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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO THE HEAT EQUATION
ON NONCOMPACT SYMMETRIC SPACES

JEAN-PHILIPPE ANKER, EFFIE PAPAGEORGIOU AND HONG-WEI ZHANG

ABSTRACT. This paper is twofold. The first part aims to study the long-time asymptotic be-
havior of solutions to the heat equation on Riemannian symmetric spaces G/K of noncompact
type and of general rank. We show that any solution to the heat equation with bi- K-invariant
L' initial data behaves asymptotically as the mass times the fundamental solution, and provide
a counterexample in the non bi-K-invariant case. These answer problems recently raised by
J.L. Vazquez. In the second part, we investigate the long-time asymptotic behavior of solutions
to the heat equation associated with the so-called distinguished Laplacian on G/K. Interest-
ingly, we observe in this case phenomena which are similar to the Euclidean setting, namely
L' asymptotic convergence with no bi- K-invariance condition and strong L convergence.
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1. INTRODUCTION

The heat equation is one of the most fundamental partial differential equations in mathe-
matics. After the celebrated work of Joseph Fourier in 1822, it has been extensively studied
in various settings and is known to play a central role in several areas of mathematics (see for
instance [Gri09]). The following classical long-time asymptotic convergence result corresponds
to the Central Limit Theorem of probability in the PDE setting. We refer to the expository
survey [Vaz18| for more details on this property.

2020 Mathematics Subject Classification. 22E30, 35B40, 35K05, 58J35.
Key words and phrases. Noncompact symmetric space, heat equation, asymptotic behavior, long-time con-

vergence, distinguished Laplacian.
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Theorem 1.1. Consider the heat equation

ou(t,x) = Agnult, z), t>0, zeR"” )
u(0,7) = uo(x), |
where the initial data ug belongs to L'(R™). Denote by M = [, dzuo(x) the mass of up and
by Gy(z) = (4mt)~™/2¢~121*/4 the heat kernel. Then the solution to (1.1) satisfies:

|u(t, ) = MGyl|prgny — 0 (1.2)
and
t2 lu(t, -) = MGy poo(gny — 0 (1.3)
ast — oco. The LP (1 < p < 00) norm estimates follow by converity.

To our knowledge, analogous properties on negatively curved manifolds were first investigated
by Véazquez in his recent work [Vaz19], which deals with real hyperbolic spaces and where he sug-
gests possible generalizations, in particular to all Riemannian symmetric spaces of noncompact
type (other hyperbolic spaces in rank one and noncompact symmetric spaces of higher rank).
This is fully achieved in the present paper, where we also clarify some arguments in [Vaz19|
and consider a related Laplacian with Euclidean type properties. Let us elaborate. Given a
symmetric space X = G/K of non compact type, let us denote by A the Laplace-Beltrami
operator on X and by h; the associated heat kernel, i.e., the bi- K-invariant convolution kernel
of the semi-group e*®. Our first main result is about the long-time convergence of solutions to
the heat equation:

dwu(t,x) = Agu(t,x), u(0,z) = up(z). (1.4)
Theorem 1.2. Let ug € L*(X) be a bi-K -invariant initial data and M = [y dzug(x) be its
mass. Then the solution to the heat equation (1.4) satisfies

lu(t, -) = Mhy|[p1xy — 0 as t— oo. (1.5)
Moreover, this convergence fails in general without the bi-K -invariance assumption.

Remark 1.3. The convergence (1.5) generalizes the result previously obtained in [Viz19] on
H"*(R). Vdzquez also provided a counterezample in the non bi-K -invariant case on H?(R),
where the heat kernel hy has an explicit expression, and asked if it could be extended in other
dimensions. We establish such a counterexample not only for H"(R), n # 3, but also for the
symmetric spaces of general rank, see Sect. 5.4. Finally, our method sheds light to why this
non-euclidean discrepancy occurs, see Remark 3.10.

Remark 1.4. If the initial data is in addition compactly supported, we obtain the better estimate
lut, -) = Mhl| iz < Ct73% Vi>1,
where C' > 0 is a constant and € is any small positive constant, see Sect. 3.1 and Sect. 3.2.

Remark 1.5. We also provide the following sup norm (for which no bi-K -invariance is needed)
and LP (1 < p < 00) norm estimates:

lult, ) — Mhe|| o) = O(t"2e71P1) (1.6)
_v el
ut, -) = Mhy| pox)y = o(t 2 e ") (1.7)

as t — oco. Here, p' denotes the dual exponent of p, defined by the formula %+ 1&% =1. As

previously observed on H"(R), the sup norm estimate in the present context is relatively weaker
compared to (1.3) in the Euclidean setting, while the LP norm estimate is similar. Here, v
denotes the so-called dimension at infinity of X and p is the half sum of positive roots with
multiplicities, see Sect. 2.
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Let S = N(expa) = (expa)N be the solvable group occurring in the Iwasawa decomposition
G = N(expa)K. Then S is identifiable, as a manifold, with the symmetric space X = G/K.
Our second main contribution is to study the asymptotic convergence for solutions to the heat
equation associated with the so-called distinguished Laplacian A on S. In order to state the
results, let us introduce some indispensable notation, which will be clarified in Sect. 2 and
Sect. 4. Let a be the Cartan subspace of X. Denote by ), where A € a, the spherical
function occurring in the Harish-Chandra transform, by ¢ the modular function on S, and by
Et =Y 26""2%,5 the fundamental solution to the Cauchy problem

aiv(t,g) = Agu(t,g),  B(0,9) = To(g). (1.8)

Let gy = 5/ 2, be the modified spherical function and denote by M= 50;57;% the mass function
on S which generalizes the mass in the Euclidean case (see Remark 4.4). Then, we show the
following long-time asymptotic convergence results.

Theorem 1.6. Let vy be a continuous and compactly supported initial data on S. Then, the
solution to the heat equation (1.8) satisfies

[5(t, ) — M he|| i) — 0 (1.9)

and

£+

sh —_——
2 [[o(t, ) = M | pos(s)y —> 0 (1.10)

ast — oo. Here { denotes the rank of G/K and %7 the set of positive reduced roots. Analogous
LP (1 < p < o0) norm estimates follow by converity.

Remark 1.7. Let us comment about (1.9) and (1.10). Firstly, notice that the L' convergence
(1.9) holds with no bi-K-invariance restriction, in contrast to Theorem 1.2, and the sup norm
estimate (1.10) is stronger than (1.6), as in the Euclidean setting. Secondly, the mass M is a
bounded function and no more a constant in general. Thirdly, the power £+ |SF|, which occurs
in the time factor, is always different from the dimension at infinity v = +2|%."| and it is equal
to the manifold dimension n =L+ " s+ Mq if and only if the following equivalent conditions
hold:

e the root system X is reduced and all roots have multiplicity mq, = 1.
o GG is a normal real form.

Remark 1.8. The asymptotic convergences (1.9) and (1.10) hold for some larger classes of
initial data, see Sect. 4.4. These classes are not optimal and finding the right function space is
an interesting question for further study.

This paper is organized as follows. After the present introduction in Sect. 1 and preliminaries
in Sect. 2, we deal with the long-time asymptotic behavior of solutions to the heat equation
associated with the Laplace-Beltrami operator on symmetric spaces in Sect. 3. We start with
smooth bi- K-invariant compactly supported initial data, and prove, on the one hand, the long-
time convergence in L' in the critical region where the heat kernel concentrates. On the other
hand, we show that both the solution and the heat kernel vanish asymptotically outside that
critical region. In the rest of this section, we discuss these problems for more general initial data
in the LP (p > 1) setting, and provide a counterexample for L! in the non bi-K-invariant case.
In Sect. 4, we investigate the asymptotic behavior of solutions to the heat equation associated
with the distinguished Laplacian. After specifying the critical region in this context, we study
the long-time convergence in L' and in L with compactly supported initial data. Questions
associated with other initial data are discussed at the end of the paper.

Throughout this paper, the notation A < B between two positive expressions means that
there is a constant C' > 0 such that A < CB. The notation A < B means that A < B and
B < A.
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2. PRELIMINARIES

In this section, we first review spherical Fourier analysis on Riemannian symmetric spaces
of noncompact type. The notation is standard and follows [Hel78; Hel00; GaVa88]. Next we
recall the asymptotic concentration of the heat kernel. We refer to [AnJi99; AnOs03] for more
details on the heat kernel analysis in this setting.

2.1. Noncompact Riemannian symmetric spaces. Let G be a semi-simple Lie group, con-
nected, noncompact, with finite center, and K be a maximal compact subgroup of G. The
homogeneous space X = G/K is a Riemannian symmetric space of noncompact type. Let
g = t ® p be the Cartan decomposition of the Lie algebra of G. The Killing form of g induces
a K-invariant inner product (., .) on p, hence a G-invariant Riemannian metric on G/K. We
denote by d( ., .) the Riemannian distance on X.

Fix a maximal abelian subspace a in p. The rank of X is the dimension ¢ of a. We identify a
with its dual a* by means of the inner product inherited from p. Let ¥ C a be the root system
of (g,a) and denote by W the Weyl group associated with 3. Once a positive Weyl chamber
a™ C a has been selected, ¥ (resp. X7 or ) denotes the corresponding set of positive roots
(resp. positive reduced, i.e., indivisible roots or simple roots). Let n be the dimension and v
be the pseudo-dimension (or dimension at infinity) of X:

n="L0+3 et Ma and v ={0+2|3]| (2.1)
where m,, denotes the dimension of the positive root subspace
0o = {X €g|[H,X]|=(a,H)X,VH € a}.

Let n be the nilpotent Lie subalgebra of g associated with ¥ and let N = expn be the
corresponding Lie subgroup of G. We have the decompositions

G = N(expa) K (Iwasawa),
G = K (expat) K (Cartan).

Denote by A(z) € a and 2+ € at the middle components of 2 € G in these two decompositions,
and by |z| = |zT| the distance to the origin. For all z,y € G, we have

|A(zK)| < || and |zt —yt| < d(zK,yK), (2.2)

see for instance [AnJi99, Lemma 2.1.2|. In the Cartan decomposition, the Haar measure on G
writes

/Gd:cf(x) = |K/M| /de1 /u+ dx*é(aﬁ)/degf(kl(expxﬂka),

with density

+ Ma R
O(x") = H (sinh(a,2™))™e =< H (%) 2P Vot €at. (2.3)
aexnt aext ’

Here K is equipped with its normalized Haar measure, M denotes the centralizer of expa in
K and the volume of K/M can be computed explicitly, see [AnJi99, Eq (2.2.4)]. Recall that
p € at denotes the half sum of all positive roots a € X" counted with their multiplicities mq:

p:% Zmaa.

aeXt
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2.2. Spherical Fourier analysis. Let S(K\G/K) be the Schwartz space of bi-K-invariant
functions on G. The spherical Fourier transform (Harish-Chandra transform) H is defined by

HFN) = /G Az A(z) f(z)  VAca VfeSK\G/K), (2.4)

where @) € C*®(K\G/K) is the spherical function of index A € a. Denote by S(a)" the
subspace of W-invariant functions in the Schwartz space S(a). Then  is an isomorphism
between S(K\G/K) and S(a)"'. The inverse spherical Fourier transform is given by

@) = Co /dA|c()\)_2 @) HIQ)  Yzed VfeS@a)W, (2.5)

a

where the constant Cy = 2"~¢/(27)¢| K /M| |W| depends only on the geometry of X, and |c(\)| =2
is the so-called Plancherel density. We next review some elementary facts about the Plancherel
density and the elementary spherical functions.

2.2.1. Plancherel density. According to the Gindikin-Karpelevi¢ formula for the Harish-Chandra
c-function, we can write the Plancherel density as

ol =TT fea((220)]

aex;
with
o) P& + Sma) TG {22 + dma + 3maa)  T(iz) P(is+ Tma)
) T({5) D(HEL 4 Im,) Tz + gma) D52 + §ma + 3m2a)

Notice that |co|™2 is a differential symbol on R. But the Plancherel density |c(\)|72, as a
product of one-dimensional symbols, is not a symbol on a in general. We shall use the expressions

lc(N)] 72 = c(w ) Le(—w )t Viea, YweW

as well as

aext <a,a>
where m(i\) =[] et (, A) and
(a,p) | 1 1(up) |1 1 i
ba(z) = ]a!Qizc (z) = \a\Q P({a8rt3ma) TG iaay Tamatsmea)  D(iz+1) T(§z+7ma)
@ « r(gg:gé) r %éz:giﬁma) T(iz+ima) D(ztima+imaa)’

For every root a € ¥f, the function b, (—iz)*! is holomorphic for Im z > —1/2, with

T(iz+1 T(iz+im mga 1-ma_ M
.(zzt ) : (21 1 fll) ~ QTR e as  |z| — oo. (2.6)
L(iz + 3ma) I(52 + 7ma + 3M24)

Hence b(—\)*! is a holomorphic function for A € a + ia*, which has the following behavior:

BENE = T (14 [, n) 7oz (2.7)
aest
and whose derivatives can be estimated by

p(35)b(=N* = O(Ib(-N)[*), (2.8)

where p(%) is any differential polynomial.
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2.2.2. Spherical functions. For every A € a, the spherical function ¢} is a smooth bi- K-invariant
eigenfunction of all G-invariant differential operators on X, in particular of the Laplace-Beltrami

operator:
—Apa@) = (IAP + o) a(2).
It is symmetric in the sense that py(z71) = p_,(z), and is given by the integral representation

or(z) = /K dk (A Fps Alka)) (2.9)

We list below some of the known properties of spherical functions ¢, and refer to [GaVa8sg,
Chap.4] and [Hel00, Chap.IV] for more details. We say that a vector H € a lies on a wall if
there exists a root o € ¥ such that (a, H) = 0. Otherwise, we say that H stays away from the
walls. For all A € a regular, the following converging Harish-Chandra expansion is known to
hold for all H € a™

palexpH) = > c(w.\) @ya(H), (2.10)
wew
where
OA(H) = PPy yg(n) e
q€2Q
Here Q = Zaezj Na denotes the positive root lattice and the leading coefficient vy equals 1.

For every ¢ > 1, v4(\) are rational functions in A € ac, which have no poles for all A € a + iat
and satisfy there

e S (L+gh™ (2.11)

for some nonnegative constant N,. Their derivatives can be estimated as follows by using
Cauchy’s formula:

p(52)7(N) = O(74(N). (2.12)
Moreover, all derivatives of gp,\ (exp H) in H have the corresponding expansion
p(aH) or(expH) = e P Z e~ (@ Z c(w.\) vg(wA) p(iw. A — p —q) WA (213)
qe2Q weW

Recall that all the elementary spherical functions ¢y with parameter A € a are controlled by
the ground spherical function g, which satisfies the global estimate

wolexp H) = { [[ 1+ H} ~H) Y e (2.14)
aex;l

2.3. Heat kernel on symmetric spaces. The heat kernel on X is a positive bi-K-invariant
right convolution kernel, i.e., hy(zK,yK) = hy(y~'z) > 0, which is thus determined by its
restriction to the positive Weyl chamber. According to the inversion formula of the spherical
Fourier transform, the heat kernel is given by

hi(x) = CO/dAICO\)!‘2 () e AP (2.15)

and satisfies the global estimate

he(exp H) = t—%{ I (t+t+ (o H))
aEEi
for all t > 0 and H € at, see [AnJi99; AnOs03]. Recall that [; dzhe(z) = 1. Let r(t) = oL

where £(t) is a positive function, such that e(t) \, 0 and v#te(t) — oo, as t — co. Let ()
be another positive function such that v/#y(t) — oo as t — co. Denote by Qannuus € @ the
annulus 2|plt — r(t) < |H| < 2|p|t + r(t) and by Qcone € a the solid cone with angle (%)

a+m2a t— ‘H‘

1} wo(exp H)e (2.16)

<
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- wall

FIGURE 1. Critical region where the heat kernel concentrates.

around the p-axis. According to [AnSe92], the heat kernel h; is asymptotically concentrated in
K (exp(Qannutus N Qeone) ) K (see the blue region in Fig. 1):

/ dz hy(z) — 1 as t— oo.
K(GXP(Qannulus N QCODG))K

The following lemma shows that the heat kernel h;(x) concentrates indeed in K (exp ) K,
where Q; = B(2tp,r(t)) denotes the ball in a with center 2tp and radius r(¢).

Lemma 2.1. The following estimate holds for any N > 0:
el 1 (G epanr) S Y Vi1 (2.17)

Proof. For simplicity, we denote by H = z* the middle component of z € G in the Cartan
decomposition. Let n > 0 be a constant such that nt > r(¢). The proof of (2.17) is based on
the following large time heat kernel estimates, which follow from (2.16) for some L > 0:

Nles

t~ if H € B(2tp,nt),
|2
hy(exp H) < e loPt=(eH) = o JyL if He B(0,3lplt)~ B(2tp,nt),  (2.18)
EJH_?pTz oy |H|F if H>3|plt.
Firstly, we have
/ dzhu(z) < / AH §(H) hy(exp H)
K (exp B(2tp,nt))K \ K (exp Q) K r(t) <|H—-2pt| <nt
_ 2
<ts / dH e~
r(t) <|H—2pt| <nt
nt
<ts / ARR e~
r(t)
nT\/E
_ /-1 —R? VN
_ /() dRR < ()
2Vt
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for any N > 0. Similar computations imply secondly

dzh(z) < / dH §(H) hi(exp H)

~/K(exp B(0,3|p|t)) K \ K (exp B(2tpnt)) K [a+NB(0,3]p|t)] ~ B(2tp,nt)

_ |H-2tp|?

<tk / dHe %
nt < |H—2pt| <5|plt

5plt 2
¢k / AR R'=' e~ it
nt

N

S

5|p|Vt

— L3 /; dRRI e B < ¢ N
nyi

and thirdly

dzh(z) < / dH 6(H) hy(exp H)

/G’\K(expB(O,3|pt))K at ~ B(0,3|plt)

|H —2tp|2
4

400 R2
g / dRRL+€fl P S th
lolt
for any NV > 0. The proposition follows by combining these three estimates. ([

As the vectors in £ stay far away from walls, the large time behavior of the heat kernel can
be described more accurately by the following asymptotics [AnJi99, Theorem 5.1.1]:

2
|H]

hi(lexpH) ~ C1t2 b( —i%)_l wo(exp H) 1Pt (2.19)

as t — oo and p(H) = minges+ (o, H) — oo. Here C; = 002_|2T+‘|W’7T§7T(p0)b(0)_1 is a
positive constant, and py denotes the half sum of all positive reduced roots. Moreover, the
ground spherical function satisfies

po(exp H) ~ Cym(H)e () (2.20)
as u(H) — oo, where Cy = m(po) ~'b(0), see for instance [AnJi99, Proposition 2.2.12.(ii)].

3. ASYMPTOTIC CONVERGENCE ASSOCIATED WITH THE LAPLACE-BELTRAMI OPERATOR

Consider the heat equation
du(t,x) = Agu(t,x), u(0,2) = up(z), (3.1)
with ug € LY(X) and denote by M the mass of the initial data:

M:me@

In this section, we prove our first main result Theorem 1.2. We start with smooth bi-K-
invariant compactly supported initial data and study the long-time asymptotic convergence in
the critical region where the heat kernel concentrates. By completing the estimates outside
the critical region and by using a standard density argument, we next establish (1.5) for all
bi- K-invariant L! initial data. Finally, we provide a counterexample in the non bi- K-invariant
case.
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3.1. Heat asymptotics in the critical region for C°(K\G/K) initial data. In order to
treat heat asymptotics in the critical region, we pass to the frequency side. For an alternative
proof of the following Proposition 3.1, directly on the space side, see Remark 3.10.

As both the heat kernel h; and the initial data ug are bi-K-invariant, we have H(ug * hy) =
(Hug)(Hht), see for instance [Ank91, p. 347]. Then, we can write the solution to (3.1) as

u(t,z) = (uo * hy)(x) = Co /d>\|C(/\)|2 e~ HINEHPR) o) () Huo (M)
a

by using the inversion formula (2.5) of the spherical Fourier transform and (2.15). Notice that

the mass M equals Hug(—ip) by the spherical Fourier transform and (2.9). Our aim in this

subsection is to estimate the difference

u(t, ) — Mhy(z) = Cye Pt / dX e(N)|"2e R oy (2) {Huo(N) — Huo(—ip)t  (3.2)

U

in the critical region K (exp ;) K. Recall that Q; = B(2tp, r(t)) where r(t) grows slightly faster
than v/t and slower than t as t — co. To this end we resume the computations in [AnJi99, Step
2, pp. 1054-1056].

Proposition 3.1. Let ug be a smooth bi-K -invariant initial data with compact support. Then
HU(t, ) — MhtHLl(K(eprt)K) — 0 as t — 0. (33)
Proof. For simplicity, we denote by H = T the middle component of x € G in the Cartan

decomposition. By substituting (2.10) in (3.2) and by writing |c(A\)|~2 = ¢(\)~te(—A)~!, with
c(—A\)"! = w(—iA\)b(—=\)"!, we obtain first

u(t,exp H) — Mhy(exp H) = Co |[W|e IPFt=0I) N =al) g (¢ 1) (3.4)
q€eQ
where

E,(t,H) = /d)\w(—z‘/\) eI ) B \) Ly (A U(N).

a
By using the formula

(—i\) L - (L 2) et

and by integrating by parts, we obtain firstly

By, 1) = o= 5 L em)

sf=xuyr a'e¥

X /Gd/\e“‘P eiO"H){ 11 (—i@au)}{b(—)\)’lvq()\) UM}

al/eE//

After moving the contour of integration according to A — A + z% and rescaling the integral
according to A — %, we obtain secondly

E,(t,H) = oISl 4=% o=t Z { H <0/,H>}
Sh=xuzy o'e¥
x /ad/\eM'Q { TI Civioun pib(= 2 = i) " mu(2 + i) U (3 + i) 1
a//eZ//
(3.5)

Now let us study (3.5) in different cases. We first assume that no derivative in (3.5) hits U.
According to the Paley-Wiener theorem (see for instance [Hel94, Chap.III, Theorem 5.1]), as
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ug is a smooth bi-K-invariant function with compact support on G, Hug is a W-invariant
holomorphic function on a¢ such that

3C">0,¥j €N, YN €N, 3C" >0, VYA€ ac, [ViHuo(N)| < C"(1+ [A)"NemA(3.6)
Hence
. O HL )
U+ Ser o (Bl+d—pl) VvAHeavt>0. (3.7)
On the other hand, according to (2.7) and (2.8),
j A N1 Al\m a,H)y (Matm2a g
(VEVa) b(= 2 —ith) " = o1+ ) [1,.. 0+ & ) (3.8)
where m = ZQEEZL(% —1)4, and according to (2.11) and (2.12),

(VEgx) (s + i) = O((1+la)™), (3.9)

where NN, is a positive constant. By using (3.7), (3.8) and (3.9), we estimate the terms in (3.5)
where no derivative hits U by

— = =1 Sl s
v o H? B (o, H) \ (Matmoa 1) N, L)
e @ EDPIHT e G SEEEI i)™ T (G + 1)
N. ,—t_1 _lH?
S (L+lgh)™ 2 r(t) e = (3.10)
when t is large and H € Q;. If some derivatives 0, in (3.5) hit U, then
| TT @ m)| < 1) < s
o’'ex’!
and, by using (3.6), (3.8) and (3.9), we obtain this time that (3.5) is bounded by
2
(14 [gh™ 5 e, (3.11)

By combining (3.4), (3.5), (3.10) and (3.11), we obtain

2
[ult,exp H) — Mhy(exp H)| {37 (1+ g™ =0 b 4751 () e o=t =5

q€e2Q

S

N

1

when t is large and H € ;. By integration, we conclude that
/ dz |ut, z) — Mhy(z)| = Co / AH §(H) u(t, exp H) — Mhy(exp H)|
K(exp Q) K Qy

|H |2

L) / A ¢l io - 1E
Q¢

= @ 3 / dH e
B(2tp,r(t))

A
~
m\l(\

_ |H=2tp|?
4t

tends to 0 at speed @ = \/ilg(t)' O
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3.2. Estimates outside the critical region. In this subsection, we show that the solution
u(t, ) to the heat equation (3.1) vanishes asymptotically in L' (G \ K (exp Q)K) as t — oo.
Proposition 3.2. The solution to the heat equation (3.1) satisfies

lu(t, e repanx) S B (3.12)
fort > 0 large enough and for any N > 0.
Lemma 3.3. d(K(exp H)K, K (exp Hy)K) = |H, — Hs| for all Hy, H € a™.
Proof. On the one hand,
d(K(exp H))K,K(exp Hy)K) = inf d(ki(exp H1)K, ko(exp H2)K) > |Hy — Hy|

k1,ko€K
according to (2.2). On the other hand,

d(K (exp H1)K, K (exp H2)K) < d((exp H1)K, (exp H2)K)
= d(exp (Hy — Hy)K,eK) = |Hy — Hy|
as (expa)K is a flat subspace of G/K. O

Proof of Proposition 3.2. Since hy and ug are both bi- K-invariant functions on G, we have

u(t,x) = (uo* hi)(x) = (hy *uo)(z) = / dy he(zy ™) uo(y).

G
Let £ > 0 be a constant such that the compact support of ug belongs to K (exp B(0,&))K. Then
/ defult.o)] < | dy o) de (™).
G~ K(exp Q) K K(exp B(0,§))K G~ K(expQ)K

We notice from the Lemma 3.3 that
K(exp Q) K = K(exp B(2tp,r(t))K = {zK € G/K |d(zK, K(exp2tp)K) < r(t)}.
Hence
x € G~ K(expQ)K = xy~t € G~ K(exp B(2tp,r(t) — &)K.
Indeed, if 2y~ € K(exp B(2tp,7(t) — €))K, then
d(zK, K(exp2tp)K) < d(zK, vy 'K) + d(xy 'K, K(exp2tp)K) < r(t),

-~

d(yK,eK) <& <r(t)—¢
which implies that x € K (exp ;) K. Therefore
/ da hy(zy™) < / dz hy(z) (3.13)
G~ K(expQ)K G\ K(exp B(2tp,r(t)—&))K

for all y € K(exp B(0,£))K. Asr(t) —& > % for t large enough, we deduce from (2.17) that
the right-hand side of (3.13) is also O(g(¢)"V). In conclusion,

/ dz |u(t, )| < (@)™ VN >0.
G\ K(expQ)K

O

Remark 3.4. The estimate (3.12) still holds without the bi-K -invariance assumption. Indeed,
by using the symmetries (K (exp Q) K)™' = K(exp Q) K and hy(y~'z~!) = hy(zy), we have

/ dz |u(t, )|
G~ K(expQ)K

/ dz |u(t, 2 )|
G~ K(exp U)K

A

/ dy luo(y)| d hu(xy)
K(exp B(0,£))K G~ K(expQ)K
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and we can conclude similarly.

3.3. Long-time convergence for general bi-K-invariant data. In the previous two sub-
sections, we studied the long-lime asymptotic behavior for the heat equation with smooth
compactly supported bi- K-invariant initial data. Using those estimates and a standard density
argument, we first prove in this subsection Theorem 1.2 for the whole class of L!(X) functions
that are bi-K-invariant. Then we discuss the same problem in LP(X) for p > 1.

Proof of Theorem 1.2. Let € > 0 and Uy € C°(K\G/K) be such that [ug — Uollp1(x) < 5.
Denote by My = [ dzUp(x) the mass of Uy, then

|M — My| < |[luo —Uollprx) < §-

Let U(t,x) = (Up * ht)(x) be the solution to the heat equation with initial data Uy. We deduce
from (2.17), (3.3) and (3.12) that, there exists 7" > 0 such that

U, -) = Muhd||pixy < U2 +) = Muhel| oy (g exp oo iy + 1UE )l 6k (exp 00 K)

+ [Mul [[hell oy (e i (exp 20 K)

<

wlm

for all t > T'. In conclusion,

<luo—Uoll 11 bl 1 <M =My ||hell 1

[ult, =) = Mhil|prx) < flult, ) = Ut )l + [ Mohe — Mhgl| )
+ U ) — Muhe| Ly x)
<§+§5+5=¢
for all € > 0 and t large enough. O
Let us turn to the long-time convergence in LP(X) with p > 1. We first deal with the case

p = oo and reach the full range by convexity. The kernel estimate (2.16) gives us the sup norm
estimate:

_Y _|pl2
lut, ) = Mhyll ooy < lluollzieey el oy + 1M1 ell ooy St 2e P17

for ¢ large and for all ug € L*(X), see for instance [AnJi99, Proposition 4.1.1]. In other words,
we have

lu(t, -) = Mhy| o = Ot 27 as ¢ — oo (3.14)

Notice that such an estimate holds without the bi-K-invariant assumption. By convexity, we
obtain the following estimates in the LP(X) setting.

Corollary 3.5. Under the assumption of Theorem 1.2, we have

lut, ) = Mhe|| oy = ot 2 77 )  as t— o0 (3.15)
foralll < p < .

Remark 3.6. As previously observed by Vdzquez on real hyperbolic spaces, the LP norm estimate
(3.15) is optimal, but the sup norm estimate (3.14) is weaker compared to the results in the
FEuclidean setting, where one has

t2 |lu(t, ) — Mhy| oo @ny — 0 as t— oo.
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Such a convergence is no longer valid in our setting due to the spectral gap. A counterexample
was provided on H3(R) in [Viz19, p.15]. Here, let us extend it to general noncompact symmetric
spaces. Consider a delayed heat kernel hyy for some t' > 0 to be determined later. Then

t% elel’t [heser — Pl poo ) = 3 elel’ (ht(eK) - ht+t’(€K))
since hy(eK) is decreasing in t. According to (2.16), there exists a constant C > 1 such that

£5 elel’t (he(eK) — hypp(eK)) > t5 elel®t {$ t5 e IPlPt Clt+t)"2 e_‘p‘Q(H't/)}

— -1 _ t g —lpl*t > L
=C C(t+t')2 € Z 50>

provided that t' > 21“5#. Hence

t5 PP Ry — hyllpoy 2 0 as € — oo,

3.4. Counterexample in the non bi-K-invariant case. Recall that the heat kernel con-
centrates in the region K (exp ;) K where Q; = B(2tp,r(t)). Here r(t) goes to infinity slightly
faster than /¢ and slower than ¢, as t — oco. Fix y € G~ K and consider the heat equation
with the initial data ug(z) = d,(x), where 6, denotes the Dirac measure at y. Since §, is not
bi-K-invariant, it is sufficient to show that the property (1.5) breaks down with such initial
data. We write

Jut, -) = Mhy|[prxy = P+, yEK) — (- eK)) Ly
ht("yK)
Hht("‘fm(m(-,em -1)]

= {/ dg* 8(g™) h(expg™) | {/ e AETD) 1) 4 O(H) )
of K

according to the Cartan decomposition g = k(exp g™ )k’ and Proposition 3.7 which we will prove
in a moment. Since the heat kernel h; is bi-K-invariant and concentrates in K (exp Q) K, we
have

v

(3.16)

LY (K (exp Q1) K)

/Q dgt o(g") he(expg™) = [Pl (k(expyr)y — 1 as  t— oo
Hence, the right-hand side of (3.16) tends to

/ ks |2rAGT ) g
K

as t — oo, which is not identically 0. Indeed, if y = k1 (expy™)ks in the Cartan decomposition,
then the nonnegative continuous function k — |e<zpﬁA(kfly)> — 1| does not vanish at k = ki,
where (p, A(k™'y)) = (p, y*) > 0, since y ¢ K implies y= # 0. In conclusion, Theorem 1.2

fails without the bi- K-invariance assumption. It remains to prove Proposition 3.7.

Proposition 3.7. Let y € G~ K. Then, for every g in the critical region K (exp)K, we
have
hi(9K, yK)
ht (gK, BK)

where g = k(exp g™)k’ in the Cartan decomposition.

— o2 ATy O(@) as t— oo,

For the proof of Proposition 3.7 we need the following lemma.

Lemma 3.8. For all g in the critical region K(exp Q)K, the following asymptotic behaviors
hold as t — oo:

(i) Iy ‘9" _ 1_}_0(7"7)).

t
lg] t
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(ii) % and ‘8:173;1' are both equal to £ + O(

r(t)
lol )

).
(iii) For every a € ¥, % =1+ O(T(Tt))

(iv) d(gK, eK) — d(gK,yK) = (£, A(k™'y)) + O("H).
Proof of Lemma 3.8. For all g € K(exp B(2tp,r(t)))K and for any fixed y € G, we have
d(gK,eK) = 2|p|t + O(r(t)) and d(gK,yK) = 2|p|t + O(r(t))
as t — oo. We deduce first (i) and (ii
W) AR yE) ey gt 2t ofr(t) _ » . 0(1L),
lg*] d(gK, eK) lg*] 2tpl+O(r(1) ol

) by using

and
(™) =gt = 1g7y)" = (¢TI < dlg™'yK,g7'K) = |yl = O(1).
Here we have used (2.2) and the fact that
(z7HT = —wp. T VzeG,

where wq denotes the longest element in the Weyl group W, which exchanges the positive and
the negative Weyl chambers. Let us next deduce (iii) from (i) and (ii). For every positive root
a’

(o, (r9)") o ) [y te)
(a,g™) (o, 15) g™
(o ) +O (") (0 "t
o)+ oz L1 +OCE)] (¥)

It remains us to prove (iv). Let g = k(exp g7)k’ in the Cartan decomposition and consider the
Iwasawa decomposition k~1y = n(k~1y)(exp A(k~'y))k” for some k” € K. Then

d(gK,yK) = d(k(expg™) K, kn(k™"y)(exp A(k~'y)) K)

= d(exp (=g ") n(ky)] " (expg ") K, exp (A(k™'y) — g1 K). (3.17)

and we write
I

d(gK,eK) — d(gK,yK) = d(gK,eK) —d(exp (A(k™'y) — g7 K, eK)
+ d(exp (A(k™'y) —g")K,eK) — d(gK,yK).

~~

11

On the one hand, we have
2(g", Ak~ 1y)) — A y)?
g7+ Ak~ y) — g

= ({5, A ') +O( )

-1 r(t
= (i AGy) +0()
by using (ii) and the fact that {A(k~'y) |k € K} is a compact subset of a. On the other hand,

we deduce from (3.17) that
111} < d(exp (—g")[n(k™'y)] " (expg ") K, eK)

I =|g"|—|A(k™'y) — g =
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where the right-hand side tends exponentially fast to 0, as {n(k~'y) | k € K} is a compact subset
of N see for instance [Hel63, Lemma 3.1|. Indeed, the subgroup exp a acts by conjugation on
n and N. In particular exp(—g™) acts by contractions e~{@9") on each subspace go. Thus
Ad(exp(—g™1))(logn) tends to 0 exponentially fast, for every logn € n and more generally
uniformly on compact subsets of n. Via the exponential map, exp(—g*)n(exp g*) tends to e
exponentially fast, for every n € N and more generally uniformly on compact subsets of N. In
conclusion, we obtain

d(gk, eK) — d(gK,yK) = (&, A(k™"y)) + O(12). (3.18)
|

Remark 3.9. Observe that (3.18) defines in the limit of a Busemann function. Let us elaborate.
Any regular geodesic ray in G/K stemming from the origin is given by v(r) = k(exprHy)K,
where k € K and Hy is a unit vector in a™. As in the proof of (iv) in Lemma 5.8, consider the
Twasawa decomposition k~'y = n(k™ly)(exp A(k~1y))k"” for a given y € G. We have, on the
one hand d(y(r),eK) = r. On the other hand,

d(v(r),yK) = d(exp (—rHo)[n(k™"y)| " (exprHo) K, exp (A(k™'y) — rHo)K).
Hence

|d(v(r), yK) — d(exp (A(k:fly) —rHy)K,eK)| < d( exp (—rHO)[n(kfly)]*l(exp rHp) K, eK)

~~

|A(k = y)—rHol e
as v — oo. Therefore,
d(y(r),yK) = d(y(r),eK) = |A(k™'y) — rHo| — 7+ 0(1)

[A(k™ ) |? — 2r(Ho, A(K"'y))

- 2r + O(1) o)

= —(Ho, A(k™'y)) + o(1)
as r — oo. In conclusion, we have thus determined the Busemann function

B (yK) = lim {d(y(r),yK) — d(y(r), eK)} = —(Ho, A(k'y).

Now, let us turn to the proof of Proposition 3.7.
Proof of Proposition 3.7. Using (2.19) and (2.20), we write
hi(gK,yK)  hi(exp(y~'g)")

hi(gK, eK) — hi(exp(g™))
- — _ o1+ 2
b(— ) T () t) el 9 ST
b(—if) | ) e v E

as t — oo. The asymptotic behaviors of the first two factors are based on Lemma 3.8.(iii). On
the one hand,

(9" _ 11 (o (y™l9)*) _ 14 0(1). (3.19)

On the other hand, by using (2.6), we have

1—Ma _ M2a

_ 9Tyt a, gt 2T t
b( k. 7)1 ~ 11 {M} — 1+ 0("1). (3.20)
b(_li) aext ’

2t
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For the last two factors, we notice on the one hand that

gt N gt * gt + 19" (I91 = 1(s~"9)" )
4t 4 4t 9 v9

d(gK,eK) +d(gK,yK
=|pl+O(TTt)) :<ﬁ,A(k—1y)>+O(TTt))
= (p, Ak y)) + O("2) (3.21)
according to Lemma 3.8. Therefore
G_W"r# — elpATY) 4 Q(@) (3.22)
On the other hand, since (¢7')* = —wo.g" and p = —wo.p, where wy € W is the longest

element in the Weyl group, we write

—(p, (') + (g™ = (o (g ) + (o, (g D))

(e ) () M7 e (0 M
4t 4t ’
= <p,A(k*1y)>+O(@) R

where the first part of the right-hand side is estimated as (3.21), while the remainder

)t —=2tp| + (g1 — 2tp|
At

1
R = {|(g )" —2tp] — (g )+ —2tpl} ¥

is O(TTt)), according to (ii) in Lemma 3.8. Hence

e~ (P ) )+ pg®) — AT Y) | O(@) (3.23)

In conclusion, we deduce from (3.20), (3.19), (3.22) and (3.23) that

he(9K, yK)

_ (20, Ak y)) r(t)
hi(gK,eK) € +O( )

t

withT(t—t)—>Oast—>oo. O

Remark 3.10. Let us notice that Proposition 3.7 also clarifies the role of bi-K -invariance, and
in addition gives an alternative proof for Proposition 3.1. Let ug € Co(X) and recall that M is
the centralizer of expa in K. Recall that the Helgason-Fourier transform

Hug(\, kM) = / dgug(gK) e~ te Ak19) (3.24)
G

boils down to the transform (2.4) when ug is bi-K-invariant. According to Proposition 5.7, we
know that, for all g in the critical region K (exp ) K,

u(t, gK) — Mhy(gK) = /G dy uo(y) (he(y™'g) — ha(9K)
= mu(ok) [ dyuo(y) (2407 — 1+ 0(+2))

= hy(9K) (Huo(ip, kM) — Huo(—ip, kM) + O(TTU) Hug(—ip, kM)).
(3.25)
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Notice that Huo(xip, kM) = Huo(L£ip) = M when ug is bi-K-invariant. Then we deduce
Proposition 3.1 by integrating (3.25) over the critical region. On the other hand, we have

/ dg|u(t,gK) — Mht(9K)| — / dk’/ dy ug(y) (e AFT0) 1)‘
K(exp)K K G

= / dk [Huo(ip, kM) — Huo(—ip, kM),
K

as t — co. The last integral is not constantly zero when ug is not bi-K -invariant. For example,
as we have seen in (3.16), if ug is a Dirac measure supported on some point outside of K, the
last integral does not vanish.

4. ASYMPTOTIC CONVERGENCE ASSOCIATED WITH THE DISTINGUISHED LAPLACIAN

Let S = N(expa) = (expa)N be the solvable group occurring in the Iwasawa decomposition
G = N(expa)K. Then S is identiﬁable, as a manifold, with the symmetric space X = G/K.

The distinguished Laplacian A on S is given by the conjugation of the shifted Laplace-Beltrami
operator A + |p|? on X:

A=2520(A+]p?)od 2 (4.1)
where the modular function & of S is defined by
5(g) = d(n(exp A)) = e 2P Vges.

Here n = n(g) and A = A(g) denotes respectively the N-component and the a-component of g in
the Iwasawa decomposition. The distinguished Laplacian A is left-S-invariant and self-adjoint
with respect to the right-invariant Haar measure on S:

[ gt = [ an [aafoes ) - / aAee [ anfesp ).

Bear in mind the following different relations between the measures on S and the unimodular
Haar measure on G:

/S drg f(g) = /G dg P49 f(g)  and /S dog f(g) = /G dgflg).  (42)

This section aims to study the asymptotic behavior of solutions to the following Cauchy
problem associated with the distinguished Laplacian:

aiv(t,g) = Agi(t.g),  T(0,g) = Tolg), (4.3)

where the corresponding heat kernel is given by ﬁt =53 e|p|2tht in the sense that

(€ f)(g) = (fxhu)lg) = /deyf(y)ﬁt(y‘lg) = /dryf(gy‘l)ﬁt(y)-
S S

Here, we still denote by * the convolution product on S or on G. We refer to [Bou83; CGGMOI]|
for more details about the distinguished Laplacian.

Remark 4.1. Notice that Et(g)drg is a probability measure on S. Indeed, we know that the
Abel transform of e|p|2tht is the heat kernel on a, i.e.,

AP h) () = 0 [ ey (nlexp 4)) = (drt) e
N
hence

|A[2

/ dn hy(n(exp A)) = (47rt)_§e_ i
N
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-~ wall

H =5 T

e(t) T~o

FI1GURE 2. Critical region (Nlt in the positive Weyl chamber.

and

A2

/Sdrgﬁt(g) = /Ndn/c[dAﬁt(n(epr)) = (4m)§/udAe4t = 1.

The first subsection is devoted to determine the critical region where the heat kernel ﬁt
concentrates. In the next two subsections, we study respectively the L' and the L™ asymptotic
convergences of solutions to (4.3) with compactly supported initial data (no bi-K-invariance
required). We discuss the same questions for other initial data in the last subsection.

4.1. Asymptotic concentration of the distinguished heat kernel. Recall that the heat
kernel h; (associated with the heat equation (3.1)) concentrates in K (exp §2;)K where € is a
ball in the positive Weyl chamber. The following proposition shows that the heat kernel ﬁt
(associated with the Cauchy problem (4.3)) concentrates in a different region. Recall that the
function g : at — RT is defined by p(H) = mingex+ (o, H).

Proposition 4.2. Let t + £(t) be a positive function such that (t) \, 0 and £(t)V/t — oo
as t — oo. Then the heat kernel associated with the distinguished Laplacian on S concentrates
asymptotically in K (exp Q) K, where

Q = {H €a¥ |e(t)Vt < [H| < 25 and p(H) > =(t)Vt}.
In other words,

lim

/ __drgh(g) =0
t—oo g€S s.t.gteat

where g denotes the middle component of g in the Cartan decomposition.

Proof. By using (4.2), let us write

1(t) = / _ deglulg) = elpl%/ _ dge A9 py(g).
SNK (exp Q) K K(exp Q) K

Since the heat kernel h; is bi-K-invariant on GG and dk is the normalized Haar measure on the
compact group K, we have

I(t) = el / dg hu(g) / dk P Ak = lol’t / dg hi(g) #o(g)-
K(exp Q) K K K(exp Q) K
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According to the Cartan decomposition, and to the estimates (2.3), (2.14) and (2.16), we obtain

I(t) = et | dg*8(g™) hi(expg™) olexpg™)

Q
_n 4 et i "
=<t 2 | dgTe #H wi(g")walt,g") (4.4)
Q
where
<avg+> Ma
g = T (280 y™ <
and

ma+moq 1
2

w2(tvg+) = H (1+<a79+>)2(1+t+<aag+>)
aext

Next, let us study the right-hand side of (4.4) outside ;. On the one hand, let

lg )2

Bty =t [ dg* e 5wt gt).
lgt|<e(t)vt
By substituting g7 = 2v/tH and noticing that

n—~_ o ma+m2a_
wo(t, 2VEH) = (4)"F I1 (fﬁHa’H))z(%Jr%Jr <’j§'>)72 1
aext

S T (14 (o)) =5

aext

we get the upper bound of Iy(t) in large time:

ma+mos+3
ILt) < /|H » dH P T] A+ (e, H)) = <)l (4.5)
<=

aext
On the other hand, similar computations yield

_n L et i
Ioo(t) = t72 dg™ e w walt,g")
lg* 1> 245

) n—{+3|27F |
5/ dHe WP |\ H 72 < @)V (4.6)
|H]>

1
2e(t)

for any N > 0. In the case where u(g") = mingex+ (o, g1) < e(t)V/%, ie., when gt is close to
the walls, we have

4 -l + 0 —nt —|H|?
dgT e T wolt,g") = 2t 2 dH e wo(t, 2VtH)

IL(t) =tz /
g (g )<e(t)V p(H) <=0

after substituting g© = 2v/tH. Notice that, there exists at least one oy € ¥ such that
(o, H) < # For such an «ag, we estimate

t
o+ (a0, H) < 542+ 50 < 2(8) (14 (a0, H)).
For the other o € 37 \ {a}, we simply estimate

2%/2 + (o, H) S (1+ (a,H>)2.



ASYMPTOTIC BEHAVIOR FOR THE HEAT EQUATION ON NONCOMPACT SYMMETRIC SPACES 20

Altogether,
2 ma+mos+3
L(t) < s(t)z/ dHe 0 T O+ (e H) 7. (4.7)
M(H)<# aesf
< 00

In conclusion, we deduce from (4.4), (4.5), (4.6) and (4.7), that
o< [ dghile) S =0
gESs.t.gt€at Qs

for t large enough. Since e(t) — 0 as t — oo, we have proved that the heat kernel 71,5 associated
with the distinguished Laplacian on S concentrates asymptotically in K (exp ;) K. ([l

The asymptotic behaviors (2.19) and (2.20) of the heat kernel hi(exp H) and the ground
spherical function ¢g(exp H) hold when p(H) — oo, i.e., when H € at stays away from the
walls. The following proposition sharpens these asymptotics when H lies in the present critical
region 2.

Proposition 4.3. Let Cy, Cy be the positive constants occurring in (2.19), (2.20), and let C3 =
Ci1m(po)~t. Then the following asymptotics hold for H € € and t — 0o:

2
hi(exp H) = {03 + O(a(t;\/f)}t_% eI (BT e e i (4.8)
and
wolexp H) = {02 + O(ﬁ)}ﬂ-(H) e~ (P H), (4.9)

Proof. As H € Q stays away from the walls in at, we substitute the spherical function occurring
in

PP hufexp H) = Co [ ANe)|2e P g fexp )

a

by its Harish-Chandra expansion (2.10), and we obtain firstly

elePt glortD) hi(exp H) = Cy|W| Z e~ (@) /d)\ c(-\)7! et i) Yq(A).
a€2Q ¢
By factorizing ¢(—A)~! = b(—=\) "' (—i)) and by performing an integration by parts based on
7r(—i/\)e_t‘)‘|2 = Tr(%t%)e_t"\rz

we obtain secondly

(20)1 =1 elel*t ele-H) b (exp H)

= ColW| Y e loH / A e M (=i Z) (M B(—A) "1, (M)}

a€2Q a

= Co|W| > e~t@H) > /d)\ et

qe2Q E;L:Zﬂ_IZQLJZg ¢

L TT tan )} TT i) b2 TT (i) () -

a1€X1 g€ a3€EX3



ASYMPTOTIC BEHAVIOR FOR THE HEAT EQUATION ON NONCOMPACT SYMMETRIC SPACES 21

After the shift of contour A — A + z% in ac and the rescaling A — %, we obtain thirdly

2
15 et olot) o hi(exp H)

= C2 W) S el Y { I1 (al,H)}/d/\e)‘|2

q€2Q = USUn; 1€
X { I1 (- )b*l}(—i—zﬂ){ T (~i0as) }(—A—zﬂ). (4.10)
(P NG 2t az)’lq Vi 21
a2€X2 a3€X3

Recall that, for all H € €y, we have e(t)v < |H| < % and p(H) = minges+ (a, H) > e(t)V/1.

Under these assumptions, we notice that the derivatives of b~! are bounded by

b - it | =TT (4230 o)

ma+moq 1
2

Vit Vit
aexst
< T @+ @)™ ™ < @+, (4.11)
ani

according to (2.7) and (2.8), while the derivatives of v, are bounded by

e(=2 —igp)l S (L+1a)™, (4.12)

for some nonnegative constant N, according to (2.11) and (2.12). Let us split up the the
right-hand side of (4.10) as

I(t,H) + R(t, H)

where the leading term

—=F —|I\|? . —
I(t, H) = Co2 5w | =(H) /adAe (= ity

is the contribution of ¢ = 0 and X; = XF, while R(¢, H) denotes the remainder. On the one
hand, noticing from (4.11) that

. _ _ n—£ .|\ H n—~£
‘b(_% - Z%) t— b(O) 1‘ 5 (1 + ’)‘D 2 (L\/JE + %) 5 E(t;\/i (1 =+ ’)‘D 2 +17
we obtain
I(t,H) = {C3+O(—+ H 4.13
) 3 (g(t)\/i)}ﬂ-( ) (4.13)

where C3 = C’gQ"Z’J‘r‘|I/V|7T§b(0)_1 = O1m(po)~t. On the other hand, we deduce from (4.11)
and (4.12) that

[R(t H)| S w(H) Y O (1 ) [ ane P (L )

q€2Q, ¢#0 a

< emnli) <oo

This proves the asymptotic behavior (4.8). Let us next turn to (4.9). Along the lines of [AnJi99],
we multiply (2.10) by w(iA) and obtain

ePH) m(iX) oa(exp H) = Z (det w) b(w.\) @y \(H)
weWw

= qu%) ef<q,H> wezw(det w) b(w.)\) ’Yq(w-)\) ei(w.)\,H). (4.14)
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Here we used the factorization c(w.\) = m(iw.\)"'b(w.\) = (detw)m(i\)~"'b(w.\) for every
w € W. After applying w(—i%)b\zo to (4.14), the left-hand side becomes

W[ 7w (po) ) oo (exp H)
(see for instance the beginning of the proof of Proposition 2.2.12 in [AnJi99]). The leading term

I'(t,H) = |W|b(0) w(H)
in the right-hand side of (4.14) is obtained by taking ¢ = 0 and by applying ﬂ(—i%)b\zo to
ewAH) while the remainder R/(t, H) is estimated by

R (6, H)| S Ly +e ") w(H) S gy w(H).

This proves the asymptotic behavior (4.9). O

4.2. Heat asymptotics in L' for compactly supported initial data. In this subsection, we
investigate the long-time asymptotic convergence in L!(S) of solutions to the Cauchy problem
(4.3), where the initial data 7y is assumed continuous and compactly supported in B(eK, ).
For every A € a, let ¢y = 52 @) be the modified spherical function. The mass function is defined
by

¢o(9)

By using the fact that the modular function § is a character on S , we can also write the mass
as

VgeS. (4.15)

—~ SoNEF, ~1 yL —1 (v *0)(g)
M(g) = m /Sdzyvo(gK) 5(y)26(y"9)2 woly'g) = o) (4.16)
5(9)?

where vg(gK) = g(g)fé'ﬂo(g) is a right K-invariant function on G, with compact support
(supp vp) K.

Remark 4.4. The map
50 — ”50 * @0
can be interpreted as the spectral projection at the bottom 0 of the spectrum of A. Thus M

generalizes somehow the mass in the Fuclidean case. Let us elaborate. We recall the Helgason-
Fourier transform (3.24) and its inverse formula

dA ‘ o
f(gK) = |W|‘1/a|c()\)|2 /de”z'-lf(A,kM)e(_“\_p’H(g k), (4.17)

By combining (3.24) with (4.17) and by using the formula

oy lg) = / dk eliIArAkg)) (—idtp,A(ky)) (4.18)
K
(see for instance [Hel9), Chap.III, Theorem 1.1]), we obtain

w(gK) = W] / aX [e(N)[2 (vo * o2 (g)

a

with
Avg *)) = vo* (Apy) = —(|p]* + [A*)(vo * @n).

Hence

B(g) = W / A e (o * 32)(9)

a
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with

Ao * @) = o+ (Agy) = —[A\*@0 * @)

Remark 4.5. If vy € C.(S), then the mass function M s bounded. This follows indeed from
the local Harnack inequality:

eo(ytg) = /dee<p7A(kg)> elPAlkY)) < /dee@»A(kg)) = vo(g) (4.19)

which holds for every y € supp vy = (supp vo)K and for every g € G. Here, we have used (4.18)
and the fact that |A(ky)| < |y| is bounded. See also [GaVa88, Proposition 4.6.3].

Remark 4.6. If vy = 8120 with vy bi-K -invariant, we notice on the one hand that

/ drg8(g)2vo(g) = / dg vo(g) ePA@)
o G

- /G dgvo(g) /K dk elpA) /G dguo(g)gole)  (4.20)

and on the other hand that

(00;092’90;(9) - <pol(9) /Gdyvo(y)ﬁ/?o(y_lg)

= o5 Gdyvo(y) /Kd/f%(y‘lkg) = /Gdyvo(y)%(y). (4.21)

v0(9) wo(y)

Hence the mass function M is a constant if vy is bi-K-invariant and vy = 5%1)0 belongs to

LY(S):

M = /Gdy vo(y) poly) = Huo(0).
The following lemma plays a key role in the proof of Theorem 1.6.

Lemma 4.7. For bounded y € G and for all g in the critical region K (exp ﬁt)K, the following
asymptotic behavior holds:

hi(g™'y)  wolg™'y) _ ( 1 )
hi(g71)  wolg™) ()1

Proof. Assume that |y| < £ for some positive constant . Recall that for every H € ﬁt, we have

e(t)Vt < |H| < ?‘/f) and p(H) > e(t)v/t, where £(t) — 0 and (t)y/t — oo as t — oco. Since we

are interested in the asymptotic behavior when ¢ goes to infinity, we can assume that ¢ is large
enough such that

as t — oo.

e(t) < V2 and  e(t)Vt > 26(1 4+ maxaey |a).
Notice first that
g€ K(expQ)K = g ' e K(expy)K
as
He — —wo.H €

where wg denotes the longest element in W, which interchanges the positive and negative roots.
Notice next that

(g7 'y) T = (gD < dlg'yK,g7'K) = |y| < ¢
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according to (2.2). Then we deduce the following estimates:
(g7 ')t < 1(g ) 1 +& < 5+ eVi < 24,
@] 2 g7 =€ > (Vi - Fe(tvE > L7,
(. (g79)") > o (g™)) — lale > e()VE— ge()Vi> AP0 vaexnt.

In other words, we obtain

gy € KlexpQ)K  Vge K(expQ)K, ¥y <&,

where

O = {Hea|<(OVE<|H| <5

and p(H) > El(t)\/{f}.
and &'(t) = $e(t) is still a decreasing function satisfying &/(t) — 0 and &'(£)v/t — oo as t — oc.
Thus the asymptotics (4.8) and (4.9) yield
1 _ -
h/t(gily) C3+O(8/(t)\/£) F((gily)+) _<p7(g71y)+>+<p7(971)+> _|(g 1y)+|2+|(g 1)+|2

(g™ " ewolzgs) wlleh) - 4t
= (:(t;\/{) R(g,y)
and
polg™'y) _ 240 (57 R(g,y) = {1+ 0(57) } Blg,v)
vo(g™1) CQ+O(5($\/E) Y o o
Hence

hi(g™'y)  wolg™'y) ) B () A N Vol
h(g™)  wolg™h) {Ho(a(t)ﬂ)}{e " * _1}R(9’y)

On the one hand, since fr(((f]g%lf’;):)) and e~ (PP are uniformly bounded when

g€ K(expQ)K and |y| < &, so is R(g,y). On the other hand,

T R € R D K [yl [ M EA [ i) 1
(G A S S i _ o) 1+ 0(=1).

In conclusion,

h(g™'y)  wolg™'y) _ 1
he(g™h)  wolg™) O(E(t)\/i>

Vg€ K(expﬁt)K, Yyl < €.
Now, let us prove the first part of Theorem 1.6.

Proof of (1.9) in Theorem 1.6. By using

(To * $a)(g) = [S dey vo(yE) 8(y)7 8(y~"9)7 pa(y~"9) = 3(9)% (v0 * or) (9K),

let us write the solution v to (4.3) as

(t,g) = (Go*hi)(g) = €t 3(g)7 (vo* he)(g)



ASYMPTOTIC BEHAVIOR FOR THE HEAT EQUATION ON NONCOMPACT SYMMETRIC SPACES 25

We aim to study the difference

¥t ) — M(9)ulg) = Tu(g) LG 7 () (o 20)(9)

ht(g) ®o(9)
~ hi(yg)  woly'g)
= ulg) /cdyvo(yK){ hig) (ZPO(Q) }
~ -1 —1
= Tutg) [ dyualyr) (ALY WY )

where the last expression is derived from the symmetries hy(z~1) = hy(z) and @o(z~!) = @o(z).
According to the previous lemma, we have

hi(g™y) _ olg™ly) _ ( 1 )

h(g™)  olg™) ()t

and therefore the integral of v(¢,-) — M hy over the critical region

Vg€ K(expﬁt)K, Yy € supp vy,

deg [3(t, 9) — M (9)hu(g)] < (t)lﬁ /S il /G oy )|

~
1 const.

/SOK(exp QK

tends asymptotically to 0. It remains for us to check that the integral

deg [3(t, ) — M(9)u(g)] < / deg [3(t, 9)

/S\K(expﬁt)K S K (exp Qi) K

s gl
SNK (exp Q) K

tends also to 0. On the one hand, we know that M is bounded and that the heat kernel Et
asymptotically concentrates in K (exp ;) K, hence

/  dg|M(g)lhilg) — 0
SNK(exp Q) K

as ¢ — o0o. On the other hand, notice that for all y € suppvg and for all g € G such that
gt & 4, we have

(o)t ¢ O = {H ea ["()VE < |H| < 5 and p(H) > " (t)VE} (4.23)
where &”(t) = 2¢(t) (see the proof of the previous lemma). Hence
- _1 g2 _

[ gl < [ dylu() _dgalg)E ety tg)

SNK(exp Q) K G GNK(exp Q) K
S [ dylii) _ dghle).

S S\K (exp Q) K
||50[;(S) —0

This concludes the proof of the heat asymptotics in L' for the distinguished Laplacian Aon S
and for initial data vy € C.(S5). O

4.3. Heat asymptotics in L for compactly supported initial data. Let us start with the
following lemma, which allows us to compare the middle components occurring in the Iwasawa
decomposition and in the Cartan decomposition.
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Lemma 4.8. For all g € G, we have
(0, Al9)) < {p,g") (4.24)

where A(g) denotes the a-component of g in the Iwasawa decomposition and g denotes its
at-component in the Cartan decomposition.

Proof. According to Kostant’s convexity theorem [Hel0O, Theorem IV.10.5|, for every H €
a, the Iwasawa projection of K(exp H)K 1is equal to the convex hull of W.H. Therefore
A(K(exp H)K) C co(W.H), which implies that A(g) € co(W.g") for all ¢ € G. The in-
equality (4.24) follows from the fact that p € a™ while g™ — co(W.g") is contained in the cone
generated by the positive roots [Hel00, Lemma IV.8.3]. O

In the following two propositions we collect some elementary properties of the distinguished
heat kernel. The first one clarifies the lower and the upper bounds of h;, while the second one
describes its critical region for the L°° norm.

Proposition 4.9. The heat kernel ﬁt associated with the distinguished Laplacian satisfies

s

||ht||Loo(S) =t 2 (425)
for t large enough.
Proof. Using the global estimates (2.14) and (2.16), we have

Ma+Mmoqg

~ _esf lpaty ot a,gt a,g™ -1
hi(g) <tz e PAD)e=(Pa™) o= {1‘[%2i 1+ ;g )(1+< 9 >) 2 } (4.26)

NG

We obtain first the lower bound in (4.25) by evaluating the right hand side of (4.26) at gy =
exp(—+/tp) and by observing that

Ago) = —Vtp  and g5 = Vip.
For the upper bound, notice that

e (P A9 g =lrg™) < 1 (4.27)
according to (4.24), and that
(g™ (1 o (augt) ) Bem2e (ag™) (angt) | Tepnee (angt) ) Te2e 41
e (14 o) M (1 g 1 o) P < (1 )™
for t large enough. We deduce from (4.26) that
~ s -1 g Ma+M2a 45|
hi(g) St 2 e ik ... (I+(,%)) 2 gt 2 (4.28)

N~

=0(1)
O

Proposition 4.10. The heat kernel let concentrates asymptotically in the same critical region

for the L™ norm as for the L' norm. In other words,
ezt~
t 2 Hht”Loo(S\K(expﬁt)K) — 0 as t — oo.

Proof. Let us study the sup norm of Et outside the critical region. Recall that
O = {Heal|e(t)Vt < [H| < X5 and u(H) > e(t)V1}

where p(H) = min,¢y+ (o, H), and £(t) — 0 satisfies % — 00 and ()t — 00 as t — oo.
We deduce from (4.26) and (4.27) that

Ma+M2a 1

eHsf ~ _ g2 1+{a,g) (gtH)y 5
t 2 hy(g) < e m Haew \%9 (14l ™ (4.29)




ASYMPTOTIC BEHAVIOR FOR THE HEAT EQUATION ON NONCOMPACT SYMMETRIC SPACES

Case 1: Assume that |[g7| < £(t)v/t. Then we deduce easily from (4.29) that

Hsf] ~

7 hu(g) < e(0)
tends to 0.
Case 2: Assume that |g*| > s(t The estimate (4.28) implies that, for any N > 0,

4z ] ~ Ma+mag
2

_l 4
i) 5 ¢ Vil [Lop ety 2 e,

which tends to 0.
Case 3: Assume that p(gh) < e(t)V/t. By using the estimate

«, + «, +
HEEL S o) 5 o) (H5E)

in (4.29) for the roots a € X satisfying (a, g*) < e(t)v/t, we obtain

Ma+moqg

BT () < _%‘%‘2 1 gy
t t(g) ~ E(t) € HaGEﬂ' ( + <Oé, W» )

=0(1)

which tends to 0.
In conclusion, we obtain

~ |zt
hi(g) = o(t™ 2 ) as t — 0o

27

outside the critical region S N K (exp €)K. In other words, the heat kernel hy(g) concentrates

asymptotically in the same critical region for the L> norm as for the L' norm.

Finally, let us prove the remaining part of Theorem 1.6.

O

Proof of (1.10) in Theorem 1.6. Let us resume the proof of Theorem 1.6. In the critical region

SN K (exp Q) K, we have

[3(t,g) — M(g)n(g)] < Tulg) /

lyl<€

h(g™'y)  wolg'y)
hi(g71)  wolg™)

dg vo(yK)| |

with

h(g™'y) wo(g‘ly)‘ < 1
hi(g™t)  polg™) I~ e(t)Vt
according to (4.22) and to Lemma 4.7. Then we deduce from (4.25) that

0+ \ 1

(e, ) - M(g)ulg)] < v Y9ESNK(expQ)K

where the right-hand side tends to 0 as ¢ — oco. Outside the critical region, we estimate
separately (t,g) and M(g)hi(g). On the one hand, we know that M (g ) is a bounded function
and that hy(g) = o(t (“"Eﬂ)/?) Then t(f+|2+|)/2]\7( )ﬁt( ) tends to 0 as t — co. On the other
hand, since g ¢ K (expQ;)K and |y| < € imply that g~y ¢ K (exp Q) K (see (4.23)), we obtain

3t )| < /G dy [To ()] g~y

which is o(t_(g‘sz D/2) outside the critical region. In conclusion,

ez

[(t, ) = M hyl| pe(sy — 0
as t — 00.

By convexity we obtain easily the corresponding result for the LP norm.
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Corollary 4.11. The solution v to the Cauchy problem (4.3) with initial data vy € C.(S5)
satisfies

ARy

2 [ty ) = Mhy|los) — 0 as ¢ — oo, (4.30)

foralll <p < .

4.4. Heat asymptotics for other initial data. We have obtained above the long-time as-
ymptotic convergence in LP (1 < p < o) for the distinguished heat equation with compactly
supported initial data. It is natural and interesting to ask whether the expected convergence
still holds when the initial data lie in larger functional spaces? The following corollaries give
positive examples, but the optimal answer remains open.

Corollary 4.12. The asymptotic convergences (1.9) and (1.10), hence (4.30), still hold with
1
initial data vg = 62vg € L*(S) when vy is bi-K -invariant.

Proof. Notice from (4.20) and (4.21) that the mass function M = (Hvo)(0) is a constant under

the present assumption. Let us start with the L' convergence. Given € > 0, let Vp = 5%‘/0 €
Cc(S), with Vo bi-K-invariant, be such that [[vg — Vol|r1(5) < §. Then the corresponding mass
function (HV5)(0) is also a constant. We observe firstly that the solution to the Cauchy problem

aV(t.g) = AV(tg),  V(0,9) = Va(g)
satisfies
3¢, ) = V(t llzas) = 170 b = Vo x hullas) < 180 = Vollzigs) [Pullzis) < §. (4.31)
since ||hy|| r1(s) = 1, and secondly that there exists T' > 0 such that for all ¢ > T
IV (£, ) = (HVo)(0) ullasy < § (4.32)

according to Theorem 1.6. Under the bi-K-invariance assumption, we deduce from (4.20) and
(4.21) that

(HV0)(0) — (Huo)(0) = /Gdg (Vo(g) — vo(9)) volg) = /Sdrg 3(9)7 (Vo(g) — vo(9))-
Hence, we have thirdly
1((HV0)(0) = (Heo) (0 hull 1(sy < [1To = Vollpus) I1Bellrags) < §- (4.33)
In conclusion, by putting (4.31), (4.32) and (4.33) altogether, we obtain
[3(t, ) = M hyl| 15y < &

for all € > 0. Let us turn to the L> convergence. According to (4.25) and to Theorem 1.6, we
have this time

eHEt ~ o~ S~ R
2 ot ) =V, sy < oo = Vollpisyt™ 2 [helle(s) < §,

e[St

t2 |V(t-) = (HV0)(0) hull 1= (sy <
and
RNy 0+]

Al ~ - ~ sF o~
7 [[(HV0)(0) = (Hvo)(0) el oo sy < 100 = Vollrgsyt™ 2 [[ellzee(s) < 3-
Altogether,

s
2

[5(t, ) = M || poo(sy — 0

as t — co. The LP convergence follows from convexity. ]
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Corollary 4.13. The asymptotic convergences (1.9) and (1.10), hence (4.30), still hold with
no bi-K-invariance condition but under the assumption

/dg|vo(gK)|e<p’9+> < o0. (4.34)
G
Proof. Notice first that

/ dvg lvo(9)13(9)2 = / dg v (g )| 4@ < / dg luo(gK) |07

S G G

according to (4.24). Hence, the assumption (4.34) is indeed stronger than vy € L'(S). Under
this assumption, the mass function is bounded:

- @0(9) /dy|vo yK)| / dk (P AKg)) (o, Alky))

+
@ /de el Ak /Gdy [oo(y )| eV = C.

/

-~

=1 =C
Here, we used the inequality (4.24) and the fact that (ky)™ = y* for all k € K. For proving the
L' and the L™ convergences, we argue again by density. Since vo(gK)e<p79+> belongs to L'(X),
there exists a function Vp(gK)e®9") in Co(X) such that

/Gdg\vo(gK)—Vo(gK)!€<p’*"+> <3

~ ~1
for every € > 0. This implies that the function Vj = §2V{ approximates the initial data

~1
Uo = 02vg in LY(S). Indeed,

/dr9|vo Vo(g)| = /Gdg T0(gK) — Vo(gK)| elr-AlD

< /G dg [vo(g ) — Vo(gI)| 9™ < €.

Let V =V « ﬁt be the corresponding solution to the distinguished heat equation, and denote

by Mv (9) = %%()g()glf) the corresponding mass of V4. On the one hand, there exists 7' > 0

such that for all t > T', we have
IV (t, ) = My hellpasy < §
since Vg € Ce(S). On the other hand, for every g € G, we have

31(0) = Mv(a)] < 5 [ da o) = VoI ol ~'a)

< /dy oo (yK) — Vo(gK)| ¥ < &,
G

We conclude by resuming the proof of the previous corollary. O
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