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ON THE CAUCHY PROBLEM FOR THE MUSKAT EQUATION.
II: CRITICAL INITIAL DATA

THOMAS ALAZARD AND QUOC-HUNG NGUYEN

ABSTRACT. We prove that the Cauchy problem for the Muskat equation is well-
posed locally in time for any initial data in the critical space of Lipschitz functions
with three-half derivative in L?. Moreover, we prove that the solution exists
globally in time under a smallness assumption.

1. INTRODUCTION

The Muskat equation describes the dynamics of the interface separating two fluids
in porous media whose velocities obey Darcy’s law ([22, 30]). This equation belongs
to the family of nonlocal parabolic equations that have attracted a lot of attention
in recent years. Indeed, it has long been observed that one can reduce the Muskat
equation to an evolution equation for the free surface parametrization (see [9, 24,
34, 35]). One interesting feature of the Muskat equation is that it admits a compact
formulation in terms of finite differences, as observed by Cérdoba and Gancedo [19].
More precisely, assume that the free surface is the graph of some function f = f(¢, z)
with z € R. Then, Cérdoba and Gancedo [19] showed that the Muskat equation
reduces to

1 0.0,
(1) (9tf == —/ 7f 2 dO[,
TJrR1+ (Aozf)
where A, f is the slope, defined by

(2) Ao f(z,t) = f(x,t)—f(x—oz,t)‘

(0%

It is easily verified that the Muskat equation is invariant by the change of unknowns:

1
(3) ft,2) = falt,2) = o f (At Az) - (A #0).
Now, by a direct calculation,
Hf/\|t:0HW1,oo = follyirree Hf)‘|t:0HH% - HfOHH% :

This means that the spaces W°(R) and H %(]R) are critical for the study of the
Cauchy problem. Let us clarify that we denoted by W1 (R) the space of Lipschitz
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functions, and by H*(R) (resp. H*(R)) the classical Sobolev (resp. homogeneous
Sobolev) space of order s. They are equipped with the norm defined by

HUH - = sup |u(3:) — u(y)|
we z,yeR ‘x - y‘ ’
Y

and

1
. 2 2
ale)| dg) Clde = el .

a0 = ( / g2

We are interested in the study of the Cauchy problem for the latter equation. Our

main result states that the Cauchy problem for the Muskat equation is well-posed
. 3
locally in time for any initial data in the critical space W1 (R) N H2(R).

Our analysis is inspired by many previous works, and we begin by reviewing the lit-
erature on this problem. The first well-posedness results were established by Yi [38],
Ambrose [4, 5], Cérdoba and Gancedo [19], Cérdoba, Cérdoba and Gancedo [18],
Cheng, Granero-Belinchén, Shkoller [14]. In recent years, these results were extended
in several directions. In particular, the well-posedness of the Cauchy problem has
been established in many sub-critical spaces: see Constantin, Gancedo, Shvydkoy
and Vicol [17] for initial data in the Sobolev space W2P?(R) for some p > 1, Deng,
Lei and Lin [23] and Camer6n [10] for initial data in Holder spaces, and Matioc [29],
Alazard and Lazar [2], Nguyen and Pausader [31] for initial data in H*(R) with
5> 3/2.

Special features of the Muskat equations were exploited to improve the analysis of the
Cauchy problem in several directions. Constantin, Cérdoba, Gancedo, Rodriguez-
Piazza and Strain [15] (see also [17, 33]) proved a global well-posedness results
assuming that the Lipschitz semi-norm is smaller than 1. Deng, Lei and Lin in [23]
proved the existence of solutions whose slope can be arbitrarily large. Cameron [10]
exhibited the existence of a modulus of continuity for the derivative (see also [1]) and
obtained a global existence result assuming only that the product of the maximal
and minimal slopes is bounded by 1. Cérdoba and Lazar established in [21] the first
global well-posedness result assuming only that the initial data is sufficiently smooth
and that the critical H3/2(R)-norm is small enough (see also [25, 26, 28] for related
global well-posedness results in Wiener spaces in the critical case, for small enough
initial data). This result was extended to the 3D case by Gancedo and Lazar [27]
for initial data in the critical Sobolev space H? (R?). Eventually, in our companion
paper [3], we initiated the study of the Cauchy problem for non-Lipschitz initial
data.

For our subject matter, another fundamental component of the background is that
the Cauchy problem is not well-posed globally in time: there are blow-up results
for some large enough data by Castro, Cérdoba, Fefferman, Gancedo and Loépez-
Fernéndez ([11, 12, 13]). More precisely, they proved the existence of solutions such

that at initial time ¢ = 0 the interface is a graph, at a later time ¢; > 0 the interface
2



is no longer a graph and then at a subsequent time ¢, > 1, the interface is C® but
not C4.

Our main result in this paper is the following

Theorem 1.1. i) For any initial data fo in WH=(R) N Hg(]R), there exists a time
T > 0 such that the Cauchy problem for the Muskat equation has a unique solution

f e ([0, T); Wh=(R) N H2(R)) N L*(0, T; H*(R)).

1) Moreover, there exists a positive constant § such that, for any initial data fo in
WLoo(R) N H3/2(R) satisfying

(L 1 folliin e ) ol 3 <

the Cauchy problem for the Muskat equation has a unique global solution

€ L([0,+00); WH(R) N H2 (R)) N L?(0, +00; H*(R)).

Some remarks are in order.

e Let us discuss statement i) about the global well-posedness component of this
result. This is a 2D analogous to the recent result by Gancedo and Lazar [27]
for the 3D problem; it improves on a previous result by Cérdoba and Lazar [21]
which proves a similar global existence result for the 2D-problem with a similar

smallness assumption, but under the extra assumption that the initial data belongs
to H°/2(R).

e We now come to statement i) about the local well-posedness result for arbitrary
initial data. This is, in our opinion, the main new result in this paper. Since we are
working in a critical space, this result is optimal in several directions.

Firstly, it follows from the results about singularity formation by Castro, Cordoba,
Fefferman, Gancedo and Loépez-Ferndndez ([11, 12, 13]) that one cannot solve the
Cauchy problem for a time T which depends only on the norm of fy in W1 (R)n
H3/ 2(R). Otherwise, one would obtain a global existence result for any initial data
by an immediate scaling argument using (3). Notice that this argument does not
contradict our main result: it means instead that the time of existence must depend
on the initial data itself, and not only on its norm.

The previous discussion shows that one cannot prove statement i) by using classical
Sobolev energy estimates. This in turn poses new challenging questions since on
the other hand the Muskat equation is a quasi-linear equation. To overcome this
problem, we will estimate the solution for a norm whose definition depends on the
initial data.

e We will also prove a result which elaborates on the previous discussion, stating
that whenever one controls a bigger norm than the critical one, the time of existence

is bounded from below on a neighborhood of the initial data.
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To introduce this result, let us fix some notations.

Definition 1.2. Given a real number s > 0 and a function ¢: [0,00) — [1,00)
satisfying the following assumptions:

(H1) ¢ is increasing and lim ¢(r) = oo when r goes to +00;
(H2) there is a positive constant ¢y such that ¢(2r) < cop(r) for any r > 0;
(H3) the function r — ¢(r)/log(4 + r) is decreasing on [0,00).

Then |D|*>® denotes the Fourier multiplier with symbol |£|*¢(|€]), so that
F(DI?£)(€) = €1 o (IENF(f)(€)-

Moreover, we define the space
X (R) = {f € WH(R) N LA(R) = [D|*¢(|Ds|)f € L*(R)},

equipped with the norm

1 s == oo + [1F 1122 + </R €1 (¢(I£|))2\f(£)\2d£) g

Remark 1.3. The Fourier multiplier |D|>® with ¢(r) = log(2 + r)® was introduced
and studied in [8, 7, 6] for s € [0,1) (also see [32]).

Theorem 1.4. Consider a real number My > 0 and a function ¢ satisfying assump-
tions (H1)—-(H3) in Definiton 1.2. Then there exists a time Ty > 0 such that, for
any initial data fo in X %’¢(R) satisfying

||f0”/¥%’¢ < M(]a

the Cauchy problem for the Muskat equation has a unique solution
(4) f € L ([0, Tol; W (R) N H=(R)) N L*(0, To; H*(R)).

Remark 1.5. Statement i) in Theorem 1.1 is a consequence of Theorem 1.4. Indeed,
it is easily seen that (cf [3, Lemma 3.8]), for any fo in the critical space W *°(R) N
H%(R), one may find a function ¢ such that fo belongs to X%’¢(R) (and satisfying
assumptions (H1)—(H3) in Definiton 1.2).

Theorem 1.1 and Theorem 1.4 are proved in the next section.

Acknowledgments. T.A. acknowledges the SingFlows project (grant ANR-18-
CE40-0027) of the French National Research Agency (ANR). Q-H.N. is supported
by the Shanghai Tech University startup fund and the National Natural Science
Foundation of China (12050410257).
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improve the presentation of this article, as well as Gustavo Ponce for pointing out a

mistake in a preliminary version.
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2. PROOF

2.1. Regularization. In order to rigorously justify the computations, we want to
handle smooth functions (hereafter, a ‘smooth function’ is by definition a function
that belongs to C'([0,7]; H*(R)) for any p € [0,+0c0) and some T > 0). To do
so, we must regularize the initial data and also consider an approximation of the
Muskat equation. For our purposes, we further need to consider a regularization
of the Muskat equation which will be compatible with the Sobolev and Lipschitz
estimates. It turns out that this is a delicate technical problem.

Our strategy will consist in smoothing the equation in two different ways: i) by
introducing a cut-off function in the singular integral, removing wave-length shorter
than some parameter € and ii) by adding a parabolic term of order 2 with a small
viscosity of size |log(e)| "

More precisely, we introduce the following Cauchy problem depending on the pa-
rameter ¢ € (0, 1]:

o — ltoge)02f = = [ 222l (15 (%)) da,

(5) R 1+ (Anf)?

fli=o = fo* Xe,

where x.(z) = e !x(x/c) where x is a smooth bump function satisfying 0 < xy < 1
and

1
x(y) =x(-y), x(y)=1 for !y\éz, x(y) =0 for |y| > 2, /Rxdy=1-

The equation (5) does not belong to a general class of parabolic equations. However,
we will see that it can be studied by standard tools in functional analysis together
with two estimates for the nonlinearity in the Muskat equation which plays a central
role in our analysis.

Proposition 2.1. For any ¢ in (0, 1] and any initial data fo in H%(]R), there exists
a unique global in time solution f. satisfying

fe € C([0, +00); H*(R)).

We postpone the proof of this proposition to §2.9.

2.2. An estimate of the Lipschitz norm.

Lemma 2.2. For any real number Py in (0,1/2), there exists a positive constant
Co > 1 such that, for any e € (0,1] and any smooth solution f € C1([0,T]; H*(R))
of the Muskat equation (5),

d
(6) 37 1Ol < Collf )72 + Co™ [ f )l ¢mo
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where
y’50

ullez.a = |0zzullcos = sup
T#y

Proof. The proof is partially based on arguments from [20, 10, 27|. Firstly, it follows
from the proof of [20, Lemma 5.1] that

1 0Blf@) . Pl 1 ) 1 da

O R 1+ (Aaf(z))? o= /(H(Aaf(lt’w))2 1+(A-af(t7x))2> a
2 [ Ouf(t,3) = Aaf(t,2) 1+ 0uf (1) Auf (1, 2)
=/ = T Bafla
Moreover,
a8 w)]
‘8x<77\/[gl+(Aaf)2X<€ do
(7) S [ (Baful +18aLP) da
|a|<2e

S [ 18afuldat e fualos,
R

where we used the notations f, = 9, f and fy, = O, f. Thus, for any t and any =z,
we have

(020:)(t, ) — |log(e)| 102 fu(t, x)

O2f(t, ) 1 1 da
= Ton /(1 + (Aof(t, @) 1+ (A_af(t,x))2> o
(8) 2 [ Ouf(t,x) — Aaf(t,x) 1+ 0pf(t,2) A f(t, 2)
; %/ a? L+ (Ao f(t,2))? e

e / Dafalt, )] da+ Ce™ || fun(t)l] oo -

Consider the function ¢(t) = |0, f(t)|| ~ and a function t — z; such that

102 f (D oo = (B )(E, ).
Then (92f)(t,2;) = 0 and —(Ops f2)(t, z¢) > 0. So, it follows from (8) that

gD(t) S _% / a:vf(taxt) ;2Aaf(taxt) da
2 (8$f(t7 xt) - Aozf(ta xt))Q Aaf(t7 xt)
T / a2 5 (A f (o)) 2

+ c/ A fult,ze) 2 da+ O | fun(t)l] oo -

As already observed in [20] (see also [10, 27]), the first term in the right-hand side
has a sign since 0, f(t,x¢) > Ay f(t, z;) for any «. It follows that

l/ (Ou f(t, 1) — Ao f (L, 24))

T o?
+ 0860 Hfﬂcx(t)H(jO,Bo .

o(t) <

2
da + C/ |Aafm(t,xt)|2 da



We now apply Hardy’s inequality to infer that

/ (axf(tw%'t) ;ZAaf(t7xt))2 dav S / ‘Aaf$(t7xt)‘2 da.

Consequently, we end up with

o) < / 180 Fa (20 dar + 2 | £ (8) | oo -

Introducing the difference operator d,g(z) = g(x) — g(x — «), the previous inequality
is better formulated as follows:

o) < / 16002 1) ()2

Now the right-hand side is equivalent to the following homogeneous Besov norm:
ENIGI 3 (see [36, 37] or Section 2 in [3]). Then it follows from Sobolev embed-
Boo 2

do
e+ foa®) o

|

dings that ’

(1) SO + %0 || Foa ()] 0.5
which is the wanted result. O

2.3. Sobolev estimates. In this paragraph we recall a generalized Sobolev energy
estimate proved in our companion paper [3]. By generalized Sobolev energy esti-
mate, we mean that, instead of estimating the L°(L2)-norm of (—A)*f, we shall
estimate the Lg°(L2)-norm of | D|*? f for some function ¢ satisfying the assumptions
in Definition 1.2.

There two technical results that we will borrow from [3]. The first result, which is
Lemma 3.4 in [3], gives an energy estimate.

Lemma 2.3. There exists a positive constant C' such that, for any T > 0 and any
smooth solution f € C([0,T]; H*(R)) to (1), there holds

| D> £

d %7¢ 2
© PR+ [ o

dz + |log(e)| ™ / | 1D|2* f|2 dx
R

<CQUN|INDIP £,

where
3 7
QU = (I Nz + 1127 ) D122 fll o+ 11DI? £l o 171 5
3/2 1/2 T 62 pp1/2
+ (11575 + AL ) N DE 15 11

Remark 2.4. Some explanations are in order since the reader may notice several
modifications compared to our paper [3]. Firstly, in [3] we considered a function ¢
whose definition depends on an extra function k. Here we ignore this point since it
is irrelevant for the present analysis. Indeed, the functions ¢ and k are shown in
[3] to be equivalent (such that ck(\) < @(A) < Ck(N)), and the distinction between
them served only to organize the proof. Secondly, in [3] we also assume that ¢(r)
is bounded from below by (log(4 + 7))* for some a > 0. Here we will use that

this property holds with a = 0. Once the previous clarifications have been done,
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it remains to explain that in [3] we consider the equation (1) while here we work
with (5). The elliptic term (—02) is trivial to handle since in [3] we only applied an
L?-energy estimate and since the latter operator is positive. Eventually, the cut-off
function (1 — x(a/e)) is also harmless in the various computations used to prove
Lemma 3.4 in [3].

Secondly, we recall two interpolation inequalities from [3, Lemma 3.5]. Hereafter,
we use the notations

Ag(t) = | IDI F()|[2s
(10) By(t) = | IDI** ft)|3

Py(t) = || IDI2? (1) 2

n-(o(5) "

Lemma 2.5. Consider a real number 7/4 < s < 2. Then, there exists a positive
constant C such that, for any T > 0, any smooth solution f € C*([0,T]; H*(R))
to (5) and any t € [0, T,

(11) [F )]l s < Cro(t)Ap(t)* *By(t) 2,
(12) 11DIT%° F(0)]] 2 < Crio(t) Ag(t) i By(t)5.

and

jwe

N

From these two lemmas, we get at once the following

Proposition 2.6. There exist two positive constants Cy and Cy such that, for any
T > 0 and any smooth solution f € C*([0,T]; H*®(R)) of the Muskat equation (5),

d By(t)

A, () +Ci——MMmM————
Ot Lo

(13) 44

+ [log(e)| 7! P ()

< ¢ (/40 + 450)) na(0B(0)

We will also need an estimate for the L2-norm.

Lemma 2.7. There holds

L F Ol < O A3 1
In particular,
(14) 1 Olle < Ulla+ € [ 17 ar
Proof. Set
(15) Ref) == / el (%) do

B 1+ (Aaf)
8



We multiply the equation by f to obtain

1d , 1 Op A, f
s 170l < 2( [ 120 o)+ (i), )

Now, by [16, Section 2|, the first term in the right-hand side has a sign. Indeed:

/R [/R % da] f(z)daz

[l

It remains to estimate R.(f). To do so, we use the estimate (19) to get

\/1 L (o) — flta— a))?] e

a2

IR()ll o < / |Aafull 2 da

|o| <2e

(16) 1
1 2 2 1
et ([ 1aafilada)” e sl

which completes the proof. O

2.4. Estimate of the Holder norm. To exploit the Sobolev energy estimate (13),
the main difficulty is to estimate from above the factor 1+ || f,(¢)||7. This is where
we will apply Lemma 2.2. This in turn requires to estimate the Holder norm ||-|| 2,4,
of f. This is the purpose of the following result.

We will prove an estimate valid on arbitrary large time scale, which will be used
later to prove a global existence result.

Proposition 2.8. For any 0 < 8 < 1/2, there exist two positive constant £y and
co such that, for any e € (0,&0], any smooth solution f € C1([0,T]; H*(R)) of the
Muskat equation (5), and any time t < min{e=“, T}, there holds

t
B
[N Ecandr <=2 150l 49
0

2 1
e <1 - sup Hf<s>HHg> og (24 [ 176 as) ([ 1765 as)

Proof. The classical Sobolev embeddings implies that

1@ lles < 1Ol 505

To estimate the latter Sobolev norm, the key point will be to apply the following

1
2

interpolation inequality.
Lemma 2.9. Consider three real numbers

v>0, pf1>0 and 0< fs <2
9



Then, there exists a constant C such that, for any function g = g(t, ),

1
lgl g S —5 19(0)] -5,
vt) 2

——————1(0t9(5) — v0229(5)|| 55, 5.
+/0 (V(t_s))ﬁ; H g( ) g( )HH B

Proof. Set G := 0;g — v9.g. Then, one has,

9(t,€) = eI 50, 6) + /0 t e =P G (s, ) ds.

The desired results then follows from Minkowski’s inequality. (]

Now, apply (17) with

5 3 _
7:5—’_57 /81:1+57 /82:§+57 I/:‘log(&‘)‘ 17

to get
1 Ollgs S 1O 50
148 148
< 1og () 1ol 4
' 248 3o —142
(18) T /0 log(e)] 7 (t — 5)~ 237 |04 — | log(e)| "2 £ | . dis.

It remains to estimate the H'-norm of d;f — |log(e)|'dpef. In view of the equa-

tion (5), this is equivalent to bound the H'-norm of

1 / oA & «
— [ e (1= x (D)) da
T Jr 1+ (Aaf) €
We will split the latter term into two pieces and estimate them separately.

Firstly, directly from (7) and Minkowski’s inequality, we obtain that

1 amAaf (6% / )
T T A 2 —)d N Aa T + Aa T d
W/R1+(Aaf)zx(g) [ |a§2€<\| feallpz + | fllm) a

H1
1
1 -~ 2
<8 ([ 18afulizla @ da) "+ [ 18afledo.
R R
Now we use the following inequality:

(19 J L1807 Plal dade ~ 7] 5
Indeed,

J[ 3ot dade = [ [\f<w>|;|52<fﬁ— a>\r |

Similarly, using Sobolev embedding in Besov’s spaces, we get

2 < 2
[ 18asilsda S 1
10




It follows that

1 0.0\ «

1 / %XH da
TJr 1+ (Anf)” Ne

where we used an interpolation inequality in Sobolev spaces. On the other hand, it
follows from the estimate (41) below that,

/R 1+ (Aaf)Q daHHl ,S HT(f)fHHI

1
(20) SNl gan + 1l 1503

H1

1) ‘ 2 1
2 2
S (1+151,5) 10g (24 11%2) 171
By gathering the two previous estimates, we conclude that
Hatf - |10g(6)|718§f”i{1

1 2 9 1
SN g0 + (14 151 ,5) Tog (24 111%2) 1112

Set

By reporting this bound in (18), we find that
46 _1+8
IO 525 S Nog() 565 I oll 4

t
1 _
P log(E) [ (0= 9P 17050000

+ |1og(e)" /O (t= ) (14 175 ) tog (2 1 F@I%a) T 1750 ds.

So,
¢ 148 | 148
1Ol g0 dr < oge)) T 05 1l 4
t
1 _
+ 22| log (e) ! b/o 1£()] 5.0 ds

+ [Tog(e)[P£1 /O (1+ ||f(s)HH%>210g (2+ 1F ) ) ™ 15 ()2 s

As a result, there exists ¢g > 0 and g9 < 1 such that, if £ <&e7% and ¢ < g,
t F
L0 g ar < 0l

' !
+|log(6)|bt1b/C(t)/ log (2+Hf(s)\|§p) 17(3)]l 72 ds,
0
where

k) = sup (14 176)l5)
s€[0,t] Hz
11



Now observe that

/Ot tog (2 1£(6) 1) 17(6)] 2 s

<+ 0hos (24 [ 171 ds>é ([ wree ds>é |

Therefore, up to modifying the values of ¢y > 0 and ¢y, we see that, for t < e~
and € < gg, we have

t
B
& [N llns dr £ % 1ol 55

rebioos (24 [ 1561, ds)% ([ e ds)% |

This completes the proof. O

2.5. Global in time estimates, under a smallness assumption.

Proposition 2.10. Let T > 0 and consider a smooth solution f € C1([0,T], H*(R))
of the Muskat equation (5). Set

Cy\ 2
K=1+1 —
+6<Cl>

and assume that

Co

1
22 2(K+ @) @+ 10cfll ol 5 < 1

where the constants Cy, C1,Co are as defined in the statements of Lemma 2.2 and
Proposition 2.6. Then there exists ey depending only on Cy, C1,Cy and ||fol|p2 such
that, if € < g, then

1 T , 1
23 sup ||f(7)] .3 < and / F()|Fe dT < —-
23) oSTSTH ( )HHg \/—K(2+||(9;,;!)"0HLOO)2 0 17 Co

Proof. We apply the previous a priori estimate (13) in the simplest case where ¢ = 1.
With this choice, the quantities A, and By defined by (10) simplify to

A(t) = || 1D £8)|[2,

(24)
B(t) = | IDPFO)2, = 170)1% -

Introduce the set

t 2 1
I={tecl0,T]; / B(r)dr < — and sup A(r) < .
{ 0 3Co 0<r<t K(2+ |0z foll o )4
We want to prove that I = [0,7]. Since 0 belongs to I by assumption on the initial

data, and since [ is closed, it suffices to prove that I is open. To do so, we consider
12



a time t* € [0,7") which belongs to I. Our goal is to prove that

t* 1 1
B(r)dr < —— and sup A(7) < '
/0 (7) 2C) 0<r<t* ™ 4K (2 + (|02 foll oo )4

This will imply at once that t* belongs to the interior of I.

Since u(t) = 1 for ¢ = 1, the estimate (13) implies that there are two positives
constants C'1,Cy such that

d B(t)
A0 +C— TN Cy (A(t) + MA(t))B(t).

By combining Proposition 2.8 with Lemma 2.2, we get, for any t,

(25)

t
B
10 F O = 10: ol < Co | Blryar +Coe I,

3
2
1
2

am <1+||f(s)||Hg)2] log <2+/0t3(7)d7> </OtB(T)dT>§.

sup [|£(5)l1 2 < [lfoll 2 + Cext sup [ f(s)]
s€[0,] s€[0,t]

+ C()&g

By (14),

. 3.
H?2
This implies

(26) sup [ £(s)ll,3 < [lfoll 2 + (1 + Ce3t) sup [I£(s)],

3 .
s€[0,t] H2 s€[0,4] Hz

If t < t*, then the bound on the integral of B, supg< <
that

f||H% <1 and (26) imply

1 B B 2 % 2
102 Oll g = 192 foll o < 5+ Coe® + Cog® (14 Ifolla + (1 + Ce3t) ) log (3)

For € small enough, we conclude that
2
102 f (D)l oo < 5+ 102 foll oo -

On the other hand, if t* € I, then for any ¢t < t* we have

2
0+ VAD) < 2/A0 < o

NI

Consequently, for any ¢ < t*, (25) gives
d B(t 2C
AWM +Cr ®) 5 < 2 .
2+ 102 foll L )™ VE(2+ 02 foll )
By definition of K, we have

B(t).

16C2
so, for any t < t*,
d & B(t)

5 <0
2 (24 [0 foll )
13

(27) AWM +



Integrate this on the time interval [0,¢*], to infer that

C "
sup A(t) + 5 / B(t)dt < A(0).
tefot°] 2(2+ 10xfoll )™ Jo
Using the smallness assumption (22), the previous inequality (27) implies at once
that

1
sup A(t) < A(0) < -
tel0,t'] K (2 + [|0x foll o )
: 2(2 + [19: foll . ) 1
B(t)dt < A(0) < —.
| B < 2 0) < 5
These are the wanted bootstrap inequalities. As explained above, by connexity, this
proves that I = [0,7], which implies the desired results in (23). O

2.6. A priori estimates locally in time, for arbitrary initial data.

Proposition 2.11. Consider ¢ satisfying assumptions (H1)—(H3) in Definiton 1.2.
Let T > 0 and consider a smooth solution f € CY([0,T], H*®(R)) of the Muskat
equation (5). For any My > 0 there exists eg > 0 and Ty > 0 such that the following
properties holds. If € € (0,e9] and

[1D12 £(0)[[} < M,
then, with T* = min{T, Ty}, there holds

T*
1
sup Ay(t) < 5Mp, / po(t)* By (t) dt < —,
t€]0,T%] 0 Co

where Ay, By, j1g are defined in (10) while Cy is given by Lemma 2.2.

Proof. For this proof we skip the index ¢ and write simply A, B, u.

Since (see (11)),
1
1f @)l 2 < Cu(t)B(t)2.
We then apply Proposition 2.8 for some fixed parameter 5 > 0. Then, it follows
from (13) that
d B(t)

(28) GO+ <0 (VA®D + AW®)) w®)B),

where

t
8
v(t) =1+ 10z foll oo + Co/ u(r)?B(r)dr + Coe? | foll 3
0

1 1

s (1] f(T)HH%)Zl log (2 + /0 W(7)2B() dT> ’ ( /0 (2B () dT> "

Given a positive number Ty to be determined, introduce the set

+ Coz’:“g

t
I(Ty) = <t € [0,min{T, Tp}]; / w(T)?B(r)dr < 2 and sup A(7) <5Mp .
0 3Co 0<r<t
14



We want to prove that I(7p) = [0, min{7, Tp}]. Since 0 belongs to I(7p) by assump-
tion on the initial data, and since I(Tp) is closed, it suffices to prove that I(Tp) is
open. To do so, we consider a time t* € [0, min{7, Tp}) which belongs to I(1j). Our
goal is to prove that

t*
1
/ w(T)?B(t)dr < —— and sup A(7) < 4Mj.
0 2C) 0<r<t*

This will imply at once that t* belongs to the interior of I(7p).

As in the previous proof, we use (26) to write

(29) sup [ £(s)ll,3 < Ilfolle + (14 Ce2t) sup [ £(s)ll .3 -
s€[0,] s€[0,t]

It ¢t <t* with t* € I(Tp), then

2 B8
v(t) <1+ |0z foll oo + 3T Coe2 M,y
9\Ns/ 2 \2
8 2
Coe2 (1 6Mp)* log | 2+ — =) .
+Coet (14 ol + 010l (24 2 ) (5 )

Hence, one can define ¢y small enough, depending only on Moy, || fo|| 2 and the fixed
parameter [, such that if € < eg and if t* € I(T), then for any t € [0,t*], we have

v(t) <2410z foll oo -

Consequently
d B(#)
A+ OG5 <O <A(t) + \/A(t)),u(t)B(t).

Introduce the function

E(r,m) := sup{Cz(\/F—i-?“) (<75 (§>>_1P— ﬁﬁ}

p>0 2 m
Then, for any t € [0,t*], we have
d e B(t)
—A(t) + = < E(AQ®), 10z foll poo )-
dt 2 (2+ 10efoll )’ ( )

Assume that the number Tj satisfies

T < A(0) .
A€ (4A(0), 10z foll o )
Then, for any t < t*, we get that

1 t
sup A(7) + G 5 / B(r)dr < 4A(0).
T<t 2 (2+ H8$f0HL°°) 0
In particular, for ¢ = t*, this gives
r 8A(0
G0)  swpam <da©)., [ Bwar< 2@y o, p),.0)%
t<t* 0 Ch

15



To get the result, we must show that

T
(31) CO/ w(t)?B(t)dt <
0

Recall that B
- o (i0)

Since ¢ is increasing and since A(t) < 4A(0), we have
) —1
t
< (o))
Now, we claim that the function F': [0, +00) — [0, +00), defined by

70 (o (7)) -

is increasing. To see this decompose F(r) under the form F(r) = Fy(r) (Fs (r))?
with

l\DIH

D;\

log(Ao + 1) ‘
o(r/4A(0))

-
(log(Ag +1))?
Then

Aﬁmw@wgéﬁ<< g0>23
S/Ot* <¢<ﬁ(0)>> rdt+/0 <¢<4AT(0 )) B(t)dt
(33())’5*@(#@))27" o (o)) s T BA0) 2+ 19ufoll ).

for any r > 1. Now we successively determlne two numbers rg > 1 and Ty > 0 such
that

(32) o (6(1225)) 840 -+ 1oufll o7 =
and

(o ) -

With this choice we get (31) and we obtain that I(Ty) = [0, min{7, Tp}], which is
equivalent to the statement of the proposition. O

Fl(T’) = FQ(’I“) =

2.7. Transfer of compactness. Previously, we have proven a priori estimates for
the spatial derivatives. In this paragraph, we gather results from which we will
infer estimates for the time derivative as well as for the nonlinearity in the Muskat
equation. These estimates serve to pass to the limit the equation (which is needed
to regularize the solutions).

The Muskat equation (1) can be written under the form

(34) Ouf +|DIf =T()f,

16



where 7(f) is the operator defined by

(35) T(fg =~ / (9 D)

™

(Anf)?
1+ (Ao f)?

We recall the following result from Proposition 2.3 in [2] and from Remark 2.9 and
Propositions 2.10 and 2.13 in [3].

Proposition 2.12. i) For all § € [0,1/2), there exists a constant C > 0 such that,
for all functions fi, f in H*(R) N H%+5(R),

(T () = T ) fallpe < Ol = fall s [ fall 345 -

1) One can decompose the nonlinearity under the form

(0:f)?
36 T =———|D V(f)0:9+ R(f,9),
(36) (Hg 1+(8$f)2’ |9+ V(f)Oeg + R(f.,9)
where the coefficient V(f) and the remainder term R(f,qg) satisfy the following es-

timates:

(37) IVl <C [ 11,

(38) IR(f, )2 < Cllgll g 1717

for some absolute constant C'. Moreover,

39) 1T <O (15 + 1R g + 1 IV ) 1l
and,

(10) V(920,101 9)| < (1l + 1715 ) ] 3 gl

For later purpose, we need a refinement of (39).

Proposition 2.13. There exists a positive constant C' > 0 such that, for all function
f e H R),

2 !
(41) 1T < C(1+1711,,3) Tog (24 11%2) 112 -

Proof. In view of (39) and (37), it is sufficient to estimate the L'-norm of |¢| f.
Write,

Lleifiae= [ ie-tepiflag+ [ g+ 0 Hela + e
R [€1>A €1<A

S L 5 12 # ’ .3 2
N</5|>A|5|2d5 e+ { [, e e) (10 +10e)

_1 1
SATE | Sz +tog(1+ N)F (11,5 + I711z2 ) -

Choosing A = Hin,Q, we obtain

[ Il171d6 5 1+ g0+ 1718)% (11,3 + 1712

17



By reporting this in (37) and then using (39), we get the desired result (41). O

By using the equation (34), we deduce at once the following bound.

Corollary 2.14. There exists a non-decreasing function F: RT — RT such that,
for any T > 0, any € and any smooth solution f in C1([0,T]; H*(R)) of the Muskat
equation (5), if one sets

T T
MAT) = s (1701 +15O1:)+ [ 17O deoze) ™ [ 17015 a

t€[0,T]
then,
T T
4 dt < F(M.(T)),
(42) ] tog (2 + [T (1) fln) & = T M)
and
T ol
(43) I tog (2 + I, 4 = T

Proof. Let C be the constant given by Proposition 2.13 and set C' = max{C,1}. We
claim that
I TS
log (2 + | T(f)fll

I [T fllzn < [Ifllj2» then this is obvious. Otherwise, this follows at once
from (41). This implies (42).

A 2
< O (16158 + W15 + Wl + 1) A1

The proof of (43) follows from similar argument, using the equation to estimate 9, f
in terms of T(f)f. O

It follows from the previous results that one can extract from the solutions of the
approximate Cauchy problems (5) a sub-sequence converging to a solution of the
Muskat equation (1). Since it is rather classical, we do not include the details and
refer for instance to [19, 21].

2.8. Uniqueness. To prove the uniqueness of the solution to the Cauchy problem
for rough initial data, we shall prove an estimate for the difference of two solutions.

Proposition 2.15. Let T' > 0 and consider two solutions fi, fo of the Muskat
equation, with initial data f1 0, fo,0 respectively, satisfying

i € CO([0, T); Wh**(R) N H 2 (R)) N CL([0, T]; H2 (R)) N L2(0, T; HA(R)), Kk =1,2.

Assume that

T
@0 sup (LRI + 1@ ) + [ 1l de <M <oc, k=12
te[0,7] H2 0
18



Then the difference g = f1 — fo is estimated by

T
@) s Jo)]s < 1ol oo (COL+0° [ (11 + 117 ).

t€[0,7]

Proof. Since Oy fx, + |D| fr = T (fx)fk, it follows from the decomposition (36) of
T (fx) [ that the difference g = fi — fo satisfies

Dlg  _
1+ (8$f1)2

Since g belongs to Cl([O,T];H%(R)), we may take the L%-scalar product of this
equation with |D| g to get

g + V()09 + R(f1,9) + (T(f2+9) = T(f2)) fa.

D|g)?
s loly + [ U2 e < (V)09 1DIg)| + 1RU ) ol

1+ (aa:fl)
+ (T (fa+9) = T(f2)) fall 2 llgll o -

It follows from Proposition 2.12 that

2 1
oIy + Mgl < (11l + A0, 7) Nl ol
+ [1f2ll 7 llgll 5 ||g||H1
By Gagliardo-Nirenberg interpolation inequality
d _
gl y + Mgl S Uil (1+ 1Al ) gl Mgl
1 1 1 3
FIRIE N2 ol ol
1 1 1 3
S Willg (M) ligll g gl + M= (1207, gl 4 gl -
Thus, thanks to Holder’s inequality, one gets
d, o 1 2 5 2 2 2
gl + 5 llol < OO+ 1P (1l + 1£215:) ol
which in turn implies (45). O
2.9. The Cauchy problem for the approximate equations. It remains to prove
Proposition 2.1.

Rewrite the equation (5) under the form

(46) O f — |log(e)| 7102 f = Ne(f),

with
LUl (1 (),
N€<f>—W/RH(Aaf)2<1 X<€>>d

The next proposition shows that Equation (46) can be seen as a sub-critical parabolic

equation.
19



Lemma 2.16. There holds

1 2 i
4T Nl S XS yg + (14 15Dp) Tog (2 1715:) * 11

and

2
(48) IN-P)ll g2 < © (14171 5)

Proof. The estimate (47) follows at once from (20) and (21). To prove (48), we
decompose No(f) = —|D|f + T(f)f + Re(f) where T(f) is the operator already
introduced in §2.7 and the remainder R.(f) is as defined by (15). Recall from
Proposition 2.3 in [2] that

1Tz S U 11 s -
So the wanted conclusion follows from the estimate (16) for R.(f). O

Multiply the latter equation by (I — A)3/ 2f and integrate in time, to obtain

1d

(49) 57 11155 + 1og @ DL, g <INl 1F]a -

Recall that

1 2
(50)  IN(Plln S 2 Ul + (14170 p5) tog (2+ 171 ) " 1112

Since e2 < llog(e)| ™" for e < 1, we can absorb the contribution of e HfHH% in
the right-hand side of (50) by the left-hand side of (49). On the other hand, since
5/2 > 2, one can absorb the contribution of the other terms by using the Holder’s
inequality. This proves an a priori estimate for (46). We also get easily a contraction
estimate similar to (but much simpler) the one given by Proposition 2.15. Then by
using classical tools for semi-linear equations, we conclude that the Cauchy problem
for (46) can be solved by standard iterative scheme.
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