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ON THE CAUCHY PROBLEM FOR THE MUSKAT EQUATION
WITH NON-LIPSCHITZ INITIAL DATA

THOMAS ALAZARD AND QUOC-HUNG NGUYEN

ABSTRACT. This article is devoted to the study of the Cauchy problem for the
Muskat equation. We consider initial data belonging to the critical Sobolev space
of functions with three-half derivative in L?, up to a fractional logarithmic cor-
rection. As a corollary, we obtain the first local and global well-posedness results
for initial free surfaces which are not Lipschitz.

1. INTRODUCTION

The Muskat equation is an important model in the analysis of free surface flows,
which describes the dynamics of the interface separating two fluids whose velocities
obey Darcy’s law ([25, 33]). Its two main features are that it is a fractional parabolic
equation and a highly nonlinear equation. These two features are shared by several
equations which have attracted a lot of attention in recent years, like the surface
quasi-geostrophic equation, the Hele-Shaw equation or the fractional porous media
equation, to name a few. Among these equations, a specificity of the Muskat equa-
tion is that it admits a beautiful compact formulation in terms of finite differences,
as observed by Cérdoba and Gancedo [23]. The latter formulation allows to study
the Cauchy problem by means of tools at the interface of harmonic analysis and
nonlinear partial differential equations. In this direction, we are very much influ-
enced by the recent works by Constantin, Cérdoba, Gancedo, Rodriguez-Piazza and
Strain [19, 18], Cérdoba and Lazar [24] and Gancedo and Lazar [29].

Our goal is to introduce for the Muskat problem an approach based on a logarithmic
correction to the usual Gagliardo semi-norms which is adapted to both the fractional
and nonlinear features of the equation, following earlier works in [2, 9, 8, 10, 7, 35].
Our main result is stated after we introduce some notations, but one can express its
main corollary as follows: one can study the Cauchy problem in an almost critical
Sobolev space, allowing initial data which are not Lipschitz.
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1.1. The Muskat equation. Consider the dynamics of a time-dependent curve
¥(t) separating two 2D-domains € (¢) and Q2(f). On the supposition that X(¢) is
the graph of some function, we introduce the following notations

() ={(z,y) e RxR;y > f(t,2)},

D(t) ={(z,y) e RxR;y < f(t,2)},

N(t) ={(z,y) e RxR;y = f(t,z)}.
Assume that each domain 2, j = 1,2, is occupied by an incompressible fluid with
constant density p; and denote by p = p(t, ) the function with value p; for z € Q;(¢).
We assume that ps > p; so that the heavier fluid is underneath the lighter one. Then

the motion is determined by the incompressible porous media equations, where the
velocity field v is given by Darcy’s law:

Op + div(pv) =0,
(1) dive =0,
v+ V(P + pgy) =0,

where g is the acceleration of gravity.

Changes of unknowns, reducing the problem (1) to an evolution equation for the
free surface parametrization, have been known for quite a time (see [11, 27, 38, 39]).
This approach was further developed by Cérdoba and Gancedo [23] who obtained a
beautiful compact formulation of the Muskat equation. Indeed, they showed that the
Muskat problem is equivalent to the following equation for the free surface elevation:

0z A
@) of = ovv [ 220 da
2 Jr 1+ (Aaf)
where the integral is understood in the sense of principal values, p = ps — p1 is the
difference of the densities of the two fluids and A, f is the slope
t,x) — f(t,r — «
Q AW RO ERAUL S LA}

(0%

Since py > p1 by assumption, we may set p = 2 without loss of generality.

A key feature of this problem is that (2) is preserved by the change of unknowns:
Flta) = 1 O Aa).
Hence, the two natural critical spaces for the initial data are the homogeneous spaces
H2(R), WL™(R).

The analysis of the Cauchy problem for the Muskat equation is now well developed,
including global existence results under mild smallness assumptions and blow-up re-
sults for some large enough initial data. Local well-posedness results go back to the
works of Yi [44], Ambrose [3, 4], Cérdoba and Gancedo [23], Cérdoba, Cérdoba and
Gancedo [21], Cheng, Granero-Belinchén, Shkoller [17]. Then local well-posedness
results were obtained in the sub-critical spaces by Constantin, Gancedo, Shvydkoy
and Vicol [20] for initial data in the Sobolev space W?2P(R) for some p > 1, and
Matioc [31, 32] for initial data in H*(R) with s > 3/2 (see also [2, 34]). Since
2



the Muskat equation is parabolic, the proof of the local well-posedness results also
gives global well-posedness results under a smallness assumption, see Yi [44]. The
first global well-posedness results under mild smallness assumptions, namely assum-
ing that the Lipschitz semi-norm is smaller than 1, was obtained by Constantin,
Cérdoba, Gancedo, Rodriguez-Piazza and Strain [18] (see also [20, 37]).

On the other hand, there are blow-up results for some large enough data by Castro,
Cérdoba, Fefferman, Gancedo and Lépez-Ferndndez ([14, 15, 16]). They prove the
existence of solutions such that at time ¢ = 0 the interface is a graph, at a later time
t1 > 0 the interface is no longer a graph and then at a subsequent time to > t1, the
interface is C3 but not C*.

The previous discussion raises a question about the possible existence of a criteria
on the slopes of the solutions which would force/prevent them to enter the unstable
regime where the slope is infinite. Surprisingly, it is possible to solve the Cauchy
problem for initial data whose slope can be arbitrarily large. Deng, Lei and Lin in [26]
obtained the first result in this direction, under the assumption that the initial data
are monotone. Cameron [12] proved the existence of a modulus of continuity for the
derivative, and hence a global existence result assuming only that the product of
the maximal and minimal slopes is bounded by 1; thereby allowing arbitrarily large
slopes too (recently, Abedin and Schwab also obtained the existence of a modulus of
continuity in [1] via Krylov-Safonov estimates). Then, by using a new formulation of
the Muskat equation involving oscillatory integrals, Cérdoba and Lazar established
in [24] that the Muskat equation is globally well-posed in time, assuming only that
the initial data is sufficiently smooth and that the H®/?(R)-norm is small enough.
This result was extended to the 3D case by Gancedo and Lazar [29]. Let us also
quote papers by Vazquez [43], Granero-Belinchén and Scrobogna [30] for related
global existence results for different equations. The existence and possible non-
uniqueness of weak-solutions has also been thoroughly studied (we refer the reader
to [6, 22, 40, 13, 28, 36]).

1.2. Fractional logarithmic spaces. Based on the discussion earlier, one of the
main questions left open is to solve the Cauchy problem for the Muskat equation
for initial data which are not Lipschitz. Indeed, for such data, the slope is not only
arbitrarily large but can be infinite. To prove the existence of such solutions, the
main difficulties one has to cope with are the following: Firstly, there is a degeneracy
in the parabolic behavior when f; is not controlled (this is easily seen by looking at
the energy estimate (8) below: when f, is not controlled, one does not control the
Lﬁx—norm of the derivatives). Secondly, in addition to this degeneracy, one cannot
apply classical nonlinear estimates. Indeed the latter require to control the L*°-norm
of some factors, which amounts here to control the L°°-norm of the slopes A, f,
equivalent to control the Lipschitz norm of f. To overcome these difficulties, we
will use two different kind of arguments, following earlier works in [2, 9, 8]. Firstly,
we will prove estimates valid in critical spaces, by exploiting various cancellations

as well as specific inequalities. Secondly, we will perform energy estimates in some
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variants of the classical Sobolev spaces, allowing to control a fraction of a logarithmic
derivative. More precisely, the idea followed in this paper is to estimate the following
norms.

Definition 1.1. Given a > 0 and s > 0, the fractional logarithmic space H**(R)
consists of those functions g € L*(R) such that the following norm is finite:

19lne = /R (1-+[€2)° (log(4 + €)% a(&) 2 dé.

Remark 1.2. (i) Since the formulation of the Muskat equation involves the finite
differences of f, it is important to notice that these semi-norms can be defined in
terms of finite differences. We will see that, if s € (0,2),

2 ) 29(x) — g(x + ) — g(z — h)|? 1 \7* dadh
s~ 1 44 — —,
loleee ~ Nl + ] e ow (44 )| T

and if s =0

9120 ~ gl
9 1 —1+42a dz dh
+ //R2 1< 129(z) — gz + h) — gz — D)) [10g <4 + e S
The latter norms were introduced in [9] for s € [0,1) (with the symmetric difference
replaced by g(x + h) — g(x)).

(i9) Here the word ‘fractional’ is used to insist on the fact that a belongs to (0,1].
This is important in view of (4) below.

We consider initial data in H3/%%(R) for some a > 0. Notice that the latter spaces
lie between the Sobolev spaces H*?(R) and H3/?+¢(R):

Ve >0, Va>0, H>™(R)C H>*R)CH>'R)=H?(R).

The definition of the Sobolev spaces is recalled below in (11). For our purposes, the
most important think to note is that

1
(4) H29(R) ¢ WH(R) if and only if a > 5

It follows from (4) that there is a key dichotomy between the cases a < 1/2 and
a > 1/2. Loosely speaking, for a > 1/2, the analysis of the Cauchy problem in
H3/24(R) is expected to be similar to the one in sub-critical spaces H*(R) with
s > 3/2. While for a < 1/2, the same problem is expected to be much more
involved since one cannot control the W1 *-norm of f (which is ubiquitous in the
estimates of nonlinear quantities involving gradients or the slopes A, f).

1.3. Main results. Once the fractional logarithmic spaces have been introduced,
the question of solving the Cauchy problem for non Lipschitz initial data can be
made precise. Namely, our goal is to prove that the Cauchy problem is well-posed

on H3/2%(R) for some a < 1. Our main results assert that in fact one can solve the

_ 1
Cauchy problem down to a = 3.
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Recall that we set pas — p1 = 2, so that the Muskat equation (2) reads

1 15 VAN
(5) 3tf:;pV Rﬁ a

Theorem 1.3 (local well-posedness). For any initial data fo in H%%(R), there
exists a positive time T such that the Cauchy problem for the Muskat equation (5)
has a unique solution

£ € CO[0,T); 125 (R)) N L2(0, T; H2(R)).

Remark 1.4. The case a = % corresponds to a limiting case. In particular, the

time of existence does not depend only on the norm of fo but also on fy itself. More
precisely, we will estimate the solution for a norm whose definition depends on fy
(this can be understood by looking at Lemma 3.8 and Remark 3.10).

We now give a global in time well-posedness result under a smallness condition on
the following quantity:

10l 3 += [ 1 Togta -+ €D Ante)|* e
2fo(x) = fo(z + h) = fo(z — )? 1 \\? dzdh
~JJ. I CICT

Theorem 1.5 (global well-posedness). There exists a positive constant ¢y such that,
for all initial data fo in H3>Y/3(R) satisfying

(7) 1follss (Ifols +1) < co,
the Cauchy problem for the Muskat equation (5) has a unique solution

£ €C([0,+00); H23(R)) N L2(0, +00; H2(R)).

1
3

(6)

1.4. Strategy of the proof and plan of the paper. To prove Theorem 1.3, the
key point is to work with critical-type norms. In this direction, we will prove some
technical estimates which we think are of independent interest. To state the main
consequence of the latter, let us introduce a bit of notation. We denote by |D|*? the
Fourier multiplier (—A)*/2¢(D,). Then, our main technical estimate asserts that,
for any ¢, there holds

1 @ 4 S CQNNIDES Al

d 3
(8) GNP G+
where
QU = (I Nz + 1127 ) D122 fll o+ 11DI? £ o 171 5

+ (11575 + AL ) N IDE 15 11

The crucial point is that the quantity Q(f) does not involve the W1 *-norm of f.

To prove (8), notable technical aspects include the proof of new commutator esti-

mates and the systematic use of Triebel-Lizorkin norms. We develop these tools
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in §2. With these results in hands, we begin in §3 by introducing a sequence of ap-
proximate equations by a Galerkin type decomposition, which admit approximate
solutions (f,)nen. Then we prove that the estimate (8) holds for these approximate
systems, uniformly in n.

We then conclude the proof of Theorem 1.3 in two steps, by applying (8) with some
special choice for ¢, satisfying ¢(§) ~ (log(4 + [£]))*. As already mentioned, one
of the main difficulty is that the factor 1 + (0, f)? which appears in the left hand-
side of (8) is not controlled in LS. To overcome this difficulty, we prove some
new interpolation inequalities to estimate the factor 1+ (9, f)?, using the fractional
logarithmic norms, by some quantity which is not bounded in time. To be more
specific, assume that ¢(§) ~ (log(4 + [£]))%, and introduce the quantities

3 2
A(t) = [[1DI2? £ (8)]| 2
2 2
B(t) = || IDI** f®)]] -
In §3.2, we will prove after a fair amount of bookkeeping an estimate of the form

%A(t) L C(1)B(t) < Oy <10g <%)>_a (m n A(t)) B(t),

where

-1
B(t)

1—2a )
5(t) ~ (1 + log (4 + m) (A(t) + ||f0||L2)>

Notice that §(¢) is not bounded from below so that the left-hand side is insufficient
to control B(t). However, to apply a Gronwall type inequality it will suffice to
have a > 1 — 2a, that is a > %, see 3.3. The limiting case a = % will be studied
in §3.4 by introducing a more general weight ¢ which is not a fraction of a logarithm,
and whose definition depends on the initial data itself. This gives uniform bounds in
Le(H*>*(R)) for any a > %, for the approximate solutions f,,, from which we deduce
the existence of a solution to the Muskat equation by extracting a subsequence.
The uniqueness is proved in §3.5 by similar arguments, using again some delicate
interpolation inequalities to handle the lack of Lipschitz control.

Notations. Most notations are introduced in the next section. In particular, the
definitions of Sobolev, Besov and Triebel-Lizorkin spaces are recalled in §2.1. To
avoid possible confusions in the notations, we mention that, throughout the paper:

e We will sometimes write log(4 + |£])* as a short notation for (log(4 + [£]))*.

e All functions are assumed to be real-valued in this paper. Nevertheless, we
will often use the complex-modulus notation in writing |A,f[* or |a|? in
many identities, since we think it might help the reader to read the latter.

e Given 0 < t < T, a normed space X and a function ¢ = ¢(t,z) defined
on [0,7] x R with values in X, we denote by ¢(t) the function z — ¢(t,x),

and ||¢|| x is a short notation for the time dependent function ¢ — ||¢(t)]| 5
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2. NONLINEARITY AND FRACTIONAL DERIVATIVES IN THE MUSKAT PROBLEM

We now develop the linear and nonlinear tools needed to study the Muskat prob-
lem in the spaces H?3/ 24(R). The first paragraph is a review consisting of various
notations and usual results about Besov and Triebel-Lizorkin spaces, which serve as
the requested background for what follows. Then we study in §2.2 Fourier multipli-
ers of the form |D|* ¢(|D,|) for some symbols ¢(|¢|) which generalize the fractional
logarithm (log(4 + [£]))* introduced in the introduction. In particular we give a
characterization of the space

HYOR) = {f € L*(R) : |DI"¢(|D.|)f € L*(R)},

in terms of modified Gagliardo semi-norms. Then in §2.3 we recall the paralineriza-
tion formula for the Muskat equation from [2]. The core of this section is §2.4, in
which we prove technical ingredients needed to estimate the coefficients of the latter
paralinearization formula in terms of the #%/%¢(R)-norms.

2.1. Triebel-Lizorkin norms. This work builds on the analysis of the Muskat
equation by Cérdoba and Lazar [24] and Alazard and Lazar [2], which introduced
the use of techniques related to Besov spaces in this problem (see also Gancedo and
Lazar [29]). Here we will also use Triebel-Lizorkin spaces. For ease of reading, we
recall various notations and results about these spaces, which will be used continually
in the rest of the paper.

Given a function f: R — R, an integer m € N\ {0} and a real number h € R, we
define the finite differences 6" f as follows:

onf(@)=f(z) = flz—h), & f =06 1)

Definition 2.1. Consider an integer m € N\ {0}, a real number s € [m—1,m) and

two real numbers (p,q) in [1,00)2.

The homogeneous Triebel-Lizorkin space F;,Q(R)
consists of those tempered distributions f whose Fourier transform is integrable near

the origin and such that

an \E o\
) 171z, = ( L ([ s i) dx) < +oo.

Remark 2.2. i) We refer to Triebel [41, §2.3.5] for historical comments about these
spaces, and Triebel [42, section 3| for the equivalence between this definition and
other ones including the Littlewood-Paley decomposition.

i1) For the sake of comparison, recall that the Besov space B;q(R) consists of those
tempered distributions f whose Fourier transform is integrable near the origin and
such that

v dh g
(10) 171l = (/R (/R|5,Tf(x)|pdx> W) < 4o00.

Notice that Besov defined his spaces in this way, that is with finite differences, see [5].
7



For easy reference, we recall two results allowing to compare the Triebel-Lizorkin
semi-norms to the homogeneous and non-homogeneous Sobolev norms, which are

defined by
() Julfye = @n)" [ 1627 @ a6 Nl = a7 [ 1+ la(e)P de
R R

where @ is the Fourier transform of w.

Recall that [|-|| ;. and ||-|| jzs, 8re equivalent. Moreover, for s € (0,1),

1 1 —cos(h)

2 — 2 1 = _—
(12) Jullye = ooy Il with (o) /R Pl

We will also extensively use the following Sobolev embeddings: For any 2 < p; < oo
andanngoo,ifs—%zsl—p%then

(13) 1l @ < C 1l iy

2.2. Some special Fourier multipliers. Let us introduce a bit of notation which
will be used continually in the rest of the paper.

Definition 2.3. Consider a real number s > 0 and a function ¢: [0,00) — (0, 00)
satisfying the doubling condition ¢(2r) < coo(r) for any r > 0 and some constant
co > 0. Then we may define |D|*% as the Fourier multiplier with symbol |£]*¢(|€]).
More precisely,

F(DI?£)(€) = 1o (IENF(f)(€)-

We shall consider operators \D]S’¢ for some special functions ¢ depending on some
function k: [0,00) — (0,00), of the form

1 —cos(h) [
Before we explain the reason to introduce these functions, let us clarify the assump-
tions on x which will be needed later on.

Assumption 2.4. Throughout this paper, we always require that k: [0,00) — [1, 00)
satisfies the following three assumptions:

(H1) & is increasing and lim k(r) = oo when r goes to +00;
(H2) there is a positive constant co such that k(2r) < cor(r) for any r > 0;
(H3) the function r — k(r)/log(4 + r) is decreasing on [0, 00).

Remark 2.5. i) The main example is the function kq(r) = (log(4 + r))* with a €

[0,1]. However, we shall see that, to include the critical case a = % in Theorem 1.3,

we must consider more general functions (see Section 3.4).

ii) To clarify notations, we mention that we choose the natural logarithm so that
log(e) = 1. In assumption (H3), the choice of the constant 4 is purely technical (it

is used only to prove (67) below).
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There is one observation that will be useful below. We will prove that ¢ ~ x, which
means that

(15) ev(N) < 6(\) < Cr(N),

for some positive constants ¢, C. In particular, ¢ satisfies the doubling condition
$(2r) < cop(r) and we may define the Fourier multiplier |D|*? = |D|* ¢(|Dy|), a

in Definition 2.3. Although x and ¢ are equivalent, we will use them for dlfferent
purposes. We will use ¢ when we prefer to work with the frequency variable (Fourier
analysis), while we use £ when the physical variable is more convenient. The next two
results will be useful later on to freely switch computations between the frequency
and physical settings.

Lemma 2.6. Assume that ¢ is as defined in (14) for some function k satisfying
Assumption 2.4. Then, for all g € S(R), there holds

D" g(z) = E/R 29(z) —g(= J;LQh) —g(@z—h) <‘2’> dh.

Proof. Notice that the Fourier transform of the function

/R 2g9(z) — g( J}rﬁh) —gl@—h) <ﬁ) dh,

</R s (g ) oo
Therefore

(el [ H =5 (51 an) a9 = 40190 €160 = 41017 516)

equivalent to the wanted result. O

is given by

The following result states that ¢ and k are equivalent and also gives the equivalence
of some semi-norms.

Proposition 2.7. Assume that ¢ is as defined in (14) for some function r satisfying
Assumption 2.4.

i) There exist two constants ¢,C > 0 such that, for all A >0,

(16) ck(A) < d(N\) < Cr(N).

ii) Given g € S(R), define the semi-norm

ugus,ﬁz</ 20(z) — g(e + 1) - <w—h>rz(|;|Sn(ﬁ))2dfhjm>é

Then, for all1 < s < 2, there exist two constants ¢, C' > 0 such that, for all g € S(R),

[ o1 g e <ol < € [ |10 o) e

9




Proof. We begin by proving statement #i). Let us introduce

K(r)=k? <1> 7"1% (r > 0).

r

For any h € R, the Fourier transform of x — 2g(z) — g(x + h) — g(x — h) is given by
(2 —2cos(&h))g(€). Consequently,

ol = / 20(a) ~ 9o + b) — 9o — W K (k) dedi = [ 160

where

5(6)|? ag,

_2[q_ 2
1) =2 [ (1= cos(€h) P (b))
We must prove that the integral I(£) satisfies
(17) clel*o(1€)?* < 1(€) < Cle*a(€))?,

for some constant ¢, C' independent of £ € R. Let us prove the bound from above.
To do so, we use the inequality |1 — cos(f)| < min{2, 62} for all § € R to obtain

e g 414
Ho <2 [ K@ahane D[ et gl an

Now, since k is increasing by assumption, directly from the definition of K, we have

Jo D an < 6?5 R (e €

The estimate of the contribution of the integral over {|h&| < 1} is more involved.
To do so, we introduce the following decomposition of the integrand

4
08) €I () = €02 () s = m (R () 7 ) i

where
271 1 4 + 1 2
r ( ) 7T2(7' = —Og ( Tl) PR
10g ( ) log (>\0 + 7,—2)

. 1\\? 8
m3(r) = r? <log<)\o+ﬁ>>, )\O:exp<2_s>.

By assumption on k (see (H3) in Assumption 2.4), the function m is increasing and

log(4+ €1)? |£|
The function 7y is bounded on [0, +00) by some harmless constant depending only
on s. Eventually, we claim that the function 73 is increasing. Indeed,

d 1 2 4
1-s
—Tm3\r)=7r lo A+ = 2—s—
dr 3( ) & < ’ T2> [ ’ ()‘OTQ 1) log ()‘0 r12)

> 1% log | A —l—i 2 2—3—74
s\ log (o)

2— 1?2
= S pl-s log <)\0 + —2> > 0.
T

hence

for |h| <

2
10



It follows that
s— 2 1
m3(|h]) < € 2 log (Ao + [€%)” for |h] < 7l

By combining these bounds about the factors 7;, we deduce from (18) that

k(1€]) ’ 2+ 2\ 2 dh
E*hK (|h))dh < <7 £ log (Ao + |€ — .
/|h§§1 (1A log(4 + [£]) € < o+ Il > nj<1/l¢| A5
Since log(4 + |€]) ~ log(Ao + |€[?) and since 0 < s — 1 < 1, we deduce that

/ 4K (h]) dh < (s(IED)2 1€l
[hg<1

So, we get I(€) < [€*¢(1&])*.
On the other hand,

MOz [ Kz ( [ dh) KNI 2 (=€) e

Therefore, we proved (17), which concludes the proof of statement 7).

It remains to prove statement 7). The lower bound ¢(\) > ck(A) follows directly
from the definition of ¢, by writing

6(N) > /011_2728“”,@ <%> dh > (/011_27‘;5(}”&0 KOV,

since k is increasing. To prove the upper bound, we split the integral into {h < 1}
and {h > 1} and then use similar arguments to those used above. ]

2.3. Paralinearization of the nonlinearity. For a nonlinear evolution equation,
considerable insight comes from being able to decompose the nonlinearity into sev-
eral pieces having different roles. For a parabolic free boundary problem in fluid
dynamics, one expects to extract from the nonlinearity at least two terms:

i) a convective term of the form VO, f,

i1) an elliptic component of the form ~ |D|* f,
for some coefficients V and v and some index a > 0, where as above |D| = (=A)/?
(see Definition 2.3 with s = 1 and ¢ = 1, or (19) below). To reach this goal,
a standard strategy is use a paradifferential analysis, which consists in using a
Littlewood-Paley decomposition to determine the relative significance of competing
terms. For the Muskat equation, this idea was implemented independently in [2, 34].
In this paragraph, we recall the approach in [2] where the formulation of the Muskat
equation in terms of finite differences is exploited to give such a paradifferential
decomposition in a direct manner.

Recall that the Muskat equation reads

3tf:l/L‘lf2da
T Jr 14 (Aaf)
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Therefore it can be written under the form

1 ! (A
atf—W/R@anfda W/ﬂgamAafl—l—(Aaf)Qda

Let us introduce now some notations that will be used continually in the rest of the
paper. We define the singular integral operators

(19) Hu = —%pv/ Ayjuda and  |D| = HO;.
R

Then the Muskat equation can be written under the form

(20) Of+IDIf =T/,
where 7(f) is the operator defined by

2
(21) T(ha =+ [ @:tag % da

The desired decomposition of the nonlinearity alluded to above will be achieved by
splitting the coefficient

(Aaf)?
1+ (Ao f)?

into its odd and even components. Set
1 (Auf)? 1 (Auf)?

(22) 0(047)25 ( ) 2_5 ( ) PR
1+ (Aaf) 14+ (A-af)

_ 1 (Aaf)Q 1 (Afaf)2 .
(23) ) S AP T 2T (A oy

It follows that

T(fg=—~ / (eDag) & (0,) da — = /R (0:0ag) O (@) dav

™ JR ™
Since A, f(z) converges to fz(x) when a goes to 0, we further decompose & (o, -) as
__(0uf)? ~(9uf)?
fe =g ) T e )

Remembering that
1
Dlg(e) = = [ (@) da.
T JR

we obtain the following decomposition of the nonlinearity:

_ (0:0)?
(24) TN =1 e CNE D[ g +V(f)0zg + R(f,9)-
where
(25) V= _l/ 0@ 4,
T Jp o«
and

2 -«
R(f,g9) = —% /]R (0:A09) (E () — %) da + 1 /R M(’) (o, ) da.
12



2.4. Nonlinear estimates. With these preliminaries established, we start the anal-
ysis of the nonlinearity in the Muskat equation.

We begin by estimating the coefficient V' (f) (see (25)).
Proposition 2.8. There ezists a positive constant C' such that, for all f in S(R),

(26) VAl < Cllf g +CUAR 5 -

Proof. Recall that

__1[9@) . ol (At 1 (Aaf)
V= 7T/]R - da  where (’)(a,)—21+(Aaf)2 2T (A

Now, write
(27) O (o) = Aa(x) (Aaf(z) — Aaf(2)),
where

1 Aaf+ A of

Aa(z) = 5 2 2\

2(1+ (Aaf))(A+(Aaf))

Hence

0.0 = Ao (Aafs — A_afz) + Ao (Aaf — A_sf).

Now, we replace in the first product the factor A, by

(AC"(“") s fx($)2)2> T 0T L@

and observe that the last term is bounded by 1. Therefore, by using the triangle

inequality, it follows that
|0,V (2)| < Ii(x) + I(z) + Is(x) where

/ (Aafx(x) - A—afx(x)) %
R

IQ(w) :/]R Aa(x) - (1 +f;ig(2)2)2

Iy(z) = /R 190 Aa(0)] |Aaf () — A_of()

11(1') =

)

’Aafx(x) - A—afx(x)

do
o’
do
ol

We now must estimate the L?-norm of I jfor 1 <5 <3.

We begin by estimating the L?-norm of I;. Observe that

Aafg;(:ﬂ) — Afafm(x) _ Qfx(ﬁl?) — f;,;(:l? — a) — f:v(CU + a).

(0%

Now, as above, we use the fact that, for any o € R, the Fourier transform of
x> 2¢(z) — gz + o) — g(z — «) is given by (2 — 2cos(€a))g(§). Consequently, it
13



follows from Plancherel’s theorem that

Il = o [ 167 | [ (2 emoe o) & :
:g/R’f‘Q /(1 — cos(af)) i_(;
’ /(1 — cos(a)) i—(;

Now, since |1 — cos(a)| < min{2, |a&|?},

d d
§2/ —02‘+/ oS5 <3,
loj>1 [ES T

Il 5 [ 1EFOPde = 11y

This implies the wanted inequality |11,z S [|f]] g2-

F(€)? d¢

2 A
(&) dg

™

2
/ AP e
R

do

[ (= cos(e)) S5

So,

We now move to the estimate of || 2|, 2. Introduce

1 T+y

(28) Flay) =3 1+ 221 +y2)’
so that
(29) A= F(Auf A of) and —220_pp g,

(1 + fu(2)?)

Since [|[VeyF|| oo ge) < 4, we deduce that

‘Aa(x)_ f:v(x) §4’Aaf_fx‘+4’A—af_fx‘7

(14 fol(2)?)?

which in turn implies that, for all z in R,

D) <8 /R Baf (@) = Fol@)] [ Dafole) — Dafolz)] 2

o’

where we used the change of variables a — —a to handle the contribution of the
term A_,f — fz. Now, using the obvious estimate

[Aafe(®) = Aafe(@)] < |Aafe(@)| +|Aafe(z)],

and the Cauchy-Schwarz inequality, we conclude that
(30)

IBIE: 5 ( L/ (Aaf—fm(fﬂ)fi—g)zdx)% ( L/ <Aafx<x>>2da>2dx>%.

We next claim that the first factor in the right-hand side above can be estimated by
the second one. To see this, we start with the identity

Baf = fule) = HOZLEZD gy = 2 (oo =) = o)y
14




Then, for all x and all « in R, we deduce that

(@af = £ < 2| ["thale - ) - Fo)?a).

(Notice that the integral is not necessarily non-negative since a might be non-

positive.) Then, integrating in « and splitting the integral into o > 0 and a < 0,
we obtain

[@ar =125 < [|[" e - - £ o5
<2//fxﬂ:— - L) dy.

Since 2 f;oo a3 da < y~2, using Fubini’s theorem, it follows that

QdOé

- > o Qdy
[ Gaf = 1@ 55 < [T nta =) - 1)

(31) o
2 2

Hence, it follows from (30) that

Il < [ ( / (Aafgg(ﬂc))Qda)de.

Now, using the Triebel-Lizorkin semi-norms (9), observe that

(32) /R</R‘Aafw!2da> dr = (/ (/‘ . |a|1+2 > xf*

= Wlly el

where we used the Sobolev embeddmg (13) in the last inequality. This proves that
| I3|| 2 is estimated by C || f|% %774, which completes the analysis of I5.

It remains to estimate ||I3]|; 2. Remembering that the function F in (28) has partial
derivatives bounded on R?, we find that

0z Aol S [Aafe] + [A—afal

Now, making the change of variable a — —a and applying the Cauchy-Schwarz
inequality, we end up with

x)g/RyAafx(x)HAaf@) A-af(z ) |a|

< ([@ar) da)% ([ Bus@) = 2-aso)? i_f;‘) |

Now, using the inequality

(Aaf(@) = Aaf(2))” < 2(Aaf(@) = fol@))* +2 (A af(2) = ful(2))?,

and then applying (31), we infer that

/ (Aaf(x) = A of(x))? d—Z‘ < / (Anfe(z))? da
R e} R

15



Consequently,

Il < [ < / (Aafm(:c))Qda>2dx.

Now, it follows from (32) that

13072 S 11 g s
which concludes the proof of the proposition. O
Remark 2.9. It follows from (27 ) that for all f in S(R),

V())<= / Ao —af(w)\ﬁ

déd
/ 11— cos(ad)[1£(€) f e

Thus, since [g |1 — cos(a{) = €] Jg |1 — cos( )]Mg €], we find that

(33) VOl < [ lelfe)l e
We will use this estimate to bound the H*(R,)-norm of T(f)g in Corollary 2.1/.

| /\

The next result contains a key estimate which will allow us to commute arbitrary
operators with 7(f).

Proposition 2.10. Assume that ¢ is as defined in (14) for some function k satis-
fying Assumption 2.4. Then, there exists a positive constant C' such that, for all f,g
in S(R),

34) I[P, TN D S Mgl 7 DI+ £ 2 + lall 7 | D+ fHLz [Rall

+ 11D g 2. HgH2 £ 53

3
2

j
12

Proof. Recall that the operator 7(f) is defined by

_ ! (B
T(f)g = /R(Aagx)Fa da where F, = = (Aaf)2 da

T
Let us introduce
_ 1,9 1,¢ 1,0
[y = ‘D‘ [Fooncgm] - Fy ‘D’ [Aocga:] — Ange ‘D’ [Foz] .

Loosely speaking, the term I'y, is a remainder term for a fractional Leibniz rule
with the operator ]D]1’¢. With this notation, one can write the commutator of the
operators |D|"? and T(f) as

1 1
101, 7()] @ == [ Bage DI Fuda = 1 [ Toda
T JR T JR

Consequently, to estimate the L2-norm of [|D|1’¢ , T(f)] (f), we have to bound the

following integrals:

(I) ::/R</RAagm(x)]D]1’¢Fa(x)da>2dx, (I1) ::/R</Rl“ada>2dx.

16



More precisely, to prove the wanted estimate (34), it is sufficient to show that

(35) (DS gl 11DF 7l + gl 7 1[1D1F £l DI £,

(36) (1) < [|IDIF g 2 ]| IDIF g 2]l 1D15 £f7-

Step 1: We prove (35). By Holder’s inequality and Minkowski’s inequality, one has

(I) < (/R </R|Aag$(x)|2da>2dx>% (/R </R‘\D\17¢Fa(m)‘2da>2dm>%.

The first factor is estimated by means of (32), namely

</R </R ‘Aagm($)|2da>2d$>% < ||g||2% .

The analysis of the second term is more difficult. We begin by applying Minkowski’s
inequality together with the Sobolev embedding H'/4(R) < L*(R), to obtain

</R <A|IDII’¢Fa(w)|2da>2dx>% 5/}R</R||D|1’¢Fa(x){4dx>;da

S / ‘\D\%’¢Fa(x){2dxda.
R2

Now, to evaluate the latter integral, we use Lemma 2.7, which implies that

//RQ ||D| ¥ Fo(2)]? dz da
~ /R2 |2F,(2) — Fo(x + h) — Fo(z — h)|? </<é <,1ﬂ>>2 %'

We must estimate the integrand [2F, () — Fy(z + h) — Fo (2 — h)[? in terms of sim-
ilar terms for A, f. To do so, write F,, = F(A,) with F(z) = 22/(1 4+ 2?). Then we
use the following sharp contraction estimate for F.

Lemma 2.11. For any triple of real numbers (x1,z2,x3), there holds

(37) 222 3 3

- — < |zg + x5 — 221| + |0 — 21> + |23 — 21 |2
1+22 1423 1+x§ < | 3 il + [ i s 1
Remark 2.12. [t is worth remarking that such a clean inequality does not hold for

a general function.
17



Proof. Write

272 73 @ 2 1 1
1—|—£U% 1+x% 1—|—:c§_1+3:% 1—|—:c% 1+x§

(@ D@+ ) (w2 — 1) + (23 4+ 1) (23 4 21) (23 — 71)
N (1+x%)(1+x%)(1+x§)

_ (23 + 1)(w2 + 1) (w2 + 23 — 221) 4 (2122 + wow3 + w301 — 1) (02 — x3) (23 — 21)
(14 23)(1 +23)(1 + 23) ’

to obtain

222 3 3

3
- < |z T3 — 22| + |T2 — T3||T3 — 1|,
1+22 1442 1+x§_|2+3 1|+ |z2 — x3]|23 — 21

2

which implies the desired result.

Directly from the definition of F,, it follows from the previous lemma that

2F5(2) — Fa(z + h) — Falz = h)]* S 280 f(2) = Aaf(z +h) — Ao f(z — B)[
+ |Aaf(x) - Aaf(x + h)|4
+ |Aaf(x) - Aaf(x - h)|4 .

Integrating in A and making use of the change of variable h — —h to handle the
contribution of the last term, we conclude that

[ P F @) aa

< //]R 2A0 f(2) — Aaf(x +h) — Ao f(z — h)|? (H <|—;|>>2 %

+ //R Aaf (@) = Daf (@ +h)[* (V» (ﬁ))Q %

The first term is estimated by using again Lemma 2.7, which implies that

//R2 284 f () — Aaf(z + h) — Ao f(z — R)|? </€ (ﬁ))Q%

< [P o) @) e

18



On the other hand, using the same arguments together with Holder’s inequality, we

//RQ |Aaf(@) — Aaf(z+h)|* (K (%))2 %
1/2
([l (-(3) )

dzdh 2
< ([ 130t0) - Buste+ P )

~[1DIF Anf]],2 HAafH

have

> wl”‘

DI Aaf]ls HAafHH% ,

where we used the Sobolev embedding H %(R) < FJ2(R), see (13). Therefore, by
gathering the previous results, we get

(1) 5 N9l 5 ( J 180001 p@)f drdat [ 1D afl 1801 da) -
Now we claim that, for any function f,
(38) //R AufP dads ~ |7
To see this, write
2 da 2112 2112
J18aiPavar = [[ (6 fP S5 = 173 ~ 171,
2,2
where we used (12). Now the estimate (38) implies that
[ 18,0914 @ s 5 1015,
L1860 D7 da 5 |10 1]
It follows that
1
3
(D) S ol 11D £ + ol 11215 £],s ([ 1 (101 )] d0)

Using the Besov norm (10), we have

([ 1a108 llada)” =100 25 < 1107 125 < 191 12
2 2,6

where we have used the embedding (13) in the last inequality, while the inner in-
equality follows at once from the definitions of Besov and Triebel-Lizorkin space
(see (10) and (9)) by using the Minkowski’s inequality. This proves the wanted
result (35).

19



Step 2: We prove (36). Recall that Lemma 2.6 implies that for any function g, one
can compute |D|"? g as follows:

\D!wg(x):l/zg(x)_g(ﬂh)_g(m_h)n(i) dh.

4 h?
Then using the elementary identity
2zy — @iy —2y—1) — 2 (2y —y1 —y—1) —y (22 — 21 — 2)
=—(z—x)(y—y) — (@ —2-1)(y —y-1),
we deduce that

Do| =2 /R(Fa(x) — Fa(z — 1) (Age(z) — Aaga(z — B)) (ﬁ) % _

Since
|[Fo(z) = Fo(z — h)| < |Asf(z) — Aaf(z — R)|,
it follows that

ol <2 [ 18070 = Baf(o = 1] 1800(0) = Bagile = 0] ()

<2 ( [ 130gn(o) ~ Bagalo— ) 4(|h|) dh)i
([ 1800200~ Bt Y ([ 1800 - Bustr— i ).

So, by Holder’s inequality in z,

HPaH%Q(R;dx <4 (// Aaga(r) = Aage(z — h))? it (%) %dx)é
X (/ . |Ags (@) — Aqga(z — h)? dhdx>
’ </ </ Aaf(@) = Daf(@—h)|7 %d)

~|[|Aa (D[ g) iz 1302 4 HAale

F12
12
12,2

(13)
< HAQUD\Wg>HL2HAa<1Dr%g>HL2HAa<1Drf>H22.
Therefore,

2
< (L 2P 8D 80101 )00 )

302 N2 | 11/2 12 3012 1/2 2
< ([ 13001 lflei2a0) ([ 18aDE 9)3alal 2 aa)
< [ 180D Pl lal 2 da

~ 1D g .|l 1DIF 9. || 1DI £
20



where we used (12). This gives (36), which completes the proof. O
Eventually, we study the remainder term R(f,g) in the paralinearization of 7 (f)g
(see (24)).

Proposition 2.13. Assume that ¢ is as defined in (14) for some function k sat-
isfying Assumption 2.4. Then, there exists a positive constant C' such that, for all
functions f,g in S(R),

(39) IR( 9l < Cligh 3 W11,z -

In particular,

(40) IRG DI £l < CIDIE F2 11,7

Proof. Recall that

2
RS.0) =5 [ @ag+0:800) (£ 0 - 122
+ l/ 990 =9 5 (0, ) da
™ JR «

The first half of the proof is based on [2]. Namely, write

1
0z Ang + 0z A_qg = _Eaa (5049 + 5—049)7
029(. — @) = 04(0a9),

as can be verified by elementary calculations. Then use these identities to integrate
by parts in «. By so doing, we find

0ag(x O f(x))?
IR(f,9)()] 54%('5@@)—%
do

+|O0(a, z)| + ][040 (o, x) \) m

+al|0a€ (a, ) |

Then it follows from [2, Lemma 4.5] that

R(f,9)(@)] /R Aag(@)|1(a, 2) da

|3 [ st dn‘) .
and sof(x) = 6uf(z) + 0_of ().

We now use different arguments then those used in [2]. The main new ingredient

where

[saf (z)|

|

) = o <I5afm(:v)| T oafu(a)] +

here is given by the following inequality:

/W(Q’x)QdO‘rg/|6afm(x)|2dogé'
R R [0
21



To prove the latter, it will suffice to show that that

@ 2 dov da
(1) L[ sr@al %< [nors.

(42) [ ot @S5 < [ thatuP S5

To prove (41), we apply the following Hardy’s inequality

/OOO (i /Oau(n)dn>2da < 4/Ooou(a)2da,

with u(n) = (s, fz(z))/n. It follows that
2
do §/
R

/R/Oasnfm(x)dUQ(i_?::/R é/oasnfx(x)dn
o] (=) g
R «

Then (41) follows at once from the triangle inequality |sqf|* < 2|6af|* +2|6_af|*.

2
do

1 [ syfa(z)
— L= d
2

Let us prove (42). Write
ﬂ o daf +0-af _

(Sa];(f))Q < Q(Aaf g fz)

«
Now, remember from (31) that

Aocf - A—ozf = (Aaf - fx) - (A—af - fﬂ&)7
(Afaf - fm)2

2
2
+ o2

QdOé

[ @af = @75 < [ (Bafe@)do
R R

together with a similar result for A_,f — f, (interchanging o and —«). This
proves (42).

Then, remembering that Aju = dqu/a and using the Cauchy-Schwarz inequality,
we get

RIS ([ @agto) da)% ([@asio)? da)% |

By using the Cauchy-Schwarz inequality again, we conclude that

IR 9% < ( [ ([ st da>2 dx>% ( [ ([@anr da)de> :

Therefore, the estimate (32) implies that
2
IR N7 < gl 5 1117

equivalent to the desired result (39). (]

Corollary 2.14. There exists a positive constant C such that, for all f € S(R),
) T <€ (Il + 1715 + 1+ VDl ) 1] e
22



Proof. By (24) and (34) and (40) with ¢ = 1 one has,
1T g < NIDET O] 2 + 1T HADIA 22

3 3
S 5 + A 2 WA g + (Ve + D 1l e

Then (43) follows from the classical interpolation inequalities in Sobolev spaces. [

3. PROOF OF THE MAIN RESULTS

In this section, we prove Theorem 1.3 and Theorem 1.5.

Following a classical strategy, we shall construct solutions of the Muskat equation
in three steps:

(1) We begin by defining approximate systems and proving that the Cauchy
problem for the latter are well-posed by means of an ODE argument.

(2) Secondly, we prove uniform estimates for the solutions of the approximate
systems on a uniform time interval. The heart of the entire argument is
contained in a a priori estimate given by Proposition 3.3 below.

(3) Finally, we prove that the sequence of approximate solutions converges to a
solution of the Muskat equation and conclude the proof by proving a unique-
ness result.

Notations. We denote by (-,-) the scalar product in L*(R) and set |-|| = ||| ;2.

3.1. Approximate systems. We will define the wanted approximate systems by
using a version of Galerkin’s method based on Friedrichs mollifiers. To do so, it is
convenient to use smoothing operators which are also projections. Consider, for any
integer n in N\ {0}, the operators .J,, defined by

—

(44) Tuul€) =@(e)  for e[ <mn,
Jnu(§) =0 for |¢] > n.

Notice that J, is a projection since Jfl =J,.

Recall that the Muskat equation reads
1 0:A
ap=d [ BT,
T Jr 1+ (Aaf)
Remember also from §2.3 that the latter is equivalent to
(45) Of+IDIf =T/,
where T (f) is the operator defined by (21).

Let us introduce the following approximate Cauchy problems:
{ atfn + |D| fn = Jn(T(fn)fn)a

fn’tzO - JnfO-
23
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The next lemma states that this system has smooth global in time solutions.

Lemma 3.1. For all fo € L?>(R), and any n € N\ {0}, the initial value problem (46)
has a unique global solution f, € C1([0,+00); H*®(R)). Moreover

(47) Jn = Infn,
and, for all time t > 0,
(48) [fn@)lz2 < Wl foll 2 -

Proof. This proof is not new: it follows from the analysis in [2, Section 5] together
with the L2-maximum principle in [19, Section 2]. However, since slight modifica-
tions are needed, we include a detailed proof.

i) We begin by studying the following auxiliary Cauchy problem

(49) {atfn+Jn|D|fn: Jn(T(Jnfn)Jnfn),
fli=0 = Jn fo.

The Cauchy problem (49) has the form

(50) Orfn = Fn(fn)a fn‘t:O = Jn fo,

where

Recall from Proposition 2.3 in [2] that the map f — T(f)f is locally Lipschitz
from H'(R) N H %(R) to L?(R). Therefore, since J, is linear smoothing opera-
tor (which means that it is bounded from L?(R) into H*(R) for any u > 0), the
map f — J, (T(Jnf)Jnf) is locally Lipschitz from L?(R) to L?(R). This implies
that F,, satisfies the same property and hence we are thus in position to apply the
Cauchy-Lipschitz theorem. This gives the existence of a unique maximal solution f,
in C1([0,T,,); L*(R)). Moreover, the continuation principle for ordinary differential
equations implies that either

(51) T, = 400 or limsup || f(t)|| 2 = +00.
t—Th
We shall prove in the next step that T,, = +o0.

Eventually, remembering that J2 = .J,,, we check that the function (I — J,,)f, solves

(I —Jp)frn=0, (I—Jpn)fnlt=0=0.
Therefore (I — J,,)f, = 0 which proves that J, f, = fn.

Now, we deduce from J, f,, = f, and the equation (49) that f,, is also a solution to
the original equation (46). In addition, the identity J,f, = f, also implies that f,
is smooth, in particular f,, belongs to C1([0,T},); H*(R)).

i7) To conclude the proof of the proposition, it remains to show that (i) the solution
is defined globally in time and (i7) it satisfies the L?-bound

(52) 1@l L2 < [l follz2 -
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In fact, in light of the alternative (51), it is sufficient to prove the latter inequality:
by combining (51) with (52), we will obtain that T,, = +oc.

It remains to prove (52). This estimate is proved in [19, Section 2] for the full
equation (that is with J,, replaced by the identity I) and we recall the main argument
to verify that the estimate is uniform in n. By definition of 7(f)f, one has
1 O Ao f
DIf-THf== [ — =5 da

TR 1+ (Aaf)

Therefore the equation (46) is equivalent to

_ (1 9xAa fn
Oufu+ (1= J) D] fo = Jn (ﬂ /R Wt da) |

Using f, as test function, one has

1d 9 1 / 0:A0 fn >

=7 1 /n(t + I_JnDnan:_ Jn 7(104,”.

s VO (0= DL o) = 2 [ 200 o g
Now we use three elementary ingredients: firstly, ((I — J,)|D| fn, fn) > 0 and J =
Jn as can be verified by applying Plancherel’s theorem. and secondly J,, f, = fn. It

follows that L d . oA
Ld e g2, < L /Mda,n>_
i V01 < ([ el an g

Now, by [19, Section 2], the right-hand side is non-positive since, for any smooth
function f = f(t, ),

/R [/R % da] f(z)da

:_//Rglog

The proof is complete. O

o?

Vl L (o)~ flta— a))?] e e

3.2. Uniform estimates. We have seen that the solutions f, to the approximate
systems (46) satisfy a uniform L2-estimate (see (48)). We now have to prove uniform
L2-estimate for the derivatives |D|*? f,.

Let us fix some notations.

Assumption 3.2. We consider a function k: [0,00) — [1,00) satisfying Assump-
tion 2.4 together with the following property: There exists a € [0,1/2) such that

k(r) >log(4+1r)* forall r>0.

Remember that, by notation,

1 —cos(h
<75(7“):/0 %n(ﬁ)dh, for r > 0.

Recall also that ¢ and k are equivalent: there are ¢, C' > 0 such that,

Vr >0, ck(r) < ¢(r) < Cr(r).
25



We denote by |D[**? the Fourier multiplier |D|* ¢(|Dy]).

With this notations, our goal in this paragraph is to obtain uniform estimates for
the functions

(53) An(t) = [ 1DI12 £ )|}

e Ba() = [ IDI* fa(t)]]]

72
The following result is the key technical point in this paper.

Proposition 3.3. Assume that k satisfies Assumptions 2.4 and 3.2. Then there
exist two positive constants C1 and Co such that, for all integer n € N\ {0},

(4) A0+ CunBa(0) < O (VAL + A(D)) (1) Ba(r),

where
-1

- Bn(t) 1-2a

0= (+(3)

Proof. We split the analysis into two parts:

(1) We begin by applying the nonlinear estimates proved in Section 2 to deduce
a key inequality (see (56)) of the form

d 3 4 2 ‘ |D ’¢ fn{
) SD R+ [T
where Q(fn) is bounded in (strict) subspace of L7, by || |D|g’¢ anLoo(Lg)

2
and ||| D] “ anLf(Lg)'
(2) Then we apply interpolation type arguments to show that one can absorb

the right-hand side of (55) by the left-hand side.

da < CQ(f)|| IDI*? ful L

We now proceed to the details and begin with the following result.

Lemma 3.4. There exists a positive constant C' such that, for any n € N\ {0}, the
approzimate solution f, € C1([0,+00); H®(R)) to (46) satisfies

7¢
CONN LY “ f”‘

2,¢

Iz

where

QU = (Ifall gz + 15222 ) D122 fall o+ 1 1DIF® full o 1 all 5
+ (1525 + 1l DI full 2 18l 5

Proof. As we have seen in the proof of Lemma 3.1, f,, satisfies J, f,, = f, and hence

fn € CH[0, +00); H*(R)). In particular, all computations below are easily justified.
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The proof is based on the nonlinear estimates established in the previous section,
together with parabolic energy estimates for the Muskat equation, and a commutator
estimate with the Hilbert transform.

We multiply the equation
8tfn + |D| fn = JnT(fn)fm

by |D|3’¢2 fn and use the following consequences of the Plancherel’s identity:

2 1d
(@S |DP ) = 532 11D ful 7

2
(ID] fus DI fu) = 1D ful |-
Now, we need four elementary ingredients:

Ji=Jny Jnfa="fa (see (47)), |[DP**" =D D", (|D|"*)" =|D["*.

n

Then we easily verify that

(T () Fu \DPZ f2) = (T e T 1D ) = (T(Fa) i |DP o)
= (D" T(fu) fu, IDI*® f)-

It follows that

1d

57112122 fallia + 11D fall = (IDIM T(fu) . |IDI £2).

Notice that this identity no longer involves the operator J,, which explains that the
subsequent estimates are independent of n.

Now we commute the operators |D|"? and T (f,) in the last term, and then expand
the term 7 (f,,)(|D|"? f,) using (24). This gives

2 1D g
L2 Jo 14 (02 fn)?

(I) == (V(£2)02 D" f, |DI*? £.),
(IT) := (R(fn,|DI"? fo), |1 DI*? fu),
(1) = ( |ID1" T ()] fus| DI ).

’D3/2¢fn de = (I)+ (II)+ (III) where

i

It follows from Propositions 2.10 and 2.13 that the terms (/) and (/1) are esti-
mated by the right-hand side of (56). So it remains only to estimate the term (7).
To do so, we claim that

(57) (D) < IV 1D Fall 2| 1DI72 ful

Assume that this claim is true. Then it will follow from (57) and Proposition 2.8
that (I) is bounded by the right-hand side of (56), which will in turn complete the

proof.
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Now we must prove (57). We begin by making appear a commutator structure. To
do so, we notice that, since 9, = —H |D|, one can rewrite the term A under the form

<V(fn)ax ’D‘17¢ fm ’D‘27¢ fn> - _<V(fn)H ‘D’27¢ fna ‘D’27¢ fn>

We then use H* = —H to infer that
1

(1) = =5 {(VUIHIDE? fu 1D ) + 3 (H(V (1) IDP 1), 1D f)
(58) = 5{ BLVUDP? £ |DP 1),

Consequently, to prove (57), it will be sufficient to establish that

(59) | VD (F)]|, S IV ENa [P ful]

The latter inequality will be deduced from a commutator estimate of independent

interest. We claim that

(60) 1#: 91] (0zg2)l[ 2 < Cllgill iz g2l 4 -
Notice that the wanted estimate (59) follows from (60) applied with g; = V(f) and
go = H |D|"? (since |D|*® = 8, H |D|"?).

It remains to prove the commutator estimate (60). Start from the definition of the
Hilbert transform (see (19)) and observe that

2
1.01] el = =5 [ ([ =00, () - gat)ay)

r—y
Integrating by parts in y, this gives

114, 91] (Daga) 122 N/ (/ g1 (x Yllg2(x) — g2(y)| dy>2dx

!w —yl?

" /R (/]R %1(5)(92(””) ~92(y)) dy>2 da.

Using the Cauchy-Schwarz inequality, we estimate the first term in the right-hand
side of (61) by,

(61)

(L o) ) ([ () et o)’

Using the Lizorkin-Triebel norms introduced in (9), the above product is in turn
estimated from above by

g1l 5 llg2l® 4
442 F442
Now, the Sobolev embedding (13) imply that the right-hand side above is bounded
by the right-hand side of (60), namely

lorll .3 Nlgall 1 < lloall g llg2ll g -
4

4,2 2
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It remains to estimate the second term in the right-hand side of (61). We use again
Hoélder’s inequality to estimate the later term by

2
2\ 3 2\
10,91 ()] / l92(2) — g2(y)[?
—— " d d d d .
/R < R ]w—y!1—1/4 Y z YA \x—y\”l/z Y €T

Then, again, we use (9) and (13) to estimate the above quantity from above by

110177 (18,911 )HLangHz.é S lga i llgall

Fgs

Here we have used the fact that
1 4
H |D| "4 hHL2 <C ||hHL% , Yh € L3(R).

This completes the proof of (60) and hence the proof of the lemma. O

We now continue with the interpolation arguments alluded to previously. We want
to estimate the various norms which appear in Q(f) in terms of A,, and B,,. Indeed,
given Lemma 3.4, the proof of Proposition 3.3 reduces to establishing the following
result.

Lemma 3.5. Consider a real number 7/4 < s < 2. Then there exists a positive
constant C' such that, for alln € N\ {0} and for all t > 0,

3

(62) 1Ol jzs < Cin()An(t)>~*Ba(t)*2,
(63) [1D17 full o < pn(t) A (£)3 B (£)3,

and moreover,

1—2a

By (t) ? !
(64) [0z fr(t)|| Lo < C'log (4 + m) (An(t) + ||f0HL2) :

Proof. For ease of reading, we skip the indexes n.

i) Let A > 0. By cutting the frequency space into low and high frequencies, at the
frequency threshold [¢| = A, we obtain
I 5 [ Jfrae= [ jeIfRae s [ g ae

€1>A

|€[<A

‘5’28 K 9 ’5‘284 ,
< d 1
[ Eereaitae [ Eienoaie

where we have used the equivalence ¢ ~ k. Now Plancherel’s theorem implies that

[ 1P a0e1R ag <11 1D1 1]
[ 1ero(e1R dg S PP 1|
€1>A
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On the other hand, we claim that

g A
a(lED)? = (V)2
g A%
w(IE)? = (V)

(66) (4) for —|¢] = A,

for |&] < A

(67) (17)

The first claim follows directly from the facts that x is increasing and the assumption
s < 2 (which implies that 2s — 4 < 0). To prove the second claim, write

r2s—3 B r2s=3 " log(4 + r)?
k(r)2  log(4 +r)2 k(r)2

By assumption, log(4 4+ r)/k(r) is increasing. On the other hand, by computing
the derivative, we verify that the other factor is also an increasing function (since
we assume that s > 7/4). It follows that 7 — 72573 /k(r)? is also increasing which
implies the second claim. It follows that

£ 115 S X273 (s) 2D Fl132 + A2 (s(0) 2] D2 £112.
Chose A = [[[DI*? (f)|22/[1DI**? (£)]|2. to obtain
1F 115 S (5 (Ba/An) " A2 B,

equivalent to the wanted result (62).

ii) As above, for A > 0 one has,

1DIE fo]12 = / €5 (e 112 de
< Abp(n)? / PO f1 de
[€]<A

LA Ep(n) /Ig PGS

Since ¢ ~ k, we deduce that
HDIF% full 72 S ARO[ 1D £[[7 + 2712002 DI £

Now take
o 1DPe il
3 )
11D £][7.

to get the wanted result (63).
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ii1) Starting from the inverse Fourier transform, using the Cauchy-Schwarz inequal-
ity together with estimates similar to (65), we obtain

10 f 11 < / €l1f1de
- / w(1€) 1€l m(lED €21 F] de
[&]>X

+ / r(ED €N+ D72 R(EDIEI + |€) 7| fl de
[€]<A

1 : 2,0
< —d D> 2
~</|§|>A GREE) 5) Il

N b L
+</59<|f|+1>m2<|5|>d§> (NP> Fli + 171).

Now observe that

1 1 1 1
o R %= 700 g 2= 00
It remains to estimate the second integral. Remembering that x(r) > log(4+r)® by
assumption, we begin by writing that
1 - 4
(14+7r)k2(r) = (4+7)log(4 + )2’

On the other hand, with 8 = (1—2a)/a we have > 0 (since a < 1/2) and moreover

1 1d
= — —log(4 4 ).
@+ log(d+ 1% — agar 84+ 7)

Therefore,

! % 1—2a
</|£|§A (€1 + 1)k2(1€]) df) Slog(4+ )2 .

We conclude that
— — 1—2a
0. fllz S KO) A2 D flls +log(d+ 2 F (1DP flls + 1112
1—2a _
2 (X V2D flgs + 11D flls + 1112
Remembering that || f||z2 < ||follz2 (see (48)) and then choosing A such that

Slog(4+ A)

2
A2 = D[ £ g2
DI fll2 + | foll 2
we obtain (64). This completes the proof. O

Now the energy estimate (54) follows directly from Lemma 3.4 and Lemma 3.5. [

For later purposes, we conclude this paragraph by recording a corollary of the in-

equalities used to prove Lemma 3.5.
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Corollary 3.6. Consider a function f € S(R) and set

M =|fllgs + 11 Flpe
Then there holds

flly1\ "0
(68) WMHWﬂﬁNmSﬂM+U%%G+ J*) 11l

for some absolute constant C' independent of M.

Proof. 1t follows from the proof of (64) with ¢(r) = log(4 + r)% that we have the
two following estimates:

/I£||f<£>|d£<lo 1y Wy éM
~ 10g M 5

1Al \ ™
1Fllge Slog (4425 ) [ifll.
Therefore, by combining these with (33) and (43), we get that
112 + TN

1 _1
: T 113 ) 3
< I8 + 10 g +1+1og {4+ =25 ) M log (44 =325 ) 17l

_1
2 13} 8
<O+ 1 log (4 =25 ) Ifl],,

which is the wanted result (68). O

3.3. Uniform estimates for small initial data globally in time. In this para-
graph, we apply Proposition 3.3 to obtain uniform estimates globally in time, as-
suming some smallness assumption.

Proposition 3.7. There exists two positive constants ¢ and C' such that the following
31
property holds. For all initial data fo in H2'3(R) satisfying

(69) Ifollg 3 (1ol +1) <.

where the semi-norm ||-||z 1 is as defined in (6), and for all integer n in N\ {0}, the
2’3

solution f, to the approximate Cauchy problem (46) satisfies

(70) sup  [|fn(®)llz 12 <[ folls.
te[0,4-00) 2 2

1 1,
3 3

together with
(71)

+o0
/ @@n@ﬁwn@ﬁwnnmﬁﬁ+
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2
TR
log(4+ [l 1)

dt < C|lfoll3

ol

)

W=



Furthermore, there exists a subsequence of (fy) converging to a solution f of the
Muskat equation. Also, f satisfies (70) and (71) with f, = f.

1
Proof. Fix r(r) = (log(4 4 r))®, define ¢ by (14) and then consider A, and B, as
given by (53). Notice that, since ¢ ~ k, we have

D122 gl 2 ~ lglls,

1.
3

The estimate (54) implies that
B(t)

d
—A
1 n(t) + C4

1t tog (4 i) (40) + 1ol)
< Oy (\/An(t) + An(t)) log (4 + iZEg)_ By(t)

< 0 (Jm + An(t)) log (4 + AB”—“)> B,

() + 1 follZa
We want to absorb the right-hand side by the left-hand side. To do so, we shall
prove that

=

(72)

=

ol

(73) Gy (\/m + A"(t)) log (4 * #ﬁ}o\l%z)

Cy

1

1 log (44 2o ) (An(t) + 1foll2)
%\ T AR, )\ ollr2

<

DO |

Set

wl=

By
X = VAW 4 Aalt), Y =40+ ol A =1og (44 )

Then (73) is equivalent to

Ci A
< — .
- 21+)\Y
The latter inequality will be satisfied provided that 2C2 X (Y +1) < . This means
that (73) will be satisfied provided that

Co X

C

(74) Ca (VAL + An®)) (An(t) + 1 fol3 +1) < S

We thus have proved that if (74) is true for all time ¢, then (73) is also true for all
time. On the other hand, let us assume that (73) is true for all time. Then (72)
implies that

d Ch
ZAL )+ 2L
dt 0+ 2

This immediately implies that A, is decreasing, which implies that (74) is true

(75) 8(1)Bn(t) < 0.

also for time ¢ provided that it holds at initial time. By an elementary continuity
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argument, one can make the previous reasoning rigorous. This proves that (70)
holds provided that the assumption (69) is satisfied with

R & S
N 8(01 +CQ)

Integrating (75) in time and noticing that 6,(¢) 2 log(4 + Bn(t))fé, we also get
that the function ¢ — B, (t)log(4 + Bn(t))fé is integrable on [0,400). By virtue
of (68) and using the equation 8, f,, = — |D| f, + Jn (T (fn)fn), we end up with (71).
Eventually, by the standard compactness theorem, there exists a subsequence of ( f;,)
converging to a solution f of the Muskat equation. O

3.4. Uniform estimates for arbitrary initial data. We now prove uniform esti-
mates for arbitrary initial data in Has (R), without any smallness assumption. This
is the most delicate step. Indeed, as explained in Remark 1.4, one important feature
of this problem is that the estimates will not only depend on the norm of the initial
data: they depend on the initial data themselves. As a consequence, we are forced
to estimate the approximate solutions f,, for a norm whose definition depends on the
initial data. More precisely, we will estimate the norm |D|g’¢ frn for some function
¢ depending on fy. To define this function ¢, we begin with the following general
lemma.

Lemma 3.8. For any nonnegative integrable function w € L'(R), there exists a
function n: [0,00) — [1,00) satisfying the following properties:

(1) n is increasing and lim n(r) = oo,
T—00
(2) n(2r) < 2n(r) for any r >0,
(8) w satisfies the enhanced integrability condition:

(76) /Rn(\r])w(r) dr < oo,

(4) moreover, the function r — n(r)/log(4 + 1) is decreasing on [0, c0).

Proof. Consider a sequence of real-number (ay),>; such that a; > e® and oy, > a,lﬁo_l

and in addition

(77) VE > 1, / w(r)dr <27F,
[r[>a
We set
2 if 0<r<an,
(78) n(r) = log () .
k+1+Tkil lf Ock§7°<04k+1.
0 (W)

It is easy to check that 7: [0,00) — [1,00) is an increasing function converging to
+oo when r goes to +o0o. Moreover, 1 satisfies 1(2r) < 2n(r) for any r > 0.
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In addition,

/77(‘7"’)01(7”) dr < /7"§0q dr—i—Z (k+2) /a ) dr

‘<Oék+1

o0

< 2wl + Y (k+2)27F
k=1

< 2||w||1 + C.

It remains to prove that r — n(r)/log(4 + r) is decreasing. To do so, write

d n(r) _ 1 oy L n(r)
(79) dr <log(4 + 7’)) ~ log(4 +7) <77 (r) 44 rlog(4+ r)) )
So, for 0 <r < aq,
d [ n)
Y i (i) <0

while for oy, <r < apy1 with k> 1, we have

d n(r) 1 log(44+r)
dr <log(4+7’)> = @+ nlogd 177 (bg(“jfz“) ' 1)

- 1 log(4 4+ ak1)
T (d+r)log(d+7)? | log(FsL)

1/10
dta;

<0,

k
where we have used ay; > <107,

This proves that r — n(r)/log(4+r) is decreasing on [0, c0). The proof is complete.
U

After this short détour, we return to the main line of our development. Consider
31

a function fp in H2'3(R). It immediately follows from the previous lemma and

Plancherel’s theorem that there exists an function k: [0,00) — [1,00) such that

2

(81) /|£|31og 44 1€2) 3 (€)% folE)[? dE < tov,

and such that k is increasing, r — k(r)/log(e +r) is decreasing; k(2r) < cok(r) and
lim k(r) = oo.

T—00

Next we now define a function kg: [0, +00) — [1,+00) by
1.
ro(r) = (log(4 + [&])) * k(I€]).
together with the companion function ¢ defined by (14), that is

(82) do(N\) = /OOO 1_2728(}%0 <%> dh, for A > 0.
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Proposition 3.9. Consider an initial data fo in H%%(R) and denote by ¢g the
function defined above in (82). Set

My = |[IDIZ% fo|%.

Then, there exists Ty > 0 depending on My and || fol|r2 such that, for any integer n
in N\ {0}, the solution f, to the approrimate Cauchy problem (46) satisfies

(83) sup |[1D12% fu(t)])%2 < 2M
te[0,To]
and
(84)
1£ll2 s

To
A 100 FullZe 4 1l + 11T (G20 + dt < CMo,

wol=

log(4 + ||l 1)

for some absolute constant C' > 0 independent of fy.

Furthermore, there exists a subsequence of (fy) converging to a solution f of the
Muskat equation which satisfies (70) and (71) with f, replaced by f.

Remark 3.10. Notice that the time Ty depends on fy and not only on HfOHH

31.
2’3
Proof. We apply (54) for the quantities

An(t) = [[IDIZ? fu®)720 Balt) = [IDP? fa(t)][72.
This gives that

() A+ CunBa(0) < O (VA + A(D)) (1) Ba(r),
where
Bo(t) 1—-2q -1
WbG{mﬁqﬁﬁmﬁ](mmm%ﬂ,

= (o 248)) 12

Given ¢ > 0, define the function

o+o)r
5@JMM§):23{C%( (WErar

E(5) fos (1+)]

R
> 1 [1og (44 5)]" o+ 10l22)

Since p — k(p) is increasing, directly from the definition of £ (g, HfoH%Q), we verify
that the function ¢ — E(o, || fol|32) is increasing. On the other hand, since x(p)

tends to +00 as p goes to +oo, we verify that
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Thus,

d Ch

G An(0) + 5 0u(1)Ba(t) < € (An(0), I foll72) -

(56) -

and a fortiori

€ Au1) < € (Aa(0). 1o32)
Then by standard arguments, one obtains
(87) sup || D2 f,(1)]|2, < 2Mp.
t€[0,Tp)
with
Ty = Mo » My = H|D|%’Q50 f0Hi2-

€ (2Mo, |1 foll72)

Moreover, as proof of Propostion 3.7, we also have (84) and a subsequence of (f,)
converging to a solution f of the Muskat equation. Also, f satisfies (70) and (71)
with f, = f. The proof is complete. O

3.5. Uniqueness. The following proposition implies that the solution of the Muskat
equation is unique.

Proposition 3.11. Consider two solutions f1, fo of the Muskat equation in [0, T]| xR
(for some T' < 00), with initial data f1,, f2,0 respectively, satisfying

T _1

59)  sup ey + [ log (14 Ifulloy ) NlByde < M < oo, k=12
te[0,7) 2’8 0 = 3

Then the difference g = f1 — fo is estimated by

(89)

2 T _1
sup [lgM) 4 < llg(O)]] ;3 exp (cuvnz /O log (4+ I1fill,1 ) 3||fk||§,;dt>-
k=1

t€[0,T]

Proof. Since Oy fi + |D| fr = T(fx)fr, it follows from the decomposition (24) of
T (fx)fr that the difference g = f1 — fo satisfies

|Dlg
1 + (amfl)z

Take the L2-scalar product of this equation with |D|g to get

Org + =V (f1)0z9 + R(f1,9) + (T(f2 + 9) = T(f2)) fo-

d D|g)?
sl + | %d < | (V(1)8:9,1Dlg) | + I R(f1, )2 9l i
(T2 +9) = T(f2)) Fallz gl -

The arguments used to show the identity (58) also implies that

[(V(f1)229,1D1)| = 5 | ([, V()] ID] g, D] g)|.
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Thus, by combining the estimate (26) for ||[V(f)| ;1 together with the commutator
estimate (60) about the Hilbert transform, the bound (39) for the remainder term
and eventually the following interpolation inequality (see (64)),

N

102l < (M) log (4+ 1 fulla1) "

we end up with

< (11l + 1A0 1) ol g ol + 15103 D3 ol
T ICT (e + ) = T(f2) Fall 2 lgll o -

Now, directly from the definition of 7(f)g, we have
[(T(f2+9) = T(f2) fo(@)| S / |86 (02 f2)()]|Aag(z)| da,

so, by Hélder’s inequality, the L?-norm of (7 (f2 + g) — T (f2))/f2 is estimated by

) N\
( [ ([ 182080t 0o dx) <@l ol 5 5 152l ol

Hence, we derive

_1
3

d oo
~lgl% 3 +C(aD)1og (4+ A1l )

2
< (11l + 1A 1) Wl g Nl + 152l 3 311l

g1l

9 1 3
< (Il + 10202 ) Mgl g3 Dl + 15215 Dl gl

Interchanging the role of f; and f5, we also get a symmetric estimate. Then, by
combining these two estimates, we get

d 1 _1
o0 [ 1og (4 Ally ) +1og (4117l bl

9 1 3
< (Il + 152025 ) gl Mgl + 15205 01 il

9 1 3
+ (If2ll e + 152127 ) gl g gl + 15205 12, ll 2

By interpolation inequality (62)

i 1
I£ell 5 Sorlog (44 Ifelloy ) I5ellZ,

H7 ™~

_1
3

Wil ze Sar tog (4+ Uillor) il
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hence

d 1 _1
;Emmg%+cuwﬂkg(4+mﬁm%) "t 10g (44 12l ) ﬂumﬁl

_1
3

Swtog (44 1fillo,2 ) Al gl gl

Fionk gk
1) LN gl Nl

(
+log (44 1 fally,
+log (4+ | £2ll,

1
’3

1
e
) T2l gl gl

1 1 1 3
3 1 1 3
+ log (4 + (1 fall F2ll 3 Mgl y Mgl -

1
’3

Finally, by Holder’s inequality,

2 1
d 3 2 2
aﬂm@;sM(ggmg@+unm%) 17l ) s

which in turn implies (89). The proof is complete. O
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