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Abstract. Soft granular materials are assemblies of highly deformable grains interacting via surface forces.
The large grain deformations of these materials di↵er them from hard granular systems, in which, their behav-
iors are essentially governed by grain rearrangements. In this paper, we study the uniaxial compression of soft
granular materials using a numerical approach based on the Material Point Method allowing for large grain
deformations, coupled with the Contact Dynamics method for the treatment of unilateral frictional contacts
between grains. Considering the neo-Hookean and elasto-plastic grains, the compaction of 2D soft granular
packings is analyzed. We focus essentially on the evolution of the packing vertical stress as a function of the
packing fraction and the predictive models are proposed.

1 Introduction

Soft granular materials such as metallic powders and,
many pharmaceutical and food products can deform elas-
tically or plastically without rupture under low confining
pressure. It allows them to achieve high packing fractions
above the jamming state of hard granular materials. In
the context of soft granular materials, a combination of
grain rearrangements and grain shape changes hence con-
trols their rheological properties contrary to hard granular
materials [1–4].

In our previous works, we proposed three numerical
approaches to study the rheology of soft granular materi-
als. First method is the Bonded Particle Model (BPM),
which consists in modeling each grain as an aggregate
composed of hard primary particles with cohesive interac-
tions such that a grain can deform as a result of the relative
motions of the particles while staying together as a solid
grain [5]. Two other approches are based on a combination
of the continuum approaches (the Material Point Method

(MPM) and the Finite Element Method (FEM)), account-
ing for a broad class of mechanical behaviors (elastic, plas-
tic...) of individual grains to deal with grain deformations,
and the Contact Dynamics (CD) method to treat contact
interactions between grains [5–8].

In this work, we investigate the compaction of neo-
Hookean and elasto-plastic grain packings using the
MPM-CD approach. The rheology of the soft granular
systems by considering several parameters (stress, packing
fraction, connectivity...) are investigated around and be-
yond the jamming or Random Close Packing (RCP) state
(i.e., where it is di�cult for grains to move individually).
We will highlight the influence of grain shape change on
space filling properties, stress transmission and texture be-
⇤e-mail: saeid.nezamabadi@umontpellier

(a) Initial state: � = 0.78 (b) � = 0.97

Figure 1. Snapshots of the initial configuration (a), and of the
compaction of an elastic grain packing for packing fraction of
� = 0.97 (b).

yond the RCP state. In particular, we will focus on the
evolution of stress as a function of packing fraction.

2 Around the jamming state

The compaction of soft granular materials are governed
by three parameters: (i) grain rearrangements; (ii) grain
shape changes, and (iii) grain deformations. The rear-
rangement of grains are occurred essentially before the
jamming state. Beyond the jamming state, grain shape and
volume changes are controlled the packing evolutions and
allow to the packing fraction to exceed the one correspond-
ing to the RCP state.

We consider the uniaxial compression of a packing of
300 elastic grains (see Sec. 3.2). In Fig. 1, we observe that
the grain shapes change from circular to become almost
polygonal and the grain deformations lead to a reduction
in pore size between the grains. Fig. 2 shows the vertical
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Figure 2. The excess vertical stress � � �c normalized by
the e↵ective modulus E

⇤ as a function of the vertical strain " for
an elastic grain packing. �c correspond to the jamming point;
here, �c ' 0.8. The lines show the predicted behavior around the
jamming state; see Eq. (1).

stress � as a function of the cumulative vertical strain "
beyond the jamming state for this packing. We observe
a linear behavior near the jamming state due to small de-
formation of grains. Indeed, around the jamming state,
the grain shape and volume changes are negligible and the
soft granular packing behaves almost like a hard granular
medium with a Hertz’s contact law. We can thus consider
in 2D [5, 9]:

� =
Z�

⇡ < d >
< fn > , (1)

< fn >=
⇡

8
E
⇤ < d > " , (2)

where Z and � are, respectively, the coordination number
and the packing fraction (� = VS /V , where VS is the vol-
ume of grains and V the total volume). < d > denotes
the mean diameter of grains. < fn > represents the mean
normal contact force between grains and E

⇤ is the e↵ec-
tive modulus: E

⇤ = E/(1 � ⌫2). By replacing Eq. (2) into
Eq. (1), one can obtain:

� =
Z�

8
E
⇤" . (3)

Given that around the jamming state, in 2D, Z ' 4 and
� ' 0.8, we get: � ' 0.4E

⇤". In Fig. 2, we can observe
this linear behavior with a slope a little less than 0.4. Here,
this di↵erence can be explained by the grain discretization
e↵ects. Indeed, the value of E

⇤, depending on the dis-
cretization, is a little larger than the analytical value and in-
creases as the fineness of discretization increases [6]. Note
that this linear behavior near the jamming sate, can be seen
for all types of grain material behavior. However, beyond
the jamming state, a non-linear behavior is observed due
to the grain shape and volume changes as shown in Fig. 2.
This behavior will be studied in the following.

3 Beyond the jamming state

Grains start to undergo large deformations beyond the jam-
ming state. This leads to an increasing number of contacts

and increase in the size of contacts between grains and
thus, filling the gaps and inter-grain porosities. So, the
packing can achieve high values of packing fraction. To
study the packing behavior beyond the jamming state, two
grain behaviors are considered: neo-Hookean and elasto-
plastic.

3.1 Neo-Hookean grain packings

We investigate first the compaction of 300 neo-Hookean
grains by means of MPM simulations. The preparation of
the initial configuration is carried out using DEM simula-
tions. We introduce a small size polydispersity in order to
avoid long-range ordering (diameters 2 [2 , 4] mm). The
gravitational acceleration and friction between the grains,
and between the grains and the walls of the confining box
are set to be zero. The top wall is moved down at con-
stant velocity of 2 m/s with a time step of �t = 0.1 µs to
simulate uniaxial compression. The MPM simulations are
performed in 2D in plane strain conditions. The constitute
law of neo-Hookean grains are [7]:

S = (� ln(J) � µ)C�1 + µI , (4)

where S and C is the second Piola-Kirchho↵ stress tensor
and the right Cauchy-Green strain tensor, respectively. C
is related to the deformation gradient tensor, F, through
C = FT F and J = det(F). � and µ are the Lamé’s
parametrs, and µ also represents the shear modulus. In
our simulations, we set the density of the grains ⇢ = 990
kg/m3 and µ = 1.5 MPa. We consider three values of � to
define the compressibility of the grain: � = 0, 3 and 100
MPa (for � = 0, the grain is fully compressible whereas
for � = 100 MPa, the grain is quasi-incompressible).

Fig. 3 represents the excess vertical stress � � �c nor-
malized by the grain bulk modulus K (K = � + 2

3µ) as
a function of the packing fraction � beyond the jamming
state. Here, the jamming point is considered to be�c ' 0.8
[7] and �c corresponds to this point. Note that the value of
�c is small and our simulations are almost quasi-static. A
nonlinear behavior is observed for all three cases at di↵er-
ent rates.

To describe the evolution of the vertical stress as a
function of the packing fraction, we can consider that the
packing behaves like a porous media beyond jamming
state since there is no rearrangement. So, the vertical stress
�may be related to the vertical strain ", via an e↵ective P-
wave modulus M

e↵:

� = M
e↵" . (5)

Wa can also assume that the grain bulk modulus K relates
the grain volume VS to the grain e↵ective stress �S :

K
dVs

Vs

= �d�S , (6)

For a granular system, the stress � is proportional to the
mean grain stress �S via Z and �: � / Z��S . Since
also d" = dVS /VS � d�/�, one can obtain the following
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Figure 3. Evolution of the excess applied stress � � �c nor-
malized by the grain bulk modulus K as a function of packing
fraction � for neo-Hookean grains. �c corresponds to the jam-
ming point, �c ' 0.8. The lines show the predicted behaviors
beyond the jamming state by the compaction models introduced
in Eq. (8).

di↵erential equation to solve by using Eqs. (5) and (6):

(1 +
M

e↵

c1Z�
)d� =

"
M

e↵

c1Z�
(
d�
�
+

dZ

Z
) +

dM
e↵

Me↵

#
� � M

e↵ d�
�
,

(7)
where c1 is a material constant to be determined. By know-
ing that M

e↵ and Z are related to � [7], the resolution of
the di↵erential equation (7) yields:

� = � 1
1

Me↵ +
1

c1Z�

(ln(�) + c2) , (8)

where c2 is the integration constant.
Since, as mentioned above, beyond jamming, the soft

granular packing behaves almost like a porous material,
the e↵ective P-wave modulus M

e↵ can be given by:

M
e↵ =

µe↵(4µe↵ � E
e↵)

3µe↵ � Ee↵ , (9)

where E
e↵ is the e↵ective Young’s modulus defined by

[10]:

E
e↵ = E

 
1 � p

pc

! fE

, (10)

and the e↵ective shear modulus is [11]:

µe↵ = µ

 
1 � p

pc

! fµ

. (11)

Here, p is the porosity (p = 1 � �), fE and fµ denote the
characteristic components for Young’s and shear moduli,
and pc is the critical porosity, below which the e↵ective
Young’s and shear moduli become zero. This corresponds
to below and near the jamming point.

In Fig. 3, the predictions of the model (8) are presented
with c1 = 100, fE = 1.1, fµ = 0.1, pc = 0.201(' 1 � �c)
and c2 = 0.23 for � = 0 and 3 MPa, and c2 = 0.43 for � =
100 MPa. These predictions are in good agreement with

the MPM simulations and are shown that this analytical
model reproduce well the numerical results. However, at
high packing fractions, a divergence between numerical
results and analytical predictions is observed. It is due to
almost coarse discretization of grain boundaries.

3.2 Elasto-plastic grain packings

We carried out the MPM simulations of the same pack-
ing as before and with the same conditions by consider-
ing here two other types of constitutive laws: linear elastic
and elasto-plastic with linear isotropic hardening [12]. For
these two material behaviors, we set E = 10 MPa, ⌫ = 0.45
(Poisson’s ratio) and ⇢ = 1000 kg/m3, and for the elasto-
plastic behavior, the yield stress is equal to �y = 0.4 MPa.
The hardening is also set to H = 0, 1 and 3 MPa. Fig. 4
shows the vertical stress � as a function of the packing
fraction � for elastic and elasto-plastic grains. We also
observe a nonlinear behavior beyond the jamming state.

To describe the packing of elasto-plastic grains, the
vertical stress � may be decomposed into an elastic part
�e and a plastic one �p as follows:

� = (1 � fp)�e + fp�p , (12)

where fp is the plastic volume fraction defined as the ra-
tio between the volume of the plastic regions of grains and
their total volume. During the compaction process, fp is
zero before the jamming, but beyond the jamming point,
it is proportional to the vertical strain (hence, the packing
fraction). One can therefore assume that fp increases log-
arithmically with �/�c:

fp = ↵ ln(
�

�c

) , (13)

where ↵ is a constant parameter to be determined. More-
over, the plastic stress �p can be defined in the following
form by considering Eq. (8):

�p = �y �
1

1
M

e↵
p

+ 1
c1p

Z�

(ln(�) + c2p
) , (14)

with

M
e↵
p
=
µe↵

p
(4µe↵

p
� E

e↵
p

)

3µe↵
p � E

e↵
p

, (15)

E
e↵
p
= Ep

 
1 � p

pc

! fEp

, (16)

µe↵
p
= µp

 
1 � p

pc

! fµp

. (17)

Here, Ep is the plastic tangent modulus related to H

through: Ep = EH/(E + H) and µp denotes the plastic
shear modulus: µp = Ep/2(1 + ⌫p). Note that, by assum-
ing that the volume change due to plastic deformation is
negligible, one concludes the equality of the elastic and
plastic Poisson’s ratios; i.e. ⌫p = ⌫.

We can see the predictions of the models (8) and (12)
in Fig. 4 with c1 = c1p

= 100, c2 = c2p
= 0.23, fE =

fEp
= 1.1, fµ = fµp

= 0.1, pc = 0.201 and ↵ = 2.5. It is
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Figure 4. The excess applied stress � � �c normalized by the
grain bulk modulus K as a function of packing fraction � for
elastic and elasto-plastic grains. �c corresponds to the jamming
point, �c ' 0.8. The lines show the predicted behaviors beyond
jamming state by the compaction models introduced in this pa-
per; see Eqs. (8) and (12).

interesting to observe that these models can reproduce well
the elasto-plastic grain packing behaviors with the same
parameters of the elastic grains (see Sec. 3.1). However,
as before, we see a divergence between numerical results
and analytical predictions at high packing fractions due to
insu�cient discretization of grain boundaries.

4 Conclusions

In this paper, a discret-continuum approach, the MPM-CD
procedure, was used to study the uniaxial compression of

deformable granular packings. This numerical approach
are coupled the material point method (MPM) with the
contact dynamics (CD) method. Two types of material
behaviors for grains wre considered: neo-Hookean and
elasto-plastic laws. We characterized the packing macro-
scopic behaviors by the evolution of the packing vertical
stress and the packing fraction. Around the jamming state,
we observe a linear behavior similar to hard granular sys-
tems with a Hertzian contact. However, beyond the jam-
ming state, the packing behaviors are nonlinear. Consider-
ing at this state, soft granular packing as a porous contin-
uum media leaded to predictive models able to reproduce
well numerical results. These models seem to be quite ro-
bust although they still need to be validated by other sim-
ulations and experimental results. Moreover, although the
considered sample sizes seem not to be large, the e↵ects
related to the finite number of particles are almost negli-
gible in the pressure ranges considered in this work [13].
However, this point should be more investigated in future
studies.
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