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A conformal geometric point of view on the Caffarelli-Kohn-Nirenberg
inequality

L. Dupaigne, I. Gentil and S. Zugmeyer
June 4, 2023

Abstract

We are interested in the Caffarelli-Kohn-Nirenberg inequality (CKN in short), introduced by these authors
in 1984. We explain why the CKN inequality can be viewed as a Sobolev inequality on a weighted Riemannian
manifold. More precisely, we prove that the CKN inequality can be interpreted in this way on three different
and equivalent models, obtained as weighted versions of the standard Euclidean space, round sphere and
hyperbolic space. This result can be viewed as an extension of conformal invariance to the weighted setting.
Since the spherical CKN model we introduce has finite measure, the I'-calculus introduced by Bakry and
Emery provides a way to prove the Sobolev inequalities. This method allows us to recover the optimality
of the region of parameters describing symmetry-breaking of minimizers of the CKN inequality, introduced
by Felli and Schneider and proved by Dolbeault, Esteban and Loss in 2016. Finally, we develop the notion
of n-conformal invariants, exhibiting a way to extend the notion of scalar curvature to weighted manifolds
such as the CKN models.

1 Introduction and main results

1.1 The CKN Euclidean space

In their seminal paper [CKN84], Caffarelli, Kohn and Nirenberg found the optimal range of real parameters
a, b, p for which the following inequality holds true:

(/R - dx) Cab/ Wr;'j v e CE R\ {0}). (1)

a Ja|*®

Here, | - | is the Euclidean norm in R%, d € N* and Cy.b denotes the optimal constant, depending on a,b and
d only. Note that the case a = b =0 (and p = 2d/(d — 2)) corresponds to Sobolev’s inequality, while the case
b=a+1 (and p = 2) is Hardy’s inequality, so that (1) is sometimes called the Hardy-Sobolev inequality. Note
also that the inequality is achieved in the former case, while it is not in the latter.

Let us consider the measure
dyim(x) = [2] " da. (2)

Then, the left-hand side of (1) is simply the LP-norm of v with respect to the measure pg (squared). In addition,
if we consider the metric! on the manifold M = R?\ {0} given by

grY = foP2e, (3)

then (1) takes the simpler form

2/p
(/|UdeE) < C’a7b/|VgEv|§E dug.

LIf (M, g) is d-dimensional Riemannian manifold whose metric g is represented in a local system of coordinates at a point © € M
by the matrix G(z) = (9:j(2))1<4,j<d, We use the letter g to denote the bilinear form on the cotangent space of M represented by
the inverse matrix G(z) ™1 = (g% (2))1<i j<d




By a standard scaling argument?, the following relation is necessary for the inequality to hold true:

2d d

= = 4
P d—2+20b—-a) a.—a+b’ )

where a. = 9432. Through the property of modified inversion symmetry (see Theorem 1.4(ii) in [CWO01]), we

may always assume that a < a, = % since the case a > a. is dual to it and the inequality fails to be true if
a = a. (see [CKN84]). For simplicity, we also focus on the case d > 4 and refer to [DEL14] for the remaining

cases d € {1,2,3}. Then, (1) holds true if and only if
a<b<a+1

For simplicity, we do not consider the limiting case b = a+ 1 (Hardy’s inequality) and we define accordingly the
set

O={(a,b)eR* a<b<a+1,a<a.} (5)
so that the CKN inequality (1) is valid whenever (a,b) € © (see Section A.3).

Observe that for (a,b) € 0, p < % and so p can be rewritten as the critical Sobolev exponent associated to
an intrinsic dimension n € [d,4+00) through the relations

2n d

n—2’ nzl—i—a—b' (6)

The fact that n is a meaningful number, entering in the classical Bakry-Emery curvature-dimension condition,
will become transparent in a moment. To summarize, one can view inequality (1) exactly as Sobolev’s inequality
stated on the weighted Riemannian manifold® that we introduce now.

Definition 1.1 (The Euclidean CKN space). The Euclidean CKN space is the triple (M, gg, ug), where the
manifold is M = R?\ {0}, the metric? is gg” = |2[?1~*)§% and where the measure ug is given by (2). The
corresponding Riemannian volume is given by dVy, = |ac|d(“_1)daj7 the weight Wg, verifying dug = e‘WEdVgE,
is given by Wg = —Mlogjxﬁ and the generator® is given by Lg = Ay — VIEWE - V = [z[201-9)(A —
aVlog|z|? - V).

p:

For notational convenience, we introduced above the parameter®:

b
a:1+a7%, (7)

where (a,b) € © (defined in (5)) and p is the critical exponent given by (4). In other words, returning to the
parameters a,b,d (and a. = (d —2)/2),

(ac—a)(a—i—l—b).

“= a.—a+b

Note that for any (a,b) € O, we have o > 0, see Section A.3 and Figure 1 for more information about parameters.
Equivalently, and this is the notation adopted in this paper’, one can see the Euclidean CKN space as a Markov
triple (M, ug,T'g), where ug verifies (2) and the carré du champ operator is given by

Te(v) = |Vagvly, = a7 |Vof* = o207 [Vo|?

Its associated bilinear form is denoted by T'g(u,v) = |z[?M~*)Vu - Vo for u,v € C®(R®\ {0}). Inequality (1)
now reads

</ |U|pdﬂE)2/p < Ca,b/rE(v)dm v e CP R\ {0}).

2To see this, apply (1) to the function  — v(Az) where A > 0 and let A — 01 and A — +oco

3the words ”smooth metric measure space” and ”"manifold with density” are also employed in the literature to designate the
same object.

4The given expression of gg is just a rewriting of (3)

5i.e. the operator such that — [uLgv dug = [(Vggt g Vggv)dug for u,v € C°(R?\ {0})

6The reader may check that « turns out to be the same parameter as the one introduced in [DEL14] (for different reasons).

7See [BGL14] for an introduction to I'-calculus.




1.2 Conformal invariance

As noticed earlier, when ¢ = b = 0 (a = 1), we recover the standard Sobolev inequality on the standard
Euclidean space. In that case, since the metric of the d-dimensional sphere S? and the metric of the d-
dimensional hyperbolic space H? are both conformally equivalent to the Euclidean metric, Sobolev’s inequality
takes equivalent forms on these three model spaces. More precisely, the Euclidean Sobolev inequality applied

. ) 2-d 14e? . 1—z)? oo (Rd 00
o the function ¢™2 v, where p(z) = =5~ (respectively p(z) = ~—~) and v € C°(R?) (resp. v € C°(B))

yields
2/p
</|U|Pdvg) <C [/ng@ dvg+/sgz;2dvg}, (8)

where g is the round metric on the sphere S¢ expressed in stereographic cooordinates (resp. the metric of

the hyperbolic space in the Poincaré ball model), dV; the associated Riemannian volume, Sy = d(d4_ 2) (resp.
Sy = 7@) and C = ﬁﬁdﬁ% the best constant in the standard Euclidean Sobolev inequality. By

analogy, we can extend the conformal invariance property to the setting of weighted manifolds as described
next.

The spherical CKN and the hyperbolic CKN spaces

Recall that the metric and reference measure of the Euclidean CKN space read
gg” = 2?0796 and  dug = |z|"Pd.

Keeping in mind the expression of the standard stereographic projection, we define next the spherical and
hyperbolic CKN spaces as follows.

Definition 1.2 (The spherical and the hyperbolic CKN spaces).
e The spherical CKN space is the triple (M, gs, s ), where M = R4\ {0},
i 20—a) (1 F || ? ij i —bp 2 "
gs" = |z <2) 0% and dus = |z| <1+|33|20‘> dx
Associated objects are given by the following formulae:

d_|z|H "

Tiapey? 4o

— Riemannian volume: dVyg = 2
— weight: Ws = (n — d) log(1 + |z|?¥) — wlog 2|2,
— Carré du champ operator: I's(v) = [Vggv|3 = |z|2(1*a)%|V1}|Q,
— generator: Lg(f) = \x|2(1’a)W[Af —aVf-V loglz|? — (n—2)Vf - Vlog(l + |z[*¥)].
e The CKN hyperbolic space is the triple (B \ {0}, gr, tr1), where B is the open unit ball in R?,
gu' = |z (1 _|2“”2a)25m and  dum = ||~ (1 |2x2a>ndw.

Associated objects to this triple are given by the following formulae

Riemannian volume: dVy, = 242771 g
— Riemannian volume: dVy,, = 2°G—pmayade,

— weight: Wg = (n — d)log(1 — |z|?>*) — w log |x|?,
— Carré du champ operator: T (v) = |V, 0|2, = \x|2<1*a>%|w|2,

— generator: Lyx(f) = "0~V U=EN (A — aVf - log|2f? — (n— 2)V [ - Viog(1 - [z[2*)].



Remark 1.3. e Note that in the case a = 1 (which is achieved in © only when a = b = 0, see Lemma 1.9),
the CKN sphere is the standard round sphere (punctured at both of its poles) viewed in the stereographic
projection chart. Similarily, for & = 1, the CKN hyperbolic space is the (punctured) hyperbolic space.

e Note that, letting ¢(x) = 1+|§‘20, we have I's = ¢?I'g and us = ¢ "ug. We shall say that the CKN

Euclidean and spherical spaces belong to the same n-conformal class (n not necessarily being equal to the

2a
topological dimension). Similarly, with ¥ (x) = %, we have 'y = ¢?I'g and puy = ¥ "ug, so that
the hyperbolic CKN space also belongs to the same n-conformal class.

e When (a,b) € ©, ug has finite mass (see Remark A.10 in Section A.3). In this Section, we prefer not to
normalize the measure ug, a choice which makes the conformal invariance of Sobolev’s inequality more
transparent.

With these definitions at hand, we prove

Theorem 1.4 (Conformal invariance of the three model spaces). Let C' > 0 be an arbitrary constant. The three
following Sobolev inequalities associated to each CKN model are equivalent:

i weezmion, ([ |v|pduE)2/psc [ T, o)
@) wecz@op. ([ Ivlpdus>2/p§0( [rstns + 22 [as), o

(iii) Vo e C=(B\ {0}), ( / |’U|pduH)2/p<C( [ rud - "2 | u%mH). (11)

Remark 1.5. e Inequality (9) is valid for some constant C = C, if and only if (a,b) € © as proved in
[CKN84]. Hence, so are (10) and (11).

e As we shall see, the value of the optimal constant C' is known only in a restricted range of parameters, see
Theorem 1.7 below.

e Since its set of test functions is smaller, inequality (11) need not be optimal even though (9) and (10)

are. For example, in the absence of weights, C = m is the optimal constant in (9) and (10)
and extremals exist (and are classified), see Theorem 1.7 below. In contrast, inequality (11) holds with
the same constant C' = m but when n = d = 3 (and again a = 1), the constant —% can

be improved to — (”11)2, see [BFLO0S8]. Using this fact and the proof of Theorem 1.4, it follows that the

standard Sobolev inequality in R? improves to

1/3 4/3 2
/ |v|®da §} 2 / \Vv|2dmf/ S —; P ,
R3 3\m R3 re (1—|z]?)?

when restricted to functions v € H}(B). When d > 4 (and a = 1), inequality (11) is again optimal, but
contrary to (9) and (10), the inequality is never attained®. We have not yet investigated the optimality
of (11) in the general case.

1.3 Curvature-dimension conditions on the spherical CKN space

We just saw that the CKN inequality takes the forms (9), (10), (11) on the three CKN spaces. But what is the
value of the best constant C' 7 To answer this question, let us first recall the following classical definition and
result: a smooth weighted manifold (M, g, i) is said to satisfy the C'D(p,n) condition if for every f € C*°(M),

Da(f) = o0 () + (LS,

81f it were, then (9) would also be attained by a compactly supported function.



where (p,n) € R x (RU{+00}), du = e~ dV, for some W € C=(M), T'(f,h) = (VO f,Veh)y, T(f) =T (f, f) =
|V9f\§, Lf=Agf —T(W, f)and T'ao(f) = $L(I(f)) — T(f, Lf), for smooth functions f,g on M. The following
theorem, generalizing the earlier work [BV91], holds true:

Theorem A. ([BL96] and [BGL14, Thm. 6.8.3]) Let (M, g, 1) be a smooth weighted manifold satisfying the
CD(p,n) condition with p >0, n >d = dim(M) (n > 2). Assume in addition that the associated operator L is
2n

essentially self-adjoint in L?(u). Let p = =l and normalize the measure v so that u(M) = 1. Then,

(/ |v|pdu) e ﬁ”; ! /F(v)du + /deu, v € C(M). (12)

Let us remark that this theorem can also be stated in the more general context of full Markov triples as
proposed in [BGL14] and also on metric measure spaces as proved in [Prol5]. Thanks to Theorem A, it suffices
to determine whether the CKN sphere is a smooth weighted manifold satisfying the C'D(p,n) condition and
that the associated operator is essentially self-adjoint, in order to obtain an explicit value (which turns out to
be optimal in our case) for the constant C in (10). This is what we do next.

Proposition 1.6 (Curvature-dimension condition for the spherical CKN space). Let (a,b) € © and
p=a’(n—1). (13)
Then, the spherical CKN space satisfies the curvature-dimension condition CD(p,n) if and only if

2 422
T n—2

e (14)

One implication of this proposition has been proved in [Ket15, Thm. 3.9]. The proof proposed here is different
and based on tensors, which is a useful method to prove the equivalence between the two conditions. Note that
(R4\ {0}, gs, ius) is a smooth weighted manifold and that its operator is essentially self-adjoint if and only if
n > 3, see [Ketl5, Thm. 3.12], whence Sobolev’s inequality (10) holds under the condition (14). In fact, more
can be said. Revisiting the proofs of Theorem A given in [DGZ20, BGL14], we find that if the following weaker
integrated form of the curvature-dimension condition

/ (Fg(f) —pls(f) - i(Lsf)2> S dps >0 (15)

holds for functions f € C>(R?\ {0}) such that inf f > 0 and sup f < +oc, then the sharp Sobolev inequality
is valid on the CKN sphere. More precisely, letting H¢ (us) denote the closure of C2°(R?\ {0}) with respect to
the norm

191300 = [ (Ts(5)+ £2) dus.
Theorem 1.7 (Sobolev inequality for the spherical CKN space). Let (a,b) € ©. Whenever
0<ax<l, (16)

the following optimal Sobolev inequality holds

(/ deM)Q/p < ﬁ/l"s(v)du—&-/ﬁdu, (17)

for any v € H} (us), where p = %HS and Z is a normalization constant® such that p is a probability measure.
That is, inequality (10) is valid with optimal constant

07 = ps(RI\ {0}) = 2[S4-1| [(F°°(cosh t)~"dt



In addition, equality holds in (17) if and only if
v(z) = (A + ’ytanh(as))*%, s = log ||,

where A,y are arbitrary constants such that X\ > |y|. In particular optimal functions for both inequalities (1)
and (17) are radial.

Remark 1.8. e Note that ¢;1(x) = tanh(ws) is a radial eigenfunction of Lg associated to the eigenvalue
A = a?n. So, except for the round sphere (corresponding to the case a = 1), the extremals of Sobolev’s
inequality are obtained as a linear combination of radial extremals of Poincaré’s inequality (20) (raised to

n—2

the power —”5=), provided this combination is bounded below by a positive constant.

e As we shall prove in Lemma 1.9, condition (16) is equivalent to a? < %. In the limiting case o® = Zj,

extremals of Sobolev’s inequality are radial, while extremals of Poincaré’s inequality need not be, see
Proposition 1.10 below.

e The extremals of Sobolev’s inequality on the round sphere (i.e. the limiting case o = 1) were discovered
by T. Aubin, see e.g. Theorem 5.1 in [Heb00]. They are more often written as constant multiples of

v=(8 - cos(r))” T,
where > 1 and r is the geodesic distance to an arbitrary point wy € S¢. With our notations, they take
the form
_d=2
v=A+v014)" 7,
where ¢ 4 is any eigenfunction of —Lg = —Aga associated to the first nonzero eigenvalue A\; = d and A,~y
are arbitrary constants such that A > |v|]|¢1,4||cc-

Our notation puts forward the connection between the extremals of Sobolev’s inequality and the extremals
of Poincaré’s inequality in Proposition 1.10: the former are obtained as a linear combination of the latter
(raised to the power —%), provided this combination is bounded below by a positive constant.

e Hardy’s inequality (i.e. the case & =0 in (9)) is optimal for the constant

2
C = lim 1 5 :( 2 ) ,
a=0t n(n — 2)a2Zw d—2—2a

but equality is never achieved.

o It follows from Theorem 1.4 and Theorem 1.7 that for « € (0, 1), extremal functions for Sobolev’s inequality
on the Euclidean CKN space take the form

n—2
1+ |SC‘2& ~ T2
o) = (55 ,

up to normalization and dilation, providing thereby an alternative proof of the main result in [DEL14].
Condition (16) is strictly weaker than condition (14). It turns out to be equivalent to
o < d-1 .
“n—1

More precisely, consider the following Felli-Schneider region
. d(ac —a)
Ors ={(a,b) €O, b>bps(a) if b<0}, where bps(a)= — (ac —a) (18)
2y/(ac—a)2+d—1
Let as well Opgz C © be the domain where Proposition 1.6 is valid (condition (14)):

O©paz = {(a,b) € ©, Bpgz > 0},

where
%DGZ = (d—2)—(n—2)a2. (19)

Then, we prove that the region ©pg corresponds exactly to the domain where Theorem 1.7 is valid:



Lemma 1.9 (Comparison of the two regions).

n —

- 1
Opg = {(a,b) €0, ‘BDGZ—Fn_Cll 20} = {(a,b) €0,a*< Zl} ={(a,b) €0, a € (0,1]}.

Hence, ©pcz & Ops. Moreover, for any (a,b) € ©, a« = 1 if and only if a = b = 0 (that is the standard
Euclidean case).

The two regions are represented in Figure 1 with d = 4. The condition 6 € Opg is known in the litterature as

b

2.0 A

1.5 1

—-1.0 1

Figure 1: bpg(a) (dashed style in red) and the curve Bpgz = 0 (dotted style in blue) with d = 4.

the Felli-Schneider condition. Felli and Schneider [FS03], building on the work of Catrina and Wang [CW01]
initially proved that extremal functions for the optimal CKN inequality (1) cannot be radial whenever (16)
fails. Conversely, in their work [DEL14], Dolbeault, Esteban and Loss computed the optimal constant in (1)
and proved that extremals for the optimal CKN inequality (1) are radial and explicit whenever (16) holds.
Combining Theorem 1.7 with Theorem 1.4 gives an immediate alternative proof of these latter facts. Our point
of view may further clarify why the Felli-Schneider condition is optimal. Indeed, it is well-known that a tight
Sobolev inequality implies a Poincaré inequality: precisely, applying (17) with v = 1 4 ef and letting € — 0

leads to )
[ - ( / fdu) <L [ s (20)

Proposition 1.10 (Poincaré inequality for the spherical CKN space). Let (a,b) € ©. The Poincaré inequal-
ity (20) holds with optimal constant C = —~5 if and only if the Felli-Schneider condition (16) holds. In addition,

na?
equality holds in (20) if and only if f is an eigenfunction associated to the first nonzero eigenvalue of Lg,

We prove the following.

e if0<a< &L

n—1’

f(x) = A+ ytanh(as), where s =log|z|,
for some constants (\,7) € R
d—1

e otherwise, if a = 7=,

P1,d-1(w)
cosh(as)

jz|”

with (A, 7y,v) € R® and some eigenfunction 1 4—1 associated to the first nonzero eigenvalue \y = d — 1 of
7Asd71 .

f(z) = A+ ~ytanh(as) + v , where s =log|z| and w =



So, the Felli-Schneider condition cannot be improved in the statement of Theorem 1.7 and it is in fact equivalent
to both Sobolev’s and Poincaré’s inequality with the given optimal constants on the spherical CKN space. In
addition, Poincaré’s inequality with constant C' = 2L is in fact equivalent to the following integrated C'D(p,n)

condition, where p,n > 0: on
1
/ (Fg(f) —pl's(f) - n(Lsf)2> du >0,

see Proposition 4.8.3, Theorem 4.8.4 and their proofs in [BGL14]. Hence, the Felli-Schneider condition (16) can
be interpreted as a curvature-dimension condition in integral form.

Let us also point out that if Sobolev’s inequality (10) holds on a d-dimensional smooth manifold (M, g) without
weight with optimal constant C' = W7 then (M, g) must be isometric to the round sphere, as very
recently demonstrated in [NV21].

1.4 The n-conformal invariants

In this last introductory paragraph, we expand on the conformal invariance of Sobolev’s inequality in the setting
of weighted manifolds and provide a deeper reason for why the three CKN model spaces satisfy equivalent
conformal forms of the Sobolev inequality.

For the inequality (8) without weights, it turns out that S, = %scg is a constant multiple of the scalar
curvature of g (see Propositions 3.6.20, 3.6.21 and 6.2.2, as well as the second displayed formula on p. 63
in [Heb97] or [BGL14, Sec. 6.9.2] for proofs of this classical result). In other words, inequality (8) is valid on
the whole conformal class of the round sphere, including the Euclidean (where Sg = 0) and hyperbolic (where
Sq = —%seg ) spaces.

For weighted manifolds, the notion of scalar curvature can be generalized as follows. As proposed in [BGL14,
Sec. 6.9] (see also [CGY06] and [Casl2] for earlier perspectives!’), given a d-dimensional (d > 2) weighted
Riemannian manifold (M, g, u) with reference measure

dp = e=WdV,
where W : M — R is a given weight and dV; the Riemannian volume, let
L(f) = |Vaflg
denote the associated carré du champ operator, so that (M, u,T") is a Markov triple.

Definition 1.11. Take a real number n € [d, +oc], which is not necessarily an integer. The n-conformal class
of the triple (M, u,T) is the set of all Markov triples (M, c "u, c?T"), where ¢ : M + (0,00) is any smooth and
positive function. An n-conformal invariant is a map S defined on the n-conformal class of (M, u, ") with values
in the set of functions over M, such that for any positive smooth function ¢ = €7,

S(c ", 1) = | S(u, T) + "T’Q (LT -2 QF(T))], (21)

where
L=A;-T(W,").

It is important to notice that the operator L is uniquely determined by the carré du champ operator I' and the
measure g only. This is indeed the case since the operator Ay depends on the metric g (which itself is uniquely
determined by I') and since W is related to the measure p and the metric g through the Riemannian measure
dVy. Also observe that setting u = U s = S(u,T), §=S(c"u,cI), then (21) can be reformulated as the
following Yamabe-type equation:

. nt2 .
—Lu+ su=3u~—=2 in M.

Note that the case where n =d, L = Ay, s = 4&:21)869 and s constant, is the standard Yamabe equation.
10which correspond to the special case ¥ = —2 in Proposition 1.12 below.



By a rather direct computation, see [BGL14, Prop. 6.9.2], whenever S = S(u,T") is an n-conformal invariant,

the Sobolev inequality
2/p
(/ |v|pdu> <C (/F(v)du +/Sv2du) , (22)

(with given constant C' > 0 and p = %) is invariant in the n-conformal class of the triple (M, u,T"). In other
words, if the Sobolev inequality (22) holds for some constant C, then it also holds with the same constant C'

for all triples (M, c™"pu, c*T") where c is any smooth and positive function.

Rephrasing what we said earlier, in the absence of weight, S5 = %scg is an example of a d-conformal invariant

(where in this case n = d). The case of weighted Riemannian manifolds is a little bit more complicated and
contains interesting examples. Let us recall Proposition 6.9.6 of [BGL14] (we will also provide a proof since the
one in [BGL14] contains some mistakes as well as the statement).

Proposition 1.12 (n-conformal invariant in a weighted manifold). Let vy € R and n > d. Then,

Sy (1, 1) = On()[scg = YAGW + B (7)T(W)] (23)
s an n-conformal invariant if
_y(n—2d+2)—2(d—1) B n—2
Baly) = 2(n —d) T g S &

This being recalled, a natural question arises in the context of the Euclidean CKN space we introduced in
Definition 1.1: does there exist a (unique) real number 79 € R such that this space satisfies

Syo(ue, ') =0 7

This is indeed the case, as we are about to see. By Theorem 1.4, without any further computation, we deduce

that for the same value of the parameter v = 7o, S, (us,I's) = #oﬁ > 0 is constant for the CKN sphere

and S, (uu, Tu) = —%oﬂ for the CKN hyperbolic space.

Proposition 1.13. Letn > d and
2(d—-1)
a?(n—d)(n—2

Yo = — ) Bpaz, (24)

where Bpaz has been defined in (19).
Then, Sy, (pe,Te) =0, Sy (us,I's) = Woﬂ and Sy, (pw, T'a) = —W&Z.

As an immediate collorary of the CKN inequality (1) and the above lemma, we recover the validity of Sobolev’s
inequality on our three model spaces, stated in Theorem 1.4 above.

Remark 1.14. In a forthcoming report, we will further explain how a weighted version of Otto’s calculus can be
introduced in order to prove a wider class of optimal CKN inequalities, by working directly on the Euclidean
CKN space, rather than the CKN sphere.

The rest of the paper is organized as follow. In Section 2 below, we prove the conformal invariance of Sobolev’s
inequality in the CKN spaces (Theorem 1.4). Section 3 is dedicated to the characterization of the region of
parameter O pgz (resp. Opg) for which the classical curvature-dimension condition (resp. the integrated form
(15)) holds, from which Sobolev’s inequality follows (Proposition 1.6 and Theorem 1.7). In Section 4, we prove
all results pertaining to n-conformal invariance for general weighted manifolds (Propositions 1.12 and 1.13). At
last, an appendix contains lists of known formulas and constants, proofs of the numerology relating them as
well as rigorous justification of the integrations by parts implicitly used in the proof of Sobolev’s inequality.

2 Conformal invariance of Sobolev type inequalities for CKN models

Proof of Theorem 1.4
< As in the unweighted case, the proof reduces to a simple change of unknown, once the proper notion of



conformal invariance has been introduced. First we prove that the Sobolev inequality in the CKN Euclidean
space is equivalent to the Sobolev inequality in the spherical CKN space.
Recall that for )
1 e
ola) = I peme, (25)

and that
I's =¢°Tg and ps =¢ "ug.

Apply (1) to the function f = <p277"g. On the one hand, we have

/ s = / £ g = / Pdus.

On the other hand, letting V = log ¢,

2—n 2

— 2—n —n 2—n
Ie(f) =Te(e? g9)=¢* "Tr(9) +2¢ 2 gIe(p * ,9) +Te(p 7 )¢’

= (Tl - "2l V) + P (g2,

An integration by parts with respect to ug yields

/FE(gQ,V)sDQ‘"duE+/FE(<p2_”,V)ggduE = —/LEV92w2_"duE,

so that we get

4
- / Cs(g)dps + "2 / (LE<V> — QFE(W)g%Qdus,

_ o2
/ Te(f)dps = / I's(g)dus — %2 / Te(g? V)e* "dug + (n—2)7 / I'e(V)g**dus

The CKN inequality (1) becomes

</ gpdus>2/p <C (/ I's(g)dus + (n ; 2 / <LE(V) -Z ; 2FE(V)) WQQQdMs) :

and it is enough to compute the quantity

To that end, recall that Lg is given by
Lg = |z[**"*[A - aV log|z|* - V]. (26)

Since V' = log ¢, we have

Le(V) - n — QFE(V) _ Le(p) _ Te(p) _n- 2Tg(p) B Le(p) B nFE(gp)-

2 @ @2 2 p? ® 2 ?

Recalling the definition of ¢ given in (25), we find that

Te(p) _ o?fzf*
©? 2

and
Le(p)  [2[**[Ap —aVliog|z|>- Vo] d+2(a—1)—2a ao’n
= =«

¢ ¢ ¢ e

10



So finally,

and the CKN inequality (1) takes the form (10), as announced.

Next, we prove that Sobolev’s inequality in the CKN Euclidean space implies the Sobolev inequality on the
CKN hyperbolic space. We mimic the previous proof. Define the function ¢ on the punctured open unit ball
B\ {0} c R by

B 1— |x|2a

Y(z) = 5 r € B\ {0}.

Then, on B\ {0},
'y = ’l/JZFE and pug = 1/17”;11;.

2—n

Apply the CKN inequality (1) to the function f =172 h, where h € C2*(B\ {0}). Again, we get

/ fPdm = / £ dpu = / WP s,
and (1) becomes, with U = log v,

( / hpduH)z/p <c ( [rudm+ ™52 [ (LE<U> - 2rE<U>)w2h2duH) |

n—2 a‘n
5 =

We obtain
Le(U) -

and so (11), as claimed. ©>

3 Sobolev’s inequality for the spherical CKN model

This section is devoted to the proof of the optimal Sobolev inequality for the spherical CKN space (Theorem 1.7)
under the Felli-Schneider condition (16). It is convenient to introduce spherical coordinates R% \ {0} > z = rf
with 7 > 0 and # € S?~!. The Sobolev inequality on the CKN sphere (17) then takes the form

pd—1-pb 2/p , 1 , | r2le=D+d=1-pb
P T dVean| <C o, - rdVias
/m,oo)Xsu i prdVees | SC | e [< of Vel } (15 2z drdVee

+4z- % / v? ﬂazrdvsd_l,
(0,00)xgd—1 (L 7r2)n

where |Vgu| is the Riemannian length of the Riemannian gradient Vov on S?~! and dVga-1 is the associated
Riemannian volume. Using the change of variable (0,00) 3 r = e®, with s € R, the inequality becomes (with a
different constant C),

2/p
(/ [v|? cosh(as)"dsdvsd_1> <
RxSd-1

C/ [(05v)? + |Vov|?] cosh(as)® "dsdVga-1 + Z_%/ v? cosh(as) "dsdVga-1, (27)
RxSd—1 RxSd4-1

where we used the fact that d — naw — pb = 0, see (75). This new chart is often called the Emden-Fowler
transformation, as suggested in [CWO01, DEL16]. In other words, in the cylindrical chart (s,6) € R x S¢~1, the

11



spherical CKN space takes a new and nice form. Notice that the space remains the same, it is only written in
a new chart. More precisely, letting
©(s) = cosh(as), s€R, (28)

the metric becomes (with the upper indices)
gs = ¢’h = €D, (29)

where 75 = log and b is the standard product metric'’ on (0,00) x S9~1, represented by the d-dimensional

matrix
1 0
0 Gy )’

where Gy is the matrix of gy in the chart (s,6), and g¢ is the round metric of S9~!. For convenience, in
Lemma 3.2 and its proof, as well as the proof of Proposition 1.6, we will abuse the notations and identify the
tensors with their coordinates in the chart (s,8), since it will be the only chart used in all the calculations. The
carré du champ operator takes the form

Ts(f) = @*[(0:)° + Ve fI?] =¢*[(0:)* +T(f)],

where T9(f) = |Vof|? is the carré du champ operator associated to the the Laplace-Beltrami operator Ay
on S4~!. The Riemannian volume becomes dVys = ¢~ %dsdVga-1 and the reference measure (not normalized
measure)

dus = ¢~ "dsdVga-1.

The corresponding weight Ws is defined by dug = e~"VsdV,, so that

gs»
Ws = (n — d) log .

Finally, the associated generator takes the pleasant form
()0/
Ls(f) = ¢ |Ouef + (2~ n)aastrAgf]

Taking advantage of this chart, let us begin by proving that the spherical CKN space satisfies the C'D(p, n)
condition whenever condition (14) holds:

Proof of Proposition 1.6

< From [BGL14, Sec. C6], the generator Lg satisfies a C'D(p,n) condition (with n > d) if and only if, as a
symmetric tensor (with lower indices),

1
RiC(Ls) — pgs > mngWs ® VISWg.

Let us remark that, since gs = ?h (with upper indices), the corresponding metric tensors (with lower indices)
satisfy

gs = —-
2

Compute first the r.h.s. of the above inequality. From the definition of Wg, we have

gs gs 7\ 2
VIsWs @V Ws:(n_d)(go> I

n—d Z

where J is the d-dimensional matrix with all entries equal to zero but the first i.e. J;; = d;10;1 or more visually,
letting H (resp. Gy) be the matrix representing the standard product metric h (resp. gy) in the coordinates

(s,6) (resp. 6),
(-0 8)

on the cotangent space of (0, 00) x S4=1 where 8?1 is viewed in a given chart

12



Now, applying formula (33) in Lemma 3.2 below, we get
1
Ric(Ls) — pgs — mVBSWS @VIEWs = —(n —d)o*H + (d —2)(1 — o®)(H — J) + (n — d)a?J,
where, again, we conflate tensors and their matrices in the chart (s, ). Hence,

, 1 0 0
Ric(Ls) — pgs — mvgs Ws @ VI8Ws = Bpaz (0 Gg)

with the constant B pgz is defined given in (19), and so, Lg satisfies the curvature-dimension condition C'D(p,n)
if and only if Bpgz > 0. >

Remark 3.1. Since the matrix H — J depends only on the variable #, when we restrict to functions depending
on the variable s only, the corresponding model always satisfies the C'D(p,n) condition, regardless of the sign
of %DGZ-

In the above proof, we made strong use of the following lemma.

Lemma 3.2 (Computation of Ric(Lg)). We have the following formulae

Ricy = (d_@?aQ (é 8) 4 %[(d— 2)(1 - a®)¢? + (d - 1)a?] (8 CS() , (31)
" VVES Ws = (n — d)a? (é 8) +(n— d)a2l ;fz (8 £9> , (32)

where Gy is the matriz of round metric on the sphere S=1. With the constant Bpaz (given in (19)), we obtain

: : a’ Loy, 1 0 0
Rills) = Ricg, + V9 Ws = [0 =14 2] (g 0) + 5[0 =1+ 0*B0as] (g ) 9

Proof

< Let us start with Ric,g, which is simply the Ricci tensor of the metric gs. Since gg = €?™h is conformal to
b, we may apply (63) in the appendix to get (with lower indices)

Ricyg = Ricy, + (Ag7s)h + (d — 2)(VV'7s + V75 ©f V78 — V75 - V75 h). (34)

Since Ricg, = (d — 2)gg, we have

Rich = (d—2)(H — J) = (d — 2) (g c(;)g> .

Since ¢ depends only on the variable s, we have

and

13



Collecting the four terms and using (34), we get

Ricg:Hld—Q—&-ozz—(d )(‘g)2 +J(d—2)(a®—1).

Since ¢? = a?(p? — 1), the equation can be written,

(d—1)a?

Ric, = H = +(H - J)(d-2)(1—a?),

which is the desired result.
Let us now compute VV9 Wg, the Hessian with respect to the metric gs. We have (see (61)),
VVEs Wg = VVIWs + 2VWs Oy VIi7s — (VIWs -5 VI7s) h.

Since Wg depends only on the variable s, we easily get that

+2J(n — d) (‘Z)Z — H(n —d) (ZI)Q’

N 2
VYV W = J(n — d) [aZ - (‘;)

which is the expected result. >

Remark 3.3. As an immediate consequence of Proposition 1.6, the fact that Lg is essentially self-adjoint when
n > 3 (see [Ketl5, Thm. 3.12]) and Theorem A, we see that Sobolev’s inequality (17) holds (and so Poincaré’s

’

inequality (20) too), as soon as (14) holds. Also note that f = £, seen as a function of the first of the cylindrical
coordinates (s, ), solves

—Lsf =na’f
and so equality in Poincaré’s inequality (20) is achieved by f. In particular, the constant in Sobolev’s inequal-
ity (17) is optimal.
In fact, one can do better and prove optimal inequalities in the optimal range of parameters given by the
Felli-Schneider condition, as we describe next. The first crucial step consists in proving the following weaker
integrated forms of the curvature-dimension condition (15).

Proposition 3.4. Let (a,b) € Opgs. In cylindrical coordinates (s,0), for any s € (0,00) and any smooth positive
function f on (0,00) x S, there holds

[ (E30) = o) = 22e7? )1 avas 2 0 )

and .

[ (£30) = s = (22 v > 0 (36)
where dVga-1 is the standard volume on the sphere S471.
We establish Proposition 3.4 through a series of lemmas. First,

Lemma 3.5 (I'§ in the cylindrical chart). Let (a,b) € ©. In cylindrical coordinates, we have for any smooth
function f on (0,00) x S4-1

S / / 2
I3(f) _ (Dssf)2 + [V flI? +20% (8 f) + Z%GSSfésf + 4%F9(85f, ) - 2%85fA9f

904
(81) d 7/ +a’| ——+n-—-d -l—F(f) 2 7/ —|—an + B (37)
s 2 2 DGZ |,

where ||VVq f||? is the Hilbert-Schmidt norm with respect to the variable 8, T?(f) = |Vof|? the carré du champ
operator associated to Ay and the function ¢ has been defined in (28).
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Proof
< We can use the definition of the I'y operator to prove (37). But, since the Ricci curvature of Lg has been
computed in Lemma 3.2, we prefer to use the following Bochner-Lichnerowicz formula,

L3(f) = Ric(Ls)(Vf,Vf) + [[VVEs f| ]2, (38)

where ||[VV9 f||? is the Hilbert-Schmidt norm of the Hessian of f with respect to the metric gs (see for
instance [BGL14, P. 71]). From Lemma 3.2, equation (33), we have first

0
-1+ <,02(’I”L— d)] + F(pgf) [042(71— 1)+ @2%DGZ]-

Ric(Ls)(Vf,V 05 f)?
CIAZINCY

It remains to compute ||[VV9S f||2. From (29) we have gs = ¢2h = ¢2™Sh and so we may apply formula (62) to
get

Naarils 2 2
e = [V P 4 200 (75, D)) + 200 (/)T (75) + (d — 2)L0(f,78)* — 244 fTO(f, 7).

Since § is the standard metric product and 7 depends only on the variable s, we have

IVVOFI2 = (0ssf)? + IV Vo fI? + 20705 1),

I (75, T9(f)) = 2“gassfasf + 2fjr“’<asf, 0.

/

TO(f) = (sf)2 + TO(f), TV (rs) = (%)2, I(f.78) = £0.f and Agf = 0uuf + Do/

Collecting all the terms, we get

'VV:W = (Bss )+ ||VVaf|]? + 2T (0, f) + 4“:;835f88f + 4Z/F"(8sf, f)
12 <g)2 [(0:,1)2 +T(f)] + (d—2) (g)Q(asf)z —2(0ss f + Aef)i;asf,
that is
'VV:ff”z = (0ssf)? + [|VVof||> + 2005 f) + 2*gassf85f + 4*;/F‘9(8sf, f)

I\ 2 N\ 2 /
+ 2(*0) r(f) + d(S”) (9u1)? = 280 20, f.
¥ 14 4
Finally, by using (38), we get the expected formula (37). >

We restate the above lemma in the following more compact formulation.

Lemma 3.6. In the cylindrical chart, for any smooth function f on (0,00) x S¢=1,

Lt - s - Lizsp?) =

n—1

, 2
(8ssf Py ilAef) FIVY A2~ o (Agf)?
® n n
£2r0(0uf + £) 4 T Bocz. (39

Proof
<1 In the cylindrical chart, the generator takes the following form, for a smooth function f:

LS(f) = @2 |:8ssf + (2 - n)gaéf + Agf:|,
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and from Lemma 3.5 (formula (37)), we obtain

n—1 n—1

[T = ATs() — L8] = R @ VYOI - 2 (@af P+ 42 0 0 - 2 L0,

(2 n

- %asszef +20%(0,f) + 4iF9(3sf, £

+(0s1)? l(if <d _lno 2)2) fn-djeP L

n 14

Since ¢'? = a?(¢? — 1), we get

; IS(f) - pTs(f)

n—1

n

1 'm—1 4 o'
(Ossf)> + |IVVof|I> = = (Do f)? + 450, f0, f — =20, f Ao f
n Y n n e

(L) -

/

I\ 2 2 '
pan ! <90) (0s1)% = %ékszef +T%(f) <2<Z> + %Daz) +20°(0, f) + 4%?"(3511 f)-

n ¥

Formula (39) follows then easily since ¢ depends only on the variable s. >

Remark 3.7. By the Cauchy-Schwarz inequality,
1
IVVof||* > H(Aof)z,
and so
n—d
(d=—1)(n—-1)

since n > d. We recover from (39) that, under the condition Bpgz > 0, the generator Lg satisfies the CD(p, n)
curvature-dimension condition.

VoI = 5 (Auf)? 2 (Aof) >0

The next ingredient is the following inequality valid on the sphere S?~! (or any smooth weighted manifold
satisfying the CD(d — 2,d — 1) condition).

Lemma 3.8. For any smooth positive function f on ST,

[ avses = @) [P0 avses 4 [T poarge, (40)
where S
A= m(n(éld— 5)+3(4d+ 7). (41)
In particular,
Jr4n s dVsas = @ 1) [TDF Ve, (42)

Proof
< The operator Ay is the Laplace-Beltrami operator on the (d — 1)-dimensional sphere, therefore, it satisfies
the CD(d — 2,d — 1) condition. Moreover, Ricg, (the Ricci tensor of Ag) satisfies

Ricg,(Vof,Vof) = (d—2)T°(f). (43)

In [GZ21, p. 767], it is proved that under the CD(K,m) condition, for a general operator L associated to the
measure u, and the operators I' and I's, one has for any real parameters ¢, x,

/thQ(h)du > nf(:”l /hqr(h)dqu/ [AhT=2T'(h)® + Bh?'T'(h,T(h))]dp
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where ) )
gode=1) o, oa-

m—1 X =1’

Bl(gqx(m+2)>.

m—1\ 2

Apply the previous inequality to our operator Ay with parameters g = 1—n, K =d—2, m = d—1 and

X = % so that B = 0. We obtain

6
Fe(f)flindVSd—l + A/ r (f)2f1’"dvsd,1

s f?
where A is given by (41) after a straightforward computation. In particular, A > 0 and the estimate (42)
follows. >

We can now turn to the Proof of Proposition 3.4
<! From Lemma 3.6, we have

[rsnrravse s = @- [

Sd—l

[ (E30) = o) = 22sr? )1 avsas = ot [ (I99°41F = 2 (Baf)? 4+ 1Bz ) £ dVsas

Now,

9 1 5 n—d 5 d—1 9 1 5 n—d 9
L (Agf)? = a2 (A>T
[[VVafl| (Agf) 1vaefH +n71|\vvef|| nfl( of)° > n71||VV9f|| ,

n—1 n—
where we used the Cauchy-Schwarz inequality to infer that
1
e (1)
So,
S 1
L3(f) = pl's(f) = o

Since, from (38) and (43),

(L1 ) £ dVsas 2 ot [ (BZFIVVO AP 4 1) Bocz ) 1"V,

IVVOf|1? = T5(f) = Ricsa1(Vof, Vo f) =T5(f) — (d = 2)L°(f),

the inequality becomes

ot [ (T30 - ors(r) = (L2 ) £ Vs =

n—d
n—1

n—d
n—1

/Fg(f)fk”dvsjl‘l + { (d—2)+ %DGZ] /Fe(f)flfndvsdfl.

Using the estimate (42) in Lemma 3.8, we get

@74/ <F§(f) —pLs(f) 1(LSf)2>f1ndVSd—1 > {n_d +%DGZ} /Fe(f)flfndvsd—l- (45)

n n—1

That is,
n—d

n—1

+Bpcz >0 (46)

implies (35). The proof of inequality (36) is almost identical, except that instead of (40), one uses

/Fg(f)dvsd_l > (d — 1)/r9(f)dvsd_1,
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which itself holds thanks to the Cauchy-Schwarz inequality (44), Bochner’s formula (38) and the identity
fl—‘g(f)dvsdf1 = I(Agf)2dvsdf1. >

Now that the integrated curvature-dimension is established, we can turn to the proof of Sobolev’s inequality.
Proof of Theorem 1.7

< Fix ¢ € [1,p). By the Caffarelli-Kohn-Nirenberg inequality (1) and Theorem 1.4, Sobolev’s inequality holds
on the CKN spherical space in the form (10). By Proposition 6.2.2 in [BGL14], (10) and Poincaré’s inequality
(A.5) imply the following tight form of Sobolev’s inequality:

( / qudu>2/q <A [Tsdn+ [ (47)

for some A € R} where = %us is the normalized measure and v € Hj(ug). Given A € RY, consider the
minimization problem

I(A) = inf {A/Fs(v)du—i—/qﬂdu t v € Hy(us) , |[v]|au = 1},

Using v = 1 as a test function, we see that I(A) < 1. Thus, (47) holds if and only if I(A) = 1. Thanks to
the Banach-Alaoglu-Bourbaki and Lemma A.4, there exists a minimizer v € Hg(us) s.t. |[v||pa(,) = 1. By
Stampacchia’s theorem [Sta66], |v| is also a minimizer, so we may assume that v > 0 a.e. In addition, a constant
multiple of v (abusively denoted the same below) is a weak solution to

— ALgv+v =071 in R\ {0}. (48)

By standard elliptic regularity (see e.g. [Heb97], proof of Theorem 6.2.1, p. 248) v € C3(R% \ {0}) and by the
strong maximum principle (see e.g. [Heb97], Theorem 5.7.2), v > 0 in R\ {0}. In addition,

C>v>c>0 and Tg(v)<C (49)

for some constants C, ¢ > 0. The upper bound on v is obtained by standard Moser iteration (i.e. by multiply-
ing (48) by the test function min(v, k)2*~!, where k € N* and a > 1 and making use of Sobolev’s inequality (69)
inductively). For the lower bound on v, we apply Proposition 6.3.4 in [BGL14] and repeat the considerations
of p. 312 in the same reference. The upper bound on I's(v) is more delicate and proved in Lemma A.7.

Define the pressure function ® = v Then, ¢ solves

BLgD — g]_“s(@) =A@ -1) R4\ {0}, (50)
where v = % and A\ = % = ﬁ. Since v is bounded above and below by positive constants and since
I's(v) is bounded, equation (50) implies that for every a € R

o € D(Lg) (51)

Multiply equation (50) by Lg(®!~") and integrate. Thanks to the integration by parts formula (65), we find
for the right-hand-side

A@* —1)Lg(®'7") = A [ @°Lg(®' ") = -\ [ Tg(P?, @' ")
/ / /
= c/rs(cb)cbl*”

where c=2\(v — 1) = 4ﬁ and where integration is understood with respect to the reference measure p =
% us. For the left-hand side, integrations by parts must be dealt with more carefully. By Lemma A.2 (or since Lg
is essentially self-adjoint by [Ket15, Thm. 3.12]), there exists a sequence of radial functions ¢; € C°(R%\ {0})
such that ¢, — 1 in D(Lg). By equation (50), ®Ls® — ¥Tg(®) is bounded. By (51), Lg(®' ") € L*(us). So,

by dominated convergence, as k — 400,

[(Es@ ) @Ls® - Ira(@) = [(Ls(@')(@Ls® — Ts())G + o)
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Since (i is compactly supported, we may integrate by parts and deduce that
—v 4 4 —v
[as@ = @Lse - Lrs@)o. = - [ Ts((@Ls® - FTs(@)G 1) +o(1)

—— [ Tsl(@Ls®)6. @)+ § [ Ts(Ts(@)6, 1) + o)
— I+ 11 +0(1) (52)

Using the product rule to expand derivatives in the first integral, we find
I= —/gkLschS(@,cbl*V) - /qumS(LS@,qﬂ*'J) - /(@Ls@)rs(gk,@lf") =0+ I+ I3
Using (50) and the boundedness of ® and I's(®), we find
1/2
nec([rs) =o (53)
Next, we deal with I1. Thanks to the product rule for derivatives, we find
I = —/I‘s(@,@l_”LS@Ck) +/q>1—"gkrs(q>,qu>) +/<I>1_”LScI>I‘S(cI>,(jk)
= —/Fs(é,fbl_”Ls(I)Ck) +/<I’1‘”CkFS(‘I>,Ls<I>) +0o(1)
Since (; has compact support, we may integrate by parts to find that
L = —/@1*"(Ls@)2gk + /@1*ngrs(<1>,LS<I>) +o(1). (54)
For I, at last, the chain rule simply implies that
L= (- 1)/@1—”gkrs(q>,qu>). (55)
Now we turn to II and apply the product rule.
%II: /gkrs(rs(cp),qﬂ*”) +/Fs(q>)rs(<k,<1>1*'/) = /gkrs(rs(q>),<1>1*”)+o(1).
Thanks to the product rule again and integration by parts, it follows that
%II: /Fs(rs(@),gkcbl*") +/<I>1*VFS(FS(<I>),@) =
/FS(FS(@),@@H) — /PS@)FS(@H,@) — /rs(@)@HLsgk.
And so, since (; — 1 in D(Lg) and ®,T's(®P) are bounded,
211 = [ Ts(Cs(@).G81 ) + o) = - [ Ls(Ta(@)6@! + of0). (56)
Plugging (53), (54), (55), (56) in (52), we find
[ (t3@) - 2zs0? - Srs(@) o+~ o)
Since ® € D(Lg), thanks to Lemma A.9, we may pass to the limit as k — 400 and deduce that

/ <F§(<I>) - %(LS@? - ZFS(®)><I>1—” =0. (57)
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By the integrated curvature-dimension condition (35), we deduce that

(53) faswror+o-5) remw<o

Since ¢ < p, we have n < v and so, if p > - i.e.

4(v —1)
= v(v—2)p

we deduce that Lg® = 0. Integrating against ®, ® is constant. Hence v = 1, I(A) = 1, and (47) holds for

A= f((yl’:zl))p. Let ¢ / 2*. Then v N\ n and the sharp inequality (17) follows.

It remains to study the case of equality. If v € H}(ug) is an extremal function for (17), then repeating the

)

. . . _p=2 .
above considerations, the function f =wv~"2 satisfies

/ <F§(f) —pl's(f) — i(Lsf)2) S dps =0,

In particular, if the parameters are such that inequality (46) is strict, it follows from (45) that f must be a
function of s only. If Z—:‘li +Bpaz = 0, then the estimate (40) in Lemma 3.8 provides the following improvement
of (45):

[ (E30) = os) = 0s7?) 1 = [ 525 4 Bz [T00061 s

n
n—d ro(f)?

] 72 o' M dps.

+

And so again, f is a function of s only, provided n > d. Using this information in (39), we deduce that if n > d,
/
Oosf +220,f =0,
14

while for n = d there must exist some function R : R — R s.t.

/ /
0usf 1280, f — —L Agf=0 and 0.f+ 2 f = R(s). (58)

@ d—1 @
In the former case, this means that f(s) = X + ytanh(as), for some constants A,y € R such that A > ||,
since f is bounded below by a positive constant. In the latter case, the second equation in (58) implies that f
= J;((f)) + fa(s). Plugging this in the first equation implies that f; + Ad"_ff
f1 = A1+ B112(0), where A1, By are constants and 9 is any eigenfunction of —Ay associated to the eigenvalue
d — 1. This implies in turn that fo takes the form fo = —% + Az + Agtanh(s). Summarizing, we have just
proved that f = A + yp; 4 for some constants A,y and some eigenfunction ¢; 4 of —Aga associated to the
eigenvalue d (and written in cylindrical coordinates). Again, we must have A > |v|||¢1.4]|cc since f is bounded

below by a positive constant.

Conversely, we need to check that f’% where f(s) = A+ tanh(as) with A > |y if n > d (resp. f = A+7y¢1.4,
A > [Y||l¢1.dlleo if 7 = d) is indeed an extremal function for Sobolev’s inequality. Multiplying f by a constant if
necessary, we may assume that [ f~"dp = 1, where p is the normalized measure on the CKN sphere. By direct
computation, recalling that tanh(as) if n > d (resp. 1,4 if n = d) is an eigenfunction for the operator —Lg

associated to the eigenvalue na?, we find that

can be written as f is constant i.e.

TlOzz

fLsf = 5Ts(f) = -(1 - )

This implies in turn that v = f —*5 satisfies J vPdp =1 and solves

4
_ L _ ,p—1
n(n — 2)a? svtv=v
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Multiplying by v and integrating by parts, the result follows. >

Proof of Proposition 1.10
< As explained in the introduction, Poincaré’s inequality (with constant C' = "p—_nl = niz) follows from Sobolev’s

inequality by linearization i.e. by applying (17) with v = 1 + ¢f and letting ¢ — 0. Also, Poincaré’s inequality
(with the same constant C) is equivalent to the following integrated curvature-dimension condition

/ (Fg(f) - pl's(f) = :l(Lsf)g) dus > 0.

Equality holds in Poincaré’s inequality for some function f if and only if equality holds in the above inequality.
So, extremals are characterized exactly as in the case of Sobolev’s inequality except in the case a? = %, in
which we can no longer use (40) to deduce that f is radial. Still, we deduce from (39) that

! ’
8ssf+2£8sf—LA9f:0 and asf+£f:R(5)
® n—1 ®

The second equation in (58) implies that f can be written as f = f;((f)) + f2(s). Plugging this in the first equation

implies that o f; + ﬁ"_ff is constant i.e. fi = A1 + Biyi q—1(w), where Ay, By are constants and ¢; g1 is any
eigenfunction of —Ay associated to the eigenvalue a?(n—1) = d — 1. This implies in turn that f, takes the form

fo= —% + Az + Agtanh(as). Summarizing, we have just proved that extremals of Poincaré’s inequality take

the form f = A+ ytanh(as) + V%:h;(;(:)) for some constants A, 7y, and some eigenfunction ¢ 41 of —Aga-1,
as desired. >

Remark 3.9. Up to our knowledge, the CKN sphere is the first example where the optimal constants for both the
Sobolev and the Poincaré inequalities are explicit functions of (p,n) yet the usual curvature-dimension condition
doesn’t hold, although the integral version (15) remains true. Beware though that the integrated curvature-
dimension needed for (and equivalent to) Poincaré’s inequality, i.e. inequality (15) without the weight f1=", is
in general much weaker, as evidenced by any space for which the Poincaré inequality holds but not the Sobolev
inequality, such as, for instance, the Euclidean space equipped with the Gaussian measure.

4 The n-conformal invariant

4.1 The n-conformal invariant on a weighted manifold

We begin this section by proving Proposition 1.12, which constructs a one-parameter family of n-conformal
invariants on any given weighted manifold, thereby generalizing the notion of scalar curvature to this setting.
Proof of Proposition 1.12

< We want to check that S,(u,I") satisfies condition (21). Let ¢ be a positive and smooth function on M,
7 =logc and v € R. We are looking for the expression of the two numbers 6,,(v) and 3, () in the definition of
S, (1, T') which are such that

Sy(e ", 1) = €| 8, (. T) + ”T_Q (LT _z 5 2F(T)>:| .

The measure p is transformed into i = ¢ "u, and the carré du champ I' into I' =T,
From (64), scg becomes
scg = A[scg + (d — 1)(2A47 — (d — 2)T(7))],

the weight W = — log j—",; becomes

Y dit c du d—n AW
W =-1 — = —1 =-1 "— | =W —d)r,
o8 dVy % ¢ dVy % (c dVy *ln—dyr
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and finally, from (60), Ay becomes
Ag = A[Ag = (d=2)T(r, ).

So,
So (¢, 2T = 20, () [scg +(d—1)(204(7) — (d — 2)T(7))
=AW + (n = d)7) = (d = 2)D(7, W + (n — d)7)] + Bu (T (W + (n — d)T)}
that is
Sy (€7 ) = ¢0n(7) [ s0q + [2(d = 1) = 7(n = )] Ag(7)
+ [Ba(7)(n = d)? = (d = 1)(d = 2) + 7(d = 2)(n — d)]T()
= YAg(W) + [y(d = 2) + 2B, (7) (n — d)[D(7, W) + B (v)L (W)

It has to be equal to

2[8,601) + 52 (8g(r) ~ W) - 20 ()] =
&[0 lscq ~ 126 (W) + Bu TV + 752 (Bg(r) = T(W,7) = 220,
that is )
ba(V2(d = 1) = 7(n — d)) = =
n — 2
(a1 = B — (= 1)d ) +2(d — 2)(n — )] = - "2 59)
0N~ 2) + 263} n — )] = "
which imples that )
)= == —a
Ba(y) = y(n—2d+2)—2(d—1)

2(n —d)

Let us notice that the second equation in (59) is automatically valid for this choice of parameters 6, () and
Br(7v) and so we are done. >

Remark 4.1. As explained in the introduction, when W = 0 the d-conformal invariant is, up to a multiplicative
constant, the scalar curvature. In a weighted Riemannian manifold, the n-conformal invariant is given by (23)
and is a way to extend the definition of the scalar curvature in the weighted case.

4.2 The n-conformal invariant for the CKIN spaces

In this section, we would like to prove that the three CKN spaces enjoy, for some v € R, a constant n-conformal
invariant. By construction, the three CKN models (Euclidean, spherical and hyperbolic) belong to the same
n-conformal class. So, in virtue of Theorem 1.4 and Proposition 1.12, it suffices to prove that there exits a
unique v € R such that S, = 0 for the Euclidean CKN space in order to prove Proposition 1.13.
Proof of Proposition 1.13
< Let v € R. Then,

S, (he,TE) = 0,(7) (5¢as — YAgWE + B (7)TE(WE)).

So, we need to find 7 such that scg, — YA W + 5o (7v)Te(WE) = 0.
e Computation of the scalar curvature. From the identity (64) with I'g = cgl’ and g = log cg,

5cgn = 2P0 + (d — 1) (2478 — (d — 2)|VT=|?),
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hence,
scgp = |2|72*(d — 1)(d - 2)(1 - o).

e Computation of Ay, Wg. First, from the identity (60),
AgeWg = |2~ (AWE — (d — 2)Vrg - VIVE),

S0
AgeWr = |z|72%(d — 2)a*(n — d).

e Computation of I'g(Wg). We have
I'e(Wg) = |z|2*a"a?(n — d)*.
So, in the end,
8,1, T) = ()| 72((d = 1)(d = 2)(1 — a®) + 702 (n — d)(d — 2) + Bu(7)a2(n — d)?),
and we need to find v € R such that
(d—1)(d—2)(1 —a?) +~va?(n — d)(d — 2) + Bn(7)a?(n — d)* = 0.
Since

y(n —2d+2) —2(d —1)
2(n —d)

Bu(v) =

we have
(d—1)(d—24a?(2—n))
a?(n—d)(2—n)

v =2

or by using the constant Bpgz,

B 2(d—1)
T a?(n—d)(2 - n)%DGZ'

>

Remark 4.2. Tt is interesting to notice that the n-conformal invariant for the CKN spaces does not depend on
the sign of B pgz or the Felli-Schneider region.

A Appendix

A.1 Some Riemannian formulas

We recall here some general formulas on conformal transformations of a d-dimensional Riemannian manifold
(M, g). All formulas can be found for example in [BGL14, Sec. 6.9]'2. We transform the metric (with upper
indices) g* into the conformal metric b = c?g%/, where c is any positive and smooth function. We let 7 = log c.
Then,

e The carré du champ operator is given by
I =19,

e The Laplace-Beltrami operator is given by

Ay = 02(Ag — (d—2)T%(r,-)). (60)

12and also here https://en.wikipedia.org/wiki/List_of formulas_in_Riemannian_geometry
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e For any smooth function 1, the Hessian of 1) with respect to the metric b, denoted VV"¢ is given by
UV = VV9Y + 2V9 @ VO —T9(4h, 7)g, (61)

Here and below, VV%) is the Hessian of 1 with respect to g and V8 ©4 V97 is the symmetric tensor
product, that is for any functions f, g,

1
(Vi ©g VET)(VES, Vig) = 5 [L2(f, )T (g, 7) + TO(f, 7)T(g,9)].
In particular, one can deduce the Hilbert-Schmidt norm of VVhw with respect to the new metric b:
IO = [TV + 209(r, DO () + 209 ()9(r) + (d — 2T (,7)° — 2(Ag)D(w, 7). (62)
e The Ricci curvature reads
Ricy = Ricg+ (Ag7)g + (d —2)(VVET + VT 04 VT —T'%(7)g) (63)
e At last, the scalar curvature is given by
scy = [scg + (d — 1) (2447 — (d — 2)I'%(7)) ]. (64)
A.2 Integration by parts and elliptic theory on the CKN spherical space
Let H}(us) denote the closure of C2°(R?\ {0}) with respect to the norm

[y = [ (Tl + 02) dis

Let u € L?(ug). Then, |x|1_o‘%Vu and Lgu are well-defined distributions on R? \ {0} and we may ask
whether they are actual functions in L?(usg), that is, we may consider Lg as an unbounded operator in L?(us)
with domain

D(Ls) = {u € Hy(us) : Lsu € L?(us)},

equipped with the norm
Jull* = HU”QLz(MS) + ”LSUH%Q(MS) = / (u® + (Lsu)?) dps.

Since [T's(u) dus = — [uLsu dug for u € C°(R?\ {0}), it easily follows that Lg is a closed operator. In
addition, the integration by parts formula holds on its domain:

Lemma A.1. Let u,v € D(Lg). Then,

/—Lsuvdus = /FS(U,U)CZ/JS (65)

Proof

< Assume first that u,v € C(R?\ {0}). Then, (65) follows by standard integration by parts. Next, if
u € D(Lg) and v € C®(R%\ {0}), take u,, € C®(R%\ {0}) s.t. u,, — w in H}(u). Using successively the
definition of distributional derivatives, the convergence u,, — u in L?(us), standard integration by parts and
the convergence u,, — u in H}(u), we find

/—Lsuvdus = /U(—LSU) dus = nll)lfoo/un (—Lsv)dus = HETOO/FSW”’U)CIMS = /Fs(uvv)dus

Finally, if u € D(Lg) and if v € D(Lg), take v,, € C>*(R?\ {0}) s.t. v, — v in H}(uz). Then, according to what
we just proved,

/—Lsuvdus ZnEIEOO/—LsUUn dus ZRE{EOO/FS(U,%)CZMS = /Fs(u,v)dus

>
The following approximation lemma will be useful to integrate by parts in more delicate settings than the above
lemma.
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Lemma A.2. Assume n > 4. Let u € D(Lg) be such that u,I's(u) are bounded. Then, there exists uj, €
C2(R?\ {0}) such that u, — u in Drg.

Remark A.3. The assumptions n > 4 and u,I's(u) bounded can be removed and replaced by n > 3, but the
proof is more involved (see [Ket15, Thm. 3.12]).

Proof
<1 In Section 3, the model given in (27) is written with the variables (s,0) € R x S%!. Choosing now
s = LArgch(1/sin(t)) the model becomes with the variables (t,6) € (0,7) x S~

Ls(f) = a®(Ouf + ¢ ()0.f) + Sml(t)Aaf, (66)

for any smooth function f defined in (0, 7) x S~1 where c(t) = (n—1) log(sin(¢)). The carré du champ operator
becomes

1
Ts(f) =@ f)” + ——=T°(f) (67)
sin”(t)
and invariant measure
dus(t,0) = %ed”dtdvsdﬂ = %(sint)”fldthsdfl, (68)

where Z is a normalization constant and dVga-: is the volume in S?~1.
Let now (i, € C°(0,7) denote a standard cut-off function such that 0 < ¢ <1, {, =01in (0,1/k)U (7w —1/k, ),
¢ =1in (2/k,m —2/k) and |(},| < 2k, |¢}/| < 2k2. Setting ug, = uly, we find

/(Ls(u —ug))?dps < 2/(Lsu)2(Ck —1)%dus + 4/FS(U7<k)2dﬂs + 2/u2(Lka)2dus =L+DL+1;

By dominated convergence, I; — 0 as k — +o00. For I, thanks to (67) and (68),
I < O|Ts(u) |3k — 0

Similarily, thanks to (66) and (68),
I3 < Cllul2k*™™ — 0.

>

Our next tool is the following version of the Rellich-Kondrachov compactness theorem.

Lemma A.4. Let (M,g,u) be a smooth connected weighted d-dimensional Riemannian manifold s.t. d > 3,

w(M) < +oo and Sobolev’s inequality holds i.e. there exist constants A,B >0, p € [2, dQsz} such that for every

v eCXT(M), )
(/ |v|”du> T < A/F(v)du 4 B/deu (69)

Let Hj (1) be the closure of Ay = C>(M) for the norm ||uH125rl(m = [(u®*+T(u))dp and let q € [1,p). Then, the
0

embedding Hg (p) < L9(u) is compact.

Proof

< Cover M by a countable increasing family of open sets (Qx)ren with compact closure and for each k € N,
let ), € C2°(Qk1) be such that ng = 1 in Q. Let (un,) be a bounded sequence in H{ (p). Since dp = e~V dV,
and W, g are smooth, the H} (i) and the standard Hg norm are equivalent for functions compactly supported
in a fixed Q. By the classical Rellich-Kondrachov theorem, we deduce that for fixed k, the sequence (wmnk)m
is compact in L"(Q1,du) for v € (¢q,p). Since (u,,) is bounded in the Hilbert space H{ (), by the Banach-
Alaoglu theorem, (u,,) is also compact in H}(u) for the weak topology. By a standard diagonal argument,
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a subsequence of (u,,) (denoted the same) converges weakly in H}(u) to some function u € H{(u) such that
(WmMk)m converges to uny in L"(u). Now, using Holder’s and Sobolev’s inequality we find
[ = W)kl Loy + [1(wm = w) (1= nx)l[Lag)
11 11
[ = w)il| Ly (M) 777 A ([t — wl[ ooy (M O\ )77
11
< C (N — w)mill ey + (M \ Q)" 7)

Hence,
. 11
hms+up [um = ullpage < Cu(M\ Q)a™>
m——+00

Letting kK — 400, the claim follows. >

As an immediate consequence of the above lemma (and a proof by contradiction), we have

Corollary A.5. Make the same assumptions as in Lemma A.4. Assume in addition that constants belong to
H}(u). Then, Poincaré’s inequality holds i.e. there exists a constant Cp > 0 such that

/u%m — (/ vdu)2 <Cp /F(v)du forve Ay =C(M)

Finally, we state and prove elliptic regularity estimates, which are useful to justify integrations by parts in our
proof of Sobolev’s inequality.

Lemma A.6 (General elliptic estimates). Assume that (a,b) € Ops (defined in (18)). Let also h : (0,1] x
S+ R be a smooth and bounded function satisfying fsdfl hdVga-1 = 0 and solving the equation
(n=1)(n—3) h Aph

Oph — 4 =R,
" 4 2" aZsin?(t)

where R is a smooth and bounded function on (0,1] x S4=1. We assume also that, uniformly on (0,1] x S¢~1
h(t,0)] < Ct"> and |R(t,0)| < Ct™=,

for some constant C > 0. Then, there exists a constant C' > 0 s.t. uniformly on (0,1] x 841,

Ih(t,0)] < C't", TO(h)(t,0) = [Veh|2(t,0) < C't"™ and [9,h(t,0)] < C't"= .

Proof

< Let (Pg)g>0 be the orthonormal basis of eigenvectors of the operator —Ag on S?=1 associated to the increasing
sequence of eigenvalues (Ag)r>0 (recall that Ay > Ay =d — 1, for £ > 1 and Ay = 0).

We decompose h in the basis (Px)r>0,

o0

h(t,0) =Y he(t)Pu(6), (t,0) € (0,7) x 8,

k=1

where hy(t) = [ga—1 Pr(0)h(t,0)dVga-1 (noting that [hPydVga-1 = [ hdVga—x = 0, whence ho = 0). For each
k > 1, hy, satisfies

P RSt S = Ry,

where Ry = [qu—1 RPrdVga-1, which satisfies again |Ry(t,0)| < C’ktnT_l. The equation can be replaced by the
following one

where a = % + % > 0 and Rs ) satisfies the same estimate as Ry.
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We are now able to solve the ODE. The method of variation of constants gives the explicit solution:

7+ t 1 - t 1
hi(t) = At + Bt" + 7/ Row(y)y " dy — 7/ Row(y)y " dy,
T+ —7-J1 Y+ —7-Jo
where A, B are constants and
1+v14+4a 1 1 Ak
= =—+ - —2)2+4—
BE= 9 2 2 (TL ) + a2’

so that y; > 0, y— < 0. Then, by the estimate satisfied by R ; we have near 0,

t P
/ ynTH—’de‘ < C(t'” _|_tnT+d)
1

+ t L
- [ rastow | < o0
T+ =71

and
- ¢ - b s
‘7 Rok(y)y ”—dy‘ <Ct- | yT Tdy<Ctr
T+ —7-Jo 0

Since hy, is a bounded function, we deduce that B = 0 and

Ihi(8)] < CE+ +177).

We claim that for k > 1, v > % whence |hy(t)| < Ct"s" . Indeed, by definition of v, one can check that the
inequality vy > (n+ 1)/2 is equivalent to % > a?. Since A\, > d — 1 for any k > 1 and since by Lemma 1.9,
(a,b) € Ops if and only if a? < 4=1 we indeed have v, > (n+1)/2.

Next, we prove that the estimate remains valid for the function A. Define

K
Hy = Z h P
k=1
so that h = limg o, Hy pointwise. From the previous computations, we know that, uniformly in (0, 1) x 89~

|Hy(t,0)] < Ct™=

We prove now that the inequality is uniform in the parameter K. Assume this is not the case i.e.

sup [|Hcl|(zs1) = 400, (70)
K>1 2
where | (t.9)
Hg(t,
||HK||("T+1) = sup s e

t€(0,1],0€84-1 t 2

There exist a sequence ((tr,0x))x>1 in (0,1] x ST, such that

) Hi(tk, 0k
137

By compactness, one can assume that (tx) (resp. (6x)) converges to to, € [0,1] (resp. 0o € S~1). There are
two cases, either to, > 0 or o, = 0. The first case is not possible. Indeed, h is bounded by assumption, whence
Hy is bounded by a constant independent of K and so (71) contradicts ¢ > 0. The remaining case to, = 0 is
more tricky. Let

HK(ZtK, 9)

Gr(z,0) = EESY
tg [ Hkl

)
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for any z € (0,1/tk]. From the equation satisfied by each hy, we have

n—1)(n—3)Gk(z,0 AoGr (2,0 ] 3
0..Cre(2.0) ( L( ) K(2 ) L 29 : 1;( ) =X ZRk(Ztk)Pk(e).
z a?sin”(zt k) te ||HK||(”T+1) =1

By assumption on R, we have

ZRk(Ztk)Pk(e) <O — 0,

ntl
t || Hicll sy i1 1kl g2

uniformly for z in a compact subset of R*. By standard elliptic regularity, it follows that the sequence (G )
converges to G solution on (0,00) x S?~! of the PDE

(n—=1)(n—3) G(z,0) ApG(z,0)
0,.G(z,0) — 1 2 22 = 0.
Now, using the same argument we have
G=> GpP.
k=0

where again G(z) = [qa—1 G(2,0)Pp(0)dVga-1. Then for each k > 0, we have G(t) = At"+ 4 Bt"~ where
v+ are the same constants as before. But, the function Gy, defined on (0,00), is bounded. This implies that
A = B =0 and then G = 0. But by its definition, we know that

G(1,0) =1,

which gives a contradiction: the hypothesis (70) is not valid. We conclude that uniformly in (0, 1] x S4~1, we
have »

h(t,0)| < Ct™= .
It remains to prove the gradient estimates. Fix t > 0 and for z € (1/4,2), 6 € S9! let this time G(z,0) =
h(tz,0) and S(z,0) = R(tz,6) so that

(n—=1)(n-3) G t2

4 22 a2sin®(tz)

0..G — AgG =128 in (1/4,2) x S¢!

Note that the coefficients of the elliptic operator on the left-hand side are bounded in C?-norm by a constant
independent of ¢ so that, by standard elliptic regularity,

ntl —
0G|+ |VoG| < C (£2||S|| Lo ((1/4.2)xs0-1) + Gl oo ((1/a2)xs0-1)) < Ct 2 in (1/2,3/2) x ST,

for some constant C' > 0 independent of t. The desired estimates on h follow by applying the above estimate at
z=1 D>

Lemma A.7. Whenever (a,b) € Opg (defined in (18)), the solution v of the equation (48) has a bounded carré
du champ operator

ITs(0)]loe < +o0.

Proof
< We use the chart and notation introduced in (66). We have to prove that v, solution of (48) has a bounded
carré du champ, that is ||[T's(v)||ee < +00. Letting c(t) = (n—1)log(sin(¢)) and h = e2 v, equation (48) becomes

2" + ? 1
Outh — h Agh = R, 72
t < 4 > + a2 sin?(t) o (72)
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where )
c(2—q) 1
R = ﬂ (h —e 2 hq )
This transformation allows us to deal with a simpler PDE. We know that v = e~ 2k is bounded and positive.
So, for some constant C' (the value of which is allowed to change from line to line),

n—1

0<h<Ce2=Csin(t) =z .

n—

Thus |[R| < C sin(t)Tl. And then, from the definition of h, the following inequality,

I (h)

oZend(D) < C'sin(t)"* (73)

d N2
(orh = 50) +
is equivalent to ||T's(v)]|o0 < +00.
We know that & is a smooth function on (0, 7) x S~1. So, to prove the previous inequality, it is enough to work
around ¢t = 0 and ¢t = 7. By symmetry, it suffices to treat the case t = 0.
By definition of ¢, equation (72) can be written as follow

(n—1)(n-3) h 1 (n—1)(n—3)

Ouh — + Agh =R —
" 4 sin?(t)  a2sin?(t) ’ 4

h,

or, since we are working around ¢ = 0, we have

(n=1)(n—=3) h 1
Ouyh — LT T Agh =R, 74
i 4 R T ? (74

with

B (n—1)(n—23) (n—1)(n—23) 1 1
Ry =R~ 4 ht 4 (sinQ(t) _t2>h’

n—

which satisfies again |Ry| < Ct"z.
Let us write h = h — hg + hg where hy = de71 hdVga—1. Then, since hy doesn’t depend on 6,

I (h)

e L0 — o)
a2 sin?(t)

o 2 d . \?
< 2(0(h — ho) = S (h = ho)) +%@%—5%)+(ﬁmﬁw'

(9 53"+

n+

= | = k)| < Ct"7 and T (h — ho) = I'?(h) < Ct"+1. Hence,

Then Lemma A.6 insures that |h — hg| < Ct

I9(h — hg)

<cth
a?sin’(t) —

2(8t(h ~ h) — %/(h - ho))2 +2

Now, using the same method as in the proof of Lemma A.6, one can check that ho(t) = At"z + O(t"=") and
h6 — Atﬂg n—1

4 O(t™= ). Thus, we have
/
Oiho — Sho = O(t*T")
that is
(uho - < )2 <ot
tho = 5ho ) < .
Finally, inequality (73) is satisfied, which concludes the proof. >

Remark A.8. It is interesting to see that with this method, one can check that the function v has a bounded
carré du champ if and only of (a,b) € Ops.

We end this section with the following weaker estimate on higher derivatives of v.
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Lemma A.9. Assume that n > 4 and (a,b) € Ops. Let f € D(Lg), f > 0. Then, in the variables (t,0) €
(0,7) x S introduced in (66),

/
Proof

< Let ((r)ren € C°(0,m) denote a standard cut-off function such that 0 < ¢, <1, { =0 in (0,1/k) U (7 —
1/k,7), ¢ = 1in (2/k,m —2/k) and |(}| < 2k, |¢!| < 2k* and fr = fC, so that fy — f in D(Ls). For
h € C(R\ {0}) and ¢ € (0,7), set 12(h)(t) = [gu1 I'&(h)dVga-1. Since (a,b) € Opg, 72 is a nonnegative
quadratic form (see Proposition 3.4) and so the Cauchy-Schwarz inequality holds:

2 ()2 = v ()22 < 72 fi — f1)-

/ IS(f)dVga-1|sin" "1 (t)dt < +oo
Sd-1

Thus, letting dy, = £ sin™ " (¢)dt,

/ 2 (fi) 2 = 2 (i) /2 dpe < / Yo (fx — fr)dps = /F%(fk - fi)dus = /(Ls(fk — f1))dps.
0 0

Hence, (72(fx)'/?) is a Cauchy sequence in L?(du,) and so (y2(fx)) converges to some function v in L!(du;).
In addition, for fixed ¢, there exists K = K; such that for all k > K and 6 € S, f.(t,0) = f(t,6), whence
Y2(fie)(t) = v2(f)(t) for all t € (0, 7). Hence, v = y2(f) and the lemma follows. >

A.3 List of constants and regions of parameters

We recall in this section the definition of the parameters and also some useful properties. Recall that d € N is
the topological dimension of the considered spaces, and that we assume that d > 3. Recall from the introduction
the definition of the parameter range

0={(a,b)eR* a<b<a+1,a<a.l,

where a. = (d — 2)/2. This is the set of parameters (a,b) where the CKN inequality (1) holds for all test
functions v € C>°(R?) which need not vanish near the origin (recall that the limit case b = a + 1 has been
removed for simplicity). We also defined the number o =1+ a — %b, that is

(ac —a)(a+1-0)
Ge—a+b ’

o =

Clearly a > 0, for any (a,b) € O, including the limiting case a = b = 0 for which o = 1. For any (a,b) € ©, the
exponent p is given by

pe— 9 2
a.—a+b d—2
and
2n
p:n_2a
that is
n—d+ d(b—a) d

l+a—-b 14+a-0b
We always have n > d, and we call n the intrinsic dimension of the considered model spaces. From a straight-

forward computation, we have
d—na—pb=0 (75)

The constant Bpez = a?(2 — n) + d — 2 which appears throughout the paper takes the following form with

respect to a and b:

(ac —a)’(14+a —b)
a.+b—a

Bpaz = —2 + 2a.
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Let us also recall the definition of the Felli-Schneider region: for a < 0,

d(a. — a) B .
bps(a) = 2\/(ac — a)2 . +a—a., andOpg= {(a,b) €0,b> bps(a) ifa< 0}

Let us prove Lemma 1.9, which simplifies the expression of the Felli-Schneider region and shows its relation to
our region Opgz = {(a,b) € O, Bpgz > 0}.

Proof of Lemma 1.9

< Since

—d d—1
%Dcz+z_1=(n—2)<—a2+ )7

we have

{an o spor+ =120 ~{@nco.ar < =1

n—1

The fact that

@FS:{(a,b)e@, o? < d_l}

n—1

is more delicate and is proved in [DEL16, Sec. 3].
Finally, the identity ©ps = {(a,b) € ©, o € [0,1]} is a little trickier. Since (a,b) € ©, then

(ac—a)(a—kl—b)gl_g. (76)
a.—a-+b Qe

0<a=

In the case where a > 0 it follows that 0 < a < 1. Assume now that a < 0. By definition of «,

b (ac —a)(a+1—a)
n a+a.—a ’
Then the inequality b > B g is equivalent to
1+ a. S d

atac—a 2\/(a.—a)2+d—1
Since 1+ a. = d/2, the previous condition becomes

S ?+ad-2)—d+1  (a—1+d)(a—1)
“= 20 B 20 '

If a > 1, this inequality implies a > 0, contradicting our assumption. We just proved that
Ors C {(a,b) € ©, a € (0,1]}.
Since o = 0 for (a,b) = (0,1), o = 1 for (a,b) = (0,0), since O is connected and since o depends continuously

on (a,b), we deduce that Ops = {(a,b) € ©, a € (0,1]}. At last, if @ = 1, then, from the previous displayed
inequality, ¢ > 0 and from (76), a < 0. That is, a =b=0. >

Remark A.10. The normalizing constant Z defined in Theorem 1.7 is finite. Indeed, using (75) and the change
of variable |z| = e!, we find

2 " 2 "
Z = /dus = / <2> |z| =P dx = / () lz|~4dx =[S /cosh(at)_"dt < 0.
R\ o\ 1 + [z[>* R\ {0\ |Z[ 7 + [z~ R

31



References

[BFL0O8] R. D. Benguria, R. L. Frank, and M. Loss. The sharp constant in the Hardy-Sobolev-Maz’ya inequality in the three

dimensional upper half-space. Math. Res. Lett., 15(4):613-622, 2008.

[BGL14] D. Bakry, I. Gentil, and M. Ledoux. Analysis and geometry of Markov diffusion operators. Springer, 2014.

[BLY6]
[BVO1]

[Cas12]

D. Bakry and M. Ledoux. Sobolev inequalities and Myers’s diameter theorem for an abstract Markov generator. Duke
Math. J., 85(1):253-270, 1996.

M.-F. Bidaut-Veron and L. Véron. Nonlinear elliptic equations on compact Riemannian manifolds and asymptotics of
Emden equations. Invent. Math., 106(3):489-539, 1991.

J. S. Case. Smooth metric measure spaces, quasi-Einstein metrics, and tractors. Cent. Eur. J. Math., 10(5):1733-1762,
2012.

[CGY06] S.-Y. A. Chang, M. J. Gursky, and P. Yang. Conformal invariants associated to a measure. Proc. Natl. Acad. Sci. USA,

103(8):2535-2540, 2006.

[CKN84] L. Caffarelli, R. Kohn, and L. Nirenberg. First order interpolation inequalities with weights. Compos. Math., 53:259-275,

[CWO1]

1984.

F. Catrina and Z.-Q. Wang. On the Caffarelli-Kohn-Nirenberg inequalities: sharp constants, existence (and nonexistence),
and symmetry of extremal functions. Commun. Pure Appl. Math., 54(2):229-258, 2001.

[DEL14] J. Dolbeault, M. J. Esteban, and M. Loss. Nonlinear flows and rigidity results on compact manifolds. J. Funct. Anal.,

267(5):1338-1363, 2014.

[DEL16] J. Dolbeault, M. J. Esteban, and M. Loss. Rigidity versus symmetry breaking via nonlinear flows on cylinders and

Euclidean spaces. Invent. Math., 206(2):397-440, 2016.

[DGZ20] L. Dupaigne, I. Gentil, and S. Zugmeyer. Sobolev’s inequality under a curvature-dimension condition, 2020. To appear

[FS03]
[GZ21]

[Heb97]
[Heb00]

[Ket15]
[NV21]
[Pro15]

[Sta66]

in Ann. Fac. Sci. Toulouse Math.

V. Felli and M. Schneider. Perturbation results of critical elliptic equations of Caffarelli-Kohn-Nirenberg type. J. Differ.
Equations, 191(1):121-142, 2003.

I. Gentil and S. Zugmeyer. A family of Beckner inequalities under various curvature-dimension conditions. Bernoulli,
27(2):751-771, 2021.

E. Hebey. Introduction a l’analyse non linéaire sur les variétés. Paris: Diderot Editeur, 1997.

E. Hebey. Nonlinear analysis on manifolds: Sobolev spaces and inequalities, volume 5. Providence, RI: American Mathe-
matical Society (AMS), 2000.

C. Ketterer. Cones over metric measure spaces and the maximal diameter theorem. J. Math. Pures Appl. (9), 103(5):1228—
1275, 2015.

F. Nobili and 1.Y. Violo. Rigidity and almost rigidity of Sobolev inequalities on compact spaces with lower Ricci curvature
bounds. Arziv, 2021.

A. Profeta. The sharp Sobolev inequality on metric measure spaces with lower Ricci curvature bounds. Potential Anal.,
43(3):513-529, 2015.

G. Stampacchia. Equations elliptiques du second ordre a coefficients discontinus. Séminaire de mathématiques supérieures
(été 1965) 16. Les Presses de I’Université de Montréal, 1966.

This work was supported by the French ANR-17-CE40-0030 EFI project.

L. D., I. G. Institut Camille Jordan, Umr Cnrs 52065, Université Claude Bernard Lyon 1, 43 boulevard du 11 novembre
1918, F-69622 Villeurbanne cedex. dupaigne, gentil@math.univ-lyonl.fr

S. Z. ENS de Lyon, CNRS, UMPA UMR 5669, F-69364 Lyon Cedex 07. simon.zugmeyer@ens-lyon.fr

32



	Introduction and main results
	The CKN Euclidean space
	Conformal invariance
	Curvature-dimension conditions on the spherical CKN space
	The n-conformal invariants

	Conformal invariance of Sobolev type inequalities for CKN models
	Sobolev's inequality for the spherical CKN model
	The n-conformal invariant
	The n-conformal invariant on a weighted manifold
	The n-conformal invariant for the CKN spaces

	Appendix
	Some Riemannian formulas
	Integration by parts and elliptic theory on the CKN spherical space
	List of constants and regions of parameters


