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MAXIMIZING THE EXPECTED NUMBER OF COMPONENTS
IN AN ONLINE SEARCH OF A GRAPH

FABRICIO SIQUEIRA BENEVIDES AND MALGORZATA SULKOWSKA

ABsTrACT. The following optimal stopping problem is considered. The ver-
tices of a graph G are revealed one by one, in a random order, to a selector.
He aims to stop this process at a time ¢ that maximizes the expected number
of connected components in the graph G4, induced by the currently revealed
vertices. The selector knows G in advance, but different versions of the game
are considered depending on the information that he gets about G¢. We show
that when G has N vertices and maximum degree of order o(v/N), then the
number of components of G is concentrated around its mean, which implies
that playing the optimal strategy the selector does not benefit much by re-
ceiving more information about G. Results of similar nature were previously
obtained by M. Lasori for the case where G is a k-tree (for constant k). We also
consider the particular cases where G is a square, triangular or hexagonal lat-
tice, showing that an optimal selector gains ¢N components and we compute
c with an error less than 0.005 in each case.

1. INTRODUCTION

Let G = (V, E) be a graph on N vertices. Let S be the set of all permutations
of V. We consider the following online stopping problem. Select uniformly at
random a permutation o € S, say 0 = (01,02,...,0n). The vertices of G emerge,
one by one, following the order given by o. For t € {1,2,..., N}, let G4(o), or
simply Gy, be the graph induced by {01,02,...,0+}. We think about ¢ as time
and at each time step a player, who knows what the graph G is, must take a
decision based on some information that he receives about G’t: either he continues
the process and reveals the next vertex or he stops the game and gains as payoff
the number of connected components of G;. In case he decides to reveal another
vertex, he is not allowed to go back to the previous step of the game. If the player
never takes the decision to stop, the game finishes with Gy selected and the payoff
is equal to the number of components of G.

The presented question may be treated as one of many generalizations of the
celebrated secretary problem that attracted the attention of mathematical society in
the early 1960’s (consult [I5] and [3]). In the secretary problem the player observes
elements of a linear order emerging one by one in some random permutation. At
a given time step he can see the order induced by the elements that have already
appeared. His task is to stop the search maximizing the probability that the element
that has just appeared is the maximal one in the whole order. Series of papers in
which the linear order has been replaced by a partial order followed the work of
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Stadje [18]. Optimal strategies for a particular posets as well as universal algorithms
for the whole families of posets have been presented in [16], [7], [I7], [12] and [6].
Kubicki and Morayne were the first ones to investigate the optimal stopping problem
on a directed graph choosing a directed path as the underlying structure, [I3]. The
link between the directed path case and the classical secretary problem was given
by the authors in [1]. Universal algorithms for graphs were formulated by Goddard
et al. in [§] and by Sulkowska in [TI9]. This paper continues the study of optimal
stopping algorithms for graphs. However, the approach to the subject is slightly
different since now the aim is to maximize the expected number of components
at the stopping moment instead of the probability that the last vertex belongs to
some previously defined set. In turn, the study of components is another classical
topic in the area of random graphs. The first paper that puts optimal stopping for
graphs in the setup of counting components is [14] by Lasor.

One can introduce various versions of the presented stopping game, depending
on exactly what information the player receives about Gy. In every version, the
player knows G in advance and his task is to find the strategy that maximizes the
expected payoff. The following three versions may serve as examples.

1. Blind game. At time ¢ the selector knows only the number of vertices that
have already appeared (i.e., t). He has no other information about the
revealed structure. In fact, he gains no information during the game.

2. Partial information game. The selector can see an unlabeled graph isomor-
phic to Gy. In particular, he knows how many edges or components are
there at time ¢, but he does not know exactly which vertices of G have
been selected. This is a classical setup for many optimal stopping problems
considered in the past (comparable to the setup in the secretary problem).

3. Full information game. The selector knows {o1,09,...,0.}, and since he
knows G, he knows G;. Thus he gets all information that is available at
time ¢.

In [14], Lason considers the above three versions for the case when G is a k-tree,
for some constant k. Surprisingly, the maximum expected payoff for a selector that
plays optimally with full information is very close to the one for an optimal selector
playing the blind game. In this article, we prove that a similar statement holds
for any graph G with N vertices and maximum degree bounded from above by
o(v/N). Throughout the rest of the paper we are going to refer only to blind and
full information games, as the expected payoff for the partial information game is
between those of the other two.

We also study the cases where G is a square, a triangular or a hexagonal lattice
and we provide tight estimates for the expected payoff in those three cases. The
study of lattices is motivated by the relation (explained below) between our problem
and the well studied site percolation problem on 2-dimensional lattices. Another
motivation is the fact that the results from [14] are stated for k-trees, which are max-
imal (with respect to the inclusion of edges) k-degenerate graphs and at the same
time maximal graphs with treewidth equal to k. In contrast, 2-dimensional lattices
are also k-degenerate (a square lattice and a hexagonal lattice are 2-degenerate,
while a triangular lattice is 3-degenerate) but all have unbounded treewidth. It
turns out that the maximum expected payoff for 2-dimensional lattices is smaller
than the one for k-trees in a non-negligible way.
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2. FORMAL MODEL AND NOTATION

Our graph G = (V,E) with V' = {v1,ve,...,un} is always finite, simple and
undirected. The degree of v € V' will be denoted by deg(v). An induced subgraph
G' = (W,ENW?), where W C V, is called a component of G if it is a maximal
connected induced subgraph of G. We define a probability space (S, P, P), where P
is the set of all subsets of S and the probability measure is defined by P[{c}] = 1/N!
for any permutation o € S. A stopping time is a function 7 : S — {1,2,..., N} such
that its value on a permutation o, say t = 7(¢), depends only on the information the
selector gathered up to time ¢, which is information the selector gets about Gy (the
graph induced by {o1,09,...,0¢}). E.g., in the blind game the selector gains no
information during the game thus 7 needs to be the same for all o € S, it is simply a
constant function depending only on G. Formally, let P; C Py C ... C Py C P be
a sequence of o-algebras (such a sequence is called a filtration). A random variable
7:8 — {1,2,...,N} is a stopping time with respect to a filtration (P;)N, if
77(t) € Py forall t < N. In the blind game we define P; = {0, S} for every t. In the
full information game, for each ¢ € {1,2,..., N}, the sets A in P; are those with the
following property: if o = (01,...,0n) € A, then for every m = (m1,...,7n) € S
such that {o1,...,0¢} = {m1,...,m} we have 7 € A.

A stopping algorithm is any algorithm that produces a stopping time. Let T
denote the set of all stopping times (note that the definition of 7 depends on
whether we are playing the blind or the full information version, but we omit this
in the notation). Let C; be the number of components of G;. We say that 7 is
optimal if

7" = argmax_ 7 E[C;],

that is, it maximizes the expected number of components at the time it stops. Here,
E[C,] is understood as D ves C‘T(U) (o).

This is the classical optimal stopping setup, but in our proofs it is going to be
more convenient to work with a different (probability) model. Assume the graph G
is given and let p € [0,1]. Each vertex of G is declared open with probability p and
closed with probability 1 —p, independently of the other vertices. By G, we denote
the graph induced by the set of open vertices. Let C, be the number of connected
components of G,. When G is an infinite lattice, the problem of deciding for what
values of p there exists (with high probability) an infinite connected component in
G, is known as site percolation. Due to its huge number of applications this problem
was overly studied by mathematicians as well as physicists (see, for example, the
book [4]). Both, theoretical arguments and computer simulations were used in
order to investigate percolation phenomenon, especially in the context of phase
transitions. However, we have not found articles providing good estimates for C,
for general values of p (especially when p is far from the percolation threshold). For
some general estimates consult [20], [9].

Intuitively, for N sufficiently large and ¢ € {1,2,..., N}, letting p = t/N, one
should expect that C, and C} behave similarly. For the sake of completeness, we
will prove that this is indeed the case for graphs with maximum degree bounded by
o(V/N). To show that C, is concentrated around its mean we use classical concen-
tration result from [11] known as Azuma’s inequality or McDiarmid’s inequality. In
order to compare C), and Cy, orin general G, and G, we consider a coupling of those
random variables on the probability space (Q,F,P), where Q = [0,1]¥, F is the
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family of all Borel sets of €2, and P is the uniform distribution (i.e., with probability

density function equal to 1 everywhere). Given w = (wy,...,wn) € €, we interpret
w; as the arrival time of the vertex v; of G. Note that each w induces (almost
surely) a permutation o such that o = (vi,,Viy, ..., Uiy ) fOr Wi, <w;, < ... <wiy-

If this is the case, we write w ~~ o. Note that, in this way, the distribution that w
induces on the set of permutations S is the uniform distribution.

For w € Q, by Gy(w) we understand the graph induced by {01,079, ...,0,}, where
o is induced by w. Note that, for any fixed ¢ € {1,..., N}, we have that G;(w) has
the same distribution as G¢(o) where ¢ is drawn directly from (S, P,P). Similarly,
given p € [0,1], we can define G,(w) as the graph induced by the vertices v; for
which w; < p and such graph has the same distribution as G, defined in the previous
paragraph. Note that, with this notation,

El:ér]:‘/QC’T(w)(w)dwa

where 7(w) is naturally understood as 7(o), where o is the permutation induced
by w.

By f/t(w), E, (w) and C, (w) we denote, respectively, the number of vertices, edges
and components of the random graph G;(w). Whenever the context is clear we
write V;, E; and C, for short. Similarly, we denote by Vp, B, and C), the analogous
random variables with respect to G,. Note that V, is a constant equal to ¢, while
V), follows the binomial distribution with parameters N and p.

For S C S let Qg = J,cgiw : w ~» o}. In particular when S = {0}, we simply
use ,. Note that Fy(w) is a random variable that is constant on €, (and the
same holds for Cy(w)). This value will be interchangeably denoted by Ej(o) (and
similarly Cy(o) for Cy(w)).

3. BLIND VERSUS FULL INFORMATION

This whole section is devoted to proving quite a surprising result. We show
that in many situations the maximum expected payoff while playing in the full
information mode is very close to the maximum expected payoff while playing in
the blind mode. Precisely speaking, we are going to prove the following theorem.

Theorem 1. Let G be a graph on N vertices. Let 5 be the optimal algorithm

while playing in a full information mode and let T° be the optimal algorithm while

playing in a blind mode. For every e € (0,1) there exists N, such that if N > N,
2

and the mazimum degree of G is bounded by D. y = ;—QW, then

E[C,+] < E[C,s] < E[C,+] +&N.

Remark. Note that the stated bounds are useful when E[C+] is of order N. De-
termining precisely for which families of graphs this condition holds is left as a
future work. In the next section we give natural examples of graphs that fulfill this
requirement.

Before we prove the main theorem, we state several technical lemmas that will
be helpful later on. The first one is a concentration result (known as McDiarmid’s
inequality) which is a version of Azuma’s inequality tailored for combinatorial ap-
plications (see [I0] and [I1]).
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Lemma 1. Let Zy,Zs,...,Zu be independent random variables, with Z; taking
values in a set Aj. Assume that a function g : Ay x Ay x ... x Ay — R satisfies,
for some constants b;, where j € {1,2,..., M}, the following Lipschitz condition:

(L) if two vectors z,z' € Ay x Ay x ... x Apy differ only in 7™ coordinate, then
l9(z) — g(2')] < b;.
Then the random variable X = g(Z1, Zs, ..., Zn) satisfies, for any t > 0,

P[X > E[X] + ] gexp{;i?}

—2t?
PX <E[X] -t Sexp{z}
Z] 1 b]

The above lemma generalizes many known concentration bounds for sums of
independent random variables. For example, compare it to Hoeffding’s inequal-
ity [10].

We will also need a concentration inequality for a binomial random variable,
X ~ Bin(N,p), for an additive error of order v/N/e. In this range, it will be
enough (and more convenient for us) to simply use Chebyshev’s inequality.

Lemma 2. Let X be a random variable following the binomial distribution with
parameters N and p € [0,1]. Then, for every ¢ > 0,

&2
P[\X—E[ | > 4VN/e| < 71.
Proof. By Chebyshev’s inequality we get

e?Var[X] e2Np(l—p) _ €2
PllX — E[X]| > 4V N/e| < - <=
[' X112 /4 =" 16N 16N 64

O

In the next lemma we show a trivial bound for the mean absolute deviation of a
binomial random variable.

Lemma 3. Let X be a random variable following the binomial distribution with
parameters N and p € [0,1]. Then

E[|X —E[X]]] < %\/N

Proof. For any random variable T we have Var[T] = E[T?] — (E[T])? > 0 thus
(E[T])? < E[T?]. Setting T'= | X — E[X]| we get

(E[IX —E[X]]])* < E[(X - E[X])?] = Var[X],

which gives

E[|X ~E[X]|] < VFarX] = vFp(l—p) < 5VF.
(I

Remark. There are sharper results than Lemmal One can show that for such X,

we have E[|X — E[X]|] = \/2/m\/Var[X] + O(N~%/2) (consult [3] or [2]). But this
improvement of only a constant factor does not yield any improvement to our main
theorem.
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The next few lemmas compare the number of components in the two models that
we use in this article.

Lemma 4. Lett € {1,~2, ..., N}. Let G be a graph on N vertices with the maximum
degree at most D and Cy, Cy/n be built from the probability space Q2 (as in Section@.
Then for every e > 0

4DV/N < g?

P C’t>ct/N+

2|
’J;.

Proof. Note that for each w € ) we have
(1) Ci < Cyn + D |Viyn = Vil = Cyyy + D [Vyyw — .

Indeed, the graphs G, and G, /N arose according to the same permutation, induced
by w. Then, they differ by [V;/n — Vi| vertices and each additional vertex may
increase the number of components by at most one and decrease the number of
components by at most D — 1. Recall that V;,xy follows the binomial distribution

with parameters N and ¢/N thus E[V;,y] =t and, by Lemma [2} we know that
2
P[[Viw —t <4VNJe| 21~ %4.

Therefore,
2

P {(Zy < Cyn +4D\/N/s] >1- %4.

O

Lemma 5. Lett € {1,2,...,N}. Let G be a graph on N vertices with the mazi-

mum degree bounded by D and Cy, Cy/n be built from the probability space ) (as in
Section @ Then

E[C,x] < E[C] + 3DV,

Proof. Analogously to (1), for all w € Q, we write
Cyn < Cy+D|Vyn —t.

Since V;,y is binomial with expected value ¢, taking expectation (in Q) on both
sides, the conclusion follows from Lemma [3] O

The next lemma shows that in the blind game we do not loose much if we look
at G, for p = t/N instead of G;. Also, for a good bound, it is enough to consider
a finite number of values of p: 1/N,2/N, ..., N/N.

Lemma 6. Let G be a graph on N vertices with the maximum degree bounded by
D and let T° be an optimal algorithm while playing in a blind mode. Then

~ 1
2 E[C, <E|C —DVN.
(2) o mex E[Cyn] SE[Co]+ 3 VN
Proof. In a blind mode the selector does not gain any new information during the
game. He can actually decide in advance when to stop. Of course, the only reason-
able strategy is to stop at time ¢ maximizing the expected number of components.
Therefore,

E[C,s] = E[C,).
[Cro] e [Ci]
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Now, let t* be such that E[Cys/n] = maxyeqy,..., vy E[Cy/n]. It follows that:

- - 1
E[C.] = te{r{{?’(N}E[a] > E[Cp] > E[Cpo/n] — §D¢N,

where the last inequality follows from Lemmal5] Now, equation (2] follows directly.
[l

In our final lemma, we show that C,, for constant p, is concentrated around its
mean for certain G. In particular, the condition in the lemma is satisfied when the
maximum degree of G is o(vV N).

Lemma 7. Let p € [0,1]. For every e € (0,1) there exists N. such that if G is a
2

graph with N > N, vertices and Zjvzl deg(v;)? < 8.N2, where §. = %, then

C) satisfies

P[C, > E[C,] + (¢/8)N] < £°/64.
Proof. Let p € [0,1]. For i € {1,2,...,N} and w € 2, define Z; as follows

ZZ': 1 lf UJiSp7
0 if w;>p.

Recall that w; represents the arrival time of v;. Thus Z; simply indicates whether
v; belongs to G, or not. Put ¢(Z1,Zs,...,Zn) = C,. Note that for two vectors
z,7z" € {0,1}" that differ only in j*" coordinate we have |g(z) — g(2z')| < deg(v;)
unless v; is isolated in G. Indeed, whenever we add a single vertex v; to the graph,
the number of components can increase by at most one or decrease by at most
deg(v;) — 1. If deg(vj) = 0 the number of components always increases by one
when v; appears. For j € {1,2,..., N} define

b {deg(vj) if deg(v;) >0,
;=

1 if deg(v;) = 0.
We have
N
D SN+ deg(vy)?,
j=1 j=1

where N represents the upper bound for the sum of squared ones while summing
over vertices isolated in G. By Lemmal[l} setting ¢t = (¢/8)N, for sufficiently large
N we obtain

P[Cp > E[Cp] + (E/S)N] < exp { N —|—_§:(§Vifzi€fg(vj)2 } < exp {(m}

—2e2N? —e? 5
SexP{w} :eXp{64.5€} = /64.

Now we can use the concentration of (), to prove the main theorem of this
section. Hereby we partially follow the lines of the proof of Lemma 3.5 from [I4].

O

Proof of Theorem[]l The lower bound is trivial since any stopping algorithm for
the blind game is also a stopping algorithm for the full information game.
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Now,let T = {0, |EN], | 2N, ..., [BEEN |} = {to, t1, ..., t[s/e)}- Puttise) i1 =

N +1. Fori € {0,1,...,]8/¢c|} partition S into | JS;,, where S;, is the set of per-
mutations o for which 77(0) € [t;,t;11). We can write

~ 1 ~ 1 ~
]E[Cq—f] = ﬁ Z C'-rf(a) = ﬁ Z Z CTf(O')7

oES " teT o€S,

or, equivalently,

E[éTf] = / CNv‘rf(o.z) dw = Z
Q

teT

(/ é,rf(w) dw) .
Qst

Note that for t € T and w € Qg,, letting w ~» o, implies o € S; and therefore
Cri(w) = Crr(o) < Ce+§N+1, as each new vertex adds at most one component. By

Lemma for any given ¢, we know that PP [C’t > Cyn + 4D57N\/N/z-:} < g—z (recall
that in the statement of Theoremwe define D, y = e2v/N/32). As4D. yV/N /e =
(¢/8)N, this means that

Gy < Cyn + (e/8)N

except for at most a £2 /64 fraction of the whole 2. One can also easily check that the
assumptions of Lemmaare satisfied; for é. from Lemmawe get Zil deg(v;)? <
Zilil D;N < (¢*/322)N? < §.N2. Thus for N. from Lemma for any given t, we
get that for N > N. at most g fraction of all w’s do not satisfy the inequality

Cyn < E[Cyn] + (¢/8)N.
Putting it together we get that for N > N,

Cy < E[Cyn] + (/4N

except for at most ;—; fraction of the whole 2, where we can use that C; < N. Thus,
for each ¢t € T we get:

/ érf(w) dw < / (C’t+EN+1) dw
Qs, Qs, 3

/ E[Cyn] + SN +1 @t SN
Qs, K 8 32

IN
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Now, summing the above inequality over t € T, for N > N, and since ¢ < 1, we

get
3e 8 g?
| < [C —N+1)d 1 N
A K (EEDE
teT St
3e 4
<Z(/ < [Cy/n] + N+1)dw> + 5N
Q 8 8
teT St
4e
<Z</ (maxIE[Ct/N]—i- N—l—l)d )—i—N
Q 8 8
teT St
= ( maxE[C ]+3—€N+1 > / ldw | + 2N
~ \er NI g 0 8
teT St
—maXE[C ]—1—1—1—7 N < max E[C }+1+EN
t/N 8 te{l,...,N} /N 8
~ Te
< E[C+] + —Ds,N\/NJr 1+ —N
7
<E[C,] + 8N+ 8€N E[C,+] + eN.
For the previous to last inequality refer to Lemma [l The last inequality follows
from the fact that 1D, yvV/N + 1 < (¢/8)N for e < 1. O

4. PLAYING ON LATTICES

In this section we study a particular family of graphs, namely 2-dimensional
lattices: square, triangular and hexagonal one (see Figure [1)). Their degrees are
bounded by a constant thus all satisfy the assumptions of Theorem [I| This means
that playing a full information game we can not gain significantly more than playing
blind. Even though we refer to the three particular lattices here, the reader will
notice that the proofs of theorems from this section may be adapted for more general
subgraphs of the infinite lattices. The next two lemmas together with Theorem
justify that giving the upper and lower bounds just for the value E[C)] we get the
upper and lower bounds for the gain of either blind or full information game.

Lemma 8. Let G be a graph on N wvertices with mazimum degree at most D. Let
b be the optimal stopping time while playing in a blind mode. Let g : [0,1] — R be
a function satisfying E[C),] < Ng(p) and attaining its mazimum at pmax. Then
~ 1
]E[Crb} < Ng(pmax) + §D\/N
Proof. As in (1)), for all w € Q we write
C’.,.b < C.,.b/N + DlV.,-b/N — Tb|.

Since we are considering a blind game, the value of 7° is constant. Thus, taking
expectation on both sides of the above inequality and using Lemma [3] we get

~ 1

1
< sup E[C,]+ fD\/JV < Ng(Pmax) + ~DVN.
p€[0,1] 2 2
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d

Lemma 9. Let G be a graph on N vertices with the mazximal degree bounded by D.
Let 7° be the optimal stopping time while playing in a blind mode. Let f : [0,1] — R
be a function continuous on [0, 1], differentiable on (0,1) such that N f(p) < E[C,)]
and attaining its unique mazimum at pmax. Let also |f'(p)| < b for some constant
b and every p € (Pmax — 1/N, Pmax +1/N) N (0,1). Then

E[Cs] > N f(pmax) — %D\/]V Y

Proof. By Lemma [6]

~ 1 1
E[C ] > E[C, ——DVN>N- t/N)— =DV N.
(Cr] > _max  E[Cyn]—3 VN > e f(t/N) =3 VN

Let t* = mingeqy,.. N}{t : t/N > pmax}. By the mean value theorem there exists
¢ € (Pmax — 1/N, Pmax + 1/N) N (0,1) such that

f(Pmax) = f("/N) = 1£'(©)] - [t*/N = pmax| < b/N.

Therefore,

E[C.] > Nf(t*/N) — %D\/N > N f(pmax) — %D\/N —b.
0

Thus throughout this section we focus on investigating the expected number of
components only in the random graph G),. Equivalently, we study parameters of a
random graph obtained in a process of site percolation. Site percolation on lattices
has been widely and deeply studied. Nevertheless, to the best of our knowledge, the
exact values of the expected number of components in a random graph that evolved
in a site percolation process are still not known for 2-dimensional lattices. Some
precise upper and lower bounds were given only for p being close to the critical
probability (consult [4]). The three theorems of this section give quite tight upper
and lower bounds for the maximal value of E[C),] in cases when G is a square, a
triangular or a hexagonal lattice.

From this point, the graphs G that we consider are always planar. While C,
is a graph parameter that does not depend on a particular embedding of G, we
will study it indirectly via Euler’s formula, expressing the number of components
in terms of the number of vertices, edges and faces of a particular embedding of G
in the plane. That is, we study plane graphs.

Whenever we mention a square, triangular or hexagonal lattice we mean their
particular embedding as in Figure For our proofs the exact shape of the outer
face is not relevant, but only the fact the number of vertices and faces that are
not typical is o(V) (in particular, o(N) of the vertices of G belong to its outer face
or have neighbors in the outer face). Other important fact about our embeddings
are: in the square lattice (respectively, triangular /hexagonal) all the inner vertices
(vertices that do not belong to the outer face) are of degree four (resp., six/three)
and all the inner faces are squares (resp. triangles/hexagons).

In this section F), stands for the number of faces in the plane graph G,. By Fp(k)
we denote the number of k-faces in the same plane graph, i.e., faces having exactly
k edges in the boundary (taking into consideration that if an edge belongs to the
boundary of only one face, then it is counted with multiplicity 2 for such face).
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FIGURE 1. Square, triangular and hexagonal lattice.

SRSt S

FIGURE 2. Examples of faces in G}, surrounding 1 or 2 (white)
vertices from V '\ V.

Lemma 10. Let H be a connected, planar graph with v vertices, e edges, with
e > 2, and f faces. Let also f®) = fO) = f(0) =0, where f*) denote the number
of s-faces in H. Then

f<e+2fW+79)/a.
Proof. Since H has at least two edges, we have
2e =Y kf®) >af® 46O 43 kf®
k>3 k>8
>Af® 46O £ 8(f — W — fO)y =gf — 45 276,

Theorem 2. Let G be a square lattice on n x n = N vertices. Then

su E
lim Pre(0.1)

Gl € (0.12953,0.13268)
Nboo N ' T '

Proof. Let us start with a lower bound for sup,,¢ o 1) E[Cp]. The graph G, is planar
for any p € (0,1). Therefore, by Euler’s formula we write

Cp=V,—E,+F,—1.

We call an inner face empty if it does not surround any vertex from V \ V,. Note
that since G is a square lattice, the number of empty faces in G, equals F,S4) or
F;E4) — 1. The number of inner faces in G, that surround exactly k& vertices from

V'\ 'V, will be denoted by Fzgk}. For example, all non-empty faces (up to rotations)
surrounding exactly one or two vertices are shown in Figure [2l We have

Co>V,— B+ FY + Fl 4 FIZ — 2,
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Now,
E[V,] = Np, E[E,] = (2N —2n)p* < 2Np?,
E[F{Y] = (n —1)*p" + o(N) = Np* + o(N),
E[FM] = Np®(1 —p) + o(N) and
E[FP] = 2Np'°(1 — p)* + 2Np'*(1 — p) + o(N)
Therefore,

E[Cy] > N(p — 2p* +p* +p*(1 = p) + 2p"°(1 = p)* + 2p"*(1 — p)*) + o(N)
=N(p—2p"+p" +p° —p” +2p" —dp"" +2p'* — 4p"° + 2p™*) + 0o(N)
= Nf(p) +o(N).
The function f(p) attains its unique maximum on [0, 1] at pmax approximately 0.27
and f(pmax) > 0.12953.

Now we calculate an upper bound for sup,¢ g 1) E[C}]. Graph G, has C, compo-
nents, name them Hy, Ho,...,Hc,. Fori € {1,2,...,C},} let e; denote the number
of edges in H; and f; the number of faces in H; if H; is considered as a standalone
graph. Let J, be the set of indices j € {1,2,...,C,} such that H; has at least two
edges. Note that |J,| = C, — V), — E,, where V, stands for the number of isolated
vertices in G, and E,, for the number of isolated edges. By Lemma |10} we know
that f; < (e; + 2f;4) + f;ﬁ))/él for each j € Jp. Therefore

1 1 @, 1 ©)
DPREED ISP OARE Dopril
jeTy jedy j€Tp JET,
We have Zjer e; = E, — E, and Zjer fi = Fp +|Jp| — 1; indeed, the outer
face of G, was counted once in every f;. Denote FZ§4*) => fjw and F,SG*) =
> e, fj(G). We have

J€Jp

1 — 1 e 1 s
By |yl =1 < 4 (Bp = Ey) + 5F,S‘* ) 4 ZF;G )
and since |J,| = C, — V,, — E, we obtain
1 3— — 1 1
Fy < Bp+ 1B, +Vy + §F£4*) + ZF;G” —Cp+ 1.
Using it together with the Euler’s formula, C), =V, — E}, + F,, — 1, we get
1 3 3= o o, Lo 1
(3) Cp<3 (Vp— iEp+1Ep+Vp+§FI§4 >+ZF,§6 >>.

The number of isolated vertices and the number of isolated edges in G}, satisfy
E[V,] = Np(1 —p)* + o(N) and E[E,] = 2Np*(1 — p)® + o(N). Consider F;54*) =
Zjer f]w. Note that, unless |J,| = 1 (in which case F1§4*) = Fz§4) or FI§4*) =
F,§4) + 1), the value of F;§4*) is equal to the number of 4-faces in G, plus the

number of graphs H; whose outer face is a 4-face. In Figure@ we consider all cases,
up to rotation, where the outer face of a component is a 4-face. Therefore, recalling

that E[F\"] = Np* + o(N),
E[F{*)] = Np* + Np*(1 — p)® + 4Np*(1 — p)7 + 2Np*(1 — p)® + o(N).
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e

F1GURE 3. Examples of H;’s having the outer face being a 4-face.
Black vertices belong to the face, white ones must be on V' \ V,
and non-marked vertices are irrelevant.

gazt

FIGURE 4. Examples of H;’s having the outer face being a 6-face.
Black vertices belong to the face, white ones must be on V' \ V,
and non-marked vertices are irrelevant.

Now, consider F;*) =3, f{. Note that f{” # 0 if, and only if, f{” =1 and
the outer face of H; is a 6-face (see examples in Figure . We get

E[F{®)] = 8Np*(1 — p)® + 8Np*(1 — p)° + 2Np*(1 — p)'® + 8Np°(1 — p)° + o(N).
Finally,

1 3., 3 1 1
E[Cy] < 5N (p - 5172 + 5292(1 —p)°+p(1—p)*+ gp‘* + §p4(1 —p)¥+2p°(1—p)T

1
+p(1—p)®+2p* (1 —p)® +2p*(1 —p)° + §p4(1 —p)'% +2p°(1 p)9> +o(N)

43 165 535 81
=N <p _ 2p2 +p4 + ?pﬁ _ 72)7 + TPS _ 112p9 + ?plo

11,5 3

17 29
= B = ) o) = Nolo) + o),

2 p 2 p 2
The function g(p) attains its maximum on [0, 1] at p/ .. approximately 0.29 and
9(Phas) < 0.13268. -

Remark. Graph G, being a square lattice on n x n = N vertices, is 2-degenerate. It
can be easily transformed into a maximal 2-degenerate graph G’ by adding 2n—3 =
O(V/N) edges (note that a 2-degenerate graph on n? vertices has at most 2n? — 3
edges while the lattice has exactly 2n? —2n edges). Note that Theorem [2|still holds
for G’ since these additional edges may decrease the number of gained components
by at most o(/N). In [I4] it was proved that (# + 0(1)) N constitutes the
upper bound for the expected number of components while playing full information
game on a maximal k-degenerate graph on N vertices. Examples of graphs that
attain this maximum are k-trees. Note that G’ serves as an example of a maximal
2-degenerate graph which does not attain this upper bound. Indeed 0.13268 <
22/3% 22 0.148. One difference between G’ and a k-tree is its unbounded treewidth.
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However, we do not know how (and whether) this parameter really influences the
gain of the game.

Theorem 3. Let G be a triangular lattice on N vertices (drawn as in Figure .
Then
su E[C
lim Ppe(0,1) [ p]

A N € (0.09629,0.10107).

Proof. For the lower bound for sup,¢ g 1) E[Cp] we write

Cp>V,— B, + F® + F® —1.
(Note that F,S4) and F,§5) are either 0 or 1, being 1 only if they count the outer face
of G, so we do not loose much by ignoring those terms). For G being a triangular
lattice we have E[V,] = Np, E[E,] = 3Np? + o(N), E[FY] = 2Np? + o(N) and
]E[F,E6)] = Np®(1 — p) + o(IN) (where the (1 — p) in the last expression comes from
the fact that the vertex of G that belongs to the interior of the hexagon cannot be
selection to G). Thus

E[Cp] > N(p — 3p° +2p” + p°(1 = p)) + o(N) = N f(p) + o(N).

The function f(p) attains its unique maximum on [0, 1] at pmax approximately 0.21
and f(pmax) > 0.09629.

For the upper bound we follow the lines of the proof of Theorem [2| just this time
for the number of edges in H; we use the following inequality

2e; > 3£ +4fV + 557 +6(f; - £V — £ = 1)

1 1 1 1
Dohisg ety K 2 g 2 h

J€T, J€Tp J€T, J€Tp J€Tp

. 3x 3 4% 4 5% 5
Again denote F;E ):Zjerf]( ),Fp( ):Zjerf]( ) and F,g ):Zjejpf]( ). By
Euler’s formula applied to G/, we have

Hence

1 2 2— = Loy g L e
Cp<2<vp—3E,,+3Ep+vp+2,53>+3F;4>+6F;5>).

The fact that

E[E,] = 3Np*(1 —p)® +0o(N),  E[V,] = Np(1—p)®+o(N),

E[F{*)] = 2Np® + 2Np?(1 — p)° + o(N),

4%)1 3 10 4 10

F;E ] =9Np*(1 —p)° +3Np*(1 —p)'° + o(N) and

FOI] = 12Np*(1 — p)* + 6Np°(1 — p)*t + o(N)

implies

1
BIG] < 5N (0= 27 + 220 =) 4 01— ) 4P 4 5P )

+3p°(1—p) " +p' (1= p)" + 20" (L= p)" +p°(1 = p)*') + 0o(N)
= Ng(p) + o(N).

The function g(p) attains its maximum on [0, 1] at p/, .. approximately 0.24 and
9(Plax) < 0.10107. <
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Remark. Graph G, which is a triangular lattice on N vertices, is 3-degenerate.
Again, it can be easily transformed into a maximal 3-degenerate graph G’ by adding
O(v/'N) edges. Such G’ serves as another example of a maximal k-degenerate graph
which does not attain the upper bound from [14]. Indeed 0.10107 < 33 /4% ~ 0.1055.

Theorem 4. Let G be a hexagonal lattice on N vertices (drawn as in Figure .
Then

. SUPpe(o,1) E[C)]
N N
Proof. For G being a hexagonal lattice we have E[V,] = Np, E[E,] = (3/2)Np? +
o(N), E[F{¥] = (N/2)p® + o(N) and E[F{*?] = Np'2(1 — p) + o(N). This time for
the lower bound we write

€ (0.16738,0.17144).

Cp>V,—E,+F% +F" -1

thus

BICy) > N (p= 307 + 50+ 0'2(1 =) ) + o) = NS0) + o).

The function f(p) attains its unique maximum on [0, 1] at pyax approximately 0.34
and f(pmax) > 0.16738.

For the upper bound we use again the inequality . Since now E[FI§4*)] =
3Np*(1—p)° +o(N) and E[F"] = (N/2)p° + (N/2)p°(1 —p)° + Np*(1 —p)° +
6Npi(1 —p)® + o(N) we get

1 9., 9 3 )
E[Cy] < 5N <p — gpz + gpz(l —p)t+p(1—p)°*+ 5173(1 —p)°

+%p6 + %p‘;(l -p)°+ ip‘*(l -p)°+ gp“(l —P)6> +o(N)
= Nyg(p) + o(N).

The function g(p) attains its maximum on [0, 1] at p/ .. approximately 0.36 and
9(Pinax) < 0.17144. O

The following corollary summarizes the results for lattices.

Corollary 5. Let 7° be the optimal stopping time while playing a blind game and
71 be the optimal stopping time while playing a full information game on a lattice
with N wvertices. Let ¢® = (1/N)E[C,+] and ¢/ = (1/N)E[C,+]. By Theorems@ E
and [{] together with Lemmas[8 and[9, for sufficiently large N, we have:

b

Lattice  Lower bound for ¢ Upper bound for c® gap

square 0.12953 0.13268 0.00315
triangular 0.09629 0.10107 0.00478
hezagonal 0.16738 0.17144 0.00406

Furthermore, for every ¢ € (0,1) and for sufficiently large N, by Theorem |1 we
have:

cbgcf§0b+s.
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5. FINAL COMMENTS AND QUESTIONS

Corollary [3] presents tight bounds for the expected number of components that
an optimal blind strategy gains for each lattice and shows that with full information
the gain is almost the same. It does not find the exact optimal stopping time, but
one can easily verify that if the player (blindly) stops at time 7 = |pmaxV ], where
Pmax 1S a value of p that maximizes one of the functions f(p) used in the proofs for
the lower bound in Theorems or [ then, in the respective lattice, the value of
(1/N)E[C,] belongs to the interval given in Corollary

Interpreting the proofs of Theorems [2] [8land @] one concludes that at the moment
when the expected number of components is maximized, most faces are very small.
However, if we take into account only the expected number of isolated vertices and
isolates edges while counting components, we would get much worse lower bound
for the expected number of components (say, of order 0.103N in the square lattice).
This indicates that the number of small faces is indeed relevant. On the other
hand, we tried to include slightly larger faces in our proof, what yielded a longer
case analysis, but ended up with no significant improvements.

A natural open question is whether one can relax the condition about the maxi-
mum degree in Theorem [1} e.g., to graphs with the maximum degree of order o(N).
It is also of interest to determine for which graphs the optimal blind strategy re-
turns the linear expected number of components. This would precisely define the
family of graphs for which the bounds from Theorem [I] are useful.
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