of functions,
it corresponds to study local properties of a space, or germs of functions.

Let (A,[-,]4,p4) be a Lie-Rinehart algebra over a unital algebra O. Let S C O be a
multiplicative closed subset containing no zero divisor. We recall from item 2, Remark 1.3
that the localization S™' A4 =2 A ®p S7'O of A at S comes equipped with a natural structure
of Lie-Rinehart algebra over the localization algebra S—!'(. Recall that for p: & — T a
homomorphism of O-modules, there is a well-defined homomorphism of O-modules,

f f

p®id: ER0 SO0 — T ®p 5710, p@id(r® ) =p) @

that can be considered as a S~'O-module homomorphism
S7lp: §71 — §7IT with S~y (g) = “’S’:), €& (f,s) €O xS,

called the localization of .
Given a Lie oco-algebroid structure (€, (¢;)k>1,m, pe) of A. The triplet (£, (£} )k>1,per, ') is a
Lie oo-algebroid structure that terminates at S~'.A through the hook 7’ where

(1) & =571¢;

(2) The anchor map pg: is defined by

per: 5_1671 — Der(S’_lO)
% — pe (%) . St — S7o
oy 1, (Ps(w)[f}u;fpe(f)[u]>

u S u

forze &, feO,(s,u)esSxS;
(3) €}, = S™y, for all k € N\ {2};
(4) The binary bracket is more complicated because of the anchor map: we set

8/2 <i x, iy) = ifz(ﬂf,y) - pg(x)[u] Yy + ,Og(2y)[8] x

sU su? s2u

for x,y € &, (s,u) € S? (with the understanding that pe = 0 on £_; with i > 2);
(5) ' =S 1.
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One can check that these operations above are well-defined and for all z € S~1€_; the map pg/(2)
is indeed a derivation on S~'(. The previously defined structure is also a Lie co-algebroid that
we call localization of the Lie co-algebroid (€, (k)g>1,7, pe) with respect to S.

Proposition 3.1. Let O be a unital algebra and S C O a multiplicative subset containing no
zero divisor. The localization of a universal Lie oco-algebroid of a Lie-Rinehart algebra A is a
universal Lie co-algebroid of S~1A.

Proof. The object (£, (¢}, )k>1, per, ') described above is also a Lie oo-algebroid terminating in
S~1A. Tt is universal because localization preserves exact sequences [1]. g

3.1.2. Restriction. When Oy is the ring of functions of an affine variety Y, to every subvariety
X C Y corresponds its zero locus, which is an ideal Zx C Oy. A Lie oo-algebroid or a Lie-
Rinehart algebra over Oy may not restrict to a Lie-Rinehart algebra over Ox: it only does so
when one can quotient all brackets by Zx, which geometrically means that the anchor map takes
values in vector fields tangent to X. We can then “restrict”, i.e. replace Oy by Oy /Zx. This
operation has already been defined in Section 2.1.3, and here is an immediate consequence of
Corollary 2.11:

Proposition 3.2. Let T C O be Lie-Rinehart ideal, i.e. an ideal such that pa(A)[Z] C T.
The quotient of a universal Lie oo-algebroid of A with respect to an ideal T is a Lie oco-
algebroid that terminates in AJ/ZA. It is universal if and only if ((Igg—j)izl,[l,ﬁ) is exact,
i.e. if Torg (A, OJ/I) = 0.

3.1.3. Germification. Let W C C¥ be an affine variety and Oy its coordinates ring. Denote
by Ow,z, the germs of regular functions at xg. Since Oy, is a local ring, and since Oz, ~
(Ow)m,, [16], where my, = {f € Ow | f(x0) = 0} and (Ow)n,, is the localization w.r.t the
complement of m,, Proposition 3.1 implies the following statement:

Proposition 3.3. Let W be an affine variety with functions Oy . For every point xo € W and
any Lie-Rinehart algebra A over O, the germ at xy of the universal Lie co-algebroid of A is

the universal Lie co-algebroid of the germ of A at xg.

Here, the germ at x( of a Lie-Rinehart algebra or a Lie co-algebroid is its localization w.r.t the
complement of my,.

3.1.4. Sections vanishing on a codimension 1 subvariety. Let (A,[-,-],p) be an arbitrary Lie-
Rinehart algebra over O. For any ideal Z C O, Z.A is also a Lie-Rinehart algebra (see Example
1.5). When O are functions on a variety M, Z are functions vanishing on a subvariety X and
A is a O-module of sections over M, Z.A corresponds geometrically to sections vanishing along
X. It is not an easy task. In codimension 1, i.e. when Z is generated by one element, the
construction can be done by hand.

Proposition 3.4. Let (A,[-,-] 4,pA) be a Lie-Rinehart algebra over a commutative algebra O.
Let (£,0, = {--- }k>1,pe) be a Lie co-algebroid that terminates in A through a hook 7. For
any element x € O, the O-module A" = xA C A is closed under the Lie bracket, so the triple
(XA, [,-] 4, pa) is a Lie-Rinehart algebra over O. A Lie oco-algebroid (€' = €4, = {--- }i>1, Pe)
hooked in x.A through 7' can be defined as follows: -

(1) The brackets are given by
(@) {3 ={h,
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(b) the 2-ary bracket:

{9}y = x{z.y}2 + pe(@) ]y + (=)W pe (y) ] =, (39)
for all z,y € &,, with the understanding that ps =0 on E<_o,
(©) { Y =x""" Yy for all k > 2,

(2) per = xpe,
(3) ' = xm.
Proof. We leave it to the reader. O

Proposition 3.5. If x is not a zero-dwisor in O, and (€,{--- }r>1,pe, ™) is a universal Lie
oo-algebroid of A, then the Lie co-structure described in the four items of 3.1 is the universal

Lie oo-algebroid of xA.

Proof. If x is not a zero-divisor in A (i.e if a — ya is an injective endomorphism of A), then the
kernel of 7’ coincides with the kernel of 7, i.e. with the image of {-}; = {-}1, so that (&, {1, x)
is a resolution of x.A. O

3.1.5. Algebra extension and blow-up. Recall that for O a unital algebra with no zero divisor,
derivations of O induce derivations of its field of fractions Q.

Proposition 3.6. Let O be an unital algebra with no zero divisor, Q its field of fractions, and
O an algebra with © ¢ O C Q. For every Lie-Rinehart algebra A over O whose anchor map
takes values in derivations of O preserving O, then

(1) any Lie oo-algebroid structure (&, ({x)k>1,pe, ™) that terminates at A extends for all
1=20,...,n to a Lie co-algebroid structure on O ®o £,

(2) and this extension O ®p & is a Lie co-algebroid that terminates at the Lie-Rinehart
algebra O @0 A.

Proof. Since they are O-linear, the hook 7, the anchor pg, and the brackets ¢ for k # 2 are
extended to O-linear maps. Since the image of pg is the image of p4, it is made of derivations
preserving @, which is easily seen to allow an extension of ¢5 to O ®p & using the Leibniz
identity. O

Remark 3.7. Of course, the Lie oo-algebroid structure obtained on O ®o € is not in general
the universal Lie co-algebroid of O ®¢ A, because the complex (@ ®o &,41,7) may not be a
resolution of O ®p A (see Example 3.10).

Remark 3.8. Since any module over a field is projective, any Lie-Rinehart algebra over a field
is a Lie algebroid. If we choose @ = O therefore, the Lie-Rinehart algebra O ®p A is a Lie
algebroid, so is homotopy equivalent to any of its universal Lie co-algebroid. Unless A is a Lie
algebroid itself, the Lie co-algebroid in Proposition 3.6 will not be homotopy equivalent to a
Lie oo-algebroid whose underlying complex is of length one, and is therefore not a universal Lie
oo-algebroid of O ®p A.

Example 3.9. For O = C[z, ..., zy] the coordinate ring of CN*!, the blow-up of CN*! at the
origin is covered by affine charts: in the i-th affine chart U;, the coordinate ring is

Ou, = Clz0/zi, .-, Ziy- -, 2N/ Zi]-

By Remark 1.3, and Proposition 3.6 for any Lie-Rinehart algebra A whose anchor map takes
values in vector fields vanishing at 0 € CN*!, we obtain a Lie oo-algebroid of Oy, ®o A that
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we call blow-up of at 0 in the chart U;. Proposition 3.6 then says that the blow-up at 0 of
the universal Lie oo-algebroid of A, in each chart, is a Lie oo-algebroid that terminates in the
blow-up of A (as defined in remark 1.3). It may not be the universal one, see Example 3.10.

Example 3.10 (Universal Lie-oo-algebroids and blow—up' a counter example). Consider the
polynomial function in N 4 1 variables ¢ = ZZ -0 23. Let us consider the singular foliation Fo
as in Example 3.2.1. Its generators are A;; := fa% — zj2 88 for 0 <i<j < N.

Let us consider its blow-up in the chart Uy. Geometrically speaking, F, = (’)UN ®o F, is the

Ouy-module generated by the blown—up vector fields ﬁij = zN ( fa% — 2]2 3 ) ,j # N, and

AN = 2N (Zsz azaN 87, — 2} Z 0 i gz, ) The vector fields A”, # N, belong to the O, -

module generated by the vector fields A, iN- Since they are independent, the singular foliation

j-:; is a free Oy, -module. Its universal Lie oco-algebroid can be concentrated in degree —1, it is
then a Lie algebroid.

On the other hand, the blow-up of the universal Lie oo-algebroid of F, is not homotopy
equivalent to a Lie algebroid. Indeed, the pull-back Lie co-algebroid (E, (¢)) k>1, p, T) verifies by
construction that E_; #0fori=1,...,N and that 571|x = 0 for every z in the inverse image of
zero, and such a complex can not be homotopy equivalent® to a complex of length 1.

This example tells us that the blow-up of the universal Lie oco-algebroid of a Lie-Rinehart
algebra may not be the universal Lie co-algebroid of its blow-up.

3.2. Universal Lie co-algebroids of some singular foliations.

3.2.1. Vector fields annihilating a Koszul function ¢. This universal Lie oo-algebroid was already
described in Section 3.7 of [28], where the brackets were simply checked to satisfy the higher
Jacobi identities - with many computations left to the reader. Here, we give a theoretical
explanation of the construction presented in [25].

Let O be the algebra of all polynomials on V := C?. A function ¢ € O is said to be a Koszul
polynomial, if the Koszul complex

29 XV 25 x2(V) 15 2(V) 25 0 — 0 (40)
is exact in all degree, except in degree 0. By virtue of a theorem of Koszul [13], see [17]
Theorem 16.5 (i), ¢ is Koszul if (am yoe ,%) is a regular sequence.

From now on, we choose ¢ a Koszul function, and consider the singular foliation
Foi={X € X(V): X[g] = 0} = Ker(q,): X(V) =% 0. (41)

The Koszul complex (40) truncated of its degree 0 term gives a free resolution (£,d, p) of F,
with €_; := XTH(V), d := tayp, and p := —iq.

Remark 3.11. Exactness of the Koszul complex implies in particular that F, is generated by
the vector fields:
<. (42)

In [28], this resolution is equipped with a Lie co-algebroid structure, whose brackets we now

dp 0 dyp &p
Ox; 0r;  Ox; Ox;

recall.

3We are in fact proving that Ov, ®o - is not an exact functor in this case.
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Proposition 3.12. A universal Lie oco-algebroid of F, C X(V') is given on the free resolution
(5_. =XTH(V),d = tgp, p = —Ldg,) by defining the following n-ary brackets:
On, 0}, = Y elin,... in)PireinOping _ypin' (43)
ilellanwinelﬂ,

and the anchor map given for all i,j € {1,...,n} by

0 ,O9\._9% 9 0o 0
p (8:61 A 8%) T 8$j 8% 83:1 axj' (44)

Above, for every multi-index J = {j1,...,jn} C{1,...,d} of lengthn, O stands for the n-vector

8 0 o , y .
field T A A B, and Qj,...j, = 3z;,-0ay, Also, I e --- e I, is a multi-index obtained by
concatenation of n multi-indices Iy, ...,I,. For every iy € Iy,...,in, € Ip, €(i1,...,in) is the
signature of the permutation which brings i1, ...,i, to the first n slots of I @ ---e I,. Last, for

is € I, we define I's = I,\is.

To understand this structure, let us first define a sequence of degree +1 graded symmetric
polyderivations on X*(V') (by convention, i-vector fields are of degree —i + 1) by:
oF
{0y, - - ,8ik};€ = (45)

We extend them to a graded poly-derivation of X*(V').

Lemma 3.13. The poly-derivations ({--})k>1 are O-multilinear and equip X*(V) with a

(graded symmetric) Poisson oo-algebra structure. Also, {-}| = td,-

Proof. For degree reason, {F, X1,...,Xg_1};, = 0 for all Xy,..., X1 € X*(V) and all F €
X°(V) = O. This implies the required O-multilinearity. It is clear that the higher Jacobi
identities hold since brackets of generators {d;,,- -+ ,d;, }' are elements in O, and all brackets are

zero when applied an element in O. ]

Proof (of Proposition 3.12). The brackets introduced in Proposition 3.12 are modifications of
the Poisson oco-algebra described in Lemma 3.13. By construction, {--- };1 = {---}, when all
arguments are generators of the form 90 for some I C {1...,n} of cardinal > 2. By O-
multilinearity, this implies {- - - };1 = {---},, when n > 3, or when n = 2 and no argument is a
bivector-field, or when n = 1 and the argument is not a bivector field. As a consequence, all
higher Jacobi identities hold when applied to n-vector fields with n > 3.

Let us see what happens when one of the arguments is a bivector field, i.e. in the case where
we deal with at least an element of degree —1. Let us assume that there is one such element, i.e.
Q1 =0;N0j, Q2 =01, ...,Qn = 0, with |I;| >3, j =2,...,n. Then, in view of the higher
Jacobi identity for the Poisson oo-brackets ({--- }})k>1 gives:

!/

0= Z Z 6(0) {{Qa(l)v SRR Qa(k) };g ) Qo(k+1)7 SRR Qa(n)} (46)

—k+1
2<k<n—20€Sk n—k noRt

+ Z 6(0) {{Qo‘(l)7 ERR) Qo‘(n—l) };,1 ) Qa(n) }/2 (47)
0€Sp_1,1,0(n)#1

+ Z €(o) {{Qo(l)}/l Qo(2) - -+ Qa’(n)}; (48)
c€S1,n—1,0(1)#1

+ ()=l (@, QuY, 1 (49)

+ {{Ql}ll 7Q0‘(2) s 7Qa(n)}fn . (50)
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In lines (46)-(47)-(48) above, we have {---} = {---} for all the terms involved. This is not the
case for (49)-(50). Indeed:

/

{{8127‘ o 7afn}n_1 ,({_)i /\8]}2 - {{8127' o 78]71}77,—1 7a’i /\a]}2

— Z €(ig, ... in)p(0; A 83)[9012%] 81;'2.__.1#

iQEIQ,---vineIn

and
{{61 AN 8]},1 ,8]2 e ,an}; = (—1)22:2‘81k|+1 ((pz {8]', 8]2 e ,8[n};1 — ng {81, 8[2 e ,6]" };L)
= _(_1)22:2|81k| Z €(i2, .- in)tdp (05 N 05)[Qin.in) 315‘2.“..131”

i2€la,....in€ln
= (—1)22:2\&“ Z €(ig, ... in)p(0; A 8})[9012%] 81;‘2._”.1#
i2€12,...,in €Iy
since p = —tq,. Hence the quantities in lines (50) and (49) add up, when we re-write them
in term of the new brackets {---},, to yield precisely the higher Jacobi identity for this new
bracket. It is then not difficult to see this is still the case if there is more than one bivector field,

by using many times the same computations. (Il

3.2.2. Restriction to ¢ = 0 of vector fields annihilating . We keep the convention and notations
of the previous section. Let us consider the restriction i, F, of the Lie-Rinehart algebra F, to
the zero-locus W of a Koszul polynomial ¢. Since all vector fields in F, are tangent to W, this

restriction is now a Lie-Rinehart algebra over Oy, = (% (see Example 1.1).

Proposition 3.14. Let ¢ be a Koszul Polynomial. The restriction of the universal Lie co-
algebroid of Proposition 3.12 to the zero-locus W of ¢ is a universal Lie co-algebroid of the

Lie-Rinehart algebra ij;, F,.

Since the image of its anchor map are vector fields tangent to W, it is clear that the universal
Lie oo-algebroid of Proposition 3.12 restricts to W. To prove Proposition 3.14, it suffices to
check that the restriction i}, X(V') to W of the Koszul complex is still exact, except in degree 0.
This is a simple lemma, whose proof is left to the reader.

Lemma 3.15. The restriction to the zero locus W of ¢ of the Koszul complex (40), namely the
complez

L e (V) L i, x2(V) L i,
is a free resolution of iy, F in the category of Ow -modules.

3.2.3. Vector fields vanishing on subsets of a vector space. Let O be the algebra of smooth or
holomorphic or polynomial or formal functions on K%, and Z C O be an ideal. Then ZDer(O),
i.e. vector fields of the form: Z?Zl fia%i’ with f1,..., fqg € Z, is a Lie-Rinehart algebra.

Remark 3.16. Geometrically, when Z corresponds to functions vanishing on a sub-variety
N C K", ZDer(O) must be interpreted as vector fields vanishing along N.

Let us describe a Lie co-algebroid that terminates at ZDer(O), then discuss when it is univer-
sal. Let (¢;)ier be generators of Z. Consider the free graded algebra K = O[(u;)icr] generated
by variables (;)icr of degree —1. The degree —1 derivation 9 := . ; %a%i squares to zero.
The O-module K_; of elements degree j in K, is made of all sums Zz‘1,...,ijel fil--.ij/"’i1 Sy
with fil...ij € O. Consider the complex of free O-modules

L0200 e @0 Der(0) P29 K @0 Der(0) (51)
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Proposition 3.17. The complex (51) comes equipped with a Lie oo-algebroid structure that
terminates in IDer(O) through the anchor map given by Mi% — @i% for all i € I, and
jel,... d. '

Proof. First, one defines a O-linear Poisson-oco-algebra structure on the free algebra generated

d
by (ui)ier (in degree —1) and (%)j:l (in degree 0) and 1 by:
0 o 0" pi
P O L 52
{'u a:vjl 8.1‘jr }H—l 81‘@1 e 6:% ( )

all other brackets of generators being equal to 0. Since the brackets of generators take values in
O, and since an n-ary bracket where an element of O appears is zero, this is easily seen to be a

Poisson oco-structure. The general formula is

8”71(,0'. .
!/
{Nh ®0 8xa17"‘7lufn ®o azan }n = Z € — K K :uZIJ U HL®00s,

- 0xg, - 0xq, -+ 04 ’ J

J=1..., L ] mn
ij € I
(53)

where py = pj, ... pj;, for every list J = {j1,...,js}, where € is the Koszul sign, and where for

a list J containing j, J7 stands for the list J from which the element j is crossed out, as in
Equation (43).

The O-module generated by i, - - - ptj, ®0 0Oy, , i.e. the complex (51) is easily seen to be
stable under the brackets {---}) for all k& > 1, so that we can define on K ®¢ Der(O) a se-
quence of brackets (¢, = {---}x)r>1 by letting them coincide with the previous brackets on
the generators, i.e. {---}, is given by Equation (53) for all n > 1. The brackets are then
extended by derivation, O-linearity or Leibniz identity with respect to the given anchor map,
depending on the degree. In particular, {---}, ={---}pfor k>2. For k=1, {---}} ={--h
on ®;>2K_;®@pDer(O). For k = 2, we still have {---};, = {--- }2 on ®; j>2K_; ©K_; ®0 Der(0O).

Let us verify that all required axioms are satisfied. For n = 2, Equation (53) specializes to:

dp; 0y;
g?(ﬂi Ko 8xa7 Mg Ko 8xb) - 87? i 6] a:(;b - 87;0‘; Mg Ko 8xa
a

which proves that the anchor map is a morphism when compared with the relation:

| 91299 5 _ 0%
[@zaxa ) ona:cb] - oz, 12 81:1, 81’b Py 8xa-

The higher Jacobi identities are checked on generators as follows:

(1) When there are no degree —1 generators, it follows from the higher Jacobi identities of
the Poisson oo-structure (52) and the O-multilinearity of all Lie oc-algebroid brackets
involved.

(2) When generators of degree —1 are involved, the higher Jacobi identities are obtained by
doing the same procedure as in the proof of Proposition 3.13, that is, we first consider
the higher Jacobi identities for the Poisson oo-structure (52), and we put aside the terms
where {-}; is applied to these degree —1 generators. We then check that the latter terms
are exactly the terms coming from an anchor map when the 2-ary bracket is applied to
generators of degree —1 and the (n — 1)-ary brackets of the remaining generators.

0



38 CAMILLE LAURENT-GENGOUX AND RUBEN LOUIS

Proposition 3.18. When O = Clxy,...,x,], and when N C C" is an affine variety defined
by a regular sequence @1, ..., ¢k, then the Lie co-algebroid described in Proposition 3.17 is the
universal Lie oco-algebroid of the singular foliation of vector fields vanishing along N .

Proof. For a regular sequence @1,...,pr, Ko equipped with the derivation 9 = Ele (pi%
is a free O-resolution of the ideal Zy of functions vanishing along N. Since Der(O) is a flat
O-module, the sequence

0 id 0 id 0 id
PO L Ky ®0 Der(0) —29 . Kk, @0 Der(0) — 29

InDer(0).  (54)

is a free O-resolution of the singular foliation ZyDer(Q). The Lie oo-algebroid structure of
Proposition 3.17 is therefore universal. [l

Example 3.19. As a special case of the Proposition 3.18, let us consider a complete intersection
defined by one function, i.e. an affine variety W whose ideal (p) is generated by a regular
polynomial ¢ € C[X7,..., X4]. One has a free resolution of the space of vector fields vanishing
on W given as follows:

wg%@)oid

00— Ou®o %((Cd) IwXca

where p is a degree —1 variable, so that x? = 0. The universal Lie oo-algebroid structure over

that resolution is given on the set of generators by :

dp (%
8%” R0 Oz, — axbﬂ ®0 O,

and {---}, := 0 for every k > 3. It is a Lie algebroid structure. Notice that this construction

{/J, ®O 6xaa 1% ®O 61'5}2 =

could be also be recovered using Section 3.1.4.

3.3. Universal Lie co-algebroids associated to an affine variety W. This section is mainly
programmatic. It explains how we can attach the purely algebraic objects “universal Lie oo-
algebroids” to the geometric objects “affine varieties”. Their relations will be studied in a future
article. For any affine variety W over C, with ring of function Oyy, derivations of W (i.e. vector
fields on W) are a Lie-Rinehart algebra over Oy denoted Xyy. Its universal Lie-oco-algebroid
can therefore be constructed.

Definition 3.20. We call universal Lie co-algebroid of an affine variety W any Lie-oo-algebroid
associated to its Lie-Rinehart algebra Xy, of vector fields on W.

Let us state a few results about the universal Lie co-algebroid of an affine variety W. For
every point g € W, let Ow 4, be the algebra of germs of functions at xg. The germ at zg of the
Lie-Rinehart algebra of vector fields on W is easily checked to coincide with the Lie-Rinehart
algebra of derivations of O z,.

Here is an immediate consequence of Proposition 3.3.

Proposition 3.21. Let W be an affine variety. For every xo € W, the germ at xo of the
universal Lie co-algebroid of W is the universal Lie co-algebroid of Der(Ow 4, )-

Let us choose xg € W. As stated in Section 3.1.2, the Lie oc-algebroid structure of W
over xg restricts at xo (i.e. goes to the quotient with respect to the ideal mg,) if and only if
pe(€E-1)[my,] € my,, (i.e my, is a Lie-Rinehart ideal). This is the case, in particular, if zg is
an isolated singular point. In that case, we obtain a Lie oo-algebroid over Oy /my,. Since this
quotient is the base field K, we obtain in fact a Lie oc-algebra. By Section 3.1.2 again, it is a
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Lie oco-algebra on Torp,, (Xw,C). We call it the Lie co-algebra of the isolated singular point x.
To describe this structure, let us start with the following Lemma.

Lemma 3.22. Let zg be a point of an affine variety W. The universal Lie co-algebroid of
Der(Ow,a,) can be constructed on a resolution ((E29)i>1,41,m), with EX) free Ow, 4, -modules of
finite rank for all i > 1, which is minimal in the sense that {1(E_;—1) C my,E_; for all i > 1.

Proof. Since Noetherian property is stable by passage to localization, the ring Ow,4, is a Noe-
therian local ring. Proposition 8.2 in [32] assures that Ow ,, ®o,, Der(Ow ) admits a free minimal
resolution by free finitely generated Oy ,,-modules. Since Oy, is a local ring with maximal
idea my,, we can assume that this resolution is minimal. In view of Theorem 2.1, there exists a

Lie co-algebroid structure over this resolution, and the latter is universal for Der(Ow,,). O

By Theorem 2.1, a resolution of Der(Oyw 4, ) as in Lemma 3.22 comes equipped with a universal
Lie co-algebroid structure for Der(Oy,4,). The quotient with respect to my, is a Lie co-algebra of
the isolated singular point zg with trivial 1-ary bracket. Using Corollary 2.11 and its subsequent

discussion, we can prove the next statement.

Proposition 3.23. For any universal Lie co-algebroid structure on a resolution of Der(Ow )
as in Lemma 5.22, the quotient with respect to the ideal my, is a representative of the Lie oco-
algebra of the isolated singular point xg, with trivial 1-ary bracket, on a graded vector space
canonically isomorphic to Torp,, (Xw,C) (C being a Ow -module through evaluation at xo).

In particular, its 2-ary bracket is a graded Lie bracket on Torp,, (Xw,C) which does not
depend on any choice made in the construction, and its 3-ary bracket is a Chevalley-Filenberg

cocycle whose class is also canonical.

This discussion leads to the natural question:
Question. How is the geometry of an affine variety related to its universal Lie co-algebroid?

This will be the topic of a forthcoming article.
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