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Abstract
Atomization of a liquid jet is a challenge for Direct Numerical Simulation due to a wide range of length scales
produced by the dynamics of interfaces. In this paper, we present the circulation production at an interface and
its importance for energy dissipation. We point out the major role played by surface tension at interfaces on both
production and dissipation. Evaluating numerically circulation production during liquid breakup is indeed critical to
predict the vorticity generated in the overall atomization process. In order to shed light on the necessary conditions to
resolve all scales in multiphase problems, we study the influence of surface tension, viscosity and grid resolution on
two interface problems : the breakup of a liquid ligament by Rayleigh-Plateau instability and the liquid jet injection.
Poorly resolved simulations generally tend to underestimate the total dissipation but in other cases, numerical
discretization errors can lead to a large unphysical vorticity production overestimating the energy dissipation and
deteriorating the quality of the numerical solution.
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Introduction
The simulation of atomization processes constitutes a challenging problem due to the difficulties to solve all scales
in the flow. In single phase flows, it is typically assumed that unresolved structures act as an additional source of
energy dissipation that can be modeled as an effective viscosity. In multiphase flow simulations, however, the role
of unresolved scales on dissipation and large scale properties, is not yet completely understood.

In this work, we discuss the various sources of vorticity production related to the presence of an interface in a flow,
and then focus our investigation on the effect of surface tension. Two multiphase flow problems are studied related
to the fragmentation of a fluid into another fluid: the breakup of a ligament by a Rayleigh–Plateau instability and the
atomization of a round jet in a stagnant fluid. We focus on surface tension effect by assuming negligible density and
viscosity differences.

Numerical code
We use the Gerris Flow Solver [3] to solve the Navier–Stokes equations for a multiphase flow problem in the pres-
ence of surface tension. This solver is based on the Volume Of Fluid (VOF) method for interface tracking and it has
implemented accurate and robust methods for surface tension forces. For the simulations, Adaptive Mesh Refine-
ment (AMR) has been used based on both the color function and the vorticity field. Simulations are run with many
processors through MPI parallelization. The code has been validated and widely used to investigate atomization
processes [4].

Vorticity production and dissipation in a general multiphase flow problem
The generation of vorticity due to the presence of an interface can be understood by looking at the evolution of the
circulation Γ of a closed curve C which crosses an interface Sint separating two phases. In two dimensions, the
procedure used by [1, 2] yields

d

dt
Γ = −

∮
C

[ν∇× ω] · t d`+

∫
If

Sωdl, (1)

where the curve If is located on the interface Sint and connects the two intersections of curve C with the interface.
The first integral is a classical diffusion term and the second integral corresponds to the vorticity sources located at
the interface Sint. If velocity field is assumed continuous across the surface, quantity Sω is

Sω =
∂
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∂s2
(u · t). (2)

where JQK ≡ Q1 − Q2 represents the jump of quantity Q between phases 1 and 2. This equation displays the
importance of density differences, surface tension forces and viscous stresses on the production of vorticity across
the interface. We extend this procedure in three dimensions with [[µ]] = 0. This yields the same equation (1) with
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the identical source (2) if one sets [[µ]] = 0.

These three mechanisms (density differences, surface tension forces and viscous stresses) are also responsible
for the overall energy dissipation. For a single fluid the dissipation can be written as a function of the vorticity and
velocity fields as

Φ = µω2 + 2µ∇ ·
[
ω × u +

1

2
∇(u2)

]
. (3)

In order to investigate the impact of surface tension on energy dissipation we limit our studies in the present paper
to situations where surface tension is the only physical effect generating vorticity at the interface i.e. we assume

JµK = 0 and JρK = 0. In a domain bounded by solid walls, the total enstrophy E =

∫
V

ω2 dV is a direct measurement

of dissipation

D =

∫
V

Φ dV = µE. (4)

Results and discussion
Vorticity production during a ligament break-up.
First we consider the problem of liquid ligament of liquid 1 surrounded by a fluid 2. The interface characterized by a
surface tension σ separates two fluids of identical density ρ and viscosity µ. At t = 0, both fluids are initially at rest
and the interface is slightly deformed from a pure cylinder with an harmonic perturbation of wavelength L0. Namely
it is located at

R = R0 (1 + ε sin(kx)) , with k ≡ 2π/L0, ε = 0.1 (5)

If kR0 < 1, the perturbation grows due to the Rayleigh–Plateau instability until pinch-off occurs. Otherwise the flow
is stable and we only observe the damped oscillation of capillary waves. Note that an intrinsic length can be defined
in this problem `µ = µ2/(σρ).

Simulations are run in an axisymmetric configuration. We use a numerical square domain in the r, x plane of size L0

to include one wavelength in the domain and a grid size ∆. Periodic boundary conditions are imposed at the right
and left border and symmetric boundary conditions are applied at the top and bottom boundaries, that is ur = 0,
∂ux/∂r = 0 and ∂p/∂r = 0 at r = 0 and r = L0. Taking as characteristic parameters of the problem radius R0 and
velocity U0 =

√
σ/(R0ρ) based on fluid density and surface tension, the solution of the problem only depends on the

dimensionless wavenumber of the perturbation, kR0, and the Ohnesorge number Oh = µ/(
√
ρσR0) which plays

the role of an inverse Reynolds number. Note that the intrinsic length `µ = R0Oh
2 increases with the Ohnesorge

number Oh.

In the following, we investigate the influence of the Ohnesorge number and the dimensionless wavenumber kR0 on

the evolution in time of the kinetic energy K = ρ/2

∫
V

u2 dV , the enstrophy E and the maximum Dmax over time of

viscous dissipation over one wavelength. We will use as a matter of fact their rescaled counterparts K/K0, E/E0

and Dmax/D0 with

K0 ≡
M

2
U2

0 , E0 ≡ V0
U0

R0
, D0 ≡M

U3
0

R0
.

where V0 = πR2
0L0 and M0 = ρV0 are the volume and mass of fluid 1 over one wavelength.This has to do with a

sort of unit mass or unit volume quantity multiplied by the adequate product of large scale quantities U0 and R0.

First let us study the influence of grid size ∆ on the results for Oh = 2.2 · 10−2 and Oh = 2.2 · 10−3 for a fixed
wavenumber kR0 = 0.628 which is located near the most unstable wavenumber of the Rayleigh–Plateau instability
for a liquid jet (kR0 = 0.697). Figures 1–2 show the evolution of the rescaled enstrophy E/E0 and kinetic energy
K/K0 for various ∆/`µ. While the rescaled kinetic energy K/K0 converges in both examples, rescaled enstrophy
E/E0 only convergences for the higher value Oh = 2.2 · 10−2. This is consistent with the fact that the length
`µ is larger in that case and it becomes easier to reach convergence. In addition, it appears on figures 1–2 that
under–resolved simulations tend to under–predict the total dissipation rate as expected. Note that the maximum
of enstrophy is reached after pinch-off during the retraction of the liquid bridge generating a satellite drop (figure 1
right).

We also study the influence of the Ohnesorge number on the convergence properties of the rescaled maximum
of dissipation Dmax/D0 when pinch-off occurs. This is shown in figure 3 for wavelength kR0 = 0.628. The grid
size conditions required for converged results seems to be ∆ ≤ min(100`µ, 0.5R0). Remarkably, the converged
value of Dmax/D0 does not to depend significantly on Oh for sufficiently small values of Oh < 0.1. Figure 4 indi-
cates that such conclusions hold irrespective of the value of the wavenumber in the regimes where pinch-off occurs
(kR0 < 1). Figure 5 depicts the results of the convergence study when the Rayleigh-Plateau instability is stable,
kR0 = 1.256 > 1. Compared to the pinch-off case (kR0 < 1), the converged value of Dmax/D0 is significantly lower
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Figure 1. Temporal evolution during the pinch-off of a ligament of the rescaled kinetic energy K/K0 (left) and the rescaled
enstrophy E/E0 (right) as a function of rescaled time U0t/R0. The perturbation wavelength is kR0 = 0.628 and Oh = 2.2 10−2.
The color code ruler indicates the value of ∆/`µ. tA denotes the instant at which pinch-off occurs and tB is the instant where the

ligament is retracted.
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Figure 2. Temporal evolution during the pinch-off of a ligament of the rescaled kinetic energy K/K0 (left) and the rescaled
enstrophy E/E0 (right) as a function of rescaled time U0t/R0. The perturbation wavelength is kR0 = 0.628 and Oh = 2.2 10−3.

The color code ruler indicates the value of ∆/`µ.
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Figure 3. Influence of Oh for wavelength kR0 = 0.628 on Dmax/D0 the rescaled maximum of dissipation during the pinch-off
process of a ligament as a function of ∆/`µ
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Figure 4. Influence of wavenumber kR0 on the convergence of the rescaled maximum of dissipation Dmax/D0 during the
pinch-off. Four different wavenumbers are shown for the Ohnesorge number Oh = 2.2 10−2 (left) and Oh = 5 10−3 (right).

and depends as well on the Ohnesorge number. In this capillary regime, we expect the accuracy of results to be
controlled by parameter k∆ rather than by the characteristic length `µ. Let us also pinpoint the sudden increase of
dissipation at low resolutions ∆ ≈ R0. This increase is related to the ligament fragmentation by numerical method,
in particular by the combined errors in interface reconstruction and curvature estimation, leading to significant errors
in terms of enstrophy production and energy dissipation. This will be shown in more detail at the end of the next
section.
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Figure 5. Convergence study of the rescaled maximum of dissipation Dmax/D0 for the oscillation of capillary waves
(k3R0 = 1.256) for two different values of the Ohnesorge number: Oh1 = 2.2 10−2, Oh2 = 5 10−3

The liquid jet injection problem.
The second multiphase problem is the formation of a vortex ring by ejecting a fluid 1 outside an axisymmetric nozzle
of radius R0 at velocity U0 in a semi-infinite domain initially at rest and filled with fluid 2. The two fluids share the
same density ρ and viscosity µ but are immiscible and separated by an interface of surface tension σ. On the nozzle
plate and on the left wall of the domain no-slip condition is enforced. The numerical domain is defined by a box of
size x ∈ [−2R0, 34R0] and r ∈ [0, 17R0]. At the right boundary x = 34R0, outflow conditions are imposed. Finally,
at the exit of the nozzle x = 0, a Dirichlet boundary condition mimics the generation of an exiting jet : the velocity
field is set to

ux(x = 0, r, t) = U0erf(t/τ)erf(η),

ur(x = 0, r, t) = 0 with η =
R0 − r√

2 δ0
, and R0 − r ≥ 0

(6)

For the examples considered here, the time τ = 0.05R0/U0 is small compared to the characteristic time R0/U0 and
the boundary layer thickness δ0 = 0.05R0 is small compared to the characteristic radius R0. This flow is defined by
a Reynolds and a Weber number

Re = U0R0/ν, We =
ρU2

0R0

σ
.

Figure 6 shows the results obtained for Re = 1000 and variable Weber We i.e. ‘We = ∞, 1000, 100, 10. For
We = ∞, the classical problem of vortex formation is reproduced where the interface acts as a passive tracer
that indefinitely rolls around the vortex creating very thin ligaments. When the surface tension takes low values
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Figure 6. Simulations of liquid injection with an interface at t = 2R0/U0 (top) and t = 20R0/U0 (bottom). From left to right
We=∞, 1000, 100, 10.
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Figure 7. Probability density functions for negative vorticity contained at the interface at t = 20R0/U0 (snapshots shown in
Figure 6). From top to bottom, the Weber number is equal to∞, 1000, 100, 10. Re = 1000.
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(We = 1000), small fluctuations in the vorticity field appear but the structure of the vortex ring can be still clearly
identified. In such a case, a rim appears at the tip of the ligament that prevents the interface from further rolling-
up inside the core. The structure of the interface far from the vortex core however is similar to that observed for
We =∞. For We = 100 surface tension forces have a major influence on the topological evolution of the interface
and on the vorticity field. The production of vorticity becomes clear in all regions where the interface is present and
it is no longer possible to distinguish the clear presence of the vortex ring as in the case of We = ∞. Finally for
We = 10, surface tension forces become more important than inertial forces: the interface does not roll any longer
and the vortex ring generated is trapped inside the injected fluid. We can still see regions of significant vorticity
production at the interface, especially in the regions of large curvature. In order to characterize the vorticity fields
in Figure 6, we define a the cumulative function C(ω) as the probability within the interface region where vorticity is
negative, to find a vorticity larger than ω < 0. The numerical derivative with respect to ω is the probability density
function P (ω) = dC/dω within the set of negative values of vorticity at the interface. Our analysis is restricted to
negative vorticity since the regions of negative vorticity at the interface are directly related to the influence of surface
tension, contrary to positive vorticity which are also present in the boundary layer at inflow. Figure 7 displays a
significant influence of surface tension on the negative vorticity distributions at the interface. The values of negative
vorticity shifts towards larger negative values as the Weber number decreases revealing that the intensity of the
vorticity source due to the presence of the interface significantly increases as the Weber number decreases. In
addition we observe the appearance of clear peaks at low Weber numbers associated to the presence of boundary
layers appearing as a consequence of the combined effect of the interface topology and surface tension.
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Figure 8. Temporal evolution of the rescaled enstrophy E/E0 for three different Weber. From left to right: We = 1000, 100, 10
and Re = 1000.

In order to characterize the flow evolution in time, we use the enstrophy E and maximum over time of the viscous
dissipation Dmax in the numerical domain. More precisely we use their rescaled counterparts E/E0 and Dmax/D0

with E0 ≡ V0U0/R0, D0 ≡ MU3
0 /R0 where V0 = πR3

0 and M0 = ρV0 are the volume and mass contained in a
cylinder of length R0 and radius R0 of fluid 1. Figure 8 shows the temporal evolution of E/E0 for the three different
cases in presence of surface tension and three different grid sizes. It is worth mentioning that, in the context of liquid
atomization, numerical simulations reported in [5] have shown the difficulties to converge on the enstrophy produc-
tion even for extremely refined grids. In the present case, surface tension has an important effect on the vorticity
generated at the interface and therefore the amount of energy dissipated. For We = 1000, results are almost grid
independent given that the vorticity generated at the interface is negligible compared to that of the vortex naturally
formed from the roll-up of vorticity injected through the boundary layer present in the inlet boundary condition.

In the limit of small Weber numbers (here We = 10), it is more difficult to get convergence on the enstrophy gen-
erated by the interface, especially at large times, As previously, the total dissipation tends to increase as we refine
the grid. Based on the results presented above, the difficulties to reach convergence are attributed to temporal
discretization errors on the integration of the interface position in time.

At the intermediate Weber numbers (here green curves at We = 100), the situation is more challenging. Peaks
of enstrophy during time evolution are strongly dependent on the grid size and their appearance is directly related
to the breakup of thin ligaments (see Figure 9). This is consistent with the results reported in the previous section
where we observe a sudden increase on the enstrophy production for very low resolutions. We note that even when
the breakup is numerical, both positive and negative vorticity is generated which quickly diffuses and cancels out
recovering an enstrophy level similar of the more refined grid where no fragmentation occurs.

Conclusions
In a general multiphase flow problem, surface tension and viscosity as well as density differences are the three main
parameters influencing the amount of vorticity production and energy dissipation additionally created compared to
that of a single phase flow. We focused on two problems where surface tension is the only mechanism responsible
for vorticity production.

Results for the three-dimensional pinch-off of a liquid ligament indicates that it is possible to reach convergence
for the energy dissipation despite the appearance of a singularity. For those situations where min(100`µ, 0.5R0) <
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Figure 9. Interface and vorticity for We = 100 at times tU0/R0 = 17.0, 17.5, 18.0, 18.5. (top) Grid resolution ∆/R0 = 7.8 · 10−3

and (bottom) grid resolution ∆/R0 = 3.9 · 10−3.

∆� R0 the amount of energy dissipated during the process of fragmentation is under–predicted. Finally, the case
of ∆ ' R0 is shown to induce large errors on the enstrophy production, especially in those cases where no frag-
mentation should occur.

The injection of a round jet in a stagnant fluid in the presence of surface tension shows the promotion of vorticity
production by surface tension forces and the appearance of different regimes of interaction between a vortex and
an interface. From the perspective of the numerical simulation of the process the more challenging situations are
found for intermediate values of the Weber number (We = 100) where the surface tension forces are sufficiently
strong to generate a significant amout of vorticity but not intense enough to prevent the appearance of small scale
structures appearing as a consequence of inertial effects. In this regime the breakup of thin ligaments due to the
limited resolution lead to the appearance of enstrophy peaks that strongly depend on the grid size.
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