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bActility, Paris, France
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Abstract

In this paper, we present barrier function-based adaptive controllers for fast stabilization of a perturbed chain of integrators
with bounded uncertainties. We refer to such controllers as adaptive higher order sliding mode controllers since they are
designed for a perturbed chain of integrators of length r with bounded uncertainties such that the uncertainty bounds are
unknown. We propose an adaptive control feedback law insuring the following: We provide a barrier function based adaptive
controller ensuring the finite-time convergence of solutions to a desired vicinity of origin. Moreover, the homogeneity norm of
solutions asymptotically tends to zero. The effectiveness of these controllers is illustrated through simulations.

Key words: Adaptive sliding modes ; Barrier function ; Higher order sliding modes.

1 Introduction

Sliding Mode Control is an efficient tool for matched
uncertainties compensation. Higher Order Sliding Mode
Controllers (HOSMCs) Levant (2001, 2003, 2005); Ding
et al. (2016); Cruz-Zavala & Moreno (2017); Basin et al.
(2016); Levant & Fridman (2010) allow to collapse in
finite time the dynamics of the flat single input single
output of order r. The homogeneity properties of discon-
tinuous HOSMCs ensure the r -th order of asymptotic
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precision of the output with respect to the sampling
step and parasitic dynamics Levant (2001, 2003, 2005);
Ding et al. (2016); Cruz-Zavala & Moreno (2017); Lev-
ant & Fridman (2010).
To implement discontinuous HOSMCs, the knowledge
of upper bounds for r -th derivatives is needed and
usually such bounds are unknown. Moreover, the over-
estimation of HOSMCs leads to big chattering and
energy losses Pèrez-Ventura & Fridman (2019). That
is why the authors of the works devoted to HOSMCs
adaptation Plestan et al. (2010); Bartolini et al. (2013);
Moreno et al. (2016); Edwards & Shtessel (2016a,b);
Oliveira et al. (2018); Hsu et al. (2018); Negrete-Chávez
& Moreno (2016); Shtessel et al. (2012, 2017); Obeid
et al. (2018); Hsu et al. (2019); Ferrara et al. (2019);
Basin et al. (2016) should satisfy two contradictory
requirements:

• ensure a finite-time exact convergence to the origin;
• avoid overestimation of the control gain.

Recently, adaptive sliding mode controllers have at-
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tracted the interest of many researchers dealing with
adaptation of HOSMCs. The general goal of these
techniques is to ensure a dynamical adaptation of the
control gains in order to be as small as possible while
still sufficient to counteract the disturbances and en-
sure a sliding mode. The adaptive sliding mode control
approaches which exist in the literature can be broadly
split into the following three classes:

a) approaches based on the usage of equivalent control
value Edwards & Shtessel (2016a,b); Oliveira et al.
(2018); Utkin & Poznyak (2013);

b) approaches based on monotonically increasing
the gains (see, for example, Moreno et al. (2016);
Negrete-Chávez & Moreno (2016));

c) approaches based on increasing and decreasing the
gains Plestan et al. (2010); Bartolini et al. (2013);
Shtessel et al. (2017); Plestan et al. (2013).

The approaches a) propose to use the filtered value of the
equivalent control as an estimation of the disturbance.
The latter consist in increasing the gain to enforce the
sliding mode to be reached. Once the sliding mode is
achieved, the high frequency control signal is low-pass
filtered and used as an information about disturbance
in controller gain. The sliding mode controller gain con-
sists of the sum of filtered signal and some constant to
compensate possible error between real disturbance and
its value estimated by filter. However, the algorithm in
Utkin & Poznyak (2013) requires the knowledge of the
minimum and maximum allowed values of the adaptive
gain, hence, it requires the information of the upper
bound of disturbances derivatives. On the other hand,
even the other algorithms Edwards & Shtessel (2016a,b);
Oliveira et al. (2018) do not require theoretically the in-
formation of the disturbances derivatives, however, in
practice, the usage of low-pass filter requires implicitly
the information about this upper bound in order to ad-
equately choose the filter time constant. With this in-
formation continuous HOSMCs Cruz-Zavala & Moreno
(2017); Basin et al. (2016) can be applied successfully
and no any adaptation will be needed. Strategies b)
consist of increasing the gain until the sliding mode is
reached, then the gain is fixed at this value, ensuring an
ideal sliding mode for some interval. When the distur-
bance grows, the sliding mode can be lost, so the gain
increases and reach it again. This second strategy has
two main disadvantages: 1) the gain does not decrease,
i.e., it will not follow disturbance when it is decreasing;
2) one cannot be sure that the sliding mode will never be
lost because it is not ensured that the disturbance will
not grow anymore.

To overcome the first of these disadvantages, approaches
in c) have been developed. According to these ap-
proaches, the gain increases until the sliding mode is
achieved and then decreases until the moment it is lost,
i.e., the sliding mode is not reached any more. These
approaches ensure the finite-time convergence of the

sliding variable to some neighborhood of zero without
big overestimation of the gain. The main drawback of
these approaches is that the size of the above mentioned
neighborhood and the time of convergence depend on
the unknown upper bound of disturbance which are un-
known a priori. Recently, novel approaches based on the
usage of a monitoring function Hsu et al. (2018) have
been proposed to adapt the control gains. However,
this approach has been only applied for the first-order
sliding mode controller.

To reach the finite-time convergence to a prescribed
vicinity of the sliding set a barrier functions adaptive
strategy is proposed in Obeid et al. (2018). Indeed, this
strategy has been applied to adapt a first order sliding
mode and super-twisting algorithm for a class of first
order disturbed systems Obeid et al. (2018); Obeid et al.
(2020).

In this paper, we present barrier function-based adap-
tive controllers ensuring the finite-time convergence of
solutions to desired vicinity of origin for a perturbed
chain of integrators of length r with bounded uncertain-
ties whose bounds are unknown. By a minor extension of
the definition (as explained in the next section), we refer
to such controllers as adaptive HOSMCs. The proposed
adaptive controller guarantees the asymptotic conver-
gence to the origin i.e., it establishes real HOSM. Indeed,
it ensures the convergence of the states and their main-
tenance in a decreasing domain which tends to zero. The
main features of such adaptive controller can be sum-
marized as follows:

• This controller can be extended to arbitrary order.
• The sliding variable and its (r− 1) first derivatives

converge in finite time to a family of adaptive open
sets (D(t))t≥0 decreasing together with homogene-
ity norm of solutions to zero as t tends to infinity.

• Velocity of decreasing for the homogeneity norm
could be chosen arbitrarily.

• We provide an explicit bound on the control which
is best possible, i.e., (essentially) linear with respect
to the uncertainty.

The paper is organized as follows: problem formulation
and adaptive controllers are presented in Section 2, sim-
ulation results which show the effectiveness of the pro-
posed controllers are presented and discussed in Section
3. Some concluding remarks are given in Section 4.

2 Higher Order Sliding Mode Controllers

If r is a positive integer, the perturbed chain of integra-
tors of length r corresponds to the (uncertain) control
system given by

żi = zi+1, i = 1, ..., r − 1, żr = ϕ(t) + γ(t)u, (1)
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where z = [z1 z2 ...zr]
T ∈ Rr, u ∈ R and the functions ϕ

and γ are any measurable functions defined almost ev-
erywhere (a.e. for short) on R+ and bounded by positive
constants ϕ̄, γm and γM , such that, for a.e. t ≥ 0,

|ϕ(t)| ≤ ϕ̄, 0 < γm ≤ γ(t) ≤ γM . (2)

One can equivalently define a perturbed chain of integra-
tors of length r as the differential inclusion żr ∈ Iϕ̄+uIγ
where Iϕ̄ = [−ϕ̄, ϕ̄] and Iγ = [γm, γM ].

The usual objective regarding System (1) consists of sta-
bilizing it with respect to the origin in finite time, i.e.,
determining feedback laws u = U(z) so that the trajec-
tories of the corresponding closed-loop system converge
to the origin in finite time. Note that, in general, the
controllers U(·) are discontinuous and then, solutions of
(1) need to be understood here in Filippov’s sense Filip-
pov (1988), i.e., the right-hand vector set is enlarged at
the discontinuity points of the differential inclusion to
the convex hull of the set of velocity vectors obtained by
approaching z from all directions in Rr, while avoiding
zero-measure sets. Several solutions for this problem ex-
ist Levant (2001, 2003, 2005); Ding et al. (2016); Cruz-
Zavala & Moreno (2017). under the hypothesis that the
bounds γm, γM and ϕ̄ are known.

In case the bounds γm, γM and ϕ̄ are unknown (one only
assumes their existence) then it is obvious to see that
finite time stabilization is not possible by a mere state
feedback and therefore, one possible alternate objective
consists in achieving asymptotic stabilization. This is the
goal of this paper to establish such a result for System (1)
and we provide next a precise definition of asymptotic
stabilization.

Definition 1 If r, p are positive integers and f :
Rr × Rp ⇒ Rr is a continuous differential equation, we
say that the system ż = f(z, u) is asymptotic stabiliz-
able if, there exists a continuous controller u = U(·, t)
such that every trajectory of the closed-loop system
ż = f(z, U(·, t)) tends to the origin as t tends to infinity.

The main result of that paper consists of designing con-
trollers which asymptotically stabilize System (1) inde-
pendently of the positive bounds ϕ̄, γm and γM , i.e.,
the controllers u = U(·, t) which asymptotically stabi-
lize System (1) does not depend on the bounds ϕ̄, γm
and γM .

We next recall the following definition needed in the
sequel.

Definition 2 (Homogeneity. cf. Levant (2011).) If
r,m are positive integers, a function f : Rr → Rm (or a
differential inclusion F : Rr ⇒ Rm respectively) is said
to be homogeneous of degree q ∈ R with respect to the

family of dilations δε(z), ε > 0, defined by

δε(z) = (z1, · · · , zr) 7→ (εp1z1, · · · , εprzr),

where p1, · · · , pr are positive real numbers (the weights),
if for every positive ε and z ∈ Rr, one has f(δε(z)) =
εqf(z)

(
F (δε(z)) = εqδε(F (z)) respectively

)
.

The following notations will be used throughout the
paper. We define the function sgn as the multivalued
function defined on R by sgn(x) = x

|x| for x 6= 0 and

sgn(0) = [−1, 1]. Similarly, for every a ≥ 0 and x ∈ R, we
use bxea to denote |x|a sgn(x). Note that b·ea is a contin-
uous function for a > 0 and of class C1 with derivative
equal to a |·|a−1

for a ≥ 1. Moreover, for every positive
integer r, we use Jr to denote the r-th Jordan block, i.e.,
the r × r matrix whose (i, j)-coefficient is equal to 1 if
i = j−1 and zero otherwise. Finally, for j = 1, · · · , r, we
use ej to denote the vector of Rr with zero coordinates
except the j-th which is equal to one.

2.1 Adaptive Higher Order Sliding Mode Controller

We first define the system under study and provide pa-
rameters used later on.

Definition 3 Let r be a positive integer. The r-th order
chain of integrator (CI)r is the single-input control sys-
tem given by

(CI)r ż = Jrz + uer, (3)

with z = (z1, · · · , zr)T ∈ Rr and u ∈ R. For κ < 0 and
p > 0 with p+(r+1)κ ∈ [0, 1), set pi := p+(i−1)κ, 1 ≤
i ≤ r + 2. For ε > 0, let δε : Rr → Rr be the family of
dilations associated with (p1, · · · , pr).

In the spirit of Harmouche. et al. (2012), we put for-
wards geometric conditions on certain stabilizing feed-
backs u0(·) for (CI)r and corresponding Lyapunov func-
tions V . These conditions will be instrumental for the
latter developments.

Our construction of the feedback for practical stabiliza-
tion relies on the following result.

Assumption 4 Let r be a positive integer. There exists
a feedback law u0 : Rr → R homogeneous with respect to
(δε)ε>0 such that the closed-loop system ż = Jrz+u0(z)er
is finite time globally asymptotically stable with respect
to the origin and the following conditions hold true:

(i) the function z 7→ Jrz + u0(z)er is homogeneous of
degree κ with respect to (δε)ε>0 and there exists a
continuous positive definite function V (z) : Rr →
R+,C1 except at the origin, homogeneous of positive
degree with respect to (δε)ε>0 such that there exists
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c > 0 and α ∈ (0, 1) for which the time derivative
of V (z) along non trivial trajectories of ż = Jrz +
u0(z)er verifies

V̇ (z) ≤ −cV α(z); (4)

(ii) the function z 7→ u0(z)∂V (z)
∂zr

is non positive over Rr
and, for every non zero z ∈ Rr verifying u0(z) = 0,

one has ∂V (z)
∂zr

= 0. As a consequence function z 7→
sgn(u0(z))∂V (z)

∂zr
is well-defined over Rr \ {0} and

non positive.

Remark 5 Item (i) of the above proposition is classi-
cal, see for instance Hong (2002); Huang et al. (2005);
Cruz-Zavala & Moreno (2014). Item (ii) considers a geo-
metric condition on controllers verifying Item (i), which
was introduced in Harmouche. et al. (2012) and used
in Laghrouche et al. (2017). This geometric condition
is indeed satisfied, for instance by Hong’s controller, see
Laghrouche et al. (2017) for other examples.

Regarding our problem, we consider, for every ε > 0 the
following controller:

u(z, z0, t) = g(|u0(z)|)u0(z) + k sgn
(
u0(z))ϕ̂

(
t, V (z0)

)
,

(5)
where z0 = z(0), u0 and V (z) are provided by Assump-
tion 4, g : R+ → R∗+ is an arbitrary increasing C1 func-
tion tending to infinity and the adaptive function ϕ̂ is
defined later. To proceed, let us first introduce, for ev-
ery positive real ξ, the function Fξ defined on [0, ξ) by

Fξ(x) = kξ
ξ−x for 0 < x < ξ where k is a positive tuning

parameter. Moreover, consider η : R+ → R∗+, a non in-
creasingC1 function so that η(0) = ε > 0 and−η̇ ≤Mη,
where ε > 0 and M ≥ 0 are chosen so that Mε1−α < c.
Moreover, we define the following family of adaptive do-
mains, for t ≥ 0,

D(t) = {z ∈ Rr | V (z) < η(t)}. (6)

Assume first that V (z0) ≤ ε/2. Then ϕ̂
(
t, V (z0)) is de-

fined as Fη(t)(V (z(t))) for any trajectory z(·) of Sys-
tem (1) closed-looped by the feedback control law (5)
and starting at z0, and so, as long as z(·) is defined.
(Note that in this case there exists a non trivial inter-
val of existence of such solutions since Fη is continu-
ous.) In case V (z0) > ε/2, then ϕ̂

(
t, V (z0)) = t as long

as any trajectory z(·) of System (1) closed-looped by
the feedback control law (5) and starting at z0 is de-
fined and verifies V (z(t)) > η(t)/2. If there exists a first
time t̄(V (z0)) > 0 such that V (z(t)) = η(t)/2, then
ϕ̂
(
t, V (z0)) = Fη(t)(V (z(t))) for t ≥ t̄(V (z0)), and so, as

long as z(·) is defined. Note that t̄(V (z0)) actually also
depends on the trajectory z(·) since the latter may not be

unique. Hence, as long as a trajectory z(·) of the closed-
loop system and starting at z0 is defined, the adaptive
function ϕ̂

(
t, V (z0)) is given by

ϕ̂(t, x) =

{
t, if 0 ≤ t < t̄(V (z0)),

Fη(t)(x), if t ≥ t̄(V (z0)),
(7)

with the convention that t̄(V (z0)) = 0 if V (z0) ≤ ε/2
and t̄(V (z0)) =∞ if z(·) is defined and verifies V (z(t)) >
η(t) for all non negative times t.
Here the positive function g and the positive constant k
are gain parameter.

The following theorem provides the main result for the
adaptive controller u.

Theorem 6 Let r be a positive integer and System (1) be
the perturbed r-chain of integrators with unknown bounds
γm, γM and ϕ̄. Let u0, V : Rr → R+ be the feedback law
and the continuous positive definite function defined re-
spectively in Assumption 4. For every z0 ∈ Rr, consider
any trajectory z(·) of System (1) closed by the feedback
control law (5) verifying z(0) = z0. Then, z(·) is de-
fined for all non negative times, there exists a first time
t̄(V (z0)) for which V (z(t)) ≤ η(t)/2 at t = t̄(V (z0)) and
z(t) ∈ D(t) for all t > t̄(V (z0)).

Moreover, if l > 0 is the homogeneity degree of V , then
there exist positive constants Ci, 1 ≤ i ≤ r (i.e., inde-
pendent of z(·)) such that

|zi(t)| ≤ Ci ηpi/l(t), 1 ≤ i ≤ r, t > t̄(V (z0)). (8)

PROOF. [Proof of Theorem 6] We refer to (S) as the
closed-loop system defined by (1) and (5). The first issue
we address is the existence of trajectories of (S) starting
at any initial condition z0 ∈ Rr. Such an existence fol-
lows from the fact that the application R+ × Rr → R,
(t, z) 7→ ϕ̂(t, V (z)) is continuous.

We next show that every trajectory of (S) is defined for
all non negative times. For that purpose, consider a non
trivial trajectory z(·) and let Iz(·) be its (non trivial)
domain of definition. We obtain the following inequality
for the time derivative of V (z(·)) on Iz(·) by using Items
(i) and (ii) of Assumption 4. For a.e. t ∈ Iz(·), one gets

V̇=∂V
∂z1

z2 + ...+ ∂V
∂zr

(γ [g(|u0|)u0 + k sgn(u0)ϕ̂] + ϕ) ,

≤ −cV α−
∣∣∣ ∂V∂zr ∣∣∣((γmg(|u0|)− 1)|u0|+kγmϕ̂−ϕ̄

)
,

≤ −cV α − kγm
∣∣∣ ∂V∂zr ∣∣∣ (ϕ̂− Φ̄

)
,

(9)
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with Φ̄ := 1
kγm

(ϕ̄− hm), where

hm = min
(
0,min
x≥0

x(γmg(x)− 1)
)
.

We thus have the differential inequality a.e. for t ∈ Iz(·)

V̇ ≤ −cV α + C1ϕ̄V
pr+2 , (10)

where C1 is a positive constant independent of the tra-
jectory z(·). Since pr+2 ∈ [0, 1), it is therefore immedi-
ate to deduce that there is no blow-up in finite time and
thus Iz(·) = R+.
The next step consists in showing the existence of a finite
time t̄(V (z0)) and, for that purpose, we can assume with
no loss of generality that V (z0) > ε/2. The correspond-
ing trajectory is defined as long as V (z(t)) > η(t)/2,
since in that case, the growth of the right-hand side of
(1) is sublinear with respect to the state variable z. Ar-
guing by contradiction, one gets that V (z(t)) > η(t)/2

for all non negative times, and hence V̇ ≤ −cV α for
t ≥ Φ̄. The latter inequality yields convergence to the
origin in finite time, which is a contradiction. Then, the
existence of a finite time t̄(V (z0)) is established.
One is left to prove that z(t) ∈ D(t) for t > t̄(V (z0)).
Since ϕ̂ = Fη > 1 on that time interval, one gets fi-
nite time convergence if Φ̄ ≤ 1, whatever the choice of
η is. Assume that Φ̄ > 1. For every t > t̄(V (z0)), let
V∗(t) be the unique solution in (0, η(t) of the equation
Fη(t)(V∗(t)) = Φ̄, i.e., V∗(t) = (1 − 1/Φ̄)η(t). Note that

if V (z(t)) ≥ V∗(t), then V̇ ≤ −cV α. We will actually
prove that

V (z(t)) ≤ max( 1
2 , (1− 1/Φ̄))η(t), for t > t̄(V (z0)).

(11)
and, if Φ̄ ≥ 2, then there exists t′ ≥ t̄(V (z0)) such that
V (z(t)) ≤ (1 − 1/Φ̄)η(t) for t > t′. Assume first that

V (z(t)) ≥ (1 − 1/Φ̄)η(t) at t = t̄(V (z0)). Then, V̇ ≤
−cV α in a right neighborhood of t̄(V (z0)) and, by the
previous argument by contradiction, there must exists a
first time t′ ≥ t̄(V (z0)) so that V (z(t)) = (1−1/Φ̄)η(t) at
t = t′. The time derivative of t 7→ V (z(t))−(1−1/Φ̄)η(t)
at t = t′ is less than or equal to

−cV∗(t′)α +MV∗(t
′) ≤ −V∗(t′)α(c−MV∗(t

′)1−α)

which is negative since V∗(t
′) < η(0) = ε. Note also

that the previous inequality holds true at every time s
so that V (z(s)) = (1 − 1/Φ̄)η(s). Then, the zeros of
V − (1 − 1/Φ̄)η on [Tm,∞) are isolated and V − (1 −
1/Φ̄)η > 0 (V − (1 − 1/Φ̄)η < 0 resp.) in a left (right
resp.) neighborhood of s. Hence t′ is the unique zero of
V − (1− 1/Φ̄)η on [t̄(V (z0)),∞) on [Φ̄)η(t),∞) and the
claim is proved.
Finally assume that V (z(t)) < (1 − 1/Φ̄)η(t) at t =
t̄(V (z0)). By the previous computations, one gets that
V (z(t)) < (1− 1/Φ̄)η(t) for all t ≥ t̄(V (z0)).

It remains to prove (8). It follows at once from the
following set of equations: there exists constants Ci,
1 ≤ i ≤ r, such that, for every z = (z1, · · · , zr) ∈ Rr,
|zi| ≤ CiV (z)pi/l. To see that, recall that V is homo-
geneous of degree l with respect to (δε)ε>0 and assume
that zi 6= 0. Take ε so that εpi |zi| = 1, one has V (z) =
V (·,±1, ·)|zi|l/pi . Finally note that there exists Ci > 0
such that V (·,±1, ·) ≥ 1/Ci, whatever · is. This con-
cludes the proof of Theorem 6.

Remark 7 At the light of the above argument, one can
see that, if the bounds of the incertainties are known, then
one can choose the gain parameter k in such a way that
Φ̄ ≤ 1 and hence get finite time convergence to zero. In
that way, our controller provides yet another finite time
stabilizer of the perturbed integrator with known bounds
on the perturbations.

Remark 8 From (11) and the choice η(t) = εe−Mt,
one deduces that V (z(t)) < εe−Mt for t ≥ t̄(V (z0)). In
particular, the trajectory converges to the origin with the
exponential rate M > 0 which can be chosen at will.
Moreover, it is easy to provide with the help of (9) upper
bounds on t̄(V (z0)) in terms of Φ̄ and V (z0).
To be complete, one should emphasize that the result in
Theorem 6 does guarantee that a trajectory entering in the
neighborhood {z, V (z) ≤ η(t)/2} for the first time at t =
t̄(V (z0)) will always remain in the larger neighborhood
{z, V (z) < η(t)}.

Remark 9 One other way to diminish the delay
time t̄(V (z0)) needed to enter into the neighborhoods
{z, V (z) ≤ η(t)} consists in replacing the time t in the

definition of φ̂ given in (7) by an increasing function l(t)
tending to infinity faster than a linear one. In that man-
ner, inequalities such as t > Φ̄ is replaced by l(t) > Φ̄.
The price to pay will be an larger upper bound for the
gains.

Remark 10 Among different controllers that can ful-
fill Assumption 4, Hong’s controller Hong (2002) can be
used. This controller is defined as follows:
Let κ < 0 and l1, · · · , lr positive real numbers. For z =
(z1, · · · , zr), we define u0 = vr for i = 0, ..., r − 1:

v0 = 0, vi+1 = −li+1bbzi+1eβi − bvieβie(αi+1/βi),

(12)
where pi = 1+(i−1)κ, β0 = p2, (βi+1)pi+1 = β0 +1 >
0 and αi = pi+1

pi
.

Now, let ψr(z1, · · · , zr) = bzreβr−1 − bvr−1eβr−1 . Then
according to Harmouche et al. (2017), if κ = −1/r,

u0 = −lr sgn
(
ψr(z1, · · · , zr)

)
is bounded and the adap-
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tive controller u can be written as

u(z, t) = g(|u0(z)|)u0(z) + k sgn
(
u0(z))ϕ̂(t, V (z)

)
= −

(
g(|u0(z)|)lr + kϕ̂(t, V (z)

) )
sgn
(
ψr(z1, · · · , zr)

)
(13)

Here the assumption that limx→+∞ g(x) = +∞ can be re-
moved. Indeed, in view of (9) and taking into account that
|u0| = lr, one can remove this assumption and the result
remains valid. Moreover, in the case when the bounds of
the uncertainties are known, the functions g and ϕ̂ can be
chosen constants, which leads to homogeneous controller
u.

2.2 Asymptotic bounds for the controller u

One deduces from Theorem 6 the following result which
provides an asymptotic upper bound for the controller
u that does not exhibit any overestimation.

Lemma 11 The controller u defined in (5) verifies the
following asymptotic upper bound, which is uniform with
respect to trajectories of the closed-loop system (S):

lim supt→∞ |u| ≤M(u0) + kmax(1, Φ̄), (14)

where M(u0) = g(lr)lr if u0 is homogeneous of degree
zero, where lr is the supremum of |u0| over Rr, and
M(u0) = 0 if u0 is homogeneous of positive degree.

PROOF. It is enough to prove that ϕ̂(t, V (z(t))) ≤
max(1, Φ̄) for t large enough. Indeed, a careful exami-
nation of the argument of Theorem 6 shows that either
Φ̄ ≤ 1, in which case one has convergence to zero in finite
time and ϕ̂ = 1 for t large enough, or Φ̄ > 1, in which
case (11) holds true and then ϕ̂ ≤ Φ̄ for t large enough.

3 Simulation Results

Consider the following third order system

ż1 = z2,

ż2 = z3,

ż3 = ϕ+ γu,

(15)

where γ and ϕ are discontinuous bounded uncertainties
defined as

ϕ = 5 sgn(cos(t))− 20 sin(2t), |ϕ| ≤ 25,

γ = 3− 2 sgn(sin(3t)), 0 < 1 ≤ γ ≤ 5,
(16)

and z0 = [4, 4,−4].
In the following subsections, two cases will be consid-
ered: first the case when the bounds of the uncertainties

are known, and second when they are unknown.
The first case is provided to show that the controller (13)
can be considered as HOSMC due to the reason that it
provides r-th order of asymptotic precision with respect
to the sampling step. While in the second case, the ef-
fectiveness of the proposed approach to force the sliding
variable and its r − 1 first derivatives to the following
family of adaptive domains

D(t) = {z ∈ Rr | V (z) < η(t)}, (17)

is studied using the controller (13).

3.1 Case when the bounds of uncertainties are known

In this subsection, the control parameters of u0 in (13)
are tuned to the following values

l1 = 1, l2 = 2, l3 = 5, κ = −1/3, (18)

the constant k and the function g, ϕ̂ in (13) are selected
as k = ϕ̄

γm
, g = 1

γm
, ϕ̂ = 1. Hence,

u = − l3+ϕ̄
γm

sgn
(
ψ3(z1, z2, z3)

)
, (19)

with ψ3(z1, z2, z3) is given explicitly in appendix A.
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Fig. 1. System (15) in close loop with (19).
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Fig. 2. Accuracy of System (15) in close loop with (19) for
τ = 10−4 s and τ = 10−5 s.
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Fig 1 shows the simulation results of system (15) with
controller (19). We can see that the states z1, z2, z3

converge in a finite time to the origin, and the control
input u is discontinuous.

The system homogeneity degree is κ = −1/3 and the
homogeneity weights of z1, z2, z3 are 1, 2/3, 1/3 respec-
tively. These weights can be multiplied by 3 in order
to achieve homogeneity weights 3, 2, 1 with the closed
loop system homogeneity degree κ = −1. This homo-
geneity is called 3-sliding homogeneity Levant (2005).
According to these homogeneity weights, the controller
(19) provides the following accuracy for the states w.r.t
sampling step τ

|z1| ≤ λ1τ
3, |z2| ≤ λ2τ

2, |z3| ≤ λ3τ, (20)

where λi are constants. By simulations shown in
Fig 2 with τ = 10−4s, constants λi are determined as
λ1 = 20000, λ2 = 500, and λ3 = 200. These constants
have been confirmed by simulations with τ = 10−5s
also shown in Fig 2.
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-50

0

50

u
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time(s)
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20

z

z1

z2

z3

Fig. 3. System (15) in close loop with (21).

3.2 Case when the bounds of uncertainties are unknown

In this case, the control parameters of u0 are the same as
in subsection 3.1, while the constant k and the functions
g and ϕ̂ in (13) are selected as k = 1, g = 1 and ϕ̂ follows
(7) where η(t) = e−0.2t. Hence, u can be written as

u = −
(
l3 + ϕ̂(t, V (z)

) )
sgn
(
ψ3(z1, z2, z3)

)
, (21)

with the Lyapunov Function candidate V (z) is given by
(see appendix A)

V (z) =
3

5
|z1|

5
3 +

2

5
|z2|

5
2 +

3

5
l
5
2
1 |z1|

5
3 + l

3
2
1 z2bz1e+

1

5
|z3|5+

4

5
l52

⌊
bz2e

3
2 + l

3
2
1 bz1e

⌉ 5
3

+ z3l
4
2

⌊
bz2e

3
2 + l

3
2
1 bz1e

⌉ 4
3

.

Figs 3-4-5 illustrate the simulation results of system (15)
with the adaptive controller (21). It can be noticed in

0 5 10 15 20 25 30
time(s)

-60

-40

-20

0

20

40

u
;!

'
(t

)=
.
(t

)

u
!'(t)=.(t)

Fig. 4. Evolution of the control signal and the uncertainties
for System (15) with (21)

Fig. 5. Evolution of the Lyapunov function V (z) and the
adaptive function ϕ̂(t, V (z)

)
for System (15) with (21).

Fig 3 that the proposed controller provides the practi-
cal stabilization for system (15), and the control input
is not continuous in general. Moreover, it is confirmed
in Fig 4 that the control signal is not overestimated. In-
deed, after the time instant t̄(V (z0)) the control signal
closely follows the uncertainties. On the other hand, the
fulfillment of the control objective can be shown in Fig 5,
where the sliding variable and its r − 1 first derivatives
enter in a finite time in the family of adaptive domains
D(t); i.e. V (z) < η(t) and cannot exceed it. It can be
seen also that the adaptive function ϕ̂(t, V (z)

)
increases

linearly until the time instant t̄(V (z0)) and then starts
to follow the function Fη(t)(x).

In this section, it is supposed that the sliding variable
and its r − 1 derivatives are measurable. However, it
should be mentioned that in the case where the sliding
variable is only the measurable state, the proposed con-
troller can be combined with the differentiator proposed
in Oliveira et al. (2017) yielding output-feedback con-
trol.

4 Conclusions

This paper has proposed a new Lyapunov-based adap-
tive scheme for higher-order sliding mode controller ap-
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plied for a class of perturbed chain of integrators with
unknown bounded uncertainties. The proposed adaptive
controller guarantees (a) the finite time convergence to a
family of adaptive open sets (D(t))t≥0 decreasing to the
origin as t tends to infinity; (b) once a trajectory enters
some D(t∗) at time t∗, it remains trapped in the D(t)’s,
i.e., z(t) ∈ D(t) for t ≥ t∗. Another advantage of this
adaptive controller consists in the fact that the homo-
geneity norm of solutions asymptotically tends to zero.
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A u0 and the Lyapunov function V design Hong
(2002)

Firstly, the controller u0 is determined explicitly.
Let the system homogeneity degree κ = − 1

3 . Then the

homogeneity weights for the states z1, z2, z3 are 1, 2
3 , 1

3

respectively and the constants βi are β0 = 2
3 , β1 = 3

2 ,
β2 = 4. According to Hong (2002), u0 = v3 with


v0 = 0,

vi+1 = −li+1

⌊
bzi+1eβi − bvieβi

⌉ p(i+1)+κ

p(i)
× 1
βi
, i = 0, 1, 2.

(A.1)

From (A.1)

v1 = −l1bz1e
p2
p1 = −l1bz1e

2
3 . (A.2)

Then

v2 = −l2
⌊
bz2eβ1 − bv1eβ1

⌉ p2+κ

p2
× 1
β1

(A.3)

= −l2
⌊
bz2e

3
2 + l

3
2
1 bz1e

⌉ 1
3

. (A.4)

Finally

v3 = −l3
⌊
bz3eβ2 − bv2eβ2

⌉ p3+κ

p3
× 1
β2

(A.5)

= −l3
⌊
bz3e4 + l2

4
⌊
bz2e

3
2 + l

3
2
1 bz1e

⌉ 4
3

⌉0

(A.6)

= −l3sign
(
ψ3(z1, z2, z3)

)
. (A.7)

where ψ3(z1, z2, z3) = bz3e4 + l2
4
⌊
bz2e

3
2 + l

3
2
1 bz1e

⌉ 4
3

.

Therefore, the controller u0 can be expressed as

⇒ u0 = −l3sign
(
ψ3(z1, z2, z3)

)
Now, the Lyapunov function V is given. From Hong
(2002), the Lyapunov function is defined in the following
form 

Vi = wi + Vi−1, i = 1, 2, 3

wi =
zi∫

vi−1

bseβi−1 − bvi−1eβi−1ds.
(A.8)

In view of (A.8)

w1 =
1

1 + p2
|z1|1+r2 =

1

1 + 2
3

|z1|1+ 2
3 ,

which leads

V1 = w1 =
3

5
|z1|

5
3 . (A.9)

Then

w2 =

z2∫
v1

bseβ1 − bv1eβ1ds

=
1

β1 + 1
(|z2|β1+1

+ β1|v1|β1+1
)− z2bv1eβ1

=
1

3
2 + 1

(|z2|
3
2 +1

+
3

2
bv1e

3
2 +1

)− z2bv1e
3
2 ,

(A.10)

with v1 = −l1bz1e
2
3 , it implies that

w2 =
2

5
|z2|

5
2 +

3

5
l
5
2
1 |z1|

5
3 + l

3
2
1 z2bz1e. (A.11)
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Therefore,

V2 = V1 + w2

=
3

5
|z1|

5
3 +

2

5
|z2|

5
2 +

3

5
l
5
2
1 |z1|

5
3 + l

3
2
1 z2bz1e.

(A.12)

Finally,

w3 =

z3∫
v2

bseβ2 − bv2eβ2ds

=
1

β2 + 1
(|z3|β2+1

+ β2|v2|β2+1
)− z3bv2eβ2 ,

(A.13)

with β2 = 4; v2 = −l2
⌊
bz2e

3
2 + l

3
2
1 bz1e

⌉ 1
3

, it leads

w3 =
1

5

(
|z3|5 + 4l52

⌊
bz2e

3
2 + l

3
2
1 bz1e

⌉ 5
3

)
+ z3l

4
2

⌊
bz2e

3
2 + l

3
2
1 bz1e

⌉ 4
3

=
1

5
|z3|5 +

4

5
l52

⌊
bz2e

3
2 + l

3
2
1 bz1e

⌉ 5
3

+ z3l
4
2

⌊
bz2e

3
2 + l

3
2
1 bz1e

⌉ 4
3

.

(A.14)

Thus, the Lyapunov function V is given by

V = V3 =
3

5
|z1|

5
3 +

2

5
|z2|

5
2 +

3

5
l
5
2
1 |z1|

5
3 + l

3
2
1 z2bz1e+

1

5
|z3|5+

4

5
l52

⌊
bz2e

3
2 + l

3
2
1 bz1e

⌉ 5
3

+ z3l
4
2

⌊
bz2e

3
2 + l

3
2
1 bz1e

⌉ 4
3

.

(A.15)
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