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1 Introduction

This report is devoted to the continuous estimation of an e-assignment(Definition 1).
Roughly speaking, an e-assignment between two sets V7 and V5 may be understood as
a bijective mapping between a sub part of V3 and a sub part of V5. The remaining
elements of V; (not included in this mapping) are mapped onto an € pseudo element of
V5. We say that such elements are deleted. Conversely, the remaining elements of V5
correspond to the image of the € pseudo element of V; (Figure 1). We say that these
elements are inserted.

Let us note that if V; and V5 have the same size, the bijective mapping induced by
an e-assignment may involve all elements of V7, each element being mapped onto a single
element of V5. In this sense, an € -assignment is more general than a bijective mapping.
Moreover, the main advantage of an e-assignment is that it provides us the freedom to
not map any element which is then assigned to the e element of V5 or belong to the
image of the e element of V;. This last property allows us to reject some mappings if for
example, these mappings are associated to a large cost.

An e-assignment function may be associated to an e-assignment matrix (Figure 1(b))
just like any bijective mapping is associated to a permutation matrix. Given two sets, V3
and V; of respective sizes n and m, an e-assignment matrix is encoded by a (n+1)x (m+1)
matrix, where n+ 1 and m + 1 play respectively the roles of the € element of V; and the
one of V5. The last column of index m + 1 of such a matrix encodes the deletions while
the last line encodes the insertions. By construction, there is a single 1 in each of the
first n rows and m columns, the remaining elements being set to 0.
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Figure 1: (a) An example of e-assignment function. 1 is mapped onto b, 2 onto a, 3 is
deleted. (b) its associated e assignment matrix



Given V; and Vs, one can define a (n+ 1) x (m+ 1) cost matrix encoding the cost of
the mapping of any element of V; onto an element of V5 as well as the cost of deleting
each element of V; and inserting each element of V5. Finding an e-assignment minimizing
the sum of mappings, deletions and insertions costs is a direct extension of the Linear
Sum Assignment Problem (LSAP) called the Linear Sum Assignment Problem with
Edition [1] (LSAPE). Given an e-assignment matrix X and a cost matrix C, this cost

may be formulated as:
n+1m—+1

Ir}%n; ; Ci,jTi,j5
where X is taken over all e-assignment matrices.

We define in previous works [2, 1], an adaptation of the Hungarian algorithm which
allows to find an optimal solution to the above problem in O(min(n,m)? max(n,m)).
However, while providing an optimal solution, this algorithm does not readily allow the
computation of the gradient of the associated operation. This last drawback, does not
allow to easily insert such an algorithm into a deep learning pipeline. On the other
hand, the Sinkhorn algorithm [6], is based on a continuous relaxation of the problem
where permutation matrices are replaced by bi-stochastic matrices with an entropic
regularization. This algorithm is the workhorse of computational optimal transport [4]
and is based on iterative matrix multiplications hereby allowing the backpropagation
of the gradient [3]. The aim of this technical report is to transpose the results of the
Sinkhorn algorithm to e assignment matrices. Just like the Sinkhorn algorithm which
does not provide a permutation matrix but rather a bi-stochastic matrix, our algorithm
will provide an € bi-stochastic matrix (Definition 3). This last point may be of advantage
within the Neural Network framework where the hard decisions corresponding to e-
assignment matrices may not allow a proper propagation of the gradient.

More formally, given a similarity matrix S (which may be easily deduced from a cost
matrix), we aim at finding two diagonal matrices Dy and Dy such that D1SDs is a €
bi-stochastic matrix. Section 2 provides the main definitions and notations used in the
remaining part of this report. The existence and uniqueness of a solution is demonstrated
in Section 3 while Section 4 provides a constructive algorithm which convergence is
demonstrated. Let us note that while Section 3 is a simple adaption of the original
proof [6], Section 4 is significantly different from [6] since the arguments used for bi-
stochastic matrices in the original proof do not hold for € bi-stochastic matrices.

2 Definitions and notations

Definition 1 (e-assignment).
Let n and m be two strictly positive integers. An e-assignment is a mapping ¢ :
{1,...,n+ 1} = P{1,...,m+ 1}) satisfying the following constraints:

Vie{l,...,n}, lo(7)]
Vie{l,...,m}, [ (j) =1
m+1epn+l)

where P({1,...,m+ 1}) is the power set of {1,...,m + 1}.

Each element of ¢ € {1,...,n} is thus mapped onto a set composed of a single
element of {1,...,m 4+ 1} (J¢(i)] = 1) and in the same way the set of antecedents of
each j € {1,...,m} is reduced to one element (|¢~*(j)| = 1). Hence the only element
of {1,...,n+1} which can be mapped onto a set composed of several elements is n + 1.
In the same way, m + 1 is the only element which may have several antecedents. The
constraint m + 1 € ¢(n + 1) ensures that n + 1 is mapped to at least one element and
that m + 1 has at least an antecedent.



In the example of Figure 1 we have n = 3 and m = 2. Elements 1, 2, 3 are respectively
mapped onto {b}, {a}, {3}. Where the last mapping corresponds to a deletion of 3 (which
is mapped onto m+1 = 3). Consequently m+1 = 3 has two antecedents 3 and 4 = n+1.

Definition 2 (e-row/column stochastic matrix).
A non negative (n+ 1) x (m + 1) matriz X is called an e-row stochastic matriz iff:

m—+1
Vie{l,...,n} ZXi’j:1
j=1

X is called an e-column stochastic matriz iff:

n+1
Vie{l,...om} Y Xi;j=1
=1

Definition 3 (e-bi-stochastic matrix).
A non negative (n+ 1) x (m + 1) matriz X is called an e-bi-stochastic matriz iff:

Z;‘nztlxi,j =1 Vie{l,...,n}

Z;jll X.;=1 Vje{l,...,m}

Tn4+1,m+1 = 1

If X € {0,1}(n+0xm+1) " X s called an e-assignment matriz and there is a one-to-one
mapping between e-assignments and e-assignment matrices.

Let us note that any e-bi-stochastic matrix is a bi-stochastic matrix on which the
bi-stochastic constraints are relaxed on the last line and last column. So any squared
bi-stochastic matrix is also an e-bi-stochastic matrix (the reverse being obviously false).

Definition 4. e-diagonal

If Ais a (n+1) x(m~+1) matriz and ¢ an e-assignment then the set Ay ,(1), -+ - Apt1,p(m+1)
is called an e-diagonal of A corresponding to . if A is squared and ¢ is the identity,
the diagonal is called the main diagonal.

Note that aj (1), -, an,pn) is a sequence (as (i) is unique for i € {1,...,n} while
Unt1,0(nt1) 1 @ set). The above definition is a straightforward of the usual notion of
diagonal where ¢ is required to be a permutation. In the following we will only consider
e-diagonals of matrices which will be simply called diagonal.

Definition 5. total support

If A is a nonnegative matriz, A is said to have total support if A # 0 and if every
positive element of A lies on a positive e-diagonal. A nonnegative matriz that contains
a positive diagonal is said to have a support.

If 1 and v define set of indices respectively contained in {1,...,n+1} and {1,...,m+
1} then :

o Alu,v] denotes the sub matrix of A restricted to indices p and v,

e A(u,v] denotes the sub matrix of A restricted to indices not contained in p, i.e.
{1,...,n+ 1} — u, and to the indices contained in v,

e Alu,v) denotes the sub matrix of A restricted to indices contained in p and not
contained in v, i.e. {1,...,m+ 1} —v.

o A(u,v) denotes the sub matrix of A restricted to the indices not contained in
and v.



Definition 6. Secable rectangular matriz

A rectangular n X m non negative matriz A is said to be secable if one can find :
e q partition of {1,...,n} into two sets X and Y and
e q partition of {1,...,m} into two sets Z and T

such that:
AX,T] =0 and A]Y,Z] =0

7 T
X AX.7Z] 0
Y 0 AY,T]

Let us note that this notion of secable matrix is quite close from the one of block
diagonal matrix. However, A[X,T] is not required to be squared.

3 Existence and uniqueness

Theorem 3.1. Let A be a nonnegative (n+1)x (m~+1) matriz such that A[{1,...,n},{1,...

does not contain any line or column filled with 0. A necessary and sufficient condition
that there exists an € bi-stochastic matriz B of the form Dy ADy where D1 and Dy are
diagonal matrices with positive main diagonals and a last entry equal to 1 is that A has
total support. If B exists then it is unique. Also D1 and Do are unique if and only if A
is non secable.

Proof. Let us suppose that B = D1 ADy and B’ = D} AD), are e-bi-stochastic matrices
where Dy = diag(xy,...,%n,1), Dy = diag(y1,...,Ym,1) , D} = diag(z,...,x},1) and
Dy = diag(yy, .. Y 1). p; = 3t and ¢; = 1

n+1
Zmiaijyj = LVj=1,...,m; (1)
=1
m—+1
Z T;Q;5Y5 = I,Vi: 1,...,7’L (2)
j=1
n+1
> piwiaiqy; = LVi=1,...,m; (3)
=1
m+1
Z piaciaijqjyj = I,Vi = 1, ... n (4)
j=1

Let E; = {ila;; > 0}, F; = {j|a;; > 0} and put
a={ic{l,...,n}p; = min; p; =p}, B={je{l,...,m}lq; = max; ¢; =G}

Let us note that since 41 = Ymy1 = 541 = Yppy1 = L Wehave ppy1 = g1 = 1,p <1
and g > 1. Moreover, we have by hypothesis E;N{1,...,n} # 0 and F;N{1,...,m} # 0
for all (4,7) € {1,...,n} x {1,...,m}.

Let us fist show that a = ) < 5= 0.

If « = 0, then For all i € {1,...,n} p; > 1. Then using equation (3), we have for
any j € {1,...,m}:

n+1 n+1
1= pimiaijqiy; > ¢; Y wiaiy; = 4
=1 =1



Hence ¢; < 1 for all j € {1,...,m} and thus 8 = 0.
Conversely, if 3 = (), we have ¢; < 1 for all j € {1,...,m} . Using equation (4) for
ie{l,...,n}k

m—+1 m—+1
1= Z Pi%i0ijq5Y; < Pi Z Ti0ijY; = Pi
i=1 i=1

Hence, p; > 1 foralli € {1,...,n} and a = 0.
In this case we consider the alternative definitions for o and f3:

{a = {ie{l,...,n}p; = max; p; =P},
B {7 €{1,...,m}g; = min; ¢; = ¢}

Since p; > 1 for all i € {1,...,n} and ¢; < 1 for all j € {1,...,m},a and (3 are non
empty.

Using initial definitions for o and 3, let us thus consider iy € a and jy € 5. Then
using (3):

1 1 .
qjo = 1 S 1 = p
Z?:l PiZiQijoYjo Pig E?:l LiQijoYjo 0
where the last equality comes from (1). Similarly, using (4):
1 1 .
pio = > = q]O

m+1 = m-1 -
D1 Ti0GqY; Qo 2aj—1 TilijY;

where the last equality comes from (2). Whence ¢;, = pijl = B’l. But in this case, we
have using (3):

n+1
- - Di -
PiTiQi50450Yj0 = PiTiQij050Yj0 = —ZiGijoYjo =
i=1 1€ Ej, i€ By, p

This last equality is compatible with (1) only if p; = p for all i € Ej,. Dropping sub
indices, we have for all j € 8 and all i € E; p; = p. Thus

UE Cau{n+1}.
jep

Hence if j € B and i ¢ aU{n+1},i & ;5 Ej. So a;; = 0. More concisely, we have:
A(aU{n+1},5]=0.
In the same way, p;, = qj_o1 =g ! implies using (4):

m—+1

”
D PioTinini Gy = Y gjfcioaiojyj =1

j=1 jEF,
which is compatible with (2) only if ¢; = g for all j € F;,. Thus for all i € « and for all
j € F; we have ¢; =¢. Thus
U F cBU{m+1}and Ala, BU{m+1}) =0
i€
On a x 3 we have p;q; = pg = 1. Thus:
bij _ Y

T )
TilYj L;Y;

aij = = piq;bi; = bi; = bij = by

Hence B|a, 8] = B'|«, (]



Moreover, for any j € S we have:

n+1 n+1
> bij =Y miaiy; = ) may; = Y, magy = Y bij=1
i=1 =1 1€E;CaU{n+1} i€aU{n+1} i€aU{n+1}

In the same way, we have for any j € ﬂ,ZiEau{nH} b;hj = 1. But in this case using
Bla, 8] = B'[a, ], we have for j € :

L= > b= bt =) b+l

icaU{n+1} i€ i€

Thus 1=by41,j+0b;,,1 ; = 1 which induces by, +1,; = b;,; ; which imposes g = 1. Indeed,
since j € 3, we have ¢; = q and ¢;by11,; = @bp1,; = b1 ;-
In the same way for i € a:

m—+1 m—+1

Z bij = Z TijY; = Z Ti; Y = Z Ti; Y5 = Z bij =1
j=1 j=1

JEF; CBU{m+1} JjEBU{m+1} JjEBU{m+1}

and we have in the same way for i € a, Y = 1. We then obtain for i € a:

b/
JEBU{m+1} 7ij

Z b, = Zb;‘,j + Vg1 = Zbi,j + Vg1

JjeBU{m~+1} Jjep JjeB

Using the previous equality 1 — b; 11 + b5, = 1, hence b; 1 = b}, and p = 1
(since pbiny1 = b] ,41)-

Thus BlaU{n+1},U{m+1}] = B'laU{n+1},3U{m+ 1}] is an € bi-stochastic
matrix (where n 4+ 1 and m + 1 plays the role of the last row and column respectively).

Let us briefly show that {1,...,n} —a and {1,...,m} — 8 are simultaneously empty
or non empty. Let us fist suppose that o = {1,...,n} and let us consider j ¢ SU{m+1}.
Since E; N{1,...,n} # 0 by hypothesis, it exists ¢ € {1,...,n} = a such that j € F;.
But since i € a, we have F; C S U {m + 1} and thus a contradiction. In the same way,
if 3 ={1,...,m}, let us consider i € a U {n + 1}. Since F; N{1,...,m} # 0, it exists
jeA{l,...,m} =B such that i € E; C aU{n+ 1}. Again a contradiction.

If A is non secable the configuration where both {1,...,n} —a and {1,...,m} — 8
are non empty correspond to a partition of {1,...,n + 1} into o U {n + 1} and its
complementary and a partition of {1,...,m+1} into SU{m+1} and its complementary
with no connections between o U {n + 1} and the complementary of 83U {m + 1} nor
any connection between U {m + 1} and the complementary of a U {n + 1} (Figure 2).
Such a decomposition being refused, we have o = {1,...,n} and = {1,...,m} Hence
AloU{n+1},pU{m+ 1}] = A and D1ADy = D{AD) and D; and D, are unique
(P=T=Pns1 = qms1 = 1).

If the non secable property of A does not hold and A(a U {n + 1}, 3] and Ala, S U
{m+1}) exist, B(a, 8) and B’ (a, ) exist, include the row n+ 1 and the column m + 1,
are € bi-stochastic matrices and have a size lower than the one of A. Furthermore,
B(a, ) = D"1A(a, B) Dy and B'(«, 8) = D{"A(a, 8) D3 where D;" and DY’ have like
D; and D) (from which they are derived) a positive main diagonal with a 1 at last
position. The argument may be repeated on these submatrices until D1 ADy = D] AD)
is established. Given that B(a, 8) = B'(«a, ), we already know that BlaU {n +1},8U
{m+1}] = B'[aU{n+1}, BU{m+1}] and that A and hence B and B’ are zeros elsewhere
(Figure 2). Hence B is equal to B’. Note however, that since aU{n+1} # {1,...,n+1}
(and the same for 8) D; and Ds are no longer unique.

O



m+1

B(a, B)

n+1

Figure 2: Decomposition of matrix B.

4 A constructive algorithm

For any ¢ € {1,...,n} and any j € {1,...,m} let us consider the series (z;,)pen and
(yj.p)pen defined as follows:

-1
. 41 _
{ V1 c {1, e ,TL} ZTio = (Z;n:l (lm‘) xi1p+1 = XL;CELP
. -1
v] S {L s 7m} Yjo = 1 Yjp+l = ’Yj,p Yip
Moreover we also define:
. +1 +1 -1
Vie{l,....n}  Xip = D501 TipGi¥ip = Doiet Vyp-1%ip®iiYip—1
. +1 -1
Vie{l...,m} vip = 3000 XipTipQiYip
with for all p:
Tnilp = Ymiip = 1
Xn+lp = Ymtlp = 1

Let us denote by L), the (n+1) x (m+1) matrix whose entries in n x (m+1) are equal to
(@ipa; jyjp—1) and whose last row is filled with zeros but a 1 at position (n+1,m+1).
In the same way let us denote by C, the (n + 1) x (m + 1) matrix whose entries in
(n+1) x m are equal to z; pa; ;y;, and whose last column is filled with zeros except a
1 at position (n+ 1) x (m + 1).
Ifx, € R"*! and Vp € R™*! denote the vectors encoding respectively (Xip)ic{1,...n+1}
and (7j,p)jef1,...,m+1} We have for p > 1:

—1
Xp = LP’yp—l 5
{ v o 5)

L, is row stochastic. Indeed, for any ¢ € {1,...,n} and p > 1:

m+1 _ m—+1
Z]’:1 (Lp)ij = Zj:l Li,pQi,jY5,p—1
m+1 -1 ) o
Zj:l Xz’,p—%xupflamyy,p*l
— 1 m+1 s
= Xip-1 Zj:l Li,p—10Qi,5Yj,p—1

and the last line of L, contains a single entry equal to 1.
Moreover, C), is column stochastic for p > 1. Indeed for each j € {1,...,m}:

+1 +1
it (Cpliy = Z?lexi,pai,jyj,p

i '
D it Xip—17Vjp—1Tip—10i jYj,p—1

— -1 n+1 - . ...

= Yjp-1 Zi:l Xi,p—1%i,p—1Qi,jY5,p—1



T1,p01,1Y1,p—1 T1pA12Y2p—1 --- T1p@lmYmp—1 T1,pAl,m+1

T2p021Y1,p—1 T2pa22Y2p—1 .- T2pA2mYmp-1 T2pA2m+1
L, =
Tnpdn1Y1,p—1 Tn,pltn2Y2,p—1 -+ TnpAnmYmp—1 Tnplnm+1
0 0 - 0 1
T1pa11Y1p  T1p012Y2p oo T1p@imYmp O
T2p021Y1p  T2p022Y2p --- T2p02mYmp O
Cp, =
Tppln1Ylp Tnpin2Y2,p - TnplnmYmp O
An+1,1Y1,p Gp41,2Y2.p cee Ap4+1,mYm,p 1
T1,pA1,1Y1,p T2 pA21Y1,p -+  Tnpln1Ylp Ap+4+1,1Y1,p
T1,pa1,2Y2,p T2 pA22Y2p -+  Tnpln2Y2p An+1,2Y2,p
T _
Cp =
T1,p01,mYm,p T2,p02.mYm,p -+ TnplnmYm,p On+1mYm,p
0 0 o 0 1

Figure 3: L, and C, matrices.

Note that Cy is not column stochastic. One noticeable effect of this negative property
is that 9 # 1 while xo = 1.

Moreover the last column contains a single positive entry equal to 1. Hence CpT is
row stochastic and equation 5 involves two row stochastic matrices.

Combining both equations of 5 we have:

1 a1
Xp =Ly (CpT—1Xp—11)

where the inverse notation applied to a vector denotes the element-wise inverse operation.
Since L, is row stochastic, we have:

_ —1
Yo —1= Ly [(CLg) " —1]
Using % —-1= sz we obtain:
_ _ -1
o= 1= Ly [(1=CLgh) @ (CFigh) ]

where @ is the element-wise product also known as Hadamard product. Since, for p > 2,
C’gfl is row stochastic we have C’g 11 =1 and thus:

xp—1 = L, [(03:1 (1 - X;—ll)) © (Cgflxzjfll)_l}

Lydiag (CE,1X;_11)_1 Cprl (1 - X;—ll)

Using 1 — % = g”r;l we obtain:

. — -1 —
Xp — 1 = Lpdl(lg (Cg—IXpEI) C}?—l (prl - 1) © prll

. Pl . N
= Lydiag (Cprqu_ll) Co_ydiag(xp—1)"" (Xp—1 — 1)
= Lypdiag (vp-1)~ CpT—ldmg(prl)fl (Xp—1—1)



Moreover the left and right multiplications of CT 1 by dlagonal matrices is equivalent to
a multiplications of its lines by 7;_11 and its columns by Xp_1- More precisely we have:

diag(wi )7 CT diag(xp-1) "t =

-1 -1
X1 €_1’71,p 121,p—101,1Y1,p—1 A f_l’h’p 1Tn,p—10n,1Y1,p—1 M,p—1Gn+1,1Y1,p
X1,p—172,p—1%1,p—1012Y2p—1 -+  Xpp-172p—1Tn,p—10n,2Y2,p-1 Y2,p—19n+1,2Y2,p
-1 -1 — -1 -1
X1,p—1Tmp—1T1p=101,mYmp—1 -+ Xnp—1Tm,p—1Tnp-10nmYmp—1  Vm p—19n+1,mYm,p
0 - 0 1
T1,p01,1Y1,p  X2,p02,1Y1,p  ---  Tn,plni¥Yip An+1,1Y1,p
L1,pa1,2Y2,p Z2,pa22Y2,p  ---  Tnpln2Y2yp Ap+1,2Y2,p
_ . _ T
= : - Op
T1,p01,mYm,p L2pa2mYm,p --- TnphnmYm,p An+lmYm,p
0 0 . 0 1

Hence we have:
Vp=2 xp—1= LpOpT(Xp—l -1) (6)

As L, and CZ; are row stochastic matrices, so is chg . Moreover, LpC’pT is a square
(n+1) x (n+ 1) matrix. Let us note that due do this row stochastic property the last
equality is equivalent to:

Vp>2 xp=LCp xp1

Examining more precisely the matrix LpC’pT we have:

(LPC%:)’L'J = TipTjp I pe1 ik kYk.pYkp—1 v(i,j) € {1,...,n}?
(ch%)n+1,j = 0 Vj e {1, e ,TL}
(LpC) )in+1 = Tip > opeq Giknt1 kYkpYkp—1 + TipGimi1 Vi€ {l,...,n}
(LpCp Intinyr = 1

Let us note that ¢ and j may be interchanged in the first equation above. Hence:
V(LJ) S {]., Ce ,n}2 (chg)i,j = (L;ch)jyi

Moreover we have for all (i,7) € {1,...,n} x {1,...,m}:

m41
_ m+1 _ Zj:1 aij
Xi0 = xiOZj 1 @i Y0 = S =1
n+1 Jnjrl ' a; j
Yo = it Xq, 095Z 0GijYj0 = Dl VERTTE
j=1 @i,

Since the sum of a line (or a column) of A cannot be equal to zeros, it exists two positive
numbers v,% such that:
0<yl < <Al

‘We have thus:

0<yl < 7 < 71
v < ! < 471
711 < L' < 7l
0<7 'l < xu < 771

where the last inequality is deduced from the fact that x; = L1y, ! and the fact that
all the entries of Ly are non negative.
Hence using (6) and a basic recursion we have :

Vp>1, 0<y 1<y, <y 1



Using v, = CpT Xp I which is row stochastic we obtain:

Vp>1, 0<y1<y,<A1

From now on, let us suppose that all entries of the last column and the last line of
A are positive.

Let us suppose that for some i € {1,...,n} we have lim, | z;, = +00. Since we
have:

m
Xi,p = Tip E @i, jYj,p T Gim+1
j=1

we also have lim,_, { » Xs,p = +00 which is impossible since  is bounded. It exists thus
an upper bound M, such that:

Vie{l,....n+1}Vp>2 x;, <M,

In this case we have:

n+1 n+1
L=yipr1 > i @ipi1 < Yipr1Me Y aij < yjpi Ml AllL
i=1 i=1
Hence we have: )
Yip+l = A
P Mo || Allx
In the same way, let us suppose that for some j € {1,...,m} we have lim,_, . y; , =

+00. Since we have:

n
. e . 71 .. . .
Yi.p = Yip Xip@®i,jTip + Anyl,j

i=1
we also have lim,_, o 8, = +00 which is forbidden since v is also upper bounded.
So, it exists an upper bound M, such that:

Vie{l,....om+1},Yp>2 y,;, <M,

In this case we have:

m—+1 m+1
L=Zipi1 Y Gijljp < TippiMy Y @i < 2ipi1 Myl| Al
i=1 j=1
Hence:
1

T; >
= M)Al

1. The series (z;p)p and (yjp)p being both lower bounded, all non zeros entries
of LpC’pT are lower bounded by a positive value. Moreover since LPCE is row
stochastic, all its entries are bounded by 1. We say that the entries of LPCE are
uniformly positive.

2. Moreover:

m

Vie{l,....n} (LyCplis =27, Y (i) Yk plkp—1
k=1

Since both series (z; ), and (y;,)p are lower bounded and that a line of A can-
not be equal to zeros, we have (LPC;;F )ii > 0. Let us additionally note that

(LpCpT)n+1,n+1 =1>0.
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3. Let us consider the Graph G(L,CJ') = (V,E) where V = {1,...,n + 1} and an
edge (i,) connects node i to node j iff (L,CJ');; > 0. In this case since for any
i€ {l,...,n}, (LpCl)imn+1 > Tipaimer > 0. The node n + 1 is adjacent to all

nodes in {1,...,n}. Conversely, since (LC} )nt1,; = 0 for all j € {1,...,n}, no
node j is incident to n+ 1. The node n+ 1 defines a source component. Moreover,
for any pair (i,j) € {1,...,n}?, since (L,Cl);; = (L,Cl); i, node i is adjacent

to node j and vice versa. Hence n + 1 is the only source component of G (LpC'pT )
which is thus quasi-strongly connected.

Using [5], Lemma 3 with T=1 we can conclude that x converges towards a consensus
of the form cl. Since the last entry of x is a constant equal to 1 we have ¢ = 1 and:

lim x,=1

p——+oo
Since Cg is row stochastic we have:

. o T, 1 _
pggloo T = pggloo Gy =1

Li,p
Tipt1
Hence (), converges. The same argument holds for (y;,)p-

Let us consider the two diagonal matrices D1, = diag(z1,p,...,Tnt1,p) and Dy =
diag(y1,p, - - - Ym+1,p) together with the matrix S, = Dq p,AD,,. By construction we
have for any i € {1,...,n}:

Since x;., = converges towards 1, (z; is a Cauchy serie in a complete space(R™).
P »)p

m+1
(Sp1)i = D @i pti jYsp = Xip
i=1

Thus: lim, 0 (Spl); = lim,_yoo Xip = 1. The matrix S, converges thus towards an €
row stochastic matrix.
Moreover, for any j € {1,...,m}:

n+1 n+1
(Sp1); = E :mz,paz,yyj,p = E :x%,erlaz,Jyj,p + (Tip — Tip+1)aijYjp
i=1 i=1
Since z; , converges for any i € {1,...,n+ 1}, y;, is bounded, and the above sums are

finite, it exists for any 1 > 0 a value py such that for any p > pg, we have :

n+1 n+1
E ZipQijYjp — E Tip+1GijYjp| <N
=1 =1

Both sums converge (or diverge) thus toward a same value. Moreover:
n+1
E :xi,pHai,jyj,p = Tip

i=1
We have thus: limy_,(S71); = limp_s 75, = 1. The matrix S, converges thus toward
an e column stochastic matrix and hence an e bi-stochastic matrix.
5 Two iterative algorithms

The code (in python) corresponding to the construction of matrices D1 , and Dj ), is

provided in Figure 4. You may note the fact that we set z,, 11 and y,,,+1 to 1 respectively
on line 9 and 15. This point together with the use of rectangular matrices is the main

11
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def sinkhorn_D1D2(S,nb_iter ,eps):

ones_.n = torch.ones(S.shape[0],device=S.device)
ones.m = torch.ones(S.shape[l],device=S.device)
c=ones_m

converged=False

i=0

while i <=nb_iter and not converged:
xp=1.0/(SQc)
xp[—1]=1.0
if i>=1:
# computation of ||x_{p+1}/x-p—1||$
norm_x=t1.norm(x/xp—torch.ones_like (x/xp),ord=float (’inf ’))

X=XD
yp=1.0/(S.T@r)
yp[—1]=1.0

# computation of ||y-{p+1}/y-p—1||$
norm_y=t1.norm(y/yp—torch.ones_like (y/yp),ord=float (’inf ’))

Y=yp
if i>=1:

converged= (norm_x <= eps) and (norm_y<=eps)
i+=1

return torch.diag(x)@S@torch.diag(y)

Figure 4: The code corresponding to the construction scheme described in Section 4

def sinkhorn_Sp(S,nb_iter ,eps):

ones_.n = torch.ones(S.shape[0],device=S.device)
ones.m = torch.ones(S.shape[l],device=S.device)
i=1

Sp=S

while i<=nb_iter and not converged:
D=torch.diag(1.0/(Sp@ones.m))
D[D.shape[0] —1,D.shape[l] —1] =1.0
Spl = D@Sp
norm_col=t1.norm ((ones_.n@Skl—ones_m )[0: —1] ,ord=float (’inf "))
D=torch.diag(1.0/(ones_.n@Spl))
D[D.shape[0] —1,D.shape[1] —1]=1.0
Sp = Spl@D
norm-_line=tl.norm ((Sp@ones_m—ones_n)[0: —1],ord=float ("inf’))
converged=(norm-_col <= eps) and (norm_line<=eps)
i+=1
D=torch.diag(1.0/(Sp@ones_m))
D[D.shape[0] —1,D.shape[l] —1] =1.0
Spl[0:n,:]=(D@Sp)[0:n,:]
Spl[—1,0:m]=ones_m [0:m]—torch .sum ((D@Sp)[0:n,0:m],dim=0)

return Spl

Figure 5: A version of our computation of an € assignment matrix which updates directly

the matrix S,

12



difference between this algorithm and the ”classical” Sinkhorn algorithm. The conver-
gence criterion which allows to avoid to loop up to the maximum number of iterations
is based on the fact that both x, and v, converge toward a vector of 1.

An equivalent code computing directly the matrix S), is provided in Figure 5. In this
case the setting of x,41 and y,,41 to 1 is performed on line 9 and 19. The stopping
criterion is based on the computation of the distance of the current matrix to the set
of ¢ assignment matrices. To do so, we compute the distance between the vector of
1 and Sg 1 after each row normalization(line 11). In the same way, we compute the
distance between a vector of 1 and S,1 after each column normalization (line 15). After
convergence, we apply a last row normalization before setting the last line of our €
assignment matrix to the complement to 1 of each column.

6 From similarity to cost matrices and vice versa

The Sinkhorn algorithm is well known for providing an approximation of the Linear Sum
Assignment Problem (Section 7) which can be formulated as:

n n
max E E S;. i 5
X 2,17 %]

i=1 j=1

where S = (s; ;) is our similarity matrix and X = (z; ;) is taken over all bi stochastic
matrices. The optimal solution being a permutation matrix, hence a binary matrix.

This maximization problem may be translated into a minimization problem by con-
sidering the matrix cl,, x», — S, where 1,,«, is a n x n matrix filled of 1 and c is a positive
constant greater than all values of S. We have indeed:

it dgmi(e = 8i)Tig = 3y Doy CTig — Do Dj_q SiiTiy
n n n n

= CZ%:l Zj:l im - nZi:l Zj:l 84, Li,j
il =2 Zj:l 84,5 %45

en = 3 Do SiiTi

. . . n n . . . .
Hence c and n being constant, minimize » ;" > 7, (¢—s; j)z;,; is equivalent to maximize

E?:l E;Zl si,j%; . The matrix cl,x, — S is usually interpreted as a cost matrix. This
last point is important if one wants to compare the Sinkhorn algorithm to an optimal
Hungarian algorithm which performs a minimization of costs instead of a maximization
of similarities.

As stated in Section 1, our algorithms being an extension of the Sinkhorn algorithm
we expect them to converge to :

n+1m-+41

max Si,j L5

i=1 j=1

where X = (z; ;) is taken over all e-bi stochastic matrices. However, the transformation
of this maximization of similarities into a minimization of costs, is slightly more complex
in the case of € assignment matrices. To do so, let us consider a (n+ 1) x (m+ 1) matrix
C = (Ci,j) with:

2¢c if i<nAj<n
o cr if i=n+1Aj<m
Y . if i<nAj=m+1
0 if i=n+1Aj=m+1
where c, ¢, ¢j. are three positive constants. Considering the cost matrix C' — .S we have:
n+1m+1 n+1m-+1 n+1m+1
DD (Cig = si)Tig =D Y Cigig = D Y Sl
i=1 j=1 i=1 j=1 i=1 j=1

13



If ¢;. = 2¢ and ¢, = 0: We have:

ZnH Z?Hll CijTij = Dicy ZmH 2cxi
2¢ Z’L:l

= 2cn

If ¢;, = 2c and ¢;. = 0: We have:

ZnJrl Zm+11 CijTij = Z] 1 Zn+1 2cz;
2cy°50, 1

2cm
If ¢;, = ¢ and ¢;. = ¢: We have:
n+1 m+1 o
D in Z CijTij = QCZL 1Z] =l Li,j JFCZL 1 T4, m-sil +CZJ 1 Tn+1,5
_ m-+ n—+
= cy i Z; 1 Tig Tt CZFl Doict Tig
= cn—+cm
In all cases we have thus:
n+1m+1 n+1m-+1
§ § :(Cm 8i,j)%i; = Q — E , E :Smxm (7)
i=1 j=1 i=1 j=1

where Q = cn if ¢ = 2c and ¢ = 0, Q@ = em if ¢ = 2¢ and ¢ = 0 and finally Q =
cn 4+ em if ¢ = ¢ = ¢. The minimization of the left part of equation 7 (minimization
of costs) is thus equivalent to a maximization of the similarities.

Let us note that the trivial solution consisting to take C' = ¢l (,,41)x (m+1) does not
provide an equivalence between both problems since additional terms related either to
the last column or the last row forbid to state that one problem is equal to a constant
minus the other problem. Moreover, the last solution ( ¢; = ¢ and ¢ = ¢) is the only
one allowing to ensure that all coefficients of the similarity matrix are positive when
transforming a cost matrix into a similarity matrix.

7 Experiments

We proposed in Section 4 two algorithms converging toward an unique solution if the
conditions defined in Section 3 are satisfied. The aim of this section is to measure
experimentally the convergence of our algorithms toward a solution maximizing :

n+1m+1

> D sigig

i=1 j=1

over all € bi stochastic matrices X. Where S is the input matrix. Such a problem is
called a Linear Sum Assignment Problem with Edition (LSAPE).

7.1 Deviation of the Sinkhorn algorithm from the optimal solu-
tion

Sinkhorn algorithm provides an approximate solution to the well known Linear Sum
Assignment Problem (LSAP):

n m
m;}XE E 5i,jTi,j

i=1j=1
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Figure 6: Relative Error between the results provided by the Sinkhorn Algorithm and
the optimal solution provided by an Hungarian method.

where X is taken over the set of bi stochastic matrices. From a certain point of view,
LSAP may be considered as a restriction of the LSAPE with squared matrices and no
deletions/insertions. Let us first evaluate the error induced by the use of the Sinkhorn
algorithm. To do this, we define matrices filled by random number in the interval
[1,2]. For each matrix size we compute 100 matrices and compute for each matrix
both the solution produced by the Sinkhorn algorithm and the optimal one produced
by an Hungarian algorithm. The results of this experiment are displayed in Figure 6 for
n € {10,...,200}.

Considering Figure 6, the error is approximately constant for all sizes of matrices lies
between 20% and 23%.

7.2 Deviation of our algorithms from the optimal solution

In order to test our algorithm we use the same kind of random matrices but with a
specific procedure for the last row and column which encode respectively the affinity of
each element toward insertions and deletions:

if i=n A j=m (8)

rand()+1 if i<n A j<m
Sij =40
hrand() else

For h < 0.5 we can insure that for any (i,j) € {1,...,n} x {1,...,m}, s;; >
Sn+1,j+55,m+1. In other terms we always get a greater sum by substituting ¢ onto j than
by deleting ¢ and then inserting j. Conversely, if s; ; < Sp41,5 + Sj,m+1 the substitution
of ¢ onto j will never be part of an optimal e-assignment since this operation can be
replaced, with a greater value of the sum, by the removal of ¢ and the insertion of j.

Let us first focus on values of h lower than .5. Figure 7 shows on the first two
columns the relative error of both sinkhorn_Sp and sinkhorn_D1D2 according to an opti-
mal LSAPE algorithm [2] for increasing sizes of the matrix. Let us note that [2] minimizes
a sum of costs. We compare both algorithms using the results of Section 6. For each
matrix size 100 random matrices are generated and the results are averaged for all three
algorithm (sinkhorn_Sp, sinkhorn_D1D2 and the optimal one). Our algorithms provide
an approximation of the LSAPE which is slightly above 20%, hence comparable with
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Figure 7: Relative errors of sinkhorn_Sp and sinkhorn_D1D2 according to the optimal
solution.

the one provided by the Sinkhorn algorithm for the LSAP problem. Interestingly, our
algorithm provides better approximations for small matrix sizes while Figure 6 suggest
an opposite behavior for the Sinkhorn algorithm.

The last column of Figure 7 allows to compare more precisely sinkhorn_Sp and
sinkhorn_D1D2. Both algorithms seems to be equivalent since the relative error be-
tween both methods do not exceed 1%.

For h greater than .5 we observe in Figure 8 that we keep an error of about 20%
for h = 1.0 and A = 2.0. In these cases the values of the last line and the last column
remain comparable with the inner values of the random matrix. However, for larger
values of h, namely h € {4.0,6.0,8.0} we observe a large increase of the relative error
especially in the case of squared matrices. We can conclude from these experiments
that our algorithms do not converge to the expected value when the values of the last
column/line are very large compared to the inner values. More precisely, when we have:

Sij K Sp+1,i T Siym+1 for (Z,j) S {1, c ,n} X {1, e ,m}

A simple solution to fix this problem, consists in simplifying the similarity matrix by
removing (setting to a low value) any entry (,7),4 € {1,...,n} and j € {1,...,m} such
that (4,j) cannot belong to any optimal solution. Given the similarity matrix S, such
entries are characterized by s; ; < Sp41,; + Si,;m+1. In such cases, the substitution of ¢
onto j may be advantageously replaced by the removal of i and the insertion of j. This
last point forbids the assignment of ¢ onto j in any optimal e-assignment.

Figure 9 represents the relative errors according to the optimal solution performed
by Sinkhorh_Sp and sinkhorn_D1D2 using this simplification of the similarity matrix. In
this experiment the "low value” replacing any entry of the matrix S which can not be
included in any optimal solution has been fixed to 10™*. One can first observe that we
get the same behavior for the squared (n x n) case and the rectangular one (n x 2n).
We can further observe that all errors remain below 20% for all sizes. Moreover, the
relative error appear to be decreasing as a function of h for both algorithms. This may
be explained by the fact that as h get higher, the simplified matrix becomes more and
more trivial. Indeed for largest values of h, simplified similarity matrices correspond to
trivial matrices with a constant value (equal to 10™* in this experiment) for all entries
(i,7) in {1,...,n} x{1,...,m} and a last row and column which remains unchanged and
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Figure 10: Execution times of sinkhorn_Sp and sinkhorn_D1D2 on squared n xn matrices
using both graphic card and cpu computation.

greater than 10~* by several orders of magnitude. In such cases our algorithms converge
immediately to the optimal solution which correspond to the removal of all elements in
{1,...,n} and the insertion of all elements in {1,...,m}.

7.3 Execution times of our algorithms

The execution times of both sinkhorn_Sp and sinkhorn_D1D2 computed either on a
graphic card (Nvidia Quadro P2000) or on a CPU (Intel Core i5 650@3.2GHz) are
displayed in Figures 10 for n x n squared matrices and in Figure 11 for n x 2n rectangular
matrices. In both figures and for each size, both algorithms have been run 100 times
and the execution times have been averaged.

Considering the squared case (Figure 10) we can see that on graphics cards both
sinkhorn_Sp and sinkhorn_D1D2 take roughly the same amount of time. This is clearly
not the case on CPU where the updates of the matrix S, instead of the two diagonal
matrices Dy and Dy induce a large difference, by a factor greater than 10, between
the execution times of sinkhorn_Sp and sinkhorn_D1D2. We can further observe that
if we do not observe major differences between the cuda and cpu execution times for
sinkhorn_D1D2 this is clearly not the case for sinkhorn_Sp which is more than 10 times
accelerated by the use of the graphic card. Finally, we can note that the execution times
are decreasing as a function of h. As previously, this last point is due to the fact that
as h get higher the simplified similarity matrices become more and more trivial and our
iterative algorithms need less and less iterations to converge.

Concerning the rectangular case (Figure 11), we observe the same trends than in
the squared case. However the ratio between the execution times of sinkhorn_Sp and
sinkhorn_D1D2 on CPU is, in this case, about 6. Moreover, we observe for such matrices
a factor approximately equal to 2 between the execution times of sinkhorn_D1D2 on GPU
and CPU. As in the squared case the CUDA implementation provides a large speedup
for sinkhorn_Sp. Finally, the execution times of both algorithms decrease as h increase.
This phenomenon already encountered in the squared case is due to the same reasons.
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Figure 11: Execution times of sinkhorn_Sp and sinkhorn_D1D2 on n x 2n rectangular
matrices using both graphic card and cpu computation.

8 Conclusion

We have presented in this report (Section 5) two algorithms. The proof of their conver-
gence is provided in Section 4 while conditions of the existence and uniqueness of the
limits are provided in Section 3. Section 6 provides simple methods to transform the
sum maximization problem addressed by our algorithms into sum minimization (mini-
mization of a sum of costs).

As shown in Section 7, these algorithms provide an approximate solution to the
Linear Sum Assignment Problem with Edition (LSAPE). The relative error of these
algorithms compared to the optimal solutions is similar, and even much lower in some
cases, to the relative error between the classical Sinkhorn and the optimal solutions
to the Linear Sum Assignment Problem (LSAP). The main difference between these
algorithms and the Hungarian based algorithms providing the optimal solution is that
our algorithms are iterative and differentiable and may thus be easily inserted within a
backpropagation based learning framework such as artificial neural networks.

Compared to the LSAP, the LSAPE problem allows to manage assignments be-
tween sets of different sizes by allowing the possibility to reject some elements from the
matching through the use of insertion/deletion operations. Let us note that these in-
sertion/deletion operations are integrated to the matching algorithm. The LSAPE thus
avoids any artificial preprocessing step consisting in the selection of the more promis-
ing objects of both sets for matching. Our algorithms output an e bi-stochastic matrix
which mainly differs from the results provided by [4, 3] through the explicit notions of
insertion and deletion.

Let us finally note that we have required in Section 5 that all the coefficients of the
last line and column of the similarity matrix should be positive. This requirement is
certainly too strong and weaker conditions may certainly be established by future works.
An alternative future research direction, consists in addressing the LSAPE problem using
the recent advances in Graph Neural Networks (GNN).
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