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Abstract

We study the gradient flow for a relaxed approximation to the Kullback-Leibler
(KL) divergence between a moving source and a fixed target distribution. This
approximation, termed the KALE (KL Approximate Lower bound Estimator),
solves a regularized version of the Fenchel dual problem defining the KL over
a restricted class of functions. When using a Reproducing Kernel Hilbert Space
(RKHS) to define the function class, we show that the KALE continuously inter-
polates between the KL and the Maximum Mean Discrepancy (MMD). Like the
MMD and other Integral Probability Metrics, the KALE remains well-defined for
mutually singular distributions. Nonetheless, the KALE inherits from the limiting
KL a greater sensitivity to mismatch in the support of the distributions, compared
with the MMD. These two properties make the KALE gradient flow particularly
well suited when the target distribution is supported on a low-dimensional manifold.
Under an assumption of sufficient smoothness of the trajectories, we show the
global convergence of the KALE flow. We propose a particle implementation of
the flow given initial samples from the source and the target distribution, which we
use to empirically confirm the KALE’s properties.

1 Introduction

We consider the problem of transporting probability mass from a source distribution [P to a target
distribution QQ using a Wasserstein gradient flow in probability space. When the density of the target
is well-defined and available, the Wasserstein gradient flow of the Kullback-Leibler (KL) divergence
provides a simple way to transport mass towards the target through the Fokker-Planck equation
as established in the seminal work of [29]. Its time discretization yields a practical algorithm, the
Unadjusted Langevin Algorithm (ULA), which comes with strong convergence guarantees [21, 17]. A
more recent gradient flow approach, Stein Variational Gradient Descent (SVGD) [34], also leverages
the analytic expression of the density and constructs a gradient flow of the KL, albeit using a metric
different from the Wasserstein metric.

The KL divergence is of particular interest due to its information theoretical interpretation [54] and its
use in Bayesian Inference [12]. The KL defines a strong notion of convergence between probability
distributions, and as such is often widely used for learning generative models, through Maximum
Likelihood Estimation [18]. Using the KL as a loss requires knowledge of the density of the target,
however; moreover, this loss is well-defined only when the distributions share the same support.
Consequently, we cannot use the KL in settings where the probability distributions are mutually
singular, or when they are only accessible through samples. In particular, the Wasserstein gradient
flow of the KL in these settings is ill-defined.

*Work mostly completed at the Gatsby Unit.
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Recent works have considered the gradient flow of Integral Probability Metrics (IPM) [44] instead of
the KL, in settings where only samples (and not the density) of the target are known. This includes the
Maximum Mean Discrepancy (MMD) [5] and the Kernelized Sobolev Discrepancy (KSD) [43, 41].
One motivation for considering these particle flows is their connection with the training of Generative
Adversarial Networks (GANs) [26] using IPMs such as the Wasserstein distance [7, 27, 24], the
MMD [22, 32, 31, 9, 10, 4] or the Sobolev discrepancy [42]. As discussed in [43, Section 3.3], these
flows define update equations that are similar to those of a generator in a GAN. Thus, studying the
convergence flows can provide helpful insight into conditions for GAN convergence, and ultimately,
improvements to GAN training algorithms. A second motivation lies in the connection between the
training dynamics of infinitely wide 2-layer neural networks and the Wasserstein gradient flow of
particular functionals [50]. Thus, analyzing the asymptotic behavior of such flows [38, 56, 16] can
ultimately provide convergence guarantees for the training dynamics of neural networks. Establishing
such results remains challenging for some classes of IPMs, however, such as the MMD [5].

In this paper, we construct the gradient flow of a relaxed approximation of the KL, termed the KALE
(KL Approximate Lower bound Estimator). Unlike the KL, the KALE is well-defined given any
source and target, regardless of their relative absolute continuity. The KALE is obtained by solving a
regularized version of the Fenchel dual problem defining the KL, defined over a restricted function
class [46, 6], and can be estimated solely from samples from the data. The version of the KALE we
consider in this work benefits from two important features that are crucial for defining and analyzing
a relaxed gradient flow of the KL. (1) We define the function class to be a Reproducing Kernel Hilbert
Space (RKHS). This makes the optimization problem defining the KALE convex and allows for
practical algorithms computing it. (2) We consider a regularized version of the problem defining the
KALE, thus providing a simpler expression for the gradient flow by virtue of the envelope theorem
[40]. In Section 2, we review the KALE, and show that it is a divergence that metrizes the weak
convergence of probability measures, while interpolating between the KL and the MMD depending
on the amount of regularization. We then construct in Section 3 the Wasserstein Gradient Flow of
the KALE, and we show global convergence of the KALE flow provided that the trajectories are
sufficiently regular. In Section 4, we introduce the KALE particle descent algorithm as well as a
practical way to implement it. In Section 5, we present the results obtained by running the KALE
particle descent algorithm on a set of problems with different geometrical properties. We show
empirically that the sensitivity to support mismatch of the KALE inherited from the KL leads to
well-behaved trajectories compared to the MMD flow, making the KALE flow a desirable alternative
when a KL flow cannot be defined.

Related work. The Fenchel dual formulation of the KL, and more generally f-divergences, has a
rich history in Machine Learning: [46] relied on this dual formulation to estimate the KL between
two probability distributions when their density ratios belong to an approximating class. They derived
a plug-in estimator for the KL which comes with convergence guarantees. In the context of GANS,
[47] used the Fenchel dual representation of f-divergences, of which the KL is a particular instance,
as a GAN critic. Later, [39] used Fenchel duality to estimate the KL in the context of Variational
Inference (VI) when the variational distribution is chosen to be an implicit model, thus allowing
more flexible models at the expense of tractability of a KL term appearing in the expression of the
ELBO. In both the GAN and VI settings, the function class defining the f-divergence was restricted
to neural networks. Recently, [6] showed that controlling the smoothness of such a function class
results in a divergence, the KL Approximate Lower bound Estimator (KALE), that metrizes the weak
convergence of distributions [19], unlike the KL which defines a stronger topology [60]. The KALE
is therefore well-suited for learning Implicit Generative Models which are only accessible through
sampling, as advocated in [8]. When neural network classes are used, however, the method has no
optimization guarantees, as the dual problem becomes non-convex due to the choice of the function
class. This is unlike our setting [and that of 46], since our dual problem is strongly convex and comes
with guarantees. In parallel to work related to f-divergences, [28, 14, 51, 1] have investigated the
task of sampling in the case where the source and the target have disjoint supports. Again, unlike our
setting, these works assume that the log-density of the target distribution is known.

2 Interpolating between KL and MMD using KALE

In this section, we introduce the KALE, a relaxed approximation of the KL divergence. Although we
will use the KALE to define a relaxed KL gradient flow, we show in this section that the KALE is



an object of independent interest outside the gradient flow setting: indeed, it is a valid probability
divergence that metrizes the weak convergence of probability distributions, and interpolates between
the KL and the Maximum Mean Discrepancy.

Mathematical details and notation We start by introducing some notation. We denote by P(R%)
the set of probability measures defined on R? endowed with its Borelian o-algebra, and by P (R%) C
P(R?) the set of elements of P(R?) with finite second moment. Weak convergence of a sequence
of probability measures (P, ),>¢ towards P is written P,, — P. A positive definite kernel on the set
R? will be denoted & : R? x R? — R, with RKHS H. The Dirac delta measure for z € R? will
be written d,.. We denote by C2°(R? x (0, +00)) the set of infinitely differentiable functions with
compact support on R? x (0, +00), and by C¢ (R?) the set of continuous bounded functions from
R? to R. Sets of N points in R? will be indexed using a superscript {x(i)}f\él, while a sequence of
points in R? will use a subscript: (z.,),, en- 1f random, elements of such sets X () or iterates of such
sequences X,, will be capitalized. If not, they will be kept in lower-case. For the sake of notational
lightness, the choice of the norm used for a specific object (vectors, functions, operators) will be
specified with a subscript (e.g. ||h||7 for the RKHS norm) only if the said choice is not obvious from
the context. This remark also holds when referring to the null element of a vector space (04, Oga, -..).

2.1 The KL Approximate Lower bound Estimator (KALE)

The central equation to derive the KALE is the (Fenchel) dual formulation of the KL [3, Lemma
9.4.4]:

KL(IP’HQ):h zul()R ){1+/th—/6th}. (1)
€CP (R

KALE is obtained from Eq. (1) by restricting the variational set to an RKHS H with reproducing
kernel k, and by adding a penalty to the objective that controls the RKHS norm of the test function
h. This regularization ensures that the KALE is well-defined for a broader class of probabilities
compared to the KL, even when P and Q are mutually singular. Its complete definition is stated
below:

Definition 1 (KALE). Let A > 0, and H be an RKHS with kernel k. The Kullback-Leibler Approxi-
mate Lower bound Estimator (KALE) is given by:

A
KALE(IP’|Q)(1+)\)r}§1€q}>{c{1+/th/eth2||h||i[}. 2)

The (14 \) scaling will prevent a degenerate decay to 0 in the large A regime (see Proposition 1). The
definition we consider here also differs from the one in [6], which first finds the optimal function h*
solving Eq. (2), and then defines KALE by evaluating the KL objective in Eq. (1), thereby discarding
the regularization term when evaluating the divergence.

Mathematical Assumptions To prove the theoretical results stated in this work, we will make the
following basic assumptions on the kernel k:

Assumption 1 (Boundedness). There exists K > 0 such that k(z,x) < K, for all z € R%.
Assumption 2 (Smoothness). The kernel is 2-times differentiable in the sense of [58, Definition
4.35]: foralli,j € {1,...,d} 0;0i+ak and 0;0;0;+40;+qk exist. Moreover, we have: |V1k;gg||2 2

Zle 0:k2||? < Kiq and | H1k,||* = Z;{j:l 10:0;kz||*> < Kaa, where d indicates an expected
scaling with dimension.

Assumption | guarantees the integrability of the objects intervening in KALE, and implies bound-
edness of the RKHS functions. Assumption 2 guarantees first and second order smoothness of
the RKHS functions, a property invoked to control the KALE flow trajectories. Indeed, both the
differential and the hessian of any f € A can now be bounded in operator norm: using the Cauchy-
Schwarz inequality and the kernel reproducing derivative property [58, Corollary 4.36], we have:
10 f ()| < [|0ikz || || f]] and [0:0;f (z)| < [|0;0;k | [| /]|, implying |V f(z)] < vEia|f]l, and
[H (f(2)llop < I1H(f(2))l[p < vV Eaa [ f]].



KALE is a probability divergence We first show that KALE is a probability divergence, and
presents topological properties compatible with its use in generative models, such as GANs and
Adversarial VAEs: weak continuity, and metrizing the weak convergence of probability distributions.
We recall that a functional D(- || -) is a probability divergence if both D(P || Q) > 0 and D(P ||
Q) =0 <= P=Q,forany P,Q € P(R?).

Theorem 1 (Topological properties of KALE). Let P,Q € P(R?). Let (Py,), -, be a sequence of
probability measures. Then, under Assumption 1: -

(i) KALE is weakly continuous: P,, =~ P = lim KALE(P, || Q) = KALE(P || Q)
n— oo

(ii) If k is universal [55], then for any A > 0, KALE is a probability divergence. Moreover, KALE
metrizes the weak topology between probability measures with finite first order moments.

Central to the proof of all points in this theorem is a link between KALE and the MMD witness
function fp g, which we report in the next lemma. We recall that given an RKHS H associated to a
kernel &, and two probability distributions P and Q, the MMD is defined as the RKHS norm of the
difference of mean embeddings of P and QQ:

MMD(P || Q) = [l froll (feo = / Kz, )dP — / ke, -)dQ 2 p — o). 3

Lemma 1. Ler P, Q € P(Rd), and K : H —— R be the objective maximized by KALE, e.g.
K(h) =1+ [ hdP — [ e"dQ — 3 |h||>. Then, under Assumption 1, K is Fréchet differentiable.
Moreover, the following relationship holds:

VK(Q) = fro

Intuitively, noting that JC(0) = 0, Lemma 1 ensures that KALE presents “equivalent” regularity and
discriminative properties to those of MMD (a divergence which is itself, under the assumptions of
this theorem, weakly continuous and that metrizes the weak convergence of probability distributions).
The proof of the second point of Theorem 1 is inspired by [6], which in turn derives from [64, 35],
and is adapted to account for the extra norm penalty term in the version of the KALE in this paper.

Interpolating between the MMD and the KL using the KALE The KALE includes a positive
regularization parameter A, inducing two asymptotic regimes: A — 0 and A — oo. In these regimes,
the KALE asymptotically recovers on the one hand the KL divergence, and on the other hand the
MMD.

Proposition 1 (Asymptotic properties of KALE). Let P,Q € P(R?). Then, under Assumption 1, the
following result holds:

JlimKALE(P|| Q) = JMMD*(E || Q) @

Suppose additionally that log % € H. Then,

lim KALE(P || Q) = KL(P || Q). )

Proposition 1 shows that the MMD can be seen as solving a degenerate version of the KL objective.
Eq. (5) is natural given the original definition of the KALE, and highlights the continuity of the
KALE objective w.r.t the regularization parameter A\. Both the MMD and the KL exhibit limitations
when used for defining gradient flows, however: as discussed in [5, 23, 13], the MMD induces a “flat”
geometry, making its use in generative models tricky [4]. On the other hand, the KL comes with
stronger convergence guarantees [3], but its use in sampling algorithms is limited to cases where the
target distribution has a density, discarding cases satisfying the widely known manifold hypothesis
[45, 13, 15], stating that typical high dimensional data used in machine learning are distributed on a
lower-dimensional manifold. For this reason, we argue that the true interest of the KALE does not lie
in its interpolation properties, but rather in the geometry it generates at intermediate values of .



The KALE’s dual objective Interestingly, the KALE itself admits a dual formulation, with a
strong connection to the original KL expression:

2

KALE(P || Q) =iy [ (g f — 1) + d@+H/f dQ(z) — e

- / F*(@)k(z, )A0() — pp

The solution f* of Eq. (6) can be seen as an entropically-regularized density ratio estimate on the
support of Q (additional details on the KALE dual objective are given in the appendix). Eq. (6) also
yields an elegant estimation procedure, as discussed below.

Hoo(6)

Computing KALE(P || Q) in practice As for other IPMs, computing KALE(P || Q) for arbitrary
P and Q is intractable, and is therefore approximated using a discretization procedure. A common
procedure is to assume access to samples {Y (D} and {X@1N  from P and Q and to solve
the empirical equlvalent of Eq. (6) (e. g Eq 6), but where P and Q are replaced by their plug-in

estimators PN = N ZZ 10y and QY = N Zl 1 9x ). This empirical equivalent is written
2
i X @Oy — (@) — Q) _
min NZf ) log(F(X@)) — F(XD) +1+ HNZf BXO,) = ps| D

which is a strongly convex /N-dimensional problem, and can be solved using standard euclidean
optimization methods. By adapting arguments of [6], it can be shown that the discrepancy between
the KALE’s empirical and population value, |KALE(@N [l QN ) — KALE(P || Q)] (often called
“sample complexity”), is at most O(ﬁ) This rate is identical that of Sinkhorn divergences [25],
another family of entropically-regularized divergences.

3 KALE Gradient Flow

Having introduced KALE as a relaxed approximation of the KL, we now construct the KALE gradient
flow, and assert its well-posedness. We provide conditions for global convergence of the flow, and
discuss its relationship with the MMD flow and the KL flow. All proofs are given in the appendix.

3.1 Wasserstein Gradient Flow of the KALE

Wasserstein Gradient Flows of divergence functionals 7 (PP || Q) aim at transporting mass from an
initial probability distribution Py towards a target distribution Q by following a path PP; in probability
space. The path is required to dissipate energy, meaning that ¢ — F(P; || Q) is a decreasing
function of time. Additionally, it is constrained to satisfy a continuity equation that allows only
local movements of mass without jumping from a location to another. This equation involves a time
dependent vector field V; which serves as a force that drives the movement of mass at any time ¢:

Eq. (8) holds in the sense of distributions, meaning that for any test function ¢ € C°(R9 x (0, +00)),
we have:

/@(p(x,t)dPtdt + / (Vzo(z,t), Vi)ga dPidt = 0.

The Wasserstein gradient flow of a functional F is then obtained by choosing V; as the gradient of
first variation of F, defined as the Gateaux derivative of [P along the direction Y,

DeF(P;x) £ lim e (F(P + ex) = F(B)),

where [ dx = 0, and provided that such a limit exists. This choice recovers a particle Euclidean
gradient flow when Py is a finite sum of Dirac distributions, and can thus be seen as a natural extension
of gradient flows to the space of probability distributions [3, 61, 62]. In the next proposition, we show
that the functional P — KALE(P || Q) admits a well-defined gradient flow.



Proposition 2 (KALE Gradient Flow). Let A > 0, and Py, Q € Po (Rd). Under Assumptions 1 and
2, the Cauchy problem

0P, — div(Py(1 + \)Vh}) =0, Pi_g =Py, 9

where R} is the unique solution of
hf = argmax{ 1+ [ hdP, — [ €"dQ — A |h? (10)
t heH k 2 ’
admits a unique solution (P¢);>0, which is the Wasserstein Gradient Flow of the KALE.

3.2 Convergence properties of the KALE flow

Proposition 2 hints at a connection between the KALE flow and the MMD flow, which solves:
8tIP)t — le (]P)tv.f]p“(@) = O, ]P)tz() = PO (1 1)

The MMD flow and the KALE flow thus differ in the choice of witness function characterizing their
velocity field. A convergence analysis of the MMD flow was proposed for a wide range of kernels in
[5] using inequalities of Lojasiewicz type; in particular, the MMD flow is guaranteed to converge
provided that the quantity P, — Q remains bounded in the negative Sobolev distance ||P; — Q|| z;- P
[48]. We recall that the negative weighted negative Sobolev distance [5] between p and v is deﬁneci
as:

?

= vl = swp_| [ fau=v)
1711 ey <1

which is obtained by duality with the weighted Sobolev semi-norm || f{| ;7 = ( IV f?dP) 2. Note
the important role of the latter quantity in the energy dissipation formula of the KALE gradient flow:
dKALE(P, || Q)

D == [ae R P = R e (2)

In the next proposition, we extend the condition ensuring the global convergence of the MMD flow
[5] to the KALE flow:

Proposition 3. Under Assumptions 1 and 2, if | Py — QHH_l(Pt) < C for some C > 0, then:

C
< )
~ CKALE(P, || Q) + ¢

KALE(P, || Q)

Proposition 3 ensures a convergence rate in O(1/t) provided that ||y — Q|| ;- p,) remains bounded.

This convergence rate is slower than the linear rate of the KL along its gradient flow [36] and could
be an effect of RKHS smoothing.

4 KALE Particle Descent

We now derive a practical algorithm that computes the solution of a KALE gradient flow, given
an initial source-target pair Py and Q. Because of the continuous-time dynamics, and the possibly
continuous nature of Py and Q, solutions of Eq. (9) are intractable to compute and manipulate. To
address this issue, we first introduce the KALE Particle Descent Algorithm that returns a sequence
(PX),,>0 of discrete probability measures able to approximate the forward Euler discretization of
P, with arbitrary precision. Additionally, we show that the KALE particle descent algorithm can
be regularized using noise injection [5], which guarantees global convergence of the flow under a
suitable noise schedule. All proofs are given in the appendix.

4.1 The KALE Particle Descent Algorithm

Time-discretized KALE Gradient Flow As a first step towards deriving the KALE particle
descent algorithm, let us first consider a time-discretized version of the KALE gradient flow (Eq. (9)



and Eq. (10)), obtained by applying a forward-Euler scheme to Eq. (9) with step size . This
time-discretized equation is given by

Pri1 = (I = ¥(1+ N VAS)4Pn, Prco = Py, (13)

The function A}, is a discrete time analogue of Eq. (10), in that it is solution to the following
optimization problem:

A2
“ _ 1 P, [ ehag_ 2 _ 14
h; argl;bneail({ +/hd n /e dQ 5 [ } (14)

The solution P,, of Eq. (13) is a sensible approximation of P;: indeed, it can be shown under
suitable smoothness assumptions [52, 5] that the piecewise-constant trajectory (t — P, ift €
[ny, (n + 1)7)) obtained from the time-discretized gradient flow of a functional F will recover the
true gradient flow solution P; of F as v — 0.

Approximation using finitely many samples: the KALE particle descent algorithm Despite
its discrete-time nature, the sequence (P,,),, > may still be intractable to compute: for generic Py and
Q, Eq. (14) will contain intractable expectations and have an infinite dimensional search space. To
address this issue, we propose the KALE particle descent algorzthm this algorithm approximates the
true time-discrete iterates P, given N samples { X ) }¥ | and {YO( }N 1 of Q and PPy, by computing
the probablhtles ]P’ solving the time-discrete KALE gradient flow arising from the empirical source-

target pair QN = LN X® and BY = Ly Y{". As opposed to P,,, it is possible to exactly
compute PYV: indeed, the recursion equation Eq. (13) implies that P! remains discrete for all n.
More precisely, we have PY = - vazl Y9, where

Y0 = Y0 — 4 (1 + N V(YD) (15)
and * is defined as
~ ~ ~ A
* = ]P)N - N - 5 2 . 1
hy argrglez%{/hd n /th 5 1Al% (16)

As in the sample-based setting of Eq. (7), ]}A”nN and @N are discrete, meaning that Eq. (16) reduces to

an V- dimensional convex problem, and A}, can be tractably computed. The alternate execution of
Eq. (15) and Eq. (16) for a finite number of time steps defines the KALE Particle Descent Algorithm,
that we lay out in Algorithm 1I.

Consistency of the KALE Particle Descent Algorithm Note that the source of error in the KALE

particle descent algorithm lies in the use of an approximate witness function B;‘L instead of the true, but
intractable, A} . Indeed, one can show, using the theory of McKean-Vlasov representative processes
[37], that the n-th iterates of the sequence defined by:

VA0 =V — (1 + NVRL(YD), ¥ ~Po, 1<i< N (17)
are distributed according to the n™ iterate P,, of the true discrete time KALE gradient flow solution

defined in Eq. (13). As such, the discrete probability I@N =% va 1 Y( ) may be considered as

an unbiased space-discretization of Eq. (13). In the next proposition, we show that the iterates IP’N
returned by the KALE particle descent algorithm can approximate the unbiased P with arbltrarlly
low error.

Proposition 4 (Consistency of the KALE particle descent). Let {YO N, ~Po. Let (]?’N Jn>0 be
the sequence of discrete probabilities arising from Eq. (17) with initial conditions {Y }l 1, and
let (PY),,>0 be the sequence arising from Eq. (15) with the same initial conditions {YO( )}f\;y Let
Nmax > 0. Then, under Assumptions 1 and 2, for all n < nyax, the following bound holds:

- A
EWR(BY,B)) < ——=(e"Pmmx — 1

with A = \/QKKld(l +e%) X e B = WAVt R20) gng K, K g, Kog are

the constants defined in Assumptions 1 and 2.



Proposition 4 shows that given a finite time horizon n,,x, and given sufficiently many samples of
Py and @Q, one can approximate an exact discrete KALE flow between n = 0 and n = ny,x with
arbitrary precision. The proof of Proposition 4 (given in Appendix F) relies on the regularlty of the
KALE witness function 2 — h?* * (), but also on the regularity of the mapping ]P’N — h* (using
the 2-Wasserstein distance as the metric on Py (R?).

Algorithm 1 KALE Particle Descent Algorithm

Input: {Y" 1V, ~ Py, {XO}N | ~ Q, max_iter, \, k. v
Output {V,?) N

max_iter
for n = 0 tomax_iter—1do
f_star « dual_solve(X (), Yi(l), XN YZ-(N), k, ) # See Eq.6
h_star < compute_log_ratio(f_star,X(l),Yi(l),. LX) Y k ,A) #Ditto

for j =1to N do }
ve (1+ )\)grad(h_star(YZ-(J)))
Yl(i)l — Y( 2 — YXV
end for
end for

4.2 Regularization of KALE particle descent using Noise Injection

In practice, guaranteeing the convergence of the KALE gradient flow (and its corresponding KALE
particle descent) by relying on the condition given in Proposition 3 is cumbersome for two reasons:
first, this condition is hard to check, and second, it does not tell us what to do when the condition is
not met. Noise injection [5, 11] is a practical regularization technique originally introduced for the
MMD flow, that trades off some of the “steepest descent” property of gradient flow trajectories with
some additional smoothness (in negative Sobolev norm) in order to improve convergence to the target
trajectory. We recall that the solution of a (discrete time) noise injected gradient flow with velocity
field (1 + A\)V R}, and noise schedule 3, is defined as the sequence (P, ),,>o whose iterates verify:

Pri1 = ((z,u) = 2 = y(1 + N)Vhy (2 + Bau)) 4 (Pr ® g), (18)
where g is a standard unit Gaussian distribution. As we show in the next proposition, under a suitable
noise schedule, noise injection can also be applied to ensure global convergence of the KALE flow.
Proposition 5 (Global Convergence under noise injection dynamics). Let P, be defined as Eq. (18).

Let (8,)n>0 be a sequence of noise levels, and define Dg, 5, = Byp, umg |V 5 (@ + Bou)||* with
g the density of a standard Gaussian distribution. Then, under Assumptions I and 2, and for a choice
of By, such that:

KALE(P, || Q) < Dg, p, (P,),

the following holds: KALE(P,1 || Q) — KALE(P,, || Q) < —3(1 = 3vWKK»q)Dg, p, (Pn).

o)
Moreover, if Y p; = +00, then lim,,_,o KALE(P,, || Q) = 0.
i=1

8K14/32
A2

As in [5], convergence of the regularized KALE flow is guaranteed when the noise schedule satisfies
an inequality for all n, which is hard to check in practice. Nonetheless, we empirically observe that
in all our problems a small, constant noise schedule can help the KALE flow reach a lower KALE
value at convergence.

Let us stress that the noise injection scheme given in Proposition 5 is a population scheme that
includes an intractable convolution. To use noise injection in the KALE particle descent algorithm,

we approximate this convolution using a single sample U,(Li) for each particle update. Eq. (15)
becomes: N . ‘ ‘
Y =Y —y(1 4+ NVREYD + 8,0, UD ~ N(0,1). (19)

Implementation The particle descent algorithm can be implemented using automatic differentiation
software such as the pytorch library in python. This allows us to easily compute the gradient of the
log-density ratio estimate h}, appearing in the particle update rule Eq. (15).



Computing ﬁ; can be achieved using methods such as gradient descent, coordinate descent or higher
order optimization methods such as Newton’s method and L-BFGS [33].

S Experiments

In this section, we empirically study the behavior of the KALE particle descent algorithm in three
settings reflecting different topological properties for the source-target pair: a pair with a target
supported on a hypersurface (zero volume support), a pair with disjoint supports of positive volume,
and a pair of distributions with a positive density supported on R<.

KALE flow for targets defined on hypersurfaces Our first example consists in a target supported
(and uniformly distributed) on a lower-dimensional surface that defines three non-overlapping rings.
The initial source is a Gaussian distribution with a mean in the vicinity of the target Q. This setting is
a perfect candidate to illustrate the failure modes of both the KL and the MMD when used in particle
descent algorithms: on the one hand, the measures Py and QQ are mutually singular, and thus the KL
gradient flow from Py to Q does not exist. By contrast, the KALE is well-defined in this case, and
inherits from the KL an increased sensitivity to support discrepancy. For that reason, we hypothesize
that the trajectories of the KALE flow will converge towards a better limit compared to its MMD flow
counterpart. We sample N = 300 points from the target and the initial source distribution and run an
implementation of Algorithm 1 for n = 50000 iterations. The complete set of parameters is given in
the appendix. Results are plotted in Fig. 1. We indeed notice that the KALE flow trajectory remains
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Figure 1: MMD and KALE flow trajectories for “three rings” target

close to the target support and recovers the target almost perfectly. This illustrates the ability of the
KALE flow to relax the hard support-sharing constraints of the KL flow into soft support closeness
constraints. These soft constraints are not present in the MMD flow, where particles of the source can
remain scattered around the plane.

KALE flow between probabilities with disjoint support In our second example, we consider a
source/target pair that are supported on disjoint subsets each with a finite, positive volume (unlike
the previous example). The support of the source and the target consist respectively of a heart and a
spiral, and the two distributions have a uniform density on their support. Again, because the supports
of the source and the target are disjoint, the KL. flow cannot be defined, nor simulated for this pair.
We run a KALE particle descent algorithm, and compare it as before with an MMD flow, as well as
with a “Sinkhorn descent algorithm” [23]. Results are in Fig. 2.

KALE A = 10000

T=0
@ w
KALE A = 0.0001 v @
, =

Sinkhorn

Figure 2: Shape Transfer using the KALE flow



As we can see, the soft support-sharing constraint informing the KALE flow forces the source to
quickly recover the spiral shape, much before the Sinkhorn and MMD flow trajectories. However,
compared to Sinkhorn, the two KALE-generated spirals have a harder time recovering outliers,
disconnected from the main support of the spiral.

KALE flow for probabilities with densities We consider the setting where the target admits a
positive density on R?. Hence, unlike in the two previous examples, the KL gradient flow is
well-defined, and can be simulated using the Unadjusted Langevin Algorithm (ULA). Echoing the
interpolation property of the KALE between the MMD and the KL shown in Proposition 1, we
propose to investigate whether this property is preserved in a gradient flow setting. We consider a
balanced mixture of 4 Gaussians with means located on the 4 corners of the unit square for the target
and a source distribution given by a unit Gaussian in the vicinity of the unit square. We then run KL,
MMD, and KALE flows with different values of A\, and compute the Wasserstein distance between
reference particles at iteration n from either the MMD or KL flow and particles obtained from the
KALE flow at the same iteration n. The choice of the Wasserstein distance is natural for Wasserstein
Gradient Flows. As shown in Fig. 3a, for “small” values of A, particles from a KALE flow remain
close to the ULA particles, while for “large” ones they remain close to the MMD particles (Fig. 3b).

distance to KL . distance to MMD KALE
K] 0
1.25 10
1.00 o
-1
0.75 10
0501 —— X = 0.001 057 —— A=0.001
095 A=0.1 A=0.1 10-2 =03
—— A =10000 —— A =10000 B=0 T
0.0 _
0 20000 40000 60000 0 20000 40000 60000 0 20000 40000 60000
Iteration [teration iteration
(a) (b) ©

Figure 3: (a): Evolution of the Wasserstein distance between reference particles from the ULA
algorithm and the KALE particle descent algorithm with various values of A. (b) Left: same as
(a), but taking particles from the MMD flow as reference. (c) Evolution of the KALE along the
trajectories of a KALE descent algorithm with the same mixture of Gaussians as target, using A = 0.1.
Orange: without noise injection. Blue: with noise injection using a constant noise schedule.

Impact of noise injection On all three examples, using a regularized KALE flow with an appropri-
ately tuned f3,, schedule always improves the proximity to the global minimum P, = Q. Its effect is
particularly impactful in the mixture of Gaussians example, where a small, constant noise schedule
By, allows for faster mixing times for P,,, as opposed to its unregularized counterpart, see Fig. 3c. We
provide further details on the impact of noise injection in the appendix.

6 Discussion and further work

We have constructed the KALE flow, a gradient flow between probability distributions that relaxes the
KL gradient flow for probabilities with disjoint support. Using the KALE Particle Descent Algorithm,
we have shown on several examples that in cases where a KL gradient flow cannot be defined,
trajectories of the KALE flow empirically exhibit better convergence properties when compared to
the MMD flow, a flow that the KALE is also able to interpolate. In cases where the KL flow can be
defined, we notice empirically that the KALE flow can approximate the trajectories of the KL flow,
but using only information from samples of the target. This latter property is in sharp contrast with
KL Gradient Flow discretizations like the Unadjusted Langevin Algorithm: in this regard, we could
use the KALE flow as a sample-based approximation of the KL flow, which is to our knowledge a
novel concept. Future work would analyze when the KALE flow is a consistent estimator of the KL,
flow in the large sample limit.
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Appendix for KALE flow: A relaxed KL Gradient Flow for Probabilities with
Disjoint Support

The appendix is structured as follows: in Appendix A, we give additional details on the variational
formulation of the KL divergence as well as Wasserstein gradient flows. In Appendix B, C, we give the
proofs for all statements made about the static properties of the KALE, while in Appendix D to F we
give proofs for all statements made about the KALE flow and descent algorithm. Appendix G contains
some additional technical lemmas that are used throughout the appendix. Finally, in Appendix H, we
provide details on the experiments discussed in the main body, and the impact of noise injection on
KALE particle descent trajectories.

A Mathematical Background

In this section, we lay out in more depth the theoretical framework behind the tools used in this paper.
We first review the variational formulation of the KL, and more generally f-divergences. We discuss
how this variational formulation can be used beyond the context of statistical estimation of the KL,
which is the original context it was considered for [46]. We then provide additional details about
Wasserstein gradient flows, and the theoretical tools used to study them.

A.1 The use of the variational formulation of f-divergences

f-divergences, first described in [2], form a family of divergences between probability measures
parametrized by a convex, lower semi-continuous function f. The divergence D; between two
probabilities measures P and Q is defined as:

[ f(§5)dQ ifP < Q
+00 otherwise

Df(IP’Il@)={

Apart from the KL, which we will discuss later, other well known instances of f-divergences include
the x? divergence, the Hellinger divergence and the Total Variation. Requiring the function f to be
convex allows to use the theory of Fenchel duality to frame Dy as the solution of an optimization
problem:

Proposition 6 ([3, Lemma 9.4.4]). For any P, Q € P(R), we have:

el = sw {[ e [ 5 neae) 20

heCp(R?)

Where f* is the Fenchel convex conjugate [49] of the convex function f, defined as:
fr(w) = sup (u,z) — f(z)
z€eRd
The KL divergence is a particular instance of f-divergence using the pair (f, f*):

z(logz —1)+1 ifx>0
fl@) =141 ifz=0, f(u)=e"—1
+o00 ifz <0

M-estimation procedures for KL(P || Q) The dual formulation in Eq. (20) is an optimization
problem with an objective depending on P and Q only through expectations. By relying on the theory
of M-estimation, [46] showed that it was possible to consistently approximate the population solution
of Eq. (20) using only samples {Y (D} and { X} N | of P and Q. In particular, they showed that
the solution of the sample-based, regularized problem:

sup {1—|—/hd@N —/ehd@N—Fl - )\NI(h)} 21
heH 2

(where I(h) is a convex complexity penalty) will converge in probability to the solution of Eq. (20),

provided that A decays to 0 as ﬁ and that the complexity of the function class H is small enough.

However, their setting is general and does not exploit the specificity of an RKHS H with a penalty

I(h) = Hh||3_[ Consistency for the latter case (a case which is tightly linked to the definition of the
KALE), was proved by [6] using tools from RKHS theory.
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Why KALE differs from simple KL estimation The addition of the regularization term /\TNI (h)
(where the KALE objective is retrieved using I(h) = ||h||?) to Eq. (21) makes the solution of

Eq. (20) non-infinite for the mutually singular empirical distributions PV and @N . However, the KL
population objective Eq. (20) is unregularized, reflecting the fact that the KL is infinite for mutually
singular population PP and Q. It is the goal of Section 2 is to show that extending the regularization
technique introduced in an estimation setting to the KL population objective results in a relaxed
solution to the KL problem that is a valid divergence measure between P and Q. The KALE thus
leverages the biases of the KL estimates to remain well-defined for mutually singular distributions:
in the present context, the primary interest of KALE is not to estimate the KL, but to provide a
KL alternative for mutually singular distributions. This justifies the definition of the KALE with a
positive A given in Definition 1. Note that a sample-based approximation of KALE(P || Q) is now:

max{l—f—/hd@N—/ehd@N— /2\||h|2} (22)

heH
We emphasize that unlike in Eq. (21), A is now kept fixed.

A.2 Wasserstein Gradient Flows

The Wasserstein Geometry The theory of Wasserstein-2 gradient flows considers the set of
probability measures on P, (X’) (where X is a separable Hilbert Space set to R? in our case) with
finite 2™ order moments, endowed with the Wasserstein-2 metric, defined, given Py, P; € Ps (Rd),
as:

1

WQ(]P)(),]P)l) = < iIlfP )/ ||.’£ - y||2d’y(x,y)) i (23)

~yeI'(Po,

I'(Py, Py ) denotes the sets of admissible transport plans between Py and Py :

D(Py,P1) = {7y € PR x RY);  (w')yy =Po, (7*)py =Pi}
where 7! : (2,y) — x and 7%(z, y) — y are the canonical projections on R? x R¢, In the proofs,
we will often consider constant speed geodesics between two probabilities Py and [Py, defined as
paths (P;),~,, of the form:

- _ 1 2
P = ((1—-t)r' +tm )#7
where v € T',(Pg, Py) is an optimal coupling, in the sense that it minimizes the objective defining
the W (Py, P1) distance in Eq. (23). Convexity along geodesics, or geodesic convexity is a property
of functionals in (Pa(R?), Wy):

Definition 2 (Geodesic convexity, [3, Definition 9.1.1]). We say that a functional F is —M-
geodesically semiconvex for some M > 0 if for any Py, Py and constant speed geodesic Py, t € [0, 1]
between Py and Py, the following holds:

F(P) < (1 —=t)F(Py) +tF(Py) + Mt (1 —t) Wa(Po, Py)2.

Wasserstein Gradient Flows The set (Py(R?),W>) is a metric space and not a Hilbert space.
Because of that, the notion of gradient (flow) of a functional F cannot easily be defined through
duality with the differential of , and porting the notion of “gradient flow” to the space (P2(R%), W)
thus requires characterizing gradient flows trajectories in a Hilbertian-free way. Examples of such
characterizations include curves of maximal slope [3, Section 11.1.1], or identification with limit
curves of minimizing moment schemes. We refer to [53] for an introduction of gradient flows
Wasserstein spaces. The formal definition of Wasserstein-2 gradient flows as given in [3] is as
follows:

Definition 3 (Gradient Flows [3, Definition 11.1.1]). We say that an absolutely continuous map
(t — Py € Po(RY)) is a solution of the Wasserstein-2 gradient flow equation.

3tIP’t + dlv (]P)t'l)t) = 0, (24)

if (I x (—v)) € BF(Py), where F (Py) is the extended Fréchet subdifferential of F evaluated at
P,.
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For common functionals such as the sum of (sufficiently smooth) potential, interaction and internal

energy terms,
/V )dP(z /Wx— y)dP(z)dP(y /f

(where P is assumed to be regular, of the form dP(z) = p(z)dz), [3] have identified solutions of the
very general Eq. (24) with solutions of the more familiar

5F
P, — div <IP’tV 5P )) =0, 25)

where 2 6]}” is the first variation of F, defined (when it exists) as the function v verifying:

o P+ edx) = F(P) :/U(x)dX’ PO

e—0 €

For any Q € P,(IR?). Note that this case includes the MMD (given regularity assumptions on the
kernel), as discussed in [5], but does not include the KALE, which is not a functional studied in
[3], and to our knowledge, a novel object of study in the Wasserstein gradient flow literature. In
Appendix D, we show that the identification between Eq. (24) and Eq. (25) still holds for the case of
KALE, by identifying elements of its (strong) extended Fréchet subdifferential. For completeness,
we recall the definition of a strong extended Fréchet subdifferential:

Definition 4 ((Strong) Extended Fréchet subdifferential, [3, Definition 10.3.1]). Let F : Pa(RY) —
(=00, +00| be a proper, geodesically convex functional that is lower semicontinuous w.r.t Wo.
We say that v € Po(R? x R?) belongs to the strong extended Fréchet subdifferential dF (Py) if
(77‘1)# v = Py, and for every Py € Po(R?) and p € T(v,Py):

.F(Pl) - .F(Po) Z \/)'(3 <£L’2,Z3 — 1’1> d/t + O(WZ,;L(]P)O;]Pl))

where W3 ,,(Po,P1) = [ [|lz1 — zs||” dp(2y, 2o, x3).

B Proof of Theorem 1

Throughout this proof, we will consider the function K : H x P(R¢) — R given by:

K(h,P) :max{1+/th—/eth—;\||h|2} (26)

K has the same expression as the one of Lemma 1, with a supercharged signature to include the
dependency in P, which we will use in this proof.

Proof of Lemma 1 The proof follows directly from [6, Lemma 8]. By Assumption 1, all integrabil-
ity requirements are satisfied (the two Bochner integrals in the next equation are well-defined because
of Assumption 1). Following this, the gradient of K is given by:

Vi K(h,P) = / k(x,-)dP — / k(x,-)e"dQ — Ah.
And its evaluation at 0 given in Lemma 1 follows. O

Proof that the KALE is weakly continuous Let (P,), . such that P, weakly converges to IP.
Let h* = arg maxy, KC(h, P) and b} = arg maxy, KC(h, P,,). We will show that both:

limsup K(h),P,) = K(h*,P) and lini}ianC(h;‘L,]P’n) = K(h*,P).
n o

n—oo

The result on KALE follows since when ) is kept fixed, K and KALE differ only by a multiplicative
factor. We focus on proving the first (lim sup) equality, the arguments for lim inf being identical.

First, by optimality of A} w.r.t P, we have: KC(h},P,) > K(h*,P,), implying
lim sup K (A}, P,,) > limsup K(h*, P,,).
n—oo

n— oo

17



Since P,, — P, the r.h.s verifies lim sup,, , . K(h*,P,,) = lim, o K(h*,P,) = K(h*,P), from
which we conclude lim sup,,_, .  KALE(P,,,Q) > KALE(P || Q). To prove the converse, assume
that lim sup,,_, ., KALE(P,,, Q) > KALE(P || Q). Then there exists ¢ > 0 and a subsequence
ny — 400 with k — +o0 such that K(hy;, , Py, ) > K(h*,P) + §. Let us now compare C(h;},, ,P)
with C(h*,P) :

4/EMMD(P || P,,
K(hy, ]P):]C(h:zkapnk)“i’/h;kd(lpfpnk)ZIC(h*7HD)+§7 VK )\( || Pny)

ng?
where for the last step, we used the Cauchy-Schwarz inequality and Lemma 5. Since the MMD
is weakly continuous for bounded kernels with Lipschitz embeddings [57, Theorem 3.2], we have
limy—,oc MMD?(P,,,, || P) = 0: there exists a ko such that, for k > ko, K(hj;, ,P) > IC(h*,P) + £,
which contradicts the optimality condition defining A*. Hence, we must have
lim sup KALE(P,, || Q) = KALE(P || Q).

n—oo

The two steps of this proof can be repeated for any convergent subsequence of K(h},P,), and as
a consequence, we also have: lim inf KALE(P,, || Q) = KALE(P || Q), which proves the weak
n—oo

continuity of KALE. O

Proof that KALE is a probability divergence that metrizes the weak convergence of probability
distributions We first prove positivity and definiteness of KALE, making it a probability divergence.
Positivity of KALE comes from the fact that K(h*,P) > K(0,P) = 0. To prove definiteness of
KALE, assume KALE(P || Q) = 0. Recall that KALE(P || Q) = 0 <= h* = 0, since
K(0,P) = 0 and the objective is strongly convex. The optimality criterion for 04, can be characterized
by differentiating /C(h, P). Using Lemma 1, and the optimality of 0, we have:

0= V,K(0,P) £ /k(m, dP — / k(z,-)dQ = feq,

where fp o denotes the MMD witmess function between P and Q, i.e. MMD(P || Q)2 = || fe.0ll’.
When k is universal, fp g = 0 is only possible when [P = (Q, which proves the first implication of the
equivalence. The reverse implication is proven by noticing that

P=Q = V,K(0,P) = 0.

Metrizing weak convergence From the weak continuity of KALE associated with the definiteness
of KALE proven above, we have P,, =~ Q = KALE(P,, || Q) — 0. For the converse, assume that
MMD(P,, || Q) doesn’t converge to 0. Therefore, there exists a subsequence ny with ng — +o00
when k& — 400 and such that MMD(P,,, || Q) > ¢ > 0 for some ¢ > 0. Fix € > 0. We have that:

KALE(P,, || Q) = K(e X fe,, @) = (VaK(0,Pn,), ¢fe,, 0 ) + O] fp., 0

= el fe., ol + O fe,, 2l
Now, recall that || fp, ol = MMD(P,, || Q) > ¢ > 0, implying that for sufficiently low €, we

will have: KALE(P,,, || Q) > S, Vk > ny. Thus, KALE(PP, || Q) does not tend to 0. Hence, by
contradiction MMD(P,, || Q) converges to 0 which implies that IP,, converges weakly to Q since the
MMD metrizes weak convergence. This concludes the proof of Theorem 1. O

)

C Proof of Proposition 1

C.1 Proof of (i)

To prove that KALE converges to the MMD as A increases, we will show the following inequalities:

%MMDQ(IP’ Q) -0 (i) < KALE(P|| Q) < %MMDz(]P’ Q) +0 (i)

To prove the right inequality, we recall that K(h,P) < [ hdP — [ hdQ — 3 ||h]|?, which holds by

convexity of the exponential. The right-hand side is maximized for h* = fPTQ and equals %W.

Consequently, we have: KALE(P || Q) < %MMDQ(P | Q).
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To prove the left inequality, we use Lemma 5 which allows to control the discrepancy between the
KALE and the MMD. Indeed, we have: h(z) = (h,k(z,")) < VK ||h|| = 2&. The following
Taylor-Lagrange inequality holds, uniformly for all x:

4K 2
M@ <14 h(x) + e A2i62K ,

which gives a lower bound of IC(h*, P):

1+NKMhP)>(1+N) </hle’—/th—’2\||h|2_8K;:*>.

Remark that the r.h.s is maximized for hy = fp g/\. Because h* maximizes the L.h.s, we have:

1+A

(14 0K B) > (14 2K B) = L e | @) - 3852 00

)\2

The two initial inequalities are verified, and taking them to the limit A — oo concludes the proof. [

C.2 Proof of (ii)

(i1) was proved in [6] as part of (Theorem 7). For completeness, we recall the elements of the proof.
Let us highlight the dependency of h* = argmaxy, IC(h, P) in A (see Eq. (26)) by noting it A} (=h*),
for A > 0. Because we assume that log % € H, we have:

]P) *
W=tos S, KLE Q) =1+ [ ngap— [ eag
Thus, we have
KALE(P . X A
m_mp“@)\ —[1+ [ nzap — [ etaq- 5 ks - K@ | )

* * A
—| [ 5= miyap = [ e - et tinag + 3 g |

IN

* * A
[ b= nyap| | [ et 05 -ag] + |3 1)

To bound the last term, we note that
IR < NIA5 - (27)

/h’;d]P’f/ehngg /hngP’f/ehSdQ
* hX A * 112 * hX A * 12
= [ WP — [ endQ -5 A", < [ hodP — [ e*dQ — 5 15117 »

contradicting the optimality of 2}. As a consequence, we have that lim_, %Hh;\ [2(< 2|hg11%) = 0.
To bound the first two terms, we use [6] (Lemma 11), ensuring that:

Otherwise, by optimality of hj}j, we have:

lim ||h} — hg|l = 0.
lim [|AX — holl = 0 (28)
Asa consequence:

e Forall z € RY, limy_,0 k% (x) — hi(z) = 0.

* h} is a bounded function.

We conclude that the first two terms tend to 0 as A — 0 by the dominated convergence theorem. We
thus have: limy_,o |[KALE(P || Q) — KL(P || Q)| = 0. O

19



D Proof of Proposition 2

As explained in the introduction, the Wasserstein gradient flow of the KALE does not have a known
expression, other than the abstract one given by Definition 3, applied to the KALE. Relying on the
formalism introduced in [3], we first show that KALE’s gradient flow admits the “traditional” form:

OKALE) 0
oP -

We start by giving an expression of the first variation of the KALE. This proof is the first in the
appendix that involves an implicit function theorem argument, which we justify at length. For brevity,

the same justifications will be skipped in other proofs relying on small variations around the same
implicit function theorem argument.

Lemma 2 (Differentiability of KALE).
Let Q € Py(RY), and N\ > 0. Then, the function P € Py(R?) —— KALE(P || Q) is Gateaux
differentiable w.r.t. P and admits the following first variation:
SKALE(P || Q)
oP

at]P)t — div (Ptv

=(1 * = P).
(1+MNh*, h argr}flea%(IC(h, )

Proof. Informally, computing the first variation of KALE w.r.t P can be done using a chain rule
argument:

SKALE  0KALE(h*(P),P) OKALE & OKALE| Oh* OKALE

P oP ~ TP " on lwOP " oP
where the second term is O given that h* is defined as maxpcy K(h,P). To make this discussion
rigorous, we need to make sure that * 8h ” (formally, the Géateaux derivative of the map P — h*(P))
exists.

We recall that given two topologically convex vector spaces X and Y, and a function f : X — Y,
the Gateaux derivative of f at = in the direction x € X is defined as:

Df(r:y) = lim o JE+0) — f@)

t—0 t

A complete argument for the differentiability of both /C and P — h*(IP) would require augmenting
the domains of functionals of interest from Py (R?) (which is not a vector space) by the vector
space of signed radon measures M (R?). We circumvent this additional step by simply considering
“admissible” directions y, such that f dx = 0. Noting h} = arg maxj, K(h,P + tx), we know given
Lemma 1 that A} verifies:

Pl ) 2 Va0, B) = [ ko)) + () = [ Ko, ex (0 () Qo) - A =0.

Thus, h} is defined implicitly through K’s optimality at h}. To study the differentiability of the
mapping ¢ — A}, it is natural to rely on an implicit function theorem argument on F : (H x R) —
. Similarly to implicit function theorems on euclidean spaces, we will need to invert Dy, F, (h, t),
the (Fréchet) differential of F w.r.t h. This differential is given by:

DILFX(h; t) == / kl(x’ ) ® k(xa )eh(x)d(@(x) -

L(h)

which is an invertible operator on H, given that L(h) is self-adjoint and positive for all h. We can
now apply an implicit function theorem on Banach spaces [30] (Theorem 5.9): For all y, there exists
a neighborhood of 0, V(0), such that the mapping ¢ € V(0) — hj is differentiable. The derivative
of h} at 0 is then the Géteaux derivative of h*(P) in the direction x:

Del () = [ (L(W) 4 A1) Gz, e
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To conclude on KALE’s first variation, we can rigorously write, using the chain rule of Gateaux
derivatives,

DpKALE(P || Q; x) = /h*(P)(m)dX($)+<Vh/C(h*(P),P),Dh*(P; X)) =/h*(P)dX
=0

which concludes the proof. O

We now show that the KALE admits strong Fréchet subgradients, and that they are equal to the
gradient of KALE’s first variation.

Lemma 3. A coupling v of the form (I x v)4Pq belongs to the extended (strong) Fréchet sub-
differential of KALE at P = Py if and only if v = V% = (1 + A)VhE Po-a.e, where
h = argmaxy, KC(h, Py) is the first variation of KALE at P = Py.

Proof. Using an analogue of [3, Equation 10.3.13] for the extended strong Fréchet subdifferential,
we have that:

v=(I xv)4Po € IKALE(P, || Q)

KALE(P; || Q) — KALE(P, || Q) > / (v — 2)To(2)dF (2, ) + 0(C2(3))

for any P; € Po(R?), 7 € I'(Py, P1). Note that without loss of generality, we switched the coupling
p € T(( x v)Po,P1) present in Definition 4 with a coupling 7 € I'(IPy, P1), a switch that is made
possible because of the specific form of v considered above, which is the one needed in Definition 3.
Our goal is to show that (I x v)xPy € OKALE(P || Q) <= v = (1+ A)Vh].

We first show the reverse implication, e.g. (I x (1 + A\)Vh§)xPy € OKALE(P, || Q). To do so, we
consider the following interpolation scheme between Py and P;:

P, = (tr* + (1 - t)7') , 7.

And note for each Py, h} = arg maxy, C(h, P;). Noting g(t) = KALE(P; || Q), we have:

g’(t)=(1+/\)/(y—x)TVhi(ter(1—t)$)d?(x,y), g"(t) = (L+N)((I) + (IT))

where
(0= [ =) (i + (1~ 00)(y - ) d3(z0)
dh} -
1= [w-a" (vt 0 -00) i)
(and we exchanged the t-derivative and V in (II)). From Assumption 2 we have that [|[Hh| <

1Rl \/Kg(;l < 47%, implying (I) < LIf\KN C2(%). Using an implicit function theorem argu-
ment, we have:

Q= (L) +AD) My~ ) ik
implying
d d
(I1) = / <Z(yz — ) Oikiyt (1—t)z» Z(yi —z;)(L(h}) + )‘I)_laikty+(1t)x> dy(w,y)
=1 =1
< S1cz)

where the last line was obtained using the Cauchy-Schwarz inequality on H, RKHS norm homo-
geneity, the §-bound on ||(L + AI)~!|, and then the Cauchy-Schwarz inequality on R?. Using now
Taylor’s inequality upper bounding the second derivative of g between ¢ = 0 and ¢ = 1, we have that:

9(1) — g(0) > / (v — 2) TV (2)d5(z.y) + O(C3()).
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Since O(C3(7)) = o(C2(7)), it follows that (I x (1 + X\)Vhg)xPy € OKALE(P, || Q).
0) # (1 4+ A\)Vh§. Fix u > 0, and choose an
A)
Vhg

T A
To prove the reverse implication, assume v(= (1 + \)
“adversarial” Py ,, defined as Py ,, = (x — z + u(1 +
coupling ¥ = (z x (x — x + (1 + Nu(v(z) —
inequality lower bounding the second derivative of g:

(0(x) — Vh§(x)))Po, with an associated
(x)))#Po. We then have, using a Taylor

9(1) —9(0) — /(y —2) (L + No(@)di(z,y) < [ (y—a) (1 +X)(Vhi(z) - o(z))di(z,y)

+0(C3())
< —u(1+ ) / 15(z) — Vhi ()| dPo (2)
+0(C3(%)
In the limit Py — Py, e g u — 0), the right-hand side scales in u, which is the same scaling
as Cy(7) = ([ |lo1 — mol” d (21, 22))/2 = u(1 4+ N)([ |6(x) — Vh§(z)||* dPo(z))"/2. Thus, it

follows that the inequality:

9(1) —9(0) - /(y — )" (1+ No(x)di(x,y) = o(Ca(7))
cannot be verified unless © = Vh{, Pya-e. O

We are now ready to make the following claim:

Proposition 7 (KALE’s gradient flow). The Wasserstein-2 KALE’s gradient flow of KALE on Po(R?)
follows:

O0KALE
ath’t —div (lP’tV ) =0

oP

Proof. This is a direct application of [3, Definition 11.1.1] using the expression of KALE’s strong
subdifferential of the form (i x v), P. O

Now that we identified the expression of the KALE gradient flow, we will show that the KALE
gradient flow admits a unique solution. To prove that the KALE gradient flow admits a unique
solution is to prove that KALE is — M -semiconvex, for some M > 0.

Lemma 4. P+— KALE(P || Q) is — K1at4 SISV =224 geodesically convex.

Proof. Let P,,IP, € Py(R%), and consider an admissible coupling v € I'(P,, Py) with associated
transport costs (for various p) Cp(v) = ([ ||z — y||” dy (=, y)) We consider (P¢))<,, (where
P, = (tn? + (1 —t)7) LA constant speed geodesic between P, and IP,. To prove the geodesic

convexity of the KALE, we follow a similar approach as in [16] (Lemma B.2). In particular, we
show that ¢ — ¢(t) = KALE(P; || Q) has an M C%(y)-Lipschitz derivative, with some M to be
determined. Using a similar implicit function theorem argument as in the proof of Lemma 2, we
have:

J(t) = / (x— ) TVRL (ty + (1 - )z)dy(z,y).

Given t1, t5, we thus have:
' (t1) — ¢'(t2)] < (1) + (1),

where:
| [ =07 (8 (= 10)2) = VB oy 1 2) ) o)
< bV Ratta = 10) [ 1o = ol ar(a) < 5220~ )G 0)
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and:

(1) = /(x — )" (Vhi, (tay + (1 — t2) ) = Vi, (t2y + (1 = t2) 7)) dv(,y)
/ Z <h§1 — B, 8kt2ya+£_t2)m > dvy(z,y)

2 [, - | Rt

< VR, 1) [V i)

(’? (ty — 1) K1aC3 (Pa, Py)

- A
where (i) follows from Cauchy-Schwarz on H, (ii) uses Cauchy-Schwarz on R< and (iii) relies on
Lemma § and Jensen inequality. We thus conclude that ¢(t) is M C3(v)-Lipschitz, with M =
% VEK24 and thus that KALE is —M-geodesically semiconvex O

dy(z,y)

The geodesic convexity of the KALE allows to conclude the proof of Proposition 2: indeed, since
the KALE is geodesically semiconvex in PP, and admits strong extended Fréchet subdifferentials, we
conclude that the KALE gradient flow solutions exist and are unique, as guaranteed by [3, Theorem
11.2.1]. O

E Proof of Proposition 3

We recall the following definitions: given a positive measure P, and a function f € C!'(R?), the
weighted Sobolev semi-norm of f is given by:

T ( / IVfIQdIP’)2

Note the important role of the weighted Sobolev semi-norm in the energy dissipation formula of
KALE’s gradient flow:

dKALE(P, || Q)

e = [T R =~ N Ty @9

By duality, one can define the (possibly infinite) negative weighted negative Sobolev distance [5]

between p and v:
[ fat-v)|.

As proven in [48], the weighted negative Sobolev distance linearizes the Wasserstein distance, and
one can formally write:

i =l = sup
71 iy <1

Wa(p, p+ dp) = [|dpll -1 gy + oldp).-
Moreover, for all f € C!(R?), and u € M(R?), one has:

[ £ <18 -1 (30)
To prove Proposition 3, we use the A-strong concavity of K(h,P) w.r.t. h:

KALE(P || Q) = (1 + N)K(h*, P) < (14 A)(K(0,P) + (r*, VAK(0,P)) — %Ilh*\l)

ST+ (W e — p) = / "(2) /h*( )dQ
S TN MMl g IP = Qllg-1@) < A+ NC Rl ) -
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Here we successively applied Eq. (30) and the hypothesis ||’ — Q| ;) < C. Recalling Eq. (29),
one has:

dKALE(P;, Q) KALE(P; || Q)2 d(1/KALE(P;,Q)) _ 1
< - == > =
dt C? dt c’
from which the desired inequality follows. O

Proof of Proposition 5 We rely on the proof technique used in [5, E.1]. From Lemma 7, we get
that assumptions A, D of [5] hold with L = /K K54 and A2 = Ks,. Moreover, we know from
Lemma 5 that h* is T-Llpschltz From these smoothness conditions, all steps in [5, E.1], follow
until:

KALE(P, 1 || Q) — KALE(P, || Q) < —v (1 - ;’v\/Ksz> Dg, (Pn) + 7V K2aBn |1*] D, (Pn)?.

Now, given that ||2*]|> < w and that %KALE(PM Q) < Dg, (P,,) we have:

KALE(P, ., || Q) — KALE(P, || Q) < — (1 - gv\/m) Dy, (Pa) + v\/zDﬁn (®.)
<7 (1 - 37\/1(1(%) Dy, (P

(iv)

< a4y (1 - ?m/m) 224 g2 ATE(P || Q)

(v)
< —TBKALE(P, || Q),

where (iv) uses the noise schedule assumption and in (v) we noted I' = 4~ (1 —3IVvK Kgd) If\%d
and the result follows as in [5].

F Proof of Proposition 4

We recall the update equations defining the trajectories (Y,Si) Vn<nomay. and (Yn(i) ) <rmax -

YO =YD — (1 + N VRL(YD),
o (31)

Vit = V0 =1+ )V (0.

N ) )12
We denote ¢, = |+ > E HYnZ —Y,"|| . Note that
i=1
2
]EW2(Pn ,lev ZE U Y75J21H } = 0121

The iterates c,, satisfy the following recursion:

e [

B 747 - 5 <0 () - o 5) ]

Cpn+1 =

IN

vy
vy

11+ |v [ 2Oy o (570 1
Sent T ;E Hwn(yﬂ) Vi (7 )H .

24
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Using a triangular inequality, we now split (A) into terms that will be handled differently:

Cns1 < Cn (1 +N) ZE [va —Vhr(T9) H }
@
b= f:E {Hvﬁ* (¥, —vﬁ*(y“))Hz} ! ZIEJ Mvm ~ V(Y H ]
VN\ = e mer VN

(i1) (ii3)

. .7 =N . . .
Where we introduced the notation b}, = arg maxy, K(h,P,, ), the witness function that estimates the

. . . =N .. . . .
true witness function A using P,, , the empirical version of P,,, instead of IP,,. Let us explain the
source of each of the terms in the last inequality:

* (i) comes from evaluating the velocity field E* at different points Y(i) and Yé“,

* (i) comes from using biased samples {Y,L )} Y, to compute h and unbiased samples
{Yéz)}f\él to compute h%.

* (iii) comes from the use of a finite number of unbiased samples to compute b .

After controlling (i), (ii), (iii), as detailed below, we get the following upper bound:

4V K Koy +K2d> n Y1+ A) | KKog(1+e%)
3 .

Cn+1 < Cn'y(l + )\) (1 + 2 N

We use [5, Lemma 26] to conclude:

\/ KKl + ) I G
n — e —1).
N 4vKKig+ Kaq
The result on EWs (P,,, P,,) follows by noting that EW, (BN, PY) < \VEWZ(PN, PN) by Jensen’s
inequality. O

F.1 Control of the 3 error terms

Controlling (i) To control the first term, we rely on the RKHS derivative reproducing property
[65]: % = (0;ky, h), Assumption 2, and on the uniform bound on ||h*|| (for all P, Q) given by
(Lemma 5) :

s SO - 12 16KK. N om]?
| VR ) = VR (79| ha| = =52 v -7

7 Yéi) - 8zk

a8

Consequently, we have

(= | S wRa?) - W) | < /T

A\F

Controlling (ii) To control (i7), we rely on Lemma 8, that guarantees that KALE(P || Q) is
—V{\(ld -Lipschitz in P and Q, when P(R?) is endowed with the Wasserstein-2 metric:
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[P0 - T = 32 (05 (0) - 0z v0))’
j=1

IN

N 2
Kld’h* e

Consequently, using Lemma 8, we have:

K?
“*1d W2 (HDN IP)N)

| VAL = VR )| < Sliwa @,

| /\

Kiq
WN

IN

W2(BY,PN) <

nir n

’2 Kiq

MWN

N
= (i) = = | SB[V (78 - v (7)
=1

Controlling (iii) In (iii), the witness function A% is an empirical version of h*. Repeating the first
lines of (ii), we have:

[0 ) - o] < sl - il

We could use the bound given in (i7) to get a bound on ||k}, — k||,

the Wasserstein distances scales in O(n~1/?), which is much slower than our target rate 1/v/N [63].
Lo Lo . = 2

Instead, we rely on the concentration inequality given by Lemma 6, ensuring that E Hh; —h H

8K
2K (1+e X )

N . Following this, we have:

o2 1 [2KKg(14e%)
E| @ <3 -
(4i7) Z Vh( — Vh*(Zy’) <3 N
G Auxiliary Lemmas

Lemma 5 (Uniform smoothness of the KALE witness function). Under Assumption 1, and for all P,
Q, the following inequalities hold:

)\ * *
S B < KALE(P || @) < 2VE 0],

implying ||h*|| < @. We also have the finer estimate ||h*|| < %@P”Q).

Proof. The right inequality follows from the proof of Proposition 3. Indeed, we have:

KALE(P || Q) < (1", e — pg) < A"l (lpll + llnell) < 2VE [[A*]].
The left inequality can be noticed using KALE’s dual formulation Eq. (6)

2

KALE(E || Q) = [ (f(og f* = 1) + 1) aQ+ H [ rna

(32)

A 2
= ||r*|".
2

_2AH/f* dQ(z

To get the finer estimate, we keep track of 3 [|h* ”H term. By convexity of exp, we have:

1+/th / ehdQ — ||hH2g/hdpf/thf%HhH?.

K(h,P)
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Recalling now that C(h*,P) > K(0,P) = 0, we must have:
A
h*dP — /h*d@ -3 [R*)* >0

o < 2eal
— |In*] < el

Where the last line used the Cauchy-Schwarz inequality. [

Lemma 6. Under Assumption 1, and using the notations of Appendix F, we have:

2K(1+e%)

EHE;—h;HQS N2

AN

Proof. We first notice, as explained in [6] (Proposition 12), that HﬁfL —h;‘LH
1 ’VZ(h,*l) —VL(h)|| where £ = 1 + [ hdP — [ e"dQ is the KL objective, and L(h) =

[ hdPY — [ ehdQN + 1 is its empirical equivalent. We then use [59] (Proposition A.1, notice
that their statement also holds for (E|| [ rdP,, — [ rdP||?)!/2), to get:

E va(h;) —VL(hY) i

’ gIEH/k:(x,-)dIP’n —/k(x,-)d@’iv

2
+E H/ k(z,-)e"dQ — / k(z,-)edQN
_K(@+e®) 7
- N
where we used the Cauchy-Schwarz inequality on H and Lemma 5 to bound the squared norm of
x— k(z, et (@), O

Lemma 7. Under Assumption 2, The maps © — kgg(é k(x,-)) and x — Vk, are differentiable.

Moreover, we have
[k — kyll < vV Kiallz =yl
Ik, — Vi, | < V/Kaa 12—yl

Proof. We prove the differentiability and the Lispchitzness property for the map = —— k,; the
arguments can be straightforwardly adapted to the case of x — V k. To prove the differentiability,
we build upon [58, Lemma 4.34], that guarantees that x — k(x, -) admits partial derivatives for all 4,
noted 9;¢(x). We finish the proof by construction: let D¢)(x) : R? — H our candidate differential,
defined as Do(z)(A) = Zle A;0;¢(z) forall A € R, We show that D¢(z) is the differential of ¢
at x using a simple telescopic argument: letus note (x + A),; = (x1+Aq, ..., 24+, Tig1, ..., Tq)
forany i € {0,...,d} with (x + A).o = z by convention. Then:

1

de+A)— (@) =D dx+A)i—d((x+A))

i=d
Knowing that ¢((z + A).;) — ¢((z + A).i—1)) = %id((x + A).i—1)A; + 0o(]A;]), we have:
d
¢(x+A) = ¢(x) — Do(x)(A) = Z (Gid((2 + A)i1) = 9ip(x)) Ai + 0(|As)
d
= ll¢(z + A) — ¢(x) — D(z)(A)]| < Z\Ai\ 10:¢((x + A).i1) — Big(x) || + o((A]l})

From [58, Lemma 4.34], we have: that:
10:6((x + A)1) — Bip()|* = A— B
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where
A=0;0iyak((x + A1, (@ + A) 1) — 0;0irak((z + A):i—1, x))

B = 8182+dk((x —+ A):i—17 QC) — 8i8i+dk(:r, iL’)
Since 0;0;+qk(x, x") is continuous, both A and B tend to 0 as ||A|| tends to 0. Thus, we have:

U

lp(z +A) = ¢(x) — D Z (1A:]) +o([[Ally) = o([[All)

by equivalency of ||-||, and |-, in R<.
Lipschitzness is guaranteed by bounding the operator norm of D¢(z):

De(z) = sup [Dé(z)All <Z|A |2ip(@)ll < \/1A] D(@)||* = VK

Lemma 8. Forany Py, P, € PQ(Rd) with associated KALE witness functions h{, h}, we have:

Int = hg* < 7VVQ(I%,IW-

Proof. The optimal functions hj and hj are characterized by the following optimality condition:

/k(x, NdP — / k(z,-)e" dQ — Ah* = 0.

Let us now pose dP, = dP + tdx with dy = dP; — dPy, and its associated witness function h}.

Using an implicit function theorem argument [30] between ¢ and h}, we can write, with notations of
Appendix D:

dhy

dt

The operator L is the covariance operator of the measure Q = " Q. This operator is compact given
that k is bounded by Assumption 1. Using the spectral theorem on Hilbert spaces, we know that there
exists a complete orthonormal system of eigenvectors of L, with associated eigenvalues { ;1 }

= (L(hY)+AD)~" / k(z,-)(dPy — dPy).

i€N

for any ¢. The operator (L + AT )71 admits an identical eigendecomposition, with eigenvalues

{ﬁ} : thus, the operator norm of (L + A\I)~! is upper-bounded by 1/)\. We can thus extract
it ) 4N

a bound on ||h} — hj||:

bt — ha|? = H/ L(hY) + D) (/k:(x,-)(d]P’l—dPo)>dt

2
dt

2

L(h}) + ) / k(z,-) (dPy — dP,)

2

1 2

<[ e

0
1

<[ /k(a»(dpl—dpw at =1

Now, let v € T'(P1, P). Then one has:

/ k(z,-) (dPo — dP) = / (k(z,) — k(y, ) dv(z, )

| ki aro - oz

Where we applied first Jensen’s inequality and Lemma 7. O

/ k(l’, ) (d]P)l — d]P)())

/ k(. ) — Ky )| dv(z, )

< Kld/ |z -yl dv(z,y) = K1aWa(Po, P1)?
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H Details of Numerical Experiments and Impact of Noise Injection

In this section, we provide further details on the experiments in the main paper. The step size + used

for the KALE particle descent algorithm scales with A as min (0.1, 1%) For all experiments, we used

a Gaussian kernel k(z,y) = exp(—%). The kernel width o is described for each experiment
set.

“Three rings” experiments For this experiment, the number of particles in each distribution was
N = 300, and we used the Newton algorithm to compute the KALE. We used a kernel width o = 0.3.
We show in Fig. 4a the impact of noise injection with a constant noise schedule of 3,, = 0.3.

KALE (A = 0.001) KALE (A = 0.001)
‘\ — B=01 — B=005

f=0 100 3=0.1
100 \ — =0

0 20000 10000 60000 80000 100000 0 250 500 750 1000 1250 1500 1750 2000
iteration iteration

(a) “Three rings” (b) “Shape transfer”

Figure 4: Impact of noise injection on the KALE value during a KALE particle descent algorithm.

“Shape transfer’” experiments For this experiment, we used artificial data from the same source as
[41]. We sub-sampled both shapes to N = 2000 points, and used a kernel width of o = 0.3, as well
as A = 0.001. Because the number of particles is higher in that case, we used a coordinate descent
algorithm to compute KALE, that has a complexity in O(N?). We show in Fig. 4b the impact of
noise injection with a constant noise schedule of 3,, = 0.05. For this experiment, we also show
empirically that while using a small amount of noise lowers the final KALE value when compared to
the unregularized KALE flow, a too large noise level 8,, = 0.1 results in a larger final KALE value.
We hypothesize that that noise schedule did not respect the assumptions made in Proposition 5.

“Mixture of Gaussians” experiments For this experiment, we used N = 240 particles for each
distribution, and a standard deviation of 0.25 for each target Gaussian. We used the Unadjusted
Langevin Algorithm [20] to simulate a KL gradient flow with step size 0.001, and the MMD particle
descent algorithm of [5] to simulate a MMD flow with step size 0.001. For both the MMD and the
KALE, we used the same Gaussian kernel with kernel width o = 0.35. We show the impact of noise
injection for the KALE flow with a constant noise schedule 3,, = 0.3 to regularize KALE flow with
A =0.001, 0.1 and 10000.

KALE (\ = 0.001) KALE (A = 0.1) KALE (A = 10000)

— B=03 104 | — B=03 | — B=03
— B=0 \ — B=0 — B=0

107!
1071

1072

20000 40000 60000 0 20000 40000 60000 0 20000 40000 60000
[teration [teration [teration

Figure 5: Impact of noise injection: Mixture of Gaussians experiments
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