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THE STOCHASTIC HEAT EQUATION WITH MULTIPLICATIVE
LEVY NOISE: EXISTENCE, MOMENTS, AND INTERMITTENCY

QUENTIN BERGER, CARSTEN CHONG, AND HUBERT LACOIN

ABSTRACT. We study the stochastic heat equation (SHE) dyu = %Au + pug driven by a multi-
plicative Lévy noise £ with positive jumps and amplitude 8 > 0, in arbitrary dimension d > 1.
We prove the existence of solutions under an optimal condition if d = 1,2 and a close-to-optimal
condition if d > 3. Under an assumption that is general enough to include stable noises, we further
prove that the solution is unique. By establishing tight moment bounds on the multiple Lévy
integrals arising in the chaos decomposition of u, we further show that the solution has finite pth
moments for p > 0 whenever the noise does. Finally, for any p > 0, we derive upper and lower
bounds on the moment Lyapunov exponents of order p of the solution, which are asymptotically
sharp in the limit as § — 0. One of our most striking findings is that the solution to the SHE
exhibits a property called strong intermittency (which implies moment intermittency of all orders
p > 1 and pathwise mass concentration of the solution), for any non-trivial Lévy measure, at any
disorder intensity 8 > 0, in any dimension d > 1.
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1. INTRODUCTION

We consider the stochastic partial differential equation
Oru = %Au + pué, u(0, +) = o, (1.1)

where £ is a space-time Lévy noise, 8 > 0 is an intensity parameter and ug is some initial condition.
In most parts of the paper, we assume that £ is spectrally positive (i.e., only has positive jumps)
without a Gaussian part; extensions to the general case will be discussed in Section below.
The equation is usually referred to as the stochastic heat equation (SHE) with multiplicative
noise or the parabolic Anderson model (PAM); see [17, 28] for early works on the subject and
[30, 34, 63, [69, [70, [71] for a selection of more recent contributions in the case where £ is Gaussian.

2020 Mathematics Subject Classification. Primary: 60H15, 82D60, 37TH15; Secondary: 60K37, 60G51.
Key words and phrases. continuum directed polymer, decoupling inequalities, Lyapunov exponents, non-integer
moments, parabolic Anderson model, partition function, size-biased measure, stable noise.
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We opt for the SHE denomination since the expression parabolic Anderson model is also often used
in the literature to designate the equation

dyu = FAu+ BuV, (1.2)

where the multiplicative noise term V' does not depend on time (see [60, [62] for examples of
continuous models and [52} (54} [72] for lattice models). In this case, Equation is the real-valued
analogue of the Schrodinger equation associated with the Anderson Hamiltonian H = %Au + pV.
A lattice version of this Schrodinger equation appears in one of the original papers concerning
Anderson localization [6, Equation (1)]; see also [54, Equation (0.2)]. The study of the localization
properties of H (which bears some connection to ) has been and remains an important area
of research in physics. We refer the reader to the reviews [80), [90] and the references therein.

Compared to , Equation corresponds to a related but different problem: the diffusion
of particles in a random medium that varies at small time scales. This equation has been widely
studied in the literature, firstly and mostly in the case where £ is a space-time Gaussian white
noise [I7]. In this case, the equation can be related, via the Cole-Hopf transform, to the KPZ
equation, a model for the progression of growth fronts that has attracted a lot of attention in the
literature; see [5, [19) [61) [68] and the two review papers [45] [86]. Furthermore, in the case of a
Dirac initial condition, the solution to has been used to describe the scaling limit of a one-
dimensional directed polymer in a random environment [3] 4], called the continuum directed polymer
model. With Lévy noise, the existence of solutions to has only been proved under some
additional integrability assumptions on the Lévy measure; see [13, 36, 89] as well as Sections
and below for a more detailed review. Recently, [I4] further showed that directed polymers
in certain heavy-tailed environments have scaling limits that, as we shall show below, agree with
solutions to ([1.1)) with a-stable £, providing a physical motivation for studying the SHE with Lévy
noise.

Another central point of interest in past studies of the SHE is the phenomenon of localiza-
tion of solutions, or intermittency [28, 54, 96]. One striking manisfestation is the appearance of
sharp peaks at large times t in the random field (u(t,)),cra, Where u is the solution to
with initial condition ug = 1. These peaks result from mass concentration of u(¢,-) on a fraction
of space that decreases exponentially in t. A common way to quantify this concentration prop-
erty (see Section for more details) is to prove that for some p < p/, the ratio of moments
E[u(t, z)P'] /E[u(t, z)P] grows exponentially in time, and to compute the growth rate. For the SHE
with Gaussian noise, this type of moment intermittency was studied in depth by, for example,
[17, 130% 1331, 147, [69]. We also refer to [70} [71] for a path-by-path analysis of the intermittency peaks.
For the SHE with Lévy noise, the issue of moment intermittency was investigated only much more
recently in [38]. In [39], it was further proved that unusually large peaks (on a logarithmic scale)
already appear in the solution to the SHE with an additive Lévy noise.

Before we describe our main results in Section [2] we provide a detailed technical introduction
to Equation (1.1]), which aims at being as self-contained as possible.

1.1. Lévy noise with positive jumps. Given a measure A on (0, co) that satisfies A([1,00)) < oo
and f(O,l) 22 \(dz) < oo, we provide a constructive definition of a pure-jump Lévy noise with
intensity A. General Lévy noises, with a Gaussian part or with negative jumps, will be considered
in Section Let w be a Poisson point process on RxR?x (0, 00) with intensity v := dt@dz@\(dz).
The law of w is denoted by P. For convenience, we sometimes split w into two processes w. and
w> that correspond to the restriction of w to R x R? x (0,1) and R x R% x [1, 00), respectively. We
let P. and P> denote the associated probabilities, so that P = P. ® P>. For a € (0, 1], consider
the measure

‘fg) = Z Z]—{ZZa}(s(t,a:) — KoL, (13)

(t,z,z)Ew
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where £ is the Lebesgue measure on R x R? and , = f[a 1) 2 A(dz). We also set

§z< = Z Zl{ze[a,l)}é(t,x) - /iaﬁ and é‘wz = Z 21{221}5(,&@) . (1.4)

(t,x,2)Ew (t,x,2)Ew
Under the assumption f(o 1 22 \(dz) < oo, the measure £% converges a.s., in the local Sobolev
space H,5(R x RY) for any s > (1 + d)/2, towards a limit &, € H, *(R x R?) (this is a standard

result, we refer to [I3, Appendix A] for a proof of this exact statement). For £k > 1 and u € R, the
Sobolev space H*(RF) is the Hilbert space of all Schwartz distributions ¢ € S’(R¥) for which

Ileqm = ([ 1+ EPIg@Pds) " < oc,

where ¢ denotes the Fourier transform of ¢. When ¢ € C(R¥) (i.e., ¢ is smooth and compactly
supported), then ¢ is defined by $(€) := [gr €% (x) dx. The local Sobolev space H{ (R¥) is then
defined by

Hito(RY) == {p € S'(RY) : Vpe C2(RF), pp € H'(R)],

equipped with the topology induced by the family of seminorms {¢ — || p@|| furr) : p € C(RF)}.
The random distribution &, is called a Lévy (space-time white) noise with intensity or Lévy mea-
sure X. In the the case where A(dz) = az~ (%) dz for some o € (0,2), &, is referred to as an
a-stable noise. We refer the reader to [7] and [46] for more background on Lévy noises. In the
remainder, we let F := (F;)¢>0 be the completed natural filtration associated with &, that is,

Fri=o(wn (0,4 x RY x (0,00))). (1.5)

Remark 1.1. Note that the Poisson process w is measurable with respect to o(&,). Hence the
solution u to that we construct in this paper (which is defined in terms of w) is a function of
the noise £&. Our choice to index by w instead of ¢ is only for convenience because many quantities in
our proofs are easier to express in terms of w than in terms of £; in particular, this is not because
we need an extension of the probability space in our construction. We mention this explicitly
because there are martingale constructions which are similar to the one used in this paper and
that do require an extension of the probability space: this is, for instance, the case in Kahane’s
construction of Gaussian multiplicative chaos associated with a kernel of o-positive type (see [66]
for the seminal paper or [88, Section 2.1] for a review).

1.2. Mild solutions to SHE. A random field (u(t,));~q yecra is called a mild solution to the
SHE (1.1)) with initial condition ug if for all t > 0 and z € R?,

t
uta) = [ pta—yuo@)+5 [ [ pt=sa-ypusysdsdy as (16)
The statement includes the requirement that the integrals be well-defined and finite. In (1.6)),

_d _l=)?
p(t,x) := (2mt) " 2e 2t
is the d-dimensional heat kernel and [-|| denotes the Euclidean norm on R

Remark 1.2. If f(O,l) z A(dz) = oo, the noise £ does not have a locally finite total variation. In this
case, the stochastic integral on the right-hand side of cannot be defined as a path-by-path
Lebesgue integral (i.e., an integral with respect to a random measure defined on [0,] x R?) and
must be interpreted in It6’s sense.

In [89], it was shown that (1.1]) has a unique mild solution if the Lévy measure A satisfies

Jdge(1,1+2) : /(0 )zq/\(dz)<oo. (1.7)
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While this condition covers many examples, it is not fully satisfying, in particular because it rules
out a-stable noises for all « € (0,2). Subsequent papers that considered the case of a-stable noise
(e.g., [9, [13], 136l B37]) neither established uniqueness nor the finiteness of moments of the solution
to 1-) At this point, let us also mention [81], 83], who investigated an SHE with stable noise but
with a non-Lipschitz nonlinearity.

1.3. The truncation approach to SHE. Prior to this article, the most general existence condi-
tion for the solution to the SHE was obtained, for a Lévy noise with positive jumps, in [I3],
but using a (possibly) weaker notion of solution than . The approach in [I3] consists in solving
the equation

Opu® = %Au“ + Busel u®(0,-) = uo, (1.8)
with €2 from and then taking the limit of u® as a | 0.

Remark 1.3. In [13], it is not proved that the obtained limit satisfies (1.6]). In fact, the main focus
of [13] is not the SHE, but rather constructing a continuum path measure on R%: the continuum
directed polymer in Lévy noise. This is further discussed in Section below.

In order to review the results of [13], let us start by introducing some important notations and
quantities. For 0 < s <t < 00, 2,y € R? let Xp(s,t) := {(t1,...,ts) ERF s <ty < - <ty <t}
denote the k-dimensional simplex delimited by s and ¢ and define, for ¢ € X (s,t) and = € (R%)*¥,

k+1
ps,w;ty(tv w) = H p(At’La Axl) ) (19)
i=1
where
Ati =1; —ti—1 and A.%'Z' =Ty — Ti—1, (1.10)

with the convention that tg := s, xg := = and tg41 :=t, Tg41 := y. Given a > 0 we let |£%] and
€47 denote the total variation and the positive part of £2 (considered as a measure), that is,

€8] = €8 + 2K L and Gt — €0 4 kL. (1.11)

We define the point-to-point partition function associated with (1.8) and truncated Lévy noise &
as

k
Z5%(s,ait,y) = p(t — s,y — @) + Z / ps.aity(t, ) || €0(dti, day), (1.12)
X (st X(Rd i=1
under the assumption that the sum of 1ntegrals is absolutely convergent, that is,

00 k
k a
S. . t,m w dtl,dl'l < Q. 113
5 st T e a
It is proved in [I3], Prop. 2.5 and 2.6] that (1.13)) holds if and only if
/ (log z)% Adz) < oo. (1.14)
[1,00)

The case where z = 0 and s = 0 is of particular interest to us, hence we introduce the notational
convention

25 mity) = B9N0,mity),  Z50(te) = 250,01, 2), (1.15)
which applies Similarly to other quantities such as X (t) := X,(0,t) and p; » (¢, ) := po,0s,2(t, ).
When the condition ) holds, Z% a( ,-) is a mild solution solution to the SHE with noise £,

and initial condition (50 Indeed from (L.13), the integrals are absolutely convergent, so (1.12) can
be rewritten as

t
Z5(t, @) = p(t,z) + B/O /Rd p(t —s,2 —y) 25 (s,y) & (ds, dy) - (1.16)
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In the same manner, Zg’a (y;-,-) is a mild solution to the SHE with initial condition ¢, and noise £,
and given some uniformly bounded g : R? — [0, 00), the random field u® defined by

w(ta) = [ uo(w)Z5 (itx) dy (1.17)

is a mild solution to the SHE with initial condition ug and noise {%; see [13 Prop. 2.19].

Remark 1.4. Note that by translation invariance, we have

(d) @) { _lz=yl®+iv)?
Z9% (s, xit, = (20t —s,y — = (e 2= Z2N(t — s, . (118
(25 y))yeRd (25t - s,y ))yeRd 5 (t=5,9) . (1.18)
For this reason, we present most results only for the case s = 0 and z = 0, without loss of generality.

The next step is to investigate existence and “relevance” of the limit Zg’a(t,:z:) as a | 0. If
(1.14) holds, integrating the “Lebesgue part” of {2 (see [13, Prop. 2.15] for details), we obtain the
alternative expression

) k
Z9%(t, 1) = e Prat (p(t,a:) + 3 " / pra(t, x) §$’+(dti,dxi)> : (1.19)
g ,;1 2 (6) X (R 1;[1
which entails the positivity of Zg’a(t,a:). Still under ((1.14]), considering the reverse filtration
G = (Ga)ae(o,1) defined by

Ga = 0(£%) = o(wnN (R x R x [a, 0))), (1.20)

one can observe that for almost every realization of w>, (Zg’a(t, T))ac(0,1) 18 @ non-negative cadlag
time-reversed P.-martingale with respect to G (cf. [I3, Lemma 3.5]) and thus admits a limit as
a | 0. To determine whether lim, g Zg’a(t,x) is a good candidate for being a solution to (1.6)),
a first step is to determine whether this limit is degenerate or not. The answer depends on the
intensity measure A and the following result summarizes the main findings of [I3, Thm. 2.7 &
Prop. 2.10-2.15].

Theorem A. Assume that A satisfies the condition in (1.14)).
(i) 1If, in addition,

/ 22 \(dz) < o0 ifd=1,
©0,1) (1.21)
dpe (1,1+2) :/ 2P ANdz) < oo ifd> 2,
(0,1)
then for every 0 < s <t < oo and x,y € R?, we have
ZE(s,x5t,y) := ilg%) 25 (s, m3t,y) > 0 P-a.s. (1.22)
Moreover, the convergence holds in L*(P.) for P> -a.e. realization of w>, that is,
iig%E< { Z5(s,z5t,y) — 257 (s, 238, y)” =0 P>-a.s.
(ii) If, on the other hand, we have
/ 22 \(dz) = oo ifd=1,
0,1)
/ 22|log z| AM(dz) = oo ifd=2, (1.23)
0,1)
/ P A(dz) = o0 if d >3,
(0,1)

then P-a.s., we have lim,_ Zg’a(s, x;t,y) = 0.
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One can also consider a free-end (or point-to-line) version of the partition function with truncated
Lévy noise, given by

Zg’a(s, Tyt *) = » Zg’a(s, x;t,y) dy. (1.24)

Theorem |A] applies to Zg’a(s,:c;t, *) mutatis mutandis. Following the convention (L.15), we use
the notations Zg(s,a:;t,*), Zg(x;t,*) and Zg(t,*) for the limits we obtain as a tends to zero
(as a consequence of the reverse martingale property). Furthermore, under the assumptions of
Theorem [2.1 [I3, Prop. 2.20] showed that lim,_ou®(t,z) exists a.s. for u® defined in (1.17),
without proving that the limit is a solution to (1.6)). Since moments of the measure A play an
important role in our assumptions, we introduce a notation for partial moments of the measure A
by setting

o) = [ A2), (1.25)
for 0 < a < b < co. We simply write g := 11, 00(1) for the first moment restricted to [1, c0).

Remark 1.5. In the case of a finite mean p, given ¢t > 0 and z € R, the convergence of both
Z};”“(t,x) and Zg’a(t, ) as a — 0 also holds in L*(P).

If 4 < o0, it is convenient to consider the normalized partition functions, defined as

B9U(ta) im e PHES (n), Bt x) i e ZS ), (1.26)
In the same manner, we can center the noise by setting
&= gt — L, (1.27)
which has the effect that integrals with respect to ég have mean zero. Note that we have
[e's) k
Z9%t x) = p(t, x) + ’f/ t,x ¢ (dt;, da; 1.28
SO RTICORD ML ISR UE) | LIRS (1.2

and a similar identity for gg’a(t, *).

1.4. Intermittency and related notions. Consider a random field (v(t,));~¢ zerd Where d > 0;
when d = 0 this means that (v(t))¢>0 is a stochastic process only indexed by ¢t. Assuming that the
moment Lyapunov exponents

1
_ — Tim - P
Y(p) = (v,p) = lim ~logE||v(t,2) ] (1.29)
exist on the extended real line for all p € (0,00) and are independent of z € R?, we let
I=1w)={p>0: v(v,p) < oo}, (1.30)

with the convention v(0) = 0. Further assuming |y(1)] < oo in the following, we define the
normalized moment Lyapunov exponents of v by

¥(p) = v(p) = py(1). (1.31)
Clearly, (1) = 0. Following the terminology of [28, 54, [96], if p > 1 and |y(1)| < oo, we say
that v exhibits (moment) intermittency of order p if ¥(p) € (0,00). We say that v exhibits full
intermittency if v is intermittent of all orders p € (1,00) N 1.

Let us also introduce some new terminology when we consider moments of order p € (0,1):
we say that v exhibits strong intermittency (in analogy with “very strong disorder” used in the
directed polymer context, see the discussion below) if 7(p) € (—o00,0) for some p € (0,1). As
p — 7(p) is convex on I (cf. Proposition (i) below), strong intermittency implies J(p) < 0
for all p € (0,1) but also that 4(p) > 0 for all p > 1. Thus, strong intermittency implies full
intermittency. As Section [3.2] below reveals, strong intermittency, plus some ergodic properties in
x, yields a geometric characterization of intermittency: we have a mass concentration of the paths
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of v at large times, characterized by the appearance of exponentially large peaks on islands covering
only an exponentially small fraction of space (a more quantitative study of this phenomenon was
undertaken in [70, [71], and we also refer to [53] for a similar work concerning the parabolic Anderson
model on Z%).

Intermittency for the SHE. Let us first discuss the known intermittency result in a semi-discrete
setting (this is the setup where the most is known). For the SHE on Z¢ with either a Gaussian or
a finite-variance Lévy noise, the results of [I], 2, 28] and [16] show that

e if d = 1,2, then strong intermittency holds for every 3 > 0; ~
e if d > 3, then strong intermittency holds if and only if 5 > 3. for some 5. > 0.

For the SHE on R driven by a multiplicative Gaussian white noise £, the analysis of intermittency
has a long history: if ¢ has variance 2 and ug = 1, the authors of [I7] derived the formula
p(p* —1)

v(p) = v(u,p) = = 6" (1.32)

for p € N and proved it for p = 2. Later, a proof of was given in [30] and [78] for all integers
p € N and all real numbers p > 2, respectively. The formula for all p > 0 (and in particular,
strong intermittency) was only established recently in [47, [56] using integrable probability methods.
For d > 2, there is no notion of solution to the SHE with a Gaussian space-time white noise (cf.
Section . For the SHE on R¢ driven by a Gaussian noise that is white in time and colored
in space with, say, a compactly supported correlation function, one has a similar picture to the
discrete-space setting: strong intermittency always holds if d = 1,2 and only for large g if d > 3;
see [32, [75]. The situation may be different if the noise has long-range spatial correlation, as shown
in [32, 51 [75].

For the solution to the Lévy-driven SHE, under the assumption (L.7), [38] established intermit-
tency of order p in the following cases: for all p € (1,3) if d = 1; for p close enough to (but smaller
than) 1 + % if d > 2; for any fixed p € (1,1 + %) in any dimension d > 2 if 3 > (3,4 for some
Bp,d > 0. Whether strong intermittency (or full intermittency in dimensions d > 2) holds in the
Lévy case or not, has been an open problem so far.

Very strong disorder for the directed polymer model. To complete the former discussion, let us
mention some results that have been proved for the directed polymer in a random environment
(DPRE), whose partition function formally corresponds to the solution to an SHE in discrete
space and time. In the context of the directed polymer model, the notion equivalent to strong
intermittency is that of very strong disorder (see for instance [4, 27, [74]). For cultural reasons
(DPRE is a statistical mechanics model), very strong disorder is a property of the free energy, that
is, of the asymptotic behavior of E[log Zg(N, )], rather than a property of the moments of order
p € (0,1) of the partition function; but this is not relevant for the present discussion. Very strong
disorder has been proved to hold for directed polymers in a various settings:

e When d =1 [43] and d = 2 [74] for any 8 > 0;
e When d > 3, if the environment has a power-law distribution with exponent o € (1,1+ ;21],
for any > 0, in [93] (this roughly corresponds to a-stable noise in the SHE context).

The method used in [74] does not rely much on the discrete nature on the model and has been
adapted to prove analogous results when either space or time are continuous: Let us mention the
case of the SHE on Z? with Gaussian white noise [I6], the SHE on R? with a Gaussian noise
which is white in time but colored in space [75, Theorem 1.2], or directed polymers in a Poisson
environment [40, Remark 3.4.3] (the partition function of which corresponds to that of the SHE
with a spatially convoluted Lévy noise). In fact, the techniques can also be adapted to the SHE
with Lévy noise, and the content of Section [0.2] in the present paper is strongly inspired by the
proofs in [74] (for d = 1) and [93] (for the case of heavy-tailed noise).
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On the other hand there are other situations where the directed polymer model does not display
very strong disorder:

e When d > 3, if the environment has bounded second moment and 3 is small [22, [64];
e When d > 3, if the environment has a power-law distribution with exponent o > 1+ % and
f is sufficiently small [93].

In both cases, it has been shown that the directed polymer displays weak disorder, a property
which implies but goes beyond the absence of very strong disorder. Weak disorder implies, for
instance, that the sample paths drawn from the polymer measure have diffusive behavior [44].

For this reason, the question of whether strong intermittency holds for the SHE with Lévy
space-time white noise is particularly intriguing when d > 3 and S is small.

2. MAIN RESULTS

Our main results can be summarized as follows:

e Firstly, we considerably reduce the gap conditions (1.21)) and ([1.23)) leave regarding the non-
degeneracy of Z§ (¢, z) if d > 2. We obtain, in Theorem and Proposition a necessary and

sufficient condition in dimension d = 2 and a close-to-optimal condition in dimensions d > 3. We
further prove the LP-convergence of Z3(t,z) to Z(t,x) for all p € (1,1 + 3) as soon as the
noise &, has a finite pth moment (i.e., p1 o0 (p) < 00).

e Secondly, in Theorem we show that the limit Zg(t, x), when non-degenerate, is indeed a
mild solution to the SHE with initial condition dg. Theorem [2.7] further establishes the uniqueness
of solutions under conditions that are general enough to include the case of a-stable noise.

e Thirdly, after establishing the existence of the moment Lyapunov exponents of Zg(t, ) and
Z5 (t,z) in Proposition we show our most striking result in Theorem the solution to the
SHE with a multiplicative Lévy noise and Jp-initial condition exhibits strong intermittency—and
thus, in particular, full intermittency—for any non-trivial environment with finite expectation, that
is, for any 8 > 0, in any dimension d > 1, for any non-trivial intensity measure A with u < co. In
Theorems and [2.12] we further complement this result by deriving sharp asymptotic estimates
on the moment Lyapunov exponents as [ tends to 0.

The proof of the aforementioned results relies on two main methodological achievements:

e By combining decoupling inequalities with an iterative partition of X (¢) x (0,00)¥ (the inte-
gration domain of (¢, z)), we establish, in Propositions |6.1{ and sharp moment bounds of order
p > 1 on the multiple Lévy integrals that arise in the series representation of Zg’a(t,m).
From these, we will then derive the upper bounds for p > 1 and, by convexity, the lower bounds
for p < 1 in Theorems [2.11] and [2.12] The proof of Theorems 2.1} 2.5 and [2.7] will also rely on
(variants of) these moment bounds.

e By combining a change-of-measure technique with a coarse-graining approach, summarized
in Lemma we obtain moment upper bounds of order p € (0,1) for Z§(¢,*) which are then
used to show Theorem [2.10] as well as the lower bounds in Theorems 2.11] and [2.12] Moreover, we
apply a simpler version of this method to prove Proposition 2.2l While the coarse-graining and
change-of-measure approach is derived from that used in [74], which itself was inspired from earlier
work on disordered pinning [50} 58, [91], its implementation to prove Proposition (which is the
most important part of the proof of Theorem and Proposition relies on important novel
ideas, which we discuss in more details at the beginning of Section

2.1. Optimal conditions for the non-degeneracy of Zf(t,z). When d > 2, Theorem
displays a gap between the sufficient condition (1.21)) and the necessary condition (1.23)) for the
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non-degeneracy of Zg(s,x;t,y). Our first result reduces this gap when d > 3 and identifies the
necessary and sufficient condition in dimension d = 2. Our new sufficient condition reads as follows:

/ 22 \(dz) < o0 ifd=1,
0N (2.1)
ZTallogz| M(dz) < oo ifd>2.
(0,1)

For later reference, we also included the case d = 1, which is identical to (1.21).

Theorem 2.1 (Non-degeneracy). Let d > 1 and assume that (1.14)) and (2.1)) hold. Then, for any
t and x, we have

ZE(t,x) = ilg% Z7%(t,x) >0 P-as. (2.2)
In addition, for any p € [1,1+ %), we have
P
lim E |25 ta) - 252 | =0 Pseas (2.3)

If furthermore pu1,00(p) < 00, then
lim E[| 25 (t,2) - 25(t,2)| | =o0. (2.4)

a—0
The same convergence results hold for the free-end partition function Z‘ﬂ"(t, *).
Together with (1.23)), this shows that (2.1)) is necessary and sufficient for the non-degeneracy of
Z5 (t,x) and Z¥(t,*) in dimension d = 2. If d > 3, the following result improves upon the necessary
condition in ([1.23))

Proposition 2.2 (Degeneracy). Suppose that (1.14) holds and that d > 3. If for some € > 0, we

have that )

1+= 1

[ ) =, (25)
(0.e¢) (log|log z|)°*a*e

then for all t > 0 and x € R?, we have limg_y Z;f’a(t, z) = limg_yo Zg’a(t, x) = 0 P-a.s.

While there is still a small gap between (2.1)) and (2.5)) if d > 3, we believe that (2.1)) is necessary
and sufficient for non-degeneracy.

Remark 2.3. There is a small abuse of language when we say that we establish an almost necessary
and sufficient condition for existence of solutions to the SHE, since Proposition[2.2|does not a priori
exclude the existence of solutions that are not given by limits of solutions with truncated noise.

Remark 2.4. Besides replacing by the weaker condition and the inclusion of LP-
convergence, Theorem contains a third important improvement. Contrary to Theorem [A]
the proof of , which is sufficient to establish non-triviality of the limit, does not rely on the
positivity of Zg’a(t, x) and can thus be directly adapted to the case of signed noise, an observation
that we will further elaborate on in Section [3.3] On the other-hand, our proof of Proposition [2.2]
strongly relies on having only positive jumps.

2.2. Existence and uniqueness of solutions to SHE. Our next result shows that the point-
to-point partition function Zg(¢, z) solves the SHE with Lévy noise &, and initial condition do.

Theorem 2.5 (Existence). Suppose that (1.14) and (2.1) hold.
(i) The point-to-point partition function Z}}’(t, x) is a mild solution to the SHE (1.6) with

initial condition &g, that is, for every (t,z) € (0,00) x RY, the stochastic integral below is
well defined and the following identity holds a.s.:

t
Z5(ta) = plta)+ 8 [ [ plt =50 —9)Z5(0.9) u(ds.dy). (2.6)
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(ii) If ug is a locally finite signed measure on RY such that
1
li ! —r, 7)) < = 2.7
im sup r~* log (fuol (. 7]%)) < 5= (27)
for some T > 0, then
o(t,z) = /R 25 (it w) uo(dy) (2.8)

is well defined and finite for all (t,x) € [0,T] x R? and is a solution to the SHE (1.6]) with
indtial condition ug, on [0,T] x R,
Remark 2.6. The proof presented in this paper actually implies that
) k
(1 2) = plt,x) + 3 BF / pea(t, ) T €0 (dti, da), (2.9)
’ ,;1 (1) x (R Ul

where the right-hand side is well defined as a convergent sum of iterated stochastic integrals (see
Section for the corresponding framework).

Under the stronger condition ([1.21]), we prove that the solution found above is unique.

Theorem 2.7 (Uniqueness). We assume that A satisfies (1.14) and (2.1) and that uy and T
satisfy (2.7). We let (v(t,x))icpo,r), zcra be the solution to the SHE defined in (2.8). Then there

exists 0 > 1 such that for allp € (1,1 + %), t € (0,T] and x € R%, we have

E<[|v(t,:c)|p] < 00 P>-a.s.,
2.10
/ p(O(t —s),x)PE [|v(s,x)|p} dsdz < oo P>-a.s. (2:10)
(0,t) xR N

Furthermore, if A satisfies (1.21)), v is the unique—up to modifications—predictable random field
that is a mild solution to the SHE (1.6) and satisfies (2.10]).

2.3. Lyapunov exponents and intermittency. Having established the finiteness of moments in
Theorem [2.1] we now investigate the growth rate of these moments as ¢ — co and their dependence
on . Our first task is to establish the existence of the (moment) Lyapunov exponents.

Proposition 2.8. Assume that (1.14) and (2.1)) hold.
(i) If p € (0,1+ 2) and p1,00(p) < 00, then the moment Lyapunov exponent

15(0) 1= 7(25(t,),p) = Jim T log E[25(1,#) (2.11)

exists and is finite.
(it) The exponents v5(p) also capture the growth of the point-to-point partition function, in the
sense that

.1 y
Jim ~ogE| Z5(t,0)°] = 5(p). (2.12)

By [38, Theorem 3.1], we have E[ZZ(t, ) 142/d] = E[Z5 (¢, 0)!1*2/4] = o0 for any ¢t > 0 and non-
trivial A. We also have E[Z (¢, *)P] = 0o if yi1,00(p) = co. Hence, v3(p) is well defined (possibly
infinite) for every p > 0. Letting

Pmax = pmax()‘) ‘= sup {p € [07 1+ %) : Ml,oo(p) < OO} ) (213)
we obtain from the above observation that the set
Iy :=1(Z25(t,*)) ={p >0 : v5(p) < oo} (2.14)

is either [0, pmax) Or [0, Pmax], the latter occurring if ppax < 1+ % and f11,00 (Pmax) < 00.
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The next result lists a few (partly classical) qualitative properties of y5(p). If p < oo (in which
case 1 € I)), we write

38(p) == (2§ (&, %), p) = v5(p) — py5(1) = 75(p) — Pt = V(Z5 (£, %), p).
Note that by Jensen’s inequality, we have 75(p) > 0 for p > 1 and 43(p) < 0 for p < 1.

Proposition 2.9. Under the assumptions of Proposition|2.8, we have the following:
(i) The map p — ~vg(p) is convex on Iy.
(i1) If p < oo and p € Iy, the map B — 43(p) is non-decreasing if p > 1 and non-increasing if
p € (0,1].
(111) If pmax > 1, then p— y3(p)/p is strictly increasing on {p € I : v3(p) — pys(1) > 0}.

Our next goal is to understand under what conditions we have strong intermittency. Based on
the results reviewed in Section one may conjecture that the solution to the SHE on R¢ driven
by a Lévy noise (that is white in time and space) exhibits a similar behavior: strong intermittency
in dimensions d = 1,2 and strong intermittency only for large S if d > 3. This turns out to be a
fallacy: the SHE with a non-trivial Lévy noise always exhibits strong intermittency, irrespective
of B, A, d or p.

Theorem 2.10 (Strong intermittency). Letd > 1. If X # 0, p < oo and > 0, we have Yg(p) < 0
forp e (0,1) and 43(p) > 0 for p € Iy N (1,00).

To shed more light on this peculiar result, we further investigate the detailed behavior of ¥3(p)
in the small 8 limit. Let us start with the case of light-tailed noise at infinity.

Theorem 2.11 (Light-tailed noise). Assume that (2.1)) holds.
(1) If d =1 and p1,0(2) < 0o, then for every p € Iy \ {1}, there exists Cp, € (0,00) such that
for every 8 € (0, 1], we have

(Cp) '8 < [95(p)| < CpB*. (2.15)

In the special case p = 2, we have Y3(2) = $10,00(2)? 8.
(it) If d > 2 and p1,00(1 + 2) < 0o, then for every p € (0,1+ 2)\ {1}, we have

log |log |75(p)|| _
B0 |log |

If d = 1 and d = 2, these results match the asymptotics for the free energy of the directed
polymer in a random environment (see [84] for d = 1 and [11] for d = 2). In dimensions d > 3,
however, one has in the directed polymer setting that yz(p) = 0 for sufficiently small 3, see [22]
and [93 Prop. 4.1]. Note that implies that |3(p)| vanishes very fast as 3 goes to zero. As
a consequence, there is not a lot of margin to play with to prove that |y3(p)| > 0 when 3 is small,
and the proof indeed relies on a fine tuning of parameters. The behavior of yg(p) is different if
A displays an heavier tail at infinity. In this case, 73(p) rather has a power-law behavior close to
B8 = 0. Let us introduce

1+ (2.16)

ISUIN

v =1-%(p—1). (2.17)
Theorem 2.12 (Heavy-tailed noise). Assume that (2.1)) holds and that p < co.

(i) If p1,00(q) < 00 for some q € (1,min(2,1+ 2)), then for every p € (0,q] \ {1}, there exists
Chp.q € (0,00) such that for every 5 € (0,1],

a
Wﬁ(pﬂ < Cp,q/ﬁ e, (2'18)
which implies
lim inf 28780 @

. 2.19
B—0 logB vy ( )
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(1t) If p11,00(q) = 00 for some g € (1, min(2,1 + %)), then for every p € (0,q) \ {1},

loals
lirnsupM < . (2.20)
B—0 log 8 Vq
In particular, if
i o8 Az 0)) (2.21)
Z2—00 log 2z

for some 1 < a < min(2,1+ 2) (which includes the a-stable case), then for all p € (0,a) \ {1}

m 8@l _ o (2.22)

g—0 logp Vo,

2.4. Overview of the rest of the paper. The remainder of the paper is organized as follows.
In Section [3] we discuss some extensions of our results and some related conjectures concerning
geometric localization. Section [4]introduces a few important tools that are needed throughout the
paper. In Section || we prove all basic properties concerning the moment Lyapunov exponents, that
is, Propositions and Section [6] is devoted to proving our first main technical achievement:
Propositions and which contain upper estimates on moments of order p > 1 of Zg’(t, x). In
Section[7], we then use these moment bounds to derive Theorem [2.1]and the first halves of Theorems
and The existence and uniqueness of solutions (i.e., Theorems and are addressed
in Section Finally, Section@ gathers the proofs that rely on a coarse-graining/change-of-measure
approach summarized in Lemma In particular, we show the remaining halves of Theorems
and as well as Proposition The Appendix contains proofs of some of the results
introduced in Section [l

3. EXTENSIONS AND CONSEQUENCES OF OUR RESULTS

3.1. Continuum directed polymer model. As mentioned in Remark the main purpose of
introducing Zg’“(t, %) in [I3] is not to study the SHE but rather to define a random probability
measure on the space of continuous functions

Co([0,T]) := {0 :[0,T] — R? : 6 continuous and #(0) = 0},

called the continuum directed polymer in a Lévy environment. For T" > 0 the directed polymer in
the truncated environment &, is the probability measure Q775 on Co([0, T]) defined via the integral
of bounded Borel measurable functions as follows:

e*,ﬁnat

k

Q7 5(f) = 25T, %) (Q[f((Bt te[0,7) } z:lﬂk/ (2 (t,w,f)i_l_[le’Jr(dti,dxi)) , (3.1)
where p(t, z, f) := Q[f((Bt)ejo,r) | Vi € [k] : By, = ;] and [k] := {1,...,k}. Here, Q denotes
the distribution of a standard d-dimensional Brownian motion and, Wlth some light abuse of
notation, Q|- | Vi € [k] : B, = z;] is the law of the concatenation of Brownian bridges obtained
by conditioning a Brownian motion on the null event {Vi € [k] : By, = z;}. The main result in
[13] is to prove that Q%” converges in distribution to a limit Q7 5 under the assumptlons (1.14)
and . By the findings of the present paper, we can replace the assumption (1.21)) by (2.1] n in
the results of [13].

Theorem 3.1. If the measure \ satisfies (|1 and ., then there exists a measure Q"J
Co([0,T7]) such that almost surely, for every bounded continuous function f in Cy([0,T]), we h(we

lim Q75(f) = QF,5(f). (3.2)
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Proof. The convergence of Q7/5(f) for a fixed f is a consequence of Theorem Indeed, Q775(f)
can be written as a quotient Zg"*(T, f)/ 25 (T, ). Theorem asserts that the denominator
converges to a positive limit and the martingale argument below entails the almost-sure
convergence of Zg’a(T, f). The fact that convergence holds simultaneously for all continuous
bounded functions is a consequence of tightness. The proof given in [13, Section 4.8] shows that
the family of non-normalized measures {Z3“(T,*) x Q75 : a € (0,1]} is tight, with no other
assumption than ((1.14]). The tightness of {Q“Tjg :a € (0,1]} then follows from the almost-sure
positivity of Zg’a(T, %); cf. (2.2). O
3.2. Geometric localization of the solution to the SHE.

The case ug = 1. The intermittency result given in Theorem m (especially the part concerning
strong intermittency) has direct implications on the distribution of mass for the solution to (|1.6)
with initial condition ug = 1. To illustrate this, let us present an argument from [17, §2.4], adapted
to the case of non-integer moments—the argument in [17, §2.4] is about mass concentration for
the square of the solution.

If 4 < oo and holds, then the solution to ([1.6)) with uwg = 1 is given by

Ult,x) = /Rd Z5(y;t, ) dy.
_ — d
Let us define the normalized solution U (t, z) := e #U(t, ). By symmetry, we have that U (t, z) @
Z7(t, ) for any fixed z. For a fixed value of ¢, let us assume that the field U(t, z),cpq is ergodic
(in the case of a Gaussian noise, this was proved in [31]): we then get

Jjzj<r Ut 2) do

Jim_ T =E[Z5(t,)] =1, (3.3)
where o4 = 7%/21'(4 + 1) is the volume of the unit ball in R%. On the other hand, if p € (0,1) and
78(p) < 0 (which is ensured by Theorem [2.10|), then for any a € (0, Lﬁf(q)) we have

 Sje<r U )15 0y <eary d2 -
Pl oaR? = |25t 91 250050 (3.4)

< e(lfp)on‘/[g[gg(t7 )P < eld=Platys )]t

where the last inequality relies on super-multiplicativity, see Lemma below. Setting § :=
a(p —1) —75(p) > 0 and combining (3.3) and (3.4), we obtain

U t,ZL‘ 1 x)>e® dz
lim f||zH§R ( )_ {U(tz)>et} >1—e 0, (3.5)
R—00 fllIllSR U(t,x)dx

Note that we also have
i Dk Lo @a)zenty 42
R—o00 (ded

thanks to Markov’s inequality. Hence, the two identities (3.5) and (3.6 show that in the large ¢
limit, the mass of the solution concentrates on a very small portion of space.

= ]P’(gg(t, %) > eat) <e ™, (3.6)

The case ug = 6g. Although this is much more difficult to prove rigorously, we believe that inter-
mittency in Theorem also has implications on the localization of the solution Zg’“(t, x) to the

SHE with & initial condition. Let us consider the probability measure on R¢ given by
Z5(t, @)

Pg(dz) = 25— dz
Bt 257 (ta *)
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When g = 0, Pg,; is simply p(t,z)dx. In this case, for large ¢, its mass is roughly homogeneously
spread out on the centered Euclidean ball of radius /2. By contrast, if 3 > 0, the large time
behavior of Py’ ,(dz) is conjectured to be different: the mass of Pg, should typically be concentrated
on a set of bounded volume (the volume here should not depend on t).

Conjecture 1. Given ¢ > 0 and > 0, there exist two constants k = k(e,3) € N and R =
R(e, ) > 0 such that for all ¢t > 0,

k
P(E!zl,zz,...,zkERd : PEt(UB(ZiuRO 21—8) >1-—c¢,
=1

where B(z,R) :={x € R?: ||lz — 2| < R}.

A weaker version of the above conjecture is that localization holds in Cesaro mean, that is, for
e > 0 and 8 > 0 fixed, there exist two constants k = k(e,8) € N and R = R(e, ) > 0 such that

1 (T k
hTHLlO%f T/o zl,.Ti}éRd PEt(H B(zi, R)) dt>1—e. (3.7)
In fact, such statements have been rigorously proved for a discrete analogue of the SHE: the
partition function of the discrete polymer in Z%. In this setup, the link between very strong
disorder and localization in the Cesaro sense was first explored in [26] 42]. More recently, in [10],
it was shown that for directed polymers, very strong disorder implies ; the result was extended
to continuous space and discrete time in [8]. The approach in [§], [10] is to prove that the measure
% fOT Pg, dt converges to a limiting object, using a specific topology (introduced in [82]) on the
space of finite measures on R%. The corresponding localization result has also been shown for
a continuum directed polymer model (and SHE) with spatially convoluted Gaussian white noise
in [23], using a Gaussian multiplicative chaos approach.

While many details of the proofs presented in [8, [I0] use the discrete nature of the polymer
model, the general ideas the proof is based on do not seem to rely on it. For this reason, we believe
that while there are technical challenges to be overcome, these proofs could in principle be adapted
to the continuum case, to show that holds whenever 43(p) < 0 for p € (0,1) and hence, by
Theorem for any 3 > 0 as soon as u < oo.

Remark 3.2. Note that the localization result in [I0] holds for every § in dimensions 1 and 2 but
only for 8 above a certain threshold in dimensions d > 3. This is because for the directed polymer,
the analogue of our Theorem does not hold. Quite the contrary, if d > 3 and § is small, the
end-point distribution of the directed polymer satisfies the central limit theorem [22] [44. [64].

Remark 3.3. The above discussion gives a justification of Conjecture [I] in the case when u < oo
(which implies that Z§(t,*) has a finite expectation). As a general rule, an environment with
heavier tail is expected to only increase geometric localization (cf. [92]).

Remark 3.4. When d = 1, known results concerning the distribution of Z#(¢,z) in the case of
Gaussian white noise [5] strongly suggest that, in fact, only one big ball (that is, & = 1) is
sufficient to capture most of the mass of Pg’;. For a proof of a result of this kind in the discrete
polymer setup (with a special boundary condition), we refer to [4I]. In dimension d > 2, whether
one or finitely many balls are needed is a challenging open problem, even at the heuristic level,
see [10, Section 9, (1)].

3.3. The case of more general noise. In general, a Lévy white noise ¢ (on R x R?%) is a random
distribution in M5 (144)/2 Hipe (R X R9) that can be decomposed as follows:

=86 — &+ ol + el (3.8)
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where &1 and & are two independent Lévy noises with respective jump intensities A\; and Ag, £3 is a
standard Gaussian space-time white noise that is independent of &; and &, and a; > 0 and ap € R
are constants. In our exposition so far, we have chosen to focus on the case £& = 0 and a; = ag = 0.
The constant as is irrelevant for any discussion of as it only adds a multiplicative exponential
in t to the solution.

Adding a Gaussian part in dimension 1 does not pose a problem for solving ; see [35].
Given that y(p) in (L.32) exhibits the same behavior in 8 as v3(p) in (2.15]), we believe that
both Theorem [2.11] and [2.12] remain valid when Gaussian noise is added. If d > 2, the SHE
with multiplicative Gaussian white noise is known to be degenerate in the following sense. If £()
denotes the noise obtained by space convolution of ¢ with a smooth kernel 6, := e~%9(¢~".), then
the solution of

Bu = % Au® 4 B (0,) =

satisfies lim. 0 u(®)(t,-) = 0 (not only pointwise but also in L'(R%) for any fixed ¢ > 0). In the
past years, important progress has been made to obtain convergence of the solutions to non-trivial
(non-Gaussian) limits for d = 2 when [ is sent to zero (in a specific critical window) jointly with
g, see [24), [59] and the recent breakthrough [25].

One can also consider a noise £ = & — & that includes negative jumps. In this case, one can
approximate & by £% = £ — &9, Then the criterion (1.14]) applied to both jump intensities A;
and Ao still implies the convergence of the integrals in (1.13)), and many of the proofs presented in
this paper can be applied verbatim. Note that when negative jumps are present in the noise, the
solution is not necessarily positive. In particular, in this case, Zg (t,z) does not correspond to the
partition function of a polymer model.

Applying the proofs presented below, Theorems and remain valid when signed noise
is considered, and the same holds true for the upper bounds of E[| 25 (¢, 0)[P] for p > 1. In fact, this
translates into half of the inequalities (the upper bounds) proved in Theorems and On
the other hand, our proof of Proposition and the upper bounds on EHZg(t, 0)[P] for p € (0,1)
rely in a crucial manner on the positivity of Z§(¢,0), and thus break down when allowing for
negative jumps. Note that the upper bounds on fractional moments of the partition function are
required for the other half of the inequalities (the lower bounds) in Theorems and and
in particular, for Theorem We believe nonetheless that intermittency occurs in the following
sense.

Conjecture 2. If £ = £ — & is a signed Lévy white noise as above, with jump intensities that
satisfy (2-1) and [5° 2P0 (A1 4+ A2)(dz) for some py < min(2,1+ 2), then

1 y
v5(p) = lim - log E[|Z5 (2, 0)["]

is well defined for p € [0, po] and p — v3(p)/p is an increasing function of p on the interval [1,po].

4. PRELIMINARY TOOLS

4.1. Size-biased measure. If u < oo, note that 2:_’;”“(75, *) is non-negative by (1.19) and satisfies
E[z;;’a(t, )] = 1. We can therefore define a new measure Iﬁ’%t for the environment by

PG, (w € A) 1= E[Z5"(t,+)1a4] (4.1)

which is referred to as the size-biased measure. Note that when (Zg’a(t, %))ac(0,1) is uniformly
integrable, then using martingale convergence, we can also consider Iﬁ’%i whose density with respect
to P is given by Zg(t, *).
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Lemma 3.7 in [13] gives a useful representation of the size-biased measure Iﬁ’gi: the distribution

of w under Iﬁ%t is obtained by adding to w an independent Poisson process on the trajectory of
a Brownian motion. More precisely, we let w’ be a Poisson point process on R x (0,00) with
intensity dt ® Bz A(dz) and we denote its law by P;. Furthermore, let (Bt);c[,00) be a standard
d-dimensional Brownian motion starting from 0 that is independent of both w and «w’ and denote
its distribution by Q. For a € [0, 1], we then define

(', B) = {(r,B,Q): (r.¢) €'},
Wat(w', B) := {(7', B:,¢): (1,¢) ew,7€[0,t],( > a},

which corresponds to putting the Poisson process w’ on the trajectory of B, with some restrictions
on 7 and ( in the second case. When a = 0, the dependence in a is sometimes omitted.

Lemma 4.1. If p < oo, then for any B,t > 0 and a € (0,1] and for any measurable bounded
function g, we have

E%,[9(w)] = E® E} ® Q[fu(w,w’, B)], (4.2)

where Ga,1(w, W', B) := g(wU@a (@', B)). If (Z5(t,%))ae(0,1) is uniformly integrable, then ([&.2) is
also satisfied for a = 0.

If @ > 0, this was shown in [I3, Lemma 3.7]. For a = 0, the result can be deduced from the
case a > 0 by observing that E[Z“(t %) | Ga] = Efa(t ) for any a € (0,1], which is why .
with a = 0 is true for any bounded Ga- measurable g. The monotone class theorem yields (4.2 for
general g. Note that by Theorem [2 . Z “(t, *))ae(o 1) is uniformly integrable as soon as
holds.

Remark 4.2. Let us make a quick comment about notation. In as well as in the rest of the
paper, we denote the expectation with respect to a measure P, p0581bly with decorations, by E
with the same decorations. For example, we write EB , and EB for expectation with respect to Pz,
and P, respectively.

4.2. Decoupling inequalities. In the proofs below, we shall occasionally make use of moment
decoupling inequalities for multiple Poisson integrals. The results that we review in this section are
based on [67], where discrete-time decoupling techniques from [48| [73] are extended to continuous
time. We also refer the reader to these references for further literature (and history) on the subject.
Let N > 1 be an integer, let X := (0,00) x R? x (0, 00), with generic point w := (¢, z, ), and for
concreteness let M = M“ be the compensated Poisson random measure M¥(dw) = (6, — v)(dw)
(recall that v := dt ® da ® A(dz)). Furthermore, suppose that f : X¥ — R is measurable and
tetrahedral, that is,

f((t1,z1,21), ..., (tn,zN,28)) =0 unless g < -+ < tn.

In that case, subject to integrability conditions on f, the multiple integral

[ £w) M(dwn) - M(duy) : /( (/f dw1)> )M(dwN),

with w = (w1, ..., wn), can be defined as an iterated It6 integral (recall Remark. The general
definition of It0 integrals used in this paper is detailed in Section We let (Wi)i1 denote i.i.d.
copies of our environment w and we use the notations P® and E®V for the associated probability
and expectation, respectively. The following theorem is proved in Appendix [A]
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Theorem 4.3. There exists a universal constant C' > 0 such that for every 1 < p < 2, for any
integer N > 1 and any measurable and tetrahedral function f : XN — R satisfying

[ )P v(dwn) -+ v(du) < oo, (4.3)

the stochastic integrals below are well defined and have finite moments of order p satisfying
N p
()
C

P
on flw) M“(dwy) - -+ M¥(dwy) ] (4.4)

P
< (C)NEM[ |
= ;=1

4.3. Stochastic integration in the absence of moments. Because Z(,x) does not possess

any finite moments in general, the proof of Theorem has to make use of a stochastic integration

theory that does not assume existence of any moments a priori. For the reader’s convenience, let
us give a brief review of this L°-theory, which was developed by [20] in its most general form (see
also [37, Appendix A| for a summary). Let M = M“ denote either the Poisson measure 4, or its

compensated version 6, — v.

A predictable step process H is of the form H = Y i _;a;l4,, where r € N, a; € R, and for
each i we have A; € P ® B(R? x (0,00)) (where P is the usual predictable o-field) and A; C
Q x (0,T) x [-N,N]? x (a,00) for some T, N,a > 0. Then, the integral of the predictable step
process H = Y7, a;14, is canonically defined as

XN f(w) M (dwy) - - - M“N (dwy)

<E

L ) 3 ) A2 )

/XH('w) M(dw) =3 a;M(A;).
=1

Denoting by S the collection of predictable step processes, we can extend the integral to a larger
subset of predictable processes by using the metric induced by

, (4.5)
p

1K ap:= ~ sup
HES |H|<|K|

/X H(w) M(dw)

defined for P®B(R? x (0, c0))-measurable processes K, where we have used the notation || X||z» :=
E[|X[P]'/? and || X||z0 := E[1 A |X|]. Such a process K is called LP-integrable with respect to M if
there exists a sequence (H,)neny C S such that lim, || K — Hy|lap = 0. The stochastic integral
of K with respect to M is then defined as the LP-limit of [y Hy,(w) M (dw), which exists and does
not depend on the choice of (H,)nen. If p = 0, we simply say that K is integrable with respect to
M. According to [20} (2.8)], K is LP-integrable with respect to M if and only if

K < 00 if p>0,
K1 it o
lim ||uK||po=0 if p=0.
u—0
Furthermore, by [37, Lemma A.2],
o if 1 <p<ooand M“ =4, — v, there are ¢ = ¢, > 0 and C = C,, > 0 such that
215
K s < E[( [ K@) au@w)) | < IR s (@)
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e if 0 <p<1and M¥ =,, then
1K, < [ BIK )P} v(dw)

In particular, the LP-theory, p > 1, for §, — v encompasses the LP- and L?-integrals considered
n [89] and [94]. Even in the case when ¢, — v has a finite first moment (i.e., is a martingale
measure), the LO%-theory is more general since, for example, it does not require the integrands have
finite moments.

Let us end this section with a simple integrability criterion that we need in the proof of Theo-
rem Its proof can be found in the appendix.

Lemma 4.4. Suppose that for P>-a.e. realization of w>, the process (w<,t,z) — K(w< Uws>,t, )
is LP(P.)-integrable with respect to &,_ for some p > 0. Then K is L°(IP)-integrable with respect
to &, .

4.4. A technical lemma. The following technical result will be used repeatedly in the paper. Its
proof comes from a straightforward calculation and can be found in [I3, Lemma A.3].

Lemma 4.5. Foranyt >0,k >0 and (1,...,Ck+1 >0,

k41 k1
/ At )Gl dty = i 19_1%
Tlt) § D G)

where At; :=t; —t;,_1 as deﬁned mn , with the convention tg = 0 and tgy1 =t.

5. QUALITATIVE PROPERTIES OF LYAPUNOV EXPONENTS

In this section, we prove the statements made in Section [2.3] concerning existence and basic
properties of moment Lyapunov exponents (Propositions and , assuming that Theorem
as well as the bounds in Propositions and [6.3] below are true. These are proved independently
in Sections [6] and [7], respectively.

5.1. Existence of Lyapunov exponents. The existence of vg(p) readily follows from sub-/
supermultiplicative properties of the moments of the partition function.

Lemma 5.1. Under assumption (1.14)), for every a € (0,1], s,t >0 and p € [0,1 + %), we have
E[nga(t + 5, %)P] < E[Zg’“(& *)p]E[Zg’a(t, £)?] ifp>1, (5.1)
E[Z5%(t +5,4)F] > E[Z25" (s, «)|E[Z5 (8, #)P)  ifp<1. (5.2)

Proof. The statement being trivial if 111 o (p) = 00, we can assume p1 o (p) < oo for the remainder
of the proof. Let Pg +* denote the (random) probability measure on R? whose density with respect

to the Lebesgue measure is given by Zg’a(t,m) /Zg’a(t,*) and X denote an R%valued random
variable with distribution PJ’. Recalling the definition ([L.24) of Z5**(s,z;t,+) and using the
Markov property for Brownian motion, we have

Zg’a(s +t,%) = /Rd Zg’a(s, x)Zg’a(s, x;s+t,%)dx
= Z5"%(s, %) » 25 (s, w35+ t,%) Py (dx)
= Z5(s, %) B2 [zgv“(s,x; st *)} .
For p > 1, we get by Jensen’s inequality that
Zg’a(s +1t,%)P < Zg’a(s, *)P Ezf”g {Zg’a(s, X;s+t, *)p} ,
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and the inequality goes in the other direction if p € (0,1). Now, recalling and , we have
E[ 25 (s, %) Byt 25 (5, Xi5 + 1, 4)7] ‘ Fo| = 25 (s, 0" B2 [B 25 (5, X5 + 1, %) ] 7]

= Z5%(s, *)pE{Zg’a(t, *)p} :
Altogether, we have proven that for p > 1,
E[Z;”“(s St )P ‘ ]—“s] < Z5%s, *)pE[Zg’“(t, *)p} :
which yields (5.1]).Repeating the same computation with reversed inequalities when p € (0, 1), we

obtain ([5.2)). O
Proof of Proposition[2.8 As a consequence of (2.4) in Theorem we have

. w,a p| w p
g%E[zﬁ (t, )] = E[Z5(t, ).
Therefore, the previous lemma remains valid for ZZ(t,*) instead of Zg’a(t,*). An immediate
consequence is that the limit in (2.11)) exists by the continuous version of Fekete’s subadditive
(or superadditive) lemma. It remains to check that vg(p) is finite when (2.1]) is satisfied and
111,00 (p) < 00. When p € [1,1+ 2), y3(p) < oo follows from

.1 o1 n
v5(p) :nll_%loglogE[Zg(n,*)p} < anéoglogE[Zg(l,*)p} = logE[Zg(l,*)p}, (5.3)

and the finiteness of E[Z7(1, %)?], see Theorem

For p € (0,1), we prove v5(p) > —oo and v5(p) < oo separately. For the first part, let 75 (p) be
the moment Lyapunov exponents that one obtains after replacing w by w~. Thus, by an obvious
comparison and convexity (see Proposition applied to A< (dz) = 1(g,1)(2) A(d2)), it follows that

< (1 _ < 1
v5(p) > 75 (p) > QG 06)75 SRl > —o0,

where 6 € (0,1) is such that 1 = p+ (1 —6)(1+%). Note that 75 (1) = 0 and that v (1+ 1) < o0
thanks to ([5.3)).

In order to show that v3(p) < oo when p € (0,00) and p1,0(p) < 0o, we use Jensen’s inequality
for E- so that for every a € [0, 1),

E [zgv“(t, *)P} <E [ZgZ (t, *)p} .

To bound the right-hand side, we use the following simple inequality, which will be used extensively
in the remainder of the paper: given x € (0,1) and any countable collection of non-negative
numbers (a;);cr, we have

K
(Zai> <> aj. (5.4)
iel iel
We will refer to (5.4]), which can be proved by induction (using the fact that (a + b)® < a” 4 b%),
as the subadditivity property; note that it obviously extends to stochastic integrals with respect to

discrete measures.
Moreover, note that we have

p(t,z)? =t (p)p(L, z), (5.5)

where v, =1 — %(p — 1) was defined in (2.17) and ¥(p) := (277)”1’_1p7%. Thus, using (5.4)) for the
first step, (5.5)) and the fact that p is a density for the second step, and Lemma for the last
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step, we derive

e}

E[257 (t,4)7] < Y (811 0o(p))" / ﬁ (Ati, Az;)P dt; da;

—0 t)x (Rd)k

- & (BP0 (p) 00 ()T (1) 877"
=D _(BP(p)p1,00(p ))k/ (At~ dt; = :
Z X () z:l—[l I;) I(vpk +1)
Using Stirling’s formula for the gamma function (or the estimate (7.13|) below), one can check that
the right-hand side grows exponentially in ¢: as a consequence, we have y3(p) < co. This ends the
proof of part (%) of the proposition.

For part (ii), we are going to prove the upper and lower bounds in (2.12) separately. Using
Jensen’s inequality for the first inequality and the translation invariance ((1.18)) for the last identity,

we have, for p > 1,
E[25(t, )] < /R ot D[ (p(t,2) 7 25 0) | de = B[ (1,01 25(1,0) ] (5.6)

Since p(t,0)~" is of order t%/2, after taking logarithm, dividing by ¢ and taking the limit as ¢ — oo,
we obtain

| w
hgg)lf n logE[ZB (¢, 0)1”} > v3(p)- (5.7)
The same proof yields for p € (0,1) that
lim sup — logE[Zﬁ (t,0)? } < vs(p). (5.8)
t—ro0

Let us now prove the complementary bound, first in the case p > 1. We introduce the probability
measure P§, with Lebesgue density Z§ (¢, z)p(1,2)/ [ga Z5 (t,2)p(1,z) dz. Then we have

23+ 1,0) = [ Z5(t)p(La)Z5 (b ast +1,0p(L,0) " do

- ( | 28 a)p(1, ) dm)Eg’t[Z‘g(t,X;t+ 1,0)p(1,X)71].

Proceeding as in the proof of Lemma and using the translation invariance (1.18]), we obtain for
p>1

p
E|Z§(t+1,0)7] SEK/ Z5(t,2)p(1, ) dac) }E[zg(l,o)%(l,o)—p}. (5.9)
R4
In particular, we have
E[25(t+1,0)7] < (2m) FE[25(t,+)”]E[25(1,0)0(1,0)77],
which implies, for p > 1,
lim sup E{Zﬁ (t+1,0) } < v5(p) .

t—00

When p € (0, 1), repeating the proof of -, but using concavity instead of convexity, we obtain

p
E|Z§(t+1,0)°] > E[(/ Z5(t,2)p(1, ) da:) }E[Zﬁ(l,O)pp(l,O)_p] (5.10)
Rd
Now setting C, := z + [0,1)?, we have
Z5(t,*) = / Z5(t,z)dr < Z (&axptx)Y(t) (5.11)
2€74 €

with Y. (t) := fo_ 2%(t,2)p(t, )" da.
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Note that the variables Y, are identically distributed by (1.18)), which together with (5.4)) implies

E[25(t, )] < ( Z max p(t, >E[Y0(t)p] < CHEOPE[Y, (1)) (5.12)

Iez

for t > 1. Moreover, also for ¢t > 1,

[ Z5(.0)p(1,0) do > (min o(1, 2)p(t, a:))Yb(t) > (21) %4V (1) (5.13)

z€Co

Therefore, combining (5.10]) with (| and (| -, we obtain that
E[zg(t + 1,0)1’} > C'tTRE[ 25t ]
This allows us to conclude that, for p € (0, 1),

lim inf - logE[Zﬁ (t+1,007] > 75(p). O

5.2. Monotonicity and convexity properties. To show the monotonicity in 8 of the Lyapunov
exponents, we prove a more general result linking monotonicity and convexity. Its proof is inspired
by an analogous result proved in the discrete setup [44, Lemma 3.3]. Recall the definition of the
renormalized partition function .

Lemma 5.2. Assume that p1,00(q) < 0o for some q € [1,1+2) and let ¢ : [0,00) — R be a convez
function that satisfies

sup |p(u)|u™? < co.
u>1

Then [ +— E[@(Z}}J’a(t,()))] is a non-decreasing function, for any a > 0.

Proof of Proposition[2.9. As a consequence of Lemma if p1 0o(p) < oo for some p € [1,1+ ),
then 3 E[Z};’a(t, 0)?] is non-decreasing if p > 1 and non-increasing if p € (0,1) (apply Lemma
to the convex function z — —zP). Letting a — 0, we obtain the same results for E[Z_g(t,O)p]
because of . Since we have

_ .1 ~w
75(p) = lim —log E[Z5(t,0)7],

this completes the proof of (ii) in Proposition Both (i) and (iii) are standard: The convexity
of p — ~5(p) follows from that of p +— log E[X?], valid for an arbitrary non-negative random
variable X by Holder’s inequality; (4ii) is a direct consequence of convexity since for 1 < p < p’ we
have y3(p) < ;)",111 43(p'), recalling that Yg(1) = 0 by definition. O

Proof of Lemma[5.9. Since ¢ is convex, there exists a and b such that p(u) + au+b > 0 for every
u > 0. Hence, replacing ¢(u) by ¢(u) + au + b, we can assume that ¢ is non-negative, since
E[Zg’a(t, 0)] = p(t,0) does not depend on /5. We may also assume without loss of generality that ¢
is differentiable on [0,00) and that ¢’ is bounded. Indeed, if this is not the case, we can find a
sequence ¢, T ¢ that has these properties and then use monotone convergence.

Recalling the notation ((1.11)) and setting <, = ko + i, we have, similarly to ((1.19),

[e's) k
Z(t,0) = e~ PRt kz g /x prot,x) [T €0+ (dts, day).
=0

k(t)x (RE)k i=1
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Taking the derivative with respect to 3, we obtain, after an index shift for the first term,

o k+1
D2 (£,0) = e PFat ’“< k41 / t,x o (dt, da
325 (1, 0) ;5 (EF1) [ gy P00 )gf ( )
. (5.14)
— Rat/ t,x g’+ dt;, dx; ) .
X5 (1) x (R ool )Z-:ng ( )

The first term in the sum can be viewed as the sum of k + 1 integrals where the variables of
integration are (t1,...,t;, S, tit1,..-,tk) € Xgr1(t) and (21, ..., 24y, Tig1, ..., x%) for i =0,... k.
Recombining the terms, we arrive at the identity (recall the convention ¢y := 0 and txy1 :=t)

E+1 / (t, ) &F(dty, da;
( ) e ()< (Y pt,0( Hf )

- t,z)p(s,y|t, ) £ (ds, dy) ot (dty, dw;),
/xk@)x(Rd)k</<o,t>dept’°( Jo(s,yt,x) & y)Hé

where

p(s —tim1,y —xi—1)p(ti — 8,2 — y)
p(ti —tic1, @i — zi—1)

and p(t;,y|t,x) == 0forall i =1,...,k As [gpap(s,y|t,z)dy = 1, the second term in

corresponds to a centering of the noise %7 (ds, dy), and we have

p(s,ylt,x) = if s € (ti-1,:)

852“’“(t, 0)

_ k 5.15
e 5”at2ﬁ’“ / oy ( /(Ovt)xwpt,ou,m)p(s,y|t,m>§z<ds,dy>>Hﬁz*(dti,dxi). 19

=1

Note that we have

19525 (¢,0)]

< —Bkat > k/ / t,.’.lf t T d d a,+ dtl,d ),
- kz::oﬁ fk(t)x(Rd)k< (O,t)dept’O( Jp(s,y |t @) €5](ds, dy) Hf ;)

i=1

where \£Z| = ég + 2k, L. Since we have reduced to the case where ¢’ is bounded, the expression
above implies (cf. [13, Prop. 2.5]) that for any 5y > 0,

< o0. (5.16)

E [ sup ‘852‘”“ (t 0)90’(2;“(@0))]
BE[0,50]

This allows to interchange derivative and expectation and by (5.15]), we obtain that
OSE[p(25°(t,0))| = E[9525°(1,0) ¢' (251, 0))]
> b (5.17)
= e_ﬂﬁat Z BkEl/x UZJ(ta x)pt,()(t7 CC) H ggy—i_(dtia dxz)] )
k=0

k(t)x (RE)k i=1

where we have set

UP(t,x) := / Lyt ) E(ds,d "(Z2%(t,0)).
f6) ( [(O,t)\{ti}le}dep(s ylt @) &ulds y))go( 5 )
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Given (t,x,2z) € Xi(t) x (RH)* x (0,00)%, we let w U (¢, 2, z) be the point process obtained by
adding the k points (t;, z;, 2i)1<i<k to w. By Mecke’s multivariate equation (see [77, Thm. 4.4]),
we have

k
E / U¥(t, x t,x ot (dt;, da;
[ N K (t,x)piol )izl_[1€ ( 1:)]
k

U,‘: (t, .’B)pt,o(t, CC) H Zil[a,oo) (Zl) (Sw (dti, dxi, dzz) (5.18)

=
[ Xp(t) x (R4)* % (0,00)* i=1

k

E UwU(t,m,z) t,x t,x i1 ;) dt; da; M(dz;).
/%k(t)x(Rd)kx(o,oo)k [ k ( )}Pt,o( )gz (a,00) (2i) dt; A A(dz;)

If k, t,  and z are fixed, the functionals

w @’(Zgu(t,m,z),a(t, 0)) and w p(s,y|t, ) E(ds, dy)
[(Ovt)\{ti}le]XRd

are non-decreasing for the inclusion order. Thus we can apply the FKG inequality for Poisson
point processes (see [65, Lemma 2.1]) and obtain that

E[U 0" (¢,2)| > E

/[(0 D\ JxRd p(s,y|t,x) & (ds, dy)] I[z;[(p/(ggu(t,x,z),a(t7 0))} o

Combining this with (5.17) and (5.18]), we conclude that 9gE [¢(Z§’“(t, 0))] > 0. O

6. MOMENTS OF ORDER p > 1

The goal of this section is to formulate and prove Propositions and below, which form
the core of all moment upper bounds for p > 1 in this paper.

6.1. The statements. Recall that v, :=1 — %(p — 1) and let Zg’o(t,x) = Z_g(t,x).

6.1.1. The case of dimension d = 1. We start with d = 1, where the statement is easier to state
(and easier to prove).

Proposition 6.1. Assume that d =1 and that (2.1)) holds.
(1) If p11,00(2) < 00, then for any a € [0,1),

—2 FWw,a = /82 a,oo(2)\/% ’ ﬁ
E|p(t,z)2Z; (t,x)2}=Z< : 2 ) T((k+1)/2) (6.1)

k=0
=1+ 52Ma,oo(2)\/7?te}(p (%,84/1(1700(2)215)(13(52;1(1700(2) \/%,

where ® is the standard normal distribution function.
(it) There exists a constant C € (0,00) such that if p11 o0 (p) < 00 for some p € (1,2), then for
any value of n € (0,1], a € [0,1) and t, 3 > 0,

t

k r2
3 (Hn,00(p)EP) P

1 , oo k1+ka 1
et 2250 < ot 3 ()T (o) Dp(ka + 1)
Vp (ko

(6.2)
by fao \P 1

3=
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(iii) There exists a constant C' € (0,00) such that if p11,00(p) < oo for some p € (2,3), then for
any value of a € [0,1) and t,3 > 0,

1

E|p(t,z) P25 (t, 2)|”

5 (CBroso(2)3T (1) 717)" (i <Cf/auo,oo<p>;tifr<yp>;>f>’f2+1. (6.3)
20 P (k)2 = T+ 1)

Remark 6.2. The formula (6.1]) is rather straightforward to prove. Starting from (1.28) and using
that £ is centered, the second moment is given by

3=

< wil(wy)

k+1
E 2Z =1+ / t,x)"? At;, Ax;)? dt; dz;
[P( ) } Z Ma, oo e (6) (R p( ) g p( i z) 1 AZ;
with the notation ) for At; and Ax;. Integrating over z1,. ..,z € R?, we get
—2 \/> k+1 1
E Z =1+ 2 dt; ,
{P( z)” } Z Ma o 3€k(t \/m i

which gives the first equality in by Lemma The second equahty follows from the formula
S ok T((k+1)/2) = 712 + 2xex @(fa:) Let us also mention that this formula coincides
with the one we obtain if ZB “(t,x) in is replaced by the solution to the SHE (|I.1)) with a
space-time Gaussian noise with variance ,ua’oo(Q) (and ug = do); cf. [30, Eq. (2.31)].

6.1.2. The case of dimension d > 2. For the statement with d > 2, we need to introduce a few
auxiliary quantities. With the usual convention ty := 0 and txy; := ¢t and At; == t; — t;_1, we
define A(0,t,p) := 1 and

k

Ak t,p) = 1 / (Atgyr) T Go(Aty) dt; (6.4)

X5 (t) i=1

for k > 1, where
1, 1 .

53" ift<1
G — - 6.5
»(5) {sz—l ift>1. (6:5)

Also, we let

G, p,t) = (8u1°g( 2)(1+10g+t))1%/d, Go(n.p) = iy (1+3) + noc(p), (6.6

where we have set log, ¢ :=log(¢ Vv 1) and

(142 = /(0 )zl+%(3\logz\+1))\(dz)

?77
Note that both (i(n, p,t) and (2(n, p) are finite if (2.1)) holds and 1 oo (p) < 0.

Proposition 6.3. Assume that d > 2 and that (2.1 holds. There exists a constant C' € (0,00)
that only depends on d such that if j11 o (p) < 0o forp e (1,1+ %), then for any value of n € (0,1],
a€10,1) and t, > 0, we have
1 o0
_ = Cﬁ
—p ZzW,a p|P
E[p(t,2) P25 (0 ]” < S (p_ 1
k1,k2=0
Remark 6.4. In our proofs of Propositions [6.1] and we keep track of the dependence in p. The
reason for this is that in the proof of Theorem more precisely in the proof of (2.16)—we
need to apply (6.7) for p that depends of 5. The only important point we need to make sure is
that our estimates remain uniform for p in an interval around 1 + %.

”d\>—‘

k1-+ko
) G p ) ? Gp) s A tp)r.  (67)
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6.1.3. Finiteness of the moments. An almost immediate consequence of the proposition is the
following uniform moment bound.

Corollary 6.5. If (2.1) holds and p1,0(p) < oo for some p € (1,1 + %), then for any B and T
there exists C(B,p,T) such that

1
_ P =
sup sup B[ (p(t,a) "' 25 (t,0)) | < C(B.p.T).
a€l0,1) (t,z)€(0,T] xR
Proof. First let us note that the bounds in Propositions[6.1] and [6.3] already are uniform in a and z,
so we only need to check uniformity in ¢.
Let us start with the case d = 1. The statement for p = 2 is obvious from (6.1)). If p € (1,2),
by reorganizing (6.2), we obtain that for every ¢ € [0, 7],

1 vpyko 1
s 5 > 11k o (CpBlinoc(p)?T? ) T(vp)»
E[p(t,x) ng’a(t,x)p}p < c’( > (Cpﬁuo,n@)?TZ) )( ) ( ) 1 ’
k1=0 k=0 L(vp(k2 +1))7
where C), = C//(p —1). The first sum is finite if one chooses 1 such that CBug,(2)"/2T/* < 1 and
the second one is always finite since I'(v, (k2 4+ 1)) grows super-exponentially. If p € (2, 3), we have
from (6.3) that for every ¢ € [0, 7],

g ol < o) 5 (GETH (& (GpT )\
peozeer) <o 8 S (Saiy)

Since I'(v,(¢ + 1)) and I‘(%) both grow super-exponentially, the two sums are finite.
When d > 2, since (; is monotone in ¢, we have, in the same manner,
—p ZW,a P % = 1\ k1 o 1\ ke 1
E|p(t,2) P25t 2)P|" < (D (CoBenp, T)7) || 3 (CoBGa(np)7) Alka,tp)7 | (6.8)
1= 2=
for t < T. The first sum is finite provided that 7 is chosen sufficiently small. Considering the
second term, we have

Alka, t,p) < 777 (tV 1)%”pk2/ (Atpyyr)> ! H (At 3L dt;
Tiy (1) i=1
T(5vp)"T (1)
T'(3vy(ks +3))
where we used Lemma for the last identity. As a result, assuming that 7" > 1, we obtain that
for every t € [0,T],

= (tV 1)5vph2gsimks

k2 F(Vp)%
1
L(5vp(ka +3))7
and since I'(vp[(k2/3) + 1]) grows super-exponentially, the sum over ks in is finite. O

(CoBCa(n )3 ) Alha, .05 < (CoBGa(n, p)PT(R)TH )

6.2. Bounding moments in the chaos expansion: the first term. From now on, we focus
on the case x = 0, which yields no loss of generality by . Also, in both Propositions
and above, the case a = 0 can be deduced from the case a > 0 using Fatou’s lemma: in the
following, we can always assume that a > 0. Starting from the chaos decomposition , we can
use Minkowski’s inequality to get

1

2,02 23w 0y] < 3 0B WPl (6:9)
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where
Pto (t,x L
Weao(t) :=1, Wkt ::/ 2(dt;,dx;)  for k> 1. 6.10
o(t) k(1) ) 1;[ (6.10)

The estimates for E[|W, 1 (¢)|P] are intricate, so let us spend some time on the case k = 1 to
illustrate the intuition behind our proof. In what follows, we write

P = xu(t) x (0,00, XP = xp(0) x (RDE, X = 2,(6) x (RY)F x (0,00)F.  (6.11)

We drop the superscript £ when k& = 1. For simplicity, let us consider the expansion of the free-end
partition function. Because the integrals in are martingales in ¢ for the filtration (L.5)), we
can apply the Burkholder-Davis-Gundy (BDG) inequality and obtain

p

Since we are tracking the dependence in p, it is worth noting that it is possible to take C), = (4p)? <
64 if p < 2; see [49, Chapter VII, Theorem 92]. In order to bound the right-hand side uniformly
in a, we replace [a, 00) by (0,00). Let us further restrict ourselves to the case d > 3 for simplicity
(note that in particular p < 2). By Jensen’s inequality and the subadditivity property , we
have, for 6 € [p, 2],

[Slps]

]. (6.12)

<E

( ., p(s,x)?2? 6,(ds, dz, dz)) 31 '
( /Xt o(s, )02 ds da A(dz)) (6.13)

:19(9)’5(/% svo1 ‘)dsA(dz)>g,

recalling also and vy = 1 — %(9 — 1) for the last line. On the right-hand side, we see that
when 6 increases, the integrability in z around 0 improves but the one in s worsens, forcing us to
chose vy > 0 (i.e., 8 < 1+ %) to obtain a finite integral. As a consequence, we need to assume
Ho,00(0) < oo for some 6 € [p,1+ %) If this holds, then, in fact, the same estimate can be applied
iteratively in order to obtain bounds for any of the multiple integrals in . Let us remark that
this is essentially the assumption (and the method) used in [89] to obtain existence, uniqueness
and moments for the solution to .

Clearly, po,00() < oo does not hold, for any 6 > 0, if £, is an a-stable noise with o € (1,2);
recall that we assume pi1 oo(p) < oo for some p > 1. In that case, at least when k = 1, it is easy
to do better than . The key point is to first separate z > 1 and z < 1 and then, for z < 1,
further whether z < s%2 or z > s%2. For z > 1, we can simply apply with 8 = p, that is,

D
E[( p(s,x)2? 6w(ds,dac,dz)) ’
Xt

SS]

IN

< 9(0) 1,00 (p)v, E7

E (/ p(s,x)2z21{z>1} ciw(ds,d:z,dz))2
Xy =

For z < 1, we first consider the contribution coming from z < s%2. By Jensen’s inequality, we can

take the exponent £ outside the expectation on the right-hand side of (6.12), which leads to the
bound

E[/X 1{Z§8d/z/\1}p(s,x)222 5w(ds,da:,dz)] = (/Xt 1{Z§8d/2/\1}p(s,a:)2z2 dsdz A(dz))

ya
2
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Since d > 3, we have, integrating first with respect to = (recall ([5.5))), then with respect to s and
finally with respect to z,

2’21 2<gd/2 1
/ 1{Z§Sd/2/\1}p(s,w)222 dsdz A(dz) = / {S—EM} dsA(dz) < a1 (1 + %)
Xy X (47s)2 (5 —1)(4m)2

For the contribution to the integral coming from z > s%2, applying (6.13]) with 6 = p, we get that
it is smaller than

_ J(p) 2 J(p)
W 1 1P ds A(d :—/ A N(dz) = —Fpoa (1+ 2
(p) /Xt {z>s4/2 z<1}8 2P ds A(dz) vy (071)2 (dz) vy NOJ( + d)’
where we have first integrated with respect to s, using that v, =1 — g(p —1)>0forp<1+ %,

and then with respect to z. Altogether, we have shown the following bound.

Lemma 6.6. In dimension d > 3, there ezists a constant C (which may depend on d but not on p)
such that for all p € (1,1 + %)7

E[( [ (s, dn)

In other words, the single integral has a finite pth moment for some p € (1,14 %) if the intensity
measure satisfies 101 (1 + %) + f11,00(p) < co. In fact, this condition is necessary and sufficient by
[87, Theorem 3.3], so Lemma is optimal for single integrals.

< Z{Mog (1 + %)% + Ho1 (1 + %) + Ml,oo(P)th]

6.3. Decoupling and partitioning: Key tools in proving Propositions and

6.3.1. Decoupling. When k > 2, there is no direct analogue of since we cannot apply the
BDG inequality for the k-fold iterated integral. The first step of our proof is to use the decoupling
inequalities from Section in order to obtain, instead of W, ;(t), multiple Poisson integrals with
respect to k independent copies of the original noise. An important advantage of the decoupled
integral is that we can change the order of integration without losing the martingale property.
Using Theorem with the tetrahedral function f(t,x,z) := p(t,0) 'pro(t, ) [IF, 2l >a)
(the reader can check that is satisfied whenever 111 oo (p) < 00), we have

C k
BIWar()) < (57 ) B Var(o). (6.14)
where
k
Pt 0(t7 CC) o
Var(t) = — 2 (dt;, dx;
- (6.15)
pro(t, @) 1
= A%M W i Zi]-{ziZa} (50_,1 — I/)(dti, d.Ti, dzl)
and wj, for ¢ = 1,...,k, are i.i.d. copies of w. For simplicity, and with a small abuse of notation,

we write P, P®* E and E®* in the remainder of the proof.

6.3.2. Partitioning and integrating over space. As in Section [6.2] we want to estimate the pth
moment of the right-hand side of using a combination of the BDG inequality, Jensen’s
inequality and subadditivity and then integrate over space. Because we want to use an intermediate
exponent as in that depends on the value of t and z, a first task is to decompose V ;,(t) by

considering a (non-random) partition B, of the parameter space Xt(k). For each element P € By,
of our partition, we will further determine a partition J;(P)U J2(P) of [k] and first integrate with
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respect to (t;, ;) with ¢ € J;(P) and then with respect to (¢;, ;) with ¢ € Jo(P). We let k; and ko
denote the respective cardinalities of J; = J1(P) and Jo = J5(P).
When J C [k], we use the following notation:

Ajtz‘ = ti — ti(J7,1) and Ain =xX; — xi(J7,1) (616)

where zg = x341 = 0, tp = 0 and 1 = t as usual and where for i € J U {k + 1} we denote the
predecessor of ¢ in JU{0,k+ 1} by i(J, —1) . As a result of our partitioning procedure, we obtain
the following estimate:

Lemma 6.7. Givenp € (1,2 A (1 + %)) and 0 € (p,2], we have for all a € (0,1],

1 1wy k+1 - 6
E“Va,k(tﬂp} : < Ck Z te </X(k2) (/X(kl) 1P(t7z) H(Ati) ot H Zie dt; )‘(dzi)>
PPy t t i=1 i€Jy
1 (6.17)
P
X H (AJQti)(Vp_l)+%(1_V@) H ZfdtZ )\(dzz)> .
i€JoU{k+1} i€y
Proof. For P € By, let us define
k
Pt 0(t,ib>
Va t, = 1 t, — i]- 2:>a v ) ) i) . 1
#(tP) /xg'@ (6.2 0T T a2y (= )i diid) (6.18)

Then, by (6.15) and Minkowski’s inequality, we have that

E[\Va,k@)\p]% < Y B[Vt P
PePBk

Because the w;’s are independent, we can, similarly to ((A.4) in the appendix, permute the integrals
in (6.15)) and integrate with respect to the indices in J; first and Jy afterwards. In conjunction with
the BDG inequality, subadditivity (recall p < 2) and Jensen’s inequality (applied in the fashion as

in (6.13))), we obtain
p]

E[|Vak(t, P)[7]
k
<k /xg’“2> El
X |1 21 qzmap dti da; A(dz) (6.19)
i€J2

< Ck 1ot 2P0 @) 0 at, des A(dzp) ) P dt; da; A(d
< C i \ e 1P 2) =0 T 20 dt; dzi A(dz) ) [T 22 dt; dai A(dz).
t t

0
p(t70) i€Jy i€J2

D=

pt,O(t7 :B) ) ' ‘ ‘
/xi’“) P2 ) g 2il{zza) (0w, —v)(dti, day, dz;)

i3

Remark 6.8. In the above integrals and for the remainder of the proof, with a small abuse of

notation, the coordinates of elements of ngl) are indexed by J; instead of [k;] (and similarly for

J2). With this convention, ng) is a strict subset of ngl) X XEkQ), but this is not a problem since
()

the indicator function 1p restricts the integral to a subset of X;".

The next step is to carry out integration with respect to =1, ...,z explicitly. First of all, notice
that for any m > 1 and any p > 1, we have for every t € X,,,(s)
m m—+1
L ot TL s = 00)" (o, = T (At~ (6.20)
i=1 i=1

This can be proved by induction on m after checking the case m = 1 by hand, using (5.5); we
leave the details to the reader.
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We then successively apply (6.20) with p = 6 to the segments of J; (i.e., maximal sets of
consecutive indices in J;). Recalling the notation (6.16)), we get

k+1
/ ey P, 0 t ac H dx; = 19 H (Ati)ug_l H (AJQtj)l_V‘gp(Ahtj, Aj2xj)9 . (6.21)
(Re)™ 1€y =1 jeJoU{k+1}

Applying (6.20) in the case y = 0, we also get
/(]Rd) > I[I  oAnty, Az [T dei = d)=pt, 0078 T (Apty)”"'. (6.22)

k
jeJoU{k+1} 1€J2 jeJU{k+1}

We conclude the proof of Lemma E 6.7| by inserting (6.21) and - in - O

6.4. The proof of Proposition [6.1} The second moment was computed in Remark[6.2] In order
to prove (| , we only need to separate small and large values of z. We consider a partition By
indexed by the subsets J C [k] and we define

P(J) = {(t,z)e)(t(k) : zi<nforallie Jand z >nforallie[k]\J} (6.23)

as well as J; := J and Jo := [k] \ J. Applying Lemma with 6 = 2 and noting that vy = % and
vy =1—1(p—1) in dimension d = 1, we obtain

2
Ik k = Li% b
E[[Var@F]" <C* 3 477 10,(2) 7 piyoo(p) »
JC[K]
Fl 2 1 (6.24)
><</ (/ Lo [[(80) Hdt) T (ant) Hdt)
0,t)*2 \/(0,t)*1 = i€ JoU{k+1} =

Integrating successively over the segments of J; and writing Ay, (i) =i —i(J, —1) for the distance
between i € Jo U {k+ 1} and the previous index in Jy (recall (6.16))), we get from Lemma [4.5 that

T (A A pyiago1 D(E)Eet
1 t t;) 2 dt; =1 ti)i t; T2\ 7. .
Jog 10 ® LT3 Tt = 1o (ien)  TT (St 307 Sz

i=1 i€y i€ JoU{k+1}
(6.25)

Now, if we bound (AJQtZ‘)(A‘]?(i)_I)/Z < (87, ()=-1)/2 ynd F(%E) > %\/% for any ¢ > 1, we get that

k+1

1 1 1
/(0 oo 1y, (1) (1) H(Ati) 2 H dt; < 1x,, (t)((ti)i€J2)2k2+1(7Tt)le H (Apti) 2.

i=1 e i€ JoU{k+1}

Coing back to (6.24) and taking the factor [(A z,t;)~/2]P/2 over to the outer integral, we compute

/ 1y (t)((t‘)'eJ ) H (A t)l_T” H dt: = thkZ‘i’Vp*lM (6.26)
0,t)k2 k2 ? i utks1) ? b L(vp(ka+ 1))’
thanks again to Lemma 4.5 We therefore conclude that
ok Y e, ) E V2L ()7
E[[Vos®F]" < 3 (mm,nm)) (25 e (PP (1)) 7 =2
JCIk] P(vp(ke +1)) (6.27)
b L V2T (v > .
< 0) max (Vatiog(@) * (22 m)rT()) T VA
e [(vp(ky +1))7

Absorbing 7%1/4 and (2P/2T(1,))¥2/P, which is uniformly bounded in p € [1,2], into the constant C
and replacing the maximum by a sum, we derive (6.2) from , (6.14) and (6.27]).
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If p € (2,3), the subadditivity argument in (6.19) does not apply. Instead, we shall use a variant
of the BDG estimate (6.12)) that only contains the intensity measure v := dt ® dz ® A(dz) instead
of &,. For any p > 2, there exists a constant C}, € (0,00) such that for all P ® B(R? x (0, 0))-

measurable process K = K(w,w) = K(w,t,z, 2),
J K )P <dw>] } (6.28)

! V< [ st
where C}, = (2P 1p(p—1)(p/(p—1)PY/2 Vv 2(p/(p—1))P(2P + 1 +p) < 729 when p € [2,3]; see [85,

Theorem 1 (b)] (and its proof for the value of C). We also refer to [79] for a survey of various
versions and proofs (and names) of this inequality. Let us define

w) (6, — v)(dw) +E

N N k

Wao(t,z) == p(t, x), Woi(t,z) = / @ pra(t, ) H ¢a (dt;, da;)  for k> 1,

so that in particular W, ;(t) = ka(t, 0)/p(t,0). With this definition, applying (6.28)), we have

1
P]p

<C’ {E l(MO,M(Q) /X (p(t — th, )W g1 (b, 1)) dty dfrk) 2]

1 _ .
E“Wa,k(ta $)|p} "=E U /X p(t —th, 0 — ) Wa g1 (t, 2x) £ (dtg, day)
t

3=

B =

+ (Mo,oo(p) /Xt p(t — th, 2 )PE[[Wo -1 (tr, 1) 7] dty dxk) }

Thus, applying Minkowski’s integral inequality, we get

E[’Wa,k(ta $)|p} "< C/{ Mo,oo(Q)% (/X p(t — ti, 21) B Wo -1 (t, 7)) [P] > dtg dﬂﬁk)

3 =

1
+ 0,00 (D) ? (/ p(t = th, 2 )PE[Wa -1 (tr, 1) 7] dtkd$k> } :
Repeating this estimate and recalling , we get

_ 1 o k
E[20°007]" < 6,00+ SCHF Y hom) 0@ E oot )lon (629
k=1 0c{2,p}*

where kp is the number of p’s and k9 the number of 2’s in 8, and where we have defined

0

N N
||f||0,t = </ < (/ ( f(t,m)el dtl dﬂ?1> 1 dt2 de) 2 > k—1 dtkdxk> k
X Xt Xt

for f: ((0,00) x RHF —[0,00) and @ = (01, ...,0;) € [1,00)*.

Now in order to conclude, we want to replace ||po(t,x)|lo+ by an integral which is analogous
to that found in the on the right-hand side of . To do so, we use the following identity, valid
for any positive function f and any measures p; and ps:

</91 ( 0s f(wi, w2)” /‘2(dw2>)gﬂl(dw1)>; < </Q2 (/Ql fwy, we)? Ml(dwl))i M2(dw2)>% -
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This inequality is a special case of [73, Lemma 3.3.1]. Now, letting J; denote the set of indices for
which 6; = p and Jy those for which 6; = 2, we apply the above inequality iteratively to take all
the integrals with respect to J; inside. We obtain (recall Remark

2 1
2
Hpt,o(t#D)HQt < (/}((k2> </X(’€1) 1%k(t) PtO t :IB H dt d:cz> H dti dl’l> . (630)
t t

i€Jy i€Jo

Now we can first integrate with respect to the x;’s using (6.21)) and (6.22)) (with p instead of § and

2 instead of p). Recalling that vy = %, we obtain

loeo(t @)llos < 9(p) 7 9(2) % p(t,0)

k+1 2
i el . ? 2 (1—y,
" </(0:t)’“2 (/(0,1)’“1 Lo ® JL@A0™ 1] dt”) [T (Ant)r®=)72 I dn >

i=1 i€y 1€JoU{k+1} 1€J2

Using Lemma to integrate first with respect to (t;)ic.,, we get as in (6.25)

k1 Np A (i) =1 Ay, (i)
B (Appti)272 W T (1) 72
L, @) [T(At)» ™ T dti = 1, (1) ((ti)ie ) :
/(071)’“1 < 7,1;[1 ’igl &0 = ,;GJ2£[,€H} T(vpA g, (1))

-1
k+1yvpks Hzeru{k+1}(AJ2 i)’

Hzeru{k:H} (vpA, (i)
(6.31)

< lku (t) ((ti)ieh)r(yp)

)

because (A, t;)»220~1 < p(AnO-D(A ;)1 Pulling (Azt;)" ! to the outer integral, we
evaluate

2_1 F(%)k2+1
/(O,t)kZ Ly, 1) ((ti)ie ) ieJQHkJrl} Ag,ti) ZEQ dt; =t= % P(E2E)
using once more Lemma Altogether, bounding ¥(p),¥(2) < 1, we obtain that
F(Vp)%(kﬂ)ﬁi(kgﬂ)
F(k22+1) [Lecnugesy Tpdy, (i))% .

Going back to (6.29), bounding ¥(p),¥(2) < 1 and expressing everything in terms of J and
ko = |J2|, we get that E[p(t, 0)_1’2;;’(1( ,0)P]1/? is bounded by

Wi 41k
lpeo(t @)llos < p(t,0)t 7 ™ T1%

’U\*—‘

7T4F Vp Z Z Clﬁﬂo,oo(p)

k=0 Jo C[k] (

Yp 1
17 T(p)7) " (C'Bpio e (2)2 T (1) P 11) 2
1 1
)2 lEJQU{k+1} (VPAJQ())p
1
1 1 C/B/’LOOO P
mil(vp)? Z Z T

k=0 ky—=0 F(ngH)é

KL (O Bpig oo (p) Pt D(1y)7) " !
X > II

1
61,...,Ek2+121 =1 F(Vpgi)p
£1+-v-+£k2+1=k+1

ko

where we have used a change of variable and the fact that ¢; + --- + ¢;,41 = k + 1 implies that
k1= Z’”Jfl(& —1). Exchanging the first two sums and factorizing the last one yields (6.3)). O
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6.5. Intermezzo: d > 2 under stronger moment conditions. The method we have used for
d = 1 can further be used to prove boundedness of moments under the more restrictive assumption
given in . We illustrate this by Proposition below whose proof can be achieved by
replicating that of . This quantitative estimate is sufficient to prove the upper bound parts
of Theorem [2.12] and similar ideas could in principle be used to prove Theorem [2.5] under the
more restrictive assumption . The more involved method used in the proof of Proposition
- 6.3| below, however, is necessary to bridge the gap between the conditions and ( -, recall
that the latter is optimal in dimension 2 and very close to optimal when d Z 3

Proposition 6.9. There exists a constant C' € (0,00) that only depends on d such that if d > 2,
110,1(q) < 00 and p,00(p) < 0o for some 1 < p < q < 1+ 2, we have, for all a € [0,1], n € (0,1]
and B,t >0,

v b S (CTWBYE s () 0)) 7 T ()
B|ptt, )77 25 Y Skl,kzpo( p-1 ) o0 T(vp (ks +1))7

Proof. Let us give a very short guideline for the proof: we use the same partition By as in (6.23))
and apply Lemma with # = g. The proof is identical to that of Proposition (i) except that
(6-25) has to be replaced by (6.31)), which together with the bound T'(vgA, (i) > 3 gives

=

k1
/ X 1x, (1) (t) H(Atz’)yq_l H dt; < 1xk2(t)((ti)ieh)QkQHF(Vq)ktqul H (Apty)et. O
(0,6)™ i=1 = i€ JoU{k+1}

6.6. The proof of Proposition We use the same idea as for the proof of Proposition
We will consider a partition B (defined below) of the parameter space Xt(k): each element P € Py,
induces a partition of [£] into two sets J; and Jo and we are going to use Lemma withf =1 +%

(and hence vy = 0). The main technical part of this section will then be to bound

k+1 142 1+g/d
. 1=y d
U(P,t) =t p/X(kQ) (/Xum 1p(t,z) [[(At) " [] 2z @ dts A dzz)>
t t i=1 i€Jy (6.32)

x I (Anty)™7a™ I 2 dt A(dz) .
jEJzU{k‘-i—l} ic€Jo

The following is the main technical estimate of this section.

Proposition 6.10. Recall (6.4) and (6.6). With the choice By, defined in Section below (see
in particular (6.37)), we have for every P € P, n € (0,1] and t > 0 that

U(P,1) < G, p, )" o, p)™* Alha, £, ), (6.33)
where ky := |J1| and kg := |J3].
Proposition follows immediately from Proposition [6.10]
Proof of Proposition [6.3. Using Lemma combined with and , we obtain that

S =

c \* 1
E[War(t)P]r < <p_1> |’Bk|7§§§i U(P,t)» (6.34)

9C \* . ) .
< - 1 )
—2(p1) e (G0 1) G, p) Ak 1))

where we have used that [x| < 2 x 9% (see below). Replacing the max by a sum yields (6.7). O
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6.6.1. Constructing the partition *PBi. The construction of Py when d > 2 is considerably more
involved, as it no longer suffices to only differentiate between z; > n and z; < n as we did for
d = 1. Recall that in Section [6.2] in order to obtain optimal bounds, we had to split the integral
according to how z; and At?/ 2 compare to each other. A problem arises when trying to generalize
this method to & > 2: On the right-hand side of , the value of At; plays the same role as
At;1, which is the reason why we cannot break down the k-fold integral into 2% parts as we did
in the proof of Proposition [6.1]

We now describe our solution to this problem. To give the idea behind our partition and its
link to the bound , recall from that we first integrate with respect to the variables
with indices in J; and then with respect to those with indices in J;. Loosely speaking, indices in
J1 correspond to values of z; that are small compared to (Ati)d/ 6 and (Ati+1)d/ 6. this gives rise
to a factor ¢1(n, p,t)*! that can be explained by the calculations in f below. Note that
after integrating with respect to such an index, one may have to update the set of parameters
since for the next step one has to compare z; with time increments formed between the remaining
variables. These may differ from At; and At;1, which explains why the partition has to be defined
iteratively. o

Each element of our partition P € 9} is encoded by a finite sequence (L7, I7. ,Ii,Dj )3”21 of
partitions of [k 4 1]; the length m of the sequence is a variable. With some abuse of notation,
we identify P with this sequence. We also use the notation I/ := I7 U T i Not every sequence is
admissible, so let us present the rules for constructing the set of admissible sequences:

e First we partition [k + 1] into three sets L', I}, and I', imposing that k+1 € I', and we
define D! := 0.

e The procedure is then iterative. Assume that m > j and that one has constructed the
sets of the first j steps. We let i(+1, ) denote the successor of i and i(—1,j) denote the
predecessor of 7 in L7 U I7 U I, that is,

i(+1,7) =min{l e DUF UL : ¢>i+1},

o (6.35)
i(—1,j) ==max{{ e UL UL : £ <i—1},

with the convention max () = 0; we only use the notation i(+1, j) if the set over which the
minimum is taken is non-empty. Unless

L,={ick] : ie L/ andi(+1,j) e "} =0, (6.36)

we need to add extra terms corresponding to 7+ 1 to our sequence, which will be described
in the next point. This procedure is repeated until at some stage j, is satisfied. We
then define m = j and our sequence is complete.

e When L7, # 0, the next sets (Lj“,I]fl,IiH,DjH) are only partially determined by
(L7, 17, I’., D7): while we prescribe the choice D/™! := D7 U L/, there is some liberty for
choosing the sets LiT!, [T and Iﬂ:rl. We set

[o={i(+1,5) i€ L}

and consider an arbitrary partition {I(_jﬂ),L(fH), LUH)} of IZ; subject to only one con-
straint: if k+1 € I, then k+1 J AT IJ(FJH) (this is to guarantee that k + 1 € I’ for

all 7). We then define L/ P and I_{_H as follows:
L= (L7\ L)) u LU+,
PH= (P E)yu 1ty

FZARNSS RV AR
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Given an element in Py, we further define
Jy=D™U {Z eL™ : i(+1,m) € Lm} and Jy 1= [[k]] \ Ji.

An example of an admissible sequence of partitions as well as the associated sets J; and Jy are
shown in Figure

Y 7~ X Y
0 oQdQdooo dIQdold o Notation:
/\/ —~ ] L
- 0o -« oot i o o o
— -
e O o o O @ « » [0 O @ — I’
e O ¢ ¢ o« [1 O ¢ o« OO0 ® ° — Y
jl <}2 jl j2

FIGURE 1. Example of an admissible sequence of partitions of [k + 1] with k = 11. The successive
partitions (L7, I7 ,I], D’ )1<j<m (with m = 4) are represented from top to bottom. Each curved arrow

sents indices that can be chosen to belong to LUV (1), 1Y (©) or [_(g“) (@). In the proof of
Proposition [6.10] we first integrate with respect to variables with indices in Ji, proceeding in the order
Li, L%, .., L7 ' {i € L™ : i(+1,m) € L™}, and afterwards integrate with respect to variables with
indices in Ja.

Let us now determine, or rather bound from above, the cardinality of By, that is, the number
of admissible sequences that can be constructed according to the above rules. Note that we have
2 x 3% possibilities for choosing L', I}r and I'. Afterwards, at each step, one has to assign one out

of three labels I(_jH), IfJFl) or LUtD to each element in I2. Since |IZ| = |L7,| and the L’,’s are
disjoint by construction, there are at most k choices to be made, hence at most 3* possibilities.
We therefore have B3| < 2 x 9.

Next, let us explain how each sequence in P is associated to a subset P C Xt(k). With the
convention (L(l),l(,l),fil)) = (LI,IE,LIL), we define

m
lp(t7z) = H < H l{Ziz(Ajti)d/G/\’l],Zi(,l,j)<(Ajti)d/6/\’l7} H 1{21'/\21(,1,]')E(Ajti)d/G/\n}
J=1 \ () =70
el z€I+ (637)

< T Lecasumonn )
i€ L)
where Ajt; :=t; —t;_y ;) (recall (6.35)) and 241 := oo by convention.

It is easy to verify that (6.37)) induces a partition of Xt(k) indexed by Bi: Indeed, for any
fixed (t,z) € Xt(k), the values of z; and At; uniquely determine (L', I I1) = (L(l),I(_l),L(rl)).
Assuming that (L7, 17, Iﬂr) has been identified up to some j > 1, we can check whether (6.36) is
satisfied. If so, we set m = j and we are done. Otherwise, we again use the values of z; and At; to

find (LUHD), I(_jH), L(rjﬂ)), from which we can then determine (LJ+! 71 Iﬂ:rl). Therefore, every
(t, z) is contained in some P € Pj. The uniqueness of P is straightforward.

6.6.2. Proof of Proposition |6.1(} Recall the formula (6.32]) of U(P,t). The proof is divided into
two parts: first we integrate with respect to variables with indices in J; and then with respect to
those with indices in Js.
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Step 1. Integrating with respect to indices in Jy. Our first task is to prove that, roughly speaking,
the integral with respect to each z; and t; with indices i € .J; yields at most a factor (;(n, p,t)*!.
More precisely, we prove that

U(Pvt) < Cl(n7p7t)k1U2(Pat)7 (638)

where

Us(P,t) =t A(k2> 1p (Apter)” " [ (Ant) 2P (3llog zi| + 1)Hzi<n dt; A(dz)

t i€Ja

and

o= [ Teo@pmmsny 1T Yenncinz@anmvonm 11 Lec@paony  (6:39)
ier™ ier™ i€LMNJ,
- +

represents constraints on the values of Ay, ¢; and z; that are inherited from P for ¢ € J,. Note

that compared to (6.37), we only have j = m and we have replaced A,,t; by Az, t;. This makes no
(m) (m)

difference whenie€ I’ ori e [ +m
is implied by P since Ay, t; > Apt;.

since i(—1,m) € Jy in both cases; for i € LM the constraint

First, let us reduce to the case where m = 0, that is, LL = (), : the idea is to integrate with
respect to variables with indices in L., then with respect to those with indices in L2, etc. One
may refer to Figure [1| to understand how this procedure goes on. We start with integration with
respect to z; and t; when i € LY. In this case, we have z; < [At; A At;i1]%% An. To treat these

indices, note that by symmetry,

¢
/0 st — S)_ll{z<[s/\(t_s)]d/6} ds < 2/0

where for the last bound we used that ¢t — s > ¢/2. From now on, we assume 7 < 1. Then, if
z € (0,m), using also that 6/d < 3, we have

t/2 -1 -1 -1 1, 9%
s (t—8)" 1y sy ds <4t log <§tz d) , (6.40)

t
/0 57t — ) consyurey ds < 867 (3llog 2| + 1)(1 + log, ).

Recalling the definition of ¢1(n,p,t), we end up with

1+2/d

t
/0 /(O )5_1(t - S)_ll{z<[s/\t_s]d/6}zl+% ds A(dz) < t_lcl(n,p,t) . (6.41)
’/r]

Soifie le, using the trivial fact that A%¢t; := tiv1 —ti—1 < t, we have

1+2/d

fi —1 145 2, \-1 @) ()
/t /(0 (AAG) 2 IR 2) A AWE) S Glnpt) 7 (%) e (10, 20), (6.42)
i—1 ,00

where () and z() denote the vectors ¢ and z with the ith coordinate omitted and P® is obtained
from P by ignoring all the constraints that involve either z; or ¢;. Thus, at the cost of a multi-
plicative factor (i(n, p, t)(HQ/d)/p one can, for each i € L%, simplify the integrals with respect to
A(dz;) dt;. After relabeling the indices, we can then iterate this process, making use of the iterative
construction of P. As a result, we are left to prove in the case where L!, = (). Since m =1
in this case, we drop the superscript 1 from the notation.

Under the assumption L = ), we have J; = {i € L : i+1 € L}. We may treat different segments
of Jj separately. Let us assume, for instance, that [i,i+¢—1] C Jy, where [i, 5] := {i,i+1,...,5}.
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In the same spirit as (6.40)—(6.42)), we have that

tit1 1
/ (AtiAtH_l)_ 1p (t, Z) dt;

ti—1
8(1 +log, 1)
- A2ti

Iterating this and noticing that [log(z; A zi+1)| = |log zi| V |log zi+1| since z;, zi41 < n < 1, we get
¢

8(1+1 )¢ £ (3llog zipi| + 1
/ H(Ati-&-j)illp(taz)dti'"dtz’+€fl < (81 + log, 1)) X 1._[3_0( log 2] +1) .
Reltioa tire) jg tive —ti1 min ee (3[log zit;| + 1)

(1+ 3flog(zi A zip1) ) Lpeo (B, 2N, L aziyorang-

The second denominator can be ignored since it is larger than 1. If one then integrates with respect
to zi, ..., zire—1 (recall (6.39)) and the remark afterwards), one obtains

¢ -1
_ 1+2
(Atiyj) 1) Ip(t,z) | | 2y dtir; A(dzisy)
/3€g(t¢1,t¢+e)><(0,00)[ (};[0 ! ]1;10 i ’ !
1+2/d,

Ci(n,p,t) »
P

<1
Live —ti—1

(3ll0g zi1el +1).

This completes integration with respect to (¢;,z;) for i € J; (note that i + ¢ — 1 € J; implies
i+ ¢ € L and hence 2, < 7). Recalling (6.32)) and bounding (3|log z| + 1)?/(1+2/d) < 3|1og 2| 41,
we obtain ([6.38)).

Step 1. Integrating with respect to indices in Jo. To complete the proof, we need to show that

Us(P,t) < Ga(n, p)** A(ka, t, p). (6.43)

To simplify notation, let us assume that J, = [k] and hence ky = k (again, this simply amounts

to relabeling the vertices). Recalling the definition of (2(n,p), the bound ((6.43]) follows once
we have shown that if (¢, z) € P, then

k
_ e 142
(Atk-‘rl)yp ! H(Atl) v lzzp < Gp(t) H <Zzp1{zi277} + Zi+d1{zi<n}>v (6'44)
i=1 i=1
where, recalling the definition (6.5) of G(s), we set
G (t) = {(Atk+1)”’”_1 [Liepry Gp(At:) ifk¢L,
8 (At)"» ! Thieperipgey Gp(AL)  if k€ L.

Note that in both cases, t1 77 times the integral of G, (t) over the simplex X () is equal to A(k, t, p)
as defined in (in the second case one simply needs to exchange the role of Aty and Atjiq).
The reason why is needed is that, on the left-hand side of , the exponent p makes 2
a priori not integrable near zero. But since v, —1 > —1, there is some margin for the integrability
of (At;)"»~!: the idea is to use the constraints in P’ to “transfer” a part of the exponent of At;
onto that of z; or z;_1 or both.
To this end, we shall use the equivalence

(At)s <z = (At)T <zti? (6.45)

in two cases: (i) if i € I_ U I} and z; <n, with z = z; and At = At;; (ii) if ¢ € L (hence z; < 1),
with z = z; and At = At; 1. The reader can check that for (¢, z) € P’, the left-hand side of (6.45))
is satisfied in these two cases. Notice now that if ¢ € L, then necessarily we have i+1 € I;: indeed,
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i+ 1 cannot be in I_ since LY = () and it cannot be in L, either, since i € Jo by assumption.
Therefore, we obtain

k
(Atpr)? TTAR) P12l < T (At~ =5 e T (Aty) =173 Csiem Phmien)
i=1 iel_ el

N (6.46)
Vp— 143
X H(Ati) p1 H (221‘71{21'277} + 2 d1{2i<77}>'
i€l i=1
The bound (| now follows from the estimate
H (At; )Vp—l—*l{z <n} H At;) vp—1=F (Lz;<cpyHliimtery) H(Ati)”f’*l < Gy(t), (6.47)
iel_ ’LEI+ i€L

which is a consequence of the following three observations concerning the exponent of At; on the

left-hand side of (| -

e It is larger than or equal to 2 — 1 (which we use if At; < 1).

e It is equal to v, — 1 if At; > 1 > 7 (as can be checked from the definition of P').

e ltisequal tov, —1ifi =kand k € Lorifi =Fk+1and k ¢ L (this follows from the
convention zxy1 = 00).

This completes the proof of (6.43)), which, together with (6.38]), implies (6.33)). O

7. PROOF OF THEOREM 2.1 AND UPPER BOUNDS IN THEOREMS [2.11] AND 212

7.1. Proof of Theorem [2.1] First let us note that the results for the free-end partition func—
tion follows from those for the point-to-point version and Jensen’s inequality, as observed in .
The LP-convergence for p > 1 is a direct consequence of Corollary @ and the fact that
(Z;”a(t, ))ac(0,1] is a time-reversed martingale for the filtration G defined in (1.20). The conver-

gence in L' when p < oo cannot be obtained in this manner but can be recovered by a truncation

argument. More precisely, we consider the partition function Zg’[a’b)(t, x) obtained by replacing w
by wN (R x R x [0,b)) (see [I3, Equation (2.40) and below]) and reproduce the argument used in
[13, Prop. 4.6 and 4.7] but with a moment of order p € (1,1 + 2) N (1,2] instead of 2.

Let us move to the proof of (2.3). Recall that w. and w> denote the set of points in w with
third coordinate in (0,1) and [1, 00), respectively. Consider the reduced partition function

[e%S) k
ZE<Ut x) = p(t,x) + k/ t,x & (dt;, dx;).
EKCORYICURD M MR UE) | CRLIRS
It is easy to obtain that
k
290t 3) = 255 (1,0 +ZB’“ / i Zgvot, ) [ € (dt, day), (7.1)
i=1
where we have defined
k+1
Z5n HZW<’ i1, Tim15ti, T5)

with the convention zp := 0, x4 = «x, to =0, tg+1 = t. As a consequence, using Minkowski’s
inequality, the identity (1.18]) and Corollary we have for any p € (1,1 + %),

E. [zgv“(t, x)P} z

< C(B,p, t)p(t, z) +Zﬁ’“/

k+1

1k
o HE<[Z“’<’ (At;, Azy) }"ngb (dt;, dz;).
)x (R i=1
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Using Corollary [6.5] again, we obtain

1

|25 (Ati, Am)P|" < C(8,p,t)p(Ati, At;)

for every a € (0,1). Setting ' := SC(S, p,t), we conclude that

1

E< |25 (tap]” < C(8.p.1) 257 (1.2) < oo (7.2)

for every a € (0,1). As Z;;’a(t, x) is a reversed martingale in a under P, this shows (2.3]). For the
proof of the positivity statement in (2.2)), we refer to [13, Section 4.7]. O

7.2. Proof of Theorem (first half: upper bounds). In this section, we prove all upper
bounds on [75(p)|. By convexity and the fact that y5(1) = 0, we have for g € (0,1) and p € (1,1+2)

that

1= Lo p) < A(e) <. (7.3)

p—1
Hence it is sufficient to prove only an upper bound on 73(p) for p € (1,1 + %) Furthermore, by
Proposition (i), we can consider the point-to-point partition function in our computations.

7.2.1. Dimension d =1. If d =1 and p = 2, the first part of Proposition immediately yields

75(2) = lim 11ogIE[p(t,as)“"z‘;;(t, n?| = W,

The result for other values of p € (1,2) follows by convexity, which gives 0 < y3(p) < (p —1)75(2).
If p € (2,3), we use the bound (6 . for some t = ¢(j3). Indeed, by sub-additivity of log E[Zf (¢, *)?]
(see Lemma [5.1]), we get that

_ .1 Sw
8(p) = tlggozlogE{Zﬁ (t, )P } %r>1f logE[Zﬁ (t,*)P } .
Using (5.6)), we therefore get that for any p > 1 and any ¢t > 0,
_ 1 3
7(p) < 7 logE|p(t,0) P25 (1,0)7] (7.4)
Ift=1¢(p) = cp5_4 with a sufficiently small constant ¢,, the bound (6.3)) gives that

C i (= (gt T
E|p(t,0)"PZ%(t,0) d 1( £ 1)
| #6,07] < pkgzo ()3 Z%F(Vp(ﬂl))ff

l\)

<4C,.

Indeed, since %yp < % for p € (2,3), we can choose ¢, sufficiently small so that both the internal

sum over ¢ and the sum over kg in the second line are bounded by 2. Altogether, thanks to (7.4)),
we get Yg(p) < Cz’)’ﬁ‘l with C)) = c;l log 4C,.

7.2.2. Dimension d > 2. If d > 2, we are going to use Proposition [6.3] with » = 1 and drop
the dependence in 7 in the notation. Our first task is to replace the functions (i(p,t), (2(p) and
A(ka,t,p) in . 6.7) by something more tractable. First, we let C; and C3 be constants, which only
depend on the measure A and are chosen to be larger than 1, such that for every p € [1 + ¢117 1+2 )
and t > e, we have

(91) a0 e < (ciomn=m)" o, (75)
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where C' is the constant in (6.7). For A(ke,t,p), we use the following lemma, which we prove
afterwards.

Lemma 7.1. For any k>0, pe (1,1 + %), t>1and o€ (0,1),
Alk,t,p) < (k+1) (4V_1a_””)ke°‘t.

Using Proposition ﬂ and Lemma . and the trivial bound (k + 1)%9 < (k + 1)?), we
haveforanya>0andq€(l 1+2)

v,

1 W, 1 9] 1 1 ko
E|[p(t,0) 25 (1,007 <" Y (C1p(logt) o7 ) Z(k2+1)2<4q0261/q qa—q) . (7.6)

k1=0 ko=0

Now, for sufficiently small 8 we choose g € (1 + é, 1+ %), a € (0,1), t > e in the following way
(the dependence in f may sometimes be omitted in the computations below, for readability):

2

2

q(B) =1+ % - 85(202@1%, () == (4(2025)%;1)% and  #(3) == e T 7y

Note that with this choice we have v, = 46(202,3)1+% and thus

2 1
a = (2058) 4 exp < - ) , 7.8
(2620) 4e(2058)' 4 9
11 1 -1 v 1
C18(logt)1+2/d = 5 and 4aCoflyg ‘a0 = 3 (7.9)

so that the sums in k; and ks in ([7.6)) are respectively equal to 2 and 12. We end up with
1
45 7 ay
E|[p(t,0)125(1,0)7]" < 24", (7.10)

For a fixed p € (1,1 + 2), we can now deduce the upper bound in (2.16) from (7.10). We
consider ( sufficiently small so that ¢ = ¢(/) > p. Using first (7.4) and then Jensen’s inequality,
we get,

<P log24 pa

55(p) < %logE[p(t, 0)?25(1,0] < P1ogE[p(t,0) 125 (1, 0)° } <ERELEL

Using ([7.8]) and replacing t by its value (7.7)) yield the upper bound in (2.16)) since p/q < 1. Let
us finally comment on our choice ([7.7)). The parameters a and ¢ have been chosen so that ((7.9),

hence (7.10)), holds. The value of ¢ = ¢() is chosen so that «, seen as a function of ¢ for fixed 3,
is minimized. This completes the proof of the upper bounds in (2.15) and (2.16]). O

The lower bounds in (2.15) and (2.16) will be shown after Proposition
Proof of Lemma 7.1 Recall the definitions (6.4)) and (6.5)) of A(k,t, p) and Gy (s). For fixed j € [k],

using a symmetry argument, we have that

k

1 = max Ay (At )P G (At) dt;
/xk(t) {Atkﬂ_ie[[k-&-l]]Atl}( k+1) 221_[1 p( )

= 1 At;= max A (At ) - G (Atz) dtZ
X5 (t) {a= i€[k+1] it ze[[ler—l[]}\{j} ’

Z/ 1{Atj— max At;} Atk—H T H G At )
Xk (t) 1

ek i€[k]
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where we have used that (At 1)? 1Gp(At) < (At;)? L Gy(Atgyr) if Atgyq < At for the second
step. As a consequence, again by a symmetry argument, we have

k

Ak, t,p) < (k+ 1)t Vp/ LAty 1= max At (Atp) P ] Gp(At) dt; .
Xr(t) i€ [k+1] i=1

Together with the inequality max;cp41 At; > ¢/(k + 1), this implies

Ak, t,p) < (k+12”P/ HG (At;)
Xt

We can conclude our proof by observing that

k
/ HG (At;) dt; <e°‘t(/ Gy _O‘Sds)
Xp(t) ;=

oo 1 oo
/ Gp(s)e ¥ ds < / s3 1 ds +/ s lem o ds = 31/p_1 +T(vp)a? < 41/p_10f”p ,
0 0 0
where the last step is valid because v, € (0,1) and a € (0,1). O

7.3. Proof of Theorem (first half: upper bounds). Again, by (7.3) it suffices to
prove (2.18)) for p > 1. Moreover, (2.19) follows immediately from (2.18)).

If d > 2, the arguments from Section remain valid if we let ¢ be equal to the value corre-
sponding to our assumption p; (g) < oo (we consider Cy and Cj such that is valid for this
value of ¢) but retain the choice in for aw and ¢t. The conclusion is still valid for any
p € (1,q], and because a(B) = C359/"a, follows.

If d = 1, it suffices by convexity to treat the case when p = ¢. By (6.2) (with n = 1) and our
assumptions, there are constants C; and C5, which may depend on ¢, such that

o 1 e8] 1 oo (OQBt%l)kg
E|p(t,2) 125 (t,2)7)" < Y (Gipri)R Y 22— (7.12)
kr=0 ka=0 I'(vg (k2 +1))¢
Let us choose t = t(B3) := (2C1)*5~* so that the first sum is equal to 2.
For the second sum, consider the three-parameter function FC({Y&) () =2 _gx™/T(am+6)7. A

()

precise asymptotic of F, s
such that for all x > 0,

is given in [55, Theorem 1], from which one gets that there is Kc(jg >0

1
FCE? (x) < Ké@ezw - (7.13)

)

Thanks to this estimate, the second sum in is bounded by C5(14 3) exp( (CoB)4/¥at) with
cqg=(q— 1)(% — %) < 0. In view of (7.4]), we obtain that

_ qlog(2C3(1 + %))
Ys(q) < 6

Recalling that ¢/v, < 4 if p < 2, this gives the upper bound in (2.18]). Finally, the lower bound in
(2.22]) is an immediate consequence of (2.19) since our assumption lim,_, log A([z,00))/log z = «
implies that 11 .0(g) < oo for all ¢ < . O

The second half of Theorem [2.12] will be shown after Proposition

+ o < CaBtlog(1 + 57 + Cofs .
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8. EXISTENCE AND UNIQUENESS OF SOLUTIONS TO THE SHE

This section is devoted to the proof of Theorems [2.5] and 2.7} The existence part, that is, The-
orem [2.7] is detailed in the Sections B.IH8.4] Theorem [2.7] is addressed afterwards: in Section [8.5]
we verify that the solution defined in Theorem satisfies the condition , while uniqueness
is shown in Section

8.1. Overview of the proof of Theorem For the ease of exposition, we first present the
case where the initial condition wug is the Dirac function dg. By (1.16)), we have

Zg’a(t, x)=p(t,z)+p p(t —s,x — y)ng’a(s, y) &o_ (ds, dy)
d
(0,t)xR (8.1)
+ p(t — s, 2 —y)Z5°(s,y) & (ds, dy).
(0,t) xR
We want to let a tend to 0 and conclude that
ZH(ta) = plta) 8 [ plt = s,z = 9)Z5(5,9) bur (ds dy)
(0,6) xR4 (8.2)
+ 8 p(t — 5,2 —y)Z5(s,y) Lws (ds, dy).
(0,t) xR

We have to prove that the two integrals in the on the right-hand side are well defined in [t6’s and
Lebesgue’s sense, respectively (cf. Remark , that they are finite and that they are the limit of
the integrals displayed in (8.1). For this last point, setting

Tito) = [ plt = s = p)(Z57(50) — Z5(5.9) €4 (ds. dy),
(0,t) xR

Bta)i= [ ot s — )25 (5,) €2(ds,dy),
(0,t) xR

Bta)i= [ plt = s = g)(E5(59) — Z5(s.9) € (ds dy),
(0,t) xR4

with Q[f’b) = &4 — b (and €0 := &), we need to prove that for all (¢,z) and j = 1,2,3, the
following convergence holds in probability:

a4 B
Clllg% I (t,z) = 0. (8.3)

The finiteness and convergence of these integrals are proved in Section [8:2] and Section respec-
tively. The case of general initial condition is discussed in Section

8.2. Finiteness of stochastic integrals. We first introduce a technical statement that is a direct
consequence of Corollary

Lemma 8.1. Assuming (1.14) and (2.1)), for allp € (1,1 + %), T >0, z€cR?and B >0, there
exist positive constants 3’ = p'(8,p,T) and C = C(B,p,T) such that for every t € [0,T],

1
E<[ sup Zﬁ “(t, w)p} ! < CZ37 (t, ) P>-a.s.
a€(0,1) N

Proof. By Doob’s maximal inequality, it is sufficient to bound E. [Zg’a(t, x)P]Y/P uniformly in a, t

and x. With the conventions that ¢y := ¢, xx+1 := = and the term corresponding to k = 0 is
equal to Z5<(t,x), we have that

k+1

Zﬁk/ HZw<, tio1, i 1;ti, 1) H§w> (dtj, dx;). (8.4)

dy
t)x (R%) i1
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Averaging with respect to w. and using the Minkowski inequality, translation invariance and
Corollary (we let Cy = Co(B,p, T) denote the constant obtained from Corollary , we obtain
the desired bound as follows:

1 k+1 1k
E. [Zgatl‘ }p<z Ak(t Rd)kHE<[ Zw<,a Atl,AIZ }pH dt],dx]

[e.e]

< Co Z[Coﬁ]k/

k
w>
k=0 X (t)x (RE)F pralt, @ 1:[ > (dtj, dz;) COZCOﬁ(t,x). O

Remark 8.2. In this section and the next, the dependence in 8,p and T of the constant do not
have a major importance: most of the time, they are omitted in computations.

We now proceed to showing that the integrals in (8.2)) are well defined and finite. The integral
I$ is a Lebesgue integral. Because of (2.2)), it clearly suffices to show that

/ p(t — s,z —y) sup Zg"(s,y) &, (ds, dy) < 0. (8.5)
(0,t) xR ac(0,1)

In fact, we are going to show that the LP(P.)-norm of the quantity in (8.5)) is finite P>-a.s. Using
Minkowski’s integral inequality and Lemma we have

P
E< K/(O’t)xwp(t —s,x—y) sup Z5(s,y) Ews (ds,dy)) ]

ae(0,1)
g (8.6)
p .
S/ P(t—s,x—y)E<[ sup Zﬁ (s,y)p} Eus (ds, dy)
(0,t)xRd se(0.1)
<C (0. xR p(t —s,x — y)zﬂlz(s’ y) fwz(ds,dy),

By (8.1), applied with a = 1, the integral in the last line is equal to (Zﬂ, (t,x) — p(t,xz))/p’, which
is finite and therefore proves (8.5)).

Let us now deal with I{ and I§. We show that for P>-a.e. realization of w>, the process
(we,ys,y) — p(t — s,z — y)Zg<Uw> (s,y) is Lp(]P’<) integrable with respect to §,_, in the sense
described in Section Thanks to Lemma 4.4} this implies that (w, s,y) — p(t —s,z—y) 27 (s, y)
is LY(PP)-integrable With respect to &,_. To this end, according to and , we only need to

prove that for some p € (1,1 + 2), we have

Ec [(/ p(t —s,x — y)2Z§(s, y)%22 6,_(ds, dy, dz)> i < 0. (8.7)
(0,t) xR x(0,1)

Using Fatou’s Lemma for the inner integral, we can replace ZZ(s,y) by Zg’a(s,y) and add a
restriction 1.5,y provided that the bound we prove is uniform in a. Now using the BDG inequality
in the reverse direction, we obtain that

[NJiS]

Ec l(/ p(t - 5T y)QZEﬂ(Sa y)2221{z>a} 5w< (dS, dy, dZ))
(0,t) xR2x(0,1) -

1

(8.8)
< CE. [

/ pt —s,2 —y)Z5%(s,y) € _(ds, dy)
(0,t) xR



STOCHASTIC HEAT EQUATION WITH LEVY NOISE 43

Now using (8.1)) and the Minkowski inequality, we have
p] %
1

1 p
< p(t,z) + Ec [ZE’“(L w)”] "+ BE< [( /(0 - p(t —s,2 —y) 25 (s, y) L (ds, dy)) ]

BE< [ / p(t —s,2 —y) 25 (s,y) & _(ds, dy)
(0,t) xR

(8.9)

1
P

We conclude by observing that all summands on the right-hand side are uniformly bounded in
a: we use Lemma [8.] for the second one, while the third one has been controlled in the previous

paragraph (see (3.6)). O

8.3. Convergence of stochastic integrals. We give the proof of in this section. The
convergence of I§ follows from and dominated convergence. The convergence of I follows
from dominated convergence for stochastic integrals. The main piece of work consists in proving
the convergence of I{. We define

Tt = [ gl s =) (25 y) - 25 (5,0) €80 (ds,dy),
(0,t) x R4

Tt = |

_ - w,a  zw b
(O,t)dep(t s, 7 —y) (25 (s,y) — 25 (s, ) & (ds, dy),

and we prove that the following holds in [P>-probability:

. a,b _ : a,b —
jm sup B<[i e =0 and - limBe[l@)] <o

Convergence of Jg’b(t, x). By Jensen’s inequality, it suffices to prove that E<[\J§’b(t, z)[P] — 0 for
some p € (1,min(2,1 + 2)). By the BDG inequality, we can further reduce this to proving

2
lim ]E< [(/ p(t - 5T = y)Z(Zg’a(& y) - Zg(sa y))222 6LU< (dS, dy7 dZ))
(0,6) xR4x [b,1)

a—0

1 =0. (8.10)

By subadditivity (5.4, for a < b this quantity is smaller than
]E< [/ p(t — 5T — y)p’Zg@(S’ y) - ZEJ(Sa y)‘pzp 5w< (dS7 dya dz)]
(0,t) xR x[b,1)

—a(p) [ plt = sz~ B 1257(5,) — 25 (s,p)]”] dsdy.
(0,t) xR

As the integrand tends to zero thanks to (2.3)), by dominated convergence we will get that the last
integral converges to 0 for P>-a.s. if we show that for P>-a.e. realization of w>,

/ p(t —s,x —y)PE. [ sup Zg’a(s, y)p} dsdy < 00. (8.11)
(0,t) x R4 ae(0,1)

To this end, we use Lemma to bound the left-hand side of (8.11)) by a constant times
/ p(t — s,z —y)PZ57 (s,y) dsdy
(0,t) x R4

<00'k/ / t— 5.2 —y)Pp(s — tpy — zp)Pdsd
_<Z(6) %k(t)x(Rd)k< a5 =)0l = oy — i) dsdy (8.12)

k=0

D =

k p
X H p(Ati, ALL’Z) wa (dti, dxz)> s

=1
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where the last inequality follows from Minkowski’s inequality (for the LP-norm of the measure

p(t — s,z —y)Pdsdy). Recalling (5.5) and using Lemma one has

T (1) _
- —y)? — — p = 22\"p) 2wp—1 (174 _
/(tk’t)xw p(t —s,x —y)Pp(s — ty,y — x)P dsdy = 9(p) T(2v,) (t— )2 p(L(t = 1), — y)

v 2
z9<p>§§;;l) (t— 1) p(t — toz — 2)P. (8.13)

Therefore, the right-hand side of (8.12)) is further bounded by ¥(p)I'(1;,)?T'(2v,) ~1t*» times

[e%} i »
)" . . _ w> P
(%w) /xk(t)x(md)k pm(tw)Hg%(dtud%)) Zg (t,x)P,

(8.14)
i=1
which is finite. This concludes the proof of (8.10]). O

Convergence of Ji ’b(t, x). Using Jensen’s inequality, we need to show that for some p € (1,1+ %)

P
lim sup E. / p(t—s,x )Zﬂ “(s,y) [ab)(ds dy)’ =0,
b=04e(0,1) (0,£) x R4
) (8.15)
lim sup E- U/ p(t—s,x—y)2Z5(s,y) [ab)(ds dy)’ ] =0.
b=04e(0,1) (0,t) xR?

For the second line, we apply the BDG inequality and realize that

sup E-
a€(0,1)

/(Ot)XRd p(t = s,2 —y)Z5 (s, y)f[ b)(ds dy)‘ ]

< CE< l(/ p(t - 5T y)QZfB”(s, y)222 6UJ< (dS, dyv dZ)) 2‘| .
(0,t) xR x[0,b)
Thanks to (8.7

:I) this converges to 0 as b — 0, by dominated convergence. Concerning the first
line in (8.15]), we rely on the proof of Propositions and but with a small variation. Let us
define a modified partition function by

k—1
Vi (s, ait,y) : ZB“/

sty (t ) 4 (dt;, day) | €0 (dty, d
Xt (R tl (Hg x)>fw (dtg, da)

and yg’a’b(t,x) =Yy “2(0,0;t,2). The reader can check that the E[(---)]-term in the first line
of (8.15]) is simply E<[]y;”“’b(t, )|P]. In analogy with (7.1]), we have

ygvmb(t’x) — yg@a,b(t’ JJ)

[e'S) k
b
+ ZﬂkA (£)x (RA)k yg<,(l, (tk,l’k7t,l’) HZE)<’a(tl’,1,fEi,1;ti,fEi) 5"‘)2 (dtladxz)
k=1 k i=1
Applying Minkowski’s inequality, we get

3=

B[t oP]” < B[Vt F+Zﬁ’“ / sy B[P B, AP

1
X H E< { Zu<a Ati, sz)p} P &UZ (dti, dCEl)



STOCHASTIC HEAT EQUATION WITH LEVY NOISE 45

We then need the following estimate, which comes from a small adaptation of the proofs of Propo-
sitions [6.1] and [6.3] and Corollary [6.5] The proof of this lemma is postponed to the end of the
section.

Lemma 8.3. Assume that A\([1,00)) = 0. Given 8,T >0, and p € (1, 1+%) there exists a function
d(b) = 0gp1(b) such that limy_,od(b) = and

1
sup sup sup E|p(t, ) PV 0 (t, @) |7 < 6(b).
te(0,7] zeR? a€(0,1]

By Corollary and Lemma we obtain a constant Cy = Co(f3,p,T’) such that

1 00 k
- [’ygz,a,b(t, $)|p} P < (5(()) (p(t, 1‘) + Z(Coﬂ)k Ak(t)x(Rd)k pt,x(ty a:) Z:1_]% ng (dti, dxz)>

k=1
= 5(b) 257 (¢, @),

with 8’ := CopB. Since Z;7 (t, ) is P>-a.s. finite, this shows the first line of (8.15). Thus, the proof

of the convergence to zero of Jy b (¢, 2) is complete. O

Proof of Lemma[8.3 The proof is considerably easier for d = 1, so we only provide details in the
case d > 2. We follow exactly the plan of the proof of Proposition up to Equation .
Because of the restriction on the last iteration of the integral over the noise, the quantity we need
to bound is not E[|V, x(¢)?|] but rather E[]V;k(t) |P] where

p
Vo= [, ”gio))lwb} T 20y (i =)l ).
t

To conclude, we only need to slightly improve the bounds in further computations. The reader can
check that the proof of Lemma yields the inequality for V,f (t) with an additional 1y, )
in each of the integrals on the right-hand side. Let U(P,t,b) denote the corresponding integrals in
the case § =1+ %, cf. . Adapting the proof of Proposition we want to prove that

U(Pa t? b) < €(b, 77)C1 (77a b, t)klc2(7]? p)k2A(k27 tvp) (816)

for some (b, n) that converges to 0 as b — 0 for any fixed n € (0,1). Because of (8.16]), the factor
(b, n) appears on the right-hand side of (6.34]) so that, provided that n has been chosen sufficiently
small, we obtain that for every t € [0,7], z € R and a € (0,b),

E|[p(t,) "Y5 0 (¢ 2)"| < B~ 'e(b,n)C(B,p, T)

with the constant C(3,p,T) of Corollary This is exactly the desired result. Note that the
factor f~! comes from the fact that in the definition of ygv“”’(t, ), we have B¥~! instead of S*.

To prove , we follow the proof of Propositionand realize that we can improve the upper
bound by a factor of (/J%O%( )/ulog( 2))p/(1+2/d) if k € J; and a factor of ,ulog( + 2)/Ca(n, p)
if k € Jy so that is Vahd for

1 1
bo) e 14 ( D\ y pop(1+ 2 0
b= | o 2 C2(n.p)
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8.4. General initial condition. Using translation invariance, we have already shown that the
point-to-point partition function Z§(y;t,z) is a solution to with ug = 6, for all y € RY.
The fact that v as defined in (2.8) is a mild solution to the SHE with initial condition wug follows
immediately by integrating n both sides with respect to ug, provided that integrals can be
permuted in the following manner:

/ ( [ ot s =g s ) Gulds, dy’>) uo(dy)
Rd (0,t) xR

= p(t— s,z —y) (/ Z8(y;5,9) uo(dy)> &o(ds, dy’).
(0,t) xR4 R4

Writing &, = & + &, we can use the ordinary Fubini theorem for the .. -integral and a
stochastic version of Fubini’s theorem [37, Theorem A.3] for the integration with respect to &, ._.
Both cases require some integrability properties, which we are going to show by recycling the
estimates from Section 8.2

Concerning the integral with respect to &,., we simply need to check integrability in the
Lebesgue sense, that is, -

Lo P10 = 50 =25 05,8 € (0 ) uol(d) < 00 Povas
)X

By Minkowski’s integral inequality and Lemma for p € (1,1 + %), the LP(P.)-norm of the
left-hand side is bounded by a constant times

/Rd /(0 £)x R4 plt=s,2 = y) 257 (y:5,) €us (ds, dy) uol (dy)

=@ ([, 27wt olul@) - [ ot -y )
R Rd
where the equality follows from (8.1) with a = 1. The second integral on the right-hand side is

finite as a consequence of our assumption (2.7)). The first one is finite by [13, Prop. 2.21].

For the integral with respect to &,_, according to [37, Theorem A.3], changing the order of
integration is permitted if we have

=

%
/]Rd E. [(/(0 DRI (O) p(t— s,z — y')QZg(y; s5,9)? 2> Sw (ds,dy, dz)> 1 luo|(dy) < oc.

Using (8.8) and , together with Lemma and , we can bound the quantity above by a

constant times

/Rd (p(t, v—y)+ 2y (it o) + Gt Y25 (y:5,9) €us (ds, dy’)) [uol(dy),

The integrability of each of the three terms has already been shown above. O

8.5. Integrability property of the solution. Let us show that the solution v defined in Equa-
tion (2.8)) satisfies the integrability condition (2.10). The important part is to show that whenever
ug satisfies (2.7) for a given 7" > 0, then for any p € (1,1 + %), we have

/( e PO = 1) 2B [

In our proof of (8.17)), we will check along the way that the expectation term, which equals
E-[|v(t,z)|P], is finite for any ¢ and z, proving the first line of (2.10]). By (2.7]), we can find € > 0

[, 28 sty woldy)

P
] dtdz < oo. (8.17)
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such that
27 lim sup =2 log (Juo|([-r,7]"))) <1 - 2. (8.18)
r—00
We also let 6 := (1 —¢)~!. In the following proof, the parameters p € (1,1 + %), T, fand A and ¢

are all fixed, and the constants appearing in the inequalities may depend on them.
Using Minkowski’s inequality first and Lemma afterwards, we have for any ¢ € [0,77],

The a.s. finiteness of the right-hand side for fixed = and t is a consequence of [I3, Prop. 2.19].
Using the inequality above, to prove (8.17)), we now need to show that P>-a.s.,

1
plr

1
< [ E<[Z5 o] fuol(dy) < € [ 257 (0 t,0) [uol(dy).
R4 Rd

[, 25t 2 uoldy)

/(OT)XRd p(0(T —t),x (/ 297 ( y,t:z)|u0\(dy)> dt dz < . (8.19)

We do so by comparing 2.7 (y;t,x) with a variable with finite pth moment. For a small € > 0, we
introduce the quantity

sz — i ? Iyl® | Nz =yl
T :=sup sup sup E log z; — ¢ E —€ + . (8.20
k21 yeRd (t;,24,2:)F_ Cws: Li=1 ' i —ti-1) 2T 2ty ( )

0<ty <<t <T

Note that optimizing over y leads to the simpler expression

zi — @i |® eflza?
T = sup sup logz; — € _
k21 (ti,aq,2:)f_; Cws: ZE:I ' Z 2(ti — ti-1) 2(T +t1)

0<ty <<t <T

(8.21)

The following lemma is an easy consequence of [I3], Lemma 4.17].
Lemma 8.4. For anyT >0 and e > 0, T is finite P>-a.s.

Proof. By [13, Lemma 4.17], we have (with the convention xy = 0 and ¢y = 0)

: i — @i ?
sup sup E logz; —e—— | <0
k21 (t5,24,2:) 8 Cwy: i=1 2(ti — ti1)

0<t1 <<t <2T

Taking a further restriction (namely ¢; > T') and shifting time by —7', we obtain by translation
invariance that

sup sup Z log z;) — EZ lz: — -l —€ 21 )
k>1 (ti,mi,zi)f:lng =1 ' t o ti_l) Q(tl + T)
0<ty <<t <T

< 00. OJ

As a consequence of Lemma we have for every z,y € R? and ¢ € [0, 7] that

ellyl? & Rl 1aa)?
Zg? (y;t,x) < el Tt Z(ﬁ’)k e pyia(t, @) [T e 22 H dws (dtj, dzj, dz;), (8.22)
k=0 =1 7=1

with the convention that zo = y. Because

[

d
p(t,x)e’ 2t = 05 p(Oyt, x) with 0, =(1—-n)"" (8.23)
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and § = (1 —¢)~ !, we have ZZ,2 (y;t,x) < T+5Hy ZA;? (y;t,x), where

k

Sw > a
Zﬁ? (y;t,x) := 2(02B') e Py:ot,z (O, x) H dtj,da:j,dz]). (8.24)
k=0 j=1

cllyl?
Setting 1o (dy) :=e o7 |uo|(dy), we can reduce the proof of (8.19) to showing

P
/ p(O(T / Z27 (yit,x)io(dy) | didz < oo, (8.25)
(0,T)xRd

We take the expectation and apply Minkowski’s inequality twice to get

El/(o,T)de p(O(T —t),y (/ Z2Z (yit, a:)uo(dy)> dtdy]

1 p
< /(O,T)de p(O(T —t), y)ﬁ(/Rd E[ZAZ,Z (y:t, x)p] z ao(dy)> dtdz (8.26)

< (/]Rd </(0T)><1Rd p(O0(T — s), )pE[Z “(y;t, x)? }dtdm)pﬂo(dyo .

Observe now that ZA;J,Z (y;t,z) is a (non-normalized) point-to-point partition function correspond-

ing to a Poisson environment with intensity measure A([1,00))dga/25 and a time-rescaling by 6.
Therefore, by Corollary

E[Zﬂ’ (ya t ‘T) ] < Cp(et,:E - y)p’ (827)
for a constant C' that depends on all parameters but not on y, ¢ and x. Hence, the %th power

of (8.26]) is bounded by a constant times

|2

1
p

/ ( / p(O(T — 1), 2)p(Ot, & — )P dtd:c) fio(dy) < C’ / e~ a4(dy),

R \ J(0,T)xRd R

where the inner integral has been computed exactly, as in (8.13). The above integral is finite
thanks to our choice of € and 6 in (8.18)). Thus, (8.25) holds and the proof is complete. O

8.6. Uniqueness of solutions to the SHE. We assume in this section that )\ satisfies (1.21
and prove uniqueness among solutions satisfying . By the fact that the condition (2.10]) is
stable under linear combinations, it is sufficient to show that any solution to with ug = 0 is
equal to zero. Consider v that satisfies and is such that for every ¢ € (0,T] and x € R?,

ota) =5 [ [ ol = ssz = pols.) &, ).

Applying this identity to v(s,y) in the integrand and repeating this, we obtain that for any k£ > 1,

k
ot ) = B* /X o Prvensta (B0, 200 (tr, ) TT (s, da), (8.28)
t

=1
where t() and () are obtained from ¢ and @, respectively, by removing the first component.
Fixing 2 € R? and t € (0,T), we are going to prove that v(t, ) = 0 by showing that the right-hand
side in (8.28) is summable in k. More precisely, we set

9] k
=> p /X(k) Pyt (D, Mo (ty, 21) [] o (dts, dzs)
k=0 ‘

i=1
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the term for k = 0 being simply v(t,z). We fix p € (1,1 + 2) for which 119,1(p) < co (when d = 1
we fix p = 2) and we are going to prove that

E [}L{(t, a:)ﬂ <oo  Ps-as. (8.29)

Separating w< and w> in &, we have that

00 k+1 k
z) =Y p* 2 V(ty, a1) [] 257 (tir, wioas tiy o) [ [ €os (i, das), (8.30)
k=0 i=2 i=1
where
k
= Zﬁk/ (k) pt1,:(:1,t,x(t(1)a tl,ﬂf]_ H€w< dt“dfﬁl (831)

and the terms for £ = 0 in (8.30]) and (8.31]) are V(¢,x) and v(¢, x) respectively. By Corollary
and translation invariance, there exists 3’ > 0 such that

1
E<[ju(t, z)|”
1 o) 1 k+1 (8.32)
<E [Vt 2)lP]” + Z /( E[[V(t,20)P|" [ p(At:;, Azy) ng> (dti, dz;).
k=1 =2 i=1

To prove (8.29), we bound each of the two summands in (8.32]) separately.
Let us start with E_[|V(¢, z)[P]'/?. Using the triangle inequality and iterating the BDG inequality

and the subadditivity property (5.4) for each term (as done in (A.1]), for example), we obtain

1
1 . k »
E<|[V(t,z)P]" < Z (CpBpo(p)7)" </X<k> proerte(E, @DV E[o(tr, 1)) Hdtidxi) :

=1

Then, applying (6.20) and Lemma with the trivial inequality ¢ — 1 < ¢, we get that
1 1
E<[[V(t,o)P|" <E<[jo(t,2)P]”

RS [Cori0a PIT ()3

F(k )l </(0 xR p(t — tl,CL‘ — .’El)pE< [|U(7f1, $1)|p} dtl dl’1>
k=1 Vp r )

Since the sum in k in finite, the two conditions in our assumption (2.10) implies the P>-a.s.
finiteness of the right-hand side of ({8.33)).

To show that the series in (8.32) is finite, we apply a similar trick to (8.22)) and replace the z;’s
coming from the atoms of w> by one. More precisely, we set

1 (8.33)

" = Nl — @i
1
T (t,z) := sup sup [ log zi) — n L ] (8.34)
’ B21 (1,01,20)5 Cws ; Z 241 ’
0%ty < <tp<i

with the convention that tx,1 =t and xx1 = x. The value of 7 > 0 in (8.34]) is chosen such that
0=(1 n3p2 1) , with the same 6 as in the assumption (2.10)). By the translation invariance and
symmetry properties of w>, [I3, Lemma 4.17] guaranties that 7 (¢, z) < oo, P>-a.s. Defining

> KL o)

ZA;J,Z(s,y;t,:L‘) = Z(ﬁ’)k | Ps,yit,z(t, T) H e’ 2Bt H 0 (dt;, dxjdzy), (8.35)
k=0 t i=1 j=1
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we find that the series in (8.32)) is smaller than the following integral (we have replaced t1, 1, 21
by s,y,2):

1

BleT ) / ZA;?(s,y;t,:v)lE<[IV(S,y)I”]5 dus> (ds, dy, dz). (8.36)
(0,t) xR x [1,00)

Note that the integral in is a sum and that all terms are finite almost surely by and
. In order to show that the integral in @ is finite, we proceed in several steps. The first
one is to replace Zo7 (s,y;t,x) by p(t — s,z —y)e" le=yll*/(t=) | This is the purpose of the following
lemma whose short proof is postponed to the end of the section.

Lemma 8.5. Let

s lz—y|?
Ot ) i= {(5.) € (0.0) X RY 5 257 (s,:t,) 2 plt — 5,2~ y)e’ 9 |,

(8.37)
w> = {(s,y) € (0,t) xR? : Iz2>1, (s,9,2) € w}.
Then we have # (O(t,x) Nw>) < 0o P>-a.s.
As a consequence of Lemma the integral in (8.36|) is finite if
/ N(3,9) by- (ds,dy,dz) < 0o (8.38)
(0,t) xR4x [1,00) -
where
. lz=ull?
N(Sa y) = IE< [’V(Say)’p} 10<t — 8T = y)e (E=s)
By [77, Prop. 12.1], (8.38]) holds if we can show that
- nllz—y|®
/ E. [[V(s, Y) ]p} p(t —s,x—y)e =) dsdy < oo. (8.39)
(0,t) xR

To this end, we use the bound (8.33)) for E<[|V{ (s, y) [P)1/P and check that the integrals correspond-
ing to each of the two summands on the right-hand side of (8.33)) are finite. In the first case, we

must show that
p
[ altenr]

Applying Jensen’s inequality for the finite measure e~lle=yl?/2(t=5) 45 dy, we can bound the quan-
tity above by

llz—y|?

p(t —s,x—y)e T dsdy < co. (8.40)

D=

P

(/(Ot) RdE<{|v(S,y)|p}ﬂ(t—s,x—y)p w85y dsdy> : (8.41)
;)X

Recalling (8.23|) and the relation 6 = (1 — n%)_l, the finiteness of (8.41]) follows from our
assumption (|2.10]).
For the second summand on the right-hand side of (8.33]), we have to show that

P

lz—yI|®
/ el =) p(t—s,x—y) / p(s—r,y—v)PE DU(T,U)H drdv| dsdy < co. (8.42)
(0,t) xR4 (0,5) xR

Using the same trick as in (8.41]), we see that it is sufficient to prove the finiteness of

le—yl2
/ / o3P 5 p(t — s, 2 —y)Pp(s —r,y —v)PEc [|v(7“, v)]p} drdvdsdy.
(0,t)xR4 J(0,s) xR?



STOCHASTIC HEAT EQUATION WITH LEVY NOISE 51

Now, by (8.23]) and thanks to our choice of 1, we can replace e_"(?’p—l)||=’B—y||2/2(t—5)p(t—s, z—y)P by
a constant times p(6(t—s),x —y)? and bound p(s—r,y—v)P by a constant times p(6(s—r),y—v)P.

Then, using (5.5)) as in(8.13)), we have
| b0t = 5).m = g p(6(s — ).y — o) dsdy < Cy (¢ = r)p(O(t — ), — o)
(rt) xR ’
Hence, the finiteness of (8.42) is also consequence of (2.10)), which finally concludes the proof. [
Proof of Lemma[8.3. By Markov’s inequality and (8.27), we have for any given s,y € (0,t) x R%,

_ Jo—y|? p(E2,2—y) | le-ui2\P eyl
= [waz(s,y;t,w) > p(t —s,a—y)e’ T2 } = C(ne T ) =Cle” R
N B p(t — 5T = y)
using (8.23)) for the last inequality. Hence, we have
_ , _pplz=yl®
E> {# (O(t,z) N w>)} <C / e 2= dsdy A(dz)
- - (0,t) xR x [1,00)
_ Cp)\([l,oo))/ (t — )3 ds < oco. 0
(0,t)

9. MOMENTS OF ORDER p € (0,1) AND LOWER BOUNDS IN THEOREMS [2.11| AND [2.12|

This section is dedicated to estimating fractional moments of Z (t,*). More precisely, we focus

on E[Z;j (t, *)1/ 2] to simplify notation, but the method would be equally efficient to directly estimate
E[Z5(t,+)P] for p € (0,1). The estimates obtained in this section allow us to complete the proof
of Theorems and since by convexity and the fact that y5(1) = 0 and y5(0) = 0, we have

75(p) < 2p75(3) for p € (0,3),
8(p) < 2(1 = p)75(3) for p € (3,1), (9.1)
Y(p) > =2(p — 1)3p(5)  forp>1.

We also prove Proposition 2.2]in Section [0.4] partially using ideas developed in Sections [9.1H9.3]

In Section [9.1] we introduce a method that combines a coarse-graining and a change-of-measure
argument, which allows to obtain upper bounds that decay exponentially in ¢ (this is crucial for
the proof of Theorems and . This approach originates in the study of the discrete pinning
model [50, B8]: in its refined form, which first appeared in [91], it can be used in a continuum
setup such as the SHE. Note that the method found many implementations in the last decade,
such as for disordered pinning [12| [57], directed polymers and variants [111 [16, [74, [75], the random
walk pinning model [15, 2], large deviations of random walks in a random environment [95],
self-avoiding walks in a random environment [76], and anomalous path detection in a random
environment [29].

The achievement of the method (presented in Lemma is to reduce the problem of estimating
moments to that of showing that the original measure P significantly differs (in total variation)
from an alternative measure where the environment has been modified along a Brownian trajectory
(the size-biased measure). This last statement is proved in Sections (for d = 1 or heavy-tailed
noises) and (for d > 2 and light-tailed noises). While Lemma is quite general and can
be adapted to various settings, the proof that the original and the tilted measures differ in total
variation heavily depends on context.

The proof presented in Section for d = 1 relies on ideas found in |74, Section 3|: in essence,
we discriminate between the original and the tilted environments by looking at the average in a
box of length T and wdith v/T. The proof for heavy-tailed environments, also found in Section
relies on a similar idea to that found in [93, Section 2].
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On the other hand, the approach taken in Section [9.3] and Section [9.4] are completely new and
have no discrete analogue. We show that what makes the tilted measure different from the original
one is the presence of clusters of points that are very close to one another. It requires a fine analysis
to identify exactly what the characteristics of these clusters are.

9.1. A general coarse-graining lemma. For notational simplicity, we set 23, := Z_E;(t,*) in
the remainder of this section. Our coarse-graining approach reduces the problem of bounding
fractional moments of Z, to identifying a single event that is unlikely under the original measure
P but becomes likely under the size-biased measure I@%ﬁ recall Section and notation therein.

We say that a measurable event A for the point process w has time range [0,T) if 1 4(w) is a
function of w N ([0,7) x RY x (0, 00)). Moreover, defining & = &(w,w’, B) := w U (W', B), we will
use, for a generic real-valued function f defined on the set of environments, the abbreviation

flw,w',B) = f o &(w,w, B). (9.2)
Also, recall that Q, is the law of a d-dimensional standard Brownian motion starting from z.

Lemma 9.1. Assume that p < co. There exists a constant K € (0,00), which only depends on
the dimension d, with the following property: For any 6 > 0 and T > 0, if there exists an event A
with time range [0,T) satisfying both

Plwe A) <e X, (H1)
max PP, Q. (0¢ A <e X, H2
oo ] (@ ¢ .A) (H2)
then for all m > 1 we have
L -m
E[(28,r)2] <27, (9:3)

and as a consequence Y3(3) < —(log2)T 1.
Below, we are going to apply Lemma to events of the type
A:={w : f(w)—E[f(w)] > h} or A:={w : f(w)>h} (9.4)

where f is a function that only depends on w N ([0,7) NR? x (0,00)) and h € R is a threshold to
be chosen appropriately. More precisely, we consider functions f of the form

k
flw) = /X(k> Y(t,x,z) H dw (dt;, day, dz;), (9.5)

i=1
where k is a positive integer and Y is a non-negative function on ng; ) (recall the notation (6.11])).
Given f as above, we define

k
F(, B) = /X o Tt (B 2) [ dur(dti, i), (9.6)

=1

In other words, f’ is the total contribution of the additional terms in ]? that are obtained by
considering (only) the atoms on the added “environment spine” (w’, B) (recall (9.2))). Then, for f
of the form ((9.5)), since T is non-negative, we have

flw,w',B) > f(w) + f'(W, B). (9.7)

In this setting, verifying (H1|) and (H2) boils down to first and second moment computations for
f and f’.

Corollary 9.2. Assume that f is as in (9.5) and satisfies one of the two following conditions:
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(C1) For all x € [0,VT)%, we have that

Ej @ Qulf'(«', B)J? > 4e"{ Var(f(w)) + Varp, oq, (f'(+/, B)) }:
(C2) The function Y is integer-valued, we have E[f(w)] < e X and

Vo € [0,VT)?: Ej ® Qu[f (', B)]* > X Varp @Qx(f’(w’, B)).

In both cases, also assume that the variances on the right-hand side are finite. Then (H1)) and (| -
are satisfied and v5(3) < —(log2)T 1.

Proof. If|(C1)|is satisfied, define
m = E[f(w)] and o= \/Var +Var1p/ Q. ([ (', B))

and consider the event

A={w : f(w)>m+ e%a}.
We can apply Chebyshev’s inequality, using that o2 > Var(f(w)), to check the validity of (HT)).
For (H2|), we observe that as a consequence of (9.7)), we have

(6¢ A C 1) + 7, B) < m +eFo).
Using Chebyshev’s inequality, we deduce that
Var(f(w)) + Varp 9q, (f'(', B))

(fo—E) 0 Qulf/(w, B)))

PRPy@ Q. (0 ¢ A) < <e X

If [(C2)|is satisfied, we set

A={{w : flw)>1}={w : f(w)>0}.
We then deduce (HI|) from Markov’s inequality applied to f(w) and (H2) from Chebychev’s in-
equality applied to f'(«’, B). O

Remark 9.3. We will use the assumption for d = 1 in the light-tailed case and the assump-
tion in all heavy-tailed cases and for d > 2. These two assumptions correspond to two different
ways of distinguishing between the original measure and the size-biased one. In Assumption
f is increased under the size-biased measure by an amount f’ that, on average, exceeds the typical
fluctuation (measured as Var(f(w))) under the original measure. Assumption implies that
there are patterns in w that appear with large probability under the size-biased measure and are
most likely absent under the original one.

Proof of Lemma[9.1. Let us assume that T and A satisfy (1)) and ([2)). We divide R? into cubes
of side length v/T: define

c_c V= VT +[0,VT),  jezd.
Given j = (j1,...,jm) € (ZH)™, we define the function x; : C([0,mT]) = R by
Xi(p) == H{Vie [m]: ¢(T) € Cj;}.
In other words, x;(¢) is the indicator that the function ¢ passes through a prescribed sequence
of cubes of diameter /T at times iT, where i € [m]. If ¢ = (Bt)tejo,mT] is @ Brownian motion,

the unique value of j such that x;(B) = 1 corresponds to a coarse-grained trajectory (or skeleton)

of B on time scale T. Now, recalling that we have set Zj, = Z_’g (t,*) and recalling the notation
from Section we have

M
28 ot = /(Rd)m H 5= D)T, 21;iT, ;) da; - (9.8)

=1
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This can be checked directly from the definition if Z§ ;. and Z_’g((z — )T, x;—1;iT, x;) are replaced
by Z5*(mT,*) and Z5((i — 1)T, x;—1;4T, x;), respectively. The case a = 0 then follows from the
L'-convergence in Theorem We therefore get

Zg,mT = Z Zg,mT(XJ) ) Zg,mT(Xj) = / EJ((Z - 1)T7 w117, xi)l{xiecji} dz;.
1

je@dm (= i
As a consequence, by subadditivity (5.4), we have
E[(Zor)?| < > E[Z2r(x)?].
je@hm

Our aim is to obtain a good bound on E[(Zg,mT(Xj))l/ 2]. This is where we introduce a change-of-
measure procedure. We use the Cauchy—Schwarz inequality as follows:

E[(25,r()] < E[G5 () |E[Gs ) 28,r()] (9.9)

for some non-negative function Gj(w) that penalizes the w’s that contribute most to E[2%, +(x;)]-
This procedure is referred to as a change of measure since E[G;(w)Z5 ,,(X;)] corresponds to the
expectation of Zg,mT(Xj) under a new measure whose density with respect to the original one is
given by Gj(w). We now construct G; with a product structure in order to gain a constant factor

per coarse-grained step of the trajectory. For K > 0, a fixed constant to be determined below, we
define (with jp :=0)

9(w) 1= exp(=K 1a@)),  905(w) = 90 8 s_1yryum @) Gi@) = [[gia @), (9.10)
=1

where 60; ;) is the space-time shift operator acting on point collections in R x R? x (0, 00), that is,

Oy (W) ={(s —t,y —x,2) : (s,9,2) € W}

Because A has time range T, for given j, the variables (g; j, ,(w))i; are independent and identi-
cally distributed under P, so that, by (H1)),

E[G; ()] = (1+ (X — P(A)™ < 2™,
We then derive from that
1 m
B[(25,01] <27 Y ([B[Gi(0) 2,0 00)] (9.11)
Je@zd)m
Using the size-biased representation of Lemma and recalling the notation (9.2)), we obtain that

E[Gj(w) 28 r(x5)] = E© By @ Q[Gj(w,o', B)x;(B)].

Letting Bt(i) = BT+t — ji—1V/T, using the stationarity of w and w’ and the fact that A has
time-range T, we have

E® E% ® Q[CAJ] (w,w', B)Xj(B)} =E® E/ﬁ ®Q [H Giji 1 (W, B(i))l{B(Ti)eCj.,j. 1}]
l:]- k2 11—

_olTTE=E. 5. B
=Q [HE ®E5 [91731.71(&},&} , B )l{B'gf)eCjijil}:l‘|

=1

B Ui ! |~ / (@) ;
=Q [HE ®E5 [g(w,w , B )1{B¥)ecjiji1}:|‘| ‘

=1
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Conditionally on (Bt):c(o,(i—1)1]5 (Bt(i))tzo is a Brownian motion starting from B(;_1)7 — GicaVT,
which belongs to Cp. Thus, using the Brownian motion’s Markov property iteratively (starting
with ¢ = m), we obtain that

E®E5®Q[ j(w,w', B)x;(B } HmaxE@E[g@Qgg[ (w,w’ ,B)1{Bec;, jiil}}.

x€Co
Reindexing the sums yields

Z \/ 5mT X] } = <Z max\/E(X)E’ ®Qx[ (w w! B)l{BTEC }}) . (9.12)

je@i)m

Hence, it remains to show that the sum on the right-hand side is small. Given an integer N, since
g <1, we have

Z max\/]E®E' ®Q$[ (w,w', B)1{prec; }}

z€Co
Z Eé%ﬁ‘/QI[BTGC] (2N)4 ;%%%\/E(gEﬁ@Qx[ (w,w’ B)}

ll7]lcc >N

(9.13)

IN

We then choose N to be the smallest integer such that the first sum is smaller than (41/2)~!; note
it depends on d but not on 7'. For the second term, recalling the definition (9.10) of g and using
assumption (H2|) for the last inequality, we have

E®E; ® Qulf(w,w’,B)l=e X +(1-e F PP ® Q.(@ ¢ A) < 2e . (9.14)
Finally, combining ((9.11))—(9.14)), we obtain that
m
m 1
<25 [ —=+(2N)W2e K| =2
| <24 - e

where the last inequality holds by choosing K = 2[(3 + d) log 2 + dlog N]. O

[N

E[(Z5 1)

9.2. One-body estimates. We now present a simple choice for f that yields the desired bounds
on the Lyapunov exponents both in dimension d = 1 and in any dimension d > 2 for heavy-tailed
environments. This gives the second half of Theorem (i) and of Theorem that is, the
lower bounds on |y3(p)|. More precisely, we prove the following.

Proposition 9.4. Assume that pu < oo.

(i) In dimension d = 1, we have

limsup B~ *4(2) < 0. (9.15)
B—0+

(i) In any dimension d > 1, if for some a < 1+ %, we have liminf 4o A*A([A4, 00)) > 0, then

limsup 8~ Vafyg( ) < 0. (9.16)
B—0+

10 | U (e yB = ” 9 i

Proof. The proofs of (i) and (i) slightly differ but have the same starting point, that is, the same
function f (to which we will apply Corollary , up to a choice of parameter.
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Preparing the setup. We start by fixing R > 1 such that

d
((QW)_

u2 1
e~ T du| >1—- —e K, 9.18
/[R,Rl] ) - 64 (9.18)

where K is the constant from Lemma Given T'> 0 and 0 < a < b < oo, we then consider the
functional

=

Flw) = /X o Lol i Tomclanyy Do, da, d2), (9.19)
T
which is Poisson distributed with
E[f(w)] = Var(f(w)) = A([a,b)) 2RVT)T. (9.20)

Using the formalism of the previous subsection, we further have

. o
(W', B) = /(O’T)X(Om) L(|1Bul|o <RVT zefap)} O’ (d2; d2).

To estimate the expectation and variance of f/, we define
f(w ::/ i ciapn 0w (dt,dz).
fw') 0000y 1) ( )

Note that we have f'(w’, B) < f(w') and, recalling that w’ has intensity measure 3z dt A(dz), also

Ey[f ()] = Bprap(VT,  Ey[f(@')?’] = Buap()T + (Bpap(1)T)*. (9.21)
The condition (9.18) guarantees that for any = € [0,+/T)? and t € (0, T]

1
Q|| Belloe < RVT) 21— e,

so that we have

1 _ 1
By © QU6 B)) > (1= g1 ) Buas (DT = 5 a7 (922)
We also have, combining (9.21)) and the first inequality of (9.22)),
-K

_ €

Varg oq, (f'(&, B)) < E3f(')?] — Ej @ Qulf' (', B)* < Buap(1)T + g(ﬁﬂa,b(l)T)Q. (9.23)
We are now ready to apply these estimates to specific cases.
Proof of (i). We first choose a and b such that A([a,b)) > 0 (in a way that does not depend on T’
or ) and then we let

9210 R2.2K ) (4. b))2
7o () 2R A )
6 Ma,b(l)

With this choice and for § sufficiently small, the second term on the right-hand side of (9.23)
dominates: using (9.22)) for the second inequality, we get

K —-K
Varp, . (' (0, B)) < o (Bap(VT)” < 5B © Qulf (', B,

Now the reader can check that with our definition of T', we have (recall (9.20)))

6—K

-K
W(ﬁﬂa,b(l)T)Q < %E/ﬁ & Qa:[fl(wla B)]z-
Therefore, condition |(C1)|in Corollary is indeed satisfied for small 3, and we thus have
(log 2)/‘a,b(1)4

i 4= (1 — :
%gzglrpﬁ Y8(3) < 210 R2¢2K )\ ([a, b))?

Var(f(w)) = 2R\([a, b)) T2 =
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Proof of (ii). We let £ > 0 denote the limit superior/inferior of A™*\([A, c0)). We choose

A= A(B) = Mg~ FilaT (9.24)

where M = M (K, R, /) is a large constant that depends on K, R and ¢. For the remainder of the

proof, we assume that ( is such that we have, for the value of A specified above,
LA™Y

> .

- 2

(We assume that 3 is sufficiently small if the assumption is about the limit inferior, and we take

B along a well-chosen subsequence tending to 0 if the assumption is about the limit superior.) We
are going to use Corollary for the function (9.19), with the choices a = A, b = co and

A([4,00)) (9.25)

_2
T = e M (2R)7IA([4, 00)) 7. (9.26)
With our choice of A and our tail assumption, we have

2
+d o

T < [e‘K(ZR)_diM“]Q -

Therefore, once we show that |[(C2)|is satisfied, Corollary yields the desired bound on ’_yg(%).
For the expectation of f, by (9.20]), our choice for T" directly yields

E[f(w)] = (2R)'A([A,00)) T % = 7,
To check the condition on the variance of f’; in view of (9.22)) and (9.23)), it is sufficient to have

Buaso(1)T > 4ek.

To this end, we bound pa (1) > AN([A,00)) and use the definition of T to get that
Biiaco(1)T is bounded below by a constant (that depends on K, R) times SAM([A,00))% (2+d),
By and the definition of A in , the latter can be made large by choosing M =
M (K, R,?) sufficiently large. O

9.3. Multi-body estimates. The aim of this section is to prove the following.
Proposition 9.5. Suppose that d > 2 and p < oco. Then

log|log|v5(1
lim sup og|log|¥5(3)l|
B—0 ’108;[3\

With Propositions [0.4] and at hand, we can complete the proof of Theorems and [2.12]
Recall that the first half of the proof was given in Sections [7.2 and [7.3] respectively.

Proof of Theorems|2.11| and |2.19 (second half). By (9.1), the lower bounds in (2.15) and ({2.16)
directly follow from (9.15]) and (9.27)). Next, (2.20) follows from (9.17)) since p1,0(q) = oo implies
that limsup 4_, ., A“A([A, 00)) > 0 for every a > ¢. Finally, the upper bound in ([2.22)) follows from

(2.20) because (2.21)) implies 111 50(q) = oo for all ¢ > . O

Proof of Proposition[9.5 In Section [9.2] counting the number of atoms in w with size in a certain
range was sufficient to determine the correct order of magnitude (in 8) of 95(3) (and hence of
45(p) for other values of p). If d > 2 and if X is light-tailed, in order to obtain optimal estimates,
we must consider certain clusters of atoms. Furthermore, the size of these point configurations,
which we denote by k, must be taken large. We shall obtain our result by proving that for
any fixed k > 3, we have

<1+ (9.27)

ISHIN]

k

log|log|vs(4
Jim sup ogllog|ys(3)l| )k .

<(1+2
LU e S LT
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This will be achieved again by using Corollary [9.2] We need to introduce a few parameters for the
functional f used in this proof. First, we fix 0 < a < b < 0o such that A([a,b)) > 0 as well as two
parameters 0 < k < k' satisfying

11 ,
K € (kj’ k}—]_) and (k? — 2)I€ + Kk <1 (928)
Furthermore, we let R = R(k,d) be such that
1 u? a 1 u? d(k_l) eiK
(2m)"2 / e zdul| [(2m)"2 / e 2 du >1—-—, (9.29)
[~V2R.V2(R-1)] [~R.R) 8

where K is the constant from Lemma With this choice of R, we have, for any T > 0 and
t € X,(T) such that t; < Z,

—-K
inf_ Qu([[Bylloo < RVT, Vi € [2,] : [ABy oo < RVAL) > 1 “—. (9.30)
x€[0,V/T)4 8

Finally, for some small € € (0,1) (independent of 5 and to be chosen later), we set
T :=exp <E_MB_(1+3)’<E2>. (9.31)
Using the notation vy := [[;c; v; for I C [k], we consider the multi-body functional

f(w) - /ng 1{Vie[[k]]: ZiE[a,b)}l{tlgg, Vie[2,k—1]: At;e[T—~ T—*], Atk <eB2k/dT-1}
k (9.32)
X L flia1 | <RVT, Vic[2,k]: || As]|oo< RVAL} l_[l‘;w(dti»dfviadzi)-

This function f counts clusters of atoms that are so close to each other (in time) that the benefit
of visiting all of them, which is [[¥_, z;p(At;, Az;) or roughly (Atﬂz,kﬂ)_d/ 2 outweighs the cost
of visiting the first atom of the group, which is of order 72 in the bulk of the box. Limiting
the possible range for At; is convenient in the computations and our particular choice for this
limitation is largely ad hoc. If

efE T I+ k=2N <k (9.33)
then the conditions on the t;’s in the first line of imply Aty < T7%. With our choice
for T and , the condition is satisfied for any § < 1.

Let us now check that condition in Corollary is satisfied. We start with the condition
on E[f(w)]. Integrating over the z;’s and ¢, making the change of variable s; = At;y; and using
that we have Aty < T7", we get

E[f(w)] = Tlﬁl[(m)dx([a b))r/ 1 ) Iﬁs%ds- (9.34)
2 7 [T+ Tnp-2xfox] - SEFTTY R '
Next, we integrate with respect to sx_1 and use to obtain
1+4 T 5
e /[T—n’,T—qk—zx[o,T—n] l{skflﬁsﬁ%/dT_l/S[[k—Z]]} g s dsi

9.35
51+g5(1+%)k €1+g,8(1+%)k[(1€, — k) log T]k—Q ( )

k—2
-1
1 + % /[Tn’7TH]k2 ’L:lIl SZ 5 d + 2
Therefore, by (9.31]), there exists a constant C' = C(R, A\, a, b, k, k', k, d) such that
E[f(w)] = Ce' T2 g+ Dk (log T)E~2 = (et
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Hence, choosing ¢ < (C'e)=%/¢ fulfills the assumption on E[f(w)] in let us stress that € must
satisfy a second condition which will be specified later in the proof.
Let us now estimate the expectation and variance of f'(w’, B) (recall the definition (9.6)). We
consider an alternative function
k

f(w’) = /([O’T]X[a7b)) {t1, T Vie[2,k—1]: At;e[T— w! T+, At[[Q,k]]gs,Bm“/dT_l} l:géw/(dtz,dzl) (936)

that does not include any restriction for B. Using (|9 , we obtain, similarly to (9.22]) and -,
that for any = € [0, VT)?

e K = =
B © Qulf'(, B) > (1 - 8>E’ﬁ[f<w'>1 > =BG,

(9.37)
-K
— e —
Vatp, g, (1/(o/. B)) < Varg, (7)) + <~ BQF()].
We can thus conclude that the variance bound in |(C2)|is satisfied if
~ -K
Var[%(f( w')) < TEﬂ[f( w2 (9.38)
Proceeding as in ((9.34)—(9.35]) and recalling that w’ has intensity measure 3z dt A\(dz), we have
_ T k—1
/ N k
EGIN = Brea)' G | paspoong Monmnserrer— TT ds:
k—2
_ € k (1+2)k/ 1. (9.39)
= 2Ma,b(1) B\ ra S H s; ds;

=1
= e Dk (log TYF2 = ¢4 |

with C" = C'(X, a,b, k, k', k, d), and where we have used the value (9.31]) of T' for the last identity.
In order to compute the second moment of f(w’), we expand the integral in (9.36]) by writing

k
[T bur(dts,dz) = > TT (0w (dti, dzi) = Bzsdts Mdz)) T] Bz dt; A(dzy), (9.40)

i=1 IC[k] i€l jele

where I¢ := [k]\I. Welet f; denote the integral corresponding to the term I. Since f = Ej] ],

we have -
Varg, (@) = Y Bl (). (9.41)
1,JC[k]: 1,J#0
The terms in the sum above are equal to zero if I and J do not have the same cardinality. If
[I| = |J|, then Ej[fr(w’) fs(w")] is obtained by matching the values of (¢;)icr to that of (t;)ies in
the integral before averaging. More precisely, we have

E[fr(w) fr(w)]
= a1 [ (1o(6E0) TT 0" (1o() TT 67) TTats

where Q is the subset of [0, T]* induced by the indicator function in ([9.36)), and the vectors t®
and t? are completed by setting

tgl) — t((f()z.) =t; foriel, (9.42)

with o being the unique increasing bijection from I to J. In particular, we have

Ejfry(«)?) = B[ F (). (9.43)



60 QUENTIN BERGER, CARSTEN CHONG, AND HUBERT LACOIN

When |I| = |J| ={ € [k — 1], we are going to show that

fop o (0(0) L at?) (ro (i) IT ad?) [Tt < 7% 0.
> jele

jeJe il

So combining (9.43)) with (9.44)), we obtain that
2
Varg, (F(/)) < B4l7@)] + z ( ) (Bltas ()72 08 < ()] +

where the last inequality is valid for sufficiently small 3, because 1 — (2k — ¢ — 1)k < 0 thanks
to (9.28). For this reason, (9.38)) is satisfied if E/’B[ f(W")] > 8eX which according to (9.39)) holds
true provided that € is chosen small enough.

To complete the proof, let us show how (9.44) is obtained: the key is to integrate in the cor-
rect order the different variables. We construct a graph Gy ; with 2k — ¢ vertices where each
(2

vertex is identified with one of the variables (%;)ier, (t(l))le_[c (t;

. Diege. We start with two (ini-

tlally dlsconnected) paths of k vertices labeled (¢ ¢! ))Z , and (¢ Z( ))le, respectively, the edges being

%

{ti , i+1} for i € [k —1]. Then we glue the two paths together by identifying the vertices (tgl))iej
with (t@))ie s according to (9.42); any double edge that might have been created is replaced by

7

a single edge. As I # (), the graph we obtain is connected. Now we consider an enumeration
V1, V2,03, ...,V2s—¢ Of the vertices of G ; such that for every j € [2k — £ — 1], the subgraph G(IJ?,
of G,y induced by vjy1,...,vo,—¢ is connected. One way of finding such an enumeration is, for
example, to construct a spanning tree 17 ; of G ; and then, after vy, ..., v; have been determined
for some j € {0,...,2k —£—1}, to take any leaf of T7 ; \ {v1,...,v;} as vj41. We refer to Figure
for one example of G ; together with a permitted and a forbidden enumeration according to the
rule we just introduced.

Having fixed such an enumeration, in order to obtain (9.44)), we integrate vi, ..., va5_p in this
order. Note that if v; = tgr) for some j € [2k —¢—1], r € {1,2} and ¢ € I¢, then, by construction,

{tz 15 z+1} N{vjt1,...,vop—r} # 0

indeed, if both t(r)l and t(:-)1 had been picked before, then v; = t(r) would be an isolated vertex in

Gg J Y because i € I°. In the same manner, if v; =t; for some j € [2k — ¢ — 1] and i € I, then

n o) L@ 2)
{t} )17t’5+)1’t5f()) 17t£—(i)+1} o1, var—e} # 0.

As aresult, for each j € [2k—/¢—1], the range when we integrate with respect to the variable v; and
the values of the variables v;y1, ..., vor—¢ are fixed is included in an interval of length 7" Indeed,

by (9.33)), the indicator function 1¢ in the integral implies that Atlm < T~ % for all i € [2,k] and
r € {1,2}. We no longer have constraints only for the last variable vor_g, which yields a factor
of T. ]

9.4. Proof of Proposition First, notice that it suffices to consider the free-end partition

function. Since (Zg’“(t, ))ac(0,1] @ (e*HIHQ/(Qt)Z;”a(t,O))ae(oﬂ], the a.s. positivity of the limit
when a — 0 does not depend on z. Hence the result in the point-to-point case follows from the
free-end case by Fatou’s Lemma. Although this is not essential to the reasoning, it is practical
for our computations to assume that f(o,l) 2112/d \(dz) < oo. If this assumption is violated, then
the result has already been proved in [I3| Proposition 2.10]. We also assume that p < oo: the
general case follows from a truncation procedure, see the end of Section 5 in [I3]. For notational
simplicity, we actually assume that u = 0 (i.e., that A has support in (0, 1)).
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tél) tA(Ll) tgl) tél)
(1)
ty
(a) <
ty
)
U3 U7 U8 V10
v Vg, & U1
(b)
G Us Uy V11
U3 U7 Ug V11
U . U9 U1
(c)
v Us Vg J12

FIGURE 2. (a) The graph G;,; with k=8, I = {1,3,6,7} and J = {2,3,6,7} and a spanning tree 17,
(thick edges); (b) a permitted enumeration of G ; based on 17 s; (c) a forbidden enumeration of Gy, s
based on T7,;. Integration in the forbidden order only yields a suboptimal bound: once v1,...,vs4 have
been integrated (i.e., removed from the graph), we obtain two disconnected components, so if integration
is continued, vs becomes isolated and contributes a factor 7" when integrated (similarly, both v11 and vi2
become isolated when vy, ..., v10 have been integrated: each of them contributes a factor of T'.

While the proof does not rely on Lemma(9.1] it partially builds on the same idea, which is to show
that the size-biased measure transforms an atypical event under the original probability measure
into a typical one. Let us summarize this in a lemma that is similar in spirit to Corollary
Recall (1.20) and the notation Z57" := Z5(t, ).

Lemma 9.6. Let us assume that there exists a sequence of integer-valued functions (fn)nen of the
form (9.5)) (with Y integer-valued and with T replaced by t) with the following properties:

(i) For every n, f, is Go-measurable for some a = a, > 0.

(ii) Using the notation (9.6)), we have that

V , ! ,,B
lim E[fu(w)] =0  and arp oq(f7,(W', B))

i W o QW B (943)

Then we have
N w,a 1 _
i[53 =0

Proof. Consider € > 0 and let n be sufficiently large such that both quantities in (9.45)) are smaller
than e. Furthermore, let a = a, be such that f,, is G,-measurable. Defining K := loge and
G(w) := exp(— K1y, ()>1}), we have by the Cauchy—Schwarz inequality,

E[(25)?] <E[G(w)™!] %E[G(w)zg;taf .

Clearly, by Markov’s inequality,
E[G(w) ] <1+ e"P(fr(w) > 1) < 2.
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Using Lemma and the fact that f, is G,-measurable, we further have (recall the notation )
E[G(@)Z57] = E® By © Q[Gas(w,w', B)].
As f, is integer-valued, the inequality (9.7]) implies that
@a,t(w,w',B) <e K4 l{fn(w ' B)=0} <e K4 141w, B)=0}5
which, by an application of the Chebychev inequality, results in
E® E’ﬁ ® Q{@a,t(w,w',B)] <e K4 IP’lﬁ @Q(fl(W,B)<0)<e X 4e=2¢

Because a — (25 )1/2 is a supermartingale, we obtain that

hmsup}E{(tha) } < E[(Z;ta)i} < 2/,

a’—0

which finishes the proof since ¢ is arbitrary. ([

Before we specify the sequence of functions f,,, we need to introduce a few parameters. We let
Ep:=1+ [n'/3] and we set for n > 1

L ki1 (kio1 + 3)

M, = and b, = ¢ Mn
" 1;[1 (kic1 + 1) (kim1 — 3) "
Let us stress that since we have
M1 1 -3
=14+—7+0(k

we have log M, ~ 3n'/3 ~ 3k, as n — co. Now, as the quantity |log z|/(log|log z|)>*4/4*¢ is of
order M, (log M,,)~(>+4/d+¢) on the interval [b,1,by), the assumption (2.5) is equivalent to

o0
Z —/ P Adz) = o00. (9.46)
n=1 (log M, )5+ +E Jlbpr1,bn)
Then, using that log M,, ~ ¢n'/? and in particular that Ml/k" < C for some constant C' > 0, we
get that
: —2014+3)-5 3 1% 142
lim sup kp, M, " z7Ta \(dz) = o0, (9.47)
n—0o00 [bn+17bn)

—-3-< . . . .
because k, ? is summable. Considering a subsequence if necessary, we assume from now on,

without loss of generality, that (9.47)) holds with a limit instead of a lim sup. We set

1—-L
V, = M, * / A A(dz), (9.48)
[bn+l7bn)

so that limy,_, oo kn 20+~ %Vn = 00. We let § = §. be sufficiently small so that

T (20+3)+35) >2, (9.49)
and we set

, dkn,

R, :=V/d and Mpi=1— [(2#)_5 / e T du] . (9.50)
[—Rn,Rn]

One can easily check that lim,,_,o R, = 0o and also lim,_, 7, = 0 (using that V,, > k%(lﬁ/ d))'
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We are now ready to introduce f,. As in the proof of Proposition we want to count clusters
of k, atoms that are beneficial to visit; note that here we have k,, — co. More precisely, assuming
without loss of generality that ¢t = 1, we define

w) = 1
fn( ) /X(lkn) {(Atﬂknﬂ)*dﬂz[[kn]]ZAmWe[[lkn]]i AtiE[bi&In/{bgLen/d]}

k. (9.51)
X Lvienl: |A2illoo<Ruv/AG, 2i€lbni1,bn)} Hl‘sw(dtiv dai, dz),
where we have used the shorthand notation
Ay i R ;Z" i 1 and 0, = fin - (9.52)

Note that f, is Gy, ,-measurable. The restriction on the range for z; and the requirement that

(At[[kn]])*d/ 2Zﬂkn]] be large are important features of f. The remaining constraints are ad hoc and
mainly serve the purpose to lighten the computations. If z; and ¢; satisfy the constraints above,
then recalling the definition of 6/, we have

d
£ < AT (At g)) "2 2 < Ay exp(M[(ky — 1)8) — ka]) = A7 (9.53)

20, /d

Since lim,, o A, = 00 (recall that lim, ,~ V,, = 00) and kyby, <k, exp(—%Mn) goes to 0, we

have A1 + (k, — 1)b26"/ 4 < 1 for sufficiently large n, and hence
{(Atﬂknﬂ)_Qz[knﬂ > Ay, Vi€ [2,kn]: At € [bi"%/d,b?n/d]} — t, < 1.

Consequently, integrating first with respect to the z;’s, making a change of variables s; = At; and
then integrating only with respect to s, , we have

kn 4

Elf(w)] = (2R)% [ b a8 s L 57 4500020

620/ 20/ Ak =1 [0,1]x [by 4 1,br) o

2 dhn g ~(F3) T ot e TT 213 A (da) (954
d+2(2R ) An [b20 n/d 20"/d]k"*1><[bn+1,bn)kn 1;[ ds]gz- )\(de) ( . )

/ kn_l kn
2 Qdknvn—’fﬂ(wn 9”)Mn> < / L4 )\(dz)> :
d+2 d [brg1,bn)

where we have used the deﬁnition of R, and A,, in the last line. Using the definition of V,,, together
with the fact that 0, — 6,, < S 1)2, we get that

21+d 2d kn—1
E[fa() € (d<kn . 1)2) |

Since k;,, — oo, this shows the first condition in ((9.45)).
To check the second condition in (9.45)), we compute the expectation and variance of

kn

fn(w,) = 20!, /d 29n/d}} Héw’(dtiydzi)- (9~55)
=1

1
/xkn(l)x[anrlvb'n)k” {(At[k ]]) d/2z|lkn]]>A VZE[[Q kn] At E[b

Recalling the notation (9.50) of 7, we have Q(Vi € [k,] : ||AB, |0 < RVAt;) =1 — 1, . Hence,
repeating the computations that led to (9.37) in the previous section, we obtain

Ej @ QLfn(w', B)] = (1 = na)Ep[fa(w")],
Varg oqlf(«', B)] < Varp, (£(w)) + 20 B[ fn ().
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Since 7y, tends to zero, the reader can check that the second condition in (9.45) follows from the

following claims:
lim Ej[fu(w)] = oo, (0.56)
V&rplﬁ(f_n(w/)) < 2Ej| frn (W] for sufficiently large n. .

The first property in (9.56)) follows from direct calculation. We have

IwmmwAwm

7/ 5200 /d)kn=1x[0,1]X [br41,bn ) k0

2 ’ kn—1 kn
_ gha g <2(0n en)Mn) (/[b b )Zl—i-% A(dz)) (9.57)
n+1,9n

kn
1{(5[[kn]])d/2§147712[[kn1]} 1:[1 ds; Bz; /\(dzi)

d
d 23 d=25 | k,
= (=0 —0,)V, "
s o g G V™)
where the computation is similar to (9.54). Now, since 0], —6,, ~ 3k, ? and ky, Vi, — 00,
we have from our choice (9.49) for § that (6], — Hn)V,Sd_%)/ @+2) 0o, which leads to the first part

of (0750

As in the previous section, to compute the second moment of fn( "), we can use (9.40) to write
Varpzﬁ (fn(w") in the form (9.41). As seen before, only sets with |I| = |J| contribute, and the term

corresponding to I = J = [k,,] is simply E%[fn(w')] If |I| = |J| = ¢ € [kn, — 1], then

— [2kn— (DyEn (1) (1) ()

jelre
x <1R<(t£2))1 17 i2 ) H Z 1(2))> HZZ‘ dt; )\(dzi),
jeJe el

where R is the subset of ((0,1) x [by+1,b,))" induced by the indicator function in (9.55) and for
i € I, we used the notation

2(1+42/d)—c /2

tl(l) = tU(.) =t and (1) z(()) =2z.

Next, we relax the constraints imposed by R by only keeping Atz(» ) < b29”/ ¢ Then we proceed as
in the proof of (| - by choosing an optimal order, we obtain that integration over each time

fn/d , except for the last integration, which produces a factor

z )\(dz)> o

[(2kn —O)Mps1 — 2k, — £ — 1)9nMnDH071(1 + 2yt

variable produces a factor of at most bn
of one. Thus,

By (1) f1(w)] < ﬁwﬁd%"“wﬁ

n+1,bn)

< 2t exp (2

where in the second line we simply used the fact that

[ 2Ad) < ) Fpoa(1+3),
[bn+1 7bn)

together with the definition of b, and b,+;. Recalling the definition of ,, and of M,,, we have
My = %Mnﬂn, so that
2k, — 0 2k, —(—1

2k, — )M, 2ky, — £ —1)0,M, = M,0,k, — <
(2hn = OMyi1 = ) ] <o
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for any ¢ < k, — 1. We therefore end up with

kn—1

Varp, (fo(w)) < Eplfa(w)] + Z ( ) B o (14 3)% 7 < Epfalw)] + C'(d, A, B)*

Recalling (9.57)), we have that for any constant C' > 0 the expectation E’ﬁ[ fn(wW)] is larger than
C*n for sufficiently large n. This proves the second claim in (9.56) and concludes the proof. O

APPENDIX A. TECHNICAL RESULTS

A.1. Proof of Theorem The result is contained in [67], but only implicitly, so we give a
short proof. Let us first check that ensures that all integrals in are well defined and
finite. Applying the BDG inequality and using the subadditivity of the function z +— xP/2
for > 0 iteratively, we deduce that

|

w) M (dw) -+ - M*(dwy)

2 p/2
< CPEK/ (/ Flw) M®(dwy) - -- M”(dwN1)> 5w(dwN)> ]
X\ JxXN-1
P (A1)
< C,E / / Fw) M¥(dwy) -~ M*(dwy_1)| d,(dwy)
X|JJxN-1
P
e / l/ (w) M¥(dwy) - - M*(dwy_1) ] v(dwy)
XN-1
<...< C;V/XN|f(w)|Py(dw1) - v(dwy) < oo.
These inequalities remain unchanged if w is replaced by wi,...,wy and E is replaced by E®V.

Now we move to the proof of , for which we shall prove the second inequality. To obtain the
reverse inequality it is sufficient follow the same proof and observe that all estimates are two-sided
(i.e., one can always substitute “>” for “<” if one also replaces 1/C by C'). We now consider a
state space on which w is jointly defined with our i.i.d. copies wi,...,wy (and w is independent of
(Wi,...,wn)). Welet P:=P®P? denote the associated probability. In analogy with , we
consider a filtration (]'_—t)tzo on this state space defined by

F=rereorRY, FY=c(wn(0,nR x (0,0), i=1,...,N.

Our result follows from applying the following inequality, valid for ¢ = 1,..., N, iteratively:

E

/ Flaw) M (dw) - M (duog) M (dw) .. M“N(dwN)]
% c (A.2)
< 11@{  Flw) M (dwr) - M (dwyy) M (dwy) - M“N(dwN)] .
-p X
Let us first spend some time on the first step ¢ = N. By elementary properties of It6 integrals,
the processes (X¢)i>0 and (Y;)¢>0 defined by

Xt_/ Fw) Lo (tn) M¥(duwy) - - M*(dwy),

Yii= /f Lo (tn) M¥(dws) - - - M¥(dwy—1) M*N (dwy)
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are martingales with respect to (.7:}),520, whose quadratic variation processes are given by

2
Xl = /X< [ T L0 (tx) M= (dun) - M%dww_l)) b (dw),
2

Y= /X( [, F@) Lo (tn) M= (dun) - M%dwN_l)) By (duwy),

respectively. Since w and wy are Poisson random measures with the same (ft)tzo—intensity mea-
sures (namely dt ® dz ® A(dz)), the jump measures associated to [X] and [Y] have the same
predictable compensator in (ﬁt)tzo- As aresult, X and Y are weakly tangential martingales in the
sense of [67), Section 3]. Thus, by [67, Thm. 4.1] and Doob’s inequality, there is C, > 0 such that

— — —_ p_
B[ X oo ] gE[sup yxtyp} < CPE[sup]Y}]p} < cp(p > B Vau?). (A.3)
>0 >0 p—1

The reader can check that for the implicit constant C), from [67, Thm. 4.2], one may take C) :=
(24p?)P[2 x 3P/2(2P/2+1 114 x 3P/2(28 x 3P/2)P/2)]. The expression in brackets comes from the last
equation in [67, p. 38] (with ¢(z) = |z|?/? and ¢ = (14 x 3?/2)~1), while the computation in [67, p.
39], combined with the BDG inequality as in [49, Ch. VII, Thm. 92], entails an additional factor of
(24p?)P. Most importantly, C, is bounded uniformly in p € (1,2], so that there exists a universal
constant C' such that for p € (1,2],

_ C o\ -
BIXxP) < (-7 )ElYacP)
p

which concludes the proof of (A.2)) for i = N.

In order to iterate and prove (A.2) for i < N — 1, we wish to interchange M“(dwy) - - - M“(dw;)
with M“i+1(dw;yq) - - M“N (dwy), that is, we want to write

/N flw) M¥(dwy) - - - M (dw;) M** (dwiyy) - - - M*N (dwy)

X

(A.4)
" (/XN ) M () - MY <dwN>) M(dwn) - M (dwy)

Even though the integral on the right-hand side is anticipative when considering the filtration
(Ft)t>0, we can recover an integral in It6’s sense by constructing the inner integrals

/N flw) M¥ 1 (dwigq) - - - MY (dwy)

XN —i

using the filtration (F;)¢>0 and the outer integrals using the filtration F® defined by
) =FReoFR e 9F) e FitVe... 0 F.

Note that the inner integrals are féz)—measurable. With this convention, we can justify as
follows: It certainly holds if f is a step function, that is, if f only assumes finitely many values (in
that case, the integrals are simply finite sums). For general f, take a sequence of step functions
(fn)nen such that |f,| < |f| for all n and f,, — f pointwise as n — co. Equation holds for
fn, and arguing similarly to (A.1) and using dominated convergence, we have that

nlinéoEl/;gN(f_fn)(w) M®(dwy) -+ - M¥(dw;) M“* (dwiyr) - - - MPN (dwy) 1 =0
JLH;OEl J. </ T = S (aw) M () - M <dwN>) M) ] -
X\ JXN—i
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proving (A.4). The fact that we are able to interpret the latter integral in Itd’s sense is crucial for
the BDG inequality, which was needed in (A.1)), to apply. Once ({A.4) is established, we can prove

(A.2) by considering the weakly tangential martingales (for the filtration ( _t(i))tzo)

)(y):_>jgi</gwif(“ﬁ](mﬂ(h)ﬂfwﬂl(du%+4)"'Awa(d“”V)> M (dwr)--- M¥(dwi),

vii= /Xi </XNZ~ Fw)lgq(ts) M¥+ (dwig) - - - MY (d“’N)> M?(dwy) -+ M*(dw;—1) M* (dw),

applying the same estimate as in (A.3]) and re-arranging the integrals similarly to (A.4]).
A.2. Proof of Lemma For A,u,e >0 and H € S that satisfies |H| < u|K|, we have that

{

The second probability is bounded by

1
E>
B _upApHK||§w< DiP<

> ) <P (Au|Kle,_ e > <)
+n»(

/ H(w,t,x) &, (dt,dz)
X

/ H(w,t,x)&,_(dt,dx)
X

/X H(w,t,x)&,_(dt,dx)
!

> 8) < Mm B> [Lau ke, e >ap] + A7 < AT

> UA!!K\\£W<,p;P<>-

E. | <A

Therefore, using dominated convergence for the first term, we get

lim sup P / H(w,t,x)&,_(dt,dz)
vV Hes |H|<ulK| \]/X

Sending A — oo shows that the left-hand side is 0, which is obviously equivalent to ||uK|l¢. o — 0

as u — 0. Therefore, K is integrable with respect to &,_ by (4.6). O
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