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STABILITY OF EQUIVARIANT LOGARITHMIC TANGENT
SHEAVES ON TORIC VARIETIES OF PICARD RANK TWO

ACHIM NAPAME

ABSTRACT. For an equivariant log pair (X, D) where X is a normal toric va-
riety and D a reduced Weil divisor, we study slope-stability of the logarithmic
tangent sheaf Jx (—log D). We give a complete description of divisors D and
polarizations L such that Jx (—log D) is (semi)stable with respect to L when
X has a Picard rank one or two.

1. INTRODUCTION

The notion of slope-stability was first introduced by Mumford [17] in his construc-
tion of moduli spaces of vector bundles over a curve. This notion was generalized in
higher dimension by Takemoto [21]. A vector bundle, or more generally a torsion-
free sheaf & on a complex projective variety X is said to be slope-stable (resp.
semistable) with respect to a polarization L, if for any proper coherent subsheaf .#
of & with 0 < rk(%) < rk(&), one has pr(F) < pr(&) (resp. pr(F) < pr(é))
where the slope of & with respect to L is given by

. rdim(X)—1
ML(éa) _ Cl((ga) L
rk(&)

As the study of stability of reflexive sheaves is a difficult problem, we are interested
by the category of torus equivariant reflexive sheaves over normal toric varieties.
Using the description of equivariant reflexive sheaves over toric varieties in terms of
families of filtrations given by Klyachko [13] and Perling [19], Kool in [14, Proposi-
tion 4.13] showed that it is enough to compare slopes for equivariant and reflexive
saturated subsheaves.

Tangent sheaves are natural examples of equivariant reflexive sheaves on normal
toric varieties. Using its equivariant structure, Hering—Nill-Siiss [8] and Dasgupta—
Dey—Khan [4] studied slope-stability of the tangent bundle of smooth projective
toric varieties of Picard rank one or two. Inspired by litaka’s philosophy, in this
paper, we extend the results of [4, 8] to the case of equivariant logarithmic pairs
(X, D). More precisely, if X is a normal toric variety and D a reduced snc (sim-
ple normal crossing) divisor such that the logarithmic tangent sheaf Ix (—log D)
is equivariant, we are interested by the set of polarizations L on X such that
Ix(—log D) is (semi)stable with respect to L.

We first note that the logarithmic tangent sheaf Jx(—log D) is equivariant if
and only if D is a torus invariant divisor of X. For a toric variety X with fan ¥ in
N ®z R, we denote by D, the torus invariant divisor of X corresponding to the ray
p € X(1) (see Section 2 for precise definitions). Then we have:

Theorem 1.1. Let A C (1) and D = > A D,. The family of filtrations
(E.{E?(j)}pesq), jez) of the logarithmic tangent sheaf Ix (—log D) is given by

) 0 if j < -1
P _
B (3)_{ N&zC ifj>0

ifpe A

Key words and phrases. Toric varieties, logarithmic tangent sheaves, slope-stability.
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2 A. NAPAME

and by

0 if j <=2

Span(u,) ifj=—1 ifpéd A
N ®z C if 720

where u, € N is the minimal generator of the ray p.

E*(5)

Remark 1.2. We will see in Section 3.2 that if A = X(1), then Jx(—logD) is
isomorphic to the trivial sheaf of rank dim(X) and if A = @, then Jx(—log D) is
the tangent sheaf Jy.

By Theorem 1.1 and the fact that |2(1)| = dim(X) + rk(C1(X)) on complete
normal toric varieties X, we show that:

Proposition 1.3. If 1 + rk(Cl(X)) < |A] < |X(1)] — 1, then for any polarization
L, the logarithmic tangent sheaf Tx(—log D) is unstable with respect to L.

According to this proposition, it is therefore sufficient to study the stability of
Ix(—log D) when |A] < rk(Cl(X)). Thus, in this paper we study the case where
X is smooth, rk C1(X) € {1,2} and 1 < |A| < rkCl(X). Note that the only smooth
projective toric variety with Picard number one is the projective space P™.

Proposition 1.4. Let D be an invariant hyperplane section of P™. Then, the
logarithmic tangent sheaf Jpn(—log D) is polystable with respect to Opn(1).

By [12, Theorem 1], every smooth toric variety of Picard rank two is of the form
X =P(Op- &P;_; Op+(a;)) with r,s € N* and a1, ...,a, € Nsuch that a; <... <
a,. Moreover, X blown down to P"*# if and only if (a1,...,a,) = (0,...,0,1). We
denote by 7 : X — P? the projection map. Let ¥ be a vector bundle associated to
the locally free sheaf

ﬁps (&) ﬁ[P’s (7(11) D...D ﬁﬂ]’s(faur).

Then the irreducible invariant divisors of X are given by

Dy, =7 {(20:...:25) €P5:2; =0}) for0<j<s
D,, = {s; =0} for0<i<r
where the {s; = 0} are the relative hyperplane sections associated to the line

subbundles of ¥V. If L = 7*0ps () @ Ox(B) is a polarization of X, according to
the value of v := a//f3, in Tables 1, 2, 3 and 4, we give a complete classification of
reduced divisors D and polarizations L on X such that the equivariant logarithmic
tangent sheaf Jx (—log D) is (semi)stable with respect to L. In particular:

Proposition 1.5. Let X = P(Op ® @;_, Op:(a;)) with a1 = ... = a, = 0. Then
for any
De{D, :0<i<r}U{Dy,:0<j<s}
U{Dy, + Dy, :0<i<r,0<j < s}

Ix(—log D) is polystable with respect to L if and only if L is a power of the polar-
ization corresponding to —(Kx + D).

For a, > 1, we show that:

Theorem 1.6. Let X = P(Op- ® @,_, Op<(a;)) with a, > 1. There are o, 3 € N*
such that the logarithmic tangent sheaf Tx (—log D,,.) is (semi)stable with respect
to ™ Ops () ® Ox (B) if and only if a, = 1 and a,—1 = 0. Moreover, if a, = 1
and ar—1 = 0, then Ix(—logD,,) is stable (resp. semistable) with respect to
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T Op: () ® Ox (B) if and only if 0 < G < (resp. 0 < F < o) where vg is the
unique positive root of

s—1
s+r—1 s+r—1
Po(z) = ( )xk5< ):cs.
P k 5

Theorem 1.6 can be seen as an extension of [8, Theorem 1.4] to the case of
the logarithmic pair (X, D, ). Indeed, in [8, Theorem 1.4] it is shown that for
X =P(Op- ®@._; Op+(a;)) with a, > 1, there are «, f € N* such that the tangent

sheaf Jx is (semi)stable with respect to 7*Ops () ® Ox () if and only if a, = 1
and a,_1 = 0.

Remark 1.7. In the logarithmic case, it is not just varieties X which blown down
to P"** which admit divisors D such that Jx(—log D) is stable. If X = P(0p: &
@D;_, Op:(a;)) with a, > 1 and (a1, ...,a,) not necessarily equal to (0,...,0,1), in
Theorems 5.8 and 5.10, we will show that there are polarizations L on X such that
Ix(—log D,,) is (semi)stable with respect to L if and only if a3 = ... = a, and
(r—1Da, < (s+1).

Remark 1.8. For these studies of stability when rk C1(X) = 2, we use the calcula-
tions made in [8] but we simplify their arguments using Lemma 4.9.

Organization. In Section 2 we recall the necessary background on toric varieties,
equivariant reflexive sheaves and their families of filtrations. We also recall the
notions of slope-stability. In Section 3, we study the logarithmic tangent sheaf. We
prove Theorem 1.1 and Proposition 1.3. Sections 4 and 5 deal with the study of
the stability of Ix(—log D) when rk C1(X) = 2. In Section 6, we apply the results
of the paper on Hirzebruch surfaces.

Acknowledgments. I would like to thank my advisor Carl TIPLER for our dis-
cussions on this subject and also Henri GUENANCIA for some references.

2. TORIC VARIETIES, EQUIVARIANT SHEAVES AND STABILITY NOTIONS

In this section, we present the different notions that will be discussed in this
paper: toric varieties [2], equivariant sheaves [19] and stability of sheaves [21].

2.1. Normal toric varieties. A n-dimensional toric variety is an irreducible va-
riety X containing a torus T ~ (C*)™ as a Zariski open subset such that the action
of T on itself extends to an algebraic action of T on X.

Let N be a rank n lattice and M = Homy(N,Z) be its dual with pairing (-,-) :
M x N — Z. Then N is the lattice of one-parameter subgroups of the n-dimensional
complex torus Ty := N ®zC* = Homy (M, C*). We call M the lattice of characters
of Tyy. For K =R or C, we define Nx = N ®7 K and Mg = M ®7 K. We denote
by x™ : Tnv — C* the character corresponding to m € M and by A" : C* — Ty the
one-parameter subgroup corresponding to u € N.

A fan ¥ in Ny is a set of rational strongly convex polyhedral cones in Ng such
that:

e Each face of a cone in X is also a cone in 3;
e The intersection of two cones in ¥ is a face of each.

We will denote 7 < o the inclusion of a face 7 in ¢ € X. A cone ¢ in Ng is smooth
if its minimal generators form part of a Z-basis of N. We say that o is simplicial
if its minimal generators are linearly independent over R. A fan ¥ is smooth (resp.
simplicial) if every cone o in X is smooth (resp. simplicial). The support of ¥ is
given by || := U, ¢y, 0 and we say that X is complete if [¥| = Ng.
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Notation 2.1. For a finite subset S C N, we denote by Cone(S) the cone generated
by S. For a fan X, we denote by

e X(r) the set of r-dimensional cones of ¥;

e u, € N the minimal generator of p € X(1).

Elements of X(1) will be called rays.
For o € 3, let U, = Spec(C|[S,]) where C[S,] is the semi-group algebra of
S,=c"NM={meM: (mu)>0forallucoc}.

If 0,0/ € X, we have U, N Uy = Uynor. We denote by Xy the toric variety
associated to a fan ¥; Xy is obtained by gluing the affine charts (U, )sex. The
variety Xy is normal and its torus is Ty. As every separated normal toric variety
comes from a fan, from now on, a normal toric variety will be defined by a fan.
Let X be the toric variety associated to a fan ¥ in Ng. For any o € X, there is
a point v, € U, called the distinguished point of o such that the torus orbit O(o)
corresponding to o is given by O(c) =T - 7,. We will use the following result:

Theorem 2.2 (Orbit-Cone Correspondence [2, Theorem 3.2.6]). Let X be the toric
variety associated to a fan X with torus T'. Then
(1) There is a bijective correspondence
{Cones o in ¥} <+— {T-orbitsin X}
o «— O(o)

with dim O(o) = dim Ng — dimo.
(2) The affine open subset U, is the union of orbits

(3) 7 =0 if and only if O(c) C O(7), and
0(n) = 0l

70

where O(T) denotes the closure in both the classical and Zariski topologies.

Notation 2.3. For any p € X(1), we set D, = O(p).

For any p € X(1), D, defines a T-invariant Weil divisor of X. Divisors of the
form > pES(1) a,D, are precisely the invariant divisors under the torus action on
X. Thus,

WDivy(X) = @ zD,
pEX(L)
is the group of invariant Weil divisors on X. In particular,

Theorem 2.4 ([2, Theorem 8.2.3]). The canonical divisor of a toric variety Xy, is
the torus invariant Weil divisor

Kxy=— Y D,
peEX(1)

By [2, Proposition 4.1.2], for any m € M, the character x™ is a rational function
on Xy, and its divisor is given by

(1) div(x™) = Z (m,up)D,,

peEX(1)
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so div(x™) defines an invariant principal divisor of Xx. A normal toric variety Xy
has a torus factor if and only if the set {u, : p € £(1)} do not span Ng. If X5, has
no torus factor, then by [2, Theorem 4.1.3] we have the exact sequence

(2) 0 — M — WDivyp(Xy) — Cl(Xx) — 0

where the map M — WDivy(Xy) is given by Equation (1). Therefore,
Corollary 2.5. If X5 has no torus factor, then |2(1)| = dim(Xx) + rk C1(X).

We recall that a lattice polytope Conv(S) in My is the convex hull of a finite set
S C M. A Cartier divisor D = Zpez(l) ap,D, on a complete toric variety X gives
the lattice polytope
Pp={me Mr:(m,u,) > —a,} C Mg .
If P is a full dimensional lattice polytope in My given by
(3) P={me€ Mg : (m,ur) > —ar for all facets F' of P}

where urp € N is an inward-pointing normal of the facet ' and ar € Z, we define
the fan ¥ p of P by
Yp = {Cone(up : F contains Q) : Q is a face of P} .

For any facet I’ of P, we denote by Dp the invariant divisor of the toric variety
Xsx, corresponding to the ray Cone(up) and we set

Dp = Z aFDF .
F=<P

So we have:

Theorem 2.6 ([2, Theorem 6.2.1]). Let X be a toric variety given by a complete
fan 3. Then, the map

Torus invariant ample . Full dimensional lattice polytope
divisor on X P in Mg such that Xp =X
D — PD

is a bijective correspondence.

Let P be the polytope corresponding to an invariant ample divisor D on Xyx. For
each p € X(1) we denote by P? the facet of P corresponding to the ray p € 3(1).
We recall that a lattice M defines a measure v on Mg as the pullback of the Haar
measure on Mg /M. It is determined by the properties

i. v is translation invariant,

ii. v(Mg/M) = 1.
For all p € 3(1), we denote by vol(P?) the volume of P” with respect to the measure
determined by the affine span of P” N M.

Proposition 2.7 ([3, Section 11]). Let (Xx, D) be a polarized toric variety corre-
sponding to a lattice polytope P. For all p € ¥(1), vol(P?) = D, - D"~1.

2.2. Smooth toric varieties of Picard rank two. Let X be a smooth toric
variety of dimension n with fan ¥ in R™ such that rk Pic(X) = 2. By [2, Theorem
7.3.7] due to Kleinschmidt [12], there are r, s € N* with r+s =n and a1,...,a, € N
with a1 < as < ... <a, such that

(4) X=P <ﬁ[p>s () é Ops (0,1)) .

i=1
We denote by 7 : X — P* the projection to the base P°. By [2, Section 7.3],
the rays of ¥ are given by the half-lines generated by wg, w1, ..., ws, vg,V1,. .., Vr
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where (w1, ..., ws) is the standard basis of Z* x 0z, (v1,...,v,) the standard basis
of OZS X ZT,

vo=—(v1+...+v.) and wy=a1v1+...+av, — (w1 + ...+ ws).

We denote by D,, the divisor corresponding to the ray Cone(v;) and D,,; the divisor
corresponding to the ray Cone(w;). We have the following linear equivalence,

(5)

By (5), we deduce that Pic(X) is generated by D, and Dy,,.

Dv.; ~lin D’U[) *atio for 7 € {1,...,7’}
ij ~lin Dwo fOI‘j € {1,...,8} ’

Proposition 2.8 ([4, Proposition 4.2.1]). Let D = aD,,, + 8D, be an invariant
divisor of X with o, B € Z. Then, D is ample if and only if o > 0 and 8 > 0.

By Theorem 2.4, the anti-canonical divisor of X is given by

(6) —Kx=Y Dy +Y Dy ~in(s+1—a1—...—a,)Du, + (r+1)Dy,.
i=0 j=0

Thus, X is a Fano variety if and only if a; 4+ ...+ a, < s.

Remark 2.9. For o, 8 € N* and L = Ox(aD., + SD,,), we have an isomorphism
L2 71*0ps(a) @ Ox ().

Let L = 7*0ps(v) ® Ox(1) be an ample Q-divisor of X with v € Qs¢. For
ke{l,...,s}, weset Ay = Conv(0,ws,...,wg). By [8, Section 4], the polytope
corresponding to the Q-polarized toric variety (X, L) is given by

P =Conv (vA; x {0} U (a1 + v)As x {v1} U... U (ar + v)A5 X {v,}).

We denote by PV (resp. P™i) the facet of P corresponding to the ray Cone(v;)
(resp. Cone(w,)). The facet P¢ is the convex hull of

vAg x {0} U ... U (ai—1 +v)As X {vi—1}
U (a1 + v)Ag X {vi41}U... U (ar + V)Ag X {v,-}
and PYi is isomorphic to
vAs_1 x {0} U (a1 +v)As—1 x {v1}U...U(ar +v)As_1 X {v,-} .
By [8, Proposition 4.3|, for any j € {0,...,s},

s—1
—1
e =S (T (S )
k=0

di+...+dr=s—k—1
and
ul -1
vol(P") = (S +; ) < Z a‘fl e afT> vk
k=0 di+...+dr=s—k
Ifie{l,...,r}, we have

S
. s+r—1 d di1_d; d k
vol(PY) = E < 3 ) E att e ey a7

k=0 dit...+di—1
+di+1+...+d7-:57k

All these formulas will be used from Section 4.2 when we study the stability of
logarithmic tangent sheaves on toric varieties of Picard rank two.
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2.3. Equivariant reflexive sheaves and families of filtrations. Let X be a
toric variety associated to a fan X in Ng. Recall that a reflexive sheaf on X is a
coherent sheaf & that is canonically isomorphic to its double dual &VV.

Let 6 : T x X — X be the action of T on X, u : T x T — T the group
multiplication, ps : T' x X — X the projection onto the second factor and ps3 :
T xTxX — T x X the projection onto the second and the third factor. We call a
sheaf & on X equivariant if there exists an isomorphism ® : §*& — p5& such that

(7) (p xIdx)*® = p53® o (Idr x 6)*P.

Klyachko gave a description of torus equivariant reflexive sheaves over toric va-
rieties in terms of combinatorial data [13]:

Definition 2.10. A family of filtrations [ is the data of a finite dimensional vector
space E and for each ray p € ¥(1), an increasing filtration (E”(i));ez of E such
that E*(i) = {0} for i < 0 and E*(i) = E for some i.

Remark 2.11. Note that we are using increasing filtrations here, as in [19], rather
than decreasing as in [13].

To a family of filtrations E := (E, {Ep(j)}peg(l)yjez), we can assign an equi-
variant reflexive sheaf & := &(E) defined by

(8) Ty, €)= @ [ E((mu,)@x™

meM peo(l)
for all positive dimensional cones o € ¥, while I'(Uspy,6) = E ® C[M]. The
morphisms between families of filtrations are linear maps preserving the filtrations.
Then, by [19, Theorem 5.19], the functor K induces an equivalence of categories
between the families of filtrations and equivariant reflexive sheaves over X.

Notation 2.12. Let & be an equivariant reflexive sheaf given by the family of
filtrations (E,{E”(j)}pex1), jez). For any p € ¥, we denote the space I'(U,, &) by
E? and we write
Er = @ Ef @ x™
meM
where for any m € M, Ef, := EP({(m,u,)).
Example 2.13 (Tangent sheaf [4, Corollary 2.2.17]). The family of filtrations of
the tangent sheaf Ty of X is given by
0 ifj<—1
Ef(j) =< Span(u,) ifj=-1
N®zC ifj>-1
2.4. Some stability notions. We denote by Amp(X) C N*(X) ®z R the ample

cone of X. Let & be a torsion-free coherent sheaf on X. The degree of & with
respect to an ample class L € Amp(X) is the real number obtained by intersection

deg; (&) = c1(&) - L1
and its slope with respect to L is given by
deg, (&)
&) = —=L\Z)
:LLL( ) I‘k((aﬁ)

Definition 2.14. A torsion-free coherent sheaf & is said to be slope semistable
(or semistable for short) with respect to L € Amp(X) if for any proper coherent
subsheaf of lower rank % of &, one has

pr(F) < pr(&).
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When strict inequality always holds, we say that & is stable. Finally, & is said to
be polystable if it is the direct sum of stable subsheaves of the same slope.

Proposition 2.15 ([14, Claim 2 of Proposition 4.13]). A reflexive polystable sheaf
on X is a semistable sheaf on X isomorphic to a (finite, nontrivial) direct sum of
reflexive stable sheaves. Let & be a semistable reflexive sheaf on X, then & contains
a unique mazimal reflexive polystable subsheaf of the same slope as &.

If & is an equivariant reflexive sheaf on a normal toric variety X given by the
family of filtrations (E,{E"”(j)}), according to [14, Proposition 4.13], it is enough
to test slope inequalities for equivariant and reflexive saturated subsheaves. By |[8,
Proposition 2.3], if % is an equivariant reflexive subsheaf of & given by the family
of filtrations (F,{F*(i)}) with F' a vector subspace of E and F*(i) C E*(i), then
F is saturated in & if and only if for all p € ¥(1),i € Z, F?(i) = EP(i) N F.

Notation 2.16. Let F be a vector subspace of E. We denote by & the saturated
subsheaf of & defined by the family of filtrations (F, {F*(j)}) where F*(j) = F' N
EP (7).

By [14, Corollary 3.18], the first Chern class of & is given by

(9) ca(f)=— > e’ (£)D, where (&)= ie (i)

peEX(1) i€z
with e?(i) = dim E?(i) — dim E°(i — 1) . Therefore, for any L € Amp(X),
1
(10) pi() =~ Y ¢(6)deg(D,) .
rk(&)
pEX(1)

For a reflexive sheaf & on X, we set
Stab(&) = {L € Amp(X) : & is stable with respect to L} and
sStab(&) = {L € Amp(X) : & is semistable with respect to L} .

3. DESCRIPTION OF EQUIVARIANT LOGARITHMIC TANGENT SHEAVES

3.1. Logarithmic tangent sheaves. We recall here the definition of the loga-
rithmic tangent sheaf of a pair (X, D) where X is a normal projective variety of
dimension n and D a reduced Weil divisor on X.

Definition 3.1. We say that a pair (X, D) is log-smooth if X is smooth and D is a
reduced snc divisor. We denote by (X, D),cg the snc locus of the pair (X, D), that
is, the locus of points z € X where (X, D) is log-smooth in a neighborhood of z.

If the pair (X, D) is log-smooth, we define the logarithmic tangent bundle
Tx(—log D) as the dual of the bundle of logarithmic differential form Q% (log D)
where Q% (log D) is defined in |9, §1]. By [11, Definition 4] and |20, §1], we can see
the space of sections of T'x (—log D) as the set of vector fields on X which vanish
along D. If D is locally given by (21 - -2z = 0), then T'x (—log D) as a sheaf is the
locally free Ox-module generated by

0 0 0 0

Py B e, —.

! (92’1 k 8zk (9Zk+1 (9Zn
Definition 3.2 ([6, Definition 3.4]). Let (X, D) be a log pair and Xy = (X, D)cg.
The logarithmic tangent sheaf 7y (—log D) of (X, D) is defined as j.T'x, (— log D|x, )

where j : Xg — X is the open immersion.

The sheaf Tx (—log D) (as well as its dual) is coherent; by [7, Proposition 1.6],
this sheaf is reflexive. We now consider the case where X is a toric variety with

torus T'. Let X be the fan of X and X the toric variety corresponding to the fan
¥ =3(0) UX(1). We denote by j : Xg — X the open immersion.
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Proposition 3.3. Let D be a reduced Weil divisor on X. The sheaf Q% (log D) is
equivariant if and only if D is an invariant divisor under the torus action.

Proof. We assume that D is an invariant divisor under the torus action. Let Dy
be the restriction of D on Xy. For t € T, let ¢, : X — X be the map defined by
¢r(z) =t-x. We set ®; = (doy)~! where d¢; is the differential of ¢;. If & = T,,
we get the following diagram.

(Qrr4)*&
(1D as:m %
Pr &

If & = Tx,(—log Dy), the diagram (11) remains true; thus, Tx,(— log Dy) is equi-
variant. Therefore Q% (log Do) is equivariant. As

(12) Q% (log D) = j.Q, (log Do)

Dy &

we deduce that QY (log D) is equivariant.

We now assume that Q% (log D) is equivariant. We write D = Y_;_, Dy, where
the D, are irreducible Weil divisors of X.
First case. We assume that X is smooth. By [5, Properties 2.3] we have an exact
sequence

S
0 — Q% — Q% (log D) — @ Op, — 0
k=1
where Op, is viewing as a sheaf on X via extension by zero. The first part of the
proof is to show that : for any t € T, t- Z = Z where Z = X \ D. Let € Z and
assume that there is t € T such that y =t¢-x € D. We have two exact sequences

0— Q% , — Qx (logD), — @ Opyc — 0
k=1

0— Q% , — Q (log D), — @ﬁDk,y —0
k=1

As QY and Q% (log D) are equivariant, we have an isomorphism

S S
@ ﬁDsz = @ ﬁDkv’y )
k=1 k=1

this is absurd. Therefore, for any ¢t € T, we have t - Z C Z, that ist-Z = Z. As
QL (log D) is equivariant, by using the fact that D = X \ Z, for any t € T, we have
t- D = D; thus, D is a T-invariant divisor.

Second case. We assume that X is a normal variety. By (12), as Q% (log D) is
equivariant, we also have the same property for Q§(0 (log Dyg). By the first case, Dg
is an invariant divisor under the action of T on Xj. As codim(X \ Xy) > 2, we
deduce that D is the Zariski closure of Dy on X. Thus, D is an invariant divisor
under the action of 7" on X. O

3.2. Families of filtrations of logarithmic tangent sheaves. We give here the
proof of Theorem 1.1. Let X be a toric variety of dimension n associated to the fan
Y and D a reduced Weil divisor of X. According to Proposition 3.3, 9 (—log D)
is equivariant if and only if

D=>"D,

pEA
where A C X(1). In that case, & is given by a family of filtrations.
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Remark 3.4. If G is an algebraic group acting on the affine toric variety ¥ =
Spec(R), we define an action of G on R by setting : for any g € G and ¢ € R,

g o= ((159—1)* ¢ where ¢4(z) = g - .
Proof of Theorem 1.1. For p € 3(1), we set
Ef =T'(U,, Ix(—log D)).

By the orbit-cone correspondence (cf. Theorem 2.2), if p € A, we have U, N D =
U,ND, and for p ¢ A, U,ND = @. We can reduce the problem to the case where A
contains one ray. For the rest of the proof, we assume that A = {pg}. Let p € X(1)
and (u1,...,uy) a basis of N such that u; = u,. We denote by (e1,...,e,) the dual
basis of (u1,...,u,) and we set 2; = x*. We have C[S,] = Clzy,z3",..., 2, 1]

First case : We assume that p = pg. As on U, the divisor D is defined by the
equation 1 = 0, we have

jo (@[sp] : xla%) ® (Z@C[sp] : ai) .

We set,

LY = @ C-xm“laixl and for i € {2,...,n}, L= @ C-x™

meS, mesS,

0
al'i '

According to Remark 3.4, for any t € T and m € M, t- x™ = x~™(¢)x™. Hence,

t-dx; =x" % (t)dz; and ¢ - a%z = x© (t)axi' For i € {1,...,n}, we write
L= P (LY),, where (L), ={feLf:t-f=x"(t)f}.
meM
We have
0
C-xmter — if 0 <
I

0 otherwise

and for 7 € {2,..., n},

S0
(L?), = (C-Xm"’e%a—xi if —e; <, m

0 otherwise

As the torus T is a Lie group, the tangent space of T at the identity element
9
dz; ) 1<i<n
identify a%i with wu;.
For i € {1,...,n}, we set L = Span(u;). Let m € M.

e If i =1 and 0 <, m, then (L), is isomorphic to L§ @ x™.

o If i > 2 and —e; <, m, then (L?), is isomorphic to LY @ x™.

generated by ( is isomorphic to N¢. Thus, for all i € {1,...,n}, we can

We set j = (m,u1). The condition 0 =p m is equivalent to j > 0 and for ¢ €

{2,..., n}, —e; <, m is equivalent to j > 0. Thus, for any i € {1,...,n}, we set
. 0 ifj<—1
P _ =

By construction, {L?(j)} is the family of filtrations of L?. As

EP = E%Ep((m’m»@x’"
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where E?({m,u1)) = @ ; L ((m,u,)), we get
. 0 ifj<-1
P ~ —
B (J){ Ne ifj>0
Second case : We assume that p # pg. As U, N D = &, we have

n

- 0 0
EPZG?C[S’J]'Q_:Q:G? G%C'Xma—xi
1= 1= mesS,
0]

. oz, We have

For alli € {1,...,n}, we set L? = C[S,)]

C. m+eii if —e; <
LY = P (L), where (L), = Xy, A

meM 0 oherwise

For m € M, we set j = (m, u1). The condition —e; <, m is equivalent to j >
—(e;, u1). Thus, for any i € {2,...,n}, the family of filtrations of L is given by

. 0 ifj<—1
P _ >
and the family of filtrations of Lf is given by

. 0 ifj<—2
14 . =

As in the first case, we get

0 if j < —2
EP(j) = q Span(u,) ifj=-1
N@zC ifj>0

which ends the proof. (I

The sheaf of regular sections of the trivial vector bundle X x C — X of rank
1is Ox. We denote by (F, {F*(j)},es(1), jez) the family of filtration of &x. For
p€X(l), weset FP = Ox(U,) and Ff, ={f € Fr:t-f=x""(t)f}. As

Fr= P Fo=ClS)= P C-x™,
meM meS,
we deduce that Ff =C-x™ if m e S, and F, =0if m ¢ S,. Hence,
. 0 ifj<—1
1] . =
F (J){ C ifj>0
Corollary 3.5. Let A C X(1) and D =3 A D,.

(1) If A = @, then Ix(—log D) is the tangent sheaf Tx.
(2) If A = (1), then Ix(—log D) is isomorphic to the trivial sheaf of rank n.

Proof. If A = &, the family of filtrations of Jx (—log D) is identical to the family
of filtrations given in Example 2.13. If A = X(1), for all p € X(1), we have

. 0 if j < —1
P _ =
EU)‘{N@ZC if §>0

Hence, Ix(—log D) is isomorphic to the trivial sheaf of rank n. O
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Notation 3.6. Let G be a vector subspace of N¢c. We denote by &¢ the subsheaf
of & = Ix(—log D) defined by the family of filtrations (Eq,{G*(j)},exq), jez)
where Eg = G and G*(j) = EP(j)NG. If p € A or u, ¢ G, then

L [0 ifj<—1
GP(J)_{G if §>0

If p¢ A and u, € G, then

0 if j < —2
G?(j) = Span(u,) ifj=-1
G if j>0

3.3. Decomposition of equivariant logarithmic tangent sheaves. In this
part, we give some conditions on ¥ and A which ensure that the logarithmic tan-
gent sheaf is decomposable. We first recall the family of filtrations of a direct sum
of equivariant reflexive sheaves.

Proposition 3.7 ([10, Section 6.3]). Let .# and ¢ be two equivariant reflexive

sheaves with (F, {F*(j)},ex1), jez) and (G, {G*(§)}pex1), jez) for family of fil-
trations. The family of filtrations of F @Y is given by

(13) (FaG, {(FaG)(j)}esn), jez) where (F@®G)P(j) = Fr(j)® G(j).

We assume that X is a toric variety without torus factor. We denote by p the
rank of the class group Cl(X) of X. By Corollary 2.5, we have card(X(1)) = n+p.

Proposition 3.8. Let D = } A D, with card(A) = p. We set (1) \ A =
{p1,-..,pn} where p, = Cone(uy) and ux, € N. If Ng = Span(uy,...,u,), then
& = Tx(—log D) is decomposable and

& =P én,
k=1

where &p, is the subsheaf of & corresponding to the vector space Fy, = Span(ug).

Proof. For all k € {1,...,n}, the family of filtrations (Fy, {F}(j)}) of &r, is given
by

() ={ b it So  ifp# Conelu)
and
0 ifj< -2
FP(j) =< Span(u,) if j=—1 if p= Cone(uy) .
F ifj>0

For all p € 3(1) and j € Z, we have

X ) 0 ifj<-1 .
14 _ >
k@Fk(])_{Nc ifj>0 Hread

and
n 0 if j < -2
DFLG) =3 Span(u,) ifj=-1 ifp¢A.
h=1 Ne¢ if >0
Hence, by (13) and Theorem 1.1 we get & = @,_, &r, - O

A similar proof gives the following result.
Proposition 3.9. We assume that A satisfies 1 +p < card(A) <n+p—1. Then

the sheaf & = Tx(—log D) is decomposable and & = g & &r where G = Span(u, :
p€X(1)\ A) and F a vector subspace of N¢ such that Nc = G @ F.
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3.4. An instability condition for logarithmic tangent sheaves. Let A C
%(1) and D = 37 n Dy Let (Eg, {G”(5)}pex(1). jez) be the family of filtrations
corresponding to the subsheaf &g of & = Jx(—log D) where G C N¢ is a vector
subspace. By Equation (10), if L is a polarization of X, we have

1
(14) pr(@) = = 3 degy (D)
pPEA
and
1
p¢A and u,€G
Therefore,
1 1 1
(16)  pL(é) —pe(ée) = (= — = > deg(D,)+ = > degr(D,).
n dimG n
pPEA pPEA
u,€G u,¢G

To study the stability of & with respect to L € Amp(X), it suffices to compare
pr (&) with pr(&g) where G C Span(u, : p ¢ A) and 1 < dimG < n — 1.

Proposition 3.10. If1 < card(X(1) \ A) < n —1, then for any L € Amp(X), the
logarithmic tangent sheaf & = Tx(—log D) is not semistable with respect to L.

Proof. We assume that X(1)\ A = {p1,..., px} where 1 <k <n—1 and we denote
by D, the divisor corresponding to p; = Cone(u;). For G = Span(u1,...,ux), we
have

n

k
1 1
&) — Eg)=|—— d D; 0.
us(8) s (6) = ( dimG); a1 (D)) <
Thus, & is not semistable with respect to L. 1

Hence, by Corollary 2.5, we get:

Corollary 3.11. Let p =rkCl(X). If 1 + p < card(A) < n+p — 1, then for any
L € Amp(X), the logarithmic tangent sheaf Tx(—log D) is unstable with respect
to L.

Remark 3.12. By Corollary 3.5, if card(A) = n+p, Ix (— log D) is semistable with
respect to any polarizations.

From now on, we will study the (semi)stability of Jx(—log D) only on the case
where 1 < card(A) < p =rkCl(X) and p € {1, 2}.

4. STABILITY OF EQUIVARIANT LOGARITHMIC TANGENT SHEAVES
4.1. Stability on weighted projective spaces. Let qo, q1, ..., g, € N* such that

ged(qo, - -y qn) = 1.
We set N = Z"*1/Z - (qo,...,qn). The dual lattice of N is

M:{(ao,...,an)GZn-i-l:anO—l—...—i—anqn:O}_

We denote by {u; : 0 < i < n} the images in N of the standard basis vectors
in Z"*t!. So the relation goug + ¢1u1 + ... + ¢nu, = 0 holds in N. The toric
variety X associated to the simplicial fan ¥ = {Cone(4) : A C {uog,...,up}} is
the weighted projective space P(qo,q1,.-.,qn). We denote by D, the divisor of X
corresponding to the ray Cone(u;). For ¢ € {0,...,n}, we set & = Ix(—logD;)
and A; = {0,...,n}\ {i}.
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Proposition 4.1. Let L € Amp(X). The sheaf & is polystable with respect to L if
and only if there is ¢ € N* such that for all j € A;, q; =q.
Proof. We first show that ¢;D; ~un g¢;D;. Let m = (ao,...,a,) € M defined
by a; = ¢j, aj = —¢; and ar = 0 if k € A; \ {j}. By Equation (1), we get
div(x™) = ¢;D; — ¢;D;. Hence, ¢;D; ~iin g;D;. Therefore, for any L € Amp(X),
gideg(D;) = qj degy (D;).

The assumptions of Proposition 3.8 are verified. Hence, & = @
F; = Span(u;). By Equation (15), we get

q;
pL(6F,) = degy(D;) = q—J, degy,(D;).

3

jeAs (a@Fj where

If & is polystable with respect to L, there is r € QQ such that for all j € A;, ¢; =7 4¢;.
Hence, we have the existence of ¢ € N* such that for all j € A;, ¢; = ¢. For the
converse, if for all j € A;, we have g; = ¢, then & is polystable. O

According to Proposition 2.15, we get :

Corollary 4.2. For all i € {0,...,n}, sStab(Ix(—logD;)) # @ if and only if
there is ¢ € N* such that for all j € A;, q; = q. Moreover, if for all j € A;, q; = q,
then
@ = Stab(Ix (—log D;)) € sStab(Zx (—log D;)) = Amp(X).

4.2. Condition of stability on toric varieties of Picard rank two. In this
part, we adapt some results of [8, Section 4] for the study of the stability of
Tx(—logD) when X = P(0p: @ D;_, Op:(a;)) with 0 < a3 < ... < a,. We
use notation of Section 2.2. The following lemma will be useful in the proof of
Proposition 4.5 which is the main result of this part. Let z € {0,...,r — 1} such
that a, = 0 and a,4+1 > 0, we have:

Lemma 4.3 ([8, Lemma 4.2]). Let I’ C {0,1...,r} and G = Span(v; : i € I').
The vector a1vi + ...+ a,v, belongs to G if and only if
. {z+1,...,7} C I or
. {0,...,2} C I, card({z + 1,...,7}\I') > 1 and a; = a; for all i,j €
{z+1,...,7r}\ T

Since passing to multiples of polarizations has no effect on stability, instead of
studying the stability of Tx (—log D) with respect to 7*Ops () ® Ox (8), we will
study the stability of T'x (— log D) with respect to the Q-divisor 7* Ops (1) ® Ox (1)
where v = a/f. Let P be the polytope corresponding to the Q-polarized toric
variety (X, L) where L = 7*Ops (v) ® Ox (1) with v € Qsy.
Notation 4.4. For all i« € {0,1,...,r}, we set V; = vol(P¥). As for all j €
{1,...,s}, vol(P¥i) = vol(P™°), we set W = vol(P™°).

Let A C %(1) and D a reduced Weil divisor on X given by D = 3° _\ D,. We
set

Iy, = {Cone(vp), . .., Cone(v,)} ,
Js, = {Cone(wy), . .., Cone(ws)} ,
I={ie{0,1,...,7} : Cone(v;) € I \ Is NA)} and
J={j€{0,1,...,s}: Cone(w;) € Ju \ (Js NA)}.

To study the stability of & = T'x (— log D) with respect to L, it suffices to compare
pr (&) and pr(ée) when G = Span(v;,w; i€ I',j e J')with I’ CI, J CJ and
1 <dimG < (r + s). By Proposition 2.7, (14) and (15), we get

ur (&) = ! (Zvi+card(J)-W>

r S
+ icl
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and

pL(éc) = ﬁ <Z V; + card(J') ~W> .

iel’
Here is a version of [8, Proposition 4.1] for logarithmic tangent bundle.

Proposition 4.5. The logarithmic tangent bundle & = Tx (—log D) is stable (resp.
semistable) with respect to L = 7% Ops (v) @ Ox (1) if and only if up(&) is greater
than (resp. greater than or equal to) the mazimum of
(1) Vi, where ig =minl if I # & ;
(2) L (Xic; Vi), if ¥’ = dimSpan(v; : i € 1) #£0 ;
(3) M, if 0 < s’ =dimSpan(w; :j€J)<r+s;
(4) é_%k (Ziel, Vi+ (s+ 1)W), if card(J")
{z+1,...,r} CI'C1T;
(5) é_%k (Xier Vit (s+1)W), if card(J’) = s+ 1, k = card(I’) < r and
I' C I such that the condition ii. of Lemma 4.3 is verified.

s+ 1, k = card(I') < r and

Proof. Let G = Span(v;, wj : ¢ € I', j € J') where I' C I and J' C J. In Propo-
sition 4.5, each point corresponds to a value of ur(8g) for some G. In particular,
(1) corresponds to G = Span(v;,), (2) corresponds to G = Span(v; : i € I) and (3)
corresponds to G = Span(w; : j € J).

If card(J") = 0, then for @ C I’ C I, we have dimG < r and

1
pL(éc) = dma ;Vz ;

this number is less than or equal to the maximum of the numbers given in (1) and
(2).
If card(I") = 0, then for @ C J’' C J such that dim G < r + s, we have
card(J') - W
pr(éa) = T dmG
this number is less than or equal to that given in (3).

If card(I') = r + 1, then dimG < r + s if and only if s’ = card(J') < s. If
1< < s, then

1 1
ur(éa) = S (ZViJrs’W) < max <;ZV1,W> .

iel’ i€l’

If1 <card(l’) < r, 1 <card(J') < s and dimG < r + s, then ur(&g) is less
than or equal to the maximum of numbers given in (1), (2) and (3).

It remains to study the case where card(J’) = s+ 1 and 1 < card(l’) < r
(because if card(I') > r, then dim G = r + s). We will treat it in two cases.
First case : a, =0. Foralli € {1,...,r}, V, =Vy. If v/ =card(I') and 1 <7/ < r,
then

1 (s+1)W
ur(éa) = s <;Vl+(s+1)w> < max (VO, . ) .
Second case : a, > 0. We set ' = card(I’). If I’ satisfies the first (resp. second)
condition of Lemma 4.3, then the value of ur(&g) is given in the point (4) (resp.
(5)). If I’ doesn’t satisfy the conditions of Lemma 4.3, then dim G = ' + (s + 1).
Moreover, if 7’ + (s + 1) < r + s, then the number pur(&g) is less than or equal to
the maximum of the numbers given in (1) and (3). O
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Remark 4.6. If a1 = ... = a, = 0, to check the stability of & with respect to L,
it is enough to compare p, (&) with the numbers given by the points 1, 2 and 3 of
Proposition 4.5. In that case, we have

(17) W<S+T1)V51 and Vi<s+r1>l/s.

s—1 s

If (a1,...,a.) # (0,...,0), the results below will help us to determine if & is
unstable with respect to L without having to check each point of Proposition 4.5.
Let z € {0,1,...,7 — 1} such that a, = 0 and a,+1 > 0 where ap = 0. Let
ke€{0,...,s}. We set

d
Vor = E a - -a® and
dyp1+...+dr=s—k
d.y1 d,
Wy = Z altt - ad

dyp1+...+dr=s—1—-k

where Wy =0. Fori € {z+1,...,7}, we set
o dzq1 di—1 _dit1 d
Vi = E Gpiy Oy Qg o Gyt

dey14...+di—1
+diy1+...+dr=s—k

and for i € {1,...,z}, we set V;;, = V.

Remark 4.7. If r =1, we set Vi, =1 and for k € {0,...,s—1}, Vi = 0. We have
Ws_1 =1and V;s =1 for any i € {0,...,r}.

Lemma 4.8. Foralli € {1,...,7}, Vo =a;W +V,.

Proof. To show the lemma, it suffices to show that: for any k € {0,...,s — 1},
a;Wg + Vi, = Vor. If i € {1,..., 2}, the equality is true because a; = 0. We
assume that ¢ € {z+1,...,r}, we have

§ : dzt1 dy,
VOk = azil ceean
doy1+...+dr=s—k

_ 2 : dzt1 d, § : dzt1 d,
e aZ+1...aT + az+1...aT

dop1+...+dr=s—k dop1+...+dr=s—k
d;=0 d;>1

The first term of the second line corresponds to the number V;; and the second to
a; Wy, (it suffices to replace d; by d} + 1). Hence, Vo = Vi + a;Wy. O
Lemma 4.9. Let (ay,...,a,) # (0,...,0).
(1) If a, > 2, then sVg — (s + 1)W > sV,..
(2) Ifr>2andie€ {1,...,r — 1} with a; < a,, then V; = W > V,..
s+1) _ars—(s+1) < 2s—(s+1)
a, -

> 0 because

Proof. If a, > 2, then (s —
s > 1. Hence,

ar ar

sVg—(s+1)W = sV —

1 1
<ssa+ >VO+S+ v,

T

1 1
Z<SS+ >vr+s+ V, = sV, .

a’T T

As Vg =a;W+V,; =a,W+V,, we get V; = (a — a;) W+ V,.. If a, > a;, then
a, — a; > 1; therefore V; > W + V,.. (I
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Divisor D sStab(&) References
1
D, ,0<i:<r y="2 i Proposition 4.11
r
Dy, ,0<5<s v= " Jsr 1 Proposition 4.11
D, + D, v=2 Proposition 4.13
r
Dy, + Dy, ,0<i<j<r (%) Proposition 4.12
Dy, +Dy; ,0<1<j<s 1% Proposition 4.12
TABLE 1. Stability of Tx(—log D) whena; =...=a, =0

4.3. Stability of logarithmic tangent bundles on a product of projective
spaces. We assume that a; = ... = a, = 0. We have X = P* x P". We de-
note by m; : X — P% and mp : X — P” the projection maps. If i € {0,...,r}
and j € {0,...,s}, by Proposition 3.8 the vector bundle T’x (—log(D.,, + D)) is
decomposable. Reasoning as in the proof of Proposition 3.8, it is easy to show that:
Lemma 4.10. Let i,i’ € {0,...,r} and j,j° € {0,...,s} such that i # i’ and
j#j'. Then

(1) Tx(=log(Dy, + Dv,,)) = T & Tpr (—log(ma(Dy,;) + m2(Dy,, ) ))

(2) Tx(—log(Dyw; + Dy, )) = Tps (—log(m1 (Duw; ) + 1 (ij/) )) @ Tpr

(8) & =Tx(—logD,,) satisfies

k=0, ki
where Fj, = Span(vg).
(4) & =Tx(—log Dy,;) satisfies

k=0, k#j

where Gy, = Span(wy,).
Let D =37 A D, with A C X(1). As for any A such that card(A) € {1,2},
the vector bundle & = T'x (—log D) is decomposable, we deduce that
Stab(&) = @ .
In Table 1, we give the values of v for which & is semistable with respect to
T Ops (V) ® Ox(1). We recall that by Equation (17), V = %W

Proposition 4.11. Leti € {0,1,...,r} and j € {0,1,...,s}, then

(1) Tx(—log D,,) is polystable with respect to 7* Ops (V) ® Ox (1) if and only if
s+1
r )
(2) Tx(—log D.,;) is polystable with respect to w* Ops (v) ® Ox (1) if and only if
s

r+1°
Proof. We start with & = Tx(—log D,,). We have

_ (v + 2+ )W (rPr+ 2+ 5)V
ni(&) = T+ s(rv e+ W) = s(r+s) B rv(r+s) '
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By Proposition 4.5, to have the semistability, it is enough to compare ur, (&) with

N

S

7’21/+52+s

If ur,(&) > V, then > 1, ie (r’v + s® +s) > (r?v + rsv); hence,

rv(r+s) —
I/§8+1.
T
1)W 2 2 1 1
If pr(&) > u, then rvrs s > st , e v > st Therefore,
s(r+s) s r

Tx(—log D,,) is semistable with respect to 7*0ps(v) ® Ox (1) if and only if v =
s+1

,
If we regard the case where & = T'x(—log D,,), it is enough to compare (&)

r+1)V

with max (( ,W) . A similar computation gives the result. (]

r

Proposition 4.12. Leti,i' € {0,...,r} and 7,5’ € {0, ..., s} such that i # i and
j#j. For any L € Amp(X), the logarithmic tangent bundles Tx (—log(D,, +
D,,,)) and Tx (—log(Duw, + ij/)) are unstable with respect to L.

Proof. Let & = T'x(—1log(Dy, + D.,, ). We have
(r—=1)V+(s+1)W

pr(&) = s
C(rr =1+ s+ s5)W
s(r+s)
_(rr =1+ s>+ )V
rv(r + s)

To check the semistability, it is enough to compare ur (&) with

X((s+1)w,v>'

S
If » = 1, then pr (&) = W. Hence, Tx(—log(Dy, + Dy, )) is not semistable with
respect to L. We now consider the case r > 2.
rir—1r+s*+s

o If 4 (&) >V, then >1iev< .

rv(r+s) r
)W -1 2 1 1
e ttpp(6) > CFEIW o iz Drdsids sl s+l s
s s(r+s) s r—1"r
As v cannot satisfy this two conditions, we deduce that T'x(—log(D,, + D,,)) is
not semistable with respect to L. (I

Proposition 4.13. Leti € {0,...,r}, j € {0,...,s} and D = D,, + D,,;. Then
Tx (—log D) is polystable with respect to ©* Ops(v) ® Ox (1) if and only if v = s
r

Proof. We have

pr(&) = ! (rV + sW) = (rPv+ )W (v + 7V

Cr+s s(r+s) rv(r+s)
To check the semi-stability, it is enough to compare pr, (&) with max(V, W).
2 2
o If ur(F) >V, then st >1,iev< iy
rv(r+s) T
2 2
o If up(F) > W, then rvts >1,iev> iy
s(r+s) r
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Hence, Tx (—log D) is semistable with respect to 7*0p:(v) ® Ox (1) if and only if
s

T

Remark 4.14. According to (5) and (6), when a; = ... = a, = 0, we get D,, ~iin
Doy, Dw; ~lin D, and —Kx ~iin (8 +1) Dy, + (74 1) D,,. By the above study, we
see that: if sStab(Tx(—log D)) # &, then Tx(—log D) is semistable with respect
to L if and only if L & Ox(—a (Kx + D)) with a € Q.

5. STABILITY ON SMOOTH TORIC VARIETIES OF PICARD RANK TWO

In this section, we study the stability of Tx (—log D) when

X=P (ﬁps [S2) é Ops (az)>

i=1
with a, > 1. Let A C ¥(1) and D = }_ 5 D,. By Corollary 3.11, we will only
study the case where card(A) € {1,2}. The case card(A) = 0 was treated by
Hering-Nill-Siiss in [8]. We recall that ag = 0. We have a version of Lemma 4.10
when a, > 1.
Lemma 5.1. We assume that a, > 1.
(1) If i € {0,...,7} and j € {0,..., s}, then Tx(—log(Dy, + Du,)) is decom-
posable and

= P ¢l|e| P én

1=0, I#j k=0, k#i

where G; = Span(w;) and Fj, = Span(vg).
(2) If D = Dy, + Dy, for 0 <i < j <s, then the sheaf & = Tx(—1logD) is
decomposable and

= B o |06k
k=0, k#1i

where G, = Span(wy,) and F = Span(vo, ..., v,).
(3) If D = Dy, + Dy, for 0 <i < j <r, then the sheaf & = Tx(—logD) is
decomposable. If a; < aj, then

T

(@),

k=0, k¢{i,j}
where G; = Span(w;) and Fj, = Span(vg). If a; = aj, then
& =6Ec D Er
where G = Span(w,vg : 1 € {0,...,s},k € {0,...,7} \ {i,5}) and F =
Span(v;).
If D e {D, :0<i<r} wewill not search to know if & = Tx(—logD) is
decomposable because it depends on the numbers r, s and a1, ..., a,. In particular,

if we assume that r = 2, s = 1 and (a1,a2) = (0,1), then & = Tx(—logD,,) is
decomposable with & = &r @ &g where F' = Span(ve, w1) and G = Span(vg) while
F = Tx(—log D,,) is not decomposable.

For D = D,,, with 0 <i < s, the vector bundle & = Tx(—log D) is decompos-
able and its decomposition is identical to that given in the point 2 of Lemma 5.1. Ac-
cording to Lemma 5.1, if D = A D, with card(A) = 2, then & = Tx(—1log D)
is not stable with respect to any polarizations.
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Divisor D Condition on | Condition Stab(&) sStab(&)
r and a; on s
D,
i, >1
0<j<s ra_>ai1d s> 1 & &
Prop. 5.2 "=
D,.
i >2
1<i<r—1 r;jild s> 1 @ @
Prop. 5.3 "=
r>1l,a.-=1
= 4 > <
D,, and a,_; — 0 s>1 O<v<y | O<rv <y
r > 1 and
Theorem 5.5 (ar >2or s>1 ] ]
Qr—1 7& O)
r=1 s>1 O<v<yy | O<v<y
> 2 and
Dy, "= 2an s>1 @ @
a; < ar
Theorem 5.8 r > 2 and a> jﬂ %)
Lemma 5.7 a1 =ar=a §§a<fi O<v<iyy | 0<v<y
Theorem 5.10 ar <s vs<v<uv |v3<v<y

TABLE 2. Stability of Tx(—log D) when a, > 1

Let L = 7* Ops (v) ® Ox (1) be an element of Amp(X) C N'(X) ®zR. We recall
that the numbers Vy, ..., V, defined on Section 2.2 are polynomials of v of degree
s and W is a polynomial of degree s — 1. If & = Tx(—log D), the number ur, (&)
is a polynomial of degree at most s. Let Py, P1, P2 and Q be the polynomials of v
defined by

Po=pur(&) = Vo, P1=pr(&) = Vi, Po=pr(&) = Vo and Q = pr(&) - W .
Under certain conditions on a;,r and s, these polynomials (Pg, P1,P2 and Q) have

respectively one or no positive root. If the positive root exists, we denote by

e v; the unique positive root of P; where i € {0,1,2}
e 13 the unique positive root of Q.

In Tables 2, 3 and 4, we give the values of v for which & = Tx(—logD) is
(semi)stable with respect to L = n*0p: (V) @ Ox (1).

5.1. Case of divisors coming from the base.

Proposition 5.2. Let (ay,...,a,) # (0,...,0). Leti,j € {0,...,s} distinct, & =
Tx(—log Dw,) and .7 = Tx(—log(Dw, + Dy,;)). For any L € Amp(X), the vector
bundles & and % are not semistable with respect to L.

Proof. Let L = n*0ps (V) ® Ox (1), we have

(s—1D)W+ (Vo+...+V,) - sW+ (Vo+...4V,)

ML(y): r—+s r+s

= pr(&).
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Divisor D Condition on r | Condition on s | sStab(&)
and a;
qu; + ij
0<i1<j<s r>1landa, >1 s>1 %]
Proposition 5.2
D’Ui + D’Uj
1<i<j<r r>2anda, >1 s>1 %]
Corollary 5.4
D’Ui +ij 7.72 0
and 1 <i<r-—1 r>2anda, >1 s>1 %]
Proposition 5.3
D’U + ij b j Z 0
T > > >
Corollary 5.6 rzlanda, 21 s21 g
Dyy+ Dy; ,0<5<s r=1 s>1 V=U3
>
Theorem 5.8 r 22 and s>1 @
a; < ar
Lemma 5.7 r > 2 and s<a(r—1) %)
Proposition 5.11 a1 =a,=a s>a(r—1) V=13
r > 2 and
) <3< - >
Dy, +D,, ,2<t<7r a < a, s>1 1%
Lemma 5.7 r > 2 and s<a(r—1) ]
Theorem 5.11 a1 =a,=a s>a(r—1) V=13
TABLE 3. Stability of T'x (—log D) when a, >1
Divisor D Condition on r and a; | Condition on s | sStab(&)
r=1 s>1 v>0
Dy, + Dy, r>2and 0=a; < a, s>1 o)
r > 2 and s<a(r—1) %)
Theorem 5.8 a=ar,=a s>a(r—1) V=3
Proposition 5.12 r =2 and s < 0y %)
Proposition 5.11 0<al <as s> 0o V=13
Proposition 5.13 r>3and as < a, s>1
Proposition 5.15 r >3 and s <6, 1]
O<a1 <ag=...=a, s> 0, V=13

TABLE 4. Stability of Tx (—log(Dy, + D, )) when a, > 1

21
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By Lemma 5.1 and Proposition 4.5, to check the stability of & (resp. %) with
respect to L, it is enough to compare p1,(&) (resp. pr(F)) with

V0+V1+...+Vr>

max | Vo,
r

By Lemma 4.8, we have Vo = ¢, W 4+ V,. Asa, > 1, we get Vo > W+ V,., ie
Vo —W > V,. Thus,
(r4+8)(Vo—pr(&) =s(Vo=W)+ (rVo— (Vo +...+V,_1)) =V,
$(Vo — W) =V, Dbecause V, <V
(s—=1)V,.
If s > 2, then Vo — pr(&) > 0 and Vo — pur(%) > 0. Thus, & and % are not

semistable with respect to L. We now assume that s = 1. Using the expressions of
V; and W given in Section 2.2, we have

W=1, Vo=(a1+...+a,)+rv and V;,=Vy—a; forie{l,...,r}.
As

IV 1V

. 1+(r+1)Vo—(a1+...+a,)

pr(8)

r+1
and
Vo+...+V, (r+1)Vo—(a1+...+a,)
T T ’
we get
Vo+...+V, (r+1)Vo—(a1+...+a,)—r

r —he(8) = r(r+1)

As(a1+...+a-—1) >0 and v > 0, we have
r+1)Vo—(a1+...+a,) —r=r+D(ar1+...+a) + (r+1rv
—(a1+...4a,)—r
=r(ag+...+a,— 1)+ (r+1)rv>0

Thus, & and .% are not semistable with respect to L. [l

5.2. Sum of divisors coming from the base and the bundle: first part. We
first study the stability of Tx (—log D) when r > 2 and

De{Dy,:1<i<r—=1}U{Dy, + Dy, : 1 <i<r—1land 0<j <s}
U{D,, + Dy, :1<i<j<r}.
Proposition 5.3. Let r > 2, (a1,...,a,) #(0,...,0), i € {1,...,r—1} and j €

{0,...,8}. For any L € Amp(X), the logarithmic tangent bundles Tx(—log D.,)
and Tx (—1log(Dy, + Duw,)) are not semistable with respect to L.

Proof. We set & = Tx(—logD,,) and .# = Tx(—log(Dy, + Du,)). Let L €
Amp(X), we have

pL(é) =
and pur(F) < pr(&). By Lemma 4.9,
(r+s)(Vo—purn(&)) =(s+1)(Vo — W) =V, + (r —1)Vy
—(Vo+...+Vis1 4+ Vi1 + ...+ V)
>(s4+1)(Vo — W) =V,
>(s+ 1)V, =V, =35V,

Hence, by Proposition 4.5, we deduce that & and .% are not semistable with respect
to L. O

(s+1)W+(Vo+...+Via+ Vi1 +...+V,)
rT+S
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Corollary 5.4. Let r > 2 and (a1,...,a,) # (0,...,0). Let L € Amp(X), for any
i, €{1,...,r} with i # j, the logarithmic tangent bundle Tx (—log(D., + D.;)) is
not semistable with respect to L.

Proof. If we set ¢ = Tx(—log(D.,, + D,,)), by using the proof of Proposition 5.3,
we have pr,(¥4) < pr(&) < Vo. Thus, ¢ is not semistable with respect to L. O
We now study the stability of T'x (—log D) when D € {D,, } U{D,, + D, : 0 <
j<s}.
Theorem 5.5. Let r > 1 and a, > 1. We have Stab(Tx(—log D,,)) # @ if and
only if sStab(Tx (—log D,,.)) # @ if and only if a, = 1 and a,—1 = 0. Ifa, =1
and ar,—1 = 0, then the logarithmic tangent bundle Tx(—log D,, ) is stable (resp.
semi-stable) with respect to n*Ops (V) @ Ox (1) if and only if 0 < v < vy (resp.
0 < v < ) where vy is the positive Toot of

S s+r—1 s+r—1\ |
Po(x):kzo( k )xk—s( . )xé.
Proof. Let & = Tx(—log D,,) and L = 7*Op: (v) ® Ox(1). We have
r+s8)pL()=(6+1)W+Vo+Vi+... 4V,
If a, > 2, using the first point of Lemma 4.9 and the fact that V; < Vg, we get:
(r+8)[Vo—pn(&)] =(Vo—(s+ )W) +rVg— (Vo + ...+ V,_1) > sV,.

By Proposition 4.5, Tx (— log D,,.) is not semistable with respect to L.
We assume that r > 2 and a,_1 = a, = 1. As V,._1 = V,., we have

(r+8)[Vo = pr(&)] = (s + 1)[Vo = W] =V,
+{(r=1)Vo—(Vo+...+ Vi—2)]
>(s+1)V, —V,_1 because Vo — W >V,
> sVy
By Proposition 4.5, Tx (—log D,,.) is not semistable with respect to L.

Let » > 1. We now assume that a,_; = 0 and a,, = 1. By using the expressions
of Section 2.2, we have Vg =...=V,_1 =V where

S s—1
s+r—1\ 4 s+r—1\ 4
ng_0< I )1/ and Wkg_()( 1 >l/ .

The points 4 and 5 of Proposition 4.5 are not verified in this case. To check the
stability of & it is enough to compare
rV+ (s+1)W

pL(&) = s

with max(V, W). We have (r+s)(ur(€&)—W) =rV—(r—1)W > 0 because W < V
and

(r+8)(pe(€) = V) =(s + DW — sV

_éz:(Serl) k—s(SJer)VS:PO(V).

By the sign rule of Descartes, the polynomial Py have a unique positive root vg. If
v > 0, then Po(v) > 0 (resp. Po(v) > 0) if and only if v < vy (resp. v < 1g). Thus,
Tx(—log D, ) is stable (resp. semistable) with respect to 7*0ps (v) ® Ox (1) if and
only if 0 < v < g (resp. 0 < v < 1y). O
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Corollary 5.6. We assume that r > 1 and (a1,...,a,) # (0,...,0). Let j €

{0,...,8} and D = D,, + Dy,;. For any L € Amp(X), the logarithmic tangent
bundle Tx (—log D) is not semistable with respect to L.

Proof. If & = Tx(—1log D), we have Vo > ur(&). By Proposition 4.5, Tx (— log D)
is not semistable with respect to L. [l

5.3. Sum of divisors coming from the base and the bundle: second part.
In this part we study the stability of the logarithmic tangent bundle T'x (— log D)
when r > 2 and

D e {Dy}U{Dyy+ Dy, :0<j <8} U{Dy, + Dy, :2< 0 <1}
The last case D = D,, + D,, will be studied in Section 5.4.
Lemma 5.7. Letr > 2, (a1,...,a;) # (0,...,0) such that a1 < ar, i € {2,...,7}
and j € {0,...,s}. We set & = Tx(—logD,,), F = Tx(—log(Dy, + Ds,)) and

G = T'x(—log(Dy, + Dy,)). For any L € Amp(X), the vector bundles &, .F and
4 are not semistable with respect to L.

Proof. We have pr(&) > pr(%) and pn(&) > pn(¢). We will show that Vi >
ur(&). By Lemma 4.9, we have Vi — W > V,.. Therefore

r+8)(Vi—p(@)=0r+s)Vi—(Vi+...+V,) = (s+1)W
=(s+1)(Vi = W)-V,
+Or-1)Vi—=(Vi+...4+V,_1)
2+ 1)(Vi-W) -V,

> sV,
By Proposition 4.5, &, % and ¢ are not semistable with respect to L. O
Let a € N*. We now study what happen in Lemma 5.7 when a; = ... = a, = a.

We first consider the case r = 1.

Theorem 5.8. We assume that X = P (Ops ® Ops(a)). Let Py and Q be the
polynomials defined by

s—1 s—1
Pi(z)=(s+1) Z (Z) a* ek — st and Q(z) = 2° — Z (;) a*~Flgk,
k=0 k=0

Then:

(1) Tx(—logD,,) is stable (resp. semistable) with respect to n* Ops (V) ® Ox (1) if
and only if 0 < v < vy (resp. 0 < v < wvy) where vy is the unique positive root
QfPl.

(2) If j € {0,...,s}, then Tx(—log(Dy, + Dy;)) is semistable with respect to
T Ops (V) @ Ox (1) if and only if v = v3 where v3 is the unique positive root of
Q.

(8) @ = Stab(Tx(—log(Dy, + Dy, ))) S sStab(Tx (—log(Dy, + Dy, ))) = Amp(X).

Proof. By the sign rule of Descartes, P; and Q have respectively one positive root.
Let L = n*0ps (V) ® Ox(1), by using the expressions of Section 2.2, we have :

s—1
Vi=v® and W= l;) (Z) a* Rk

By Proposition 4.5, to check the stability of & = Tx(—log D,,), it is enough to
compare
Vit (1 +s)W

He(8) 1+s
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with max(Vy, W). We have pr (&) > W and (1 + s)(pn(&) — Vi) = P1(v). Thus,
& is stable (resp. semi-stable) with respect to L if and only if 0 < v < vy (resp.
0<v <)
Let .# = T'x(—log(Dy, + Duw,)). By Proposition 4.5, it is enough to compare
Vi+sW
F)=——
n(F) = —
with max(Vy1,W). As (1 + 8)(pr(F) — W) = Q(v) and (1 + s)(ur(F) — Vi) =
—sQ(v), we deduce that Z# is semistable with respect to L if and only if v = vs.
Let 4 = Tx(—1log(Dy, + Dy, )). We have pr,(¢) = W. By Proposition 4.5, 4 is
semistable with respect to L. ([

We now consider the case r > 2 and a; = ... = a, = a with a € N*.

Lemma 5.9. We have

card{(al,...,ap)GNp:oz1+...+o¢pm}( m

m+p1>

We recall that Vi, = 1. By Lemma 5.9, for all k € {0,...,s — 1},

s—k+r—2\ _._

di+...+dp=s—k—1

and ) )
s—k+r— o
Vik = Z agz...afr:< s—k )a g
da4...+dr=s—k
Using the equalit "y=—2 (" , for any k€ {0,...,5s — 1}
g the cquality {7 ) = —— " y :
_s—k(s—k+r—=2\ , 4, s—k
Wkrl( s—k )a 7(1(7’71)\/”6
Theorem 5.10. Let r > 2 and X = P(Op: ®D;_, Op«(a;)) withay = ... =a, =a
where a € N*. We set & = Tx(—log D). Let Py and Q be the polynomials defined
by:
s—1
1 -1 -1
() =3 [(EoR D A (=D F e (57
a(r—1) k s
k=0
s—1
-1 -1
=) ()
P k 5
Then:

(1) Ifa < f, then & is stable (resp. semistable) with respect to 7 Ops(v) @ Ox (1)
r

if and only if v5 < v < vy (resp. v3 < v <) where vy and v3 are respectively
the positive roots of P1 and Q.

1
(2) Iff <a< il’ then & is stable (resp. semistable) with respect to 7 Ops (V) ®
r r—

Ox (1) if and only if 0 < v < vy (resp. 0 < v < v1) where vy is the positive
root of P1.

1
(3) If a > st T then for any L € Amp(X), & is not semistable with respect to L.
r—

Proof. We first explain the condition which ensure the existence of positive roots
on P; and Q. We write

x):iakxk and Q(x Zﬁkx
k=0
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-1
For k€ {0,...,s— 1}, ax > 0 if and only if k& < (1 — Ll)) s. Therefore,

s+
a(r—1)
If ———~ > 1, then for any = > 0, P1(z) < 0.
s+1
-1
o If M < 1, then P; has only one positive root v.

s+1
For k € {0,...,s— 1}, Br < 0 if and only if £ < s — ra. Therefore,

e If ra > s, then for any = > 0, Q(z) > 0.
o If ra < s, then Q has only one positive root vs.

s
We now show that : If a < —, then v3 < v7. As
r

-2 S () ()
B asrT:—Sl Z;: (S o 1)V1k a* = P(z)

P
and Palvs) _ Qlrs) = P(v3) < 0, we deduce that P;(v3) > 0. By using the fact

—5 r
that, for > 0, P1(z) > 0 if and only if 0 < z < vy, we deduce that v3 < 4.
We can now study the stability of &. Asa; =...=a,, we have Vi = ... =V,.
Therefore
rVi+ (s+1)W
)= ——"—-7-—""—.
1L(&) s

By Proposition 4.5, to check the stability of &, it is enough to compare ur, (&) with
max(Vy, W). We have

(r 4 ) (8) — Vi) = —sVi + (5 + )W = Py(v)
and
(r+s)(pn(&) —W)=rV; — (r—1)W =Q(v)

Therefore,

1(v) <.

ii. fa < — Jr , then Py(v) > 0 (resp. P1(v) > 0) if and only if 0 < v < 1
(resp. 0<1/§1/1)

iii. If a > f, then for any v > 0, Q(v) > 0.
r

iv. If a < f, then Q(v) > 0 (resp. Q(v) > 0) if and only if v > vg (resp.
r
v > us).
The point i. shows the third point of the theorem. By using the points #. and iv.,

we get the first point of theorem. Finally, the points 4. and 4. give the second
point of the theorem. O

Proposition 5.11. Let r > 2 and X = P(Op: ® D;_, Op=(a;)) with a1 = ... =
ar = a where a € N*. Let i € {1,...,7} and j € {0,...,s}. We set %
Tx (—log(Dy, + Du,)), % = Tx(—log(Dy, + Dy,)) and

o =3 [(1- o) (v ()
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(1) If a > il’ then for any L € Amp(X), .%; and %; are not semistable with
r_
respect to L.
(2) If a < Ll’ then F; and ¥; are semistable with respect to m* Ops (V) ® Ox (1)
r—

if and only if v = v3 where vs is the unique root of Q.

Proof. We first study the polynomial Q. We write Q(z) = Y ;_,axz*. For k €
{0,...,5s—1}, ax > 0if and only if k < s —a(r — 1).

o If a> il’ then for any = > 0, Q(z) > 0.
r_

S
o If a< 1 then Q has a unique positive root vs.
r—

Asa; =...=a,, we have V; = ... =V,.. Thus,
rVi + sW (r—=1)Vi+(s+1)W
nr(Fj) r+s and  ur(%) T+ s

By Proposition 4.5, to check the stability of %#; (resp. %;), it is enough to compare
wr(Z;) (vesp. pr(9:)) with max(Vy, W). We have

{ (r+8)(ue(F;) = Vi) = s(W = V1) = =sQ(v)
(r+8)(pe(F;) = W) =r(Vi = W) =rQ(v)
and
{ (r+8)(ue (%) — Vi) = (s + DW = V1) = =(s + 1)Q(v)
(r+8)(ue (%) = W) = (r=1)(Vi = W) = (r - 1)Q(»)
Ifa > rsl’ then for any v > 0, Q(v) > 0; thus, pr(%;) < Vi and pr (%) < Vi.

Hence, for any v > 0, .%; and ¥; are not semistable with respect to L.
S
Ifa < 1 then by the above equalities, .#; and ¥; are semistable with respect
r—

to ™ Ops (V) ® Ox(1) if and only if v = v3 where v3 is the positive root of Q. O

5.4. Sum of divisors coming from the bundle. In this part, we assume that
& = Tx(—1log(Dy, + D,,)). We study the stability of & when r > 2 and a1 < a,.
The stability of & when r = 1 was treated in Theorem 5.8. When r > 2, in
Proposition 5.11, we studied the stability of & when a1 = ... = a,.

Proposition 5.12. Let (ay,...,a,) # (0,...,0) and
&= TX(i log(DUU + D'Ul))'

(1) If ay = 0, then for any L € Amp(X), & is not semistable with respect to L.
(2) If r > 3 and as < a,, then for any L € Amp(X), & is not semistable with
respect to L.

Proof. We have
(s+ )W+ Va+...+V,
r+s '

First point. As card{2,...,r} = r— 1, by using the point 4 of Proposition 4.5 with
I'={2,...,r}, we get

pr(€) =

1 1
- . W) =—— W) .
T+81<;Vl+(s+ )W> e (Vab 4 Vet (s + DW)
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Thus, & is not semistable with respect to L.
Second point. By Lemma 4.9, we have Vo — W > V.. Therefore,
(r4+8)(Vo—pr(&)=(r+s)Vao— (Va+...+V,) = (s + )W
=(+1)(Voa— W)+ ((r—1)Va— (Va+...+V,))
>(s+1)(Va— W)

> (s+1)V,
Hence, by Proposition 4.5, & is not semistable with respect to L. [l
We now assume that 0 < a; < az = ... = a,. By Proposition 4.5, to check the

stability of &, it is enough to compare p, (&) with max(Vay, W). We have
(r—1)Vo+ (s + HW

pr(&) = s
and
" { (4 ghale) v (e s -V
(r+8)pr (&) = W= —(r —1)(W — V3)

The vector bundle & is semistable with respect to L = 7*0ps(v3) ® Ox (1) if and
only if v3 is a positive root of the polynomial Q(v) = W — V, (W and Vy depend
on v). We first consider the case r = 2.

In(1 —
Proposition 5.13. Let r = 2 and 0 < a1 < az. We define § = w
In(az) — In(aq)
and the polynomial Q by

s—1 s—k s—k
- a az 1—a a s+1
Q(x)gla;_al ((al) 1—as+ 1>< . >

Then:

(1) If s <6, then sStab(Tx(—log(Dy, + Dy,)) ) = &;
(2) If s > 9, then Tx (—log(Dy, + D, )) is semistable with respect to 7 Ops (V) ®
Ox (1) if and only if v = vs where vs is the positive root of Q.

2F — (s + 1)z .

Proof. We have

L (s+1 o
V22< 1 )al kyk

k=0

s—1 s—1 s—k s—k
s+1 di d & ay " —aj s+1\ 4
W = kgzo ( k ) ( E a11a22> v = E ﬂ i 1%

di+do=s—k—1 k=0
hence,
s—1 s—k s—k
a as s+ 1 k
W -V, = 1 — —1—- +
2 ]; as — aq ((al) 2 al)( k ) .

as

s—k
We write Q(z) = Y_;_, ax z¥. The inequality ( ) —1—az+ai >0 gives

ai

(1 +as —ai)
In(az) — In(ay)

Hence, by the Descartes rule, Q has a unique positive root v3 if and only if s > §. O

k<s =s5—0.
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We now consider the case where » > 3 and a1 < a,. Let a,b € N* such that
a < b. We assume that a; = a and az = ... = a, = b. By Lemma 5.9, for any
ke{0,...,s—1}, we have

s—k—1
W, = Z afl e afr — as~F-1-3 Z b
d;-si-;.].c-td{ 7=0 do+...+dr=j
__éjfjl (j%T 2)bj s—k—1—j
Jj=0 J
and
s—k
Vo =V, = Z adr. affll = )i Z b’
di+..tdpr_q j=0 da+...+dr_1=j

s—k .
_ <] ”,3) b oas ki
— J

For p e {1,...,s}, weset ap = W4_, — Vo s_,,. We have
p—1 ,. P
ap :Z (J +T,_2)bjap_1_j —Z (j +7T_3)bjap_j .
=0 J =0 J
Let Qs be the polynomial defined by

s—1
Qu(2) :Z (S+2_1)as_kxk— (S+2_1)x8 .

k=0
We have W — V, = Q,(v). We now search a condition on s which ensure the

existence of positive root on Q. By using the identity " - r (" ,
p—1 n—p+1\p
we have
p_ljJrl GAHET =2\, i o= (f T —3),; ;
ap = Z . W oaP~ 17 Z . b aP~I —gP
— pr — 2 j+1 = J

j
p— . .

= j—+1—b jAr—=2 b aP~t | —aP .
— r—2 j+1

J

If 1 <p <b(r—2), then for all j € {0,...,p— 1}, we have
AP _p_b=br=2)
r—2 r—2 r—2

thus a,, < 0. Hence, if o, > 0, then we must have p > b(r — 2). If there is

p > b(r — 2) such that «;, > 0, then for any ¢ > p, we have oy > 0; this follows
from these equalities.

P+ j4r—2
— —b T\ g | = P!
v =3 | (g -0) (150 )pr] -
7=0
1 9
(2 ) (P
r—2 p+1

1 -2
:aap+ ifb p+T bp
r—2 p+1

We denote by |z the floor of z € R.

<0;
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Lemma 5.14. Let m = b(r—2). There is a unique integer 6, € [m + 1; |3.2m| + 1]
such that: if p < 6., then ap <0 and if p > 6,, then ap > 0.

Let §, be the integer given in Lemma 5.14. If s < §,., then all coefficients of Q
are negative; thus, for any z > 0, Qs(z) < 0. If s > §,., then by the Descartes rule,
Qs has a only one positive root 3. We deduce :

Proposition 5.15. Let » > 3 and a,b € N* such that a < b and a1 = a,
ax=...=a, =0b.
(1) If s <6y, then sStab(Tx(—log(Dy, + Dy,))) =9 ;
(2) If s > 6y, then Tx (—log(Dy,+ Dy, )) is semistable with respect to 7 Ops (1)®
Ox (1) if and only if v = vs.

We now give the proof of Lemma 5.14.
Proof. We have

m—1 .
_ J+1 JHT =2\ i
ap_;[(TQ b)( j+1 )ba O

1
p LH1—(r=2)b) (147 =2\ o1y
r—2 [+1

Z LA L (TmAr =2 m pe1—(4m)
r—2 [+m+1

The goal of this proof is to find an integer p such that o, > 0. We will search an
integer p such that

(19) > P+ Z (j +r- >bj 17

l+m+r—2 l+m+r—2 r—2 l+m+r—2
We have = = . From
l+m+1 r—3 l+m+1 r—2

where

the equality

T . r—n—1
Jy _(r+1 r+1\ j+n+1
2 (o) = () v (1) =2 2 (7))

j=n Jj=0
Hence,
I+m+r—2 71+”§1 G4 —2 :H”“H j+r—2
r—2 = r—3 = j4+1
m—1 .
> 14 <]+r2>
2 2 it
Thus,
m—1 . p—1—-m
j+r—2 [+1 n e
> |1 pitm gp (I+m)
br +Z(j+1) Zl+1+m “

=0

1-m

m—1 . p— 1
> pmgp—l-m (14 (3 T 2) 3 i+l (9) _
- = j+1 — l4+1+m \a
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We have
”i”‘ [+1 ”‘i’"/l“ v do
= l+1+m_ —~ Ji Tt+m
p—m
2/ T e
0 T+m
2 ()
>p—m—mln{—).
m
ifk=2L> 3.2, then (kK —1—1In(k)) > 1. If we set p = [3.2m| + 1, we get
m

p—1—-m 1 p—1—-m
1 1
E L+ 9 > E LZmZb.
l+1+m l+14+m
1=0 1=0
For j € {0,...,m — 1}, we have b™ a?~1=™ > b/ qP~177. If p = |3.2m] + 1, we get

m—1 .
ﬁp>bbmap—1—m 1+Z(J+T—2)
o Jj+1

Jj=0

m—1 .
R N S T TR g1
= 27\ G+

this proves the inequality (19). Thus, a, > 0 for p = |3.2m] +1. Hence, we deduce
the existence of the integer d, in the interval [m +1; |3.2m] + 1]. O

6. APPLICATION ON LOG SMOOTH TORIC DEL PEZZO PAIRS

The goal of this part is to study the stability of the equivariant logarithmic
tangent bundle T'x (—log D) with respect to —(Kx + D) when the pair (X, D) is
log del Pezzo. We assume that N = M = Z? and the pairing (-,-) : M x N — Z is
the usual dot product.

Example 6.1. Let » € N and ¥ the fan of the Hirzebruch surface F, = P(0p: @
Op1(r)). The rays of ¥ are the half lines generated by the vectors u; = eq, ug = e,
uz = —ej1 + reg and ug = —es. Hence,

¥ ={0} U{Cone(u;) : 0 <7< 3} U{Cone(u;,u;1+1):0<i <3}

where ug = ug. For any ¢ € {0,...,3}, we denote by D; the divisor corresponding
to the ray Cone(u;). By [2, Proposition 6.4.4], we have

D;-Di=—
(20) Dp-D;=1 ifke{i—1,i+1}

Dp-Di=0 ifk¢{i—1ii+1}

where v; = det(u;_1,u;+1). So, 0= —7r,71 =0,y =randy3 =0. If 7 : F,, — P!
is the projection map, then the invariant divisors Dy, D3 are the fibers of 7 and the
invariant divisors Dg, Dy can be seen as sections.

By using the classification of log Del Pezzo surfaces given by Maeda [16, §3.4]
(see e.g. [18] for a proof in a toric setting), we get the following description of
equivariant log Del Pezzo pairs.

Proposition 6.2. Let X be a smooth complete toric surface and D a reduced torus-
invariant divisor on X. Then, the pair (X, D) is log Del Pezzo if:

(1) X =P? and D = D' where D' is a line;
(2) X =P? and D = D' + D" where D' and D" are two lines;
(3) X =F, and D = D' where D’ is a section with (D')* = —r;
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(4) X =F, and D = D' + D" where D' is a section with (D')?> = —r and D"
s a fiber;

(5) X =F; and D = D' where D' is a section such that (D')? = 1;

(6) X =Fy and D = D" where D" is a fiber.

Remark 6.3. If D, D’ are two invariant lines of P?, then according to Corollary
4.2 and Corollary 3.11, Tp2(— log D) is polystable with respect to —(Kp2 + D) and
Tp2(—log(D + D’)) is unstable with respect to —(Kpz + D + D’).

Proposition 6.4. Let X =F, and Dy, D1, D2, D3 the divisors defined in Example
6.1. Then:
(1) IfT =0andD € {Dz 0<1 < 3}U{D0+D1,D0+D3}U{D2+D1,D2+D3},
Tx (—log D) is polystable with respect to —(Kx + D);
(2) If r =1, Tx(—log Dy) is stable with respect to —(Kx + Dg);
(8) If r > 1 and D € {D2,Ds + D1, Ds + D3}, Tx(—log D) is unstable with
respect to —(Kx + D).

Proof. We first note that, the divisors Dy, D1, D2, D3 of F,. defined in Example 6.1
are given in Section 2.2 by Do = D,,, D1 = Dy,, Dy = D,, and D3 = D,,, where
v1 = eg and wy = e;. Thus, by Equation (5),

Dy ~in D3 and Dy~ Do — D3 .

If aD3 + 8Dg is an ample divisor of F,., then the number v used in the results of
Sections 4.3 and 5 is defined by v = %. Using Remark 4.14 and Propositions 4.11

and 4.13, we get the first point.

Let r = 1. We have —(Kx + Dg) ~iin Do+ D3 and v = 1. As the polynomial P
defined in Theorem 5.8 is P; =2 — 2 and 0 < v < 2, we deduce that Tx(—log Dy)
is stable with respect to —(Kx + Do).

The polynomial Py of Theorem 5.5 is given by Po =1 — 2. As —(Kx + D2) ~iin
2D3 + Dy and v = 2, we deduce that Tx(—log D2) is unstable with respect to
7(KX + Dg).

If r > 2, then according to Theorem 5.5, T'x (—log D3) is unstable with respect
to —(Kx + D). Finally, if r > 1 and D € {D3 + D1, D2 + D3}, then Tx(—log D)
is unstable with respect to —(Kx + D) (cf. Corollary 5.6). O

Remark 6.5. If X is a smooth toric variety and D an invariant divisor on X such that
—(Kx+D) is ample, by [1, Theorem 1.2], (X, D) admits a toric log Kéhler—Einstein
metric if and only if 0 is the barycenter of the polytope P x, p) corresponding to
—(Kx + D). In this case, according to [15, Theorem 1.4], the orbifold tangent sheaf
Tx (—log D) is polystable with respect to —(Kx + D). In this paper we studied
the stability of T'x(—log D) when 0 is not the barycenter of P x py. Therefore,
we do not have the existence of Kéhler—Einstein metrics on these logarithmic pairs
(X, D).
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