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A NOTE ON THE DISCRIMINANT AND PRIME RAMIFICATION OF SOME
REAL KUMMER EXTENSIONS

ANDREA LESAVOUREY*

ABsTrRACT. In this note, we establish some facts about real Kummer extensions of the form

L =Q(¢/m1,..., ¥ms), and L = K({mz,..., &my) where Q(¢n1,..., ¢ns). In particular,

we study the splitting of primes in L and exhibit fairly canonical and simple Q-bases of L and

dr, € N such that the order it generates contains dy,Or,.

1. INTRODUCTION

The discriminant Dy, of a number field L gives important information about the structure of the
field. For example, a prime integer p ramifies in L if, and only if, it divides Dy, or the volume of
the ring of integers O, under Minkowski’s embedding is equal to \/m . Thus, knowing Dy, can be
particularly interesting. However, obtaining a closed formula can be difficult. Conversely, studying
how primes ramify in L can help in determining a formula for Dy, notably through computing the
different ©(L/Q) [3].

Computationally, computing the discriminant amounts to computing the ring of integers. The
generic algorithms start with an order O = Z[f] for some 6 such that L = Q(#), and augment O in
directions depending on the index [Ok : O] []. They run in subexponential time as they require to
factorise [Ok : O]. Hence, being able to identify an order O with a known factorisation of [0y, : O]
is interesting since it allows for the computation of O in polynomial time. In fact, knowing the

set of primes dividing [Of, : O] is sufficient.

Given a € Z and n > 3 denote by {/a the only real n-th root a. In this note, we will focus on
Kummer extensions of the form L = K(¢/m1,..., ¢/m,) such that K is Q or Q(¢/n1,..., ¢/ns),
where m;,n; € Z for any i € [1,7],j € [1,s], and p,q are odd prime integers. Orders satisfy-
ing the aformentioned property have been identified for multiquadratic fields Q(/my1, ... /m,) by
Schmal [9], together with the discriminant of these fields. Similar results have been obtained for
bicubic fields [2] and multicubic fields [5]. Following these works, we study how primes ramify in

the two types of Kummer extensions considered and identify similar orders, see Theorem [4 and
1
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Theorem Moreover, in the case where K = Q, we study further the splitting of p in L an

determine the exact factorisation of Dy in most cases, see Theorem

2. BACKGROUND AND NOTATION

First let us fix some notations and give some background required for the understanding. We
refer the reader to [6l [8 [7] for anything related to number fields. Most of Subsections [Z1] and 23]
is standard knowledge about discriminants and the splitting of primes in number field extensions.
Therefore, an informed reader can easily skip those and go to Subsection 2.3] where we recall some

facts and fix some notations connected to Kummer extensions.

Notations. Algebraic closures of number field extensions considered will be designated by 2. Given
a number field extension L/K we will denote by L its Galois closure. We will write d((n)) for the
indicator function of proposition &(-), i.e. d(z(n)) is equal to 1 if & (n) is true and 0 otherwise.
Finally, given two ordered sets A and B we will denote by A ® B the tensor product of A and B
(when it makes sense), i.e. A® B ={ab,be B|a € A}. If A and B are not ordered A ® B will be
the collection of all the products ab such that a € A and b € B. Finally, we also use this notation
for the tensor product of vectors and matrices.

If g is an element of a group G, we will write o(g) its order in G.
2.1. Discriminants.

Definition 1 (Discriminant of a family). Consider an extension of number fields L/K of degree n,
(1,...,2p) € L™, and write o1, ...,0, the elements of Hom(L/K, ). Then the discriminant of

(z1,...,2n) relative to L/ K, denoted by Dk (x1,...,2,) is the element

Dpk(w1,...,2,) = det [04(25)]ieq1,n] -
jefiln]
Proposition 1 ([8]). Consider an extension of number fields L/K of degree n. The following
properties are true.
(1) For any x € Or, Ny g (x) are elements of Ok .
(2) For any family (x1,...,x,) € OF, the discriminant Dy gk (x1,...,y,) is belongs to O .

Moreover the norm map is transitive, i.e. if M/L/K is a tower of number fields Ny = Np jgNag/r,.
Definition 2 (Discriminants). (1) Let K be a number field. The (absolute) discriminant of

an order O of K is the integer Dy q(b1,...,bn), where (b1,...,by,) is any Z-basis of O.

The (absolute) discriminant of K is the discriminant of its ring of integers Ok
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(2) Given an extension of number fields L/K, its relative discriminant is defined to be the
(well-defined) ideal of Ok generated by the discriminants of all basis of L/K which are
contained in Or,. It is denoted by d(L/K).

Notation. The absolute discriminant of an order will be denoted by D (O). The discriminant of

K is simply denoted by Dg-.

Proposition 2 ([4]). Consider Oy and Oz two orders of a number field K. Then the following is
true.
01 <0y <= 3f €Z,Dk(01) = Dk(0s) f>.

Now let us consider part of the arithmetic of number fields and number fields extensions, by

considering their ideals.

Definition 3 (Relative norm of ideals). Let L/K be a number fields extension. The norm of an
ideal I of L relative to L/ K, denoted by Ny, /i (I), is the fractional ideal of K generated by the norms

of elements of I relative to L /K. In mathematical terms, one has Ny /i (1) = (N /x(2) | # € I)oy-

Proposition 3. Let M/L/K be a tower of number fields, and I be an ideal of M. Then Ny/x =
Ni/xNyr, and 0(M/K) = d(L/K)M Ny i (0(M/L)).

2.2. Splitting of an ideal in an extension.

Lemma 1 ([8]). Consider L/K an extension of number fields, p an ideal of K, and P an ideal of
L. Then B divides p in L if, and only if, PN K =p.

Definition 4. Given an extension of number fields L/K, p an ideal of K and P an ideal of L.
Then we say that B is above p if P | p.

Theorem 1 ([8]). Consider L/K an extension of number fields, p an ideal of K, and p =

Hi']:l ‘13?“1'(") its factorisation in L. Then the following propositions are true.
(1) T, o, (0)[Q + ] = (L5 K],
2) For alli € [1,g], N Nyl
() or o ’LE[[ 79]}) L/K((’Bl) pFi .

Definition 5 (Residual degree and ramification index). Consider L/K an extension of number
fields, p an ideal of K, and p = []{_; ‘B?mi(p) its factorisation in L. Moreover fix j € [1, g].

1) The residual degree or inertial degree of B; over p is the index [€L : %], Tt is denoted by
J B p

F(Bilp)-
(2) The exponent vy, (p) is called the ramification index of B; over p, and is denoted by e(B;[p).
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One can rewrite the formulae in Theorem M as [L : K] = Y7, e(PBilp) f(Bilp) and N,k (Bi) =
p/ (FilP) . Moreover the factorisation is even simpler if the extension is Galois, as shown by Propo-
sition [l

Proposition 4 ([8]). Consider L/K an extension of number field which is Galois, and p a prime
ideal of K. Then the maps e(-|p) and f(:|p) are constants over the primes of L dividing p. If

e and f are the respective constant values and g the number of prime ideals of L above p, then
[L:K]=efy.
Definition 6 (Types of splitting [4]). Let L/K be an extension of number fields and p be a prime
ideal of Ok. Let p =[]7_, ‘Bf(milp) the factorisation of p in L.

(1) The ideal p ramifies in L/K if there is 7 € [1,r] with e(B;|p) > 1.

(2) If g =1 and f(P1]p) = 1, we say that p ramifies completely in L.

(3) We say that p is completely split or totally split (or splits completely) in L if for all i € [1, g],

e(Pilp) = f(Bilp) = 1.
(4) If g =1 and e(P1|p) = 1 then p is said to be inert in L.

Now let us state how the discriminant ideal of an extension L/K is related to the splitting of

prime ideals.

Theorem 2 ([3]). Given L/K an extension of number fields, a prime ideal p of K ramifies in L
if, and only if, it divides the relative discriminant ideal 9(L/K).

Another important object, related to the discriminant is the different.

Definition 7 (Different). Consider an extension of number fields L/K. The relative different
D(L/K) is the ideal defined as follows,

D(L/K) ' ={x € L|Try/x(x0L) C Ok}
As it is the case for norm, the different is transitive.
Proposition 5. Let M/L/K be a tower of number field extensions. Then ®(M/K)=2(M/L)D(L/K).
The different is useful because it can be used to compute the discriminant.

Proposition 6 ([3]). Let L/K be an extension of number fields. Then the prime ideals of L dividing
D(L/K) are exactly the ones ramified in L/K. Moreover Np,x(D(L/K)) =d(L/K).

Proposition 7 ([7]). Consider L/K an extension of number fields, p an ideal of K, P and ideal
of L above p and p the characteristic of Ok /(p). Then if p and e(*P | p) are coprime, one has

vp(D(L/K)) =e(P | p) - 1.
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Definition 8. Consider a Galois extension L/K, P a prime ideal of L and p =P N K. Then the
decomposition group of R, denoted by D(B | p), is {0 € Gal(L/K) | c(B) = B}.

Proposition 8. Consider a Galois extension L/K, B a prime ideal of L. Then one has |D(B |
Pl =e@BIFNE)(F|FNK).

2.3. Kummer extensions.

Notation. Given p a prime integer, we will denote by 7, a generator of the Galois group of the
cyclotomic field Q((p).-

Definition 9. A number field extension L/K is called a Kummer extension of exponent n if (, € K
and there are elements myq, ..., m, of K such that L = K(y/mq,..., ¢/m,).

Remark 1. In our work we relax this definition to allow (,, to not belong to L. We will also only
consider extensions of prime exponents p. First let us recall some facts and fix some notations
about the structure of Kummer extensions, and Hom(L/K,)). We refer the reader interested in a

more general and in-depth presentation of Kummer extensions to [3].
2.3.1. Simple extensions:

Definition 10. Consider L/K an extension of number fields, and prime number p. Then L/K
is called a simple Kummer extension of exponent p if there is m € K such that ¥/m ¢ K and

L = K(3/m).

Proposition 9. Consider L = K(¢/m) a simple Kummer extension. Then the following properties
are true.
(1) L/K is a field extension of degree p.
(2) The elements of the set Hom(L/K,Q) can be fully described by their action on ¥/m as
oD Ym— ¢ g/m,i € [0,p—1].
(8) If , € L then L/K is Galois. If ¢, & K then the Galois closure of L/ K is L= L(¢p) and if
p is odd then Gal(L/K) = (1,) X (o) where o is the extension of the embedding o) which
acts trivially on Cp. If p is 2 then L is Galois.

Proposition 10. Let L = K(¥&/m) be a simple Kummer extension of exponent p, and n € K. Then
L = K(¥/n) if, and only if, there is a € K such that n = maP.

2.3.2. General extensions: The properties described for simple Kummer extensions can be extended

to general extensions.
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Proposition 11. Consider L = K(y/mi,..., Y/m,) a Kummer extension. Then the following
assertions are equivalent.

(1) [L: K] =p";

(2) Va€Z"), m{"ms?---mor € (K*)? < Vie[l,r],p]| .

Definition 11. Given a prime p, an integer r € N* and a sequence m of rational numbers

my,...,m, we will say that m is p-reduced for K if it satisfies the condition of Proposition [Tl

Proposition 12. Consider p a prime number and L = K (¢/m1, ..., 3/m,) a Kummer extension of
exponent p. Then L can be described as K(g/ny,..., ¢ns) withn = (ni,...,n,) being a p-reduced

sequence.
From now on all Kummer extensions are considered to be generated by reduced sequences.

Notation. Consider m = (my,...,m,) € K" such that L = K(g¢/m1,..., ¢/m,) is an extension of
degree p". For ¢ € [1,r] the field L,,, = K(3/m;) is a simple Kummer extension of K of exponent

(4)

p. Given any j € [0,p — 1], write U,ﬂi the embeddings of L,,, following the notation described

previously and o7, the corresponding element of Gal(lj;i /K).

Proposition 13. Consider L/K which satisfies the equivalent assertions of Proposition [[1l. Then
the following assertions are true.
(1) L/K has exactly % simple subextensions of degree p over K and they are of the form
Lo = L([T;_, ¢/m:i"") with a € [0,p — 1]". Moreover Lo and Lg are equal if, and only if,
there is an integer A such that « = \- 8 (mod p).
(2) Any subextension of L/K can be written as K(3/Mj,..., Y/ M,/) where 0 < r' < r and
M; =1I_, Wagj) with a9) € [0,p — 1]" for any j € [1,7].

The Galois group of L /Q can also be fully described with the ones of the subfields L.

Proposition 14. Consider L/K which satisfies the equivalent assertions of Proposition [[1l. Then

the following assertions are true.

o Hom(L/K,Q) = ®)_, Hom(Ly, /K, Q) = {@]_ 05"

(2

B € [[07]9 - 1HT}
o L(Cp)/K(Cp) is abelian with Galois group isomorphic to (Om,) X -+ X {Om,.) ; if ¢ € K
then the previous extension is L/ K.

o If(, & K then L((p)/K is Galois with Galois group isomorphic to (Tp) X (T, ) X -+ - X (Orm,.)-

Notation. Given a tuple 3 we will write ¢(®) the embedding ®§:107(ff) and o its extension in

Gal(K/Q). Given a subset S of Hom(K, Q) we will denote by S the subset of Gal(K/Q) whose

elements are the direct extension of elements of S.
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3. EXTENSIONS WITH ONE EXPONENT

First we will study fields of the form K = Q(y/mz,..., ¢/m;).

Notation. Given a tuple m = (m1,...,m,), we will write P(m) the set {p € P,p | []._; m;}.
Givenm € Q and an integer n we will denote by PF'(m, n) the rational number [ 5 mvp(m) (mod n)
Similarly if m € Q" then PF'(m,n) = (PF(mq,n),..., PF(m,,n)). We extend PF(-,p) to elements
in Q'/? and sequences in Q'/? with PF(z,p) = PF(xP,p)'/P. Finally, given a tuple m € Q" and

a € 7", we will write m® to designate the product Hie[[”]] mg.

3.1. A canonical Q—basis of K. One can define two fairly natural bases of K. One has already

been mentioned earlier.

Definition 12. Let K = Q(¢/mu,..., ¢/m,) be a real Kummer field. Then the naive basis of K
relative to m is ([T, m?i/p)aello)p_l]]r. It will be denoted by B(p, m). The power-free basis of K
relative to m is PF(B(p, m),p). It will be denoted by TIB(p, m).

Remark 2. Both bases were considered in several work on Kummer fields such as [9] [1I [10].

The first property that can be proven is that 3B (p, m) is somehow independent of the choice of

m.

Lemma 2. Let K be a real Kummer field. Consider m and n two sequences defining K. Then

JB(p,m) and IB(p,n) are equal as sets.

Proof. Consider ¢ € P(m). First let us prove that if ¢ € P(n) then vy(m®) = 0 (mod p) for all
a € [0,p — 1]". Let us fix such a. Since m and n define the same field K, one can use the simple
subfields and conclude that Q(¥/m®) = Q({/nf) for some 8. This is equivalent to m® = nifa? for
some j € [0,p — 1] and a € Q. Then we obtain the equality

(1) Vg(m®) = Z v (m;) = Zjﬁivq(ni) + pvg(a)

i=1 i=1
and taking it modulo p gives zr: a;vg(m;) = 0 (mod p), since vy(n;) = 0, for all 4 € [1,7]. This
is true for all a. Thus we obtgri that none of ¢ € P(m) U P(n) \ (P(m)NP(n)) can be found in
IB(p, m) nor IB(p, m).

Now let us consider only ¢ € P(m) NP(n). Let a € F \ {0}. Then for all ¢ € P(m) N P(n)
and all j € [1,p — 1], (vg(m?®)) = jug(m®) (mod p). Following Equation (), if 3 is such that
nP defines the same simple field as m®, then (vy,(m®)), = 7(vy(n?)), for some j € [1,p — 1].
Therefore the sets {(v,(m?®)), | 5 € [L,p — 1]} and {(vy(n??)), | j € [1,p — 1]} are identical.
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Finally, if o and o/ define distinct simple subfields of K then they are not colinear in [y, thus

{jaljellp=—11}n{jo [je[l,p—1]} =0. O

The equality given by Lemma 2] shows that the set of power-free basis of a real Kummer field is

a canonical choice of a (Q-basis of K.

Definition 13. Let K be a real Kummer field with one exponent p defined by a sequence m. The
power-free basis of K is the unordered sequence set IB(p, m). It will be denoted IB(K).

Now let us prove another simple result on defining sequences, that will be used later.

Lemma 3. Let m € Q" be a sequence defining a real Kummer extension K with one exponent
p, and ig € [1,r]. Consider ¢ € P(m) such that Ji € [1,7],v4(m;) Z 0 (mod p). Then there is
m’' € Q" defining K such that

Vi e [1,7],q | mi < i=io.

Proof. One can always assume vg(m;,) # 0 (mod 0), modulo a permutation on m. Then fix
m;, = PF(m;,,p), and m; = PF(m;,p) for all i € [1,r] such that ¢ { m;. Finally consider
i € [1,7] such that g | m;. Let e; > 0 such that e; = —vg(m;)vy(miy)~' (mod p). Then fix
mj = PF(m;mj’,p). O

We will now determine the discriminant of J%B(K).

Theorem 3. Let K = Q(3y/m1, ..., ¥/m,) be a real Kummer field, and q a prime integer. Moreover
write b = d(pep(m))- Then the discriminant D (IB(K)) satisfies the following:

p 1), if ¢ € P(m)\ {p},

(2) v(Dr(IB(K))) =9 | )
P (p—1) xb+rp", ifqg=p.

Proof. Given a sequence m such that K = Q(¢/my,..., ¢/m;), let us denote by M,, the matrix
(e (3B(p,m);))s,;, where as usual 0@ : g/m; — P y/m;. Moreover we will write Mp the
matrix [00%)(b;)],; for any Q—basis B = (by, ..., byr).

First remark that Dy (I3B(K)) = Dg(IB(p,m)) for any sequence m defining K. Indeed,
considering different sequences amounts to applying permutations on the rows and columns of
a fixed matrix M,,. Moreover, if m’ = (mq,...,my_1) then B(p,m) = B(m,) @ B(m') and
J%B(p,m) = PF(3B(p,m,) @ IB(p,m’),p). Let us denote by B the basis IB(p,m,) @ IB(p,m’).
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Now let us start with the proof per se. Let m be a defining sequence of K. One can assume it is
p-reduced and composed of integers. Let ¢ € P(m) \ {p}. Following Lemma 2l and Lemma B] one
can also assume that ¢ | m, and for all ¢ < r, ¢ t m;. We mentioned that 3B (p,m) = PF(3B(m,)®
JB(m'), p). The action of PF amounts to dividing elements of the basis by an integer. Let us denote

by c1,...,cpr these integers. Since ¢ divides only m, and IB(m,.) is already reduced, none of said
. S Ci (M Cpr (M.

coefficients is divided by ¢q. Now remark that M,, = Myn@pm) = [ 1(61 %)| . T'C(pr %)], where

C; (M) is the j-th column of Mgs. Therefore we have det M, = c‘fiiMfT Consequently we obtain

vg(det M,,) = vy(det M), and we can consider the discriminant of the basis 8. Now let us denote
by b1,...,b, the elements of 3B (m,). Then we have B = [IB(m')b1|IB(m )bs] ... |IB(m')b,] and
for g € [[O p—1]", 0¥ = U(ﬁl) ® @0’ acts on IB(m')b; as

o™ @@ ol (3B(m) ol (by).

Thus we obtain that My is equal to

blMS‘B(m’) bQMst( D)

ag)(

b1) M3 () ) (bo) )Mo (i)

|
| o
(p b (b1) M3 (mr) ‘ or bz ) Moy ()

which is M,,, ® Mp,,. Therefore, we have det My = det M” " det MP

m’’

and
0g(Dk (IB(K))) = p"vg(det M7, ) + pug(det M2,).

Westlund showed that vg(det M2 ) = p — 1 and since ¢ { m; for all i € [1,7 — 1] one has
vg(det M?2,) = 0, by induction and remarking that v,(det M},) = vy (det My, @ -+ @ My, ) [10].
Finally we obtain v,(Dg (IB(K))) = (p— 1)p"!

Now consider ¢ = p. As before we have vy(det M2) = vp(det M2 ® --- @ det M7, ), and
det M7 ® det M2 = ]I_,(det M2 )*"". If p & P(m) then v,(det M2, ) = p for all i € [1,7] [10],
50 vp(Dg (IB(K))) = >i_1 0" top(det M2, ) = rp”. If p € P(m) then v,(det M7, ) =pforallie
[1,7—1] and v,(det M2, ) = 2p—1 [10]. Therefore we have v,(Dg (IB(K))) = > 1, ! pr Lo, (det M2)+

ep-D) ="+ - D). O

We established that 3B (K) is a fairly canonical basis for a real Kummer field K, and determined

its discriminant. We will show that the order it generates contains [K : Q]Og. For this we will
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study the discriminant of K. Indeed recall that we have the following result. Given O; and O3 two
orders of a number field, then O; < Oy <= Dg(02) | Dx(01).

Lemma 4. Let K € Q(g/m1, ..., §/m;) be a real Kummer extension defined by a p-reduced sequence
m. Then q ramifies in K/Q if, and only if, ¢ € P(m)U{p}.

Proof. We know that K = ®;_,Q(¢/m;), and given two linearly disjoints fields K; and Ko,
the discriminant of their compositum Dy, k, divides D[Igz:Q]D[IgI:Q]. Therefore we have Dy |

T, D(Q({'/ﬁ))ppl. Following Westlund [10], ¢ | D(Q(/m;)) if, and only if, ¢ € P(m;)U{p}. O

In order to study the g—valuation of Dy, we will study the splitting of ¢ in K/Q. A similar
approach has been done over multiquadratic fields [9] and bicubic fields [2]. We will use some results

over dihedral groups, which are stated and proved in Appendix B.

3.1.1. Splitting of primes in K. To study the splitting of primes we will use the different of the
extensions. Westlund established the splitting for simple fields.

Proposition 15 (Westlund [10]). Let K = Q(¥/m) be a simple Kummer extension and q a prime

integer. Then one has the following possibilities:

(1) q#p and q|m = (q) = q";

(2) plm = (p) =p";

(3) ptm and mP~! =1 mod p* = (p)
(4) ptm and mP~! # 1 mod p*> = (p)

pPlq;
pr.

One can see that for simple Kummer field, the splitting of p depends on a condition satisfied
by m: whether mP~! = 1 mod p or not. The splitting of primes in a general number field K will
then be influenced by their splitting in the simple subfields of K. We can identify different types

of Kummer fields.

Lemma 5. Let K = Q(y¢/m1, ¢/m2) be a Kummer extension of degree p? such that m; # 0 mod p
and m; # 1 mod p?, for i € {1,2}. Then one can find m' a sequence defining K such that m} =
1 mod p?.

Proof. For i € {1,2}, since m; # 0 mod p then m; can be seen as an element of G = (p%)X
Moreover the order of m; in G is p or p(p — 1), and we want to prove that we can find a defining
sequence m’ such that o(m}) | p — 1. The group G is isomorphic to ﬁ
¢ = (@1, ¢2) this isomorphism. Then ¢(m;) = (¢1(m;), d2(me)) with ¢a(m;) # 0. Let m’ defined
by m} = my and m} = mym§ with k € [1,p — 1] such that k¢a(ma) = —@2(m1). Then one has

¢p2(mh) = 0s0 o(mb) | p—1in G. Clearly m’ also defines K. O

z
X o7 Let us denote by
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Using Lemma [Bl we obtain only a few possibilities for general real Kummer extensions.

Proposition 16. Let K be a real Kummer extension of degree p™ for an integer r > 1. Then one
can find a sequence m = (my,...,m,.) defining K and satisfying one of the following properties.
(1) p & P(m) and Vi € [1,7],m’"" =1 mod p>.
(2) p & P(m), m¥™" #1mod p? and Vi € [2,7],m’"" =1 mod p2.
(3) p|mi and Vi € [2,7],mP"" =1 mod p>.
(4) p|m1, my~ ' %1 mod p? and Vi € [[3,r]],m§771 = 1 mod p?.

Proof. This is just an application of Lemma [3] and Lemma |

Now we can express how primes split in K depending on which type of Kummer field it is. How-
ever remark than only the splitting of p will be influenced by the types identified in Proposition
Therefore, let us start by g # p.

Proposition 17. Consider K = Q(y/m1, ..., ¥/my) a real Kummer extension with one exponent,
and g € P(m). Then q splits in K as Q) ...QP for s > 1, and vy(Dg) = (p — 1)p" L.

Proof. By Lemma [ one can suppose that Vi € [2,7],q | m; <= i =1. Let us fix K; = Q(¢/m7)
and Ky = Q(y¢/ma, ..., ¢/my). By [10] the prime ¢ ramifies in K; as q*. Moreover ¢ is unramified
in K380 ¢qOk, = (1 --qs with s > 1. By multiplicativity of the ramification index, for all ¢ € [1, s],
the ideal g; ramifies completely in K as Q. Therefore ¢Ox = (Q1 - - Q,)P.

K (Ql...QS)P

N

K2 ql...qs

Now recall that the different of K/Q satisfies D(K/Q) = [[q Q%2 where the product is over the
prime ideals of O which are ramified over Q. Thus the part of D(K/Q) above ¢ is [[;_, Q;* for
some integers s;. For all ¢ € [1,s] we know that e(Q;|q) = p and ¢ are coprime. Therefore s; is

equal to e(Q;|¢) —1 = p — 1. Thus one has for the discriminant

v4(Drc) = v4(Nieo(D(K/Q))) = v4(Nicy o (Niesac, ([T 7).
i=1
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Finally since N/, (Q;i) = ¢; we obtain

v4(Dr) = vg(Niy ([T af ™) = 04N,y (40, )" ~1) = (0 = "~
i=1

With Proposition [I7 one is able to prove the result we were looking for.

Theorem 4. Let K = Q(y/mu, ..., ¥/my) be a real Kummer extension, and denote by O the order
Z[3B(K)]. Then the following propositions are true:

e Vg € P(m)\ {p}, O is g—mazimal;
e [K:Q)O0k <O.

Proof. Proposition [I7 and Theorem B] show that v,(O) = v4(Ok) for all ¢ € P(m) \ {p}, so O is

indeed g—maximal. Concerning p one has

v(Dk (K : QOk)) = 2[K : Qlug([K : Q]) = 2rp" > 1p" +p" ' (p— 1)

so the second property is also true. O

3.2. Splitting of the exponent. Despite the fact that Theorem Ml shows that JB(K) is a basis
satisfying the properties we were looking for, we can still study further the splitting of p in K in
each of the four types of real Kummer fields established in Proposition It allows us to have a
finer knowledge of Dy . First let us establish a result concerning extensions of number fields such

that the Galois group of their Galois closure is dihedral.

Lemma 6. Let L/K be an extension of number fields. Suppose additionally that Gal(L/K) is
isomorphic to (1) X (o), with (1) = ﬁ and (o) = p% for some prime integer p. Any prime ideal
p of Ok satisfies

PO = (Br.. . PBp)’ ' = pOL =piph ",

where each P; is a prime ideal ofi/ and each p; is a prime ideal of L.

It is similar to part of the proof for Proposition 10.1.26 of Cohen’s book [3]. In fact several facts

and their proofs that we will establish are generalisations of this Proposition.

Proof. Let G = Gal(L/K). By hypothesis we are in the following situation :
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L (B P!

The group G acts transitively on the 9B; and by conjugation on the inertia groups I(B; | p) for
i € [1,p]. Clearly one has |[I(B3;/p)| = p — 1. By Lemma [ there are p distinct subgroups of G of
order p — 1. Moreover they are of the form (7¢®) with b € [0, p — 1]. Therefore the action of G on
the set of such subgroups is transitive. Thus there is a unique i € [1, p] such that I(B;, | p) = (1),
and I(Pi, | Pi, 1 OL) = I(Ps, | p) N Gal(L/L) = (r). Therefore e(Py, | Pio N1 OL) = p — 1
so by multiplicativity e(;, N O | p) = 1. Now consider i # 9. Then I(B; | p) = (ro®) for
some b € [1,p — 1], and I(P; | Pi, N OL) = I(Pi, | p) N Gal(L/L) = (1). Therefore again by
multiplicativity of the ramification index, e(3; N Or, | p) =p — 1. O

Theorem 5. Consider K = Q(¢/m1, ..., ¢/m,) a real Kummer extension with exponent p. Then
depending on the type of field as described in Proposition[I8 the splitting of p in K and v,(Dg) are

as follows :

(1) (p)
(2) (p)
(3) (p)

pp 1 ’ 1
p( L ps)P D forszppi;%andm K) =9+ (p - 2);
p? K) =

(1. pe)?®Y) for s =221 and v, (D lap 1) 4 £

(p1...ps)P™ 1f07"5*p and v,(Dg) = ’;T (p—2);

—L(p—2).

Remark 3. We were not able to prove similar results for the fourth type of field for a general

exponent p. However we did so for p = 3 in [5].

Proof. We will prove the results one type of fields after another.

Fields of the first type. We will prove the factorisation by induction. For r» = 1, K is a simple
Kummer extension. Then the splitting is correct, following Westlund [I0]. Now consider r > 1 and

assume the result is true for r. Let K = Q(¢/mz, ..., ¢/m,y1) a real Kummer field such that for all
i€ [1,r +1],m’"" =1 mod p?. Let us fix Ky = Q(g/my,..., ¢/my) and Ky = Q(¢/mr11). If one
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denotes % by s, one has the following decompositions by using the induction hypothesis, where

the numbers are the dimensions of the respective extensions.

P K ,

p

Pl é’* 1/

K2 q1q2 -

(p)

Moreover p is totally ramified as a?~! in k = Q((,). First we consider the splitting of p in the Galois
closure Iz and IE We focus on IE, and the situation in l’(vl is similar. First remark that IE /Qis
Galois with dimension [I?/Q : Q] = p(p — 1) so the decomposition of p satisfies efg = p(p — 1) with
the functions e(-|p) and f(-|p) being constant — equal to e and f respectively — over prime ideals
q of Ky such that § | (p). Considering the factorisation pOx, = qi1q5 ' we obtain p — 1 | e(g|p).
Moreover for the decomposition of q; in IE, since E/Kg is Galois, we have e; f;g; = p — 1. Since
p—1|eand e =¢; we have ey =p—1, f1 = 1 and g1 = 1. Therefore quf{z = qP~!. Moreover
f=fi=foande= (p—1)ea so ea =1 and g = p— 1. Thus g2 splits completely in Ky as
142 ... qp 1. Finally we obtain the factorisation (p) = g*~'qi" 2" .. .q;_/lp_l in K. Similarly
we have p(’)kvl = pP~! and p; splits completely in Iz for all i € [1, s]. Therefore the factorisations

of (p) in K, and Ko are as follows:
N (b2 qpm1)P Y, in K/Q,
B, i KO

Consequently the splitting of a in the same two fields is

(p) =

G01d2-dpo1, in K/Q,
(W=9___. _ =
ppap2.. . ps, in K:/Q.

Remark that the residual degree is 1 everywhere. We will now consider the decomposition of p in K.

We will in fact look at the decomposition of a. Consider ‘i& a prime ideal of K above p. Remark it is
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also above a in K /k. For i € {1,2}, denote by D; the decomposition group D(P | PN Og,)- Let us
write G = Gal(K /k), G1 = Gal(K/K;) and G, = Gal(K/K,). Each D; is a subgroup of G; < G.
Moreover recall that G1 = (0,41), G2 = {(01) X -+ X {(0,) and G = G; x G2. Remark also that
|D1| = |D2|. Since |G| = p then one has Dy = (1) or D; = G;. Let us show that Dy = (1). Suppose
that we have D1 = (0,41). Then |D2| = p so there is ¢ € G2 such that o(c) = p and Dy = (o). Now,
since for i € {1,2} we have D; = D(P | a) N G, we obtain (o,41) < D(P | a) and (o) < D(P | a).
Therefore, (0,41) % (o) < D(P | a) which implies that ef = [D(P | a)| > p?. However if we consider
the splitting of a in K7 and K, we have e; = f; = 1 in l~(1/k and [IN( : I~(1] =p,soef <pin IN(/k
Thus we have an absurdity so D; is trivial as announced, D; = D2 = (1) and a splits completely in
IN(/k Finally p splits in IN(/Kl as
(PR

and

Z Z
w-1Z " pZ
We see that p and f(/Kl satisfy the hypothesis of Lemma[6] so p splits in K/K; as

Gal(K /K1) = (1)  (0p41) =

PR
Moreover, for each i € [1, s]|, the ideal p; splits completely in K so it splits completely in K. We
obtain the final decomposition for p in K/Q as

(p) = P(Pr ... Po)' ™

r+1_q

with t = 1+ sp =1+ E5p = L
the proof by induction. Let us now fix K = Q(¢/my1, ..., §/m,) and look at the p-valuation of D.
Remark that ged(1,p) = ged(p — 1,p) = 1, and that for any prime ideal Q of K above p we have
e(Q|p)=1ore(Q|p) =p— 1. Therefore the part of D(K/Q) above p is

s
[[¥

%
i=1

where s = %. Since the inertial degree f(B; | p) = 1, we have Ng o(B;) = p for all i € [1, s].

. Thus the decomposition is correct for » + 1, which ends

Thus we obtain

vp(Di) = vy (Ngyo(D(K/Q))) = vy <H NK/@(%i)pr‘)) = (p—2)s,
=1

which is the required value.
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Fields of the second type: Let us now consider a field K = Q(g¢/my,..., ¢/m,) such that p ¢
P(m), mE~" # 1 mod p? and Vi € [2,7],m’" = 1 mod p>. The proof is simpler in this case. Fix
K = Q(¢/m1) and Ky = Q(¢/m2, ..., ¢/m;). Remark that K, is a real Kummer field of the first

type. Therefore, following Westlund [10] and the previous result, for s = E ;:1_ L we obtain the

K
p
prfl

Ky qqf ' qi?

PP Ky
pr—l
p
Q

()

following situation.

By multiplicativity of the ramification index, for any B above p in K, one has p | e(p | p). Thus
the splitting of p in K is as follows:

() = B (P ... P @Y.
Now let us find v,(Dg). We have
Dy = Die ™ Nic, jo 0/ K1) = DI ™ N, jo (N, (DK Kq))

and the part of D(K/K7) over p is (P71 ---P,)P~2. Indeed p is coprime to 1 and p — 1. We know
by [10] that v,(Dg,) = p so

vp(DK) =[K:Kilp+ Up (NK/Q((ml o 'ms))p72) .

Since the inertial degree is trivial everywhere, Ny /q(B;) = p for all i € [1, s]. Finally we obtain
vp(Dic) = p" +vp(p*P72) = p" + 5(p - 2).

Fields of the third type: Let us now consider a field K = Q(¢/my, ..., ¢/m;,) such that p € P,
and Vi € [2,7],m?"" =1 mod p®. Again fix K; = Q(¢/my) and Ky = Q(¢/ma2, ..., ¢/m;). Remark
that Ko is a real Kummer field of the first type. Therefore, following Westlund [10] and the previous

result, for s = p;:;l we obtain the decomposition as the previous case. Therefore the proof is

identical. The only thing which changes is v,(Dk, ). It is equal to 2p — 1 in this case [10]. O
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4. EXTENSIONS WITH TWO EXPONENTS

We were not able to prove similar results for general Kummer extensions with two exponents,

but only on a restricted family of them.

Definition 14. Let L/K be a real Kummer extension with two exponents p,q. We will call a
power-free basis of L/K and denote by IB(L/K) the basis IB(M) ® IB(K).

Proposition 18. Let L = K(3/m,..., yYm,) with K = Q(yn1,..., yns) be a real Kummer
extension with two exponents. Let a € P(m)UP(n). Write 0y = O(aep(m)) and 8, = Sacpmn))- If
a & {p,q}, then one has

va(DL(IB(L/K))) = [L: Q) (1%15,” n %5) |

If a € {p,q} then one has

[L: Q] (7‘—}—]9;157”4—&(5") if a =p,
vu(DL(3B(L/K))) = S
L : Q] (s+%5m+%5n> ifa=q.

Proof. With the notations used during the proof of Theorem [l remark that Myeg (1) k) = Mas 1) ®
My k) where L' = Q(y/my1, ..., ¢/my). Then apply v, to det Mj%(L/K) in the different cases. [

Remember that to prove Theorem Ml one only has to study the splitting of primes different
from the exponent p, as the p-valuation of the discriminant of the order generated by IB(K) is
automatically smaller than the one of the discriminant of [K : Q)Ok. We will see that it is not as

simple over extensions with two exponents.

Proposition 19. Let L = K(3/m,..., y/m,) with K = Q(yn1,..., yns) be a real Kummer
extension with two exponents. Let a € P(m)UP(n)\ {p,q}. Then the splitting of a in L/Q and
va(Dr) satisfy the following:

(1) a € Pm)\P(n) = 3t >1,(a)=(ar...a;)? and ve (D) =[L: Q]pp ;
(2) a€ P(n)\P(m) = Jt>1,(a) = (ar...a)" and vo(Dr) = [L: QL=
(8) a€e Pim)NP(n) = It >=1,(a) = (a1...a,)’? and v,(Dy) = [L: Q]p‘;ql.

Proof. The proof is quite similar to the one of Proposition [[7l Using Lemma [3] one can assume
that there is at most one i € [1,r] such that a | m;, and at most one jo € [1, s] such that a | nj,.
Assume also that 79 and jy are equal to 1 when they exist. Fix [ the field equal to the compositum

of the simple subfields of L’ and K generated by m;, and n;,. Depending on the cases, [ is equal
to Q(¢/m1), Q(y/n1) or Q(/m1)Q(/n1). Now let k be the field such that [k = L. Now it is easy
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to see that a completely ramifies in [ and does not ramify in k. Thus there is ¢ > 1 such that the

(a)

splitting of a is as follows.

AN
e

Since a & {p, q}, ged(a, [l : Q]) = 1, therefore the part of the different ©(L/Q) above a is equal to

P

t

[]a"2-.

=1

One can conclude by using the same arguments than in the proof of Proposition I O

Remark 4. One can remark from Proposition[I8and PropositionI9that if a € P(m)NP(n)\{p, ¢}
then v,(Dg) > v (Z[IB(L)]). Therefore if P(m) N P(n)\ {p,q} # 0 then the counterpart of

Theorem [ for Kummer extension with two exponents does not hold.

Theorem 6. Let L = K(¢/m, ..., ¢/m,) with K = Q(y/n1, ..., yns) be a real Kummer extension
with two exponents. Denote by O the order Z[IB(L)], and A = (P(m)NP(n))\ {p,q} and P4y =

[I,caa- Then the following properties are true.

e Va € P(m)UP(n)\ (AU{p,q}), O is a—mazimal.
e Py[L:Q]OL <O.

Proof. Let a € P(m)UP(n)\ (AU{p,q}). From Proposition [I8 and PropositionI9 v,(D(0)) =
ve(Dr(Or)) so O is indeed a—maximal. Consider a € A. Then we have v,(Dr(O)) = [L :
Q (2 + 1), and

va (Dr(PalL : QJOL)) = va (PR Dr) = 2(L : Q] + va(Dy).
Since vq (D) = [L : @]%, we obtain

](2pq+pq—1)

Vo (DL (PA[L : Q|OL)) =[L:Q 0

2 va(D1(0)).
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Now consider a € {p, ¢}. Since the situation is the same for p or ¢, we can choose a = p for example.
First assume that p ¢ P(m)UP(n). Then again from Proposition[I8 we have v,(Dr(0)) < r[L : Q.

Moreover since v, ([L : Q]) = r we get
vp (D (Pa[L : Q]Or)) = 2r[L: Q] > r[L : Q.

Now let us assume that p € P(m) U P(n). Then we have
-1 -1
v(DL(0)) = [L: Q] (r + Py q—) <[L:Ql(r+2).

Since p € P(m)UP(n), there is a subfield [ of L of the form Q({/[[, m:) (resp. Q({/][; n:)), such
that p | m (resp. p | n). Consequently, p ramifies completely in [ and we know that v,(D;) =2p—1
(resp. vp(D;) = p). Recall that Dy, = Dl[L:l]Nl/@(D(L/l)) 2 Dl[L:l]. Thus we obtain

vp (DL(PAIL: QIOL)) > 2r[L: Q1+ [L: Q] > [L: Q(r +2).
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APPENDIX A: PROOFS OF SOME RESULT ON DIHEDRAL GROUPS

Here we consider a prime p, ¢ a generator of the multiplicative group F; and the semi-direct

product G = (1,0 | 7P~ = 0P = 1,707 ! = o). Recall that for any u € (o) and any a € [0,p — 1]

a t* b

one has 7%ur~% = u!" so any element of G can be written in the form 7%¢® or 7% for some a, b, c, d.

Remark further that if g = [, 7% o € G then the corresponding a and d are equal to > G

Lemma 7. The subgroups of G are of the form (t% o) with a € [0,p — 2] or of the form (t%c®)
with a € [1,p—2] and b € [0,p — 1]

Proof. Consider a subgroup H = {(g1,...,gr) = (1%0%, ..., 7% o’ with (a;,b;) € [0,p — 2] x
[0,p — 1]. First assume 7 € H. Then one can write H = (7,0%,...,0%) i.e. H is either (1) or
(1,0). Now assume o € H instead. Then H = (o, 7%,...,0%) and there is d € [0, p — 2] such that
H is (%, o). Finally assume that neither 7 nor o belongs to H. One can see that for i # j two
integers in [1,7]
(ai=a;)AN(b; #bj)) = F#0|c°c H = o€ H
from which we deduce
V(i,5) € [1,7],i #j = a;i # a;.

Let d = ged(ay, .. .,ar). Using Bézout’s identity one can see that there is b € [0,p — 1] such that
7d0? is an element of H. Let us show that H is in fact equal to (r%0¢?). Consider i € [1,7] and
write h; = (r90?)@. There is ¢; € [0, p — 1] such that h; = 7% 0. Following a previous reasoning

we conclude that h; = g;. This is true for all i € [1,7] so H = (7%"). O

Lemma 8. The subgroups of G of the form (t%c®) with (a,b) € [1,p — 2] x {0,1} have order
o(T*) = o(t").

Proof. Given an integer k one has (7%¢%)* = o¢79 with

a 2a ka al_tka
e = bt* +bt“* + - - - + bt"* = bt T
thus
e, a al_tka
07 =1 < (ak=0mod (p— 1)) A (e =bt N taEOmodp).

Then remark that one has also
ak=0mod (p—1) = t* =1modp = e=0mod p.
O

Lemma 9. The subgroups of G with order p—1 are the p groups of the form (T7a®) with b € [0,p—1].
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Proof. A subgroup of G of order p — 1 does not contain ¢ so it is necessarily of the form (r%).

Since o(7%?) = o(7%) one has

O(Tan) =p—1 = (%) = (1)

therefore there is ¢ € [0, p — 1] such that 70¢ € (1%0?). O
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