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On the dynamics of the roots of polynomials under
differentiation

Thomas Alazard, Omar Lazar, Quoc-Hung Nguyen

ABSTRACT. This article is devoted to the study of a nonlinear and nonlocal par-
abolic equation introduced by Stefan Steinerberger to study the roots of polyno-
mials under differentiation; it also appeared in a work by Dimitri Shlyakhtenko
and Terence Tao on free convolution. Rafael Granero-Belinchén obtained a global
well-posedness result for positive initial data small enough in a Wiener space, and
recently Alexander Kiselev and Changhui Tan proved a global well-posedness re-
sult for any positive initial data in the Sobolev space H*(S) with s > 3/2. In
this paper, we consider the Cauchy problem in the critical space H'/? (S). Two
interesting new features, at this level of regularity, are that the equation can be
written in the form
Oru+ VOzu + yAu =0,

where ~ is non-negative but not bounded from below and V/,/7 is not bounded.
Therefore, the equation is only weakly parabolic. We prove that nevertheless the
Cauchy problem is well posed locally in time and that the solutions are smooth
for positive times. Combining this with the results of Kiselev and Tan, this gives
a global well-posedness result for any positive initial data in Hl/Q(S). Our proof
relies on sharp commutator estimates and introduces a strategy to prove a local
well-posedness result in a situation where the lifespan depends on the profile of
the initial data and not only on its norm.

1. Introduction

Stefan Steinerberger studied in [38] the following question: Considering a polynomial
pr, of degree n having all its roots on the real line distributed according to a smooth
function ug(x), and a real number ¢ € (0,1), how is the distribution of the roots
of the derivatives 0¥p, with k = [t-n]| ? This question led him to discover a nice
non-local nonlinear equation which reads as follows

(1) Oru + l(?x <arctan <@)> =0,
T u

where the unknown u = u(t, x) is a positive real-valued function.

Besides its aesthetic aspect, this equation has many interesting features. Shlyakht-
enko and Tao [36] derived the same equation in the context of free probability and
random matrix theory (see also [39]). However, our motivation comes from the links

between this equation and many models studied in fluid dynamics.
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In this paper, we assume that the space variable x belongs to the circle S = R/(27Z),
and H is the circular Hilbert transform (which acts on periodic functions), defined

by

(2) Hu(zx) = % pv/S g(x‘zazliqu:/EQ; @) dov,

where the integral is understood as a principal value. Granero-Belinchén ([25])

proved the local existence of smooth solutions for positive initial data wug in the
Sobolev space H2(S) = {u € L*(S); 0%u € L?(S)}, as well as the global existence
under a condition in appropriate Wiener spaces. Then, Kiselev and Tan [28] proved
that the Cauchy problem for (1) is globally well-posed for positive initial data in
the Sobolev space H*(S) for all s > 3/2, with H*(S) = {u € L*(S); A*u € L*(S)}
where A denotes the fractional Laplacian:

A=08,H = (—8,,)2.

In fact, the equation (1) enters the family of fractional parabolic equations, which
has attracted a lot of attention in recent years. To see this, introduce the coefficients

1 Hu 1 U

- mu?+ (Hu)?2 7_77212—1—(1'-[102
Then the equation (1) has the following form
(3) Oy + Voyu + yAu = 0.

We can see that this last equation shares many characteristics with the Hele-Shaw
equation, the Muskat equation or the dissipative surface quasi-geostrophic equation,
to name a few. For the dissipative SQG equation, the global regularity has been
proved by Kiselev, Nazarov and Volberg [27], Caffarelli-Vasseur [8] and Constantin-
Vicol [19] (see also [26, 37, 41, 32]). The nonlinearity in the Muskat equation is
more complicated. However, Cameron has succeeded in [9] to apply the method
introduced by Kiselev-Nazarov-Volberg to prove the existence of global solutions
in time when the product of the maximum and minimum slopes is less than 1 (see
also [10, 11]). Recently, many works have extended this last result. The main results
in [2, 3, 4, 5] imply that the Cauchy problem can be solved for non-Lipschitz initial
data, following earlier work by Deng, Lei and Lin [22], Cérdoba and Lazar [21],
Gancedo and Lazar [24] which allowed arbitrary slopes of large size. Recently, in
[13] Chen, Xu and the third author proved local existence with C* initial data. The
main issue is that it is difficult to dispense with the assumption of finite slopes.
Indeed, the classical nonlinear estimates require to control the L°° norm of some
factors, which is the same for the Muskat problem to control the L° norm of the
slope, which in turn amounts to controlling the Lipschitz norm of f. Second, the
Muskat equation is a degenerate parabolic equation for solutions which are not
controlled in the Lipschitz norm. Last but not least, it is worth mentioning that
equation (1) shares many similarity with 1D transport equations with a nonlocal
velocity given by the Hilbert transform (see e.g. [18, 20, 33, 23, 30, 29, 7].

Inspired by these results, our goal here is to solve the Cauchy problem for (1) in the
critical Sobolev space H %(S) Several interesting difficulties appear at that level of
regularity.



The main result of this paper is the following.

THEOREM 1.1. For all initial data ug in H%(S) such that inf,csug > 0, the Cauchy
problem has a unique global in time solution u satisfying the following properties:

(i) u € C°([0, +00); H%(S)) N L2((0,+00); H'(S)) together with the estimate

o u|Aul?
4 )12 ——————— dxdt .
(@) suplu(t)y + [ [ 5 dedt < oo

(ii) uw € C*((0,4+00) x S) and moreover for any § > 0 and g > 0,

&o+eo
sup 1 (D) ., < +00

(iii) infyesu(t,x) > infes up(x) fort > 0.

REMARK 1.2. Notice that the coercive quantity that appears in the left-hand side of
(4), i.e.

o u|Aul?
(5) /0 /S oy (HaE dz dt,

is insufficient to control the HHL?H; -norm of u. Indeed, even if we assume that the
initial value of u is bounded (which propagates in time), since the Hilbert transform
is not bounded from L*°(S) to itself, we would have no control from below of the
denominator u* + (Hu)?.

Plan of the paper. Since Kiselev and Tan ([28]) proved that the Cauchy problem
for (1) is globally well-posed for any positive initial data in H*(S) with s > 3/2, it
will be sufficient to prove a local well-posedness result, together with the fact that
the solutions are smooth for positive times. We start in Section 2 by studying a toy
model, to explain the main difficulty and a commutator estimate. Then in §3 we
prove the local-well posedness and then establish the smoothing effect in §4.

2. A toy model

To prove Theorem 1.1, the main difficulty is that the coefficient v is not bounded
from below by a positive constant. This means that (3) is a degenerate parabolic
equation. Although it is not essential for the rest of the paper, it helps if we begin
by examining a model equation where, by contrast, the dissipative term is non-
degenerate. Then we will see that one can obtain an energy estimate in HY/ 2(S) by
means of a commutator estimate. In the next section, we will explain how to modify
these arguments to deal with degenerate dissipation.

Consider the equation
(6) Ou + a(u, Hu)Au = b(u, Hu) H Au,
where a and b are two C real-valued functions defined on R?, satisfying a > m > 0
for some given positive constant m, together with
b _ b I
sap  12@:y) — b y)]

(@ yy)eRd [T — 2|+ [y — V|
3
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PROPOSITION 2.1. There exists a constant C' > 0 such that, for all T > 0 and for
21
all w € CY([0,T]; H2(S)) solution to (6), there holds

(7) 1d

2dt
REMARK 2.2. Using classical arguments, it is then possible to infer from the a priori
estimate (7) a global well-posedness result for initial data which are small enough

2 2 2
s +m [ 1Al de < €y [

mn H%(S) Howewver, the study of the local well-posedness of the Cauchy problem for
large data is more difficult and requires and extra argument which is explained in
the next section.

PROOF. Let us use the short notations a = a(u, Hu) and b = b(u, Hu). Multi-
plying the equation (6) by Au and integrating over S, we obtain
1d

2 2 3. r._
(8) 5 q Hu||H% —|—/Sa|Au| de =1 := /Sb(HAu)(Au) dz.

To estimate I, we use the fact that H is skew-symmetric to write

1
(9) =3 /S([b,H]Au)Audx .
Now we claim that
(10) (6, ) Au] 2 S el 1Al o

Indeed, this follows from the Sobolev embedding H > ¢ BMO and the classical
commutator estimate

(11) IH, floll 2 S [ fllBmo 101l 22 -

(Alternatively one can prove (10) directly using the definition of the Hilbert trans-
form as a singular integral and the Gagliardo semi-norm.) It follows that

(12) ISl AullZs -

Now we estimate the H2-norm of b by means of the following elementary estimate.

LEMMA 2.3. Consider a C* function o: R?> — R satisfying
Y(z,2',y,y) € RY, ‘a(x,y) — a(w',y’){ <K ‘x — x'{ +K {y — y’{ )

Then, for all so € (0,1) and all w € H®(R), one has o(u, Hu) € H*(R) together
with the estimate

(13) llo(u, Hu)l| grog < 2K [l e -

PRrROOF. By assumption, for any o € R, we have
1000 (u, Hu)l| 12 < K([[0aull g2 + [|6a Hull2)-
Then by using the Gagliardo semi-norms, we get
llo(u, Hu) || grog < K (|ull oo + K[ Hull g7 5

and the desired result follows since ||Hu| g5 = ||u| 750 - O
4



The previous lemma implies that
1804 ol + I S Bl
and we deduce from (12) that

2
IS full g 1Az -

Therefore the wanted result (7) follows from (8). O

3. Local well-posedness

We construct solutions to (1) as limits of solutions to a sequence of approximate
nonlinear systems. We divide the analysis into three parts.

(1) We start by proving that the Cauchy problem for these systems systems
are well posed globally in time and satisfy the maximum principles. In
particular, the approximate solutions are bounded by a positive constant.

(2) Then, we show that the solutions of the approximate systems are bounded
in C°([0, T); 2 (S)) on a uniform time interval that depends on the profile
of the initial data (and not only on their norm).

(3) The third task is to show that these approximate solutions converge to
a limit which is a solution of the original equation. To do this, we use
interpolation and compactness arguments.

3.1. Approximate systems. Fix § € (0,1] and consider the following approx-
imate Cauchy problem:
1 uAu — (Hu)0,
(14) 7 u?+ (Hu)?

2
ulp—p = %%y

Y 50 =0,

The following elementary lemma states that this Cauchy problem has smooth posi-
tive solutions (see Granero-Belinchén in [25] for the maximum principle).

LEMMA 3.1. For any initial data ug € L*(S) with inf,ecgug > 0 and for any 6 > 0,
the initial value problem (14) has a unique solution u in C1([0,4+00); H*®(S)). This
solution is such that, for all t € [0, +00),

1 inf > inf .
(15) inf u(t,z) > inf uo(z)

In addition, if maxgesuo(x) < 400 then maxgzes u(t, r) < maxyes uop(z).

3.2. Uniform estimates. Fix § > 0 and ¢y and consider an initial data ug in
H%(S) with infyesug(z) > ¢o. As we have seen in the previous paragraph, there
exists a unique function u € C1([0, +00); H*(S)) satisfying
1 uAu — (Hu)0zu
7 u?+ (Hu)?

502
u!tzo = € ""up,

;:relfg’u(t,x) > .

Opu + — 30%u = 0,

(16)



We shall prove estimates which are uniform with respect to ¢ € (0,1] and this is
why we are writing simply u instead of ug, to simplify notations.

Notice that

1 H
Oyu + — arctan (_u) — 00%u = 0.
T u

This implies that the mean value of u is preserved and hence it will be sufficient to
-1

estimate the homogeneous H 2 (S)-norm of w. For this, we proceed as follows. Given

g > 0 to be determined, we want to estimate

(6+5)8

vi=u—e <.

Set
Ug,e = (6+6) *Uuo,

and introduce the coefficients
1 U
T rwE (Hu)?’
1 Hu
Cmu+ (Hu)?'

p=+/u?+ (Hu)?.
With the previous notations, we have
(17) Oy + Vv + yAv — §0%v = R.(u,up)

where

R.(u,up) = —yAug . — VOyup . + 68§u075.

The following result is our main technical estimate.

LEMMA 3.2. For any ug € H%(S) with infyesug(x) > 0, there exist a constant £
and a function T': (0,1] — (0,1) with

?_}n% T(e) =0,
such that the following result holds: for all 6 € (0,1], all u € C*([0,+o00); H*(S))

satisfying (16) with initial data uli—g = "% ug, and for all € € (0,0], the function
v = — eEH% ug satisfies

Av T'(e)
(18)  sup  [o(®) .1+/ /u2| § ddt+6/ o], dt < 7).

t€[0,T(e)]

for some function F: Ry — Ry with lim._,0 F(e) = 0.

PROOF. Hereafter, C' denotes various constants which depend only on the con-

stant ¢y (remembering that ¢y is some given constant such that inf u(¢,z) > infug >

¢p) and we use the notation A <., B to indicate that A < C'B for such a constant
C.



Consider a parameter x € (0,1] whose value is to be determined. Then decompose
the Hilbert transform as H = H,. 1 + Hy 2 where

Hyq19(z) = % /89(5'3 —a)x (%) tan?ﬁ’
Hoaslo) = 3 [ate =) (1-x (%)) gy

for some cut-off function y € C*° satisfying y = 1 in [—1,1] and y = 0in R\ [-2, 2].

Multiply equation (17) by Av and then integrate over S, to obtain

(19) ;jt o, /7(Av)2dx —A+B+R+R
where

A= / H,1Av)(Av)dz,

B = / H, 2Av)(Av) dz,

R= /S(—'yAuo,a — VOyup)(Av)de,

R = /Sd(aiuo,g)Av dz.
Set

W = /vAv,

so that the dissipative term in (19) is of the form

/7(Av)2 dz = /W2 dz.
S S

Step 1: Estimate of B, R and R'. Directly from the definition of v and V', we have

1 1
20 < — V] < .
(20) TS L VIS5

One important feature of the critical problem is that the dissipative term is de-
generate. This means that the coefficient ~ is not bounded from below by a fixed
positive constant. As a result, we do not control the L?-norm of Av. Instead, we
merely control the L?-norm of W = VYAv. Hereafter, we will systematically write
Av under the form . .

Av ﬂﬁAv ﬂW

To absorb the contribution of the factor 1/,/7 in the estimates for B and R, it will
be sufficient to notice that we have the pointwise bound

Vi 1

VI un/§ +u2 + (Hu)?

|Hul Seo [Hul.

In particular, remembering that the Hilbert transform is bounded from LP(S) to
LP(S) for any p € (1,4+00) and using the Sobolev embedding H*(S) c L?/(1=25)(S),
7



we deduce that

(21) IV/VALs Seo [Hull e Seo llull -

Then it follows from Holder’s inequality that
v
|B| < /S\/—7 [Hy2Av| [VyAvldz Sy [lull 3 [ Hr 280 L0 (W] 22 -

On the other hand,
| Hy2Av|| 1 = ([ Hi20u Holl o S 67 [ Holl s S 671y

~

where we used the definition of H, 2, noting that g,(x — o) = 9a(g9(x) — g(z — a))
and integrating by parts in a.

By combining the previous estimates, we conclude that

1B] Seo ™ Nl g ol g 1711

The estimate of R is similar. Recall that
R = \/‘(_’YAUO,&‘ - Vaxu075)(AU) d.%'
S

To estimate the contribution of the first term, we write

/ +(Aup o) (Av) da

_1
: SV oo 1Awoell 2 VA L2 Seo €72 Hluoll 3 W2,

where we have used the elementary inequality

_1 _1
luoell i < (+ 87 lluoell 3 S o,y -

since the Fourier transform of ug . = (e 4003 ug is essentially localized in the interval
€] < ve+ 9. With regards to the second term, we use again the estimate (21) to

get

< WV/Vlpa [10zu0ll pa v/ Al 2

Seo =l 3 Nuoll 3 1112

/ V(0zup ) (Av) de

S

Eventually, we have

P 2 kY 2
002002 ] 3 = 6026 %o |\ < [l602e e ) < lull 3
Hence

IR S lluoll 3 Il 3 -

So, by combining the previous inequalities, we conclude that

_ _1
B4R+ R Seo 5 ull g ol g 1W g2+ 2@+l 3) luoll 3 111
T laoll Nl 3 -

hence, replacing u by v + ug ¢ in the right-hand side, we conclude that

_ _1
oy BHRTEIS0 (57 g+ = luoll 3 ) loll 3 1o
_1 2
+e72 (Jluoll 3 + luollfg ) W2 + lluoll 1 lloll s -
8



Step 2: Estimate of A. Since H,, ; is skew-symmetric, one easily verifies that, parallel
to (9), we have

1
A= /S ([V, Hoa ]| Av) Av dar.

Then, we multiply and divide by /7 and use the Cauchy-Schwarz inequality, to find
1
_ 2 2
(23) A< ([ v a0 ac) el

We now have to estimate the commutator [V, Hy 1]. Directly from the definition of
H,, 1, we have the following identities

V. Hy 1] (Av) — % b /S V(2)(0aAv)(z) —5a(VAv)(:c)X <g) -

T tan(a/2) K
1 0 V) (x)(Av)(z — « «
= _EPV/S : )iazl((a/);) 'y (5) do
1 (0aV)(x) o) da
T pV/S V(@ — ) Wiz —a)x <E) tan(a/2)’

where we replaced Av by W/,/¥ to obtain the last identity.

Therefore,

/S Y[V, Hy)(Av)| da
2
X -1 X x—a*1/2 r—« dia x
< [ 6@ (/lag%raaw A — )2 1w >\|tan(a/2)|> d

2
2 — Tr— 7(104 x.
Sa [(F@) ( [ o BV o) W )l /2)‘> a

LEMMA 3.3. Introduce the notation

Qa(g) = |6ag| + |6aHg|-
Then there holds

v al\U 2 _
(24) 0aV] Sy LILI 300 1 g 3.
PROOF. One has
|0 Hu(z)] (e — o Bau@I(u@)] + Ju(z — o))
0V (2)] S 2@ |Hu(z — o 2z — o))
PoHu(@)|  [au(@)? + baHu@)® | dau(@)] + |6 Hu(z)]
~O () p(z — a)p(x) plz —a)p(z)
Since
1 1
oo —a) ~ gy )
we obtain
«a ~CO )

p
9



To get the wanted result (24) from this, we replace u by v + ug and use the two
following elementary ingredients:

2
Qa(uo,a)(l; Qa(uoc)) Seo Qaluoe)(1+ Qaluos))?,

_3
Qa(uoe) < (10zu0ell oo + 10 (Huo o)l oo ) ol S o ell o ol S €7 [luoll, 3 lod -

Since |a|® < |al, this completes the proof. O

Set K(g) == e 3(1 + Huo,,gHH% )3. It follows from the previous lemma and the pre-
ceding inequality that

}Q Y YIV, Het)(A0) [ dae S (1) + (IT),

where
(1) =/ ( I W o o) W (a— a0 %)dx
o <25
(II):= K(5)2/p(m)2< / plx —a) |[W(x — o) da>2dx.
s lal<2x

Using the Cauchy-Schwarz inequality, we see that

2 r — o aAr
0% ([, Q@2+ Qa5 ) i,

Since
pP(z —a)

we end up with

0% ([, Q)P0+ o)) 1+ Qul@)* T ) I
On the other hand,

[, Qu0)@ 1+ Qu(0)e) (1 + Qo) @) T
9 sdadz
< [, @)@+ Qo)
o) () . gdadx 2 " x4dadx 2
+ ([ @ut@ra+ @) ([ eato@ )

4
IRy (14 loll ) (0 Tl )2
where we used the fact that Qn(f)(z) = |da.f(z)| + [0aH f(z)| and

dadz 9
I (s @+ 15 @) P) ST < N1

for any p > 1.

This gives
2 4 2
(1) S Iy (14 ol g ) (L Tl )2 I
10



On the other hand,

1
(1) S K()?k2 Jul 3 IW ]2
Therefore, it follows from (23) that

A< (/S v v, lLim,l](AwJ)\Qcisc)é W]l 2

< (1) + (D) F W),

2 2 1 2 2
SUolly (L Dol g ) (U llull ) W32 + K (@) flul y W17

By combining this with (22), we get from (19) that there exists a constant C' de-
pending only on ¢ such that
(25)
1d 2 2 2 2
57 0120+ IWIEe < Clloll g (14 llell,3 )7 (1 + Nl ) (W17
+CK )k [ull? 4 W17
_ _1
+C (K7 ull g+ C ol g )l W
_1 2
+ 3 (Juollyy + lluol%y ) Wl + loll 3 W11

+Clluoll 3 Il 3 -

Using the Young’s inequality, this immediately yields an inequality of the form

1d
(26) % ||v||;,% + YW, < MHUHZ% L F

where
2
_ 2
M = 4C2% 1(Hu0HH% + Jluol?, 4 ) T,
2
_ 2
F =40 (ol 3 + ol )
1 2
Tim = Cllollyy (14 ol yy ) (14 Dl )
1 2
- CK()rt ull
_ 1 22
S G P T Y N
In particular, as long as T > 0, we have

etM 1

F.
M

2 2Mt 2
@2, < M (), +
If one further assumes that tM < 1, it follows that

2 2
@I,y < e u(O)I, ) + tF.

Introduce the parameter

2
v(e) =2 [loli=oll 4 o = 2 |0 — % uo|

3(s) az(s)’

11



Then choose € small enough, so that
Cu(e) (1+ ()" (1+2]luoll 1) < -

We then fix x small enough to that
COK () (2 ol
where recall that K(g) := ¢ 3(1 + |lug .||

We then deduce the wanted uniform estimate by an elementary continuation argu-
ment. O

3.3. Compactness. Previously, we have proved a priori estimates for the spa-
tial derivatives. In this paragraph, we collect results from which we will derive
estimates for the time derivative as well as for the nonlinearity. These estimates are
used to pass to the limit in the equation.

Recall the notations introduced in the previous section, as well as the estimates
proved there. Fix ¢y > 0. Given ¢ € (0, 1] and an initial data ug € H? (S) satisfying
up > ¢p, we have seen that there exists a (global in time) solution us to the Cauchy
problem:

1 usAus — (Hug)Opus
Opus + 2 2
(27) T ug+ (Hus)

502
Ug|i=0 = €°ug.

— 00%us = 0,

Moreover, we have proved that one can fix € small enough such that one can write
ug under the form

ugs(t,z) = (e(”‘s)aﬂ%uo)(aﬂ) + vs(x),
and there exist "> 0 and M > 0 depending on ug such that, for all § € (0, 1],

A
(28) sup |vs(t) .1+/ / us | Avs|” S d dt+5/ llvg||2 5 dt < M.
t€[0,7) + (Hus)? Hz

Now, to pass to the limit in the equation (27), we need to estimate the time deriv-
ative. Since Jyus = Oy, it is sufficient to estimate the latter quantity. It is given

by

(29) Oyvg = —Vs0,vs — ysAvs + 5331)5 + Rs,
where
1 Ugs Ve 1 Hug
76_7Tu6+(Hu(;) o 7Tu6+(HU5)

Rs = —75(A6(6+5)Bxu0) — T/(;(ame(s+5)axuo) + 66§e(€+6)8gu0.

As already seen in (20), we have 75 <., 1 and |Vs| <, 1. By combining this with
the fact that =% is a smoothing operator, we immediately see that

1R oo go,7y;1.2) Seose ol -
12



Here the implicit constant depends on e, but this is harmless since ¢ is fixed now.
On the other, directly from (28), we get that

H%AUJHL2([0,T];L2) Sco H\/%A/U(SHLQ([O,T];LQ) Seo M,
and

5 |62 us| < V3 |02 <M.

L2(0.1)H" %) =
It remains only to estimate the contribution of V30, vs. For this, we begin by proving
that (v5)se(0,1] is bounded in LP([0,T'(e)]; H'(S)) for any 1 < p < 2. Indeed, we can

write
/ us | Avs|? 4
2 g 4
Lo Js ug + (Hus)

2
2 ug |[Av|
Soo s Hus) e [ 200
§

L2([0,T);H™ %)

ug + (Hus)?

2
<
e

dx

30
0 us |[Av|?

< vs, Hv oo+€2u )/7(11‘
Seo (o5, Hos)II; luoliys ) [ vt gy

2
_1 ug |Avg
Seo (Iusll?  10g (2 + sl ) + 2HuoHi{%)/ [Av|

e R 1 S Y
s uj + (Hug)?

to conclude that

2

[0 7 </ uslAvs*
Ty~ 2 5 4T,

log(2 + ||vsl| 1) ™~ Js ug + (Hus)

where the implicit constant depends on ¢y, e, HuOHH 3 and M. Remembering that
V5| Seo 1, it immediately follows that, for any p € [1,2), (V50:v5)se(0,1) is bounded
in L?([0,T]; L?).

Now, by comnbining all the previous estimates, we see that (vs)se(o,1] is bounded in
the space

X, = {ue €0, T HE () 0 LP([0, T H'()) 5 Oy € LP(10,T]; H5(S)) }

Since H%(S) (resp. HL(S)) is compactly embedded into H*(S) (resp. H%+S(S) for
any s < 1/2, by the classical Aubin-Lions lemma, this in turn implies that one can
extract a sequence (us, )nen which converges strongly in

CO([0,T]; H(S)) N LP([0, TT; H2(S)).

Then it is elementary to pass to the limit in the equation.

4. Smoothing effect

The goal of this section is to prove the second statement in Theorem 1.1 which
asserts that the solution are smooth. By classical methods for parabolic equations
(see [40, Chapter 15]), it is easy to prove that solutions which are smooth enough
(say with initial data in H?(S)) are C* for positive time. So it is sufficient to prove
that the solution are at least H? for positive times. This is the purpose of the

following
13



PROPOSITION 4.1. The solution u constructed in the previous section is such that,
for any & > 4, there holds

2
(31) sup ¢ [[u(t)]% 5 Se 1.
t€[0,7]

PROOF. Since u was constructed as the limit of smooth solutions (see §3.1 and
§3.3), we will prove only a priori estimates.

As in the previous part, we work with the function

2

_ eeax o,

VvV=1Uu

with e small enough. For this proof, we denote by C'(¢) many constants that depend
on ¢ and which are allowed to diverge when ¢ tends to 0.

Recall from (17) that v solves
(32) O + VO,v + yAv = Ro(u, ugp)
where
R.(u,up) = —yAug . — VOruq,.
We will estimate the H?-norm of v. For this introduce o = §2v, solution to
(33) 0+ yAD =V (H,1AD) + Ry + By
where

Ry = 02 (V (Hy 2Av)) + 02 R (u, up)
Ry = —(937)(Av) = 2(0:7) (A0pv) + (07V) (Hix1 Av) + 2(05 V) (H e, 1 ADyv).

Now, we multiply (33) by Av and then integrate in x over S, to obtain

1d, o 12 1 s
S Vol [lof s = 3 [V, s (a0 as ae
+/ROA?~)d1'+/R1A?~}d1‘.
S S
Set
W = \/7A%.

By using arguments parallel to those used in the first step of the proof of Lemma 3.2,
one finds that

~112
Seo W+l )2+ llull ,3) ol g 1+ 11

Jw s sossd

1 ~ 12
+C(e)R(floll 3 + 1) @],
and

9
Seo Cles k) [o 7. + Cle, k).

‘/RoAf) dx

14



Since

[

1027 +10:V] S e (|102u + |Aul),

1
02y] +102V| < — (107ul + [HOZul) + o (100ul® + [Aul?)

bm| —

then one finds
1
1l Sy (3 0020+ 1E0020]) + 5 (0r? + AuP) ) (1ol + [Hoaol)
1
+ =5 (0sul+ |Au]) (140,01 + | 80,0
Therefore, replacing u by 0z ug + v in the right-hand side, we get
1 2 2 1 2 2
B1] Seo (7 (10200 + 1 HOZ) + = (100 +[A0l?) ) (1A0] + |Hc 1)

1
+ (10z0] + [Av]) (|ADzv| + [Hi1 ADrv])
+ C(e) (JAv| + |Hy 1 Av| + [AOyv| + |Hy 1 ADv)) -

‘/ RiADdx
S

Therefore, we find

Thus,

~ 112
Seo ol 3 (L4 ol 1) ]2

1 -
+ C(a)/<;4(HvHH% + 1) [w]32 + C(k,e).

~112 ~ ~ 112
A (|91, 1 +/|wl2dw Seo 1Vl g @[l ) ]l
S
1 ~ 112
+ C(a),«w(HUHH% + 1) |72 + C(k,€).
Choosing ¢ and then x small enough, we obtain
0l + [ |0 do S Clen, e,
H?2 S

for any t € (0,7). Now that £ and x are fixed, we shall skip the dependence of the
various implicit constants on £ and k.

So, integrating in time 7 € (s,t) we obtained that for 0 < s <t < T,

A3 2
lo(t) .5+//&d zdr St o) 5

Then, in order to measure the decay rate in time, we multiply the last inequality by
5871 and then integrate in s € [0,¢/2], to find

t/2 t/2 A3 2
/ s ot .5ds+/ s& 1// u ”’ _dz drds
0

5/ 87 4 61 ||v(s)\|2.§ds.
H?2

0
15



Then,

A3 2
sup t§||v(t)\|Hg —|—/ / _uATP U‘ 5 drds
0<t<T

STE / S uls), g ds.
0 2
Now, parallel to (30), we have
2 3,2
L T / iy
log(2 + [[vll gga) 143 Js u? + (Hu)?
So we end up with,

T 2 T
U .
sup € [lo(®)|12 —i—/ ng ds < T —i—/ sS7Hw(s)))? 5 ds.
0<t<T H2 - Jo o log(2+ (vl s) 0 H2

2
< __a
~ log(2+a)’

T T
34 sup & lv(@®)|? 5 +/ sEl|lu(s)]|% ds < TEH! +/ sEHu
(34) S oI 3 ; [u(s) Il ; ()]s ds

Then, we use the fact that for > 0 small enough, a>~° SO

Let € > 0 and dg > 0, using the following interpolation inequality

_ 8/5 1 — 2/5
S ()2 < st fuls) 3 s ()|,

HH5/2 —

10—56
8

together with Young’s inequality (with the conjugate exponents p = and

q= 120:5555) we find
T 1 6 2—6
[ s < & [ a2 as

1 T
+— sup [fu(s)|* / s~1% ds,
q€? se(0,1) H2 Jo

Therefore, inequality (34) becomes

T P T
_ € —
swp o) + [ SuE s S TS [ 28 ds
0<t<T 0 b Jo
1 2q/5 T o
(3 +o s ()P [ s
q€? se(o,1) H2 Jo

Choosing m, dy such that gdp < 1 (so that the last integral in the right hand side is
finite) and, for a scaling purpose, we also need that

§ = p§ —p+ pdo.
So,
§=q—00qg>q—1.

Then, for any £ > 4 (note that ¢ > 4 for any 6 > 0) and any e > 0 sufficiently small,
we may absorb the H? in the left hand side of inequality (35), we obtain

T
sup € |lv(@®)|? —i—/ sEllu(s)||20ds < 1.
S o)1, 5 ; ()]s ds <

16



In particular, for any £ > 4

3 2 <
sup t°||lv(?)|]% s S 1.
oo | ()HH2
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