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Typically, for pick-and-place robots operating at high
speeds, an enormous amount of energy is lost during the
robot braking phase. This is due to the fact that, during such
operational phase, most of the energy is dissipated as heat on
the braking resistances of the motor drivers. In order to in-
crease the energy-efficiency during the high-speed pick-and-
place cycles, this paper investigates the use of variable stiff-
ness springs (VSS) in parallel configuration with the motors.
These springs store the energy during the braking phase, in-
stead of dissipating it. The energy is then released to ac-
tuate the robot in a next displacement phase. This design
approach is combined with a motion generator which seeks
to optimize trajectories for input torques reduction (and thus
of energy consumption), through solving a boundary value
problem (BVP) based on the robot dynamics. Experimental
results of the suggested approach on a five-bar mechanism
show the drastic reduction of input torques, and therefore of
energetic losses.

1 Introduction
It is known that one of the most representative chal-

lenges in industrial robotics is to increase the energy effi-
ciency of robot manipulators. Typically, in industrial ap-
plications, such as high-speed pick-and-place operations,
accuracy while picking and placing objects in the robot
workspace is the most important criteria to evaluate the robot
performance [1]. Nonetheless, the design trends of pick-and-
place robots operating at high speeds have shifted to the de-
sign of robots that in addition to be accurate [2], they can
perform as energy-efficient as possible [1]. The motivations
to do that rely on the environmental impacts associated to the
energy consumption when performing high-speed motions.
This is due to the fact that powerful motor drive systems
are required to attain the power specifications of moving the

robot structure at high speeds, thus increasing the energetic
consumption [3]. Additionally, due to a continuous increase
of the electricity cost, finding new ways to reduce the energy
consumption has become crucial in the recent years.

The most common strategies to reduce the energy con-
sumption at high speeds consist either on optimizing the
robot trajectory [4] or in designing lightweight robot archi-
tectures, e.g. by using carbon fiber for lowering the mass of
the moving elements, thus permitting the use of less power-
ful motors [5]. Nevertheless, designing a lightweight robot
structure may affect the robot stiffness, which would nega-
tively impact the accuracy of the robot at high speeds. An-
other approach for the reduction of the energy consumption
was presented in [6–8] in which it has been shown that, by
using gravity-balancing techniques, it is possible to compen-
sate the input efforts to move slow pick-and-place robots,
thus reducing the energy consumed at slow speeds. Nev-
ertheless, since at high speeds the inertial effects become
preponderant with respect to the other dynamic terms, these
techniques cannot be applied.

Thus, another approach to cope with the energy storage
issues is the use of compliant actuators, such as the series
elastic actuators (SEAs) [9], the variable stiffness actuators
(VSAs) [10–13], and the most recent ones the series-parallel
elastic actuators (SPEAs) [14, 15]. The SEAs are compli-
ant actuators that decouple the motor and the output load
by means of a spring in series that serves as energy stor-
age, and whose stiffness is set by the spring constant. Even
if the SEAs have shown their effectiveness in applications
to absorb impacts and to ensure safety, such as in humanoid
robots [16] and in human-robot interaction [17], respectively,
their main limitation is that the fixed stiffness restrict the
level of compliance to adapt for different tasks. Therefore,
the VSAs were introduced to overcome the limitations of the
SEAs, and to handle with the energy storage issues. VSAs
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decouple the motor and the output load by a spring in se-
ries, whose stiffness can be controlled. Such actuators have
been recently introduced to considerably reduce the energy
consumption of pick-and-place robots in [18]. Nevertheless,
the main issue is that the serial arrangement of springs and
motors in the VSAs would lead to uncontrolled deflections,
worsening the accuracy of the robot end-effector when per-
forming pick-and-place motions at high speeds.

The SPEA [14, 15] is a new type of actuator for lower-
ing the input efforts, and thus the energy consumption. It is
an actuator that consists of a single motor that deforms a se-
quence of several parallel elastic elements, in which a gear
system serves as intermittent mechanism to couple and de-
couple the springs in the parallel arrangement. Even if such
type of actuator allows to vary the stiffness to adapt to dif-
ferent specified tasks, its design complexity results of low
practicability to perform high-speed motions due to the reac-
tion time to lock and unlock the intermittent mechanism.

A novel type of actuation for pick-and-place robots in
[19–24] proposes the use of constant stiffness springs in par-
allel to the motors in order to minimize the input efforts from
the actuators while ensuring accuracy. This is possible due to
the stored potential energy that the spring in parallel is able
to supply so that the output load moves, thus reducing the
torque demanding from the main motor. Even if the results
are impressive, the level of compliance, and thus of adapta-
tion for different travel times and amplitudes, is limited by
the spring constant.

In order to overcome the limitations in terms of adapt-
ability of the constant stiffness springs placed in parallel, the
authors in [25, 26] proposed to use an additional motor to
vary the stiffness of the springs placed in parallel to the mo-
tors that actuate the joints. These springs are called variable
stiffness springs1 (VSS) [27]. This was applied to a slow
robot manipulator. To the best of our knowledge, the authors
in [25], were the first on introducing the concept of using
variable stiffness springs (VSS) in parallel to the motors for
improving the adaptability to quasi-periodic tasks for slow
pick-and-place robots. The work in [26] proposes a control-
based approach by means of a VSS elasticity adaptation law,
in which the output stiffness of the VSS can be controlled
by means of a nonlinear force/displacement relation for the
springs. Even if the results are impressive with a reduction of
72 % for slow pick-and-place motions, among several draw-
backs, which makes difficult to conclude which is the real
energy gain, we can list: i) the friction is neglected, ii) the
energy required to adjust the VSS is not considered when an-
alyzing the percentages of energy savings, and iii) the cycle
times used for the experiments are of 13 s, far from a typical
high-speed cycle time; iv) Finally, since the approach in [26]
proposes to use a stiffness-based control approach, i.e. to
generate stiffness profiles (instead of spring equilibrium po-
sition trajectories), it is thus necessary to estimate the VSS
stiffness in the control loop, which complexifies the control

1The terminology “variable stiffness spring” is ambiguous: Indeed, this
is not the stiffness of the springs that is changing but their attachment points.
However, this terminology being often used in the literature, we preferred to
keep it unchanged.

system due to the requirement of measuring the stiffness in
the feedback.

Recently, the authors of the present paper have shown
in [28, 29] the effectiveness of using VSS in parallel for no-
ticeably increasing the energy efficiency of pick-and-place
robots operating at high speeds. Additionally, it has been
shown that the energy required to adjust the spring equilib-
rium position of the VSS (associated to the VSS stiffness)
is not negligible when analyzing the energetic losses in the
full actuation chain. Regarding the strategies for energy sav-
ings in [28, 29], firstly, the work in [28] seeks to exploit
an energetic model that groups the losses in the full actua-
tion chain of the parallel robot with VSS, by generating tra-
jectories through an optimization formulation. Even if it is
shown that the energy efficiency can be increased by 48 %,
the motions used in the optimization are polynomial-based
trajectories that do not fully exploit the robot natural dynam-
ics leading to the convergence towards a local minima of
the energetic criteria. Additionally, only simulation results
are presented. Since a pick-and-place operation is described
by quasi-periodic oscillatory motions, through the addition
of the VSS it should be possible to exploit such quasi-
oscillations in order to match the free-response of the sys-
tem with the desired pick-and-place motions. Therefore, the
work in [29] presents a strategy to generate energy-efficient
motions by adjusting the spring equilibrium positions of the
VSS in parallel so that the robot pseudo-periodic pick-and-
place oscillations match the system free-response. This strat-
egy permits to reduce the input efforts of the robot active
joints, and therefore the energy consumed by the actuators
by 50 %. Nonetheless, since the efforts required to actuate
the VSS are not optimized, they become preponderant with
respect to the main robot active joint torques when analyz-
ing the full actuation chain energy savings, i.e. robot-plus-
VSS. Moreover, the work in [29], presents only simulation
results, which makes difficult to estimate in real operating
conditions, which are the energy savings.

In this paper, we consider the problem of exploiting the
combined motion of robot and VSS joints in the same time,
thus minimizing the overall energy consumption of the robot
plus the VSS simultaneously, which was never done before.
This is achieved thanks to the formulation of a boundary
value problem (BVP) in which both the parallel robot and
VSS dynamic equations are coupled and solved for the de-
sired boundary pick-and-place conditions, thus generating
natural motions considering the combined robot-plus-VSS
natural dynamics.

This paper is thus structured as follows: Section 2
presents the dynamic modeling of robots and VSS. Section 3
shows the BVP formulation for generating energy-efficient
pick-and-place trajectories considering the robot and VSS
dynamics simultaneously. Section 4 presents the results of
the proposed approach on an industrial-sized five-bar mecha-
nism with VSS in parallel to the actuated links. Furthermore,
in order to show the effectiveness of the suggested actuation
chain, two types of actuation are compared: i) nominal actu-
ation, which consists of the parallel robot without springs; ii)
use of VSS in parallel with the robot actuated links.
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2 Dynamic analysis of the parallel configuration of VSS
and motors

2.1 Actuation concept based on VSS in parallel
In order to increase the energy efficiency while ensuring

accuracy when performing high-speed pick-and-place oper-
ations, the purpose of this work is to present a strategy to dy-
namically exploiting the actuation principle based on VSS.
As explained earlier, the springs will be used as energy stor-
age devices: during the deceleration phase, they will store
the robot energy, thus avoiding to release it on the electri-
cal network and dissipate it by heat; during the acceleration
phase, the energy stored in the springs will be released to the
mechanical system, thus reducing the necessity to provide
current to the motors in order to put the robot into motion.
VSS being springs whose anchor points could be controlled,
it is possible to adapt their stiffness such that the robot is
able to reduce its energy consumption for a large range of
motions.

Let us first describe the modified robot with VSS. It
should be mentioned that the robots considered in the present
paper are of parallel architecture. This is because many high-
speed pick-and-place industrial robots are parallel robots.
However, the presented energy-consumption strategy could
be applied other types of robot manipulators.

According to Fig. 1, we will consider a general paral-
lel manipulator with torsional VSS in parallel with the robot
motors. The architecture is composed of a rigid fixed base,
which is attached to the global frame F0(O,x0,y0,z0), a rigid
moving platform, attached to Fp(P ,xp,yp,zp), and n active
joint variables (n corresponding as well to the number of
legs). For the variable stiffness system, we will consider
ns variable stiffness springs. It is worth noticing that, as
depicted in Fig. 2, the variable stiffness springs are placed
in parallel to the robot actuated links, thus ensuring direct
power connection between motors and links of the robot.

The parameterization of the different bodies of the kine-
matic architecture Fig. 1 is defined as follows:

� P represents the moving platform;
� Mi represents the motor that actuate the ith leg of the

parallel robot,
� Msi represents the motor that actuate the ith variable

stiffness spring,

for i = 1, ...,n.

2.2 Recalls on the dynamic modeling of parallel robots
In order to compute the dynamic model of parallel

robots with VSS in parallel, we will firstly compute the dy-
namic model of the parallel robot alone.

Let us thus briefly recall the formulation for computing
the dynamic model of parallel robots presented in [30]. We
will consider a parallel robot composed of n degrees of free-
dom and driven by n active joints. The links are considered to
be rigid. Moreover, friction is taken into account in the joints
by using the linear model proposed in [31]. The position and
velocity of the parallel robot can be described as: q and q̇
representing the n-dimensional vectors of active joint vari-

Moving platform

Fixed base

M1

MiM2

Mn

Variable torsional
stiffness springsMs1

Ms2

Msns

Msj

Actuated
link

Passive joint

y0

z0

x0

yp

zp

xp

O

P

Fig. 1. A general parallel robot with variable stiffness torsional
springs in parallel configuration with the actuated links.

M
i

M
sii

Fig. 2. Power transmission system of variable stiffness springs in
parallel to the motors. qi and qs j represent the parallel robot
joints and variable stiffness joints coordinates, respectively, and i =
1, ...,n, j = 1, ...,ns.

ables and of active joint velocities, respectively. x and ẋ will
represent the n-dimensional vectors of platform pose and of
its time derivatives, respectively. The input-output kinematic
constraint that describes the relation between ẋ and the active
joint velocities q̇ is given by:

Aẋ+Bq̇ = 000 (1)
where A and B are the (n× n) parallel and serial kinematic
Jacobian matrices, respectively [32]. Then, by using the La-
grange formalism, the dynamic model of the robot can be
written as follows:

τττ = τττta−BT
λλλ, wp = AT

λλλ (2)
where τττ is the n-dimensional vector of the robot input efforts,
λλλ is the n-dimensional vector of Lagrange multipliers, τττta
and wp are the n-dimensional vectors defined by:

τττta =
d
dt

(
∂L
∂q̇

)T

−
(

∂L
∂q

)T

,wp =
d
dt

(
∂L
∂ẋ

)T

−
(

∂L
∂x

)T

(3)
where L is the Lagrangian of the parallel robot without the
VSS.

From equations in (2), considering matrix A to be full
rank, i.e. out of Type 2 singularity [33], the dynamic model
of a parallel robot can be obtained as:

τττ = τττta−BT A−T wp (4)
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which, according to [30], can be written in its decoupled
form:

τττ = Mq̈+ c+ fa (5)
where M is an (n× n) definite positive matrix of inertia de-
pending on the active joints coordinates q and platform co-
ordinates x. c is an n-dimensional vector of Coriolis, cen-
trifugal and gravitational effects and its value depends on the
robot configuration and velocity. fa is an n-dimensional vec-
tor grouping the active joint friction terms.

2.3 Modeling of the robot plus the VSS in parallel with
the actuated links

Before developing the dynamic modeling of the VSS,
it is worth mentioning that here we will only consider tor-
sional springs for the VSS. This is done due the fact that, as
it will be shown in Section 4, the experimental benchmark is
composed of only revolute joints. Thus, since pure torsional
springs are deformed with only the application of torques
(same for actuating revolute joints), the VSS actuation would
be more motion-natural by using torsional springs in the full
actuation chain (See Fig. 2). However, the approach could
also be extended to linear springs.

In what follows, for the dynamic model of the VSS,
we will refer to qs and q̇s as the n-dimensional vectors of
variable stiffness joint variables and velocities, respectively.
By considering the effects of the elastic deformation of the
springs (due to qi and qs j ) with their force/displacement re-
lations, the dynamics in (5) become:

τττ = Mq̈+ c(q, q̇)+ fa + τττs (6)
where τττs is the n-dimensional vector of elastic torques asso-
ciated to the VSS coupled to the robot in parallel, and whose
analytic expression follows from the Lagrange formalism:

τττs = K(q−qs) (7)
where K is the (n×n) stiffness matrix, and the dynamics of
the VSS is expressed by:

τττvss = Msq̈s +hs(qs, q̇s)+ fs− τττs (8)
where Ms is an (n×n) definite positive matrix of inertia de-
pending on the variable stiffness joints coordinates qs, and hs
is an n-dimensional vector of Coriolis, centrifugal and grav-
itational effects and its value depends on the variable stiff-
ness joints coordinates qs and their time derivatives q̇s. fs is
an n-dimensional vector grouping the variable stiffness joint
friction terms.

In the next section, we explain how our motion genera-
tor exploits the dynamic model (6)–(8) in order to generate
energy efficient pick-and-place motions.

3 Exploiting the robot natural dynamics
During an energy-efficient pick-and-place operation,

there are two main performances expected to be achieved
from the high-speed robot: i) to accurately meet the de-
sired boundary conditions (pick or place positions), and ii)
to perform the task with minimum energy-demand from the
actuators, both expected performances to be completed in a
given motion duration. This means that there is no restriction

for the robot on how to go from the initial to the final posi-
tions, except eventual collisions within the robot links, exter-
nal environment or singularity loci, as long as it is the most
energy-efficient. Indeed, in our work, we consider that we
have checked a priori that the workspace in which the robot
will move is free of collision and singularity free. Managing
the presence of singularity or collisions with the external en-
vironment and/or between the robot links is left as a future
work.

For this, let us exploit the results shown in [28] in which
it is shown that more that 90 % of loss for the actuation chain
in a typical high-speed pick-and-place operation are due to
the resistive and conduction losses which are quadratic func-
tions of the motor electric currents, and thus, of the motor
input efforts τττ and τττvss, during the deceleration phase. That
is why, based on this previous hypothesis, by imposing τττ and
τττvss to be null during the deceleration phase, we may con-
siderably reduce the energy losses. However, as it will be
explained thereafter, these conditions are not achievable, and
we are going to propose an alternative based on cancelling
the time-derivatives of the input efforts.

As a result, in this section, we propose an algorithm
based on a BVP that imposes τ̇ττ and τ̇ττvss to be zero during
the robot deceleration phase. The algorithm will be detailed
after a short recall on how to solve a BVP based on the shoot-
ing method.

3.1 Solution of BVP by using the shooting method
In the field of numerical methods for solving differential

equations, a BVP is defined when two conditions are given at
different values of the independent variable of the differential
equation [34], i.e.:

h′ = f (t,h), a < t < b (9)
with the boundary conditions:

h(a) = PA, h(b) = PB (10)
where (9) is a second order differential equation, t is the in-
dependent variable, PA and PB are the desired boundary con-
ditions at t = a and t = b of the BVP.

The classical way to use the shooting method to solve
the BVP (9)-(10) is by treating it as an initial value problem
(IVP) [34], in which the initial conditions are given by:

h(a) = PA, h′(a) = α (11)
where α represents the slope of the solution, i.e. the first
derivative of h(t) at t = a, and it must be chosen in such a
way that the solution of (9) satisfies the remaining boundary
condition h(b) = PB from (10).

Thus, in a similar vein, this paper proposes to use a BVP
formulation to exploit the natural motions of the pseudo-
periodic pick-and-place oscillations of the parallel robot.
The algorithm is detailed below.

3.2 BVP applied on energy-efficient high-speed robots
According to the expressions (6) and (8), if τττ, τττvss are

null during the deceleration phase starting at a time tk up to
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End-effector

position

Energy

consumption

Fig. 3. Graphical interpretation of shooting method for solving the
BVP for the robot-plus-VSS system.

the time t f , then we can find that, for t ∈ [tk, t f ]:
q̈ =−M−1(c+K(q−qs)+ ḟa)

q̈s = J−1
s (K(q−qs)− fs)

(12)

with initial boundary conditions q̇(tk) = q̇tk , q̇s(tk) = q̇stk and
q(tk)= qtk , qs(tk)= qstk , q̇tk , q̇stk , qtk and qstk being fixed val-
ues. With these four initial conditions, we cannot ensure to
attain the six final boundaries at time t f which are: desired
motor positions q(t f ) = q∗t f

, qs(t f ) = q∗st f
, desired motor ve-

locities q̇(t f ) = q̇∗t f
, q̇s(t f ) = q̇∗st f

(usually equal at 0) and de-
sired motor accelerations q̈(t f ) = q̈∗t f

, q̈s(t f ) = q̈∗st f
(usually

also null). Therefore, the problem needs to be modified.
With the purpose of being able to specify acceleration

constraints in the BVP formulation, we will thus time differ-
entiate the dynamic expressions (6) and (8) in order to obtain
the jerk equations:

τ̇ττ = M ...q +Ṁq̈+ ċ+K(q̇− q̇s)+ ḟa (13)

τ̇ττvss = Js
...q s−K(q̇− q̇s)+ ḟs (14)

If, for t ∈ [tk, t f ], τ̇ττ = 0 and τ̇ττvss = 0, then:
...q =−M−1(Ṁq̈+ ċ+K(q̇− q̇s)+ ḟa) (15)

...q s = J−1
s (K(q̇− q̇s)− ḟs) (16)

with initial boundary conditions: q̈(tk) = q̇tk , q̈s(tk) = q̇stk ,
q̇(tk)= q̇tk , q̇s(tk)= q̇stk and q(tk)= qtk , qs(tk)= qstk , q̈tk and
q̈stk being fixed values. For these six known initial configu-
rations are tk, the system of nonlinear ordinary differential
equations (ODEs) (15)–(16) can be solved by using a stan-
dard Runge-Kutta approach, and a shooting method can be
used in order to find the values of these six initial boundary
conditions leading to q(t f ) = q∗t f

, qs(t f ) = q∗st f
, q̇(t f ) = q̇∗t f

,
q̇s(t f ) = q̇∗st f

, q̈(t f ) = q̈∗t f
and q̈s(t f ) = q̈∗st f

. In this work, we
used a Runge-Kutta method of order 4.

Obviously, fixing τ̇ττ = 0 and τ̇ττvss = 0 impose τττ and τττvss
to be constant vectors of input efforts. Nevertheless, we can
tune (or optimize) the value of tk such that the squared norm
of τττ(t) = [τττT (t) τττT

vss(t)]
T for t ∈ [tk, t f ] (or even during the

whole motion duration) is as small as possible, thus tending
to minimizing the energy consumption. As shown later in
Section 4, this heuristic works very well in practice.

These considerations being taken into account, in a
given pick-and-place cycle between two points PA and PB
with given duration t f (Fig. 3), we recall that most of the en-
ergetic losses are accumulated during the braking phase of
the high-speed motion. That is why, we can consider the full
cycle as two motion segments, i.e. a motion segment from t0
(initial time when the robot is at PA) to tk, and a braking seg-
ment from tk to t f , in which tk represents the time at which
the braking phase starts. As a result:

� For t ∈ [tk, t f ], i.e. on the end of the motion, correspond-
ing essentially to the decelerating phase, the motion will
be defined by solving the BVP based on the system of
ODEs (15)–(16): thanks to a shooting method, the ini-
tial boundary conditions s = [qT

tk q̇T
tk q̈T

tk qT
stk q̇T

stk q̈T
stk ]

T at
tk (Fig. 3) are found such that the final desired motor po-
sitions q∗t f

, q∗st f
, velocities q̇∗t f

, q̇∗st f
and accelerations q̈∗t f

,
q̈∗st f

are attained at t = t f .
� Then, for t ∈ [t0, tk[, i.e. during the time for which the en-

ergetic losses remain without drastic increases, and are
less preponderant with respect to the braking phase, a
classical 5th-degree polynomial motion profile is used
to create a motion between (i) the motion starting condi-
tions (at time t0) with desired motor positions q(t0)= q∗0,
qs(t0) = q∗s0

, velocities q̇(t0) = q̇∗0, q̇s(t0) = q̇∗s0
and ac-

celerations q̈(t0) = q̈∗0, q̈s(t0) = q̈∗s0
, and (ii) the motion

conditions at time tk defined by the vector s found by
solving the previous BVP on t ∈ [tk, t f ].

From the previous BVP formulation and from the defini-
tion of the decision variable vector s, it should be noted that
since there is the same number of final boundary conditions
at time t f as number of decision variables in s, from theory
of shooting algorithms in [34], we know that it should be
possible to find a solution for such BVP by using the shoot-
ing formulation since the optimization problem is squared. It
should also be mentioned that for solving the BVP with the
shooting method, we used a Levenberg - Marquardt (LM)
algorithm [35]. The shooting method algorithm is defined in
Algorithm 1.

In this algorithm, maxk is the maximum number of it-
erations, εεε1...6 represent error thresholds, RK4 is an ODE
solver for (15)-(16) (here, a Runge-Kutta method of order
4) and LMUpdate is a function representing the Levenberg-
Marquardt updating law based on [35]. It should be noted
that, from the aforementioned algorithm, expressions (15)
and (16) are integrated at each iteration in order to eval-
uate (Eq(sk),Eq̇(sk),Eq̈(sk),Eqs(sk),Eq̇s(sk),Eq̈s(sk)), which
means that M from (15) must be numerically invertible, i.e.
out of Type 2 singularity [33]. Thus, in the integration step,
an inversion-checking condition defined by |κ(q)|< γ, where
κ represents the condition of proximity to singularity with γ

denoting a threshold, is added to verify the inversion con-
dition. As a condition of proximity to singularity, we com-
pute the condition number of the matrix A in (1), which is
the kinematic matrix that degenerates in the singularity lo-
cus, see [36] for an example of this condition. Any other
criterion characterizing the proximity to singularity could be
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Algorithm 1 : Shooting method applied on robot and VSS
jerk equations given the desired boundary conditions.

Input: k← 0,maxk ← 100, tint ← [tk, ..., t f ], h > 0, s0 ←
[1,1, ...,1]T , t f > 0, tk > 0, tk < t f ,

while |Eq|>εεε1, |Eq̇|>εεε2, |Eq̈|>εεε3, |Eqs |>εεε4, |Eq̇s |>εεε5,
|Eq̈s |>εεε6, k ≤ maxk do

[q, q̇, q̈,qs, q̇s, q̈s]k = RK4(tint ,sk,h,(
...q ,

...q s)) ▷ Numer-
ical integration with Runge-Kutta 4th order of Eqs.
(15)-(16)

E(t f ,sk) =



Eq(sk) = q(t f ,sk)−q∗t f

Eq̇(sk) = q̇(t f ,sk)− q̇∗t f

Eq̈(sk) = q̈(t f ,sk)− q̈∗t f

Eqs(sk) = qs(t f ,sk)−q∗st f

Eq̇s(sk) = q̇s(t f ,sk)− q̇∗st f

Eq̈s(sk) = q̈s(t f ,sk)− q̈∗st f

▷ Residuals

at the final motor configurations, velocities and acceler-
ations

Jk =
∂E(t f ,sk)

∂sk
▷ Gradients of the residuals

∆sk = LMUpdate(sk,Jk) ▷Levenberg-Marquardt update
sk+1 = sk + ∆sk
k = k+1

end while
Output:
if k < maxk then

sk ▷ initial value conditions for Eqs. (15)-(16) ensuring
that |E| ≤ [εεεT

1 . . .εεε
T
6 ]

T

else
The problem must be run again with larger value for
maxk

end if

used [37].
It should be finally mentioned that, in practice, the Algo-

rithm 1 may have difficulty to converge if the friction terms
fa and fs in Eqs. (6)–(8) are too big, especially the Coulomb
friction terms which are modelled with discontinuous “sign”
functions [30]2. In such a case, it is better to remove the
friction functions and their time derivatives from the model,
and to solve it without them, at the price of a lower energy
efficiency.

In order to validate the aforementioned theoretical for-
mulations, the following Section presents experimental re-
sults from testing the energy-efficient motion generator on a
planar five-bar mechanism with VSS in parallel to the actu-
ated links.

2Discontinuous “sign” functions may be approximated by continously
differentiable function like “atan” or “tanh”, but the slope around 0 may be
still very high, leading to potential numerical issues when solving the BVP.

4 Case study: Five-bar mechanism with variable stiff-
ness springs

4.1 Description of the architecture
Here, the description of the full experimental system,

i.e. robot and VSS, will be presented, firstly for the five-bar
mechanism and then for the variable stiffness system. A five-
bar mechanism is a planar parallel robot whose schematic is
shown in Fig. 4. This robot is a 2-DOF parallel robot able to
perform two translations in the plane (O, x0, y0), and which
is composed of two legs:

� A first leg composed of 3 revolute joints whose axes are
parallel, directed along z0 and located at points A11, A12
and A13, the joint located at point A11 being actuated,
and

� A second leg composed of 2 revolute joints whose axes
are parallel, directed along z0 and located at points A21
and A22, the joint located at point A21 being actuated.

All other joints are passive (A12, A22, A13). The actuation of
the parallel robot is provided by q = [q11,q21]

T . The vec-
tor of moving platform pose is given by x = [x,y]T . a is the
distance between the actuated joints. Finally, ℓ1 and ℓ2 rep-
resent the length of the proximal links of the robot, and ℓ3
and ℓ4 represent the length of the distal links of the robot.

For the design of the five-bar mechanism, the two se-
rial kinematic chains that constitute the parallel robot are
of equivalent dimensions and manufactured in aluminum.
According to the CAD model for prototyping the five-
mechanism in Fig. 5, the robot is thus composed as follows:

� two motors M1 and M2 for the actuation of the active
joints separated one from each other by a distance of a
= 250 mm;

� two proximal links (actuated links) of dimension equal
to ℓ1 = ℓ2 = 280 mm, and two distal links of dimension
equal to ℓ3 = ℓ4 = 400 mm;

� the rectangular workspace from Fig. 5 represents the op-
erational workspace for the five-bar prototype.

For the variable stiffness system, the design and func-
tioning principle of the VSS are shown in Fig. 6 for one
of the actuated links of the parallel manipulator. Based on
Fig. 6, the link-plus-VSS system of each proximal link of
the five-bar mechanism is driven by motors 1 and 8 , each
of them used for actuating the VSS system ( 2 , 3 , 4 ,
5 , 6 ) and the robot link 7 , respectively. As shown in

Fig. 6, the deformation of the spring 6 , and therefore the
VSS stiffness, can be adjusted by means of two spring anchor
points (A1 and A2), each of them controlled by a pulley-belt-
transmission system ( 3 , 4 , 5 ) on the top, associated to
variable qsi , and by the active joint 8 of the robot link on
the bottom, associated to the variable qi1. The pulley-belt-
transmission system consists of a driving pulley 3 , whose
displacement is parameterized by qsi , which transmits the
one-to-one ratio to the driven pulley 5 connected to the tor-
sional spring 6 in parallel with the robot link 7 . The real
five-bar mechanism with VSS in parallel is shown in Fig. 7.
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Fig. 4. Five-bar mechanism parameterization with two actuated
joints q11 and q21, and three passive joints q12, q22 and q13. The
variable stiffness torsional springs are located in parallel to the two
actuated joints defined by qs1 and qs2.
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Fig. 5. CAD of five-bar mechanism.
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Fig. 6. CAD of variable stiffness system. Numbers in the picture
correspond to the main parts of the prototype.

4.2 Dynamic model and identification
The dynamic model of the five-bar mechanism with VSS

was computed according to the methodology from Section 2.
For the identification of the dynamic parameters of the ex-
perimental prototype, a least square method from [38] was

Fig. 7. Real prototype in isometric view.

used. The resulted identified dynamic model that describes
the experimental system is thus given by:
τττ= τττta−BT

λλλ+τττs, wp =AT
λλλ, τττvss = Js−τττs (17)

with

τττta =

[
zz11Rq̈11

zz21Rq̈21

]
+

[
fs1sign(q̇11)

fs2sign(q̇21)

]
,wp = mR

[
ẍ

ÿ

]
(18)

τττs =

[
k11(q11−qs1)

k21(q21−qs2)

]
(19)

Js =

[
J1q̈s1

J2q̈s2

]
+

[
fvss1sign(q̇s1)

fvss2sign(q̇s2)

]
+

[
fv1(q̇s1)

fv2(q̇s2)

]
(20)

where:

� mR is the mass of the end-effector (point A13); mR =
2.6370 ± 0.08 kg;

� zz11R and zz21R are the grouped inertial effects due to
rotation of the mechanism, respectively at the first active
joint (A11) and at the second active joints (A21); zz11R =
0.1860 ± 8·10−3 kg.m2 and zz21R = 0.1805 ± 7·10−3

kg.m2;
� fs1 is the term of static friction (Coulomb) in the first

active joint (respectively fs2 for the second active joint);
fs1 = 1.0778 ± 0.1446 Nm and fs2 = 1.2283 ± 0.1267
Nm;

� k11 and k21 represent the spring constants, respectively
for each VSS; k11 = 4.6707 ± 0.2297 Nm/rad and k21 =
4.4789 ± 0.1595 Nm/rad;

� J1 and J2 are the grouped inertial effects due to rota-
tional motion of the variable stiffness system, respec-
tively for the VSS placed in parallel of each actuated
link; J1 = 0.0223 ± 1·10−3 kg.m2 and J2 = 0.0122 ±
7·10−4 kg.m2;

� fvss1 is the term of static friction (Coulomb) grouping the
friction effects due to bearings, pulley-belt transmission
tension and the friction due to the internal contact of the
torsional spring coils (respectively fvss2 for the second
VSS); fvss1 = 2.1390± 0.1535 Nm and fvss2 = 2.5677±
0.1726 Nm;

� fv1 is the term of viscous friction for the motor Ms1 of
first VSS (respectively fv2 for the motor Ms2 of the sec-
ond VSS); fv1 = 0.0764 ± 0.011 Nms and fv2 = 0.0742
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± 0.023 Nms.

Note that error of estimation provided with the identified pa-
rameters is a direct result of the least square identification
technique [38].

4.3 Controller design
For controlling the four active joints of the experimental

robot, i.e. the two joints from the parallel robot and the two
joints from the motors that adjust the equilibrium position
of the VSS, a dSPACE controller board was used accord-
ing to the experimental benchmark shown in Fig. 8. This
control card allows to implement real-time control in com-
bination with Matlab/Simulink. Additionally, a Computed
Torque Control (CTC) [31] was implemented for tracking
the energy-efficient motions computed from the BVP for the
five-bar-plus-VSS active joints, i.e. q = [q11,q21] and qs
= [qs1 ,qs2 ], respectively. The CTC is an advanced control
technique which computes the input torques that the actu-
ators must apply to the robot in order to track a given tra-
jectory [31]. In this case, the CTC is implemented in or-
der to track as best as possible the motions generated from
the BVP, so that the robot-plus-VSS can move as energy-
efficient as possible. The bandwidth of the CTC was set at
around 12 rad/s.

4.4 Experimental results for reducing energy consump-
tion

In order to validate the theoretical formulations for per-
forming energy-efficient motions, here, we define two sets
of desired pick-and-place conditions for testing the energy-
efficient motion generator developed in Section 3. It is worth
mentioning that, in what follows, for computing the ener-
getic losses for the two experimental scenarios, we estimate
the losses thanks to the model presented in [28] that is not
recalled here for reasons of brevity. This is because, due to

technological limitations, we cannot have a direct measure of
the motor energy consumption. In this model, several types
of energy losses are taken into account:

� Losses in the motor phases (our actuators are three-
phase motors developing a peak torque of 24 Nm for
a current of 12.6 A)

� Losses due to a resistance for achieving motor braking
� Conduction and switching losses in the different motor

phases due to transistors and diodes
� Rectification losses

Note that, in this model, the losses are quadratic with the in-
tensity of the current circulating in the different motor phases
and are linear with the resistances all along the current cir-
cuit.

4.4.1 First pick-and-place task
The first set of boundary constraints represents a trajec-

tory symmetrically defined in the operational workspace of
the five-bar mechanism (Fig. 9) in which each pick-and-place
point is required to be joined at different travel time, and the
desired positions are defined as follows:

� A = [0,0.4], B = [0.15,0.38], C = [−0.15,0.38], D =
[0.15,0.42], E = [−0.15,0.42].

The connecting times for the desired pick-and-place po-
sitions are defined respectively in Fig. 9. In order to analyze
the results in terms of input torque reduction and energy con-
sumption, two different types of actuation modes were con-
sidered: i) nominal actuation in which the pick-and-place
positions are joined thanks to a classical fifth-degree polyno-
mial and there is no elastic element attached to the actuated
links (VSS were dismounted), ii) actuation with VSS in par-
allel of each actuated link and in which the trajectories are
generated thanks to the BVP formalized in Section 3.

Here, it should be mentioned that for the nominal actu-
ation case (without VSS), the robot was not able to track the
desired trajectory in Fig. 9. This is because, for the nominal
actuation case, this trajectory is dynamics demanding and
it requires to develop motor torques higher than the motor
limit torques (23.9 Nm). Therefore, the results presented be-
low for the nominal type of actuation for the test trajectories
were computed in simulation. Note that we used the model of
the nominal actuation case because it was properly identified
using the method [38], leading to a motor torque prediction
with less than 5 % of error. We did not meet this issue for the
actuation case when using VSS: for this, real experimental
results are provided. We recorded the reference torques sent
by the controller to the motors, which can be considered as
the real torques developed by the motors due to the very high
bandwidth of the motor current loop.

For the set of boundary positions shown in Fig. 9, the
RMS values of the input torques from the full actuation chain
are grouped in Table 1. It can be seen that the reduction of
torques RMS between the nominal and VSS actuation cases
is about 70 %. In addition to the aforementioned results in
terms of input torques reduction, in the last column of Ta-
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Fig. 9. Multiple-point pick-and-place sequence in the five-bar mech-
anism workspace: A→ B (travel time: 0.32 s), B→C (travel time:
0.31 s), C→D (travel time: 0.30 s), D→ E (travel time: 0.31 s), E
→ B (travel time: 0.34 s), B→ A (travel time: 0.31 s).

ble 1, we compare the RMS of the torques delivered by each
of the motor in the nominal actuation case to the RMS of the
vector ∥τi τvssi∥ (i = 1,2, τi being the torque of motor Mi,
τvssi being the torque delivered to move the VSS associated
with motor Mi). These RMS values are directly related to
the energy consumption of the full actuation chain for each
motorized link and will used as a substitution metrics of the
energy consumption that cannot be directly measured in our
benchmark, as previously explained. It can thus be seen in
Table 1, the input torque RMS reduction can reach up to 54 %
when considering the full actuation chains.

The results in terms of energetic losses from the two
types of actuation (nominal and by using VSS) are shown
in Fig. 10. First of all, it should be noted that during the
evolution of the energetic losses along the motion for the
case of nominal actuation, most of the losses appears dur-
ing the braking phase. This can be seen thanks to all the in-
crements appearing in the deceleration phase when the robot
approaches all the place positions. That is why, thanks to the
solution of the BVP, to exploit the natural dynamics during
the braking phase, the energetic losses from the full actu-
ation chain can be drastically reduced by 55 %. This can
be seen during all the braking phases along the evolution of
the losses for the case when using VSS, in which the ener-
getic losses are drastically reduced with respect to the nom-
inal case, leading to a remarkable percentage of energy sav-
ings. It should be also noted that based on Fig. 11, while
being able to ensure energy-efficient motions, putting VSS
in parallel with the actuated links (and not in series, as if we
were using VSA), the tracking error along the desired pick-
and-place motion remains bounded on the order of 10−3 rad,
which is rather small.

4.4.2 Second pick-and-place task
For the second set of boundary constraints, the required

pick-and-place task to be performed follows from an asym-
metric shape as it can be seen in Fig. 12. The pick-and-place
desired positions must be joined at variable times defined in

Table 1. RMS values of input torques for nominal case and for case
when using VSS in parallel for first pick-and-place task.

Nominal Using VSS in parallel

RMS. Torques RMS. Torques

τττRMS τττRMS τττvssRMS [τi τvssi ]RMS

(Nm) (Nm) (Nm) (i = 1,2) (Nm)

[12.84, 13.62] [3.12, 3.18] [2.70, 4.28] [4.64, 6.40]

Fig. 10. Comparison of energetic losses for two types of actuation:
nominal and case when using VSS for first pick-and-place task.

0 0.5 1 1.5

Time (seconds)

-5

0

5
T

ra
c
k
in

g
 e

rr
o

rs
 (

ra
d

)

×10
-3

Joint 1: q
11

Joint 2: q
21

Fig. 11. Tracking errors along the trajectory generated for the first
set of boundary pick-and-place conditions.
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Fig. 12, with boundary conditions defined here:

� A = [0,0.4], B = [0.2,0.32], C = [−0.1,0.4], D =
[0.15,0.42], E = [−0.15,0.32].
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Table 2. RMS values of input torques distribution for nominal case
and for case when using VSS in parallel for second pick-and-place
task.

Nominal Using VSS in parallel

RMS. Torques RMS. Sum of Torques

τττRMS [τi τvssi ]RMS (i = 1,2)

(Nm) (Nm)

[14.38, 13.17] [5.56, 7.40]

Fig. 13. Comparison of energetic losses for two types of actuation:
nominal and case when using VSS for second pick-and-place task.
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Fig. 14. Tracking errors along the trajectory generated for the sec-
ond set of boundary pick-and-place conditions.

In Table 2, the robot plus VSS input torques RMS are
compared with respect to the nominal type of actuation. The
results show that thanks to the distribution of efforts in the
energy-efficient actuation, based on Table 2, it can be seen
that the input torque reduction can reach up to 44 %. The
results in terms of reduction of the energetic losses from
the two types of actuation (nominal and by using VSS) are
shown in Fig. 13. It can be seen that the energetic losses from
the full actuation chain when considering the friction losses
in Fig. 13 can be drastically reduced by a 54 %. Finally,
Fig. 14 shows a tracking error on the order of 10−3, from
the CTC performed along the desired pick-and-place motion,
which still confirm the possibility to have a great positioning
accuracy of the system composed of the robot plus the VSS.

All these results confirm the interest of the approach
for decreasing the energy consumption of high-speed robots.
Note that, in [39], the same approach was successfully ap-
plied in simulation to a 3-degrees-of-freedom DELTA robot
with randomized via points distributed in the workspace,
showing the versatility of the approach.

5 Conclusions
This paper proposes a strategy to perform energy-

efficient high-speed pick-and-place motions by placing VSS
in parallel to the actuated links of high-speed robots, and
combining it with a proper motion generator. This motion
generator was based on solving a boundary value problem
(BVP), in which the objective was to exploit the combined
motion of the robot active joints and VSS joints for mini-
mizing the energy consumption. By exploiting this actuation
property, we were able to minimize the robot and VSS in-
put torques simultaneously, and thus the full actuation chain
energy consumption for fast quasi-periodic motions. Experi-
mental results of the suggested approach on a five-bar mech-
anism with VSS in parallel to the actuated links showed the
drastic reduction of energy consumption of around 55 % on
pick-and-place trajectories. These energy consumption re-
duction results did not neglect the energy required to actuate
VSS, contrary to previous existing works.

Future works on this subject includes the development
of a strategy to generate energy-efficient motions in case the
dynamic parameters are not previously identified, thus con-
sidering uncertainties on the dynamic model. We are also
going to consider the case of variable end-effector payload
in each segment of the pick-and-place task.
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