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FROM BOLTZMANN EQUATION FOR GRANULAR GASES TO A MODIFIED
NAVIER-STOKES-FOURIER SYSTEM

RICARDO J. ALONSO, BERTRAND LODS, AND ISABELLE TRISTANI

ABSTRACT. In this paper, we give an overview of the results established in [3] which provides the first rigorous
derivation of hydrodynamic equations from the Boltzmann equation for inelastic hard spheres in 3D. In particular,
we obtain a new system of hydrodynamic equations describing granular flows and prove existence of classical
solutions to the aforementioned system. One of the main issue is to identify the correct relation between the
restitution coefficient (which quantifies the rate of energy loss at the microscopic level) and the Knudsen number
which allows us to obtain non trivial hydrodynamic behavior. In such a regime, we construct strong solutions to the
inelastic Boltzmann equation, near thermal equilibrium whose role is played by the so-called homogeneous cooling
state. We prove then the uniform exponential stability with respect to the Knudsen number of such solutions, using
a spectral analysis of the linearized problem combined with technical a priori nonlinear estimates. Finally, we prove
that such solutions converge, in a specific weak sense, towards some hydrodynamic limit that depends on time
and space variables only through macroscopic quantities that satisfy a suitable modification of the incompressible
Navier-Stokes-Fourier system.

Keywords: Inelastic Boltzmann equation; Granular flows; Nearly elastic regime; Long-time asymptotic; Incom-
pressible Navier-Stokes hydrodynamical limit; Knudsen number.

1. INTRODUCTION

In this paper, we report on some recent results obtained in [3] about the problem of deriving rigorously
some hydrodynamic limit from the Boltzmann equation for inelastic hard spheres with small inelasticity. Our
aim here is to give an account of the main aspects of our work [3] in a shorter — reader-friendly — version
that includes the main results as well as the main ideas and arguments. We shall only sketch the proofs of
our results, referring the reader to [3] for complete versions and details.

1.1. The problem.

The kinetic model. We consider here the (freely cooling) Boltzmann equation which provides a statistical
description of identical smooth hard spheres suffering binary and inelastic collisions:

OF +v-VoF = Qu(F, F) (1.1)

supplemented with initial condition F(0,x,v) = F™(z,v), where FF = F(t,z,v) is the density of granular
gases having position 2 € T¢ and velocity v € R? at time ¢ > 0. We consider here for simplicity the case of
flat torus

T¢ = R4/ (2n £ Z)? (1.2)
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for some typical length-scale ¢ > 0. The so-called restitution coefficient « belongs to (0, 1] and the collision
operator Q,, is defined in weak form as

1
[ 0t n@ o =3 [ 1) g(w) o = vl Aalul.v.) do. o, 13
where
Aalullv,0) 1= [ 00 +004) = 9(0) = 9(0.)) o) do (1.4
and the post-collisional velocities (v, v},) are given by
;o 1+a ;L 1+«
v=v+——(ldo-q, v,=v.- (lalo —q), (1.5)

where q="v— U, q=q/lal-

Here, do denotes the Lebesgue measure on S~! and the angular part b = b(c-q) of the collision kernel
appearing in (1.4) is a non-measurable mapping integrable over S?~!. There is no loss of generality assuming

/ blo-g)do =1, VgeSi
Sd—l

Notice that one can also give a strong formulation of the collision operator Q,, (see [3, Appendix A]). This
strong formulation is simpler in the elastic case (o« = 1), we here give it for later use:

Qi(g, f)(v) = / (g f(v) = g(ve) f(v)) [v — vu| b0~ 7) do dws.. (1.6)
Re x§d—1

The true definition actually involves pre-collisional velocities and not post-collisional velocities v’ and v/, but

they match in the elastic case, which explains the formula (1.6).

The fundamental distinction between the classical elastic Boltzmann equation and the associated to gran-
ular gases lies in the role of the parameter a € (0, 1), the coefficient of restitution that we suppose constant.
This coefficient is given by the ratio between the magnitude of the normal component (along the line of
separation between the centers of the two spheres at contact) of the relative velocity after and before the
collision. The case o = 1 corresponds to perfectly elastic collisions where kinetic energy is conserved. How-
ever, when « < 1, part of the kinetic energy of the relative motion is lost since

1—
4
Notice that the microscopic description (1.5) preserves the momentum

2
« _
02 + WL P = o] = Juuf? = — la> (1-0-q) <0.

v+l = v+ v,

and, taking ¢ = 1 and then ¢ = v in (1.3) yields the following conservation of macroscopic density and bulk
velocity defined as

R(t) ::/ F(t,z,v)dvdz and U(t) :=/ vF(t,x,v) dvdx,
Tdx R4 T

dRd
7 xR

for some solution F(¢,z,v) to (1.1):

d d
SRt = ZU@®) = 0.

Consequently, there is no loss of generality in assuming that
R(t) = R(0) =1, U(t)=U(0) =0, Vit > 0.
The main contrast between elastic and inelastic gases is that in the latter the granular temperature,

1

T(t) = —
() |T?| R4 xT¢

|2 F(t, z,v) dv dx
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is constantly decreasing

d
Tt =-(1- o®)Do(F(t), F(t)) <0,
where D, (-, -) denotes the normalised energy dissipation associated to Q,, see [16], given by
dx
Dalg,9) == %/ — g(x,v)g(z,v.)|v — v.|® dv dus, 1.7
T¢ ITg| Jra xre

where ~, is a positive constant depending only on the angular kernel b.

The problem of hydrodynamic limits. To capture some hydrodynamic behaviour of the gas, we need to
write the above equation in nondimensional form introducing the dimensionless Knudsen number which
is proportional to the mean free path between collisions. We then introduce the classical Navier-Stokes
rescaling of time and space (see [5]) to capture the hydrodynamic limit and introduce the particle density
FL(t,z,v) :F(%,f,u), £>0. (1.8)
g2’ e

In this case, we choose for simplicity ¢ = ¢ in (1.2) which ensures now that F. is defined on Rt x T?¢ x R?
with T? := T¢. Under such a scaling, F. satisfies the rescaled Boltzmann equation

20 F. +ev-V,F. = Qu(F.,F.) on T xRY, (1.92)
supplemented with the initial condition
F.(0,2,v) = F"(x,v) := Fin(f,v). (1.9b)
Conservation of mass and density is preserved under this scaling, if F. solves (1.9a), then
d d
SR(t) = LUL() =0

where R.(t) := [u,pa Fe(t,z,v)dvde and Uc(t) := [14, ga Fe(t, 2, v)v dvda, whereas the cooling of the
granular gas is given by the equation

d 1—a?
G Te() = == Da(F:(t), (1)), (1.10)
where T.(t) := ITI_“‘\ Jrayga [0[*Fe(t, ¢,v) dvda and we recall that D,, is defined in (1.7). The conservation

properties of the equation imply that there is no loss of generality assuming that
R.(t)=1, U.(t)=0, VYe>0,t>0.

In order to understand the free-cooling inelastic Boltzmann equation (1.9a)-(1.9b), we perform a self-
similar change of variables, which allows us to introduce an intermediate asymptotic and ensures that our
equation has a non trivial steady state (see [15, 16, 17] for more details). After this change of variables, we
are led to study the equation

EQatfa +ev- vwfs + (1 - a) V- (Ufa) = Qa(fsa f6)7 (1.11)
with initial condition .
fe(0,2,v) = F*(z,v).
Note that the drift term acts as an energy supply which prevents the total cooling down of the gas. It has
been shown that there exists a spatially homogeneous steady state G, to (1.11). More specifically, there
exists ap € (0,1) (where « is an explicit threshold value) such that for « € (ao, 1), there exists a unique
distribution G,, = G, (v) satisfying
(1 - )V (0Ga) = Qu(Ga,Ga) with | Gu(v) (11}) dv = (é) . (1.12)
Rd
Moreover, there exists some constant C' > 0 independent of « such that
Go — M| L1((0y2) S C(1 — @) (1.13)
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where M is the Maxwellian distribution

2
M) = (27091)"Y? exp (—%) ,  vERY (1.14)
1

for some explicit temperature ¢; > 0. The Maxwellian distribution M is a steady solution for o = 1 and its
prescribed temperature 1, (which ensures (1.13) to hold) will play a role in the rest of the analysis.

It is important to emphasize that, in all the sequel, all the threshold values on ¢ and the various constants
involved are actually depending only on this initial choice.

In order to reach some incompressible Navier-Stokes type equation in the limit ¢ — 0, we introduce the
following fluctuation h. around the equilibrium G, :

fe(t,z,v) = Go(v) + € he(t, z,v).

Our problem boils down to look at the following equation on h,:

1 1 1
8ths + gv : vxhs = E_anhs + gQa(hsv hs)

1 (1.15)
he(t = 0) = hl* := E(Fsi“ — Ga);
where .%, is the linearized collision operator (local in the z-variable) defined as
Zoh = Qu(Go, h) + Qu(h,Go) — (1 — )V, - (vh). (1.16)
We also denote by .#; the linearized operator around G; = M, that is,
Lh = Q1 (M, h) + Q1(h, M). (1.17)
From now on, we will always assume that
1 1
/ Fsi“(:v,v) v dvdz = 0 with FE. >0 and M — 0. 1.18)
Td x R4 |v|2 E. € e—0

The choice of prescribing as initial energy some constant E. > 0 satisfying e ~*(E. — d;) — 0 as ¢ — 0 for
our problem is natural because di; is the energy of the Maxwellian M introduced in (1.14) and as we shall
see later on, the restitution coefficient « is intended to tend to 1 as ¢ goes to 0 in our analysis (see (1.22)).
It is also worth noticing that assumption (1.18) and (1.12) result in

/ﬂ‘ded hin(z,v) (11}) dvdr = (8) .

Moreover, equation (1.15) preserves mass and vanishing momentum since, if k. solves (1.15), then one
formally has

d
dt Td xRd

he(t,z,v)vdvda = /

Vo (vhe(t,z,v))vdvde = —/ he(t,x,v)vdvde. (1.19)
Td x R4

Td xRR4
Consequently, there is no loss of generality assuming that

/ he(t, z,v) <1> dvdx = (O) , Vt>=0. (1.20)
Td x R4 v 0

Relation between the restitution coefficient and the Knudsen number. The central underlying assumption
in our study is the following relation between the restitution coefficient and the Knudsen number.

Assumption 1.1. The restitution coefficient «( - ) is a continuously decreasing function of the Knudsen number
¢ satisfying the scaling behaviour

ale) =1 —e*(No +1(e)) (1.21)
with Ao > 0 and some function n( - ) that tends to 0 as e goes to 0. If Ay = 0, we assume furthermore that there
exists €, > 0 such that n( - ) is positive on (0, €, ).
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Notice that under this assumption, the hypothesis made on the energy of the initial data in (1.18) implies
that

hi(z,v) [v|? dvdz — 0. (1.22)
TdxRd e=0

Indeed, using (1.18) and Assumption 1.1 combined with (1.13), we obtain

/ h(z, v)|v|2 dvde = = / (F;“(gc,v) — G (v)) |U|2 dv dx
Td x R4 Td x R4

13
E.—d¥, 1

= — — _G c 2d d O
€ + c /’ﬂ‘ded (M(v) a( )(v)) v|? dv da -

Still under Assumption 1.1, we formally obtain that if ¢ — 0 in (1.15), then h. — h with h € Ker. %}
where . is defined in (1.17). We recall that when seeing .#; as an operator acting only on velocity on the
space L2(M~1/2), then

Ker .4, = Span{M, vy M, - - vaM, |v|* M}
and the projection 7y onto Ker % is given by
d+2

molg) =Y (/ g\Ilidv) T M, (1.23)
i—1 \JR?
where )
1 . |1)| —d’l91
U(0) =1, ()= ——0v;_ 1, i=2...,d+1 and © = 0L 1 1.2
1(v) , (v) \/19—10 Lot +1 an da+2(v) 9.v/2d (1.24)

We deduce formally that h takes the following form
1
nt,2,0) = (ot 2) + u(t. )+ 5000 2) (o - a01) ) M)

with

1
o(t,z) := / h(t,z,v)dv, wu(t,x):= —/ h(t,z,v)vdv,
T xR4 th T xR4

2—dv
0(t,x) :=/ h(t,x,v)wfl dv. (1.25)
Td x R4 ﬁld

It is worth mentioning that a careful spectral analysis of the linearized collision operator .Z, defined
in (1.16) shows that unless one assumes 1 — « at least of order £2, the eigenfunction associated to the energy
dissipation would explode and prevent some exponential stability for (1.15) to hold true (see Theorem 2.1).
Actually, in our study, we will require )y to be relatively small with respect to the spectral gap associated to
the elastic linearized operator to ensure stability in the inelastic case. If one assumes A\g = 0 (for example,
one could assume 1 — « of order 7 with ¢ > 2), the effect of the inelasticity is too weak in the hydrodynamic
scale and the expected model is the classical Navier-Stokes-Fourier system. In short, we are left with two
cases:

Case 1: If \g = 0, the expected model is the classical Navier-Stokes-Fourier system.

Case 2: If 0 < Ay < oo is small enough (compared to some explicit quantities), the cumulative effect of
inelasticity is visible in the hydrodynamic scale and we expect a different model to the Navier-
Stokes-Fourier system accounting for that.

In this nearly elastic regime, the energy dissipation rate in the system happens in a controlled fashion
since the inelasticity parameter is compensated accordingly to the number of collisions per time unit. Other
regimes can be considered depending on the rate at which kinetic energy is dissipated; for example, an
interesting regime is the mono-kinetic one which considers the extreme case of infinite energy dissipation
rate. In this way, the limit is formally described by enforcing a Dirac mass solution in the kinetic equation
yielding the pressureless Euler system (corresponding to sticky particles). Such a regime has been rigorously
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addressed in the one-dimensional framework in the interesting contribution [11]. It is an open question
to extend such analysis to higher dimensions since the approach of [11] uses the so-called Bony functional
which is a tool specifically tailored for 1D kinetic equations.

1.2. Notations and definitions. Let us introduce some useful notations for functional spaces. For any
nonnegative weight function m : RY — R*, we define, for all p > 1 the space L?(m) through the norm

i = ([ @pmeerac) ™

W (m) = {1 € L7(m) ; 0 f € L"(m) ¥|8| < k}

with the usual norm, i.e., for k € N:

We also define, for p > 1

112 ey = S 1012 -

1BI<k

For m = 1, we simply denote the associated spaces by L? and W*. Notice that all the weights we consider
here will depend only on velocity, i.e. m = m(v). We will also use the notation (¢) := /1 + |£]? for & € R<.
On the complex plane, for any a € R, we set
Co:={2€C; Rez > —a}, C; :=C,\ {0} (1.26)
and, for any r > 0, we set
D(ry={z€C; |z| <r}.
We also introduce the following notion of hypo-dissipativity in a general Banach space (X, || - ||). A closed

(unbounded) linear operator A : 9(A) C X — X is said to be hypo-dissipative on X if there exists a norm,
denoted by || - |||, equivalent to the || - |[-norm such that A is dissipative on the space (X, || - |||), that is,

I = ARl = AllAll, YA>0, ke Z(A).

Given two Banach spaces X and Y, we denote with || - || x—y the operator norm on the space of Z(X,Y)
linear and continuous operators from X to Y.

Note also that in what follows, for two positive quantities A and B, we denote by A < B if there
exists a universal positive constant C' (which is in particular independent of the parameters « and ¢) such
that A < CB.

1.3. Main results. The main results are both about the solutions to (1.15). The first one is the following
Cauchy theorem regarding the existence and uniqueness of close-to-equilibrium solutions to (1.15). The
functional spaces at stake are L} L2-based Sobolev spaces £; — £ defined through

£ = WEIW™2((0)9), & := WEIW™2((0)4t) with m>d, m—-1>k>0, ¢>3. (1.27)

Theorem 1.2. Under Assumption 1.1, for £, Ao and no sufficiently small (with explicit bounds), if hi* € € is
such that

1A le < o,
then the inelastic Boltzmann equation (1.15) has a unique solution
he € C([O, 00); 5) N Ll([O, oo);c‘fl)
satisfying for any r € (0, 1),
Ihe(®)le < Cmo exp (<L =P)At), Vi 0
for some positive constant C = C(r) > 0 independent of ¢ and where A, et Ao + n(e) with Ay and n = n(e)

that have been introduced in Assumption 1.1.
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Remark 1.3. It is worth pointing out that the close-to-equilibrium solutions we construct are shown to decay
with an exponential rate as close as we want to \; ~ 1_%2(8) (which is the energy eigenvalue of the linearized
operator, see Theorem 2.1 hereafter). The rate of convergence can thus be made uniform with respect to the
Knudsen number ¢ (notice that if \y = 0, we obtain a rate of decay as close as we want to 7(c), we thus obtain
a uniform bound in time but not a uniform rate of decay).

The estimates on the solution h. provided by Theorem 1.2 are enough to prove that the solution h.(t)
converges towards some hydrodynamic solution h which depends on (¢, z) only through macroscopic quanti-
ties (o(t, z), u(t, x), 8(¢, z)) which are solutions to a suitable modification of the incompressible Navier-Stokes
system. This is done under an additional assumption on the initial datum that is lightly restrictive. Before
stating our main convergence result, we introduce the notation

W= (W2 (T49))"*, reN

and we furthermore assume that in the definition of the functional spaces (1.27), the following conditions
are satisfied:
m>d, m—1>2k=>1, q=>=5.

Theorem 1.4. We suppose that the assumptions of Theorem 1.2 are satisfied. We assume furthermore that there
exists (0o, ug,0o) € #, such that
. . _
Eh_{% |mohi, — ho”qw;”ﬂ((@q) =0,

where we recall that  is the projection onto the kernel of £, defined in (1.23) and
1
ho(z,v) = (Qo(x) +up(z) v+ 590(:10)(|v|2 - dﬁl)) M(v). (1.28)

Then, for any T > 0, the family of solutions {h.}_ constructed in Theorem 1.2 converges in some weak sense to
a limit h = h(t, z,v) which is such that

1
h(t,z,v) = (g(t, x)+u(t,z) v+ 59(t,:c)(|v|2 - dﬁ1)> M(v), (1.29)
where
(ga u, 9) ecC ([Oa T] ; Wmfl) N L2 ((Oa T) ; Wm)
is solution to the following incompressible Navier-Stokes-Fourier system with forcing
Owu — ﬁAwu—i—ﬁlu-un—i—pr: Ao,
Ao €
0— LA 0+ uV=——-910 1.30
O 32 +tiu-V 2(d +2) 10, ( )
divyu = 0, o+19160 =0,
subject to initial conditions (i, Uin, 6in) defined by
d 9 2
d+2° (d+2)9;

where P is the Leray projection on divergence-free vector fields and (oo, ug, 6o) have been introduced in (1.28).
The viscosity v > 0 and heat conductivity v > 0 are explicit and Ao > 0 is the parameter appearing in Assump-
tion 1.1. The parameter ¢ > 0 is depending on the collision kernel b( - ).

Uin = Pug, O = 00, Oin = —U10iy (1.31)

Remark 1.5. The data that we consider here are actually quite general. Indeed, the assumption that we make
only tells that the macroscopic projection of hi* converges towards some macroscopic distribution and we do not
make any assumption on the macroscopic quantities of this distribution. Namely, we do not suppose that the
divergence free and the Boussinesq relations are satisfied by (oo, uo,6o), the initial layer that could be created
by such a lack of assumption is actually absorbed in our notion of weak convergence, the precise notion of
which being very peculiar and strongly related to the a priori estimates used for the proof of Theorem 1.2 (see
Theorem 4.2 for more details on the type of convergence).
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To prove Theorem 1.4, our approach is reminiscent of the program established in [5, 6, 9, 19] but
simpler because our solutions are stronger than the renormalized ones that are used in [9]. It is based on
computations and compactness arguments that were already used in the elastic case. Let us point out that
in our case, additional terms appear due to the inelasticity and they can be handled in the framework of
Assumption 1.1. In Section 4, we present the proof but only mention its main steps and arguments (details
can be found in [3, Section 6]).

2. STUDY OF THE KINETIC LINEARIZED PROBLEM

2.1. Main result on the linearized operator. The first step in the proof of Theorem 1.2 is the spectral
analysis of the linearized problem associated to (1.15). To that end, we introduce

1 1
ga,sh = —=0" th + ?Zah
e e

We are going to state our main result on G, . in the space £ defined in (1.27) but our analysis actually allows
to treat even larger spaces (namely, we can obtain the same result under the softer constraints m > k > 0
and ¢ > 2) but we only state the linear result in this case because it is the only one that will be used in the

rest of the paper. Let us also recall that, in any reasonable space (in particular in £ and Y; for j = —1,0,1
defined in (2.6)-(2.8)), the elastic operator has a spectral gap: there exists u, > 0 such that
6(G1..)NC,, ={0} 2.1

where 0 is an eigenvalue of algebraic multiplicity d + 2 of G; . associated to the eigenfunctions
{M M, ... vgM, |U|2M}

(recall that C,,, is defined in (1.26)). This can be proven by an enlargement argument due to [10] based on
the fact that in the Hilbert space

Ho=Wr2MY2), m>d (2.2)
a result of hypocoercivity has been proven in [7] (the constraint m > 1 would actually be enough but we
will only make use of this result for m > d in the sequel). More precisely, introducing the other Hilbert space

Hy o= WM T2 (0)1/2), (2.3)

there exists ., > 0 and a norm equivalent to the usual one uniformly in ¢ (we still denote it by || - ||
and (-, - )y its associated scalar product to lighten the notations) such that

j2

As we shall see in the following result, the scaling (1.21) in Assumption 1.1 is precisely the one which
allows to preserve exactly d + 2 eigenvalues in the neighborhood of zero for G, .. Let us now state our main
spectral result (see Figure 1 for an illustration where we have denoted A, := —\j12(¢)):

Theorem 2.1. Assume that Assumption 1.1 is met. For p close enough to p, defined in (2.1) (in an explicit
way), there are some explicit £ > 0 and A > 0 depending only on x := . — p such that, for all € € (0,%)
and Ao € [0, \), the linearized operator G.),. has the following spectral property in &:

S(Ga(e),e) NCpu = {M1(e),..., Aaya(e)}, (2.5)
with
ME) =0, M) = 1_6‘;‘(5), =2 dt,
and
Adi2(g) = _1-a) +0(e?) as =0
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FIGURE 1. The set C, \ D(u. — 1) and the eigenvalue —A..

Remark 2.2. It is worth noticing that the eigenvalue A, () = 0 corresponds with the property of mass conserva-
tion of the operator G, (<) .. Concerning the intermediate eigenvalues \;(¢) for j = 2,...,d+1, as one can see on
their definition, they may be positive, this is due to the fact that the collision operator Q, preserves momentum
while the drift operator V, (v - ) does not. However, using (1.19), one can prove that the vanishing momentum is
preserved by the whole operator G,.) ., consequently, those eigenvalues won't affect the long-time analysis of our
problem. Finally, the eigenvalue \qy2(¢) is directly linked to the non-preservation of energy property of G (c).e-

We are going to prove Theorem 2.1 in two stages. First, we perform a perturbative argument (reminiscent
of [21]D in a wa-based Sobolev space, namely in

Y = WS2WE2((0)), LEN, seN*, €>s+1, r>r+r+2 (2.6)
where
01 3
=4, — 4+ =
" 0'0+2

with o and o4 defined in (2.9) and x > d/2. The key point of our approach is to see G, . as a perturbation of
the elastic linearized operator G; .. We then use an enlargement argument (from [10]) to extend the result
from Y to the space £ defined in (1.27).

Several remarks are in order:

(i) First, let us remind that the global equilibrium of our equation G, defined in (1.12) has some
exponential fat tail and in particular, decays more slowly than a standard Maxwellian distribution
(see [17]). As a consequence, we can not rely on classical works on the elastic linearized operator
which are developed in spaces of type L2 .(M~1/2) with M defined in (1.14). To overcome this
difficulty, we exploit results coming from [10] in which an enlargement theory has been carried
out. The results proven in [10] include a spectral analysis of the elastic Boltzmann operator G ;
in larger spaces (in particular of type L2 ) with “soft weights” that can be polynomial or stretched
exponential. In the same line of ideas, these results have been extended to the rescaled elastic
operator G; . in [8].

(i) Let us also point out that the perturbation at stake does not fall into the realm of the classical
perturbation theory of unbounded operators as described in [12] because the perturbation is not
relatively bounded. Indeed, the domain of G . in Y is given by WsT1.2Wi+L2((y)r+1) while if one
wants to be sharp in terms of rate, the best estimate in terms of functional spaces that we are able
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to get is
l-—a

—— J=01 2.7)

1
1Ga,e — Grelly; >y, = §||fa - Ally, -y, S =

where the spaces Y; are defined through
Y1 = W b2Wh2((0)"7"72), Yo:=Y, Y;:= WiTL2Wh2((p)r+rt2) (2.8)

with k > d/2. These estimates (whose proofs can be found in [3, Lemma 3.3]) are a generalization
and optimisation of estimates obtained in [17] and are sharp in terms of rate, this sharpness being
needed in our analysis since it allows us to deal with the case Ay > 0 in Assumption 1.1.

(iii) Asa consequence, we have to use refined perturbation arguments whose key insights come from [21].
Note however that we drastically simplify the analysis performed in [21] by remarking that the dif-
ference operator G, . — G1,. does not involve any spatial derivative and that we “only” need to
develop a spectral analysis of G, . without being able to obtain decay properties on the associated
semigroup. As a consequence, we don’t need to use a spectral mapping theorem, nor do we need
to use an iterated version of Duhamel formula and this is crucial in order to reach the optimal
scaling (1.21) for our restitution coefficient.

(iv) Let us finally mention that we perform our perturbative argument in Y which is a L2 -based Sobolev
space instead of performing it in £ (which is L!L2-based) directly. This intermediate step seems
necessary because even if .%, — . satisfies nice estimates in L., the use of Fubini theorem is
actually crucial to get the rate (1 — «)/e? in estimates of type (2.7).

2.2. Elements of proof of Theorem 2.1. As mentioned above, the basis of the proof of this theorem is to
see ., as a perturbation of .%;.

We start by giving a splitting of it into two parts: one which has some good regularizing properties (in
the velocity variable) and another one which is dissipative. For any § > 0, one can write .73 = A + 855)
with A(®) and 355) defined through an appropriate mollification-truncation process (see [10, Section 4.3.3]

and [3, Section 2.2] for the details). The elastic collision operator .#; writes (see the strong formulation
of Q; in (1.6)):

Lg = / b(o-q)|v —vi| (Mg + Mg, — Mg,)do dv, — / M |v — v,|dueg
R x§d—1 Ré
where we have used the shorthand notations g = g(v), g« = g(vs«), ¢’ = g(v'), g% = g(v.,). We define

A g .= /d , Osb(o-q)|v — v | Mg + Mg, — Mg.) do dv.
RdxSd—1

B = [ (1-05)ba g~ |(Mig + Mg~ Mg dode, —g [ Mufo— .| de,
Rd x§d—1 Rd

where ©5 = O5(v, vy, 0) is an appropriate truncature function. The dissipativity property of 855) comes from
the fact that the truncature function O is defined so that the first term is small as ¢ goes to 0 and the fact
that there exist oy > 0 and o; > 0 such that

oo{v) < M. v —v|dv, <oy (v), veRL (2.9
R4

As a consequence, B?) is going to be dissipative for ¢ small enough. This leads to the following decomposi-
tion of .%,,:
L =BD 4 A®)  where BY:= B 4%, —.4) (2.10)
~~~ ——

dissipative ~ smallas o« — 1
and then the following decomposition of G, :

1
Goe =AY 4 BY) where AL = §A(5), B((;f)g =

) )

1 1
5_239 - vV, (2.11)
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Our analysis of this splitting and then of the spectrum of G, . relies on several elements: the nice proper-
ties of the above-mentioned splitting of ., = A() + 855) coming from [10], some refined bilinear estimates
on the collision operator coming from [1], new estimates on G, — M that are reminiscent of estimates proven
in [4] (see [3, Lemma 2.3]) and also new estimates on Q,, — Q; (see [3, Lemmas 2.1 and 2.2]). Concerning
the latter point, we exploit ideas developed in [17] but our situation is more involved because we work
in polynomially weighted spaces whereas in [17], the authors were working with stretched exponential
weights.

In the following lemma, we provide some regularization and hypodissipativity results on the splitting
Goe = Aé‘” + B(()f)s (see [3, Lemma 2.7 and Proposition 2.9]):

Lemma 2.3. There holds:

(1) Forany k € Nand § > 0, there are two positive constants Cy, 5, Rs > 0 such that supp (A g) C B(0, Rs)
and

JA® gllyezcga < Crallgllzs iy, Vg € LA((0)). (2.12)
(2) There exist do, v, Vo such that for all o € (g, 1) and § € (0, do),

8(5)5 +¢e7 2y is hypo—dissipative in £ and Y;, j=-1,0,1,

a)

where we recall that the spaces £ and Y are respectively defined in (1.27) and (2.8).

In what follows, we suppose that Assumption 1.1 is satisfied. We introduce ¢, which is such that a(ep) =
ap (and thus a(e) € (ao, 1) for all € € (0,¢¢)) and consider § € (0,6), € € (0,£0). We will denote G, :=
Ga,c as well as A, = Ag) and B, := BS;Z but do not change the notations G; . and B; .. The following
corollary states immediate consequences of the previous lemma (we denote by R( -, 3.) the resolvent of the
operator B.):

Corollary 2.4. There holds:

(1) Foranyi,j € {—1,0,1}, we have
1
el S =

(2) If v > 0 is fixed, then for e small enough (in terms of vy and v) and j = —1,0, 1,

1
IR\, Bo)ly, -y, < g2, VRe > —v.

< -
~ Rel+e 2y ™

The second keypoint to develop our perturbative argument is to have a good understanding of the spec-
trum of the operator G; .. We here give some estimates on the associated resolvent that are a consequence of
a result of decay of the associated semigroup (see[3, Theorem 2.12] which gives an improved version of [8,
Theorem 2.1]):

Lemma 2.5. There exists 1 € (0, &) such that for j = —1,0,1, forany X € C;, andany e € (0,e1),
1 1
R(A Ly < —_
RG-S o (st )
where i, has been defined in (2.1).

Let us now explain how we develop our perturbative argument to prove Theorem 2.1. The following
proposition (which is an adaptation of [21, Lemma 2.16]) is the first step in the development of the pertur-
bative argument and its proof relies on Corollary 2.4 and Lemma 2.5.

Proposition 2.6. Forall A € C;, , let
ja(/\) = (ga - gl,a) R(/\a gl,a)-Aa R()\u BE)
Then, for any p € (0, it,) and X € C,, \ D(u. — p), there exists €5 € (0,¢1) such that for any € € (0, ¢2),

1 1-a(e)
1Ty S = =

(2.13)
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In addition, there exists e5 € (0,e2) and A3 > 0 such that for € € (0,e3) and Ao € [0, \3) (Where g is defined in
Assumption 1.1), Id — J.(\) and \ — G. are invertible in Y with

R(A,Ge) =T.NId = T.(N)™", A€ Cu \ D — p), (2.14)
where T'.(X) := R(X\, Be) + R(A, G1,e)Ac R(A, Be). Finally, we have for € € (0,¢3),
1
||R(A7gE)HY*>Y 5 [ _Ma A E(C;L\D(,UJ* _,U) (2.15)

Sketch of the proof. The estimate on J.()) can be easily deduced from (2.7), Corollary 2.4 and Lemma 2.5.
First, fix u € (0, ux) and notice that from Corollary 2.4, we clearly have that there exists e; € (0,e1) (which
depends on 1y and p) such that for any Re A > —pu, we have:

HAE R(/\v BE)”Y*}Yl S 1
We can then deduce that for p € (0, u4), for any Re A > —p, |A| > pye — p,
H‘ji()‘)HY—ﬂ\{ < ”gs - gl-,é”ylﬂy ||R(A7g175)”Y1‘>Y1 HAE R()\,Bs)Hy_)yl
1—ale) 1 1 l—ale) 1 (2.16)
C — <C
&2 max(l/\I’Re/\+u*> e2 = p
for some C' > 0. Moreover, one can choose €3 € (0,22) and A3 > 0 depending on the difference y = uy — p,
so that if \g € [0, \3) (recall that )\ is defined in Assumption 1.1 and is such that (1 — a(g))e=2 ~ Ao +7(g))
~C  1-afe)
po —p €2
Under such an assumption, one sees that, for all A\ € C,, \ D(px — ), Id — J-()) is invertible in Y with

<

<1, Ve € (0,e3). 2.17)

oo

Id— T\ =D [T, Ve e (0,e3).

p=0
Let us fix then e € (0,e3) and A € C, \ D(u. — ). The range of I'. () is clearly included in 2(B.) = 2(G1 ).
Then, writing G. = A. + B., we easily get that
A=G)Te(N) =1Id — T(N)

i.e. To(\)(Id — J-(X\))~! is a right-inverse of (A —G.). To prove that A — G is invertible, it is therefore enough
to prove that it is one-to-one, which can be done up to reducing the value of ¢3 using (2.7), Lemmas 2.3
and 2.5. Thus, for ¢ € (0,e3), C,, \ D(u, — p) is included into the resolvent set of G. and this shows (2.14).
To estimate now ||R(A, Gc )| %(v), one simply notices that

1
1(Id = To(N) vy < Z [TeMIE oy < =00 VAEC,\D(ue — ) (2.18)

from which, as soonas A € C,, \ D(p, — u),

1
IR(A, Go)|ly—y <

— |IT(A .
1—[)(5) H 5( )”Y—)Y
One checks, using the previous computations, that for A € C, \ D(u, — p),

IT-Mlv=y S+ Aoy RO, Gre) vy (2.19)

and deduces (2.15). This achieves the proof. O
A first obvious consequence of Proposition 2.6 is that, for any p € (0, p. ), there is e5 > 0 depending only
on y = s — p such that
S(G:)NC, C D(ps — p), Ve e (0,e3).
We denote by P, (resp. Pg) the spectral projection associated to the set

&(G:)NC, = 6(Ge) ND(e — ) (resp. &(G1..)NC,, = {0}).
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One can deduce then the following lemma whose proof is similar to [21, Lemma 2.17].

Lemma 2.7. For any p € (0, py) such that C,, C D(u, — ), there exist e4 € (0,e3) and Ay € (0, A3) depending
only on x = . — p such that if Ay € [0, \y) (Where )\ is defined in Assumption 1.1),

HPE — POHY%Y <1, Ve e (0764).
In particular,
dim Range(P.) = dim Range(Py) = d + 2, Ve € (0,eq). (2.20)

Sketch of the proof. Let p € (0, u) be close enough to i, so that D(p, — ) C C,and 0 < r < x = fe — p.
One has D(r) C Cj,. We set v, := {2 € C; [2| = r}. Recall that by definition

1 1
Pa = % éT R(Aa ga) d)\u PO = % éT R(A7 glvg) dA

For A € ~,, set

Z:(A) =R\, Gi1e) AR, Be)
so that T'.(\) = R(\, B:) + Z.()\). Recall from (2.14) that, for A € v,

R(XGe) = R(A Be)(Id = T-(A) ™" + Z:(N)(Id — T (1)~

=R B:) + R\, Be) J-(\)(Id — T-(N) ™ + Z.(\)(Id — T-(\)) ™

where we wrote (Id — J:(\)) " = Id + J-(\)(Id — J-()\)) ! to get the second equality. One also has
R(A,Gre) =R Bic) + R(A Gre)A [R(A, Bie) — RO Be)] + Z-(A).

One can then obtain (see the proof of [3, Lemma 3.8] for the details)
1 1
P.-Py= —yg Lo AN)T-N)Id — J-(N)7HdX + —yg R(A,Gre) A [R(N, Be) = R(A, By e)] dA.
21w y 20T o

The first part is estimated thanks to (2.16), (2.18) and (2.19) combined with Lemma 2.5:
1 1 1-af
r21—pe) &

T (NI X = T-(N) vy S
For the second part, notice first that from Lemma 2.5,
1
||'R,(/\, gl,s)-Aa [R(/\vBa) - R(/\vBl,E)]”y_)y 5 ; ||-A€R()‘= BE) - -AER()M Bl,a)||y_>Y'
Then, for A € v,., we have

AR Be) — AR, Bie) = A:R(N, Be) [Be — B1 o] R(A, B e)
which implies that

1—a(e
||A5'R(/\,Ba) - -AER()M Bl,a)”y_)y < HAER(A7BE)||Y—1_7Y HBE—BI;EHY_)Y—I HR()M Bl,a)||Y—>Y 5 62( )
Proceeding as in the proof of Lemma 2.6, one can conclude that for any 0 < r < x = pix — 4,
C1-ale) 1

P._P << 1) = 0(e). 2.21
| olly—y < — —— <T(1 @) + ) {(e) (2.21)
Thanks to Assumption 1.1, one can find ¢4 and A4 depending only on y such that /() < 1 for any e € (0,4)
and A\ € [0, A\4). In particular, we deduce (2.20) from [12, Paragraph 1.4.6]. O

With Lemma 2.7, we can now end the proof of Theorem 2.1.

Sketch of the proof of Theorem 2.1. The structure of &(G.) N C,, in the space Y comes directly from Lemma
2.7 together with Proposition 2.6. To describe more precisely the spectrum, one first remarks that

G(ZQ(E)) N (C# C 6(95) N (C#.
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This comes from the fact that for each eigenvalue of .Z,,.), the eigenfunction depends only on v and thus
remains an eigenfunction for the operator G.. Since, for £ small enough, the same perturbative argument

that we developed above implies that the spectral projection Il ¢, ., associated to &(.%,,) N C,, satisfies

dim(Range(Ily, . )) = dim(Range(Il»,)) = d + 2 = dim(Range(P.)),

()
we get that

6(Za()) NCp = 6(G:) NCy, (2.22)
that is, the eigenvalues \;(¢) are actually eigenvalues of .Z,,.y. The development of the energy eigenvalue
Ad+2(€) comes from [17]. The conservation of mass gives us that 0 is an eigenvalue for our problem. The

intermediate eigenvalues \;(¢) for j = 2,...,d + 1 are obtained thanks to the fact that
1—ale I —oale
/ Zoeyp)vidv = —# / vV (vp(v))dv = # / v; p(v) dv.
R4 9 R4 9 R4

Notice that all this allows us to find eigenfunctions (that depend only on v) in L3 ,((v)"). Using once more
the splitting .%,, = A + B defined in (2.10) and the regularizing properties of .A(%), one can actually prove
that our eigenfunctions lie in Y, which yields the conclusion of Theorem 2.1 in the space Y. To extend the
result to the space £, we use an enlargement argument coming from [10], we omit the details here and just
mention that this argument is based on the splitting G. = A. + B. introduced in (2.11). O

3. STUDY OF THE KINETIC NONLINEAR PROBLEM

Let us recall that the spaces £ and &; are defined in (1.2_7). In this section, we assume that Assumption 1.1
is met and consider ¢ € (0,%), \g € [O,X} where € and )\ are defined in Theorem 2.1. As in Section 2, to
lighten the notations, we write G. = G,(c),. as well as B. = B, (.) ..

3.1. Splitting of the nonlinear inelastic Boltzmann equation. Now that the spectral analysis of the lin-
earized operator G. in the space £ has been performed, in order to prove Theorem 1.2, we are going to
prove several a priori estimates for the solutions to (1.15). The crucial point in the analysis lies in the
splitting of (1.15) into a system of two equations mimicking a spectral enlargement method from a PDE per-
spective (see [18, Section 2.3] and [8] for pioneering ideas on such a method). More precisely, using (2.11),
the splitting amounts to look for a solution of (1.15) of the form

he(t) = h(t) + ha(t)

with A2 solution to
8th2 = Bshg + %Qa(a) (hga hg) + % [Qa(a) (hgv h;) + Qa(a)(hiv hg)}
+]GhE = Gueh] + L[ Quioy (L 1Y) = Qi (hd, ), 3.1

R0, 2,v) = hi*(z,v) € €,

and h! solution to
bl = Giehl+L1Oi(hl Rl + AR,
(3.2)
hl(0,z,v) = 0.

In order to lighten the notations, in this section, we will write hi®, h, h° and h! instead of hi®, h., hY
and h!l. The goal is to obtain nice nested a priori estimates on h° and h'. Notice first that our splitting
is more complicated than the one of [8] because it relies on perturbative considerations around the elastic
case that come out in the equation satisfied by h'. As a consequence, our a priori estimates are more
intricate and require the use of non standard Gronwall lemma. Notice also that since the initial datum
of h! is vanishing, we can study the equation on h' in any functional space. In particular, we can study it
in the Hilbert space H = W7, (M1 ?) in which we have a good understanding of the elastic linearized



FROM BOLTZMANN EQUATION FOR GRANULAR GASES TO SOME MODIFIED NAVIER-STOKES-FOURIER SYSTEM 15

operator G .. Indeed, in this type of spaces, the symmetries of the collision operator Q; allow to get some
nice hypocoercive estimates (see (2.4)).

Remark 3.1. In [10], the authors treat the elastic case (o« = 1) of the non-rescaled equation (¢ = 1) and they
do not resort to such a splitting method to study the nonlinear equation, their approach is based on the use of
a norm which is equivalent to the usual one and is such that G, ; is dissipative in this norm in large spaces.
Such an approach is no longer usable when one wants to deal with rescaled equations and obtain uniform
in ¢ estimates. Indeed, the definition of the equivalent norm in [10] does not take into account the different
behaviors of microscopic and macroscopic parts of the solution with respect to e: typically, the microscopic part
of the solution vanishes as ¢ — 0 whereas the macroscopic one does not. Conversely, in the splitting method,
the equation that defines h' is treated thanks to hypocoercivity tricks that allow to distinguish microscopic and
macroscopic behaviors.

3.2. Estimating h". Concerning h°, let us first mention that the dissipativity properties of B. stated in
Lemma 2.3 can actually be improved a bit. More precisely, one can show that there exist norms on the
spaces £ and &; that are equivalent to the standard ones (with multiplicative constants independent of ¢)
that we still denote || - ||¢ and || - ||, and that satisfy:

d v
EHSBEQ)QHE < _E_SHSBe(t)gH& (3.3)

where we have denoted by (Sg. (t)),, the semigroup generated by B. and vy is defined in Lemma 2.3. Let
us also introduce the Banach space &,

d
&2 = Wt 2 Wi (@ 2ut2), # > 3

which satisfies the following continuous embeddings: H < & < & (recall that & is defined in (1.27)).

Let us point out that the spaces & and & allow us to get the following estimates (see [3, Remark 3.5]
and [1, 2]):

1(Qa = Q1)(9, Nlle S (1 = Alglle.llflle. and [ Qalg, lle S llgllell flle, + lgllell flle (3.4)

where the multiplicative constants are uniform in «. One can then obtain the following proposition:
Proposition 3.2. Assume that h° € &, h* € H are such that

sup (IR°(0) + 11 (1)) < Ao < .

0

For v € (0,vy) (Where vy is defined in Lemma 2.3), there exists an explicit e5 € (0,2) (where € is defined in
Theorem 2.1) such that:

t
IR ®)lle < Hh‘“llseff%t%\s/o e =1t (s) | ds (3.5)

where we recall that A\, ~ 1%‘3(5) is defined in Theorem 2.1.
e—

Sketch of the proof. Using (3.3) as well as (3.4) and recalling that h° solves (3.1), we can compute the
evolution of ||h°(t)||s and estimate it:

d v C
EHhO(f)He < —E—thO(t)llsl +2 (IR @) Nle + IR @) lle,) [R°®)]e,

L C 1_672‘(5)”111@)”52 +C %Ol(g)ﬂhl B, (3.6)

Using that the embedding £ — H is continuous, recalling that 2°(0) = A™™ and choosing ;5 small enough
so that C'e5 Ay < 19 — v, we obtain

t t
IR°)]le S IIh™le e 2" + Ae / e =R (s) | ds + € A / e =07 |Inl(s)|3, ds.
0 0

We conclude to (3.5) by assuming furthermore that e54, < 1. O
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3.3. Estimating h'. We now comment and study the equation satisfied by h'. Let us point out that getting
estimates on h! is trickier than in [8], indeed, in the latter paper, the idea is to estimate separately Poh'
and (Id — Pg)h! where Py is the projector onto Ker(G; ) defined by

d+2

Pog:=Y_ (/T Rdg\IJi dvdx) U, M (3.7)

i=1
where the functions ¥; have been defined in (1.24), and thanks to the properties of preservation of mass,
momentum and energy of the whole equation, one could write that Pgh = 0 so that Poh! = —Pgh" and
directly get an estimate on Pyh' from the one on h°. In our case, the energy is no longer preserved which
induces additional difficulties. However, we keep the same strategy and start by estimating Poh! (see
Remark 3.4 for a comment on this choice of strategy).

For the sequel, we also introduce
d+1

Poh =) / hU;dvde ) O, M, Togh = / ¥y odvda | Uapo M. (3.8)
Td xR Td xRd

=1
Notice that thanks to Cauchy-Schwarz inequality in velocity, one can easily prove that we have Py € B(E, H).
One can then obtain the following proposition:

Proposition 3.3. Assume that h° € &, h' € H are such that
sup ([[A°(8) s + (1)) < Ao < .

For ¢ € (0,¢e5) (g5 is defined in Proposition 3.2),
_ t
[Poh! (B)lle S IB°(#)]le + [IF™ e €™ + A /0 e 2 (||B0(s)l|e + [|(Id = Po)h' (s)]|2) ds

t
+eXe / e =)t (s) ||l ds  (3.9)
0
where \. = \. + O(1 — a(e)) with \. ~ %2(5) defined in Theorem 2.1.
e—

Sketch of the proof. Due to the properties of preservation of mass and vanishing momentum of our equation,
we have Pyoh = 0 which implies that Poh! = —Pyh°. Consequently, we easily get an estimate on Pyh! using
that Py € B(E, H):
IPoh ()12 < I1R°(®) e (3.10)
It now remains to estimate IIpht. To this end, we first notice that
Ioh! = Poh! — Poh! = Poh — Poh® — Poh! = IIgh — Poh® — Pyht
where we used that Poh = TIph due to the preservation of mass and vanishing momentum so, using (3.5)

and (3.10), we only need to estimate IIyh to get an estimate on Pyh'. To this end, we start by computing
the evolution of Ilyh:

1
8t(Hoh,) = Ho(gsh) + EHO Qa(a) (ha h)

By direct inspection, using the definition of I, given in (3.8) and the dissipation of energy (1.7) (see [3,
Lemmas 4.2 and 4.5]), we obtain: as € — 0,

1 6:) = ~Aaof-+ 0 (=5 1~ Pl

with

X=X +0(1-a() ~ A

Similarly, we have by direct computation that
|HOQO¢(8) (ha h)| = (1 - az)|Da(a) (h7 h’)|\lld+2 M
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so that, using Minkowski’s inequality to estimate D, .)(h, h), we obtain
Mo Qa o) (hy h)le < €2[1h[2- .11

Gathering previous estimates, we are able to deduce that
_ t
[Poh (#)lle S IR°(®)le + 1R lee™ " + A /0 e U= (|[R%(s) e + [I(Id — Po)h* (s)3) ds

t_
or [ (O + 1 6) By) ds
0
With this, inequality (3.9) holds by using e5Ag < 1 from the proof of Proposition 3.2. O

Remark 3.4. A natural approach would have been to adapt the method of [8] by applying P. (the projector
associated to the eigenvalues \;(¢) for j =1,...,d+2 of G. around 0 that have been exhibited in Theorem 2.1)
to our equation instead of Pqy. It implies that one would have had to estimate II.h where 11, is the projector
associated to the energy eigenvalue —\. = \gy2(¢) defined in Theorem 2.1. On the one hand, it simplifies the
approach because 11.G.h = —A.I1.h by definition. On the other hand, this projector is not explicit contrary to
Iy and when applying I1. to the equation satisfied by h

1
Oth = G.h + gQa(a) (ha h),

nothing guarantees that 11, [5‘1 Qa(e) (h, h)] remains of order 1 with respect to ¢ whereas we have seen in (3.11)
that due to the dissipation of kinetic energy, Iy [e ' Q<) (h, h)] is actually of order . This explains our choice
of strategy.

Let us now focus on the estimate of (Id — Pg)h!. We can proceed similarly as in [8], using in particular
that PoQ; = 0. Another crucial point is that the source term A.h° can be bounded in H using the fact
that A. € B(E,H) (see Lemma 2.3). Moreover, it is important to mention that the fact that the bound
on A. induces a rate of =2 will be counterbalanced by the fact that the semigroup associated with B. has
an exponential decay rate of type e—vt/e? (see (3.3)). We recall that the Hilbert space #; is defined in (2.3)
and is such that

1Q1(g: 9)lla < llgllellglln,- (3.12)
Proposition 3.5. Assume that h° € &, h' € H are such that

sup (1) e + [ (6)]1) < Ao < oc.
For 1 € (0, py) (Where p, is defined in (2.1)) and for Ay small enough, we have that:

I(Xd — Po)h' (1)]]3 <A2/ M0t (s)]3, ds +—/ M0 ()1 | RO (s) e ds. (3.13)

Sketch of the proof. From (3.2), the fact that Py Q1(g,¢) = 0 and the fact that Py commutes with G; ., we
can compute the evolution of ®(¢) := (Id — Pg)h':

1
9P =G D+ gQl(hl, h') + (Id — Py) AR

We now use the hypocoercive norm on # for G; . introduced in (2.4) and also denote by ®* the microscopic
part of ®, namely ®* := (Id — my)® where we recall that 7, is the projection onto the kernel of .#; that has
been introduced in (1.23). We compute the evolution of ||®(t)||3,:

SR = (61 B(0), B0} + 1 (Qu (B (1), B (1)), B (1)) + (1 — P) ARO(D) (1)

Notice that we have been able to replace ® by ® in the second term due to the conservation laws satis-
fied by Q; and the fact that m is orthogonal in #. Then, from the properties of the hypocoercive norm
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(see (2.4)), using (3.12) and the facts that Py € B(H), A € B(E,H) (from Lemma 2.3) as well as Cauchy-
Schwarz inequality, we obtain that

1d " C c
sl P®I% < —E—;II‘PL(UII?{1 — el @3, + ;th(t)|‘7-t||hl(t)”%1||‘I)L(t)||?-£ + SR @Il P @)1
Making an appropriate use of Young inequality to treat the third term, we obtain that for x € (0, p,),
1d

I C
5 12O < =S 12Ol — el @®I3, + CIR OAP )5, + S 1P @12

C
<=l @@) 30, + ClR Ol O3, + Z IR Olle 1@l

In the second term, we decompose h' into two parts: h' = Poh! + ® and use that P, = P3 together with
the fact that Py € #(€,H) to obtain

IR 3R O3, < AT (IO + 120],) -

We can thus conclude the proof by taking Ay small enough and integrating the above differential inequality.

Notice that the inequality stated in the Proposition holds for the equivalent “hypocoercive norm” introduced

above and thus also holds for the usual norm on #H because of the equivalence (uniformly in &) between

those two norms. O
Combining estimates from Propositions 3.2 and 3.5, one can obtain that

Corollary 3.6. Assume that h° € &, h* € H are such that

sup (1K (1) + A (B)l) < 2o < o

For 1 € (0, py) (Where p, is defined in (2.4)), for Ay small enough and for any § > 0, we have that:

1. t
1(Id — Po)h* (1) [13, < 5 [P"E e + (AF + 0 + /\a)/o e ) |Int ()15, ds. (3.14)

Remark 3.7. The fact that we are able to obtain a multiplicative constant that can be chosen small in front of
the second term is very important to recover a decay for h'. Indeed, in Proposition 3.3, in the estimate of Poh',
the term

t _
)\5/ e (=9 |(Id — Po)h!(s) % ds
0

is problematic when applying Gronwall lemma if one hopes to recover some decay in time but the extra small
constant that appears in the estimate of (Id — Po)h! in (3.14) allows us to circumvent this difficulty.

In the end, we are able to prove the following proposition:
Corollary 3.8. Let r € (0,1). Assume that h°® € €, h' € H are such that
sup ([[A°(2) s + 11 (B)lle) < o < o0
where A is small enough so that the conclusion of Corollary 3.6 holds. There exists eg € (0,e5) (Where e5 is

defined in Proposition 3.2) and \¢ € (0, \4) (Where )\, is defined in Lemma 2.7) such that for any ¢ € (0,¢¢)
and any \g € [0, \¢) (Where X\ is defined in Assumption 1.1),

A ()|l < C || A e~ A

where ). has been introduced in Proposition 3.3 and the constant C depends on r, A, p, (defined in (2.4))
and vq (defined in Lemma 2.3).
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3.4. Estimates on the kinetic problem. Combining the previous corollary with Proposition 3.2, we are able
to get our final a priori estimates on h in the space &:

Proposition 3.9. Let r € (0,1). Assume that h°® € €, h' € H are such that
sup (RO + 1 (B)]) < Ao < o0

where A is small enough so that the conclusion of Corollary 3.6 holds. There exists ¢t € (0,e6), AT € (0, \g)
(where ¢ and \g are defined in Proposition 3.8) such that for any ¢ € (0,e") and any Ay € [0, AT) (where )\ is
defined in Assumption 1.1),

. t . 1
|h(t)|le < C R |ge~G=At and / [h(s)||e, ds < C'||h"||¢ min {1 +t,1+ A—}
0

where \. ~ (1 — a(e))/e? has been defined in Theorem 2.1 and the constant C' depends on r, Ao, p, (defined
e—
in (2.1)) and vy (defined in Lemma 2.3).

Remark 3.10. Notice that for a fixed € > 0, the second a priori estimate shows that h = h. belongs to the
space L'([0,00), £1). If one is interested in getting bounds on the family {h.}., then we obtain that if g > 0 (in
Assumption 1.1), then the family is bounded in L*(]0,00),&1) and if Ao = 0, then for any T > 0, the family is
bounded in L'([0,T), &1).

Thanks to the above a priori estimates, we can prove Theorem 1.2 by introducing a suitable iterative
scheme that is stable and convergent. We refer to [3, Section 5] for the details of the proof. We can actually
prove the following more precise estimates (which will be useful in what follows) on h? and h! that are
respectively solutions to (3.1) and (3.2):

1Rl Lo (0,000 6) S 1 and  [[h2]| 11 (jo,00);61) S € (3.15)

as well as
IRt Lo (o.00) ;7 S 1 and ALl L2(0,00)s0) S 1 (3.16)
where we recall that the spaces H and 7 are respectively defined in (2.2) and (2.3). Notice that in the

previous inequalities, the multiplicative constants only involve quantities related to the initial data of the
problem and are independent of ¢.

4. DERIVATION OF THE FLUID LIMIT SYSTEM

The Cauchy theory developed in the previous results give all the a priori estimates that will allow to prove
Theorem 1.4. To this end, we make additional assumptions in the definition of the spaces £ and &;, namely,
in this section, those spaces are defined through:

£ = WhIW™2((p)?), & = WEIW™2((v)9) with m>d, m—-1>k>1, ¢>5. 4.1)

We assume that Assumption 1.1 is met, consider ¢, Ay and 7y sufficiently small so that the conclusion of
Theorem 1.2 holds in those spaces and consider {k.}. a family of solutions to (1.15) constructed in this
theorem that splits as h. = h2 + h! with h? and h! defined in Section 3. We also fix T > 0 for the rest of the
section.

4.1. Weak convergence. We start by the following lemma which in particular tells that the microscopic part
of h. vanishes in the limit € — 0:

Lemma 4.1. For any 0 < t; < ty < T, there holds:

ta
/ |(Td — mo) e ()| dr < ev/z — T, 42)

ty

where we recall that m is the projection onto the kernel of £, defined in (1.23).
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Proof. We first remark that

to to 1/2
[ moitear < ([ jaa - moolzar) - vE=

tl tl
to 1/2
n < [ ad = mntr, df) Noen
t1

The first term is estimated thanks to (3.15), which gives:
ta
/t 1(Td — o)A (1) |7 d7 < [[(Td — 70) AL || Lo 0,1y ) | A — 7o) R | Lr 0,1y s 1) S €7
1

Concerning the second one, we perform similar computations as in the proof of Proposition 3.5. We recall
that h! solves (3.2) and consider || - |3 an hypocoercive norm on H (see (2.4)). We then have for p1 € (0, p14):

1d O|
2 dt g2

from which we deduce that

I
1he@)11% < = 1(Td = wo)hz (O3, — il P2 )13, + ClIRZOIRIR O3, + ZIReBlelhe(®)]la

o[t
= [ 1ad - mpir) B, dr S ),

t1
& 1 2 1 2 1 2 0 1
+/t [he ()15 172 (7)I5, d7+6—2/t [ (T)llellhe(T) |l dr S 1
1 1

where we used (3.15) and (3.16) to get the last estimate. Therefore, as for hg one has

ta
/ 1(1d — o) ()12, dr < &

ty

and this allows to conclude to the wanted estimate. O

Using estimates (3.15), (3.16) and (4.2), one can prove the following result of weak convergence (we
refer to [3, Theorem 6.4] for more details on the proof):

Theorem 4.2. Up to extraction of a subsequence, one has

{hg}s converges to 0 strongly in L'((0,T) ; &),

{nl}_converges to h weakly in L ((0,T);H), *2)
where h = wo(h). In particular, there exist
o€ L2 ((0,7); W3(1?), we 12 ((0,7); (W), 0L ((0,7); Wi 3(1%)),
such that
h(t,z,v) = (g(t, x) +u(t,x) v+ %H(t, z)(|Jv]* — dﬁl)) M(v) (4.4)

where M is the Maxwellian distribution introduced in (1.14).
Remark 4.3. Recall that (o, u, ) can be expressed in terms of h through the following equalities:

2
o(t,x) = / h(t,z,v)dv, wu(t,z)= i/ h(t,z,v)vdv, 0(t,x)= / h(t,x,v)w dv. (4.5)
Rd U1 Jga Rd 92d
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4.2. Limit system. As mentioned in the introduction, the path that we use to derive the limit system follows
the same lines as in the elastic case. The main idea is to write equations satisfied by averages in velocity of h.
and to study the convergence of each term. It is worth mentioning that with the notion of weak convergence
at hand presented above, we can adopt an approach which is reminiscent of the program established in [5, 6]
but simpler. In particular, we can adapt some of the main ideas of [9] regarding the delicate convergence of
nonlinear terms. The detailed computations and arguments are included in [3, Section 6], we only mention
the main steps and keypoints of the proof hereafter. In what follows, we will use the following notation:

for g = g(z,v),
@)= [ o0
Rd
Local conservation laws. We introduce
1 1
A@)=v@v—lofld and p.:= <a|v|2h5> (4.6)

so that <v X v h5> = <A h5> + pe Id. We integrate in velocity equation (1.15) multiplied by 1, v;, % |v]2, to
obtain

8t<h5> + édivz<v h5> —0, (4.7a)
a{vhe)+ éDivz<A he)+ %vzps . 1_57‘;‘(*5)@ e, (4.7b)
o 3loPh.) + Laiv, (3loPon.) = % st + 22D (pn) @

where we recall that f. = G + ch. and where we have introduced

Haf, f) = /]R [Qa(f, f) — Qa(Ga, Go)] |v]? dv.

The goal is to study the convergence of each term in (4.7a)-(4.7b)-(4.7c). A first important remark to
address this point is that thanks to the estimates recalled in (3.15)-(3.16), one can prove that for any
function ¢ = ¢ (v) satisfying the bound |¢(v)| < (v)?, we have the following convergence in the distributional
sense:

(Wh) — (Bh) in 7], 4.8)

e—0
where h is defined in (4.4) (see [3, Lemma 6.6]).

Roughly speaking, the convergence of the terms in the LHS of (4.7a)-(4.7b)-(4.7¢) is treated as in the
elastic case. The RHS is going to be handled as a source term which takes into account the drift term and the
dissipation of kinetic energy at the microscopic level. In this regard, using (4.8), we first remark that under
Assumption 1.1,

1-ole) E‘;“(E) (vhe) —> ou in 7, (4.9)
since A\g = lim._,o+ £~ 2(1 — a(¢)) and from the definition of v in (4.5). We then present a result of conver-
gence for e =% 7. (f-, f-) in the following lemma in the proof of which there are not major difficulties. The
said proof is thus omitted, we just mention that it is based on Assumption 1.1, on the estimates on h. coming
from (3.15)-(3.16) and involves the dissipation of energy (1.7), we refer to [3, Lemma 6.9] for more details.

Lemma 4.4. It holds that .
?/a(a)(fsvfs) —ry Jo in 9,
where

Jo(t,z) == —Xo Eﬁi% (Q(t,x) + 2191 0(t, :v))

for some positive constant ¢ depending only on the angular kernel b(-) and d and where \q is defined in Assump-
tion 1.1.
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Incompressibility condition and Boussinesq relation. Using (4.8) in the equations (4.7a)-(4.7b), using also
that the restitution coefficient satisfies Assumption 1.1, we can easily obtain the incompressibility condition
as well as the Boussinesq relation:

divy,u=0 and V,(o+%16)=0 (4.10)

where we recall that g, u and 6 are defined in (4.5). Using furthermore that the global mass of h. vanishes
(see (1.20)), we have that

0= / he(t,z,v)dvde — [ o(t,z)dz in 2
TdxR4

e—0 Td

and thus that [, o(t, 2) dz = 0. It implies that we have the following strengthened Boussinesq relation: for
almost every (t,z) € (0,T) x T¢,
o+ (0—FE)=0 with E=E({):= 0(t, z)dx. 4.11)
Td
Remark 4.5. Notice here that the derivation of the strong Boussinesq relation ¢ + 10 = 0 is not as straightfor-
ward as in the elastic case. In the elastic case, the classical Boussinesq relation V,(o+110) = 0 straightforwardly
implies the strong form of Boussinesq because the two functions o and 6 have zero spatial averages. This cannot

be deduced directly in the granular context due to the dissipation of energy and we will see later on how to obtain
it (see Proposition 4.8).

Equations of motion and temperature. In order to identify the equations satisfied by « and 6, as in the
elastic case, we start by studying the convergence of quantities that are related to

1 2 _ 49
plta)i= [ nmo)dn w) = o [ e o) = [ et 0) 00 g,
R4 Rd Rd 191d

1
(4.12)
More precisely, we inverstigate the convergence of
U 1= exp (_ﬂ%ﬁ(d) Pu. and 0. := <%(|v|2 —(d+ 2)191)h5>

where P is the Leray projection on divergence-free vector fields. Notice that if we compare our approach to
the elastic case, we have added the exponential term in the definition of u. in order to absorbe the term in
the RHS in (4.7b). We compute the evolution of u. and 8. (by applying the Leray projector P to (4.7b) and
by making an appropriate linear combination of (4.7a) and (4.7¢)) and obtain:

i 1—a(e) —11: 1
Byue = — exp (—tT) P (01 DIVI<EA h>) (4.13)
where A is defined in (4.6) and
1. 1 2(1 — afe))
0,0 + gdlvm<bhs> = g/a(a)(fsvfs) + T<%|’U|2hs>
1
with b(v) := 5 (o> = (d+2)91). (414

The study of the limit ¢ — 0 in those equations is more favorable because compared to (4.7a)-(4.7b)-(4.7c),
the gradient term in (4.7b) has been eliminated thanks to the Leray projector and also because A and b

belong to the range of Id — 7y so that thanks to Lemma 4.1, we know that the quantities 5‘1Divm<A h8>

and 5*1divm<b h8> are bounded in W~12, Then, applying a precised version of Aubin-Lions lemma [20,

Corollary 4], we are able to prove that up to the extraction of a subsequence, {u.}. and {0.}. converge
strongly in L' ((0,7) ; W7~ 1:2) respectively towards
_dot d+2

Pu=u and 00::<%(|v|2—(d+2)191)h> Zlp-22

V10 (4.15)
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where we used the incompressibility condition and the strong Boussinesq relation given in (4.10)-(4.11).
We refer to [3, Lemma 6.10] for more details.

About initial data. Recall that, in Theorem 4.2, the convergence of h. to h given by (4.4) is known to hold
only for a subsequence and, in particular, at initial time, different subsequences could converge towards
different initial datum and therefore (g, u, #) could be different solutions to the same system. In Theorem 1.4,
the initial datum is prescribed by ensuring the convergence of myh{, towards a single possible limit where 7
is defined in (1.23) (recall that the initial data for (g, u, 6) is defined in (1.31)).

Using Lemma 4.1, one can apply Arzela-Ascoli theorem to get that Pu. and 6. converge strongly in
C([0,T]; Wr—12) towards respectively u and 6, defined in (4.15) that also belong to C([0,T]; Wr—12).
We refer to [3, Proposition 6.19] for more details.

Limit equations. To get the limit equations, we need to study the convergence of the terms ¢ ~'PDiv,, <A h5>

and sfldivx<b h5> in (4.13) and (4.14). To this end, our approach relies on arguments coming from [9]

(in particular, the tricky convergence of the nonlinear terms is treated thanks to a compensated compactness
argument coming from [13]), the main difference being that we force the elastic collision operator to appear
in our computations, we thus introduce terms that involve differences between the elastic and the inelastic
collision operators. Those remainder terms vanish in the limit ¢ — 0 thanks to Assumption 1.1. We refer
to [3, Lemmas 6.12-6.13-6.14] for more details. In the end, writing PDiv, (u ® u) = Div,(u ® u) + ﬂflvmp
(see [14, Proposition 1.6]), we obtain the following result:

Proposition 4.6. There are some constants v > 0 and v > 0 such that the limit velocity v = u(t,z) in (4.4)
satisfies

Opu — 01 Azu+ 1 Divy (u @ u) + Vaep = Aou (4.16)
1
where ) is defined in Assumption 1.1, while the limit temperature § = (¢, x) in (4.4) satisfies
~ 2 2d )\ 2 d

0:0 A+ Y1u-V,0 = Jo+

- L “E
s (d+2)9% d+2 d+2dt
where we recall that [Jy is defined in Lemma 4.4 and E is defined in (4.11).

4.17)

Remark 4.7. The viscosity and heat conductivity coefficients v and ~ are explicit and fully determined by the
elastic linearized collision operator £, (see [3, Lemma C.1]). Notice also that, due to (4.10), Div,(u ® u) =
(u-V,)u and (4.16) is nothing but a reinforced Navier-Stokes equation associated to a divergence-free source
term given by Aou which can be interpreted as an energy supply/self-consistent force acting on the hydrodynam-
ical system because of the self-similar rescaling.

To end the identification of the limit equations, we go back to the strong Boussinesq equation (4.11) and
prove the following result:

Proposition 4.8. It holds that
E(t)=0, tel0,T],
where E = E(t) is defined in (4.11). Consequently, the limiting temperature 6(t, x) in (4.4) satisfies
¥ Ao €
00— —5 A0 +9u-V,0=_——+/010. .18
10— g7 Al 0w 2dr V" (4.18)
where ~ is defined in Proposition 4.6, \g in Assumption 1.1 and ¢ in Lemma 4.4. Moreover, the strong Boussinesq

relation holds true:
o+1916=0 on [0,T]x T (4.19)

Proof. Using Lemma 4.4 and averaging in position the equation (4.17), it is easy to prove that

%E(t) =G E(t)
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for some some constant ¢y € R. Moreover, on the one hand, from (1.31), we have

E@0)= [ 0(0,z)dz = - L 0(0, z) dz. (4.20)
Td 7.91 Td
On the other hand, from the definition of 6, in (4.15), we also have
2 2
E(0) = 74 | 00(0,z) dz + 1 e 0(0, z) dz. (4.21)

We also know that 6. converges towards 6, in C([0,7]; W2~2). Consequently, we deduce that

/d 00(0, ) dz = lim <wh5(o,@>dx = lim <%|v|2h5(0,x)>dx
T

e—0 Td e—0 Td

where we used (1.20) to get the last equality. From (1.22), we deduce that

/ 00(0,z)dz = 0.
Td
Coming back to (4.20)-(4.21), we deduce that

1 2
which implies that £(0) = 0. This concludes the proof. O

Gathering the results we obtained in Propositions 4.6 and 4.8, we are able to end the proof of Theo-
rem 1.4.
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