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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO THE HEAT EQUATION
ON NONCOMPACT SYMMETRIC SPACES

JEAN-PHILIPPE ANKER, EFFIE PAPAGEORGIOU AND HONG-WEI ZHANG

ABSTRACT. This paper is twofold. The first part aims to study the long-time asymptotic be-
havior of solutions to the heat equation on Riemannian symmetric spaces G/K of noncompact
type and of general rank. We show that any solution to the heat equation with bi- K-invariant
L' initial data behaves asymptotically as the mass times the fundamental solution, and provide
a counterexample in the non bi-K-invariant case. These answer problems recently raised by
J.L. Vazquez. In the second part, we investigate the long-time asymptotic behavior of solutions
to the heat equation associated with the so-called distinguished Laplacian on G/K. Interest-
ingly, we observe in this case phenomena which are similar to the Euclidean setting, namely
L' asymptotic convergence with no bi- K-invariance condition and strong L convergence.
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1. INTRODUCTION

The heat equation is one of the most fundamental partial differential equations in mathe-
matics. After the celebrated work of Joseph Fourier in 1822, it has been extensively studied
in various settings and is known to play a central role in several areas of mathematics. The
following classical long-time asymptotic convergence result corresponds to the Central Limit
Theorem of probability in the PDE setting. We refer to the expository survey [Vaz18] for more
details on this property.

2020 Mathematics Subject Classification. 22E30, 35B40, 35K05, 58J35.
Key words and phrases. Noncompact symmetric space, heat equation, asymptotic behavior, long-time con-

vergence, distinguished Laplacian.
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Theorem 1.1. Consider the heat equation
Owu(t,r) = Apnu(t, ), t>0, zeR"”
u(0, ) = ug(z),

where the initial data ug belongs to L'(R™). Denote by M = [, dzug(x) the mass of up and
by Gy(z) = (4mt)~/2¢~1#1*/4 the heat kernel. Then the solution to (1.1) satisfies:

Ju(t, -) = MGtl|[prgny — 0 (1.2)

(1.1)

and
ast — 0o. The LP (1 < p < 00) norm estimates follow by interpolation.

Inspired by the recent work [Vaz19] of Vazquez on real hyperbolic spaces H"(R), we study
the long-time asymptotic convergence in the more general setting of noncompact symmetric
spaces in order to understand how the geometry affects this property. Let A be the Laplace-
Beltrami operator defined on the noncompact symmetric space X = G/K. Denote by h; the

bi- K-invariant convolution kernel of the semi-group e*®. Our first main result is about the
long-time convergence of solutions to the heat equation:

Owu(t,x) = Agu(t,x), u(0,z) = up(z). (1.4)
Theorem 1.2. Let ug € L*(X) be a bi-K -invariant initial data and M = [y dzug(x) be its
mass. Then the solution to the heat equation (1.4) satisfies

fu(t, -) = Mh|[p1xy — 0 as t— oo. (1.5)
Moreover, this convergence fails in general without bi-K -invariance assumption.

Remark 1.3. The convergence (1.5) generalizes the result previously obtained in [Viz19] on
H*(R). Vidzquez also provided a counterezample in the non bi-K-invariant case on H3(R),
where the heat kernel hy has an explicit expression, and asked if it could be extended in other
dimensions. We establish such a counterexample not only for H*(R), n # 3, but also for the
symmetric spaces of general rank, see Sect. 3.4.

Remark 1.4. If the initial data is in addition compactly supported, we obtain the better estimate
lu(t, -) = Mhl| iz < Ct73% Vi>1,
where C > 0 is a constant and € is any small positive constant, see Sect. 3.1 and Sect. 3.2.

Remark 1.5. We also provide the following sup norm (for which no bi-K -invariance is needed)
and LP (1 < p < 00) norm estimates:

lut, <) = Mhyl| gy = Ot 5 l01*) (1.6)
PR
[ult, -) = Mhil|poxy = ot e P7) (1.7)

as t — oo. Here, p' denotes the dual exponent of p, defined by the formula %4— z% =1. As
previously observed on H"(R), the sup norm estimate in the present context is relatively weaker
compared to (1.3) in the Euclidean setting, while the LP norm estimate is similar. Here, v
denotes the so-called dimension at infinity of X and p is the half sum of positive roots with
multiplicities, see Sect. 2.

Let S = N(expa) = (expa)N be the solvable group occurring in the Iwasawa decomposition
G = N(expa)K. Then S is identifiable, as a manifold, with the symmetric space X = G/K.
Our second main contribution is to study the asymptotic convergence for solutions to the heat
equation associated with the so-called distinguished Laplacian A on S. In order to state the
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results, let us introduce some indispensable notation, which will be clarified in Sect. 2 and
Sect. 4. Let a be the Cartan subspace of X. Denote by @), where A\ € a, the spherical
function occurring in the Harish-Chandra transform, by § the modular function on S , and by
?Lt =Y 2e|p‘2tht the fundamental solution to the Cauchy problem

aiv(t,g) = Agu(t,g),  B(0,9) = To(g). (1.8)

Let py = 51/ 2, be the modified spherical function and denote by M= %57;”3 the mass function
on S which generalizes the mass in the Euclidean case (see Remark 4.4). Then, we show the
following long-time asymptotic convergence results.

Theorem 1.6. Let vy be a continuous and compactly supported initial data on S. Then, the
solution to the heat equation (1.8) satisfies

[5(t, ) — M hyl| 15y — 0 (1.9)

and
eristl ~
t7 2 ult, -) = M hyf[pee(sy — 0 (1.10)
as t — 0o. Analogous LP (1 < p < 00) norm estimates follow by interpolation.

Remark 1.7. Let us comment about (1.9) and (1.10). Firstly, notice that the L' convergence
(1.9) holds with no bi-K -invariance restriction, in contrast to Theorem 1.2, and the sup norm
estimate (1.10) is stronger than (1.6), as in the Euclidean setting. Secondly, the mass M is a
bounded function and no more a constant in general. Thirdly, the power £+ |X| (¢ denotes the
rank of G/K and X} the set of positive reduced roots), which occurs in time factor, is always
different from the dimension at infinity v = £+ 2|%.7| and it is equal to the manifold dimension
n="L+ s+ Ma if and only if the following equivalent conditions hold:

e the root system X is reduced and all roots have multiplicity mq, = 1.
e (G is a normal real form.

Remark 1.8. The asymptotic convergences (1.9) and (1.10) hold for some larger classes of
wnitial data, see Sect. 4.4. These classes are not optimal and finding the right function space is
an interesting question for further study.

This paper is organized as follows. After the present introduction in Sect. 1 and preliminaries
in Sect. 2, we deal with the long-time asymptotic behavior of solutions to the heat equation
associated with the Laplace-Beltrami operator on symmetric spaces in Sect. 3. We start with
smooth bi- K-invariant compactly supported initial data, and prove, on the one hand, the long-
time convergence in L' in the critical region where the heat kernel concentrates. On the other
hand, we show that both the solution and the heat kernel vanish asymptotically outside that
critical region. In the rest of this section, we discuss these problems for more general initial data
in the L” (p > 1) setting, and provide a counterexample for L' in the non bi- K-invariant case.
In Sect. 4, we investigate the asymptotic behavior of solutions to the heat equation associated
with the distinguished Laplacian. After specifying the critical region in this context, we study
the long-time convergence in L' and in L with compactly supported initial data. Questions
associated with other initial data are discussed at the end of the paper.

Throughout this paper, the notation A < B between two positive expressions means that
there is a constant C' > 0 such that A < CB. The notation A < B means that A < B and
B < A.

Acknowledgements. The second author is supported by the Hellenic Foundation for Research
and Innovation, Project HFRI-FM17-1735. She acknowledges the SSHN fellowship by the
French Institute of Greece and the French Embassy in Greece, which allowed a visit to Institut
Denis Poisson, where this work was initiated. Finally, she is thankful to the Institut for the warm
hospitality, as well to M. Kolountzakis for its help during this stay. The last author acknowledges
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2. PRELIMINARIES

In this section, we first review spherical Fourier analysis on Riemannian symmetric spaces
of noncompact type. The notation is standard and follows [Hel78; Hel00; GaVa88]. Next we
recall the asymptotic concentration of the heat kernel. We refer to [AnJi99; AnOs03] for more
details on the heat kernel analysis in this setting.

2.1. Noncompact Riemannian symmetric spaces. Let G be a semi-simple Lie group, con-
nected, noncompact, with finite center, and K be a maximal compact subgroup of G. The
homogeneous space X = G/K is a Riemannian symmetric space of noncompact type. Let
g = £t @ p be the Cartan decomposition of the Lie algebra of G. The Killing form of g induces
a K-invariant inner product (., .) on p, hence a G-invariant Riemannian metric on G/K. We
denote by d( ., .) the Riemannian distance on X.

Fix a maximal abelian subspace a in p. The rank of X is the dimension ¢ of a. We identify a
with its dual a* by means of the inner product inherited from p. Let ¥ C a be the root system
of (g,a) and denote by W the Weyl group associated with 3. Once a positive Weyl chamber
at C a has been selected, X (resp. X7 or ) denotes the corresponding set of positive roots
(resp. positive reduced, i.e., indivisible roots or simple roots). Let n be the dimension and v
be the pseudo-dimension (or dimension at infinity) of X:

n="L0+> et Mo and v = L+2|5f] (2.1)
where m,, denotes the dimension of the positive root subspace
go = {X €g[[H, X]=(a,H)X,VH € a}.

Let n be the nilpotent Lie subalgebra of g associated with T and let N = expn be the
corresponding Lie subgroup of G. We have the decompositions

G = N(expa) K (Iwasawa),
G = K (expat) K (Cartan).

Denote by A(z) € aand 2+ € at the middle components of z € G in these two decompositions,
and by |z| = |27 the distance to the origin. For all z,y € G, we have
|A(zK)| < |z| and |zt —yt| < d(zK,yK), (2.2)

see for instance [AnJi99, Lemma 2.1.2|. In the Cartan decomposition, the Haar measure on G
writes

/G dz f(x) = |K/M| /K dky / do 6(z*) /K b f(hr (expa™)ka)

with density
. m O[,Llf+ Mo =+ N
sty =TT bt = [T (50 ey) ™ o) vatea @9)
aeXT et ’

Here K is equipped with its normalized Haar measure, M denotes the centralizer of expa in
K and the volume of K/M can be computed explicitly, see [AnJi99, Eq (2.2.4)]. Recall that
p € at denotes the half sum of all positive roots o € X" counted with their multiplicities my:

p:% Zmaa.

aeXt
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2.2. Spherical Fourier analysis. Let S(K\G/K) be the Schwartz space of bi-K-invariant
functions on G. The spherical Fourier transform (Harish-Chandra transform) H is defined by

HIO) = /G drp_y(z) f(z) VAca VfeSK\G/K),

where @) € C*®(K\G/K) is the spherical function of index A € a. Denote by S(a)" the
subspace of W-invariant functions in the Schwartz space S(a). Then H is an isomorphism
between S(K\G/K) and S(a)"'. The inverse spherical Fourier transform is given by

F@) = Co /dA|c()\)_2 @)V HIQ)  Yzed VfeSa)W, (2.4)

a

where the constant Co = 2"~¢/(27)*| K /M||W | depends only on the geometry of X, and |c(\)| =2
is the so-called Plancherel density. We next review some elementary facts about the Plancherel
density and the elementary spherical functions.

2.2.1. Plancherel density. According to the Gindikin-Karpelevi¢ formula for the Harish-Chandra
c-function, we can write the Plancherel density as

ol =TT fea (22|

aex;
with
o) P& + Sma) TG {22 + dma + 3maa)  T(iz) P(is+ Tma)
) T({5) D(HEL 4 Im,) Tz + gma) D52 + §ma + 3m2a)

Notice that |co|™2 is a differential symbol on R. But the Plancherel density |c(\)|72, as a
product of one-dimensional symbols, is not a symbol on a in general. We shall use the expressions

lc(N)] 72 = c(w ) Le(—w )t Viea, YweW

as well as

aext <a,a>
where m(i\) =[] et (, A) and
(a,p) | 1 1(up) |1 1 i
ba(z) = ]a!Qizc (z) = \a\Q P({a8rt3ma) TG iaay Tamatsmea)  D(iz+1) T(§z+7ma)
@ « r(gg:gé) r %éz:giﬁma) T(iz+ima) D(ztima+imaa)’

For every root a € ¥f, the function b, (—iz)*! is holomorphic for Im z > —1/2, with

T(iz+1 T(iz+im mga 1-ma_ M
.(zzt ) : (21 1 fll) ~ QTR e as  |z| — oo. (2.5)
L(iz + 3ma) I(52 + 7ma + 3M24)

Hence b(—\)*! is a holomorphic function for A € a + ia*, which has the following behavior:

BENE = T (14 [, n) 7oz (2.6)
aest
and whose derivatives can be estimated by

p(35)b(=N* = O(Ib(-N)[*), (2.7)

where p(%) is any differential polynomial.
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2.2.2. Spherical functions. For every A € a, the spherical function ¢} is a smooth bi- K-invariant
eigenfunction of all G-invariant differential operators on X, in particular of the Laplace-Beltrami

operator:
—Apa@) = (IAP + o) a(2).
It is symmetric in the sense that py(z71) = p_,(z), and is given by the integral representation

or(z) = /K dk (A Fps Alka)) (2.8)

We list below some of the known properties of spherical functions ¢, and refer to [GaVa8sg,
Chap.4] and [Hel00, Chap.IV] for more details. We say that a vector H € a lies on a wall if
there exists a root o € ¥ such that (a, H) = 0. Otherwise, we say that H stays away from the
walls. For all A € a regular, the following converging Harish-Chandra expansion is known to
hold for all H € a™

palexpH) = > c(w.\) @ya(H), (2.9)
wew
where
OA(H) = PPy yg(n) e
q€2Q
Here Q = Zaezj Na denotes the positive root lattice and the leading coefficient vy equals 1.

For every ¢ > 1, v4(\) are rational functions in A € ac, which have no poles for all A € a + iat
and satisfy there

eI S 1+ g™ (2.10)

for some nonnegative constant M. Their derivatives can be estimated as follows by using
Cauchy’s formula:

p(52)7(N) = O(74(N). (2.11)
Moreover, all derivatives of gp,\ (exp H) in H have the corresponding expansion
p(aH) or(expH) = e P Z e~ (@ Z c(w.\) vg(wA) p(iw. A — p —q) WA (2.12)
qe2Q weW

Recall that all the elementary spherical functions ¢y with parameter A € a are controlled by
the ground spherical function g, which satisfies the global estimate

wolexp H) = { [[ 1+ H} ~H) Y e (2.13)
aex;l

2.3. Heat kernel on symmetric spaces. The heat kernel on X is a positive bi-K-invariant
right convolution kernel, i.e., hy(zK,yK) = hy(y~'z) > 0, which is thus determined by its
restriction to the positive Weyl chamber. According to the inversion formula of the spherical
Fourier transform, the heat kernel is given by

ho(z) = Co / AN [e(A)[2 oy () e—HIAP+rl?) (2.14)

and satisfies the global estimate

he(exp H) = t—%{ I (t+t+ (o H))
aEEi
for all t > 0 and H € at, see [AnJi99; AnOs03]. Recall that [; dzhe(z) = 1. Let r(t) = oL

where £(t) is a positive function, such that e(t) \, 0 and v#te(t) — oo, as t — co. Let ()
be another positive function such that v/#y(t) — oo as t — co. Denote by Qannuus € @ the
annulus 2|plt — r(t) < |H| < 2|p|t + r(t) and by Qcone € a the solid cone with angle (%)

a+m2a t— ‘H‘

1} wo(exp H)e (2.15)

<
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- wall

FIGURE 1. Critical region where the heat kernel concentrates.

around the p-axis. According to [AnSe92], the heat kernel h; is asymptotically concentrated in
K (exp(Qannutus N Qeone) ) K (see the blue region in Fig. 1):

/ dz hy(z) — 1 as t— oo.
K(GXP(Qannulus N QCODG))K

The following lemma shows that the heat kernel h;(x) concentrates indeed in K (exp ) K,
where Q; = B(2tp,r(t)) denotes the ball in a with center 2tp and radius r(¢).

Lemma 2.1. The following estimate holds for any N > 0:
el 1 (G epanr) S Y Vi1 (2.16)

Proof. For simplicity, we denote by H = z* the middle component of z € G in the Cartan
decomposition. Let n > 0 be a constant such that nt > r(¢). The proof of (2.16) is based on
the following large time heat kernel estimates, which follow from (2.15) for some M > 0:

3 if He B(2tp,nt),
|22
hy(exp H) < e loPt=(oH) = o dym if He B(0,3lplt)~ B(2tp,nt),  (2.17)
67|H—2tt;‘rQ o) |H|M it H > 3|plt.
Firstly, we have
/ dzhu(z) < / AH §(H) hy(exp H)
K (exp B(2tp,nt))K \ K (exp Q) K r(t) <|H—-2pt| <nt
o2
<ts / dH e~
r(t) <|H—2pt| <nt
nt
< 73 / dRR! e
r(t)
%ﬁ
_ (-1 —R? ViV
_ /() dRR < ()
2Vt
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for any N > 0. Similar computations imply secondly

/ dzh(z) < / dH §(H) hi(exp H)
K (exp B(0,3|p[t)) K ~ K (exp B(2tp,nt)) K [atNB(0,3]p[t)] ~ B(2tp,nt)
o2
<M dH e~
nt <|H—2pt| <5|plt
5plt
<M dRR! e
nt
5p|VE
— M+3 / P ARRFle R <N
nyt
and thirdly
/ dz hi(x) < / dH 6(H) hi(exp H)
G\ K (exp B(0,3|p|t)) K at ~ B(0,3|p|t)
o 12
S / dH [H|M ="
[H| > 3|plt
|H —2tp|?
< / dH [H — 2tp|M e~ =
|H—2tp| > |plt
+oo R2
S / dRRMJerl e dr 5 th
olt
for any NV > 0. The proposition follows by combining these three estimates. ([

As the vectors in £ stay far away from walls, the large time behavior of the heat kernel can
be described more accurately by the following asymptotics [AnJi99, Theorem 5.1.1]:

2
|H]

hi(lexpH) ~ C1t2 b( —i%)_l wo(exp H) 1Pt (2.18)

as t — oo and p(H) = minges+ (o, H) — oo. Here C; = 002_|2T+‘|W’7T§7T(p0)b(0)_1 is a
positive constant, and py denotes the half sum of all positive reduced roots. Moreover, the
ground spherical function satisfies

po(exp H) ~ Cym(H)e () (2.19)
as u(H) — oo, where Cy = m(po) ~'b(0), see for instance [AnJi99, Proposition 2.2.12.(ii)].

3. ASYMPTOTIC CONVERGENCE ASSOCIATED WITH THE LAPLACE-BELTRAMI OPERATOR

Consider the heat equation
du(t,x) = Agu(t,x), u(0,2) = up(z), (3.1)
with ug € LY(X) and denote by M the mass of the initial data:

M:me@

In this section, we prove our first main result Theorem 1.2. We start with smooth bi-K-
invariant compactly supported initial data and study the long-time asymptotic convergence in
the critical region where the heat kernel concentrates. By completing the estimates outside
the critical region and by using a standard density argument, we next establish (1.5) for all
bi- K-invariant L! initial data. Finally, we provide a counterexample in the non bi- K-invariant
case.
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3.1. Heat asymptotics in the critical region for C°(K\G/K) initial data. As both the
heat kernel h; and the initial data ug are bi- K-invariant, we have H(ugx hy) = (Hug)(Hhy), see
for instance [Ank91, p. 347]. Then, we can write the solution to (3.1) as

u(t,@) = (uo * he) () = Co / A [e(N)] 2 e D o) () Huo ()
a

by using the inversion formula (2.4) of the spherical Fourier transform and (2.14). Notice that

the mass M equals Hug(—ip) by the spherical Fourier transform and (2.8). Our aim in this

subsection is to estimate the difference

u(t,z) — Mhi(z) = Cp e lel’t /d)\ le(\)| 2 eI ox(x) {Huo(X) — Huo(—ip)} (3.2)

a

U

in the critical region K (exp ;) K. Recall that Q; = B(2tp,r(t)) where r(t) grows slightly faster
than v/t and slower than ¢ as ¢t — co. To this end we resume the computations in [AnJi99, Step
2, pp. 1054-1056].

Proposition 3.1. Let ug be a smooth bi-K -invariant initial data with compact support. Then
Hu(t, ) — MhtHLl(K(eprt)K) — 0 as t — 0. (33)

Proof. For simplicity, we denote by H = z* the middle component of z € G in the Cartan
decomposition. By substituting (2.9) in (3.2) and by writing |c(A\)| 72 = ¢(\) "te(—=\) "1, with
c(—\) "t = w(—i\)b(—\)"1, we obtain first

u(t,exp H) — Mhy(exp H) = C’o\V[/'|e*"°|2t*<p’H> Zef<q’H> Eq(t,H) (3.4)
q€Q

where
E,(t,H) = / AAr(—iX) et D B X)Ly, (A) U(N).
a
By using the formula
7 (—i)\) et = w(%a%)e*t‘)"?
and by integrating by parts, we obtain firstly

E,(t,H) = @) > Y { I1 <o/,H>}

sf=xuyr a'e¥
X / dre A’ ei<)"H>{ 11 (—i@au)}{b(—)\)’lvq()\) U}
a al’ex!

After moving the contour of integration according to A — A + z% and rescaling the integral
according to \ — %, we obtain secondly

i) = 2t Y ] )
Sf=xuyr o'ey
X /udAe—|)\|2{ I1 (fz'\/{fﬁau)}{b(f%fi%)_lfyq(%nLi%)U(%nLi%)}.
a//ez//
(3.5)

Now let us study (3.5) in different cases. We first assume that no derivative in (3.5) hits U.
According to the Paley-Wiener theorem (see for instance [Hel94, Chap.III, Theorem 5.1]), as
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ug is a smooth bi-K-invariant function with compact support on G, Hug is a W-invariant
holomorphic function on a¢ such that

3C">0,¥j €N, YN €N, 3C" >0, VYA€ ac, [ViHuo(N)| < C"(1+ [A)"NemA(3.6)
Hence

¢’ |H]
2

. JEIyADY
U(Z +id)] S e t(%ﬂg_m) VH ca, VYt >0. (3.7)

On the other hand, according to (2.6) and (2.7),
i Y -1 Al\m o, H) \(Zatm2a g
(VEvab(= =it = o1+ B)" T 0+ ST ) @)
where m = ZQEEZL(% — 1), and according to (2.10) and (2.11),
(Vtgz) va( 35 +i5p) = O((1 +[a)™), (3.9)

where M is a positive constant. By using (3.7), (3.8) and (3.9), we estimate the terms in (3.5)
where no derivative hits U by

<4177 =1 Sl <7
|12 + iy c’ |H]

_v _H" JH MmaTMm2g _ c A7) t
cEem @ HDP T L (4 S0 )Y T (G 4T
M.,—t_1 _lH)?

S (g™ 2 r(t) e = (3.10)
when t is large and H € Q;. If some derivatives 0, in (3.5) hit U, then
| TT @ m)| < 1) < s
o’'ex’!
and, by using (3.6), (3.8) and (3.9), we obtain this time that (3.5) is bounded by
2
(L g™ 5 e (3.11)

By combining (3.4), (3.5), (3.10) and (3.11), we obtain

2
|u(t,exp H) — Mhi(exp H)| < { Z (1+ ‘q|)Me*<q,H>} 51 r(t) o~ lolPt—(p, i)~ HE

q€e2Q

S

N

1

when t is large and H € ;. By integration, we conclude that
/ dz |ut, z) — Mhy(z)| = Co / AH 8(H) u(t, exp H) — Mhy(exp H)|
K(exp Q) K Q

|H |2

*Mﬂ/dH&WWWWu
Q¢

= @ 3 / dH e
B(2tp,r(t))

A
~
m\l(\

_ |H=2tp|?
4t

tends to 0 at speed @ = \/ilg(t)' O
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3.2. Estimates outside the critical region. In this subsection, we show that the solution
u(t, ) to the heat equation (3.1) vanishes asymptotically in L' (G \ K (exp Q)K) as t — oo.
Proposition 3.2. The solution to the heat equation (3.1) satisfies
N
H'LL(t, ’)HLl(G’\K(eprt)K) SJ E(t) (312)
fort >0 large enough and for any N > 0.

Proof. Since h; and ug are both bi-K-invariant functions on G, we have

u(t,x) = (uo* hi)(x) = (hy *uo)(z) = / dy he(zy ") uo(y).

G
Let £ > 0 be a constant such that the compact support of ug belongs to K (exp B(0,&))K. Then
/ delult.o)] < | dy o) e (™).
G~ K(exp Q) K K(exp B(0,£))K G~ K(expQ)K

We notice from the next lemma that
K(exp Q) K = K(exp B(2tp,r(t))K = {z:K € G/K |d(zK, K(exp2tp)K) < r(t)}.
Hence
x € G~ K(expQ)K = xy~t € G~ K(exp B(2tp,r(t) — &)K.
Indeed, if 2y~ € K(exp B(2tp,7(t) — €))K, then
d(zK, K(exp2tp)K) < d(zK, ry 'K) + d(zy 'K, K(exp2tp)K) < r(t),

d(yK, oK) <€ <r(t)—¢
which implies that x € K (exp ;) K. Therefore
/ da hy(zy™) < / dz hy(z) (3.13)
G~ K(expQt)K G\ K(exp B(2tp,r(t)—&))K

for all y € K(exp B(0,£))K. Asr(t) —& > @ for t large enough, we deduce from (2.16) that
the right-hand side of (3.13) is also O(g(¢)"V). In conclusion,

/ dz |u(t, )| < ()™ VN >0.
G\ K(expQ)K

Lemma 3.3. d(K(exp H1)K, K (exp Hy)K) = |Hy — Ha| for all Hy, Hy € a™.
Proof. On the one hand,

d(K(exp H1)K, K(exp H2)K) = N ikI;fGKd(kl(epol)K’ kao(exp Ho)K) > |Hy — Ho|

according to (2.2). On the other hand,
d(K (exp H1)K, K(exp H2)K) < d((exp H1)K, (exp H2)K)
= d(exp (Hl — HQ)K, BK) = ‘Hl — HQ’
as (expa)K is a flat subspace of G/K. O

Remark 3.4. The estimate (3.12) still holds without the bi-K -invariance assumption. Indeed,
by using the symmetries (K (exp Q) K)™' = K(exp Q) K and hy(y~'z~!) = hy(xy), we have

dz |u(t, )| dz [u(t, z 1)

/G\K(eprt)K /G\K(eprt)K

A

/ dy luo(y)| d hu(xy)
K(exp B(0,£))K G~ K(expQ)K
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and we can conclude similarly.

3.3. Long-time convergence for general bi-K-invariant data. In the previous two sub-
sections, we studied the long-lime asymptotic behavior for the heat equation with smooth
compactly supported bi- K-invariant initial data. Using those estimates and a standard density
argument, we first prove in this subsection Theorem 1.2 for the whole class of L!(X) functions
that are bi-K-invariant. Then we discuss the same problem in LP(X) for p > 1.

Proof of Theorem 1.2. Let € > 0 and Uy € C°(K\G/K) be such that |lug — Usllp1(x) < 3.
Denote by My = [ dzUp(x) the mass of Uy, then

’M—MU’ < HUO_UOHLl(X) < %

Let U(t,x) = (Up * ht)(x) be the solution to the heat equation with initial data Uy. We deduce
from (2.16), (3.3) and (3.12) that, there exists 7' > 0 such that

[U(t, -) = Muhil| i) < U ) — Mubell oy exp k) + U I 216k (exp 20 k)
+ Myl [[hell 21 (K (exp 20 K)
<3

for all t > T'. In conclusion,
<luo—Uoll 11 Al 1 <M =My ||hell 1

[ult, =) = Mhil|prx) < fult, ) = Ut )l + [ Mohe — Mhgf| )

+ U ) — Muhe| Ly x)

<§5+5+5=¢
for all ¢ > 0 and ¢ large enough. ([

Let us turn to the long-time convergence in LP(X) with p > 1. The kernel estimate (2.15)
gives us the sup norm estimate:

_v |2
lut, ) = Mhyll o) < lluollpiy el ooy + 1M hell ooy S t2e o1

for ¢ large and for all ug € L*(X), see for instance [AnJi99, Proposition 4.1.1]. In other words,
we have

lut, ) — Mhy| o = Ot 27 as ¢ — oo (3.14)

Notice that such an estimate holds without the bi-K-invariant assumption. By interpolation,
we obtain the following estimates in the LP(X) setting.

Corollary 3.5. Under the assumption of Theorem 1.2, we have

lut, -) = Mhll oy = ot 27e” 7 ) as t— o0 (3.15)
forall1 < p < o0.

Remark 3.6. As previously observed by Vdzquez on real hyperbolic spaces, the LP norm estimate
(3.15) is optimal, but the sup norm estimate (3.14) is weaker compared to the results in the
FEuclidean setting, where one has

t2 ut, <) = Mhy|poogny — 0 as  t— oo.

Such a convergence is no longer valid in our setting due to the spectral gap. A counterexample
was provided on H3(R) in [Viz19, p.15]. Here, let us extend it to general noncompact symmetric
spaces. Consider a delayed heat kernel hyy for some t' > 0 to be determined later. Then

5 elol’t | heser — ht||L°°(X) > t2 elrl*t (ht(eK) - htth/(eK))
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since hi(eK) is decreasing in t. According to (2.15), there exists a constant C > 1 such that

5 Pt (hy(eK) — hisp () > 5 WP {15 e WPt _ Ot 4 ¢)~% WP+

e NS VR A I VS
=C C(t+t’)2 € Z 50

2InC+In2

FEEE Hence

provided that t' >

v

t5 PP Ry — hyllpoy 2 0 as € — oo,

3.4. Counterexample in the non bi-K-invariant case. Recall that the heat kernel con-
centrates in the region K (exp ;) K where Q; = B(2tp,r(t)). Here r(t) goes to infinity slightly
faster than /¢ and slower than ¢, as t — oo. Fix y € G ~ K and consider the heat equation
with the initial data ug(x) = d0,(x), where 0, denotes the Dirac measure at y, which is not
bi- K-invariant. Then

Jut, -) = Mhe|[prx) = [he(-,yEK) — he(- e K)) Ly
ht(’yK)
Hht( ’eK)<ht(',€K) 1)‘ L1 (K (exp ) K)

{/Q dg™ 6(g") he(expg™) } {/K dk \e@p’A(k_ly» -1+ O(th))}
(3.16)

A\

according to the Cartan decomposition g = k(exp g7)k" and to the next proposition. Since the
heat kernel h; is bi- K-invariant and concentrates in K (exp ;) K, we have

/Q dgt 6(g") he(expgt) = el Lt (K (exp oy r) — 1 as t — oo.
t
Hence, the right-hand side of (3.16) tends to

/ dk [0 AR ) _ 1|
K

as t — oo, which is not identically 0. Indeed, if y = k1(expy™)ks in the Cartan decomposition,
then the nonnegative continuous function k — |e<2F’vA(kfly)> — 1] does not vanish at k = kj,
where (p, A(k1y)) = (p, y*) > 0, since y ¢ K implies y© # 0. In conclusion, Theorem 1.2

fails without the bi- K-invariance assumption.

Proposition 3.7. Let y € G~ K. Then, for every g in the critical region K (exp$)K, we
have

hi(9K,yK)
hi(gK,eK)

where g = k(expy ™)k’ in the Cartan decomposition.

— o2 ATy O(T(Tt)) as  t— oo,

For the proof of Proposition 3.7 we need the following lemma.

Lemma 3.8. The following asymptotic behaviors hold as t — oco:

(i) (7)Y + O(L))

t
l97] t
.. + —1 \+ .
(1) IZTI and % are both equal to ﬁ + O(Q)

(iv) d(gK, eK) — d(gK, yK) = (&, A(k"'y)) + O(“L).
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Proof of Lemma 5.8. For all g € K(exp B(2tp,r(t)))K and for any fixed y € G, we have
d(gK,eK) = 2|p|t + O(r(t)) and d(gK,yK) = 2|p|t + O(r(t))
as t — oo. We deduce first (i) and (i¢) by using

("9t _ dgK,yK)
gt d(gK, eK)

oy o5 2p40((0) _
- 1+O(T)7 i - 7
g™ 2tp[+O(r(1)) Il
and
(') =gt = g7y = ()T < dlg™'yK, g7 K) = |y| = O(1).
Here we have used (2.2) and the fact that
(z7HT = —wp.zt Ve,

where wg denotes the longest element in the Weyl group W, which exchanges the positive and
the negative Weyl chambers. Let us next deduce (iii) from (¢) and (iz). For every positive root
a’

_ (y~'g)t _
(o (y'9)") _ @) [y tg)t
(a,g97) (a, %> g™

It remains us to prove (iv). Let g = k(exp g7)k’ in the Cartan decomposition and consider the
Iwasawa decomposition k~1y = n(k~1y)(exp A(k~1y))k” for some k" € K. Then

d(gK,yK) = d(k(exp g") K, kn(k™y)(exp A(k™'y))K)

= d(exp(—g)n(k™y)) (expg™) K, exp (A(k~'y) — g ") K). (3.17)
and we write
I

d(gK,eK) — d(gK,yK) = d(gK,eK) —d(exp (A(k™'y) — g7 K, eK)

+ d(exp (A(k™Yy) — g DK, eK) —d(gK,yK).

II
On the one hand, we have
2(g", Ak~ 1y)) — A 'y)?
g7+ Ak~ y) — g

= ({5, A ') +O( i)

-1 r(t
= (. Ak™"y)) +0("P)
by using (ii) and the fact that {A(k~'y) |k € K} is a compact subset of a. On the other hand,
we deduce from (3.17) that

11] < d(exp (—g")n(k"y)] " (exp g ™)K, eK)

I =|g"|—|A(k™'y) — g =

where the right-hand side tends exponentially fast to 0, as {n(k~'y) | k € K} is a compact subset
of N see for instance [Hel63, Lemma 3.1|. Indeed, the subgroup exp a acts by conjugation on
n and N. In particular exp(—g™) acts by contractions e~{@9") on each subspace go. Thus
Ad(exp(—g™))(logn) tends to 0 exponentially fast, for every logn € n and more generally
uniformly on compact subsets of n. Via the exponential map, exp(—g*)n(exp g™) tends to e
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exponentially fast, for every n € N and more generally uniformly on compact subsets of N. In
conclusion, we obtain

d(gK, eK) — d(gK,yK) = (&, A(k™'y)) + O("L). (3.18)

O

Remark 3.9. Observe that (3.18) defines in the limit of Busemann function. Let us elaborate.
Any regular geodesic ray in G/K stemming from the origin is given by ~v(r) = k(exprHy)K,
where k € K and Hy is a unit vector in a*. As in the proof of (iv) in Lemma 3.8, consider the
Twasawa decomposition k='y = n(k™ly)(exp A(k=1y))k” for a given y € G. We have, on the
one hand d(v(r),eK) = r. On the other hand,

d(y(r),yK) = d(exp (—rHo)[n(k™"y)]~(exprHo) K, exp (A(k~'y) — rHo)K).
Hence

|d(y(r), yK) — d(exp (A(k™'y) — rHo) K, eK)| < d( exp (—rHo)[n(k™"y)] ™" (exprHo) K, eK)

|A(k~1y)—rHo| —e
as r — oo. Therefore,
d(y(r),yK) = d(v(r),eK) = [A(k™'y) — rHo| —r +o(1)

|A(k™1y)|* — 2r(Ho, A(k™'y))
- 2 + 0(10) +o(1)

= —(Ho, A(k™"y)) +o(1)
as r — oo. In conclusion, we have thus determined the Busemann function

By(yK) = lim {d(y(r),yK) —d(y(r),eK)} = —(Ho, A(k™"y)).

r—-+00

Now, let us turn to the proof of Proposition 3.7.
Proof of Proposition 3.7. Using (2.18) and (2.19), we write

hi(gK,yK)  hi(exp(y~'g)")

hi(9K,eK) — hy(exp(gT))
- - _ —1 42
e e I () o
b(—ig) | m@T) eva  EE

as t — co. The asymptotic behaviors of the first two factors are based on Lemma 3.8.(iii). On
the one hand,

m((y'9)") _ 11 (o, (v '9)") 14+ 0(H0)

) (a.g") ) (3.19)

aEEi
On the other hand, by using (2.5), we have

1—Ma _ M2a

e L R NCE
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For the last two factors, we notice on the one hand that

67y N A R A S [ _
-t - 1 (g1 =1ty '9)")

K,eK K, yK
= ll+0("H) = (At o (UE)
= (p, A(k™1y)) + O("2) (3.21)
according to Lemma 3.8. Therefore
o RIS oAt ) o(n0) (3.22)
On the other hand, since (¢-1)* = —wo.g" and p = —wg.p, where wy € W is the longest

element in the Weyl group, we write
o,y ) ) + o) = (o, (97 )T + (0 (97D )

B (€ e ) () M7 el (0 Ml
4t 4t '

R

— (p. A1) +0 ()
where the first part of the right-hand side is estimated as (3.21), while the remainder
)" =2t + (g~ )" —2tp|

-1
R = {|(g~ )" —2tp] — |(g)+ —2tpl} O ¥

4t
is O(@), according to (ii) in Lemma 3.8. Hence
e (1)) Heg™) — pAKRTY) 4 O("Tt)) (3.23)

In conclusion, we deduce from (3.20), (3.19), (3.22) and (3.23) that

hi(gK,yK) (20, A(k~1y)) r(t)

DRI IR ; o)

hi(gK,eK) +O(%)
WithTSf—t)%Oast%oo. g

4. ASYMPTOTIC CONVERGENCE ASSOCIATED WITH THE DISTINGUISHED LAPLACIAN

Let S = N(expa) = (expa)N be the solvable group occurring in the Iwasawa decomposition
G = N(expa)K. Then S is identifiable, as a manifold, with the symmetric space X = G/K.

The distinguished Laplacian Aon S is given by the conjugation of the shifted Laplace-Beltrami
operator A + |p|? on X:

A=320(A+|p})od 2 (4.1)
where the modular function & of S is defined by
5(g) = d(n(expA)) = e 204 vges.

Here n = n(g) and A = A(g) denotes respectively the N-component and the a-component of g in
the Iwasawa decomposition. The distinguished Laplacian A is left-S-invariant and self-adjoint
with respect to the right-invariant Haar measure on S

[aas@ = [ an [aasoesna) = [aaeo [ ang(esp am)
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Bear in mind the following different relations between the measures on S and the unimodular
Haar measure on G:

/S dg f(g) = /G dge?PA@if(g)  and /S deg flg) = /G dg f(g). (4.2)

This section aims to study the asymptotic behavior of solutions to the following Cauchy
problem associated with the distinguished Laplacian:

8155(7579) = Agi(t,g), E(Oag) = EO(g)a (4'3)

where the corresponding heat kernel is given by Et s e|p|2tht in the sense that

(€2 F)(g) = (fxhu)g) = /dzyf(y)ﬁt(y‘lg) = /dryf(gy‘l)ﬁt(y)-
S S

Here, we still denote by * the convolution product on S or on G. We refer to [Bou83; CGGMOII]|
for more details about the distinguished Laplacian.

Remark 4.1. Notice that %t(g)drg is a probability measure on S. Indeed, we know that the
Abel transform of e|”|2tht is the heat kernel on a, i.e.,

2
A(ePPthy)(4) = e~ o) / dn ety (n(exp A)) = (4nt)"Fe~ar,
N
hence
~ _e 142
/dnht(n(epr)) = (4dmt) " ze 2
N
and

|A2

/dTgﬁt(g) = / dn/dAEt(n(eXpA)) = (47Tt)_§/dAe_4t = 1.
S N a a

The first subsection is devoted to determine the critical region where the heat kernel iNzt
concentrates. In the next two subsections, we study respectively the L' and the L> asymptotic
convergences of solutions to (4.3) with compactly supported initial data (no bi-K-invariance
required). We discuss the same questions for other initial data in the last subsection.

4.1. Asymptotic concentration of the distinguished heat kernel. Recall that the heat
kernel h; (associated with the heat equation (3.1)) concentrates in K (exp §2;)K where €, is a
ball in the positive Weyl chamber. The following proposition shows that the heat kernel Et
(associated with the Cauchy problem (4.3)) concentrates in a different region. Recall that the
function g : at — R* is defined by u(H) = mingex+ (o, H).

Proposition 4.2. Let t + &(t) be a positive function such that (t) \, 0 and £(t)v/t — oo
as t — co. Then the heat kernel associated with the distinguished Laplacian on S concentrates
asymptotically in K (exp Q) K, where

Q = {H €a¥ |e(t)Vt < |H| < 25 and p(H) > =(t)Vt}.

In other words,

d-ghi(g) = 0

lim/ o
=00 JoeS s.t. gteat

where g denotes the middle component of g in the Cartan decomposition.
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- wall

H=5 -

e(t) T~o

FI1GURE 2. Critical region (~2t in the positive Weyl chamber.

Proof. By using (4.2), let us write

10 = [ dghilg) = PP [ agelra) ()
SNK (exp Q) K K(exp Q) K

Since the heat kernel h; is bi-K-invariant on G and dk is the normalized Haar measure on the
compact group K, we have

1(t) = el / _ dghu(g) / dk (P Ak = clel™ / _ dghu(9) ol9)-
K(exp Q) K K K(expQt)K

According to the Cartan decomposition, and to the estimates (2.3), (2.13) and (2.15), we obtain

I(t) = el / dg* 8(g™) he(exp g™) olexp g™)

Q¢
_n _lgtP? n i
<t 2 [ dgTe # wi(g")walt,g") (4.4)
Q
where
<aag+> Mo
ateh) = T (F00)™ <
and

ma+moq
walt,g™) = [ 1+ (g™ +t+(agt) = 7!
aext

Next, let us study the right-hand side of (4.4) outside Q;. On the one hand, let

n _lgt?

Iy(t) = t2/ dgTe " wa(t,g").
lgTI<et)Vt
By substituting gt = 2v/tH and noticing that
n—¢ 2 H matmae g
wat, 2VEH) = (4107 [ (5h + (0 H))* (3 + 5 +120) 2

aeEj

= ] (1+<a,H>)ma+22a+3

aext

N
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we get the upper bound of Iy(t) in large time:

ma+moy+3
Io(t) 5/ di e P ] A+ (e, H)) = <)l (4.5)
|Hl<=5 ¥
aeX;)
On the other hand, similar computations yield
_n + _M +
Ioo(t) = 172 dg" e a wa(t,g")
gt 1> 245
e n—(+3|=7] N
< dH e |H | 2 < e(t) (4.6)
|H|>#

2e(t)
for any N > 0. In the case where u(g") = mingex+ (@, g*) < e(t)Vt, ie., when gt is close to
the walls, we have

n lgt1? n—
I(t)y =t>2 dgte @ wo(t,gt) = 2° = /(H) " dH e AP wo(t, 2VtH)
p(H) <=5~

//L(9+)<€(t)\/5

after substituting gt = 2vtH. Notice that, there exists at least one ag € X such that

(ag, Hy < # For such an «g, we estimate

L+ (o0, ) < g+ 4 S <1+ (o0, 1),

For the other a € 37 \ {a}, we simply estimate

2
st H) S (1+ (o, H))".
Altogether,
2 ma+moq+3
L(t) < s(t)z/ dHe 0 T O+ (e H) 7. (4.7)
M(H)<# aext
< o0

In conclusion, we deduce from (4.4), (4.5), (4.6) and (4.7), that
o< [ dghile) S =0
geSs.t.gteat Qs

for ¢ large enough. Since €(t) — 0 as ¢ — oo, we have proved that the heat kernel hy associated
with the distinguished Laplacian on S concentrates asymptotically in K (exp ;) K. U

The asymptotic behaviors (2.18) and (2.19) of the heat kernel hi(exp H) and the ground
spherical function ¢g(exp H) hold when u(H) — oo, i.e., when H € at stays away from the
walls. The following proposition sharpens these asymptotics when H lies in the present critical

region €.

Proposition 4.3. Let Cy,Cy be the positive constants occurring in (2.18), (2.19), and let C3 =
Cim(po)~L. Then the following asymptotics hold for H € Q; and t — oo:
1|2

hu(exp H) = {03+ O (5 57) 175 e WP m() ) e (48)

and

wolexpH) = {CQ—FO(ﬁ)}ﬂ'(H) e~ (P H) (4.9)
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Proof. As H € §~2t stays away from the walls in at, we substitute the spherical function occurring
in

ot hy(exp H) = Co / A [e(N)] 2 e M oy (exp H)

a

by its Harish-Chandra expansion (2.9), and we obtain firstly

loPt o) by (oxp H) = Col | 3 e~ / dXc(=A) L et ) o, ().
9€2Q ¢
By factorizing ¢(—A)~! = b(—=\)"'m(—i)) and by performing an integration by parts based on
m(—iN)e M = W(%%)e_ﬂ’\'Q
we obtain secondly

(20)1=7 | elelt (0. H) b, (exp H)

= ColW| ) eloH) / A e (=i 2y (M (=X)L, (M)}

9€2Q ¢

SELUD ST S
9€2Q =3 US,uss "

x e TT s i) b { T (=i0a) (=0 H T (=00 (0(0) }-
a1€X a2€X a3€EX3

After the shift of contour A — A + z% in ac and the rescaling A — %, we obtain thirdly

v 1|2
£5 elel’t e(pH) o 3 hi(exp H)

= 002_‘E’+||W| Z e~ (@ H) Z { H (al,H>}/d/\e_)‘|2

q€2Q SF =S US,us;  a1€X) a
x { I] (-0 )b—l}(_A_zﬂ){ TT (~i0a,) }(_A_Z-E). (4.10)
a2 NG 2t az)’lq Vi 2
ag€o a3€EX3

Recall that, for all H € €, we have e(t)v/ < |H| < % and p(H) = minges+ (o, H) > e(t)V/1.

Under these assumptions, we notice that the derivatives of b~! are bounded by

b -t = T (1 2+ )

ma+mogq 1
2

aEEf
ma+moq n—
< I A+ @)™ == <+, (4.11)
aext

according to (2.6) and (2.7), while the derivatives of v, are bounded by
e(=J7 — i)l S (L+[a)™, (4.12)

for some nonnegative constant M, according to (2.10) and (2.11). Let us split up the the
right-hand side of (4.10) as

I(t,H) + R(t, H)

where the leading term

I(t,H) = Co2 P |W| () / dhe PP b= — ity

a
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is the contribution of ¢ = 0 and ¥; = XF, while R(¢, H) denotes the remainder. On the one
hand, noticing from (4.11) that

CH\— _ n—t n—¢
b(=2; —i5) " =bO)] £ A+ T (B +5) S Haa+AT

we obtain

I(t,H) = {C5+ O(m)}ﬂ-(H) (4.13)
where C3 = 002_|2"T‘|W|7T%b(0)_1 = O1m(po)~t. On the other hand, we deduce from (4.11)
and (4.12) that

RS w(H) 3 O (1 fg) [ ane P @ )
a

q€2Q, q#0

-~

Se_H(H) < 00

This proves the asymptotic behavior (4.8). Let us next turn to (4.9). Along the lines of [AnJi99],
we multiply (2.9) by 7 (i\) and obtain

e ) w(iX) pr(exp H) = Y (detw) b(w.\) ®yx(H)
weW

- Zq€2Q et u;v@et w) b(w.A) Yg(w.A) e M (4.14)

Here we used the factorization c(w.\) = m(iw.A\)"tb(w.\) = (det w)m(i\) "'b(w.)\) for every
w € W. After applying ﬂ(—i%)b\zo to (4.14), the left-hand side becomes

W[ 7w (po) ™) oo (exp H)
(see for instance the beginning of the proof of Proposition 2.2.12 in [AnJi99]). The leading term
I'(t,H) = [W|b(0) 7 (H)

in the right-hand side of (4.14) is obtained by taking ¢ = 0 and by applying w(—i%)b\zo to
ewAH) while the remainder R/(t, H) is estimated by

Rt H)| S {oky + e Dy w(H) S oy w(H).

This proves the asymptotic behavior (4.9). O

4.2. Heat asymptotics in L' for compactly supported initial data. In this subsection, we
investigate the long-time asymptotic convergence in L!(S) of solutions to the Cauchy problem
(4.3), where the initial data vy is assumed continuous and compactly supported in B(eK, ).

For every A € a, let o) = i} © be the modified spherical function. The mass function is defined
by

M(g) = W VgeS. (4.15)

By using the fact that the modular function § is a character on S , we can also write the mass
as

— B TokF 141 _ . (vo * ©0)(9)
M(g) = = — /S dun(ok) 3021} el g = IO (i)
3(g)2

where vo(gK) = g(g)_%%(g) is a right K-invariant function on G, with compact support
(supp 09) K .
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Remark 4.4. The map
50 — 50 * @0
can be interpreted as the spectral projection at the bottom 0 of the spectrum of A. Thus M
generalizes somehow the mass in the Fuclidean case. Let us elaborate. Recall the Helgason-
Fourier transform (which is still denoted by H) on symmetric spaces G/ K :
HFO kM) = / dy f(yK) A= H 8 (4.17)
G
and its inverse
dX . _
flgK) = [w|7! / — / dk Hf (N, kM) e~ g k) (4.18)
o [cN)? Jk
By combining (4.17) with (4.18) and by using the formula
or(y~lg) = / A liNHPA(ES)) (=idtp, AlkY)) (4.19)
K

(see for instance [Hel9), Chap.III, Theorem 1.1]), we obtain

w(gK) = W] / A e (v0 * 92)(9)

with
Avg *@x) = vo * (Apxn) = —(Ipl* + [A]) (v * @)
Hence
fole) = W7 [ 4\ e o+ 3)(0)
with

Ao *Px) = To* (AGx) = —|A2 (@0 * &)

Remark 4.5. If vy € C.(S), then the mass function M s bounded. This follows indeed from
the local Harnack inequality:

soly~g) = /K ks PAGKD) o AGY) < /K dk A — o (o) (4.20)

which holds for every y € suppvy = (suppvo) K and for every g € G. Here, we have used (4.19)
and the fact that |A(ky)| < |y| is bounded.

Remark 4.6. If 7y = 6'/2vg with vy bi-K -invariant, we notice on the one hand that

/drg5(g)5vo(g) = /dgvo(g)emA(g))
S €

- /G dg vo(g) /K d (At — / dgwo(g) polg)  (421)

G
and on the other hand that

(Uogofgoi(g) - 9001(9) /Gdyvo(y)goo(ylg)

= o) /G dy vo(y) /K dk oy 'kg) = /G dy vo(y) po(y). (4.22)

-~

v0(9) po(y)
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Hence the mass function M is a constant if vy is bi-K-invariant and vy = 5%1)0 belongs to

LY(S):
M = / dy vo(y) goly) = Huo(0).
G

The following lemma plays a key role in the proof of Theorem 1.6.

Lemma 4.7. For bounded y € G and for all g in the critical region K (exp SN)t)K, the following
asymptotic behavior holds:

hi(g™'y)  wolg™'y) _ ( 1 )

hi(g™)  wolg™) (Vi

Proof. Assume that |y| < ¢ for some positive constant £. Recall that for every H € ﬁt, we have
e(t)Vt < |H| < ?\/5) and p(H) > e(t)V/t, where £(t) — 0 and &(t)y/t — oo as t — oo. Since we
are interested in the asymptotic behavior when ¢ goes to infinity, we can assume that t is large
enough such that

as t — oo.

e(t) < V2 and  e(t)Vt > 26(1 4 maxaey |a).
Notice first that
g € K(exp (NZt)K — g ' e K(exp (NZt)K
as
He — —wo.H €

where wg denotes the longest element in W, which interchanges the positive and negative roots.
Notice next that

(g7 )T = (gHT] < dlg'yK, g7 'K) = |y| < ¢

according to (2.2). Then we deduce the following estimates:

7' | < 1g™) 1+ < 2y + 3=V < B

(g7t = g™ - € > e(WVE- Je(t)vE> <G4,

(o, (g7 9)) > (o (g7)T) — lale > e()Vi—Le(t)vi> Q4 vaest,
In other words, we obtain

gy € KlexpQ)K  Vge K(expQ)K, Y|y <&,

where
Q = {H ca |Vt < [H| < 5 and p(H) > €' (H)V1}.

and €/(t) = 3e(t) is still a decreasing function satisfying €’(t) — 0 and £'(t)v/t — oo as t — oo.
Thus the asymptotics (4.8) and (4.9) yield

1 _ —
hg™ly) _ cg+o(W) () A IS OB S () LA R
hi(g~1) C3+O(W) m((g~ 1))

~~

H—O(s(t;ﬁ) R(g.y)

and

T R(g,y) = {1+O(8(t;ﬁ)}R(g,y).
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Hence

he(g YY) o9 y) 1 ) i [ ) Ml
_ - 1 7 -
he(g™")  wolg™) {Ho(e(t)ﬁ)} {e ' ' 1}R(9’y)
On the one hand, since 7:5(((99%1174)):)) and e~ (PTWHPGTIT) are uniformly bounded when
g € K(exp Qt)K and |y| < &, so is R(g,y). On the other hand,
“L)H2 (g 1)t 1€ () B B [ i e [ ") 1
6_|(£1 41;) ®, L 4t) | . i v _ eO(E(t)\/%) —14+0(

In conclusion,

h(g”ly) _ wola"'y) _

hi(g~1) eolg™") (s(f;x/f) V9 € K(exp Q) K, ¥yl <&

Now, let us prove the first part of Theorem 1.6.

Proof of (1.9) in Theorem 1.6. By using

(To* Pr)(g) = /S deyvo(yK) 8(y)2 3(y"9)7 ox(y~'g) = 3(9)? (vo * pr) (9K),
N————
5(9)%

let us write the solution v to (4.3) as

(t,g) = (To*he)(g) = €t 3(g)? (vo* he)(g)

We aim to study the difference

Ut g) — M(9)hi(9) = hu(g) (o2 halla) _ hi(9) W

~ hi(y™9)  woly'g)
:ht(g)/cdyvo(ym{ hl(g) (ZPO(Q) }

~ -1 —1
= Tutg) [ dyualyr) {BE WY )

where the last expression is derived from the symmetries hy(z~1) = hy(z) and @o(z~!) = @o(z).
According to the previous lemma, we have

hilg™'y)  wolg'y) 1 =
ht(g—l) B ¢0(g—1) - O(s(t)\/{t) Vg e K(expQ)K, Yy € supp vy,

and therefore the integral of v(¢,-) — M hy over the critical region

/.S'I’]K(exp QK

Vv
const.

deg [3(t, 9) — M (9)hu(9)] < (t)lﬁ /S drimg)l /G A oy )|
1

tends asymptotically to 0. It remains for us to check that the integral

/ g filtg) — M(g)ulg)] < / C deg it g)
S\K(exp Q) K S\K(exp Q) K

4 / _ dug|M(g)[ug)
SNK(exp Q) K
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tends also to 0. On the one hand, we know that M is bounded and that the heat kernel Et
asymptotically concentrates in K (exp ;) K, hence

/ g | M(g)hulg) — 0
SNK(exp Q) K

as ¢ — 00. On the other hand, notice that for all y € suppvg and for all g € G such that
g & Qq, we have

(o)t ¢ O = {Hear |V <|H < 2L and u(H) = (Vi) (4.24)

where &”(t) = 2¢(t) (see the proof of the previous lemma). Hence

drg [3(t, )] < /G dy oo (yK)| 495(g)4 P hu(y-1g)

/S\K(expﬁt)K G\K(expﬁt)K

< / dvy o (y) C deghnle).
S S\K (exp Q) K

—0

||60||L1(s)

This concludes the proof of the heat asymptotics in L' Afor the distinguished Laplacian A on
S and for initial data vy € C.(S). O

4.3. Heat asymptotics in L™ for compactly supported initial data. Let us start with the
following lemma, which allows us to compare the middle components occurring in the Iwasawa
decomposition and in the Cartan decomposition.

Lemma 4.8. For all g € G, we have
(0, A9)) < (p.g™) (4.25)

where A(g) denotes the a-component of g in the Iwasawa decomposition and gt denotes its
at-component in the Cartan decomposition.

Proof. According to Kostant’s convexity theorem [Hel0O, Theorem IV.10.5], for every H €
a, the Iwasawa projection of K(exp H)K 1is equal to the convex hull of W.H. Therefore
A(K(exp H)K) C co(W.H), which implies that A(g) € co(W.g") for all ¢ € G. The in-
equality (4.25) follows from the fact that p € a™ while g™ — co(W.g™) is contained in the cone
generated by the positive roots [Hel00, Lemma IV.8.3]. O

In the following two propositions we collect some elementary properties of the distinguished
heat kernel. The first one clarifies the lower and the upper bounds of h;, while the second one
describes its critical region for the L norm.

Proposition 4.9. The heat kernel ﬁt associated with the distinguished Laplacian satisfies

ARy

hellpoegsy =t 2 (4.26)
for t large enough.
Proof. Using the global estimates (2.13) and (2.15), we have

~ ezt oty et agt gty Retmoa
hi(g) < t=— 2 e~ PAW)=(pa™) o= {Haezf, 1+<\/%g >(1—|—< d >) 2 } (4.27)
We obtain first the lower bound in (4.26) by evaluating the right hand side of (4.27) at gy =
exp(—+/tp) and by observing that
Ago) = —Vtp  and g5 = Vip.

For the upper bound, notice that

e~ (P A9) o= (p9T) < 1 (4.28)
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according to (4.25), and that

L (ag ) (1 (ongt)y Togm2e 1 (ag™) (agt) ) Temze (o) eGR4
B (1.4 Logth) BHE < (14 o) (14 ) o (1 )™
for ¢ large enough. We deduce from (4.27) that
~ g+‘2+‘ 1 Ma+mM2q +1 _f+|2j\
hi(g) <t e | HaeE+ (1+ (a f>) 2 <t (4.29)

=0(1)

Proposition 4.10. The heat kernel ?Lt concentrates asymptotically in the same critical region
for the L>® norm as for the L' norm. In other words,

e+\2

t Hht|| gy — 0 as t — oo.

L (S\K (exp Qs
Proof. Let us study the sup norm of Py outside the critical region. Recall that

Q = {H €a¥ |e(t)Vt < [H| < Y& and p(H) > =(t)Vt}

where p(H) = min,¢y+ (o, H), and £(t) — 0 satisfies % — 00 and ()t — 00 as t — oo.
We deduce from (4.27) and (4.28) that

ezt ~ ot 12 1+{a,gh) {a,g™)
t7 2 h(g) S e HaeEi \C;Zg (1—|— atg )

Case 1: Assume that |[g7| < £(t)v/t. Then we deduce easily from (4.30) that

Ma+mMza 4
2

(4.30)

ezt ~

hu(g) S ()]

tends to 0.
Case 2: Assume that [gF| > 2. The estimate (4.29) implies that, for any N > 0,

Ma+M2q

o3| ~ 14 + +1
t hulg) Se ﬂ' [ Ot 2 7 e,

which tends to 0.
Case 8: Assume that u(g™) < e(t)v/t. By using the estimate

(6] + (6] +
HHGE S () 5 ) ()

in (4.30) for the roots a € X satisfying (a, g*) < e(t)v/t, we obtain

0= ~ Ma+mog

_1]gt|?
) 5 2 VT 0 0, 7)™,

=0(1)

which tends to 0.
In conclusion, we obtain

4[5 |

hu(g) = oft™

outside the critical region S N K (exp €%)K. In other words, the heat kernel h¢(g) concentrates
asymptotically in the same critical region for the L> norm as for the L' norm. [l

) as t — oo

Finally, let us prove the remaining part of Theorem 1.6.
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Proof of (1.10) in Theorem 1.6. Let us resume the proof of Theorem 1.6. In the critical region
SN K (exp Q) K, we have

[3(t,g) — M(g)u(a)] < Tu(g) /

—1 —1
y)  wolgy)
ag [vo(y ) " (gD eolg )

with

h(g™'y) wo(gly)’ < 1
hi(g™t)  wolg™) I~ e(t)Vt
according to (4.23) and to Lemma 4.7. Then we deduce from (4.26) that

0+ \

|U(t g) — ( )ht( )= m Vg€ SN K(expQ)K

where the right-hand side tends to 0 as ¢ — oo. Outside the critical region, we estimate
separately v(t,g) and M ( Vhu(yg ). On the one hand, we know that M(g ) is a bounded function
and that hy(g) = o(t (£+|2+|)/2) Then t(“'Eﬂ)/zM( )ﬁt( ) tends to 0 as t — oco. On the other
hand, since g ¢ K (expQ;)K and |y| < € imply that g1y ¢ K (expQ))K (see (4.24)), we obtain

3t 9)| < /G dy [To ()] [Fu(g~y)

which is o(t_(g‘*‘\zj D/2) outside the critical region. In conclusion,

abory|

[0(t, ) = M h[|poo(s) — O
as t — oo. (|
By interpolation we obtain easily the corresponding result for the LP norm.

Corollary 4.11. The solution v to the Cauchy problem (4.3) with initial data vy9 € C.(S5)
satisfies

ozt

L2y | —~—~
t 2 |o(t, ) = M hi|rps)y — 0 as t— 00, (4.31)
forall1 < p < o0.

4.4. Heat asymptotics for other initial data. We have obtained above the long-time as-
ymptotic convergence in LP (1 < p < o) for the distinguished heat equation with compactly
supported initial data. It is natural and interesting to ask whether the expected convergence
still holds when the initial data lie in larger functional spaces? The following corollaries give
positive examples, but the optimal answer remains open.

Corollary 4.12. The asymptotic convergences (1.9) and (1.10), hence (4.31), still hold with
1
initial data vo = 62vg € L*(S) when vg is bi-K -invariant.

Proof. Notice from (4.21) and (4.22) that the mass function M = (Hvo)(0) is a constant under

the present assumption. Let us start with the L' convergence Given € > 0, let Vo=24 2V0
Cc(S), with Vp bi-K-invariant, be such that |9 — V0||L1 < §. Then the corresponding mass
function (HV5)(0) is also a constant. We observe firstly that the solution to the Cauchy problem

aV(tg) = AV(t.g),  V(0,9) = Volg)
satisfies
3¢, ) =Vt llzas) = 180« he = Vo x hullas) < 18 = Volligs) Ihelliags) < §0 (4.32)
since ||hy|| r1(s) = 1, and secondly that there exists 7' > 0 such that for all ¢ > T,
IV (2, ) = Vo) (0) hellags) < § (4.33)
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according to Theorem 1.6. Under the bi-K-invariance assumption, we deduce from (4.21) and
(4.22) that

(HV0)(0) — (Hvo)(0) = /G dg (Vo(g) — vo(9)) wo(g) = /S drg6(9)% (Volg) — volg))-
Hence, we have thirdly
1((HV0)(0) = (Heo)(0)ull 1(sy < [1Fo = Vollzus) el rags) < §- (4.34)
In conclusion, by putting (4.32), (4.33) and (4.34) altogether, we obtain
[3(t, ) = M hl| 15y < &

for all € > 0. Let us turn to the L> convergence. According to (4.26) and to Theorem 1.6, we
have this time

B = ~ = ezt~ .
= ot ) = VI llpes) < Moo= Vollpisyt™ 2 lhellpe(s) < 35,

ezt~ ~ -
t2 V(T ) = (HV0)(0) bl oo sy < 3,

and

|5t o457

7‘| g ~ = g
7 [[(HV0)(0) = (Hvo)(0) el oo sy < ([0 = Vollrgsyt™ 2 [[ellzee(s) < 3-
Altogether,

e[St

2 |[0(t, ) — M hyl|poogsy — O

as t — oo. The LP convergence follows from interpolation. ([

Corollary 4.13. The asymptotic convergences (1.9) and (1.10), hence (4.31), still hold with
no bi-K -invariance condition but under the assumption

/dg|vo(gK)|e<p’g+> < o0. (4.35)
G
Proof. Notice first that
S(a\3 — (n,A(9)) (pg™)
[aato@iit@? = [ daleator) e < [ dglualaroe

according to (4.25). Hence, the assumption (4.35) is indeed stronger than vy € L(S). Under
this assumption, the mass function is bounded:

310 = 7 [ dglww)lpots'o)
- 1 /G dy v (y )| /K Ak &(0-AG)) . Alky))

< <pol(g) /dee<p,A(kg)) /Gdy |v0(yK)\e<p’y+> = C.

=1 =C

Here, we used the inequality (4.25) and the fact that (ky)* = y* for all k € K. For proving the
L' and the L> convergences, we argue again by density. Since vy(gK )e<p’9+> belongs to L'(X),
there exists a function Vp(gK)e®9") in Co(X) such that

/G dg [vo(gk) — Vo(gK)| ) < &
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~ ~1

for every € > 0. This implies that the function Vj = §2V| approximates the initial data
1

To = 62vg in L(S). Indeed,

/S drg[T0(9) = Volg)| = /G dg [To(gK) — Vo(gK)| ePA@)

< /dg lwo(9K) — Vo(gK)| P9 < &.
G

Let V =V « ﬁt be the corresponding solution to the distinguished heat equation, and denote

by MV (9) = %%()g()glf) the corresponding mass of V4. On the one hand, there exists 7' > 0

such that for all t > T', we have
[V(t, ) — My hillpisy < §
since Vg € Ce(S). On the other hand, for every g € @, we have

mam—ﬁﬁwnsw@oégmmwwawmowayw>

gé@mwm—wwmwmﬂ<;

We conclude by resuming the proof of the previous corollary. ([
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