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1. Introduction

Modeling of soil moisture dynamics is of key importance in characterizing the processes occurring
in the vadose zone and the interaction of the vadose zone with the underlying groundwater and the
overlaying land surface, vegetation and atmosphere. For instance, soil moisture simulations play
an important role in the prediction of groundwater recharge, and the understanding of how
contaminant from the land surface or shallow subsurface migrate to the groundwater. In hydrology
and climatology, these simulations are used in predicting the partitioning of water and energy at
the land surface, and in ecology and agriculture, such models are employed in forecasting the
availability of water to the root zone. As a result, numerical models for soil moisture simulation
have received increasing attention in the last several decades.

The majority of currently available unsaturated flow models rely on the Richards’ equation in
conjunction with the van Genuchten-Mualem model (van Genuchten, 1980) to describe soil
moisture dynamics (Vereecken et al., 2008). It is well-known and well-documented that the ability
of such models in providing realistic predictions is highly dependent on the accurate estimation of
parameters related to the soil water retention curve and the hydraulic conductivity function (Li and
Ren, 2011; Moret-Fernandez et al., 2017; Younes et al., 2018). These parameters often exhibit
high spatial variability, and their direct measurement is infeasible. Hence they are often either
inferred from soil particle size distributions using pedotransfer functions (e.g. Schaap et al., 2001;
Van Looy et al., 2017; Zhang and Schaap, 2017), or estimated through inverse modeling by
employing soil moisture data. The latter has been the subject of numerous studies with some
promising results. Because of the nonlinear relationship that exists between the inputs and outputs
of soil moisture simulation models, and in the heterogeneous case, the high-dimensionality of their

parameter space, certain inverse methods have been of particular interest in this context. These
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include frequentist methods such as least square estimation (e.g. Abbaspour et al., 2001) and
maximum likelihood estimation (e.g. Hollenbeck and Jensen, 1998); batch Bayesian methods such
as Markov Chain Monte Carlo (Scharnagl et al., 2011); and sequential Bayesian methods,
including most notably the extended Kalman filter (e.g. Lu et al., 2011), the ensemble Kalman
filter (EnKF) (e.g. Zhu et al., 2017; Wang et al. 2018), and the particle filter (Montzka et al., 2011).
The surge in the use of inverse modeling methods for the estimation of unsaturated soil hydraulic
parameters is partly due to increasing availability of soil moisture data. During the past 30 years,
there has been significant advances in the development of different soil moisture measurement
techniques ranging from the point-scale to the continental-scale (Crow and Zhan, 2007). These
include techniques based on dielectric characterization of the soil (e.g. time domain reflectometry
and frequency domain reflectometry), hydro-geophysical methods (e.g. ground penetrating radars
(GPR)), and air-borne/space-borne remote sensing (RS) methods (e.g. passive microwave,
synthetic aperture radars and scatterometers) (Fang and Lakshmi, 2014; Su et al., 2014; Tran et
al., 2014).

Despite the abundance of measurement techniques, accurate and non-invasive characterization of
the spatiotemporal variations of soil moisture is still considered challenging (Klotzsche et al.,
2018). In this respect, photographic imaging techniques offer some interesting potentials, enabling
mapping of the water content at very fine resolutions in both space and time (Tidwell and Glass,
1994). Examples of photographic imaging techniques for soil moisture mapping include the light
transmission method (Hoa, 1981), the multispectral image analysis method (Kechavarzi et al.,
2000) and the light reflection method (Yoshimoto et al. 2011). All these methods incorporate some
sort of image processing to convert the reflected or transmitted light intensities into soil moisture

content. Tracers are commonly employed to improve visualization. Recently, Belfort et al (2017b)



47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

and Belfort et al. (2019) proposed a novel imaging technique which combines the analysis of
photographic images and direct measurements, to characterize a two-dimensional (2D) field
without the need for a tracer. The wealth of soil moisture data provided by such photographic
imaging techniques makes them particularly appealing for the estimation of distributed fields of
unsaturated soil hydraulic parameters, especially in lab-scale experiments.

This paper proposes a novel methodology for parameter estimation, in the context of variably
saturated flow in porous media, which is based on an improved EnKF method and takes into
account information obtained from a recent photographic technique in terms of water content. In
the next two introductive sub-sections, these different aspects are put into context and our

objectives are clearly stated.
1.1. Estimating unsaturated flow parameters using photographic imaging

A suitable method capable of estimating unsaturated flow parameters through the use of
photographic imaging data must be able to incorporate finely discretized measurements provided
by the images to gradually reduce parameter estimation uncertainty and distinguishably quantify
individual components of uncertainty such as model structural uncertainties and imaging data
uncertainties. The EnKF has both characteristics (Reichle et al., 2008; Rajabi et al., 2018), and is
hence a natural choice for the estimation of unsaturated soil parameters using imaging data.
Furthermore, the EnKF does not require storage of past data, which is a bonus with respect to the
potentially high volume of data produced by imaging. The EnKF has been used in the state
estimation context for assimilation of soil moisture data in numerous studies since the early 2000s
(e.g. Reichle et al., 2002). Estimation of unsaturated flow parameters using the EnKF, often done
in conjunction with state estimation, is more recent and sparse, and we provide a review of some

key studies in Table 1. The majority of studies reviewed in this table deal with ‘hypothetical’ one-
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dimensional (1D) column or 2D rectangular problems, with a few other studies focusing on 1D
‘field experiments’ (e.g. Jiang et al., 2019). Previous studies have employed RS (Li et al., 2012),
GPR (Tran et al., 2014) and contact-based, point-scale soil moisture data for the estimation of
unsaturated flow parameters using the EnKF. However, to the author’s knowledge, no attempt has
been previously made in using the EnKF for assimilation of photographic images in the
unsaturated zone.

Note that photographic imaging data have some unique characteristics compared to data obtained
from contact-based, GPR or RS techniques, which affect the parameter estimation process.
Contact-based techniques provide point-scale data whereas photographic imaging can be used to
characterize the entire soil moisture distribution. GPR is considered more appropriate for
intermittent rather than continuous measurement of the soil moisture profile (Vereecken et al.,
2008), and RS is suitable for low resolution measurements of surface soil moisture across large
areas (Lu et al., 2011). GPR, which has been successfully applied under laboratory conditions,
allows indirect visualization of water flow in two and three dimensions, but data analysis as well
as the interpretation remain a challenging topic (Allroggen et al., 2015). Comparatively,
photography provides detailed 2D structural and phenomenological information with high spatial
and temporal resolutions, well suited for characterizing experiments at the lab-scale when sections
of porous media are directly accessible. This feature is important because the estimation of
heterogeneous fields of unsaturated soil parameters from sparse data obtained from other methods,
results in highly underdetermined problems which are prone to ill-posedness and non-uniqueness.
The affluence of data provided by photographic imaging has the potential to solve this problem.
However, imaging data is highly susceptible to noise resulting from brightness fluctuations and

reflections from the surroundings, and is also influenced by the color space used in the analysis
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(Kashuk et al., 2014). Therefore, parameter estimation based on photographic imaging data is
vulnerable to instability.

Based on the above notion, this study tends to extend previous researches by: (1) proposing a novel
framework for the estimation of unsaturated soil hydraulic parameters using photographic imaging
data, (2) presenting a customized version of the EnKF capable of handling potentially noisy image
data, and (3) validating the proposed methodology using lab-scale data. Data obtained from the
novel imaging technique proposed by Belfort et al (2017b) is used as the basis for the validations.
After accomplishing these objectives, we will try to answer a key question: how do the parameter
estimation results obtained from using image data, compared with those acquired from using direct

measurements of soil moisture?
1.2. Developing relationship between light intensities and water content

In photographic imaging, what is measured is the light intensities not the water content. Therefore,
direct measurements of the water content are also required to develop or calibrate an equation that
transforms light intensities to water content. This is a key component of almost every previous
study on the use of photographic imaging techniques for soil moisture mapping, and previous
studies often rely on statistical regression to develop such an equation. However, especially in lab-
scale experiments, the properties of the soil may be known in advance. Hence, a simulated version
of the moisture content distribution can also be generated, which is expected to closely resemble
that of the real distribution. This gives rise to a new question: can we use prior information about
the unsaturated flow parameters of the soil to calibrate an equation that relates light intensities to
water content, without the need for direct measurements of the water content? In this paper, we
will try to address this question, by developing a customized version of the EnKF that employs

numerical model outputs to estimate such a relationship.
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2. Theoretical framework

The main building blocks of the proposed approach for unsaturated flow parameter estimation are
(1) a Richards’ equation type unsaturated flow model, (2) a carefully chosen instance of the EnKF,
and (3) generalized polynomial chaos expansions (PCEs) which are used for accelerating the EnKF
computations. The theoretical framework of these three building blocks are described in this

section.
2.1. Numerical simulation approach

Assuming that the media is rigid, air remains at atmospheric pressure, and the flow velocity is
consistent with the Darcy-Buckingham’s law; flow in a variably saturated porous media can be

described using the mixed form of the Richards’ equation (Richards, 1931):

00 oH
_ — — = 1
= oSy =+ V(=K (h).VH) = f; (1)

Where t [T] is time, 0 [-] is volumetric soil water content, and H [L] and h [L] are the hydraulic
and pressure heads respectively, so that H = h + z (in which z [L] is depth taken positive
upward). Furthermore, K (h) [LT™'] is unsaturated hydraulic conductivity as a function of pressure
head, fs [T!] is the sink/source term, Sg [L!] is specific storage, and S, [-] is relative saturation
(where S, = .65 in which 6 is the saturated water content). The relationships between 6 and
h (called the water retention curve), and the function K (h) can be characterized by the Mualem-
van Genuchten model (Mualem, 1976; Van Genuchten, 1980):

95_97‘

0(h) =06, + —(1 T ek

2)

KR = kY2 [1 = (™) 3)
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Where 6, is the residual water content, kg [LT '] is the saturated conductivity, @ [L '] and n [-] are
empirical parameters related to the mean and uniformity of the pore size, respectively, m is related
to n by the formulam =1—1/n, and S, [-] is the effective saturation defines as S, = (8 —
6:)/(0s — 6,).

In the context of variably saturated flows, the development of performant numerical tools for
solving the Richards’ equation remains a challenging issue that also affects the development and
application of efficient methodologies for parameter estimation and our knowledge of model-data
interactions (Farthing and Ogden, 2017; Rajabi et al., 2018). In this study, the Richards’ equation
is numerically solved using a combination of Lumped Mixed Hybrid Finite Element (LMHFE)
and the Method of Lines (MOL) (see Fahs et al., 2009). This is done by employing the 2D-UWF
code (Belfort et al., 2017a) developed at the Laboratoire d’Hydrologie et de Géochimie de
Strasbourg (LHyGeS). The spatial discretization of Richards’ equation is based on MHFE method
which approximates simultaneously both pressure head and velocity and can handle general
irregular grids with highly heterogeneous permeability. Our 2D-UWF code embeds a lumped
formulation to tackle difficulties of classical numerical schemes in satisfying the maximum
principle, and LMHFE is then effective in avoiding unphysical oscillations in the solution. This
approach is coupled with a sophisticated ordinary differential equation (ODE) solver for time
integration (DLSODIS) that combines a high order adaptive time integration with an appropriate
time-stepping management. Although this work includes efficient numerical methods and our
main goal is not the resolution of the Richards’ equation, other 2D/3D codes based on finite
element or finite volume methods and integrating unstructured meshes (see McBride et al, 2006;

Paulus et al., 2013; Deng et al, 2017), can also be employed within the framework of our
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methodology. In this study our focus will be on the estimation of k , « and n as the uncertain input

parameters.

2.2. Ensemble Kalman filtering approach

EnKF is a Monte Carlo-based variant of the Kalman filter (KF), which extends the KF to the case
of nonlinear model systems. It was first introduced by Evensen (1994) and later modified by
Burgers et al. (1998). Two formulations have been used in the literature for estimation of
unsaturated flow parameters using the EnKF: (1) the joint or state augmentation approach (e.g.
Wang et al. 2018), in which the states and parameters are simultaneously estimated as a single
augmented vector; and (2) the dual estimation approach (e.g. Lu et al., 2011), which employs two
interactive parallel filters: a filter for the parameters and another for the states, with the parameters
undergoing an artificial evolution (or random walk) while waiting to be updated indirectly by the
state variables (Rajabi et al., 2018). As indicated by Table 1, previous studies on the use of the
EnKF for estimation of unsaturated flow parameters have mostly relied on the state augmentation
approach. However, some (e.g. Moradkhani et al., 2005) have argued that this method is vulnerable
to instability and intractability in highly nonlinear problems, and so the dual estimation approach
is deemed superior in such circumstances. As Richards’s equation-type models are known to be
highly nonlinear (Erdal et al., 2014), we adapt the dual estimation approach in the current study.

As a type of Bayesians filtering, the EnKF considers the uncertain model parameters and states as
random variables, and hence represents them with probability distributions. These probability
distributions are numerically approximated by an ensemble of realizations, which are constructed
by sampling from the known prior distribution of each random variable at the onset of calculations.
Each of these realizations is then separately propagated through time by a two-stage

prediction/update process to estimate the marginal posterior distributions (or filtering

10
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distributions) based on the measurements available in each time step t; (i.e. discrete time intervals

in which new measurements become available).

The potentially noisy nature of imaging data means that in the update stage the parameters can be

perturbed to unrealistic values to obtain a closer match with the defective instances of data.

Unsurprisingly, artificial evolution in the prediction stage may also lead to parameter estimations

that are beyond physically reasonable limits. So it is necessary to account for the physical bounds

on the parameters while computing their estimates. Therefore a ‘constrained’ version of the dual

EnKF, based on the works of Moradkhani et al. (2005), Bavdekar et al (2013), and Chen et al

(2018), is developed in the current study. The sequential steps of the adapted EnKF approach are

describe in the following and presented in Fig. 1:

1.

Algorithm initiation: the initial ensemble of parameter realizations is built by sampling
from their respective prior distributions. These prior distributions characterize what is
initially known about the possible range of variability for the model parameters, and the
algorithm can often work well even if the prior distribution does not contain the correct
values. The resulting ensemble of parameter realizations for the initial time step (denoted
by ¢;,) is made of n, vectors of the uncertain parameters:

bt, = [ks a,n] 4)
Each of these realizations is then separately propagated through time by an iterative two-
stage prediction/update process to estimate the marginal posterior distributions with respect

to measurements available in each time step t;.

2. Prediction: The input to the prediction stage is ¢, for the time step t;, and the outcome of

the previous update stage for the subsequent time steps t; (i > 1). The latter is denoted by

¢¢; where the superscripts u refers to the updated values. In the prediction step, first, an

11
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artificial evolution (or random walk) of the parameter realizations is implemented by
adding a normally distributed noise term (9;) (i.e. random walk term) with zero mean and
a predefined covariance to each vector:

¢ =Pl (or diy) + 9, 5)

In Eq. (5), the superscripts p refers to the forecasted values. Then, for each vector of the
parameter realizations, a numerical simulation is performed to forecast the system state in

the next observation time and produce the state ensemble S g o

Given the strong dependence of soil moisture content on the model input parameters, the
simulations are done from the initial time (t;) to obtain the updated state variables in each
assimilation step, and hence the name restart EnKF (re-EnKF) is given to this algorithm
(Xu and Goémez-Hernandez, 2016). As indicated by Song et al. (2014), using the restart
version of the EnKF helps solve the inconsistency problem in which the updated
parameters and state variables no longer follow the Richards’ equation. The resulting
process of state updating can be formulated as:

St = f(Seprbt,,,) T W (6)
Where f() is a function representing the nonlinear model of the unsaturated flow,

S¢,denotes the state initial condition, and w; is the stochastic model error vector often
assumed to be Gaussian with zero mean and a predefined covariance C ovt’; ., fepresenting

structural uncertainty in model predictions. Here, Sfi is a vector containing soil moisture

content values in all nodes of the numerical grid, as there is an observation (i.e. set of pixel
in the obtained images) for every numerical model element.
Update: In the update stage, a new set of measurements of the system state (denoted

by Oy,,,) 1s used to update the probability distributions obtained in the prediction stage by
12
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applying Bayes rule. In our case, the system state (i.e. soil water content) is measured
indirectly and hence measurement data are not of the same nature as the model output
states. So a measurement model (or observation equation, denoted by h( )) is required to
map the states to the specific type of data available from the images. In general, the
measurement model can be formulated as (Liu et al., 2012):

M, = h(SE, ) +ne (7)
Where M,,  is the prediction ensemble, and the stochastic term 7, represents observation
error. 71, is assumed to have a Gaussian distribution with a mean value representing
systematic bias and a covariance that signifies the observation data uncertainty. For n,, we
assume that the mean is zero (no bias) and the covariance to have a predefined value

denoted by C ové‘fﬂ. The update of the parameter and state realizations includes the
estimation of two Kalman gains for the parameters and states, represented by KZ,’ ,,and

K¢, respectively:

M —
kS = CovPM [Covt™ + Covl! 17 (8)
Ki,, = Covill, [Coviily + Coviy, 1™ ©)

MM
tiv1

Where C ovtdi) ,, 1s the cross-covariance of the parameter and prediction ensembles, Cov
is the forecast error covariance matrix of the prediction, C ovfi’:’l is the cross covariance of

state and prediction ensembles. Updating the state and parameter ensembles are

subsequently done according to the standard KF equation:

¢yi+1 = ¢Z+1 +K’—fli)+1( 0ti+1 - Mti+1) (10)
Szfiﬂ = SZ+1 +K’—§;+1( 0ti+1 - Mti+1) (11)

13
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In drawing random samples for algorithm initiation and the prediction and update stages, if any of
the realizations of the parameters violates its constraints, it is projected to the boundary of the
constrained space (similar to Bavdekar et al., 2013). Apart from the reasons previously mentioned,
another key purpose of applying a constraint version of the EnKF is to prevent unsuccessful model
runs when employing the numerical model in EnKF computations. The sequential
prediction/update continues until the last measurement time step.

We call the above described algorithm, the constrained restart dual EnKF (CRD-EnKF), and in the
subsequent sections of the paper, we intend to employ it for estimation of unsaturated flow

parameters using photographic imaging data.

2.3. Polynomial chaos expansion (PCE)

A key challenge in the implementation of EnKF methods is the computational burden imposed by
the requirement to perform a model simulation for each member of the ensemble in each time step.
Large ensembles (often >1,000) are required to obtain consistent results when the EnKF is repeated
(Erdal et al., 2014). However, since numerical models of unsaturated flow are computationally
demanding, using such large ensembles becomes computationally intractable. To tackle this
computational challenge, we employ PCEs. The notion is to train PCEs for each model output
quantity of interest (Qols) using a set of numerical model input-output pairs, and then use the
resulting PCEs as meta-models in EnKF computations. Details about PCE can be found in e.g. Le
Maitre and Knio (2010), Rajabi et al., (2015) and Rajabi (2019). Here we only give a brief

OovVerview.
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Initialize: generate initial ensemble of model
parameters by random sampling (Eq. 4)

v

Move forward in time until
B there is a new image available [%
at time £, stop at last image
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Random walk: add noise term to
parameter ensemble (Eq. 5)

¢ Image database
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Predict: run model from time v

0 to ¢ to update state (Eq. 6)

Image pre-processing:

¢ normalization, filtering,
background subtraction
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parameters and states (Egs. 8, 9) ¢
‘L Use Measurement model to

transform processed
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Update state and parameter ensembles using
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v

Impose constraints

v

Calculate ensemble
statistics for parameters
and states (4 and Cov)

D Involves numerical or PCE simulations

D Involves an image conversion function.

262
263 Fig. 1. Algorithm flowchart for estimation of soil moisture and unsaturated flow parameters with the
264 CRD-EnKF

265  We consider x to be the vector of the input variables (here, consisting of k;, @ and n), and y the
266  set of model output Qols (e.g. soil moisture values). x is assumed to be affected by uncertainty,

267  and is hence represented by a random vector X with a particular probability density function
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(PDF). Due to the uncertainty in model inputs, the output Qols are also random variables denoted
by Y = Q(X). Assuming that the input random variables in X are independent, Y can be expanded
onto an orthogonal polynomial basis as follows (Ghanem, 1998; Li and Zhang, 2007):

Y =000 = ) athi(X) (12)

i=0

Where the series in Eq. (12) converges in the sense of the L>-norm. Every element of this series is
the product of a deterministic coefficient a; and a stochastic multivariate polynomial ¢; (X). The
optimal choice of the polynomial type for 1;(X) depends on the probability distribution for X.
This is often done using the Askey family of hypergeometric polynomials (Askey and Wilson,
1985). The series in Eq. (12) is commonly referred to as PCE. For computational purposes, Eq.

(12) is truncated after a number of terms (donated by 0,)) (Blatman and Sudret, 2011):

Op

000 = ) ai(X) = a"PX) (13)

i=0
Where a and 1 gather the PCE coefficients and basis polynomials respectively.

The deterministic PCE coefficients a; must be estimated for every Qol and this can be done using
non-intrusive methods (such as the regression method) which treat the physics of the system as a
black-box and use a training dataset for the estimation of a; (Rajabi et al., 2015; Rajabi, 2019).
The training dataset consists of a set of N realizations of the input random vector generated by e.g.
Monte Carlo sampling, which we denote by {x(l),x(z), ...,x(N)}, and the corresponding model
outputs which are represented by {Q(x ™), Q(x@), ..., Q(x™)}. In the regression method, the set

of PCE coefficients («) are estimated by (Sudret, 2008; Blatman and Sudret, 2011):
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2.4. Extending EnKF for conversion of light intensities to water contents

The proposed CRD-EnKF can also be applied to calibrate an equation that transforms light

intensities to water content, without resorting to statistical regression based on data from direct

measurements of the water content. As previous indicated, this can be done on the condition that

the properties of the soil are known in advance. Using CRD-EnKF for conversion of light

intensities to soil water contents requires modification to the algorithm described in sub-section

2.2, and in the following we describe the sequential steps of the algorithm modified for this

purpose:

1.

2.

Algorithm initiation: For the sake of simplicity, we assume that a particular functional form
(e.g. linear function) is chosen in prior for the equation that relates light intensities to water
contents (which we call the ‘conversion function’), and the CRD-EnKF algorithm is meant
to calibrate this equation by estimating it's coefficients (c;). Hence the vector of uncertain
parameters in Eq. (4) becomes ¢y, = [co, ¢y, .., Cn]. As described in sub-section 2.2, the
initial ensemble of parameter realizations is constructed by sampling from the respective
prior distributions of the coefficients, and then each realization is separately propagated
through time by an iterative two-stage prediction/update process.

Prediction: In the random walk process described by Eq. (5), a normally distributed noise
term is added to the most recent values of the coefficients [cy, ¢4, .., ¢, ], and then for each
vector of the parameter realizations, the soil moisture content is forecasted based on the

photographic imaging data of the next observation time. To estimate the
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coefficients [cq, ¢4, .., Cp], the f() function in Eq. (6) is no longer the Richards’ equation-
type numerical simulator or its PCE surrogate, and is instead the conversion function that
relates light intensities to soil water contents (with the latest values of its coefficient). Pre-
processed light intensities for all points in the problem domain are stored in a database, and
the ones pertaining to the desired time step are fed into the conversion function in the
prediction stage of the EnKF.

3. Update: The data used for updating the unknown coefficients of the conversion function in
each assimilation step (i.e. My,, ), is the output of the numerical model at the same time
step and in every point in the numerical grid, assuming that the input parameters of the
numerical model (e.g. k;, @ and n) are known. The numerical simulation (single one
required) is done before initiation of the CRD-EnKF algorithm, and the relevant model
outputs are stored for use by the EnKF. In the update stage, the numerical model outputs
are used to update the probability distributions obtained in the prediction stage by applying

Bayes rule (see Egs. 8,9, 10, 11).

The whole process of using the CRD-EnKF for conversion of light intensities to water contents
has a key challenging. In the algorithm described in the sub-section 2-2, it's conceptually easy to
define physically plausible prior distributions and constraints for the unsaturated flow parameter
based on previous knowledge of soil characteristics. But the coefficients of the conversion function
have no physical limits (i.e. can very on the interval (—oo,40)), and there is no readily
understandable relation between these coefficients and soil characteristics or other physical traits
of the unsaturated flow system to be exploited for the definition of priors and constraints. We can
solve this problem by noting that for any combination of these coefficients, the conversion function

should produce physically reasonable moisture content values for all the available pre-processed
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light intensities. Hence the outcome of the conversion function (not the individual coefficients)
can have meaningful constraints. Algorithm initiation may be conducted with a very broad (i.e.
uninformative) prior distribution. Then each sample drawn from the prior is checked for this
constraint and only the ones that satisfy this constraint makeup the initial ensemble. This constraint
is also imposed in the prediction and update stages of the CRD-EnKF algorithm. The CRD-EnKF
algorithm for conversion of light intensities to water contents is depicted in Fig. S1 of the

Supplementary Material.

3. Application

Data obtained from the imaging technique proposed by Belfort et al (2017b) is used as the basis
for validation of the proposed methodology. The experimental setup and procedure is explained in

sufficient detail in Belfort et al. (2017b), and so here we provide a brief description.

3.1. Experimental setup

The experiment setup included a Plexiglas tank of 40 cm x 14 cm x 6 cm inner dimensions. The
walls of the tank were transparent, hence allowing visual observation of water content variations.
The tank was filled with monodisperse quartz sand. A Nikon digital camera D80, was placed on a
fixed metal tripod at a distance of 2 m from the tank to capture linear images from the tank in the
12-bit RAW format. In these linear images, the value at every pixel was directly related to the

amount of light received from the tank during the exposure.

To improve visualization, a light device was placed at the bottom front of the tank, and a black
curtain was arranged around the tank and camera. White or black paper strips placed along the
side, bottom and top edge of the tank were intended to capture the maximum and minimum light

intensities for the normalization of data. A Theta probe (Type ML2x, made by Delta-T Devices
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Ltd.) was also placed vertically in the middle of the tank surface (covering an area of 4 cm % 6 cm)
to provide contact-based direct measurement of the water content. This apparatus had an accuracy
of £0.01 m®.m™ for measurements between 0.05 and 0.6 m>.m™. The accumulated mass of water
entering and leaving the flow tank was additionally measured. A schematic representation of the

experimental setup is shown in Fig. 2.

Fig. 2. The non-invasive imaging technique: (a) photograph of the experimental setup, (b) its schematic

representation, and (c) image of the flow tank. (1: Sartorius digital balance; 2: peristaltic Cole-Parmer

pump; 3: floodlight (400 W); 4: Theta probe ML2x connected to data logger; 5: pipes between tank -
balance - overflow outlet; 6: overflow outlet (can be moved along the vertical axis); 7: Plexiglas flow tank
(40 cm x 14 cm x 6 cm); 8: NIKON digital camera D80; 9: black curtain (all around the experiment); 10:

Norcan metallic structure)

3.2. Experimental procedure

We tend to estimate unsaturated soil parameters using images obtained from a single

drainage/imbibition cycle as described in Belfort et al. (2017b). As shown in Fig. 3, successive
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drainage and imbibition steps are achieved by moving an overflow outlet connected to the bottom
of the flow chamber. The entire cycle takes 122,400 seconds, and images are taken every 1,800
seconds during the experiment, except for the first 3 images which are taken with 600 second
intervals. This results in a total of 70 images, from which the first 69 images are used for the data
assimilation process. The Raw images are pre-processed before they are employed in the parameter
estimation process. The pre-processing includes the following successive steps: (1) RAW images
are first converted to 16-bit tiff images, (2) the resulting tiff images are transformed into the RGB
color space, (3) normalization is done on the light intensities using the minimum and maximum
intensities obtained from the black and white paper strips, and (4) the value of the background
intensity is subtracted from the resulting normalized intensities, pixel by pixel, to obtain the

corrected intensities which we denote by I,,..

3.3. Numerical modeling

A numerical model of the sandbox experiment was also developed using the 2D-UWF code. The
sandbox was modeled as a 2D system, where the top and lateral boundaries were assumed to be
impermeable, and a varying pressure head corresponding to the outlet overflow displacements,
was assumed at the bottom boundary. The domain was discretized to 560 irregular triangular
elements, each having an area of about 1 cm? (see Fig. 3). As the model initial condition, the
domain was assumed to be fully saturated. Further details about the numerical model, and its

validation through comparison with the real observed data can be found in Belfort et al. (2017b).
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Fig. 3. Conceptual model of the 2D flow tank and its numerical grid.

We tend to employ the proposed CRD-EnKF approach to estimate kg, @ and n, and hence these
three parameters are represented by independent random variables. The sand used in the present
setup has been characterized by other column experiments subject to parameter estimation by
classical 1D inverse modeling. Combined with the results of the study dealing with the photometric
imaging technique (i.e. Belfort et al., 2017b), values of these parameters can be fixed in advance
(see Table 2), and these target values serve as a benchmark for evaluation of the CRD-EnKF
results. Other input parameters of the model were considered to be deterministic, so 8, = 0.088

and 6, = 0.376 (both in cm*/cm?) in all model simulations.

Table 2. Target values of the parameters to be estimated by the CRD-EnKF

Parameter Target values Unit
ks 2.74x1072 cm.s™!
a 0.054 cm!
n 7.37 --
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3.4. PCE meta-model development

850 realizations of the input random vector [k, a, n] are generated by Monte Carlo sampling, and
are then used as the basis for the same number of numerical model simulations. For each model
run, soil moisture values at the 560 model elements, in addition to the estimate of mass entering
or leaving the flow domain, are extracted from the model outputs files for each of the 69 time steps
described in sub-section 3.2. 750 input-output pairs are used for PCE training, 50 for validation
and the last 50 for testing. One PCE meta-model is required for each Qol, and hence 69 X (560 +
1) = 38,709 PCEs are developed by applying the regression method to the described training
dataset. For each Qol, the order of polynomial (0,) is chosen by comparing PCEs of different
orders from 0, = 0 to 8, and the PCE order with the lowest normalized root mean square error

(NRMSE) value with respect to the validation dataset is chosen.
4. Results and discussion
4.1. Evaluation of PCE results

In this sub-section we validate and assess the performance of the developed surrogate PCE meta-
models. A scatterplot of numerical model vs. PCE meta-model soil moisture estimations is
presented in Fig. 4. The plot is based on an arbitrarily chosen instance of the test dataset and shows
the associated values for all 560 soil moisture estimations. Three additional straight lines are also
depicted in the figure. The diagonal line indicates perfect calibration, and the two dashed lines
bound an area in which the numerical model and PCE meta-model results differ by less than a
factor of two. As shown, the points in this scatter plot fall close to the one-one line, and so no
systematic bias is observed for PCE estimations. Scatterplots based on the rest of the test dataset

are very similar to what is shown in Fig. 4.
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Fig. 4. Scatter plot of PCE vs. numerical model soil moisture (6) estimations for an instance of the test

dataset. Red dashed lines indicate a + 100% difference between the original model and its surrogate.

Additional statistical diagnostics for the constructed PCE meta-models are presented in Table 3
along with their ideal and acceptable range of values. The table is based on the calculation of the
following four diagnostics using the test dataset: (1) normalized mean square error (NMSE), (2)
fractional bias (FB), (3) Pearson correlation coefficient (R), and (4) fraction of the PCE results
located within a factor of two of the numerical model results (FAC2). As shown in table, the range
of values for the 560 Qols fall within the acceptable intervals and lie close to the ideal values. The
outputs are free from bias, since both FB and NMSE are close to zero and FAC2 is one. A high
degree of correlation exists between the numerical model and PCE meta-model outputs as R is

close to one.
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Table 3. Summary of statistical diagnostics for PCE performance assessment

Statistics FAC2 NMSE FB R
Adm 1 0 0 1
Acceptable Range® (0.3, +0.3) <15 >0.8
Range of results 1 (6.78x10°%,7.05x10%)  (-4.19x10%, 1.58x10%)  (0.96, 0.99)

2Based on Chang and Hanna (2005) and Moonen and Allegrini (2015).

4.2. State and parameter estimation using photographic imaging data

After testing the constructed PCE meta-models, we employ them in the framework of the CRD-
EnKF algorithm. Several crucial filter parameter must be decide before the algorithm can be
initiated, this includes characteristics of the initial ensemble, as well as ensemble size and
parameter variation range in the constraints.

In general, the initial ensemble mean should be chosen so as to represent the initial guess for the
model parameter values, and the spread of the ensemble must indicate the uncertainty of that initial
guess (Evensen, 2003). But in our study the target values of model parameters are known. So the
initial values of k, , @ and n are obtained by shifting from their target values, and are assumed to
be equal to 0.005 cm.s™!, 0.035 cm™ and 4.5 respectively. We use an ensemble size of 10,000. Such
a large ensemble size is only made possible by using the PCE meta-models. Other filter parameter
values are chosen as follows: the covariance of the artificial evolution term (J;) is equal
to [0.01k, 0.001a, 0.1n], model error (w;) covariance equals 1073, and observation error (1;)
covariance equals 10™*. In the proposed PCE-based CRD-EnKF approach, the stochastic model
error (w; ) reflects the cumulative, inseparable effect of numerical model structural uncertainty and

uncertainty due to surrogate modeling.
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The parameter variation range can be constrained according to prior knowledge (Carsel and
Parrish, 1988). It’s recommended that a broad range of variation be used to prevent excessive
external interference in the assimilation process (Li and Ren, 2011). Here, we define the constraints
as follows: 1 X 107 <k, < 1cems?, 0.02 < @ < 0.09 cm™!, and 2 < n < 10. Such constraints
ensure that the CRD-EnKF results in parameter values that are physically plausible and in harmony
with prior knowledge.

After choosing the hyper-parameter values, we assimilate the photographic imaging data to
simultaneously update the state of the soil moisture content and the hydraulic parameters. Our
photographic imaging data includes light intensity values at 1 by 1 ¢m pixels in a 14 X 40 cm
domain, resulting in a total of 560 light intensity values being assimilated at each time step. This
is the same as the number of model elements, but since the triangular shape of model elements do
not coincide with the square shape of image pixels, a code was written to match every model
element with the image pixel that has the maximum overlap with it.

Apart from photographic imaging data, we also apply the CRD-EnKF to data obtained from direct
measurement of soil moisture content (using the Theta probe) at a single location (one data point
per time step). Fig. 5 shows the evolution of the estimated parameter values (i.e. ensemble mean)
across assimilation steps for both datasets.

As demonstrated, the CRD-EnKF algorithm is able to significantly improve the wrong initial
values of model parameters using both types of data. Estimates obtained from photographic
imaging data are in better agreement with the target values of kg and n compared to the ones
acquired from the use of direct measurement of soil moisture content, while the reserve is true

for a.
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Fig. 5. Estimation of unsaturated flow parameters using different data. Plots show the time series of mean

values of the ensembles.

One of the reasons why the parameter estimates obtained from photographic imaging data do not
seem to lived up to the expectation (at least for a) is the presence of spatial variability in the

experimental setup, which is captured by the images and not accounted for by the numerical model.
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Despite all the precautions taken when filling the tank, sand compaction is not uniform and it
creates different air penetration pathways and therefore a different distribution of water content.
The intrinsic differences between the experimental reality captured by the images and the
simplifying and unifying vision of the numerical model is illustrated in the exemplary Fig. 6a,
which shows the soil moisture content distribution obtained from the image taken in the 25th time
step (41,400 seconds after initiation of the experiment). Fig. 6b demonstrates the soil moisture
content distribution acquired through numerical modeling (with the target parameter values) at the
same time step. Comparison of the two figures clearly shows the existence of compaction
heterogeneities with a significant orientation in specific regions of the domain in the photographic
image (also see figure 7 in Belfort et al, 2017b for similar maps pertaining to other time steps).
Image noise, which by nature could also be anisotropic due to disturbances such as lighting, have
been reduced by making average of the intensity over squares of 1cm?. Nevertheless, both image
noise and non-uniform compaction may affect parameter estimates.

As one way to reduce the effect of image noise and non-uniform compaction, we employ the
‘lateral average’ of light intensities obtained from photographic imaging as the basis for parameter
estimations. So instead of a 2D field, we employ a vertical profile, and as a result, we have 40
values per assimilation time step instead of the previous 560. Parameter estimates obtained from
applying these averaged values are shown with red curves in Fig. 5. The curves show that the
target values of k; and a are reproduced closely with the averaged values of light intensity, while
the estimate of n has moved farther from the target value. For all three parameters (kg, a and n)
the ensemble means have less fluctuation in the evolution process if averaged values are used

instead of the entire 2D field.
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Fig. 6. Comparison of soil moisture distributions obtained form: (a) photographic image, and (b)

numerical model, for the 25" time step (41400 seconds after initiation of the experiment)

Table 4 demonstrates the standard deviations (c) of the final ensembles as a measure of estimation
uncertainties (the associated cumulative density functions (CDF) are presented in Fig. S2 of the
Supplicatory Material). The figures show that estimates obtained from using the entire
photographic imaging dataset have the lowest 6 and hence the narrowest spreads of the ensembles,
for all three parameters (kg, a and n). Parameter estimates based on averaged light intensities have
the second lowest ¢ values, while estimates acquired through the use of direct measurements of
water content have the highest ¢ values. The difference in ¢ values for the three datasets are more
significant for kg and a compared to n. The difference in the ensemble spread and the associated
o values for the three datasets is related to the ‘volume of data’ provided by each. When using the

entire photographic imaging dataset, 560 data points are provided in each time step, whereas
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averaged light intensities include 40 data points, and direct measurement a single data point per
unit time step.

Table 4. Comparison of the standard deviations of the unsaturated flow parameters at the last time step

obtained using different types of data.

Data type used in parameter

estimations o(ks)[cm. S_l] o(a) [Cm_l] a(m)-]

light intensities 0.0165 0.0164 2.328
Based on:  averaged light intensities 0.0249 0.0214 2412

direct measurements of 0.0374 0.0222 2547

water content

To analyze the performance of the proposed algorithm in state estimations, we focus on the case
in which averaged light intensities are used as input data to the assimilation process. In Fig. 7a,
the solid red line marks the mean of the ensemble for soil moisture content at the location of the
measurement probe. In this figure, the dashed green line shows the true moisture content
(measured by the Theta probe) as a function of time. As demonstrated, the soil moisture values
estimated by assimilating the imaging data are close to the values obtained from direct
measurements of water content, and both follow the same pattern imposed by the
drainage/imbibition cycle. Furthermore, Fig. 7b shows the evolution of the cumulative mass
entering and leaving the flow tank. Again, the associated ensemble mean values obtained from
applying the photographic imaging data to the CRD-EnKF algorithm (the solid red line) match

rather well with the true values acquired through direct mass measurements.
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Fig. 7. Evolution of (a) soil moisture content at the direct measurement location (6,), and (b) cumulative

mass entering and leaving the flow tank.
4.3. Comparison of PCE-based vs. numerical model-based CRD-EnKF

The logic behind the use of PCEs in the proposed algorithm can be explained using Fig. 8. This
exemplary figure shows estimation of the shape parameter a obtained from two PCE-based and
two numerical model-based repetitions of the CRD-EnKF. The ensemble size is 10,000 for PCE-
based, and 12 for numerical model-based algorithms. Note that an ensemble size of 12 results in a
total of 828 simulation for the 69 time steps, which is close to the number of numerical model runs
previously used for PCE meta-model development (i.e. 850). The four repetitions of the CRD-
EnKF are based on different initial values of a, but all other filtering parameters are the same.

A close look at Fig. 8 reveals two basic differences between PCE-based and numerical model-
based CRD-EnKF results. First the PCE-based results are less affected by the initial ensemble, as
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the two repetitions converge to nearly identical values. But the same cannot be implied for the
numerical model-based result, as the two repetition converge to values that are somewhat different.
Second, the PCE-based evolution curve is smoother than its numerical model-based counterpart,
the latter having significant random fluctuations before converging to a specific value.

Fig. 8 is a representative figure, and the same traits are observed for the other input parameters (k
and n) and different initial ensembles. Both of the above described distinctions are the result of
the fact that, for nearly the same computational time, PCE allows for ensemble sizes that are
several orders of magnitude larger than the case in which numerical models are directly
incorporated into EnKF algorithms.
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Fig. 8. PCE vs numerical model-based EnKF results: comparison of five iterations with different prior

distributions.

4.4. Using the EnKF for developing relationship between light intensities and water content
We now apply the algorithm described in sub-section 2.4 to estimate the conversion function that
relates light intensities to soil water content without the use of direct measurements of the soil

water content. We assume a linear conversion function of the following form:
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In this experiment, a fully saturated soil has 8 = 0.3635, and from the images we know that the
saturated soil has an L, equal to zero. Hence ¢ is also equal to 0.3635, and the CRD-EnKF
algorithm is left with the task of estimating c,. Belfort et al (2017b) employed direct measurement
of water content to estimate ¢;, and their estimated value can serve as a benchmark for evaluation
of the CRD-EnKF results. A numerical simulation is done before initiation of the algorithm with
the target values of kg, a and n (see Table 2) as inputs. The soil moisture content values in all
model elements are extracted for the 69 time steps, and are stored for use by the CRD-EnKF. The
ensemble size is chosen to be 1,000 and the ensemble members are constrained so that the
conversion function always produces a value of 0 < 8;,,,, < 0.3635.

Fig. 9 illustrates the evolution of the ensemble mean (as the best estimate) for c¢; with the progress
of assimilation steps. At the 32" step, the c¢; value estimated by the CRD-EnKF algorithm is
within a range of £8% deviation from the value estimated by Belfort et al (2017b) (i.e. ¢; =
2.3425), and remains within this range until the end of the assimilation process. Hence the figure
clearly demonstrates convergence to the true value of c;. This implies that the proposed algorithm
is able to estimate the coefficient of the conversion function without the need for direct
measurements of water content, on the condition that an accurate numerical model of the system

1s available.
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Fig. 9. Evolution of the ensemble mean for coefficient c; used in the conversion of light intensity to soil

moisture content

5. Conclusion

In this study, a sequential data assimilation approach was developed to simultaneously update soil
moisture content and soil hydraulic parameters using photographic imaging data as input. For this
purpose, the study combines numerical modeling, PCEs, restart and constrained EnKF and the
dual estimation approach to formulate a novel version of the EnKF.

We validated the proposed methodology by using lab-scale data obtained from images of a 2D
Plexiglas flow tank in a drainage/imbibition cycle. The results indicated that the proposed method
is able to significantly improve the wrong initial values of saturated conductivity (k) and
empirical shape parameters a and n. Estimates obtained from assimilating photographic imaging
data show better agreement with target values of kg and n, compared to estimates obtained from
employing sparse direct measurement of soil moisture content (6). The ensemble spread, which
represents uncertainty in estimation, was also significantly smaller for all the three estimated

parameters (kg, @ and n) when employing imaging data instead of direct measurement of 8. To
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reduce the effect of image noise and non-uniform compaction on the estimation, we also employed
the lateral average of light intensities obtained from photographic imaging as the basis for
parameter estimations. This resulted in better estimations of kg and a. The soil hydraulic
parameters were homogeneous in our problem domain, but the results obtained by this study show
an encouraging way to estimate ‘distributed’ fields of unsaturated soil hydraulic parameters in
heterogeneous soils, as photographic imaging data allows for cheap, non-invasive characterization
of soil moisture content at very fine resolutions. This could be a topic for future research.

In this paper, we also propose an EnKF approach to estimate the coefficients of the conversion
function that relates light intensities to soil moisture content. The approach uses numerical model
outputs instead of direct measurements, and can be useful only when a good estimate of model
input parameters is already available. Here we assumed a linear conversion function, but the
method can be similarly applied to other form of conversion functions in future research.

The photographic approach requires access to the soil section, which is more easily achievable in
laboratory experiments. The CRD-EnKF approach allows to exploit a large part of 2D structural
mapped information to improve the parameterization of hydrodynamic models. The validation of
this approach thus makes it possible to envisage its use both under other experimental conditions
(e.g. employing more cohesive soils or testing heterogeneous porous media), and by relying on
data from other sources, with significant work to be carried out on the effect of resolution and
noise.
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Fig. S1. Algorithm flowchart for estimation of conversion function parameters with the CRD-EnKF
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