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THE STOCHASTIC HEAT EQUATION WITH MULTIPLICATIVE LEVY
NOISE:
EXISTENCE, MOMENTS, AND INTERMITTENCY

QUENTIN BERGER, CARSTEN CHONG, AND HUBERT LACOIN

ABSTRACT. We study the stochastic heat equation (SHE) d:u = %Au + Bug driven by a multi-
plicative Lévy noise £ with positive jumps and coupling constant 8 > 0, in arbitrary dimension
d > 1. We prove the existence of solutions under an optimal condition if d = 1,2 and a close-to-
optimal condition if d > 3. Under an assumption that is general enough to include stable noises,
we further prove that the solution is unique. By establishing tight moment bounds on the multiple
Lévy integrals arising in the chaos decomposition of u, we further show that the solution has finite
pth moments for p > 0 whenever the noise does. Finally, for any p > 0, we derive upper and lower
bounds on the moment Lyapunov exponents of order p of the solution, which are asymptotically
sharp in the limit as § — 0. One of our most striking findings is that the solution to the SHE
exhibits a property called strong intermittency (which implies moment intermittency of all orders
p > 1 and pathwise mass concentration of the solution), for any non-trivial Lévy measure, at any
disorder intensity 5 > 0, in any dimension d > 1. This behavior contrasts with that observed for
the SHE on Z? and for the SHE on R? with Gaussian noise, for which intermittency does not occur
in high dimensions for small .
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1. INTRODUCTION

It has long been recognized that the stochastic heat equation (SHE)

(1.1) Oru = %Au + Bug, u(0, ) = o,
and the Kardar—Parisi-Zhang (KPZ) equation

which are related through the Cole-Hopf transformation h = logu [18], 64, [68,[69], have far-reaching
universality properties. In dimension d = 1, important progress has been made in recent years
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towards proving the weak and strong KPZ universality conjectures; see [4, [18],[47] and [5}, 23], 22, 48],
for instance, and [87] for a characterization of the KPZ fized point, the universal limiting fluctuation
field.

If d > 2, finding a non-trivial (7.e. non-Gaussian) notion of solution to the SHE/KPZ equation
is a challenging problem, since the theories developed by [67, [70] to solve singular stochastic PDEs
no longer apply. In d = 2, a major breakthrough has been achieved recently in [26], building on
previous works by [17, 25, 65]. If d > 3 and one considers regularized versions of and
(e.g., by discretizing space or spatially mollifying the noise), it is well known that there is phase
transition in § from a weak to a strong disorder regime; see [19], 39, [89]. So far, all fluctuations
results in d > 3 have been obtained under weak disorder, with fluctuations belonging to the
Edwards—Wilkinson/Gaussian universality class; see [41] [55] [66], for example.

For the SHE, weak/strong disorder is closely related to the phenomenon of localization of solu-
tions and to the notion of intermittency, which first emerged in turbulence physics [102] and has
been extensively studied for various versions of the SHE [16, 29} 3T, [34], 58|, [77, [82]. Intermittency
roughly states that the solution exhibits large peaks on very small space scales: it is intimately re-
lated to the notion of strong disorder, which is in several instances shown to imply some geometric
localization of the solutions (see [9, [7]); we refer to Section for more comments. As with weak
and strong disorder, these works show that as long as the noise remains short-range dependent (in
space), intermittency occurs for all values of 5 > 0 when d = 1,2 and only for § larger than some
critical value when d > 3.

In this paper, we carry out a systematic study of the SHE and its intermittent behavior as
t — oo when ¢ in (|1.1)) is no longer assumed to be Gaussian, which is a crucial requirement in all
previously mentioned works. There are several motivations:

(i) In [12,99], (discrete) directed polymers with heavy-tailed environment are considered. It was
shown in [I3], [12] that, in some intermediate disorder regime, they rescale to the SHE with
a-stable Lévy noise, where o € (0,2). In particular, in the same way as stable distributions
arise in the generalized central limit theorem for variables with infinite variance, this suggests
that the SHE with a-stable noise belongs to a new one-parameter family of KPZ universality
classes. It therefore appears natural to study the properties of the SHE with a-stable noise,
as the universal scaling limit of natural discrete models.

(ii) Besides heavy-tailed noise, non-Gaussian but light-tailed noise such as (coloured) Poisson
noise has also been considered before for (continuous) directed polymers; see e.g. [46, [49], or
[40] for a review. We therefore consider here general Lévy noises, which include two central
and important subclasses: a-stable noises a € (0,2) (heavy-tailed), and Poisson noises (light-
tailed).

(iii) After the KPZ equation had been introduced in [76] to model nonlinear growth phenomena,
[71l Section 4.2] pointed out the need to study with power-law noise since certain growth
processes in real experiments, believed to follow the KPZ equation, exhibited scaling behaviors
that could not be explained by a (white or colored) Gaussian noise.

(iv) As we shall see, the SHE (L.1)) is well posed for a large class of white noises ¢ in arbitrary
dimension d. So even in the absence of heavy tails, the asymptotic behavior of the SHE driven
by a non-Gaussian noise may indicate to which degree the KPZ universality class in d > 1 is
robust to distributional perturbations of the noise.

The most striking finding in our paper is that as soon as £ in is non-Gaussian, the solution
to the SHE will be intermittent for all disorder intensities 5 > 0, in any dimension d > 1. We
qualify this result as striking because when d > 3 and the noise has a finite second moment, the
absence of a phase transition sharply contrasts with the results for the SHE with Gaussian noise or
directed polymers in random environments (DPRE) [15] 2], [72] 82 [89]. In particular, if d > 3, our
results imply that for small 8, the SHE driven by a finite-variance non-Gaussian noise £ behaves
very differently from models which at first sight seem to belong to the same universality class. An



STOCHASTIC HEAT EQUATION WITH LEVY NOISE 3

interesting open problem is therefore whether the SHE with non-Gaussian noise can be used to
access the KPZ universality class in d > 2 (because it is guaranteed to be in the strong disorder
regime) or whether it is an example that breaks out of KPZ universality.

The reason why a non-Gaussian noise induces intermittency /strong disorder for any § and in
any dimension is subtle and is related to the fact that it is of purely atomic nature, but in such
a way that atoms are put on random space-time points (determined by a Poisson point process)
rather than on a fixed deterministic grid such as Z¢, which is the standard way of discretizing .
Our proofs in d > 3 show that if £ has finite second moments and [ is small, the combined effect
of atoms located very close to one another becomes the dominant cause for intermittency.

Before describing our main results more precisely in Section[2] we provide a detailed introduction
to Equation (1.1]) with non-Gaussian noise, which aims at being as self-contained as possible.

1.1. Lévy noise with positive jumps. By [59, Chapter 4.4], a space-time white noise &, i.e. a
stationary generalized random field such that for all test functions @1,@s with @109 = 0 the
variables [p1] = [ @1 d€ and E[pa] = [ p2 A€ are independent, necessarily has an infinitely divisible
distribution. Therefore, it is more commonly referred to as a Lévy space-time white noise and can
be written as a sum of a Gaussian and a pure-jump component by the Lévy-Ité6 decomposition.
For most parts of the paper, we assume that there is no Gaussian component and that the jumps
of ¢ are positive (which, as we will show, ensures positivity of the solution to the SHE). General
Lévy noises, with a Gaussian part or with negative jumps, will be discussed in Section (3.3

For a constructive definition of pure-jump Lévy noises, consider a Poisson point process w
on R x R? x (0,00) with intensity v := dt ® dz ® \(dz), where X is a measure on (0,00) that
satisfies A([1,00)) < oo and [y ) 22 \(dz) < oo. The law of w is denoted by P. For convenience,
we sometimes split w into two processes w. and w> that correspond to the restriction of w to
R x R? x (0,1) and R x R? x [1,00), respectively. We let P and P> denote the associated
probabilities, so that P = P ® P>. For a € (0, 1], consider the measure

(1.3) £ = Z 2150} 0(t,2) — KaL,

(t,z,z)Ew

where L is the Lebesgue measure on R x R? and x, = f[a,l) zA(dz). Also let

(1.4) &= > el — Fals Cos = Y. 2liusiy -
(tyz,2)Ew (t,x,2)Ew
Under the assumption f(o,l) 22 \(dz) < oo, the measure £% converges a.s., in the local Sobolev

space H,5(R x RY) for any s > (1 + d)/2, towards a limit &, € H, *(R x R?) (this is a standard
result, we refer to [I3, Appendix A] for a proof of this exact statement). For k > 1 and u € R, the
Sobolev space H*(RF) is the space of all Schwartz distributions ¢ € S’(RF) for which

Iollirasy == ([, (1 +16P)10)Pd€) " < oo,

where ¢ denotes the Fourier transform of ¢. When ¢ € C°(R¥) (i.e., ¢ is smooth and compactly
supported), then $(€) := [pr €% (x) dz. The local Sobolev space H{_(RF) is then defined by

Hit(RY) = {p € S'(RY) : Vpe CZ(RY), pp e H'(RY)],

equipped with the topology induced by the family of seminorms {¢ = ||p@|| furr) : p € C®(RF)}.
The random distribution &, is called a Lévy (space-time white) noise with intensity or Lévy mea-~
sure A. In the simplest example, where A\ = §; and w is a unit-rate Poisson point process on R1T¢, &,
is called a standard Poisson noise. In the the case where A(dz) = az—(17®) dz for some o € (0,2),
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&, is referred to as an a-stable noise. We refer the reader to [6, 50] for more background on Lévy
noises. In the remainder, let F := (F;)i>0 be the completed natural filtration of &,:

(1.5) Fri=o(wn (0,4 x RY x (0,00))).

Remark 1.1. Note that the Poisson process w is measurable with respect to o(&,). Hence the
solution u to that we construct in this paper (which is defined in terms of w) is a function of
the noise £&. Our choice to index by w instead of ¢ is only for convenience because many quantities in
our proofs are easier to express in terms of w than in terms of £; in particular, this is not because
we need an extension of the probability space in our construction. We mention this explicitly
because there are martingale constructions which are similar to the one used in this paper and
that do require an extension of the probability space: this is, for instance, the case in Kahane’s
construction of Gaussian multiplicative chaos associated with a kernel of o-positive type (see [74]
for the seminal paper or [95, Section 2.1] for a review).

1.2. Mild solutions to SHE. A random field (u(t,7));~q ,ege is called a mild solution to the
SHE (1.1 if for all ¢ > 0 and 2 € R?,

6 )= [ oty +8 [ [ ol s —yuls,) €(ds,ay

almost surely. The statement includes the requirement that the integrals be well-defined and finite.

In (L.6),
L1l

pt,z) == (2mt) "% =

is the d-dimensional heat kernel and [|-|| denotes the Euclidean norm on R¢.

Remark 1.2 If [ )2 A(dz) = oo, the noise § does not have a locally finite total variation. In this
case, the stochastic integral on the right-hand side of cannot be defined as a path-by-path
Lebesgue integral (i.e., an integral with respect to a random measure defined on [0,#] x R?) and
must be interpreted in It6’s sense.

In [96], it was shown that (1.1)) has a unique mild solution if

(L.7) dge(1,1+2) : / 29 \(dz) < 00.

(0,00)
While this condition covers many examples, it is not fully satisfying, in particular because it rules
out a-stable noises for all « € (0,2). Subsequent papers that considered the case of a-stable noise
(e.g., [8, 13 136, 37]) neither established uniqueness nor the finiteness of moments of the solution
to . At this point, let us also mention [88] 91], who investigated an SHE with stable noise but
with a non-Lipschitz nonlinearity.

1.3. The truncation approach to SHE. Prior to this article, the most general existence condi-
tion for the solution to the SHE (|1.1)) was obtained, for a Lévy noise with positive jumps, in [13],
but using a (possibly) weaker notion of solution than . The approach in [I3] consists in solving
the equation

(1.8) Ou® = %Au“ + BuEl u®(0,-) = o,
with €% from ([1.3)) and then taking the limit of u® as a | 0.

Remark 1.3. In [13], it is not proved that the obtained limit satisfies (1.6]). In fact, the main focus
of [13] is not the SHE, but rather constructing a continuum path measure on R%: the continuum
directed polymer in Lévy noise. This is further discussed in Section [3.1] below.
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In order to review the results of [13], let us start by introducing some important notations and
quantities. For 0 < s <t < 00, 2,y € R?, let Xp(s,t) := {(t1,..., 1) ERF s <t; < - <ty <t}
and

2B = xp(s,8) x (0,00)%, X = 2y (s, 1) x (RDF,

(19) X = 2y (s, 1) x (RYF x (0, 00)",

We drop the superscript k if kK = 1. For (¢t,x) € X g?, we further define

k+1
(1.10) Ps.aity(t, ) H p(At;, Ax;) ,
i=1
where
(111) Ati = ti — ti,1 and A.’El =T — X1,

with the convention that tg := s, xg := = and tg41 :=t, 41 := y. Given a > 0 we let |£%] and
€% denote the total variation and the positive part of £% (considered as a measure), that is,

(1.12) 162 = &2 + 2k, L and S =€+ Ko L.

We define the point-to-point partition function associated with (1.8) and truncated Lévy noise &
as

oo k
(1.13) nga(s, xyt,y) = p(t — s,y —x) + kz_:l Bk /)((kt) Psity(t, ) Egg(dti, dz;),
under the assumption that

k
(1.14) Z gk / " posanty (b, ) 1:[1 1€2](dts, da;) < oo.
It is proved in [I3, Prop. 2.5 and 2.6] that (1.14)) holds if and only if
(1.15) / (log z)% A(dz) < o0
7m)

The case where = 0 and s = 0 is of particular interest to us, hence we introduce the notational
convention

(1.16) Z5% (st y) = 250,23, y), Z5(t @) == Z5%(0,0;t, @),

which applies similarly to other quantities such as X (¢t) := %k(O t) Xy (k) Xé t), X, (k) Xo(k)

X( )= Xét) and pt » (¢, ) = po,0:t,2(t, ). When the condition (1.15 holds Z3" is a mild solution
solutlon to the SHE with noise £ and initial condition dy. Indeed from , the integrals are
absolutely convergent, so ([1.13)) can be rewritten as

t
(1.17) Z3%a) = plta) + 0 [ [ ot =50 =) 25" (,9) €2(ds,dy)

In the same manner, Z5“(y; -, ) is a mild solution to the SHE with initial condition 4, and noise £,
and given some uniformly bounded g : R? — [0, 00), the random field u® defined by

(1.18) u(t,z) = /Rd uo(y) 25" (y;t, ) dy

is a mild solution to the SHE with initial condition ug and noise £%; see [13, Prop. 2.19].
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Remark 1.4. Note that by translation invariance, we have

<Z§’:a(57 x;t, y))ye]Rd @ (Zg,a(t — 8,y — x))yeRd

(1.19)

_ le—y) 2 +]lwl?

) T sw,a
G )

For this reason, we present most results only for the case s = 0 and x = 0, without loss of generality.

—

y€Rd

The next step is to investigate existence and “relevance” of the limit Zg’a(t,x) as a | 0. If
(1.15)) holds, integrating the “Lebesgue part” of £% (see [13], Prop. 2.15] for details), we obtain the
alternative expression

0o k
(1.20) Z50(t, ) = e et (p(t, z)+ Y B /X o Pra(t @) [T €57 (s, d:ci)),
k=1 t =1

which entails the positivity of Zg’a(t,w). Still under (|1.15)), considering the reverse filtration
g:= (ga)ae(o,l) defined by

(1.21) Ga = 0(£%) = o(wN (R x R x [a, 00))),

one can observe that for almost every realization of w>, (Zg’a(t, T))ae(0,1] 1S @ non-negative cadlag
time-reversed P.-martingale with respect to G (cf. [I3, Lemma 3.5]) and thus admits a limit as
a | 0. To determine whether lim,_,q Zg’a(t,w) is a good candidate for being a solution to ,
a first step is to determine whether this limit is degenerate or not. The answer depends on the
intensity measure A and the following result summarizes the main findings of [I3| Thm. 2.7 &
Prop. 2.10-2.15).

Theorem A. Assume that A satisfies the condition in (1.15)).
(i) If, in addition,

/ 22 \(dz) < o0 ifd=1,
(1.22) ©,1)
dpe(1,1+2) . / P Ndz) < oo ifd>2,
(0,1)

then for every 0 < s <t < oo and x,y € R?, we have
w . — 1 w,a . _
(1.23) Z5(s,x5t,y) 1= il_r)r%)Zﬁ (s,z;t,y) >0 P-a.s.

Moreover, the convergence holds in L'(P.) P>-a.s., that is,

iig%)E< HZg(sjaz;t,y) — Zg’a(s, x; t,y)H =0 P>-a.s.
(i) If, on the other hand, we have
/ 22 \(dz) = oo ifd=1,
0,1)
(1.24) / 22|log z| AM(dz) = oo if d =2,
0,1)
/ P A(dz) = o0 if d > 3,
(0,1)

then P-a.s., we have lim,_.q Z;”a(s, x;t,y) = 0.

Remark 1.5. Note that the assumption f(o,l) 22 \(dz) < oo which appears as a necessary condition

in (4) is required for the Lévy noise with jump intensity A to be well defined. It is not a redundant
assumption since the question of the convergence of Zg’a when a tends to zero can be asked even
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when A is not a Lévy measure. The point (¢i) in the above theorem shows that in that case the
limit is always trivial.

One can also consider a free-end (or point-to-line) version of the partition function with truncated
Lévy noise, given by

(1.25) Z5% (s, wit, %) o= » 25 (s, w3 t,y) dy.

Theorem |A| applies to Zg’a(s,x;t, *) mutatis mutandis. Following the convention , we use
the notations Zg(s, z;t,*), Z5(x;t,*) and Zg(¢,*) for the limits we obtain as a tends to zero
(as a consequence of the reverse martingale property). Furthermore, under the assumptions of
Theorem [13, Prop. 2.20] showed that lim, ,ou®(t,z) exists a.s. for u® defined in ,
without proving that the limit is a solution to . Since moments of the measure A\ play an
important role in our assumptions, we introduce

(1.26) Hap(p) = /[ P A),

for 0 < a < b < 0o and simply write g := p1 00(1).

Remark 1.6. In the case of a finite mean p, given ¢t > 0 and z € R, the convergence of both

ZE’“(t,x) and Zg’a(t, ) as a — 0 also holds in L*(P).

If 4 < o0, it is convenient to consider the normalized partition functions
(1.27) ZPt, ) = efﬁutzg’a(t, ), ZF0t, ) = e*ﬁ“tzg’“(t, *).

In the same manner, we can center the noise by setting 5_5 = &2 — pL, which has the effect that
integrals with respect to &2 have mean zero. Note that

) k
(1.28) Zg’a(t,x) =p(t,x) + Zﬁk/ ® pa(t, x H 2 (dt;, dxy)
k=1

and a similar identity for Z'g’a(t, *).

1.4. Intermittency and related notions. Let (v(t,));~¢ ere be a random field where d > 0;
when d = 0 this means that (v(¢)):>0 is a stochastic process only indexed by ¢. Assuming that the
moment Lyapunov exponents

1
_ — Tim = P
(1.29) Y(p) = y(v.p) = lim ~logE[o(t, 2)P’
exist on R for all p € (0,00) and are independent of = € R?, we let
(1.30) I=Iv)={p>0: v(v,p) < oo},

with the convention v(0) = 0. Further assuming |y(1)| < oo in the following, we define the
normalized moment Lyapunov exponents of v by

(1.31) 3(p) = (p) —py(1).

Clearly, (1) = 0. Following the terminology of [29, 58, 102], if p > 1 and |y(1)| < oo, we say
that v exhibits (moment) intermittency of order p if ¥(p) € (0,00). We say that v exhibits full
intermittency if v is intermittent of all orders p € (1,00) N I.

Let us also introduce some new terminology when we consider moments of order p € (0,1):
we say that v exhibits strong intermittency (in analogy with “very strong disorder” used in the
directed polymer context, see the discussion in the next paragraph) if ¥(p) € (—o0,0) for some

€ (0,1). As p — 7(p) is convex on I (cf. Proposition (i) below), strong intermittency
implies ¥(p) < 0 for all p € (0,1) but also that ¥(p) > 0 for all p > 1. Thus, strong intermittency
implies full intermittency. As Section [3.2] below reveals, strong intermittency, plus some ergodic
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properties in z, yields a geometric characterization of intermittency: we have a mass concentration
of the paths of v at large times, characterized by the appearance of exponentially large peaks on
islands covering only an exponentially small fraction of space. A more quantitative study of this
phenomenon was undertaken in [78] [79], and we also refer to [57] for a similar work concerning the
parabolic Anderson model on Z¢.

Intermittency for the SHE. For the SHE on Z? with either a Gaussian or a finite-variance Lévy
noise, the results of [1I, 2, 29] and [15] show that

o if d = 1,2, then strong intermittency holds for every g > 0; -
e if d > 3, then strong intermittency holds if and only if 5 > 3. for some S, > 0.

For the SHE on R driven by a multiplicative Gaussian white noise £, the analysis of intermittency
has a long history: if £ has variance 1 and ug = 1, the authors of [16] derived the formula
p(p® — 1)

(1.32) v(p) = v(u,p) = Tﬁ4

for p € N and proved it for p = 2. Later, a proof of was given in [31] and [85] for all integers
p € N and all real numbers p > 2, respectively. The formula for all p > 0 (and in particular,
strong intermittency) was only established recently in [51} 61] using integrable probability methods.
For the SHE on R? driven by a Gaussian noise that is white in time and colored in space with,
say, a compactly supported correlation function, one has a similar picture to the discrete-space
setting: strong intermittency always holds if d = 1,2 and only for large 5 if d > 3; see [33,[82]. The
situation may be different if the noise has long-range spatial correlation, as shown in [33] 56, [82].

For the solution to the Lévy-driven SHE, under the assumption (1.7]), [38] established intermit-
tency of order p in the following cases: for all p € (1,3) if d = 1; for p close enough to (but smaller
than) 1 + % if d > 2; for any fixed p € (1,1 + %) in any dimension d > 2 if 3 > 3,4 for some
Bp,d > 0. Whether strong intermittency (or full intermittency in dimensions d > 2) holds in the
Lévy case or not, has been an open problem so far.

Very strong disorder for the directed polymer model. To complete the former discussion, let us
mention some results that have been proved for the DPRE, whose partition function formally
corresponds to the solution to an SHE in discrete space and time. In the context of the directed
polymer model, the notion equivalent to strong intermittency is that of very strong disorder (see
for instance [3, 28] [81]). For cultural reasons (DPRE is a statistical mechanics model), very strong
disorder is a property of the free energy, that is, of the asymptotic behavior of E[log Zg(N, *)],
rather than a property of the moments of order p € (0,1) of the partition function; but this is
not relevant for the present discussion. Very strong disorder has been proved to hold for directed
polymers in a various settings:

e When d =1 [44] and d = 2 [81] for any § > 0;

e When d > 3, if the environment has a power-law distribution with exponent v € (1,1 + %], for

any § > 0, in [99] (this roughly corresponds to a-stable noise in the SHE context).

The method used in [8I] does not rely much on the discrete nature on the model and has been
adapted to prove analogous results when either space or time are continuous: Let us mention the
case of the SHE on Z¢ with Gaussian white noise [I5], the SHE on R? with a Gaussian noise which
is white in time but colored in space [82, Thm. 1.2}, or directed polymers in a Poisson environment
[40, Rem. 3.4.3] (the partition function of which corresponds to that of the SHE with a spatially
convoluted Lévy noise). In fact, the techniques can also be adapted to the SHE with Lévy noise,
and the content of Section in the present paper is strongly inspired by the proofs in [81] (for
d=1) and [99] (for the case of heavy-tailed noise).

On the other hand there are other situations where the directed polymer model does not display
very strong disorder:

e When d > 3, if the environment has bounded second moment and $ is small [21], [72];
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e When d > 3, if the environment has a power-law distribution with exponent o > 1+ % and (3 is
sufficiently small [99].

In both cases, it has been shown that the directed polymer displays weak disorder, a property
which implies but goes beyond the absence of very strong disorder. Weak disorder implies, for
instance, that the sample paths drawn from the polymer measure have diffusive behavior [45].

For this reason, the question of whether strong intermittency holds for the SHE with Lévy
space-time white noise is particularly intriguing when d > 3 and § is small.

2. MAIN RESULTS

Our main results can be summarized as follows:

(i)

We considerably reduce the gap conditions ((1.22)) and (|1.24)) leave regarding the non-degeneracy
of Z¢(t,x) if d > 2. We obtain, in Theorem and Proposition a necessary and suffi-

cient condition in dimension d = 2 and a close-to-optimal condition in dimensions d > 3. We
further prove the LP-convergence of Z;(t,x) to Z(t,x) for all p € (1,1 + %) as soon as the
noise &, has a finite pth moment (i.e., p1 o (p) < 00).

In Theorem we show that the limit ZZ(Z,z), when non-degenerate, is indeed a mild
solution to the SHE with initial condition dy. Theorem further establishes the uniqueness
of solutions under conditions that are general enough to include the case of a-stable noise.
After establishing the existence of the moment Lyapunov exponents of Z (¢, *) and Z§ (¢, z) in
Proposition we show our most striking result in Theorem the solution to the SHE
with a multiplicative Lévy noise and dg-initial condition exhibits strong intermittency—and
thus, in particular, full intermittency—for any non-trivial environment with finite expectation,
that is, for any 8 > 0, in any dimension d > 1, for any non-trivial intensity measure A with
i < oo. In Theorems and we further complement this result by deriving sharp
asymptotic estimates on the moment Lyapunov exponents as [ tends to 0.

The proof of the aforementioned results relies on two main methodological achievements:

(i)

(i)

2.1.

By combining decoupling inequalities with an iterative partition of Xt(k) (the integration do-
main of (¢, z)), we establish, in Propositions[6.1|and sharp moment bounds of order p > 1
on the multiple Lévy integrals that arise in the series representation of Z};’a(t, x). From
these, we will then derive the upper bounds for p > 1 and, by convexity, the lower bounds for
p < 1 in Theorems and The proof of Theorems [2.1], 2.6 and 2.8 will also rely on
these moment bounds.

By combining a change-of-measure technique with a coarse-graining approach, summarized
in Lemma we obtain moment upper bounds of order p € (0,1) for Z¥(¢,*) which are
then used to show Theorem 2.12] as well as the lower bounds in Theorems 2.13] and 2,14
Moreover, we apply a simpler version of this method to prove Proposition [2.3] While the
coarse-graining and change-of-measure approach is derived from that used in [81], which
itself was inspired from earlier work on disordered pinning [54] 63, 7], its implementation
to prove Proposition (which is the most important part of the proof of Theorem
and Proposition relies on important novel ideas, which we discuss in more details at the
beginning of Section [0} In particular, it is crucial that atoms of the noise can occur arbitrarily
close to each other, which distinguishes from discretizations of the SHE on a lattice.

Optimal conditions for the non-degeneracy of Zg(t, x). When d > 2, Theorem

displays a gap between the sufficient condition (1.22)) and the necessary condition ((1.24]) for the
non-degeneracy of Zg(s,x;t,y). Our first result reduces this gap when d > 3 and identifies the
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necessary and sufficient condition in dimension d = 2. Our new sufficient condition reads as follows:

/ 22 \(dz) < o0 ifd=1,
(2.1) 0N
M tallog 2| A(dz) < 0o ifd>2.
(0,1)

For later reference, we also included the case d = 1, which is identical to (1.22)).

Theorem 2.1 (Non-degeneracy). Let d > 1 and assume that (1.15) and (2.1) hold. Then, for
any t and x, we have

w 1 w,a _
(2.2) ZE(t,w) = ilg[l) Z57(tx) >0 P-a.s.
In addition, for any p € [1,1+ 2), we have

P
(2.3) lim E<HZ (t,) — Z5(¢, ac)‘ |=0  Pseas
If furthermore pu1,00(p) < 00, then

P

(2.4) hmEsz“ (t,2) - Z5(t2)| | = 0.
The same results hold for the free-end partition function Z%’(t, *).

Remark 2.2. The restriction p € [1,1+ %) in is simply due to the fact that for p > 1+ 3 2 for
any a > 0 and any non-trivial measure A we have E[|Zw “(t,x)|P] = oco. It is easy to check that in
the case of A with bounded support the term corresponding to £k =1 in has finite moments
of order p if and only if p < 1 + %. We also refer to [38, Thm. 3.1].

Together with (1.24)), this shows that (2.1)) is necessary and sufficient for the non-degeneracy of
Zy (t,z) and Z¥(t, %) in dimension d = 2. If d > 3, the following result improves upon the necessary
condition in

Proposition 2.3 (Degeneracy). Suppose that (1.15)) holds and that d > 3. If for some ¢ > 0, we
have that

1+2
(2.5) / 2l g Z oo,
(0.7) (

log]log )+ +¢

then for all t > 0 and x € R?, we have
lim Z;(t, z) = (111)1%) Z57(t,*) =0 P-a.s.

a—0
While there is still a small gap between (2.1)) and (2.5)) if d > 3, we believe that (2.1)) is necessary
and sufficient for non-degeneracy.

Remark 2.4. There is a small abuse of language when we say that we establish an almost necessary
and sufficient condition for existence of solutions to the SHE, since Proposition[2.3|does not a priori
exclude the existence of solutions that are not given by limits of solutions with truncated noise.

Remark 2.5. Besides replacing by the weaker condition and the inclusion of LP-
convergence, Theorem [2.1] contains a third important improvement. Contrary to Theorem [A]
the proof of , which is sufficient to establish non-triviality of the limit, does not rely on the
positivity of Zg’a(t, x) and can thus be directly adapted to the case of signed noise, an observation
that we further elaborate on in Section On the other hand, our proof of Proposition
strongly relies on having only positive jumps.
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2.2. Existence and uniqueness of solutions to SHE. Our next result shows that the point-
to-point partition function Z3 (t,z) solves the SHE with Lévy noise &, and initial condition dg.

Theorem 2.6 (Existence). Suppose that and hold.
(i) The point-to-point partition function Zg(t,x) is a mild solution to the SHE with initial
condition 8y, that is, for every (t,z) € (0,00) x R?, the stochastic integral below is well defined
and the following identity holds a.s.:

t
(2.6) z(ta) = plta)+ 8 [ [ plt =50 —9)25(0.9) u(ds.dy).
(ii) If ug is a locally finite signed measure on R? such that
1

. -2 o d 1

(2.7) timsup 2 log (Juo([~r.71%)) < 57
for some T > 0, then
(2.8) o(tw) = [ 25t uo(dy)
Rd

is well defined and finite for all (t,x) € [0,T] x RY and is a solution to the SHE (1.6) with
initial condition ug, on [0,T] x RZ.

Remark 2.7. The proof presented in this paper actually implies that

00 k
(2.9) Zg(tv z) = p(t,x) + Z Bk / ) pt,x(t7 ) H u(dt;, d;),
k=1 7%

i=1
where the right-hand side is well defined as a convergent sum of iterated stochastic integrals (see
Section for the corresponding framework).
Under the stronger condition (|1.22)), we further have uniqueness.

Theorem 2.8 (Uniqueness). We assume that A satisfies (1.15) and (2.1) and that uy and T
satisfy (2.7). We let (v(t,))icpor), zere be the solution to the SHE defined in (2.8). Then there

exists 0 > 1 such that for all p € (1,1+ 2), t € (0,T] and z € R, we have

E-[Ju(t,2)|?| < o0 P> -a.s.,
2.10
(2.10) / p(0(t — s),z)PE- [|’U(S,:L‘)|p} dsdz < o0 P>-a.s.
(0,t) x R4 -

Moreover, if \ satisfies (1.22)), v is the unique predictable random field (up to modifications) that
is a mild solution to the SHE (1.6)) and satisfies ([2.10)).

Remark 2.9. Since Equation (|1.6) only makes sense if the process &, is well defined, the assumption
(2.1)) present in Theorem and is redundant in the case d = 1.

2.3. Lyapunov exponents and intermittency. Having established the finiteness of moments in
Theorem 2.1, we now investigate the growth rate of these moments as ¢ — co and their dependence
on . Our first task is to establish the existence of the (moment) Lyapunov exponents.

Proposition 2.10. Assume that (1.15) and (2.1)) hold and let p € (0,1 + %)
(1) If p1,00(p) < 00, then the moment Lyapunov exponent

(2.11) 18(0) = 2(Z5(t,%),p) = Jim o E[25(t, 7]

exists and is finite.
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(i) The exponents vyg(p) also capture the growth of the point-to-point partition function, in the
sense that

. ot 0y] =
(2.12) Jim ~1og |25 (1,0)"] = 75(p).

By [38, Thm. 3.1], we have E[Z4 (t, ) *2/4] = E[Z4(t,0)!*?/¢] = oo for any t > 0 and non-trivial
A. We also have E[Z§ (¢, %)P] = 00 if j11 00(p) = 0o. Hence, y3(p) is well defined (possibly infinite)
for every p > 0. Letting

(213) Pmax = pmax()\) ‘= sup {p € [07 1+ %) : /'Ll,oo(p) < OO} )
we obtain from the above observation that the set
(2.14) Iy = I(Z8(t,%) = {p 2 0 : 74(p) < o}

is either [0, pmax) Or [0, Pmax], the latter occurring if ppax < 1+ % and /11,00 (Pmax) < 00.
The next result lists a few (partly classical) qualitative properties of y5(p). If i < oo (in which
case 1 € I), we write

Y8(p) == V(ZE (t,%),p) = v8(p) — p18(1) = Y3(p) — P = V(ZE (¢, %), D).
By Jensen’s inequality, we have y3(p) > 0 for p > 1 and 75(p) < 0 for p < 1.

Proposition 2.11. Under the assumptions of Proposition[2.10, we have the following:

(i) The map p — v3(p) is convex on Iy.
(it) If p < o0 and p € Iy, the map B — g(p) is non-decreasing if p > 1 and non-increasing if
p € (0,1].
(iii) If pmax > 1, then p— vg(p)/p is strictly increasing on {p € I : v3(p) — pys(1) > 0}.

Our next goal is to understand under what conditions we have strong intermittency. Informally
speaking, strong intermittency implies that the solution develops exponentially large peaks on
exponentially small areas. A more formal description of the relationship between intermittency
and localization is given in Section Based on the results reviewed in Section [1.4] one may
conjecture that the solution to the SHE on R? driven by a Lévy noise (that is white in time
and space) exhibits a similar behavior: strong intermittency in dimensions d = 1,2 and strong
intermittency only for large 3 if d > 3. This turns out to be a fallacy: the SHE with a non-trivial
Lévy noise always exhibits strong intermittency, irrespective of 3, A, d or p.

Theorem 2.12 (Strong intermittency). Letd > 1. If X # 0, p < oo and 8 > 0, we have Yg(p) < 0
forp € (0,1) and 33(p) > 0 for p € Iy N (1,00).

To shed more light on this peculiar result, we further investigate the detailed behavior of 43(p)
in the small § limit. Let us start with the case of light-tailed noise at infinity.

Theorem 2.13 (Light-tailed noise). Assume that (2.1)) holds.
(1) If d =1 and p11,00(2) < 00, then for every p € Iy \ {1}, there ezists Cp, € (0,00) such that for
every 3 € (0,1], we have
(2.15) (Cp)7'8* < s(p)] < CpB™.

In the special case p =2, we have Y5(2) = $10,00(2)? 2.
(it) If d > 2 and p o0(1 + 2) < 00, then for every p € (0,1+ 2)\ {1},

i 108 |log |Y5(p)||

2.16
(2.16) B0 |log B]

-1+

ISHIN
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If d =1 and d = 2, these results match the asymptotics for the free energy of the directed
polymer in a random environment (see [92] for d = 1 and [10] for d = 2). In dimensions d > 3,
however, one has in the directed polymer setting that y3(p) = 0 for sufficiently small 3, see [2]]
and [99, Prop. 4.1]. Note that implies that |33(p)| vanishes very fast as 3 goes to zero. As
a consequence, there is not a lot of margin to play with to prove that |3(p)| > 0 when 3 is small,
and the proof indeed relies on a fine tuning of parameters. The behavior of 73(p) is different if A
displays an heavier tail at infinity. In this case, y3(p) has a power-law behavior close to § = 0. Let

(2.17) v =1-%(p—-1).

Theorem 2.14 (Heavy-tailed noise). Assume (2.1)) and that p < co.

(i) If p11,00(q) < 00 for some q € (1,min(2,1+ 2)), then for every p € (0,q] \ {1}, there exists
Cp.q € (0,00) such that for every € (0,1],

a
(2.18) 78(P)| < CpgBe
which implies

loale
(2.19) lim inf 222 @) S @
B—0 10g,8 Vq

(i) If 11,00(q) = 00 for some g € (1,min(2,1+ 2)), then

loalA
(2.20) limsupw < €
s—o  logpB Vq
for every p € (0,q) \ {1}. In particular, if
log A
(2.21) i L8 Az )
2—00 log z

for some 1 < a < min(2,1+ 2) (which includes the a-stable case), then for all p € (0,a) \ {1}

(2.22) i 108170P) _ o

-0 log Vo

2.4. Overview of the rest of the paper. The remainder of the paper is organized as follows.
In Section [3] we discuss some extensions of our results and some related conjectures concerning
geometric localization. Section [4]introduces a few important tools that are needed throughout the
paper. In Section[f] we prove all basic properties concerning the moment Lyapunov exponents, that
is, Propositions [2.10/and Section[6]is devoted to proving our first main technical achievement:
Propositions and which contain upper estimates on moments of order p > 1 of Zg(t, x). In
Section[7], we then use these moment bounds to derive Theorem 2.1and the first halves of Theorems
and The existence and uniqueness of solutions (i.e., Theorems [2.6/and are addressed
in Section |8, Finally, Section@ gathers the proofs that rely on a coarse-graining/change-of-measure
approach summarized in Lemma In particular, we show the remaining halves of Theorems
and as well as Proposition The Appendix contains proofs of some of the results
introduced in Section [

3. EXTENSIONS AND CONSEQUENCES OF OUR RESULTS

3.1. Continuum directed polymer model. As mentioned in Remark the main purpose of
introducing Zg’“(t, %) in [I3] is not to study the SHE but rather to define a random probability

measure on Co([0,T]) := {6 : [0,7] — R : 0 continuous and #(0) = 0}, called the continuum
directed polymer in a Lévy environment. For T > (0 the directed polymer in the truncated
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environment &, is the probability measure Q7' on Co([0,7]) defined via the integral of bounded
Borel measurable functions as follows:

—BKqt
Qi) = zﬂ@) (Q[f((Bote o] + Z g* / o Pt 1) Ha dtz,dm)
where p(t,, f) := Q[f((Bt)wejo,r) | Vi € [k] : By, = ;] and [k] := {1,...,k}. Here, Q denotes
the distribution of a standard d-dimensional Brownian motion and, Wlth some light abuse of
notation, Q[- | Vi € [k] : By, = x;] is the law of the concatenation of Brownian bridges obtained by
conditioning a Brownian motion on the null event {Vi € [k] : By, = ;}. The main result in [13]
is to prove that QT converges in distribution to a limit QT under the assumptlons and

. By the ﬁndmgs of the present paper, we can replace (|1.22)) by (2.1)) in the results of [13].

Theorem 3.1. If the measure \ satisfies (1.15) and , then there exists a measure Q%B on
Co([0,T)) such that almost surely, for every bounded continuous function f in Co(]0,T]), we have

(3.1) lim Q775 (f) = Q75(/)-

Proof. The convergence of Q7/5(f) for a fixed f is a consequence of Theorem Indeed, Q775(f)
can be written as a quotient Zg’a(T, f)/ Zg’a(T, ). Theorem asserts that the denominator
converges to a positive limit and the martingale argument below entails the almost-sure
convergence of Zg’a(ﬂ f). The fact that convergence holds simultaneously for all continuous
bounded functions is a consequence of tightness. The proof given in [I3, Section 4.8] shows that
the family of non-normalized measures {ZZ’G(T,*) X Q;g :a € (0,1]} is tight, with no other
assumption than (L.15). The tightness of {Q(’:ﬁ% : a € (0,1]} then follows from the almost-sure
positivity of Zg’“(T, x); cf. ([2.2). O

3.2. Geometric localization of the solution to the SHE.

The case ug = 1. The intermittency result given in Theorem (especially the part concerning
strong intermittency) has direct implications on the distribution of mass for the solution to ([1.6)
with initial condition ug = 1. To illustrate this, let us present an argument from [16, §2.4], adapted
to the case of non-integer moments—the argument in [16, §2.4] is about mass concentration for
the square of the solution.

If 4 < oo and holds, the solution to with ug = 1 is given by

0= [ 25t

Let us define the normalized solution U(t, z) := e #*U(t, x). By symmetry, we have that U (t,
ZB (t,*) for any fixed z. For a fixed value of ¢, let us assume that the field U (t, ), cga is ergodic
(in the case of a Gaussian noise, this was proved in [32]): we then get

i< Ut ) da

(4)
x)

. _ _w _
(3.2) Jim T =E[Z5(t,)]| =1,
where o4 = 7rd/2I‘(g + 1) is the volume of the unit ball in R%. On the other hand, if p € (0,1) and
¥3(p) < 0 (which is ensured by Theorem [2.12)), then for any « € (0, Wpﬁf@i)) we have

. wa||<R U(t, J")l{U(t z)<eot} dzx —
Rh_rgo o'de =E [Z/:? (t, *)]—{Zg(t7*)§€at}:|

(3.3) < e(lfp)at[g[gg(t, £)P] < el(1-PatTs ()]t
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where the last step relies on super-multiplicativity, see Lemma below. Setting § := a(p—1) —
¥3(p) > 0 and combining (3.2)) and (3.3), we obtain

(3.4) lim Jiaj<n Ut L ayzey 2 1— e 0t
R—o0 foIISR U(t, JI) dx

Note that we also have

- jzi<r Yo p)zeory 42
(35 AT o

thanks to Markov’s inequality. Hence, the two identities (3.4) and (3.5)) show that in the large ¢
limit, the mass of the solution concentrates on a very small portion of space.

= P(Z_EJ(t, ) > eat) <e

The case ug = dg. Although this is much more difficult to prove rigorously, we believe that inter-
mittency in Theorem also has implications on the localization of the solution Zg’“(t, x) to the

SHE with & initial condition. Let us consider the probability measure on R¢ given by

w,a
2 (dw) = M
’ ZB (tv*)
When 8 =0, PE),t is simply p(t,x) dx. In this case, for large ¢, its mass is roughly homogeneously

spread out on the centered Euclidean ball of radius ¢1/2. By contrast, if § > 0, the large time
behavior of Py’ .(dx) is conjectured to be different: the mass of Pg, should typically be concentrated
on a set of bounded volume (the volume here should not depend on t).

Conjecture 1. Given ¢ > 0 and S > 0, there exist two constants k = k(¢,3) € N and R =
R(e, B) > 0 such that for all t > 0,

k
P(E!zl,zz,...,zkERd : Pﬁt<UB(zi,R)> 21—8) >1-—c¢,
=1

where B(z,R) :={x € R?: ||z — 2| < R}.

A weaker version of the above conjecture is that localization holds in Cesaro mean, that is, for
e > 0and 8 > 0 fixed, there exist two constants k = k(e,8) € N and R = R(e, ) > 0 such that

LT s
(3.6) i | e, Pﬂ’t(HB%R)) dr=t-=
In fact, such statements have been rigorously proved for a discrete analogue of the SHE: the
partition function of the discrete polymer in Z%. In this setup, the link between very strong
disorder and localization in the Cesaro sense was first explored in [27] [43]. More recently, in [9], it
was shown that for directed polymers, very strong disorder implies ; the result was extended
to continuous space and discrete time in [7]. The approach in [7, [9] is to prove that the measure
% fOT Pg, dt converges to a limiting object, using a specific topology (introduced in [90]) on the
space of finite measures on R%. The corresponding localization result has also been shown for
a continuum directed polymer model (and SHE) with spatially convoluted Gaussian white noise
in [24], using a Gaussian multiplicative chaos approach.

While many details of the proofs presented in [7, 9] use the discrete nature of the polymer
model, the general ideas the proof is based on do not seem to rely on it. For this reason, we
believe that while there are technical challenges to be overcome (in particular there are moment
conditions in [9] which correspond to a finite second moment for the discrete environment), these
proofs could in principle be adapted to the continuum case, to show that holds whenever
y5(p) < 0 for p € (0,1) and hence, by Theorem for any 8 > 0 as soon as p < oo.



16 QUENTIN BERGER, CARSTEN CHONG, AND HUBERT LACOIN

Remark 3.2. Note that the localization result in [9] holds for every § in dimensions 1 and 2 but
only for 8 above a certain threshold in dimensions d > 3. This is because for the directed polymer,
the analogue of our Theorem does not hold. Quite the contrary, if d > 3 and § is small, the
end-point distribution of the directed polymer satisfies the central limit theorem [21], 145 [72].

Remark 3.3. The above discussion gives a justification of Conjecture [I in the case when p < oo
(which implies that Z§(¢,*) has a finite expectation). As a general rule, an environment with
heavier tail is expected to only increase geometric localization (cf. [98]).

Remark 3.4. When d = 1, known results concerning the distribution of Zg(t,x) in the case of
Gaussian white noise [5] strongly suggest that, in fact, only one big ball (that is, & = 1) is
sufficient to capture most of the mass of Pg,. For a proof of a result of this kind in the discrete
polymer setup (with a special boundary condition), we refer to [42]. In dimension d > 2, whether
one or finitely many balls are needed is a challenging open problem, even at the heuristic level,
see [9, Section 9, (1)].

3.3. The case of more general noise. In general, a Lévy white noise £ (on R x R?) is a random
distribution in M5 (1442 Hge (R X R?) that can be decomposed as follows:

(3.7) =86 &S+t az+al

where £ and & are two independent Lévy noises with positive jumps and respective jump inten-
sities A1 and Ao, &3 is a standard Gaussian space-time white noise that is independent of &; and
&, and a1 > 0 and as € R are constants. In our exposition so far, we have chosen to focus on the
case & = 0 and a3 = as = 0. The constant «g is irrelevant for any discussion of as it only
adds a multiplicative exponential in ¢ to the solution.

Adding a Gaussian part in dimension 1 does not pose a problem for solving ; see [35].
Given that y(p) in exhibits the same behavior in 8 as y3(p) in (2.1F)), we believe that both
Theorem [2.13] and 2.14] remain valid when Gaussian noise is added.

One can also consider a noise £ = & — & that includes negative jumps. In this case, one can
approximate & by £* = £ — &9. Then the criterion (1.15) applied to both jump intensities A\;
and Ao still implies the convergence of the integrals in (1.14)), and many of the proofs presented in
this paper can be applied verbatim. Note that when negative jumps are present in the noise, the
solution is not necessarily positive. In particular, in this case, Z}‘; (t,z) does not correspond to the
partition function of a polymer model.

Applying the proofs presented below, Theorems [2.1] [2.6] and [2.§ remain valid when signed noise
is considered, and the same holds true for the upper bounds of E[| 25 (¢, 0)[P] for p > 1. In fact, this
translates into half of the inequalities (the upper bounds) proved in Theorems and On
the other hand, our proof of Proposition @ and the upper bounds on E[| 2§ (t,0)[?] for p € (0,1)
rely in a crucial manner on the positivity of Zg(t,O), and thus break down when allowing for
negative jumps. Note that the upper bounds on fractional moments of the partition function are
required for the other half of the inequalities (the lower bounds) in Theorems and and
in particular, for Theorem We believe nonetheless that intermittency occurs in the following
sense.

Conjecture 2. If £ = & — & is a signed Lévy white noise as above, with jump intensities that
satisfy (2.I) and [5° 27 (A1 4+ A2)(dz) for some py < min(2,1+ 2), then

1 y
75(p) = lim EIOgEHZﬂ (t,0)[7]

is well defined for p € [0, po] and p — vg(p)/p is an increasing function of p on the interval [1, po).
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4. PRELIMINARY TOOLS

4.1. Size-biased measure. If u < oo, note that 2_’;”“(15, *) is non-negative by (1.20) and satisfies

E[Z_;;’a(t, )] = 1. We can therefore define a new measure Iﬁ’%t for the environment by
(4.1) P4 (w € A) :=E[Z5"(t,#)14],

which is referred to as the size-biased measure. If (Zg’a(t, *))ae(0,1) s uniformly integrable, then
using martingale convergence, we can also consider ]f”%’t whose density with respect to P is given
by Z5(t, ).

Lemma 3.7 in [I3] gives a useful representation of the size-biased measure @%7t: the distribution

of w under Iﬁ’%t is obtained by adding to w an independent Poisson process on the trajectory of
a Brownian motion. More precisely, we let w’ be a Poisson point process on R x (0,00) with
intensity dt ® Bz A(dz) and we denote its law by P’;. Furthermore, let (By);c[0,00) be a standard
d-dimensional Brownian motion starting from 0 that is independent of both w and w’ and denote
its distribution by Q. For a € [0, 1], we then define

o, B) = {(r,B,Q): (r.¢) €'},
Baa(, B) 1= {(7,B-,0) : (1,Q) €w',7 € [0,4] ¢ > af,

which corresponds to putting the Poisson process w’ on the trajectory of B, with some restrictions
on 7 and ( in the second case. When a = 0, the dependence in a is sometimes omitted.

Lemma 4.1. If p < oo, then for any B,t > 0 and a € (0,1] and for any measurable bounded
function g, we have

(4.2) E% ,[9(w)] = Eg[Ga(w, ', B)),

where @Wf(‘*i’ W', B) = g(wUwet(w', B)) and ]?’5 =P@P;®Q. Moreover, (4.2) is also satisfied
for a=0if (Z5°(t,%))ac(0,1) is uniformly integrable.

If @ > 0, this was shown in [I3| Lemma 3.7]. For a = 0, the result follows from the case a > 0
since E[Z(t, %) | Ga] = Z5"(t, *) for any a € (0, 1], which is why with @ = 0 is true for any
bounded G,-measurable g. The monotone class theorem yields for general g. Note that by
Theorem implies that (Zg’a(t, *))ae(0,1) is uniformly integrable.

Remark 4.2. In as well as in the rest of the paper, we denote the expectation with respect to
a measure [P, possibly with decorations, by E with the same decorations. For example, we write
Egyt, E/B and IAEB for expectation with respect to Pa@t, P/ﬁ and ]?’5, respectively.

4.2. Decoupling inequalities. In the proofs below, we will make use of moment decoupling
inequalities for multiple Poisson integrals. The results that we review in this section are based on
[75], where discrete-time decoupling techniques from [52] [80] are extended to continuous time. We
also refer the reader to these references for further literature (and history) on the subject. Let
N > 1 be an integer, let X := (0,00) x R% x (0, 00), with generic point w := (t,,2), and for
concreteness let M = M“ be the compensated Poisson random measure M¥(dw) = (6, — v)(dw)
(recall that v := dt ® dz ® A(dz)). Suppose that f : XV — R is measurable and tetrahedral, that
is, f((t1,z1,21),..., (N, 2N, 2n)) = 0 unless ¢ < --- < tn. In that case, subject to integrability
conditions on f, the multiple integral

/XN Flw) M(dw,) - - M(dwy) :/X( (/Xf(w) M(dw1)> -~>M(dwN)
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with w = (wy,...,wn) can be defined as an iterated It6 integral (recall Remark . The general
definition of It0 integrals used in this paper is detailed in Section We let (wi)il denote i.i.d.
copies of our environment w and we use the notations P® and E®V for the associated probability
and expectation, respectively. The following theorem is proved in Appendix [A]

Theorem 4.3. There exists a universal constant C' > 0 such that for every 1 < p < 2, for any
integer N > 1 and any measurable and tetrahedral function f : XY — R satisfying

(43) [ M) v(dwn) - v(du) < oo,

the stochastic integrals below are well defined and have finite moments of order p satisfying
P
)
C
(4.4) < IEH/N f(w) M¥(dwy) - - M*“(dwy)
X

< (%)= ]

4.3. Stochastic integration in the absence of moments. Since Zg(t,m) does not have any
finite moments in general, the proof of Theorem has to make use of a stochastic integration
theory that does not assume existence of any moments a priori. For the reader’s convenience, let
us give a brief review of this L°-theory, which was developed by [19] in its most general form (see
also [37, Appendix A] for a summary). Let M = M* denote either the Poisson measure 4, or its
compensated version ¢, — v.

A predictable step process H is of the form H = }i_; a;14,, where r € N, a; € R, and for
each i we have 4; € P ® B(R? x (0,00)) (where P is the usual predictable o-field) and A; C
Q x (0,T) x [-N, N]¢ x (a,00) for some T, N,a > 0. Then, the integral of the predictable step
process H = Y7, a;14, is canonically defined as

L ) 20 ) 22 )
[ 7(00) M @) M )

/ H(w) M(dw) == 3" a;M(A;).
X i=1

Denoting by S the collection of predictable step processes, we can extend the integral to a larger
subset of predictable processes by using the metric induced by

(4.5) IKlnp = sup
HeS | HI<IK|

9

Lp

/X H(w) M (dw)

defined for P @ B(R? x (0, 00))-measurable processes K, where we have used the notation | X||z» :=
E[|X[?]'/? and || X||z0 := E[1 A |X|]. Such a process K is called LP-integrable with respect to M if
there exists a sequence (H,)neny C S such that lim, || K — Hy|lap = 0. The stochastic integral
of K with respect to M is then defined as the LP-limit of [y H,(w) M (dw), which exists and does
not depend on the choice of (Hy)nen. If p = 0, we simply say that K is integrable with respect to
M. According to [19} (2.8)], K is LP-integrable with respect to M if and only if

K <00 it p >0,
(4.6) 1K asp itp
lim ||uK||po=0 if p=0.
u—0

Furthermore, by [37, Lemma A.2],
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o if 1 <p<ooand M¥ =, — v, there are ¢, > 0 and C}, > 0 such that

1

pr
( / K(w)Qéw(dw))
X
e if 0 < p<1and M¥ =§,, then

1Ky < [ BIK )P v(dw)

In particular, the LP-theory, p > 1, for §,, — v encompasses the LP- and L?-integrals considered in
[96] and [100]. Even in the case when d,, — v has a finite first moment (i.e., is a martingale measure),
the L-theory is more general since it does not require the integrands have finite moments.

Let us end this section with a simple integrability criterion that we need in the proof of Theo-
rem Its proof can be found in the appendix.

(4.7) cpl| Kllmp < E < Cpl| K| pps

Lemma 4.4. Suppose that for P>-a.e. w>, the process (w<,t,x) — K(w< Uws,t,x) is LP(P.)-
integrable with respect to &,_ for some p > 0. Then K is LO(P)-integrable with respect to Eue-

4.4. A technical lemma. The following technical result will be used repeatedly in the paper. Its
proof comes from a straightforward calculation and can be found in [I3, Lemma A.3].

Lemma 4.5. Foranyt >0, k>0 and (1,...,Ck+1 > 0,
k+1

/mt H (At dt = 21 Cl_ln(ZZI"““( ))

where At; = t; — t;_1, with the convention to =0 and ty+1 =t.

9. QUALITATIVE PROPERTIES OF LYAPUNOV EXPONENTS

In this section, we prove the statements made in Section [2.3] concerning existence and basic
properties of moment Lyapunov exponents (Propositions and , assuming that Theorem
[2.T]as well as the bounds in Propositions[6.Iand[6.3|below are true. These are proved independently
in Sections [6] and [7] respectively.

5.1. Existence of Lyapunov exponents. The existence of v5(p) readily follows from sub-
/supermultiplicative properties of the moments of the partition function.

Lemma 5.1. Under assumption (1.15)), for every a € (0,1], s,t >0 and p € [0,1 + %), we have
(5.1) E[Z5%(t + 5, %)P] < E[Z5(s, *)PIE[Z5% (¢, +)7] ifp>1,
(5.2) E[Z99(t + 5, )] > E[25%(s, o [E[Z5°(6,#]  ifp< 1.

Proof. The statement being trivial if /11 o (p) = 00, we can assume p1 o (p) < oo for the remainder
of the proof. Let PE’ f denote the (random) probability measure on R? whose density with respect

to the Lebesgue measure is given by Z3“(t,x)/Z5(t,+) and X denote an R-valued random
variable with distribution PJ. Recalling the definition ([L.25) of Z5*(s,z;t,+) and using the
Markov property for Brownian motion, we have

Zg’a(s +1t,%) = / Zg’a(s, :E)Z;’a(s, x;s+t,%)dx
Rd
5 (5,%) ) 25 (s, 35+ t,%) Py (dz)
R I’

- Zg’a(s, *) E;;: {Zg’a(s, X;s+t, *)} )
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For p > 1, we get by Jensen’s inequality that
Z7(s+t,x)P < 25 (s, %)P B {Zg’a(s, X;s+t, *)p} :
and the inequality goes in the other direction if p € (0,1). Now, recalling ((1.5) and (1.19)), we have

E[25°(s, )" B2 [25%(5, Xss + 1,0 ] | F]

= 25" (s 4V B3 [E[ 257 Xis 07 | 7]
= Z5(s, *)pE{ZE’a(t, *)p} .
Altogether, we have proven that for p > 1,
E[Z5(s + 1) | | < 25°(s, 9P E[25° (¢, )],
which yields (5.1).Repeating the same computation with reversed inequalities when p € (0, 1), we
obtain ([5.2)). O
Proof of Proposition[2.10. As a consequence of (2.4) in Theorem we have E[Z%(t, )] —

E[Z5(t, *)p} as a — 0. Hence, the previous lemma remains valid for Z¥ (¢, *) instead of Z3"*(t, *).
An immediate consequence is that the limit in (2.11]) exists by the continuous version of Fekete’s
subadditive (or superadditive) lemma. It remains to check that yg(p) is finite when ({2.1)) is satisfied
and f11,00(p) < 00. When p € [1,1+ 2), y5(p) < oo follows from
1 1 n
v8(p) = lim —logE{ZE(n,*)p} < lim —logE[Zg(l,*)p}

(53) n—oo n, n—oo n,
- 1ogE[zg(1, *)P},

and the finiteness of E[Z% (1, *)P], see Theorem
For p € (0,1), we prove v5(p) > —oo and v5(p) < oo separately. For the first part, let 75< (p) be

the moment Lyapunov exponents that one obtains after replacing w by w~. Thus, by an obvious
comparison and convexity (see Proposition applied to A<(dz) = 1(g1)(2) A(dz)), it follows

that S - (L- 051+
5 (1) = (1 —=80)v5 (1 + 5
v5(p) = 75 (p) > 2 ; RS LA

where § € (0,1) is such that 1 = 6p+ (1—60)(1+ }). Note that 45 (1) = 0 and that 5 (1+ 3) < oo
thanks to (5.3)).

In order to show that v3(p) < oo when p € (0,00) and p1,(p) < 0o, we use Jensen’s inequality
for E< so that for every a € [0,1),

E|Z5(t,+)"| <E|Z57(t, %)),

To bound the right-hand side, we use the following simple inequality, which will be used extensively
in the remainder of the paper: given x € (0,1) and any countable collection of non-negative
numbers (a;);cr, we have

K
(5.4) (Zaz) < Zaf.
iel iel
We will refer to (5.4)), which can be proved by induction (using the fact that (a 4+ b)* < a” + b*),
as the subadditivity property; note that it obviously extends to stochastic integrals with respect to
discrete measures.
Moreover, note that we have

(5.5) p(t,x)? = 719 (p)p(L, x),
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where v, = 1 — 4(p — 1) was defined in (2:17) and 9(p) := (271')”7’_1]9_%. Thus, using ((5.4]) for the
first step, (5.5) and the fact that p is a density for the second step, and Lemma for the last
step, we derive

o) k
E[252(t.4)7] < 3 (Fn0(p)* /X o T oA, AP dt; da;
k=0 t =1

—Z (B79(p) 1,00 (P / H (At tdt;
xk(t

(B79(p ,Uloo( )T (vp)t")*
N Z C(vpk +1)

Using Stirling’s formula for the gamma function (or the estimate (7.13)) below), one can check that
the right-hand side grows exponentially in ¢: as a consequence, we have yg(p) < oo. This proves
part (i) of the proposition.

For part (7i), we are going to prove the upper and lower bounds in (2.12) separately. Using
Jensen’s inequality for the first inequality and the translation invariance ((1.19)) for the last identity,
we have, for p > 1,

E[25(t, )] < /R ot 2B (p(t2) 25 (1, 2)) ] de
=E[(p(t.0125(.0))].

Since p(t,0)! is of order t%/2 after taking logarithm, dividing by ¢ and taking the limit as ¢t — oo,
we obtain

(5.6)

(5.7) lim inf 1og1a[zﬂ (£,0)] = 75(p).

The same proof yields for p € (0,1) that

(5.8) lim sup — logE[Zﬁ (t,0)? } < vs(p).
t—o0

For the complementary bound, we first consider the case p > 1 and define the probability measure
Py, with density Zg(t,z)p(1,2)/ [Jga 25 (¢, 2)p(1, ) dz. Then we have

Z5(t+1,0) = [ Z5(ta)p(1 )25 (1 a5t + 1,0)p(La) " da

= (/]Rd Z,g’}(t,ﬂf)p(l,w) dx) E;it [Zg(t,X;t-k 1,0)p(1,X)_1}_

Proceeding as in the proof of Lemma and using the translation invariance ((1.19)), we obtain for
p>1

(5.9) E[Z§(t+1,0] <E ( [ Z8(ta)(1,2) dx)p}E[Zg(l,O)pp(l,O)_p}.

In particular, we have
E[25(t+1,0)7] < (2m) FE[25(t,+)”]E[25(1,000(1,0) 7],
which implies, for p > 1,
lim sup %E[Zﬁ(t +1, O)ﬂ <3(p) -

t—o00
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When p € (0, 1), repeating the proof of (5.9)), but using concavity instead of convexity, we obtain
P
(5.10) E[25(t+1,00°] > IEK 25(t,2)p(1, ) dx) }E[Zg(l,O)”p(l, 0)7"|.
R4

Now setting C, := z + [0,1)?, we have

(5.11) ZE(t,*) = Z/ ZE(t,r)dr < Z (maxpt:v)Y(t)
2€Z4 el
with Y (t) := [, 25(t, )p(t, r)~ldz.
Note that the variables Y, are identically distributed by (1.19)), which together with (5.4]) implies
(5.12) E[zﬁ } ( Z max p(t, z )E[Yg(t)P] < Ct3-PE[Y,()7)

LBEZ

for ¢t > 1. Moreover, also for t > 1,

[, 2510 do > (minp(1p(t.) )Yolt) = (20 o).

z€Co

Therefore, together with ((5.10]) and (5.12)), we obtain that
E[Z5(t+1,007] > CtEE[Z5(1,+)7] .
This allows us to conclude that, for p € (0, 1),

.1 w
lip inf log B[ 25 (t +1,0)°| > 75(p). 0

5.2. Monotonicity and convexity properties. To show the monotonicity in S of the Lyapunov
exponents, we prove a more general result linking monotonicity and convexity. Its proof is inspired
by an analogous result proved in the discrete setup [45, Lemma 3.3]. Recall the definition of the
renormalized partition function .

Lemma 5.2. Assume that p1 (q) < oo for some g € [1,1+ %) and let ¢ : [0,00) = R be a convex
function that satisfies

sup Jp(u)ju™? < co.
u>1

Then (B — E[@(ZE”“(LO))] is a non-decreasing function, for any a > 0.

Proof of Proposition[2.11. As a consequence of Lemma if f11,00(p) < 00 for some p € [1,1+ ),
then 8 — E[Z; Z#%(t,0)P] is non-decreasing if p > 1 and non-increasing if p € (0, 1) (apply Lemma
to the convex functlon x — —zP). Letting a — 0, we obtain the same results for E[Z’Z{(t,O)p]
because of . Since Y5(p) = limy—oo ¥ log E[Z’g(t, 0)P], this completes the proof of (i) in
Proposition Both (i) and (%ii) are standard: The convexity of p — v5(p) follows from that of
p — log E[Xp], valid for an arbitrary non-negative random variable X by Hoélder’s inequality; (%ii)
is a direct consequence of convexity since for 1 < p < p’ we have 75(p) < ;’,111 73(p'), recalling that
78(1) = 0 by definition. O

Proof of Lemma[5.3 Since ¢ is convex, there exists a and b such that ¢(u) + au+b > 0 for every
u > 0. Hence, replacing ¢(u) by ¢(u) + au + b, we can assume that ¢ is non-negative, since
E[Zg’a(t, 0)] = p(t,0) does not depend on 3. We may also assume without loss of generality that ¢
is differentiable on [0,00) and that ¢’ is bounded. Indeed, if this is not the case, we can find a
sequence ¢, T ¢ that has these properties and then use monotone convergence.
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Recalling (1.12)) and setting k, = kq + i, we have, similarly to (|1.20]),
o0
Zg’a(t,(l) = eﬁnatkz:ﬁk/ ) pro(t, x) H§a+ (dt;, dz;).
=0

Taking the derivative with respect to 3, we obtain, after an index shift for the first term,

k+1

(5:18) 925 (1.0) = ot S 54 ((k+ 1) Josmoeo) T €6 et
k=0 =1
k
~ Rt [, o peolt2) l:Ilgg’J“(dti,da:i)).

The first term in the sum can be viewed as the sum of k + 1 integrals where the variables of
integration are (¢1,...,t;, 8, titv1,...,tg) € Xgy1(t) and (1, ..., 2, Yy, Tig1,...,2x) for i =0,... k.
Recombining the terms, we arrive at the identity (recall the convention to := 0 and tg4+1 :=1t)

k

(k+1) [, molt.) [ €67t day)
t

=1
= X<k) </ Ptotw) (S y’t iIZ) dS dy>H§a+dtZ,dxz

where

p(s,y‘t,;{:) = p(s (3 17y ajl l)p( (2 S7xl y)
p(ti —ti-1, i — Ti-1)

and p(t;,y|t,x) == 0forall i =1,...,k As [pap(s,y|t,z)dy = 1, the second term in (5.13)

corresponds to a centering of £ (ds, dy), so

if s € (tifl, ti)

(5.14) 9525°(t,0) = e PRat 3 gh / ( / prolt.@)p(s,y | t, @) & (ds, dy) ) ng (dt;, ).
k=0
Note that we have

1052 (1, 0)| < e=PRet Z 5 [

x®

(/ pro(t,®)p(s,y | t, ) |E5] (ds, dy ) [T &% (dts, dzy),

=1

where [£2| = £2 + 2k, L. Since we have reduced to the case where ¢ is bounded, the expression
above implies (cf. [I3 Prop. 2.5]) for any Gy > 0

< 0.

(5.15) E[ sup \aﬁzwa (t 0)@'(2‘:;7“(75,0))]
B€[0,50]

This allows to interchange derivative and expectation, so by (5.14]),

DE|(25(t.0))| = E[9525(1,0) ¢ (25 (¢,0)) ]

0o
— e—ﬁﬁat Z ﬂkE

k=0

k

Up (t,x)pro(t, ) [ €T (e, day) |
=1

(5.16)

x*)

where we have set

UP(t,x) := / Lyt ) (ds,d "(Z2%(t,0)).
f6) ( [(O,t)\{ti}le}dep(s ylt @) &uds y))go( o )
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Given (t,x,2z) € Xi(t) x (RH)* x (0,00)%, we let w U (¢, 2, z) be the point process obtained by
adding the k points (t;, z;, zi)1<i<k to w. By Mecke’s multivariate equation (see [84, Thm. 4.4]),
we have

k
B [ X UR (¢, 2)pro(t, @) H1 45 (dt;, dxi)l

(5.17) = El o U (t,®)pro(t, sz la,00) (%) 0w (dws)

=1
_/ UZJU tﬂcz)(t a:)}[)to (t,x) szl[a OO)(zZ) dt; da; A(dz;).

If k, t, x and z are fixed, then w — ¢ (Zwu(t93 =) “(¢,0)) and w Jioan it JE xR o(s,y|t,x) £&(ds, dy)

are non-decreasing for the inclusion order. Thus we can apply the FKG 1nequahty for Poisson point
processes (see [73, Lemma 2.1]) and obtain that

E[U,ju“’””’z)(t,m)} >E

pls,y |t @) € (ds, dy) |E[¢' (2579 (1,0))] = 0.

/[(O’t)\{ti k_IxRd [
Together with { and (5.17)), we obtain that dgE[¢( ;’“(t 0))] > 0. 0

6. MOMENTS OF ORDER p > 1

The goal of this section is to prove Propositions [6.1] and [6.3] below, which form the core of all
moment upper bounds for p > 1 in this paper.

0 o
6.1. The statements. Let Z3"(t,2) := Z§(t,2).

6.1.1. The case of dimension d = 1. We start with d = 1, where the statement is easier to state
(and easier to prove). Recall that v, :=1 — %(p —1).

Proposition 6.1. Assume that d =1 and that (2.1)) holds.
(1) If p11,00(2) < 00, then for any a € [0,1),

g & Puas@VE) VA
(6.1) Blott,0) 25,2’ _;§< 2 ) L((k+1)/2)

= 1t B0 o @)V exD (581000 (2)%1) B (2h0.0(2)y/5),

where ® is the standard normal distribution function.
(i) There exists a constant C € (0,00) such that if p1,00(p) < oo for some p € (1,2), then for
any value of n € (0,1], a € [0,1) and t, 8 > 0,

ol

2

o cea 1 1 X cpB k1+ko 1 k1 Lo oo (D)EP) P
62) Bt 250 wer]” < Vaw)r 3 (SER)T (gt * L2
k1,k2=0 F(Vp(kQ +1))¢
(iii) There exists a constant C € (0,00) such that if p1,00(p) < oo for some p € (2,3), then for
any value of a € [0,1) and t,5 > 0,

e 1 L o1k
E[ﬂ(t,x)*ngﬂ(t’x)p} Sﬂ_%r(yp)% Z (Cﬂu07oo(2)2f‘(yp)pt4)

Q=

(6.3)

) (i (C’ﬁuo,oo(p)fl’tﬁl“(vp);y)kZH'

= T+
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Remark 6.2. The formula (6.1]) is rather straightforward to prove. Starting from (1.28) and using
that £ is centered, the second moment is given by

00 k+1
E[,O( z)” QZW “ (t,z } = Z Na oo /X(k) p(t, $)72 H p(At;, AIL’Z)2 dt; dz; ,
k=1 t i=1
with the notation of (1.11). Integrating over x1,...,xx, we get
o0 B

]E[p( ) 2Zwa t,x } Z Maoo 2\/7 %k(t)]:[2 T’At ti,

which gives the first equality in by Lemma The second equality follows from the formula
Yoo mk/F((k + 1)/2) = 77_1/2 + 2:1:6‘IC ‘B (\/2x). Note that this formula coincides with the one we
obtain if Zﬁ “(t,z) in is replaced by the solution to the SHE (1.1)) with a space-time Gaussian
noise with variance ,ua,oo(2) (and ug = do); cf. [31, Eq. (2.31)].

6.1.2. The case of dimension d > 2. For the statement with d > 2, we need to introduce a few
auxiliary quantities. With the usual convention ty := 0 and txy; := ¢t and At; == t; — t;_1, we
define A(0,t,p) := 1 and

k

(6.4) Alktp) =7 [ (At T Go(at) d;
X5 (t) i=1
for k > 1, where
1, 1 .
53%P ift<1
6.5 G = -
(6.5) (5) { oy

Also, we let

_p
Gnp,t) = (Bug(L+ (1 +log, ) 777,

C(n,p) = g 51+ 2) + piy,00(p),

(6.6)

where we have set log, t :=log(t Vv 1) and
,u%f%(l +2) = /(0 . z1+%(3|log z| + 1)A(dz).

Note that ¢i(n,p,t) and (2(n, p) are finite if (2.1)) holds and f1,00(p) < 0.

Proposition 6.3. Assume that d > 2 and that (2.1)) holds. There exists a constant C € (0, 00)
that only depends on d such that if j11 oo (p) < 0o forp e (1,1+ %), then for any value of n € (0, 1],
a€l0,1) andt, >0,

o L& s op Tk Y K 1
(67)  Elpt.a) PZ (e < Y (_) Gi(n,p,8) 7 o, p) 7 Alka, t,p) 7.
k1,k2=0 p 1

Remark 6.4. In our proofs of Propositions [6.1] and [6.3] we keep track of the dependence in p. The
reason for this is that in the proof of Theorern Imore precisely in the proof of | -—We
need to apply (6.7] . for p that depends of 5. The only important pomt we need to make sure is
that our estimates remain uniform for p in an interval around 1 + d
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6.1.3. Finiteness of the moments. An almost immediate consequence of the proposition is the
following uniform moment bound.

Corollary 6.5. If (2.1) holds and p1,0(p) < oo for some p € (1,1 + %), then for any B and T
there exists C(B,p,T) such that

1
— Pl =
sup sup E[(p(t, x) P25, :v)) } " <CB,p,T).
a€l0,1) (t,x)€(0,T] xR
Proof. First let us note that the bounds in Propositions[6.1] and [6.3] already are uniform in a and z,
so we only need to check uniformity in t.

Let us start with the case d = 1. The statement for p = 2 is obvious from (6.1)). If p € (1,2),
by reorganizing ([6.2)), we obtain that for every ¢ € [0,T],

1 vpyko 1
Sw 1 © 11\ k1 © Cp,@umoo(p)PTP P(Vp)P
E|p(t,2) P25 (2P| < 'S (CpBuon(2)TT) Y ( ) :
k=0 k=0 L(vp(k2 4 1))7
where C,, = C/(p—1). The first sum is finite if one chooses 7 such that CBuq,(2)"/?T* < 3 and
the second one is always finite since I'(v),(k2 + 1)) grows super-exponentially. If p € (2,3), we have
from (6.3 that for every t € [0,T],

—p Fw,a % > Cp T% k2 /oo CZ/?IBTI% £\ ka2t1
Elo(t, ) 725 (bay]” <G 3 e (Zr((up(éJrl)))) '

1
o T(EzH)2

=0

Since I'(v,(¢ 4 1)) and F(%) grow super-exponentially, the sums are finite.

When d > 2, since (7 is monotone in ¢, we have, in the same manner,

(6:8) E[pt. m)pZZ’“(t,w)p}‘l’ < (i (CpBc1(n.p, T)fl’)]ﬁ) (i (CpﬂCz(n,p)fl’)k2A(kz,t,p);)

1= ko=0

for t < T. The first sum is finite provided that n is chosen sufficiently small. Considering the
second term, we have

ko
A(ky,t,p) < 1772 (¢ v 1)500ke / (At 1) [T (A3t
Xgq (1) i=1
L (5vp)" (1)
T(3vp(ks +3))
where we used Lemma for the last identity. As a result, assuming that 7" > 1, we obtain that
for every t € [0,T7,

= (t v 1)k gzvoks

3=

1 1 v
(Cpﬁéz(n,p)pf(%vp)PT P )k2r(’/p)
1
F(%Vp(kQ +3))»
and since I'(vp[(k2/3) 4 1]) grows super-exponentially, the sum over ks in is finite. O

)

1\ ko 1
(CpﬁCz(mp)E) Ak, t,p)r <

6.2. Bounding moments in the chaos expansion: the first term. From now on, we focus
on the case x = 0, which yields no loss of generality by . Also, in both Propositions
and above, the case a = 0 can be deduced from the case a > 0 using Fatou’s lemma: in the
following, we can always assume that a > 0. Starting from the chaos decomposition , we can
use Minkowski’s inequality to get

S =

(6.9) E[p(t,0) 725 (1, 00" < 3 BB [Was(t)P)7 .
k=0
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where W, o(t) := 1 and

k
pro(t, ) 17 =
6.10 Wk (t ::/ —_ o(dt;, de; for k> 1.
(6.10) w):= [, Pt TT &t any

The estimates for E[|[W, x(t)|P] are intricate, so let us spend some time on the case k = 1 to
illustrate the intuition behind our proof. For simplicity, let us consider the expansion of the free-
end partition function. Because the integrals in are martingales in ¢ for the filtration ,
we can apply the Burkholder-Davis—-Gundy (BDG) inequality and obtain

P 5
ca 2
(6.11) E [(/(o,t)xﬂ%d p(s,x) §w(ds,dx)> <C,E [(/(OVt)XRdX[a,OO)(p(s,x)z) 6w(dw)> ],

recalling that w = (¢, x, z). Since we are tracking the dependence in p, it is worth noting that it is
possible to take Cp = (4p)P < 64 if p < 2; see [53, Chapter VII, Theorem 92]. In order to bound
the right-hand side uniformly in a, we replace [a,c0) by (0,00). Let us further restrict ourselves
to the case d > 3 for simplicity (note that in particular p < 2). By Jensen’s inequality and the
subadditivity property , we have, for 6 € [p, 2],

N l(/x pls,2)’z* 5w(dw>> g’] < EK/X (s, z)22? 5w(dw)) g] 2
(/Xt 507120 ds /\(dz)) gj

recalling also and vy = 1 — 2( — 1) for the last line. On the right-hand side, we see that
when 6 increases, the integrability in z around 0 improves but the one in s worsens, forcing us to
chose vg > 0 (i.e., 0 < 1+ %) to obtain a finite integral. As a consequence, we need to assume
110,00 (0) < oo for some 6 € [p,1+ 2). If this holds, then, in fact, the same estimate can be applied
iteratively in order to obtain bounds for any of the multiple integrals in . Let us remark that
this is essentially the assumption (and the method) used in [96] to obtain existence, uniqueness
and moments for the solution to .

Clearly, po,00() < oo does not hold, for any 6 > 0, if £, is an a-stable noise with o € (1,2);
recall that we assume p1 oo(p) < oo for some p > 1. In that case, at least when k = 1, it is easy
to do better than . The key point is to first separate z > 1 and z < 1 and then, for z < 1,
further whether z < s%2 or z > s%2. For z > 1, we can simply apply with 6 = p, that is,

E [( /Xt p(s, :L‘)2Z21{221} 5w(dw))

For z < 1, we first consider the contribution coming from z < s%2. By Jensen’s inequality, we can
take the exponent § outside the expectation on the right-hand side of (6.11]), which leads to the
bound

(6.12)

S ]

< ( e p(s,z)2% ds dz A(dz))g = 9(0)

b
2

< I(O)p1,00(p)1, 7

P P
2 2
E [/X Li.<sa2p1yP(S, x)?2? (5w(dw)] = (/X L. <gai2p13P(8, z)?2% dsdx /\(dz)> .
t t
Since d > 3, we have, integrating first with respect to = (recall ([5.5))), then with respect to s and
finally with respect to z,

221 2<gd/2 1
/ 1{Z§Sd/2/\1}p(8,$)222 dsdzx A\(dz) = / {S—gAl}ds A(dz) < ﬁuog(l +2).
Xy Xe (4ws)2 (5§ —1)(4m)>2
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For the contribution to the integral coming from z > s%2 applying (6.12)) with 6 = p, we get that
it is smaller than

9
ﬁ(p)/ 1o e peqysv 2P ds A(dz) = (p)uo’l(H%),
X Vp

where we have first integrated with respect to s using v, =1 — %l(p —1)>0forp<1+ %, and

then with respect to z. Altogether, we have shown:

Lemma 6.6. In dimension d > 3, there exists a constant C' (which may depend on d but not on p)
such that for all p € (1,1 + %),

< Z{Mo; (1 + %)g + po,1 (1 + %) + Ml,oo(P)th]

El( [ o) (s, n))

In other words, the single integral has a finite pth moment for some p € (1,1+ %) if the intensity

measure satisfies g 1(1 + ) + f11,00(p) < co. In fact, this condition is necessary and sufficient by
[94, Thm. 3.3], so Lemma is optimal for single integrals.

6.3. Decoupling and partitioning: Key tools in proving Propositions and

6.3.1. Decoupling. When k > 2, there is no direct analogue of since we cannot apply the
BDG inequality for the k-fold iterated integral. The first step of our proof is to use the decoupling
inequalities from Section in order to obtain, instead of W, ;(t), multiple Poisson integrals with
respect to k independent copies of the original noise. An important advantage of the decoupled
integral is that we can change the order of integration without losing the martingale property.
Using Theorem with the tetrahedral function f(t,x,z) = p(t,0) 'pro(t, ) [IF, 2l >a)
(the reader can check that is satisfied whenever 111 o (p) < 00), we have

(6.13) s < (555) B,
where
pro(t.®) T =
(6.14) Vaal®) = | o ooy T1&. s dny
and w;, for i = 1,...,k, are i.i.d. copies of w. With a small abuse of notation, we write P, P®* E

and E®* in the remainder of the proof.

6.3.2. Partitioning and integrating over space. As in Section [6.2] we want to estimate the pth
moment of the right-hand side of using a combination of the BDG inequality, Jensen’s
inequality and subadditivity and then integrate over space. Because we want to use an intermediate
exponent as in that depends on the value of ¢ and z, a first task is to decompose V, ;,(t) by
considering a (non-random) partition B, of the parameter space Xt(k). For each element P € By,
of our partition, we will further determine a partition Ji(P)U Jo(P) of [k] and first integrate with
respect to (t;, ;) with ¢ € J;(P) and then with respect to (¢;, z;) with ¢ € Jo(P). We let k; and ko
denote the respective cardinalities of J; = J1(P) and Jo = Jo(P).
When J C [k], we use the following notation:

(6.15) Agti =1 =ty -1) and  Ajri =2 = i)

where zg = x341 = 0, tp = 0 and 1 = t as usual and where for i € J U {k + 1} we denote the
predecessor of ¢ in JU{0,k+ 1} by i(J,—1) . As a result of our partitioning procedure, we obtain
the following estimate:
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Lemma 6.7. Forp € (1,2A (1+ 2)) and 6 € (p,2], we have for all a € (0,1],

1 1—vp k+1 0
E[|Va,k(7f)|p]p <cF > t </x('€2) </X<k1) 1p(t,z) [J (At [ 27 dtM(dzﬂ)

PP, i=1 e

(6.16)

3 =

% H (AJ2ti)(Vp*1)+%(17V0) H 2 dti)\(dzi)>

1€JoU{k+1} 1€J2
Proof. For P € Py, let us define

(t,x
(6.17) Vi(t, P) = /X o 1n(t, z)p“zT H 2150 (0 — ) (duwy).
t

Then, by (6.14) and Minkowski’s inequality, we have that

E[[Va(®)] }1 < 3 E[[Var(t, )]

PePBr

Since the w;’s are independent, we can, similarly to in the appendix, permute the integrals
in and integrate with respect to the indices in Jj first and Jy afterwards. By the BDG
inequality, subadditivity (recall p < 2) and Jensen’s inequality (applied in the fashion as in (6.12])),
we obtain

|

BVt PP < 0% [ |
’ Xt 2)

'c\»—‘

pro(t, x
/X(kﬂ 1P(t’ z)ljooio) H Zil{ZiZa} (5%‘ - V)(dwi)

(t,0) &7,
(6.18) < [I 21 qs5a) dti da; A(dz;)
i€Ja
pro(t, x g
< c’f/(k2> </(k1) 1p(t,z)t(§0) H 20 dt; da; A(dz) > 1 2F dti da; A(d=).
% = i€Jy

Remark 6.8. In the above integrals and for the remamder of the proof, with a small abuse of
notation, the coordinates of elements of ngl) are indexed by J; instead of [ki] (and similarly
for Jy). With this convention, ng) is a strict subset of ngl) X ngz), but this is not a problem
(k)

since the indicator function 1p restricts the integral to a subset of X;

The next step is to carry out integration with respect to x1, ...,z explicitly. First of all, notice
that for any m > 1 and any p > 1, we have
m m—+1
(6.19) /(Rd)m psy(t, x)? H dz; = 9(p)"p(s, y)Ps 1-vp H (Ati)upfl
=1 =1

for every t € X,,,(s). This can be proved by induction on m after checking the case m = 1 by
hand, using ; we leave the details to the reader.

We then successively apply with p = 60 to the segments of J; (i.e., maximal sets of
consecutive indices in Ji). Recalling , we get

k+1

(6.20) /(Rd)k prot, @)’ [] des=0@)™ [T(at)*t I (Ant)" "p(Ant;, Apay)’.

i€y 1=1 je€J2U{k+1}
Applying (6.19) in the case y = 0, we also get

(621) /(Rd)k H p(AJQtju AJij)p H dxl = ﬁ(p)bp(t’O)ptliyp H (AJQ )up 1

% jeJoU{k+1} i€J jE€JU{k+1}

We conclude the proof by inserting (6.20)) and - in - O
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6.4. The proof of Proposition [6.1} The second moment was computed in Remark[6.2] In order
to prove , we only need to separate small and large values of z. We consider a partition By
indexed by the subsets J C [k] and we define

(6.22) P(J) :={(t,2) € Xt(k) : zi<nforallie Jand z >nforallic[k]\J}

as well as J; := J and Jy := [k] \ J. Applying Lemma with 0 = 2 and noting that v, = 1 and
vp =1—1(p—1) in dimension d = 1, we obtain

(6.23)
3 v ky k2
E[‘Va,k(t)‘p}p Sck Z to» MO,n(Q) 21 Nn,oo(p) P
JCIK]
k+1 3
(L 10 T80 Hdt) [T (™ T as)
©.8) (0.6)™ €1 1€JoU{k+1} i€Jo

Integrating successively over the segments of J; and writing Ay, (¢) =i —i(J, —1) for the distance
between i € Jo U {k + 1} and the previous index in Jy (recall (6.15))), we get from Lemma [4.5 that
(6.24)
k+1 1) (%)An
1 (At;) dt; =1 ((t:)i A gt —_—
Joge B @ TLA0 Tt =t (@ies)  TT (At gt

i€Jy iEJzU{k+l}
Now, if we bound (A j,t;)A20=10/2 < 1(A,O-1/2 354 [(1¢) > £/ for any ¢ > 1, we get that

k+1

_1 1 _1
/(0 o Ly, () [ (At:) 72 J] dt: < Lx,, o ((t)iesn)2? (@2 [ (Ants) 2.

i=1 i€J1 1€JoU{k+1}
Coing back to (6.23) and taking the factor [(A z,t;)~/2]P/2 over to the outer integral, we compute
1p 4 Tyt
©25) [ Ta () (Agyt) '3 T dty = ookt L0
(O,t)kz k2( ) i iEJzEk-&—l} ’ ig2 F(Vp(k2 + 1))

thanks again to Lemma [£.5] We therefore conclude that

> (VA ti0.n(2)) F (25 iy oo (p >t”prl<up>>’?ﬁr<up>i
JCI] D(vp(ke +1))7
(Vtt0n(2)) F (25 by o (0) 20T (1)) 7 T (1)
btha=h T(vy(ks + 1))

Absorbing 7#1/4 and (2P/2T(1,))*2/P, which is uniformly bounded in p € [1,2], into the constant C
and replacing the maximum by a sum, we derive (6.2) from , (6.13) and (6.26]).

If p € (2,3), the subadditivity argument in (6.18)) does not apply. Instead, we shall use a variant
of the BDG estimate (6.11)) that only contains the intensity measure v := dt ® doz ® A(dz) instead
of d,. For any p > 2, there exists a constant C;, € (0,00) such that for all P ® B(R? x (0,00))-

measurable process K = K (w,w) = K(w,t,z, 2),
J K@) <dw>]}

<oy e( [ wwrviaw)’

where C}, = (2P p(p —1)(p/(p —1))P)P/2 v 2(p/(p — 1))P(2P + 1 + p) < 729 when p € [2, 3]; see [93,
Theorem 1 (b)] (and its proof for the value of C). We also refer to [86] for a survey of various

(6.26)

3=

3=

(6.27) [ ) (0w — V)(dw) +E
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versions and proofs (and names) of this inequality. Let us define I/AI},LO (t,z) := p(t,z) and

k
Wan(t,z) = / “ pra(t, @ H co(dty, day)  for k> 1,
so that in particular W, ;(t) = ka(t, 0)/p(t,0). With this definition, applying (6.27), we have

1
P]p

E“Wa,kz(twﬂpr :EU/X p(t = th, 0 — ) Wa g1 (tr, 7)) €3 (dty, dy,)

A

< {E (Mo,oo(Q) /X (p(t — th, 1) W g—1 (b, 21,))? diy dxk) 2]

1
+ (Mo,oo(]?)/x p(t = i, 2)PE[|Wo g1 (t, ) P dbg dl‘k:) }

By Minkowski’s integral inequality, this is further bounded by we get

1
2

=

-~ 2
c’{ 10.00(2) < /X ot — ths ) E[|[Wo g1 (b0, 20)[P]F dxk>
t

1

+ 110,00 (P p(/ p(t =t o )PE[|Wo i 1(tk,$k)|p]dtkdwk> }

hSA

Repeating this estimate and recalling , we get

_ 1 s k
(628)  E[Z70.00]7 <p(t.0)+ (B Y ponoln) 7 0o F lprolt. )
k=1 0€{2,p}*

where kq is the number of p’s and k9 the number of 2’s in 8, and where we have defined

0 6

- (/X ("'(/th(t@)eldhdxl)ef...>9’:1dtkdxk)9lk

for f:((0,00) x RH)* — [0,00) and 8 = (61, ...,6;) € [1,00)*.

Now in order to conclude, we want to replace ||po(t,x)|/g+ by an integral which is analogous
to that found in the on the right-hand side of . To do so, we use the following identity, valid
for any positive function f and any measures p; and us:

</91 ( 0y f(w, w2)” /‘2(dw2>)gﬂl(dw1)>; < </Q2 (/Ql fwy, we)? Ml(dwl))i M2(dw2)>% -

This inequality is a special case of [80, Lemma 3.3.1]. Now, letting .J; denote the set of indices for
which 6; = p and Jy those for which 6; = 2, we apply the above inequality iteratively to take all
the integrals with respect to J; inside. We obtain (recall Remark

2 1
2
lpeo(t, @)llos < ( /X . ( /X . e, (t)peo(t, )P I dtzdxz) [T dat: dxi)

i€Jy 1€J2
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Now we can first integrate with respect to the z;’s using (6.20) and (6.21) (with p instead of 6

and 2 instead of p). Recalling that v = %, we obtain

k
lpro(t, z)los < 9(p) > 9(2) F p(t, 0}t

2

k1 2 2
~ Ly, (8) [T (At [T ) A3 % ] at,)
</(0,t)k2 (/(0,1)k1 i (®) [T (A6) 11 I (Aaxnt H

=1 i€y iEJQU{kJrI} i€J2

N

Using Lemma to integrate first with respect to (t;)ic.,, we get as in (6.24)
(6.29)

k1 NupA, (i) —1 Ay, (i)
_ (A pti)?272 T (1) =2
1, o0®) [T (At T dts = 15, oy ((t)iess) .
Joup M @11 I sol@en) I a0)

k1 4vpky Hz‘ngu{kH} (Agyti)»™
HiEJQU{k’-i-l} F(VPAJz (7’))

because (A g, t;)"»220~1 < pp(BnO=D(A ;¢! Pulling (A zt;)”~! to the outer integral, we
evaluate

< lku (t) ((ti)ieh)r(yp)

J (@) TI Bt T S
1y, o ((Ei)iess Jti)” dt; = 3~ 22—,

(0.)*2 " 1€ JoU{k+1} i€Jy F( bl )

using once more Lemma Altogether, bounding ¥(p),#(2) < 1, we obtain

Flup 0

Wi 41k
lpeo(t @)llos < p(t,0)t 7 ™ Ta"

1 L
DA 2 T uprny T(0pA sy (i)

Going back to (6.28)), bounding ¥(p),¥(2) < 1 and expressing everything in terms of J and
ko = |Ja|, we get that E[p(t,0)"P25(t, )P]'/P is bounded by

Wit%)kQ

SR

Sy (C"B1io,00(p) P 7 T(1)7) " (C"B1i0,00(2) 2T (1)

k=0 J,C[k] NG

7r4F yp

L1 & E (OB.(2)2
IS 0()k

=0 ko—=0 (%

1 L
1)5 [Lienutk+1y LA g, (i)
P(y)rmits)"

+1

)
1 vp 1.0;,—1
X Z kﬁl (C'Bpo,so(p)rt I'(vp)7)
1
Ol 1>l i=1 INUADE
b+ Hlgy p1=k+1

l\)\b—‘

where we have used a change of variable and the fact that ¢; 4+ --- + fx,4+1 = kK + 1 implies that
k1 = Z’”J{l(& —1). Exchanging the first two sums and factorizing the last one yields (6.3)). (]

6.5. Intermezzo: d > 2 under stronger moment conditions. The method we have used for
d = 1 can further be used to prove boundedness of moments under the more restrictive assumption
given in . We illustrate this by Proposition below whose proof can be achieved by
replicating that of . This quantitative estimate is sufficient to prove the upper bound parts
of Theorem [2.14] and similar ideas could in principle be used to prove Theorem [2.6] under the
more restrictive assumption . The more involved method used in the proof of Proposition
- 6.3| below, however, is necessary to bridge the gap between the conditions and ( ; recall
that the latter is optimal in dimension 2 and very close to optimal when d 2 3
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Proposition 6.9. There exists a constant C' € (0,00) that only depends on d such that if d > 2,
po,1(q) < 0o and po0(p) < 0o for some 1l <p<gqg<1+ (21, we have, for all a € [0,1], n € (0,1]
and B,t >0,

1 00 U k1+ko oy y i, Vp 7%2 v
k1,ko=0

AL

D(vp(k2 +1))7

Proof. Let us give a very short guideline for the proof: we use the same partition By as in ((6.22))
and apply Lemma with 8 = g. The proof is identical to that of Proposition (i) except that
(6-24) has to be replaced by (6.29), which together with the bound T'(v4A s, (7)) > £ gives

k1
/ g o@) [T(At) [T dti < Ly, ) (t)ies) 22 (vt T (Apts)™t. O
(0,8)F1 i=1 i€J; i€ JoU{k+1}

6.6. The proof of Proposition We use the same idea as for the proof of Proposition [6.1
We will consider a partition By (defined below) of the parameter space Xt(k): each element P € Py,
induces a partition of [£] into two sets J; and Jo and we are going to use Lemma with 6 =1 +%
(and hence vg = 0). The main technical part of this section will then be to bound

P

. k+1 . 142 1+2/d
U(P,t) :=t"" /;Akz) (/(kl) 1p(t,z) [[(At) " ] = ddti)\(dz@')>

X i=1 =

(6.30)

x I (Apty)™7@ ™= T 2P de; A(dz) .
jeJou{k+1} icJa

The following is the main technical estimate of this section.

Proposition 6.10. Recall (6.4) and (6.6). With the choice By, defined in Section below (see
in particular (6.35)) ), we have for every P € P, n € (0,1] and t > 0 that

(6.31) U(P.t) < C1(n,p,1)" G2, p) " Alba, £, p),
where ki := |J1| and ka 1= |J3|.

Proposition [6.3] follows immediately from Proposition [6.10}
Proof of Proposition [6.3. By Lemma (6.13) and (6.14), we have that

k
1 C 1
E[W, (t)?]r < | —— t)r
W71 < (557 ) 19l g U(P 1))
(6.32) .
< 2(90) max (G p, )" G, p) Ak, p))%
— p _ 1 k1+k2:k b ) Y ) Y
since |Pr| < 2 x 9% (see below). Replacing max by a sum yields (6.7)). O

6.6.1. Constructing the partition *Bi. The construction of Py when d > 2 is considerably more
involved, as it no longer suffices to only differentiate between z; > n and z; < n as we did for
d = 1. Recall that in Section [6.2] in order to obtain optimal bounds, we had to split the integral
according to how z; and At?/ 2 compare to each other. A problem arises when trying to generalize
this method to k£ > 2: On the right-hand side of , the value of At; plays the same role as
At;1, which is why we cannot break down the k-fold integral into 2¥ parts as we did in the proof
of Proposition [6.1]

We now describe our solution to this problem. To give the idea behind our partition and its
link to the bound , recall from that we first integrate with respect to the variables
with indices in J; and then with respect to those with indices in J;. Loosely speaking, indices in
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J1 correspond to values of z; that are small compared to (Ati)d/ 6 and (Ati_i_]_)d/ 6. this gives rise
to a factor ¢1(n, p,t)*! that can be explained by the calculations in f below. Note that
after integrating with respect to such an index, one may have to update the set of parameters
since for the next step one has to compare z; with time increments formed between the remaining
variables. These may differ from At; and At; 1, which explains why the partition has to be defined
iteratively. o

Each element of our partition P € B is encoded by a finite sequence (Lj,I]_,Ii,Dj );”:1 of
partitions of [k 4 1]; the length m of the sequence is a variable. With some abuse of notation,
we identify P with this sequence. We also use the notation I/ := I7 U T i_ Not every sequence is
admissible, so let us present the rules for constructing the set of admissible sequences:

e First we partition [k + 1] into three sets L', Ii, and I', imposing that k41 € I', and we define
D' := 0.

e The procedure is then iterative. Assume that m > j and that one has constructed the sets of
the first j steps. We let i(+1, j) denote the successor of i and i(—1, j) denote the predecessor of

iinLjUIJ_UIi:
i(+1,7) =min{f e UL UF : £>i+1},

(6.33) St
i(=1,j) =max{{ e LU’ UL : (<i—1},

with the convention max (@ = 0; we only use the notation i(+1,7) if the set over which the
minimum is taken is non-empty. Unless

(6.34) Lo={ick] : icLJandi(+1,j) e’} =0,

we need to add extra terms corresponding to 5 + 1 to our sequence, which will be described in
the next point. This procedure is repeated until at some stage j, (6.34) is satisfied. We then
define m = j and our sequence is complete.

e When L?, # (), the next sets (LI +1, [/ Ifrl, Di+1Y are only partially determined by (L7, 17 , Ii, DY):
while we prescribe the choice DI+t := DJ U L’ there is some liberty for choosing L1, /1
and I_frl. We set

o= {i(+1,5) : i€ L}

(_jH),IJ(er), LUHDY of Ii subject to only one constraint:

itk+1¢ Ii, then k+1 € TV UL(er) (this is to guarantee that k+1 € I’ for all j). We then
define

and consider an arbitrary partition {I

L= (U \ L) U LU, P (A 1) u 1ot
+1 . I j+1)
= oy,
Given an element in B, we further define
Jy:=D"U{ie L™ : i(+1,m) e L™} and Jy =[]\ J1.

An example of an admissible sequence of partitions as well as the associated sets J; and Jy are
shown in Figure

Let us now determine, or rather bound from above, the cardinality of By, that is, the number
of admissible sequences that can be constructed according to the above rules. Note that we have
2 x 3% possibilities for choosing L', Ii and I'. Afterwards, at each step, one has to assign one out

of three labels I(,jH), I£3+1) or LUtY to each element in IZ. Since |I| = |L7,| and the L’’s are

disjoint by construction, there are at most k choices to be made, hence at most 3* possibilities.
We therefore have || < 2 x 9.
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FIGURE 1. Example of an admissible sequence of partitions of [k + 1] with k = 11. The successive
partitions (L7, I7, I, D7)1<j<m (with m = 4) are represented from top to bottom. Each curved arrow

sents indices that can be chosen to belong to LUV (), 1YY (O) or 19T (@). In the proof of
Proposition [6.10] we first integrate with respect to variables with indices in Ji, proceeding in the order
Ly, L%,..., L7~ {i € L™ : i(+1,m) € L™}, and afterwards integrate with respect to variables with
indices in Js.

Next, let us explain how each sequence in ;. is associated to a subset P C Xt(k). With the
convention (L(l),I(l),IJ(rl)) = (LI,IE,LIF), we define

m
1p(t,2) = H ( H 1{212(Ajti)d/6/\777Zi(—l,j)<(Ajti)d/6/\77}

(6.35)
< I Yeineisyz@gmmenny 11 1{Z¢<(A]~ti)d/6m}>’

iert? i€ L)
where Ajt; :=t; —t;_1 ;) (recall (6.33)) and 21 := oo by convention.
It is easy to verify that (6.35) induces a partition of Xt(k) indexed by Bi: Indeed, for any
fixed (¢,2) € Xt(k), the values of z; and At; uniquely determine (L', 11, I1) = (L(l),l(_l),lsrl)).

Assuming that (L7, r , Ii) has been identified up to some j > 1, we can check whether (/6.34) is

satisfied. If so, we set m = j and we are done. Otherwise, we again use the values of z; and At; to
find (LUH), Uty I(+J+1)), from which we can then determine (L/*1, IJ_H, Iﬂrﬂ). Therefore, every

— )

(t, z) is contained in some P € Pj. The uniqueness of P is straightforward.

6.6.2. Proof of Proposition |0.10. Recall the formula (6.30) of U(P,t). The proof is divided into
two parts: first we integrate with respect to variables with indices in J; and then with respect to
those with indices in Js.

Step 1. Integrating with respect to indices in Jy. Our first task is to prove that, roughly speaking,
the integral with respect to each z; and t; with indices i € .J; yields at most a factor (;(n, p,t)*L.
More precisely, we prove

(6.36) U(P,t) < CGi(n,p, )" Ua(P, 1),

where

Us(P,t) == tl‘”P/(kQ) 1p (Aptes) "t [ (Ant)» 2P (3llog 2| + 1)Hzi<n dt; A(dz;)
X, 1€Jo
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and

(6.37)  1p/:= H 1{ZiZ(AJ2ti)d/6/\77} H 1{21‘/\21'(—1,]2)Z(AJgti)d/G/\"]} H 1{Zi<(AJ2ti)d/6/\77}
iert™ ier{™ ieL(mNJy
- +

represents constraints on the values of Aj,t; and z; that are inherited from P for i € J;. Note

that compared to (6.35)), we only have j = m and we have replaced A,,t; by A, t;. This makes no
(m)

difference when 7 € I (,m) ort el +m
is implied by P since A j,t; > Apt;.

since i(—1,m) € Jy in both cases; for i € LM the constraint

First, let us reduce to the case where m = 0, that is, L, = (), : the idea is to integrate with
respect to variables with indices in L%, then with respect to those with indices in L2, etc. One
may refer to Figure [1| to understand how this procedure goes on. We start with integration with
respect to z; and t; when ¢ € Li. In this case, we have z; < [At; A Ati+1]d/6 A n. To treat these
indices, note that by symmetry,

b 1 Vo 1 1 1 6
(638 [ 57 =) gy ds €2 [ 57N = 8) My ds <48 log(Ree ),
where for the last bound we used that ¢t — s > t/2. From now on, we assume 7 < 1. Then, if
z € (0,7), using also that 6/d < 3, we have

t
/0 St — ) cnsyyarey ds < 867 (3llog 2| + 1)(1 + log, ).

Recalling the definition of ¢1(n,p,t), we end up with

14+2/d

t
(6.39) /0 /(0 )S_l(t = 8) M o garey 2 T ds A(d2) < 7N (0, p,t)
7/’7

So if i € LY, using the trivial fact that A%t; :=t;,1 —t;_1 < t, we have

1+2/d

s —1 143 2, \—1 (i) ()
(6.40) /t /(0 )(AtiAti—&-l) z; “1p(t,z)dt; A(dz) < G(n,p,t) 7 (A%) " 1pw (Y, 2'),
i—1 ;00

where t and z(® denote the vectors ¢ and z with the ith coordinate omitted and P is obtained
from P by ignoring all the constraints that involve either z; or t;. Thus, at the cost of a multi-
plicative factor ¢1(n,p,t)1T2/9/P one can, for each i € LY, simplify the integrals with respect to
A(dz;) dt;. After relabeling the indices, we can then iterate this process, making use of the iterative
construction of P. As a result, we are left to prove in the case where LY = (). Since m = 1

in this case, we drop the superscript 1 from the notation.

Under the assumption LY = ), we have J; = {i € L : i+1 € L}. We may treat different segments
of Jj separately. Let us assume, for instance, that [i,i4+¢—1] C Jy, where [i, ] := {i,i+1,...,5}.

In the same spirit as (6.38))—(6.40)), we have that

tit1
/ (AtiAtiJrl)_llp(t, Z) dti
t

1—1

8(1+log, t) D G
= T;(l +3[log(zi A zip 1)) Lpe (87, 201, aziysrang-

Iterating this and noticing that [log(z; A z;+1)| = |log zi| V |log zi+1| since z;, zi41 < n < 1, we get

Aty ) 1p(t,2)dt; - - dtieq < : .
til,ti+4)};[[)( +3) (¢,2) dt; o tive —tic1 min;e g (3log zit 5| + 1)

/ ¢ (8(1 +log, t))* “ §:0(3|10g Zij| +1)
Xe(
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The second denominator can be ignored since it is larger than 1. If one then integrates with respect
to zi, ..., zire—1 (recall (6.37)) and the remark afterwards), one obtains

¢ -1
. 1+2
/ , (H(Atm) 1) 1p(t,2) [ ] 2i4)" dtivg Mdzigy)
Xg(ti—1,tite)x(0,00) =0 j=0
. 142/d,
P
<1p P T gog ) 11),

tive —tiz1
This completes integration with respect to (¢;,z;) for i € J; (note that i + £ — 1 € J; implies
i+¢ € L and hence z;,¢ < 7). Recalling (6.30) and bounding (3| log z| + 1)?/(4+2/4) < 3|log 2| + 1,
we obtain ([6.36)).

Step 1. Integrating with respect to indices in Jo. To complete the proof, we need to show that
(641) UQ(Pa t) < <2(nap)k2A(k2a tvp)

To simplify notation, let us assume that Jo = [k] and hence ky = k (again, this simply amounts

to relabeling the vertices). Recalling the definition of ¢2(n, p), the bound (6.41)) follows once
we have shown that if (¢, 2) € P, then

k k
vy vy 1+2
(6.42) (Atgn)  [J(At) 12 < Gyp(t) [ ] (Zf’l{zizn} + 2 dl{zi<n}>v
i=1 i=1
where, recalling the definition (6.5) of G (s), we set
(Aty1)"? " Licpr) Gp(At:) ifk¢L,

G,(t) :=
p( ) {(Atk)yp_l HiG[[k—‘rl]]\{k} Gp(AtrL) lf k E L

Note that in both cases, t1 77 times the integral of G, (t) over the simplex X (t) is equal to A(k, t, p)
as defined in (in the second case one simply needs to exchange the role of Aty and Atgiq).
The reason why is needed is that, on the left-hand side of , the exponent p makes 2
a priori not integrable near zero. But since v, —1 > —1, there is some margin for the integrability
of (At;)"»~1: the idea is to use the constraints in P’ to “transfer” a part of the exponent of At;
onto that of z; or z;_1 or both.
To this end, we shall use the equivalence

(6.43) (At)s <z = (AT <zti?

in two cases: (i) if i € I_ U I} and z; < n, with z = z; and At = At;; (ii) if i € L (hence z; < 1),
with z = z; and At = At; 1. The reader can check that for (¢, z) € P’, the left-hand side of
is satisfied in these two cases. Notice now that if i € L, then necessarily we have i+1 € I : indeed,
i+ 1 cannot be in I_ since L = () and it cannot be in L, either, since i € Jo by assumption.
Therefore, we obtain

k
(At [T (At 2ep < T (A)e = Fhmen TT (A= F Omentlomren)
i=1 iel_ iely

k 2
< [Tae)» ] (Z?l{zen} + Zi1+d1{zi<71}>'

1€L =1

(6.44)

The bound ((6.42)) now follows from the fact that
H (Ati)yp_l_u?pl{zi<”} H (Ati)l/p—l—Urjp(l{zi<n}+1{i—leL}) H(Ati)up_l
i€l i€l i€l

is bounded by Gy (t), which is a consequence of the following three observations concerning the
exponent of At; in the last display:
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e It is larger than or equal to “2 — 1 (which we use if At; < 1).
e It is equal to v, — 1 if At; > 1 > n (as can be checked from (6.37))).
o Itisequaltov,—1lifi=kandk € Lorifi=k+1andk ¢ L (this follows from the convention

241 = 00).

This finishes the proof of (6.41]), which together with (6.36)) shows (6.31]). O

7. PROOF OF THEOREM [2.1] AND UPPER BOUNDS IN THEOREMS 2. 13H2.14]

7.1. Proof of Theorem 2.1, First let us note that the results for the free-end part1t10n func-
tion follows from those for the point-to-point version and Jensen’s inequality; see . The LP-

convergence ([2.4)) for p > 1is a direct consequence of Corollary|6.5{and the fact that (Z;’a(t, ))ac(0,1]
1.21)

is a time-reversed martingale for the filtration G defined in (T.21]). The convergence in L' when p <
oo cannot be obtained in this manner but can be recovered by a truncation argument. More pre-

cisely, we consider the partition function Zg’[a’b) (t, x) obtained by replacing w by wN(RxR?x [0, b))
(see [13, Equation (2.40) and below]) and reproduce the argument used in [13, Prop. 4.6 and 4.7]
but with a moment of order p € (1,1 + 2) N (1,2] instead of 2.

Let us move to the proof of (2.3). Recall that w. and w> denote the set of points in w with
third coordinate in (0,1) and [1, 00), respectively. Consider the reduced partition function

ZgQa(t,x) = p(t,z) + Zﬁk/ ) pra(t, @ H§w< (dti, dz;).
k=1

=1
It is easy to obtain that

00 k
(7.1) 250t w) = 25 (ta) + ) B o Zhia (&) [T (at, day),
k=1 t i=1

where Zg?’x( ) Hk+11 Zg<’a(ti_1,$i_1;ti,$i) and xTo = O, T+l = X, t(] = 0, tk+1 =t. As a
consequence, using Minkowski’s inequality, the identity (1.19) and Corollary we have for any
€(1,1+2),

k+1

E |25 (t, )" ] < C(B,p, )p(t, +Zﬁ’“/(k) HE<[ 29 (AL, Axy) F f[% (dt;, da;).

Using Corollary we have E<[Z5 ZUON AL, Ax)P)VP < C(B,p, t)p(Aty, At;) for every a € (0,1).
Setting 3’ := BC (ﬁ ,p,t), we conclude that

(72) B2 (t07]" < CBp )25 (1) < o0

for every a € (0,1). As Zg’a(t, x) is a reversed martingale in a under P, this shows (2.3)). For the
proof of the positivity statement in (2.2), we refer to [I3], Section 4.7]. O

7.2. Proof of Theorem (first half: upper bounds). In this section, we prove all upper
bounds on [75(p)|. By convexity and the fact that y5(1) = 0, we have for g € (0,1) and p € (1,1+2)
that

(7.3) —5(p) <75(9) <0.

Hence it is sufficient to prove only an upper bound on 3(p) for p € (1,1 + %) Furthermore, by
Proposition (i), we can consider the point-to-point partition function in our computations.
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7.2.1. Dimension d =1. If d =1 and p = 2, the first part of Proposition immediately yields
_ T 1 -2 Zw 2| _ 1p4 2
78(2) = tgrgoglogE[p(t,x) 25(t,0)%] = 18" 10,00(2)*.

The result for other values of p € (1,2) follows by convexity, which gives 0 < y3(p) < (p —1)75(2).
Ifp € (2,3), we use the bound (6.3) for some ¢ = £(3). Indeed, by sub-additivity of log E[Z (¢, x)”]
(see Lemma [5.1]), we get that

_ . 1 ~W
Y5(p) = tﬂ%;IOgE{Zﬁ (t, )P } 7%nf logE[Zﬁ (t,*)P } :

Using (5.6)), we therefore get that for any p > 1 and any ¢t > 0,

_ 1 b Sw
(7.4) 75(p) < 5 og E |p(t,0) 25 (1,0)7|.
If t = t(B) = cp3~* with a sufficiently small constant c,, (6.3)) implies that

C Btk (& (ChptT ) )kZH
. o p Fw t 0 P - p 1
[o(t,0) 7 25(1,0)7] < PkQZO (k) (;) D(vp(£+1))7

————— <4C,.
= T >%bp
ko=0 P(%)Q
Indeed, since %Vp < i for p € (2,3), we can choose ¢, sufficiently small so that both the internal

sum over ¢ and the sum over ko in the second line are bounded by 2. Altogether, thanks to (7.4)),
we get y3(p) < Cj8* with C) = ¢, 1 log4C,,.

7.2.2. Dimension d > 2. If d > 2, we are going to use Proposition [6.3] with 7 = 1 and drop
the dependence in 7 in the notation. Our first task is to replace the functlons Ci(p,t), C2(p) and
A(ko,t,p) in by something more tractable. First, we let C7 and Cy be constants, which only
depend on the measure A and are chosen to be larger than 1, such that for every p € [1+ %, 14 %)
and t > e, we have

(7.5 (;57) a0 e < (cuomn=m)" o

where C' is the constant in (6.7). For A(ke,t,p), we use the following lemma, which we prove
afterwards.

Lemma 7.1. For any k>0, p€ (1,1+ 2), t > 1 and a € (0,1),
Ak, t,p) < (k+1) (41/_104_”P)keat.

Using Proposition n and Lemma. and the bound (k +1)%/¢ < (k +1)?), we have for
any a > 0and g € (1,1 + 5

Q=

E|p(t,0) 125 (t,0)"

(7.6) a; X 1 > 1 L g\ k2
< B S (CBllog ) T S (ka1 (41 ot a7 )
k1:0 k2:0

Now, for sufficiently small 5 we choose ¢ € (1 + é, 1+ %), a € (0,1), t > e in the following way
(the dependence in 8 may sometimes be omitted in the computations below, for readability):

g(B) =1+ 2 - 52058)'T,  a(B) = (42Ca8)1; )7,

(7.7) L2
H(B) 1= 2018
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Note that with this choice we have v, = 46(202,8)1+% and thus

(7.8) a = (2055) " @ exp(—(4e(2C58)1+a) 71y,
and
1 _1 v,
(7.9) C1B(logt) 70 =1 and  49CyByy o @ =1,

so that the sums in k; and ks in ([7.6]) are respectively equal to 2 and 12. We end up with
1

(7.10) E|[p(t,0) 1 25(1,0)7]" < 24,

For a fixed p € (1,1+ %), we can now deduce the upper bound in (2.16|) from ([7.10f). We consider
sufficiently small so that ¢ = ¢(3) > p. Using first (7.4)) and then Jensen’s inequality, we get
1 _ _ 1
75(p) < 7 108 E[p(t,0) " Z5(t,07] < PlogE[p(t, 0)"25(t,0)7]"
< plog 24 n por.
< p
Using (7.8]) and replacing ¢ by its value (7.7)) yield the upper bound in (2.16) since p/q < 1. Let
us finally comment on our choice ([7.7). The parameters a and ¢ have been chosen so that ((7.9),

hence ([7.10)), holds. The value of ¢ = ¢(/3) is chosen so that «, seen as a function of ¢ for fixed 3,
is minimized. This completes the proof of the upper bounds in (2.15) and (2.16)). O

The lower bounds in (2.15) and (2.16])) will be shown after Proposition

Proof of Lemma[7.1 Recall the definitions (6.4)) and (6.5)) of A(k,t, p) and Gy (s). For fixed j € [k],
using a symmetry argument, we have that

(7.11)

k

~/3':k(t) 1{Atk+1:ierﬁllff1]] Ati}(Athrl)ypil 1:[1 GP(Ati) dti
= 1iAr— max At;)rt G,(At;) dt;
e (8= e A A (AL)™ ze[[k£[]]\{j} p(At;)
2/ 1{Atj— max At;} Atk+1 T H G At
xk(t) i€[k+1] ZE[[]C]]

where we have used that (Atgi1)? 7 G,(AL;) < (At;)?  Gp(Atgir) if Atgyr < At for the second
step. As a consequence, again by a symmetry argument, we have

k

A(k,t,p) < (k+ 1)t~ V”/ LAt = max ae}(Bte1)? [ Gp(At) dt.
Xk (t) i€[k+1] i=1

Together with the inequality max;cq,41] At; > t/(k + 1), this implies
Ak, t,p) < (k+1)* ”P/ HG (At;) dt;.
Xp(t
We can conclude our proof by observmg that

k
/ ||G At;) dt; <eat</ Gp( asds)
%k(t

and

/ Gp(s)e _asds</ 3P~ 1ds—}—/ Le al’pds—?)y +I'(vp)a™ ",
0 0
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which is less than 41, 'a™" because v, € (0,1) and « € (0,1). O

7.3. Proof of Theorem (first half: upper bounds). Again, by it suffices to
prove for p > 1. Moreover, follows immediately from . If d > 2, the ar-
guments from Section @ remain valid if we let ¢ be equal to the value corresponding to our
assumption p oo < oo (we consider Cy and C5 such that is valid for this value of ¢) but
retain the ch01ce in for o and t. The conclusion is stlll valid for any p € (1,¢], and
because «(f Cgﬂq "‘1 - ) follows.

Ifd=1, 1t suffices by convexity to treat the case when p = ¢. By (6.2)) (with n = 1) and our
assumptions, there are constants C1 and C5, which may depend on ¢, such that

] 1 = b S (CoBt TR
(7.12) E|p(t,2) 125 ()| < Y (Cpta) yT 2
k1 =0 ko=0 I'(vg(k2 + 1))
Let us choose t = t(3) := (2C1)*87* so that the first sum is equal to 2.
For the second sum, consider the three-parameter function FC(;Y(;) () => o™/ T(am+6)7. A

precise asymptotic of F (Vg is given in [60, Thm. 1], from which one gets that there is Kc(yg >0

such that for all x > 0,

1
(7.13) F() < Kgge2w .

a,d
Thanks to this estimate, the second sum in is bounded by C3(1+ %) exp( (CoB)¥/vat) with
cq=(q— 1)(% - %) < 0. By (7.4), we obtain

_ qlog(2C5(1 + %))
Ys(q) < t3(5)

Recalling that ¢/v, < 4 if p < 2, this gives the upper bound in (2.18]). Finally, the lower bound in

(2.22) is a direct consequence of (2.19)) since lim,_,+ log A([z,00))/log z = « implies 1 (q) < 00
for all ¢ < a. (I

The second half of Theorem [2.14] will be shown after Proposition [0.5

+ 025% < CyB*log(1+ 671 + 025% .

8. EXISTENCE AND UNIQUENESS OF SOLUTIONS TO THE SHE

This section is devoted to the proof of Theorems and The existence part, that is, The-
orem [2.6] is detailed in the Sections B.IH8.4] Theorem [2.8] is addressed afterwards: in Section [8.5]
we verify that the solution defined in Theorem satisfies the condition , while uniqueness
is shown in Section

8.1. Overview of the proof of Theorem (2 For the ease of exposition, we first present the
case where the initial condition wug is the Dlrac function dg. By -, we have

Z5"(ta) = plta)+ 5 ol =5~ y) 25 (5,9) €5 (05, dy)

(8.1)
8 [ plt =52 = )25 (5,9) s (ds,dy).

We want to let ¢ tend to 0 and conclude that

Zg(tx) = p(t,x) + 5 | plt —s,0—y)Z5(s,y) Lu (ds, dy)
o 7 e ﬂ

+ 4 . p(t — 8,2 —y)25(s,y) &, (ds, dy).
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We have to prove that the two integrals in the on the right-hand side are well defined in [t6’s and
Lebesgue’s sense, respectively (cf. Remark , that they are finite and that they are the limit of
the integrals displayed in ({8.1]). For this last point, setting

(k) = [ plt = s =) (25" (5,0) 25 (s.0) €6 (s, ),
I3(t,x) = /Xt p(t — s, —y)Z5(s,y) &, [0, a)(ds dy),
B(tw) = [ plt = s =) (25" (5,0) ~ 25 (s0) o (05, ),

with &Eﬂl’b) = ¢4 — €% (and €0 := &,), we need to prove that for all (¢,z) and j = 1,2,3, the
following convergence holds in probability:

(8.3) lim I(t,2) = 0.

The finiteness and convergence of these integrals are proved in Section [8:2] and Section [8.3] respec-
tively. The case of general initial condition is discussed in Section

8.2. Finiteness of stochastic integrals. We first introduce a technical statement that is a direct
consequence of Corollary [6.5]

Lemma 8.1. Assuming (1.15) and (2.1)), for allp € (1,1 + %), T >0, zecR?and >0, there
exist positive constants 3/ = ' (8,p,T) and C = C(B,p,T) such that for every t € [0,T],

E<[ sup Z “(t,x)? r < C’ZZ,2 (t, ) P>-a.s.
a€(0,1) B
Proof. By Doob’s maximal inequality, it suffices to bound E. [Zg’a(t, 2)P]Y/P uniformly in a, t and

2. With the conventions that g1 :=t, xx4+1 := « and the term corresponding to k£ = 0 is equal
to Zg<’a(t, x), we have that

k+1

k
(8.4) ZP(t, @) Zﬁk/ e H Zg< M (tioy, i ti, i) [ [ €ws (dty, day).
=1

Averaging with respect to w. and using the Minkowski inequality, translation invariance and
Corollary [6.5] - (we let Cy = Co(B,p,T) denote the constant obtained from Corollary , we can
bound E. [Zga(t z)P]M/P by

k+1 k

1
Zﬁk/(k>HE< 259 (AL, Awy) ]”H _(dt;,dz;)

k

< Cy Z[Coﬁ]k/ pra(t, ) H - (dtj, dxy) CoZC ﬁ(t z). O
k=0 j=1

Remark 8.2. In this section and the next, the dependence in 3, p and T of the constants does not
have a major importance: most of the time, they are omitted in computations.

We now proceed to showing that the integrals in ({8.2)) are well defined and finite. The integral
I$ is a Lebesgue integral. Because of (2.2)), it clearly suffices to show that

(8.5) p(t — s,z —y) sup Z5(s,y) &, (ds, dy) < oo
Xt ae(0,1)
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In fact, we are going to show that the LP(P.)-norm of the quantity in (8.5) is finite P>-a.s. By
Minkowski’s integral inequality and Lemma we have

=

p
E<[( p(t —s,x—y) sup Z5%(s,y) £w>(ds,dy)) ]
Xt a€(0,1)

p
S/ pt —s,2 —y)E<| sup Zg (s,y)p} €ws (ds, dy)
Xt a€(0,1)

(8.6)

<C [ plt—sz- Y Z57 (5,Y) bws (ds, dy).
t

By (8.1)), applied with a = 1, the integral in the last line is equal to (Z, 5 Z(t,z) — p(t,x))/B', which
is ﬁnlte and therefore proves (8.5)).

Let us now deal with I{ and I§. We show that for P>-a.e. realization of w>, the process
(we,ys,y) — p(t — s,x — y)Zg<Uw> (s,y) is Lp(]P’<) integrable with respect to §,_, in the sense
described in Section Thanks to Lemma [4.4} this implies that (w, s,y) — p(t —s,x — y)Z”(s, Y)
is L°(P)-integrable with respect to &, .. To this end, according to and , we only need to
prove that for some p € (1,1 + 2), we have

(8.7) E. [( [, ot = sa =025 (5,02 0 ))

< 0.

Using Fatou’s Lemma for the inner integral, we can replace Z§(s,y) by Zg’a(s,y) and add a
restriction 1y,>,y provided that the bound we prove is uniform in a. Using the BDG inequality in
the reverse direction, we obtain

215
IE< [( . P(t - 5T — y)QZZ;ﬂ(& y)2221{z2a} 5&1< (dw)> ]
(8.8) t

1
P]p

1
P

SCE<l

[ ot =50 =1)25%(s,9) €2 (ds. dy)
t

By (8.1), 5 times the last expectation is bounded by
1 P
(89)  p(t,w) +E< |25t 2)")" + BE< [( /X p(t = 5,0 — )25 (s,y) o (ds, dy>) ]
t
We conclude by observing that all terms are uniformly bounded in a: we use Lemma [8.] for the

second one, while the third one has been controlled in the previous paragraph (see ) O

8.3. Convergence of stochastic integrals. We give the proof of in this section. The
convergence of I§ follows from and dominated convergence. The convergence of I follows
from dominated convergence for stochastic integrals. The main piece of work consists in proving
the convergence of I{. We define

TP () = | Pt = .2 = y)(Z5" (5,y) = 25/ y)) £99)(ds, dy)

I3 (t,2) / plt = 5,0 = 1) (25" (s 9) = B4 (5,)) €6 (ds. dy)
and we prove that the following holds in P>-probability:

. . a,b —
jm sup B<[re @ =0 and - limBe i3] <o



44 QUENTIN BERGER, CARSTEN CHONG, AND HUBERT LACOIN

Convergence of J3(t,z). By Jensen’s inequality, it suffices to prove that E[|JS?(¢, z)|P] — 0 for
some p € (1,min(2,1 + %)) By the BDG inequality, we can further reduce this to proving

(8.10) lim E..

a—0

</th[b,1) plt — 5,2 —y)*(Z5(s,9) — 25 (5,9))2% bue (dw)> 2] = 0.

By subadditivity (5.4)), for a < b this quantity is smaller than

E< [/ p(t — s,z —y)P|25%(s,y) — 25 (s,y)[P2F du (ds, dy, dZ)l
XtX[b,l)

= p,1(p) /X p(t — s,z —y)PEc [\Zf;’“(s, y) — 25 (s, y)\l’} dsdy.
t

As the integrand tends to zero thanks to (2.3)), by dominated convergence we will get that the last
integral converges to 0 for P>-a.s. if we show that for P>-a.e. realization of w>,

(8.11) / p(t—s,x— y)pE<[ sup Zg’a(s, y)p} dsdy < o0.
Xt a€(0,1)

To this end, we use Lemma to bound the left-hand side of (8.11]) by a constant times

/ p(t —s,x —y)PZ57 (s,y)P ds dy
X B

B =

(812) < (Z(ﬁ’)’“ oo ( [, =57 =Pl tioy — muPds dy>

k=0 X
k

p
X H p(Ati, Al’l) &,JZ (dti’ dxl)) )

=1

where the last inequality follows from Minkowski’s inequality (for the LP-norm of the measure

p(t — s,z —y)P dsdy). Recalling (5.5) and using Lemma one has
(8.13)

I'(v,)? _
t— _ p _ _ P — 2 p _ 2up—1 (1 t— _
L P 50 = 005 — by — ) dsdy = D) 1= 10 (5~ ), — )
L' (1p)?
= 0(p) ==~ (t — tp)"?p(t — th, © — zp)P.
I'(2vp)
Thus, the right-hand side of (8.12)) is bounded by 9(p)I'(v,)?T'(2v) ~1#*» times
00 k p
(8.14) ( Bk / pra(tx) || & (dti,d:ci)> = Z. 7 (t,x)P,
kz:% Re(0)x (R Ul § ’
which is finite. This concludes the proof of (8.10]). O

Convergence of Jf’b(t, x). Using Jensen’s inequality, we need to show that for some p € (1,1+ %),

p
lim sup E. p(t —s,x — y)Zg’a(s, Y) U[Ja;b)(ds, dy)| | =0,
b—0 ae(0,1) X
(8.15) p
lim sup E. p(t —s,x — y)Z}‘i(s, Y) L[i’b)(ds, dy)| | =0.
b—0 a€c(0,1) X
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For the second line, we apply the BDG inequality and realize that
p]
D
2
< CE« [(/ pt — 5,0 —y)* 2§ (s,y)?2" b (dw)> 1 :
X¢x[0,b)

By (8.7)), this converges to 0 as b — 0 by dominated convergence. Concerning the first line in (8.15]),
we rely on the proof of Propositions[6.1]and [6.3]but with a small variation. Let us define a modified
partition function by

sup E-
a€(0,1)

/ p(t — 5,3 —y) 2§ (s,y) 4 (ds, dy)
Xy

k-1

V9l(s,at,y) =Y g /X(k) psaity(t,®) [ €a(dts, da;) €0 (dty, day)
s,t =1

k=1
and yg’a’b(t,x) = yg’“”’(o,o;t,x). Then, the E-[(--)]-term in the first line of (8.15]) is simply
E<[|y§’a’b(t, z)[P]. In analogy with (7.1)),

yg:a,b(t,x) — yg<7a7b(t,l')
k
b 7b b
+ Zﬁk (k) W<0« (tkaxk‘ata x)HZZ;< a(ti,1,$i,1;ti,$j)fwz(dti,dxi).

i=1

Applying Minkowski’s inequality, we get
1
E[|95 (¢, ) |P} < B V5o (x|

—l—ZBk /X(k) E<[]yg<,a,b(Atk+1,Aack+1 ’P}P H {zw« (At;, Ax;)? } Eus (dt;, dz;).
k=1 t i1

We then need the following estimate, which comes from a small adaptation of the proofs of Propo-
sitions and and Corollary The proof of this lemma is postponed to the end of the
section.

Lemma 8.3. Assume that A([1,00)) = 0. Given 3,T >0, and p € (1,14 2) there exists a function
d(b) = 0gp1(b) such that hmb_m 0(b) =0 and

1
sup sup sup E[p(t, ) 7|V5 0t 2)P]” < o(b).
t€(0,T]) zeR? a€(0,1]

By Corollary and Lemma we obtain Cy = Cy(f,p,T') such that

1 o0 k
et a)p]” <o) kzo(coﬁ)k/t(k) pra(t, @) 1;[1&02 (dt;, da;)

= 5(b) 257 (t @),

with §/ := Cpf3. Since Z:7(t, ) is P>-a.s. finite, this shows the first line of (8.15) and the proof

of the convergence to zero of Jy b (¢, 2) is complete. O

Proof of Lemma[8.3 The proof is considerably easier for d = 1, so we only provide details in the
case d > 2. We follow exactly the plan of the proof of Proposition up to Equation (6.14).
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Because of the restriction on the last iteration of the integral over the noise, the quantity we need
to bound is not E[|V, 1 (¢)?|] but rather E[|V£k(t) |P] where

k
pro(t, x
Vuﬁk‘(t) = /XUC) : i ) )1{Zk<b} H Zil{ZiZQ} (5(«)1 - I/)(dwz)
t i=1

To conclude, we only need to slightly improve the bounds in further computations. The reader can
check that the proof of Lemma yields the inequality for ka (t) with an additional 1y, )
in each of the integrals on the right-hand side. Let U(P,t,b) denote the corresponding integrals in
the case § =1+ %, cf. . Adapting the proof of Proposition we want to prove that

(8.16) U(P,t,b) < e(b,n)(n,p,t)* Ca(n, p)*2 A (Ko, t, )

for some (b, n) that converges to 0 as b — 0 for any fixed 1 € (0, 1). Because of (8.16]), the factor
e(b,n) appears on the right-hand side of (6.32)) so that, provided that 7 has been chosen sufficiently
small, we obtain that for every t € [0,7], z € R? and a € (0,b),

E|p(t,2) Y5 (1, 2)P| < B71e(b,n)C (8,0, T)

with the constant C(3,p,T) of Corollary This is exactly the desired result. Note that the
factor S~! comes from the fact that in the definition of yg’a’b(t, ), we have BF~! instead of *.

To prove (8.16)), we follow the proof of Proposition and realize that we can improve the upper
bound by a factor of (,ulof‘;f(l + %)/ugf](l + 2))p/(142/d) if |; € J; and a factor of ugj%(l +2)/Ca(n, p)
if k € Jo, so (8.16) is valid for

log
pop(1+3)
e(b,m) == < Tog

2
706" d/
MO,n(l + %)

p
s+ )
C2(nap) '

8.4. General initial condition. Using translation invariance, we have already shown that the
point-to-point partition function Zg(y;t,:n) is a solution to with ug = 4y, for all y € R,
The fact that v as defined in (2.8 is a mild solution to the SHE with initial condition wug follows
immediately by integrating n both sides with respect to ug, provided that integrals can be
permuted in the following manner:

/ ( | et sa =) 25 s ) Sulds, dy'>) to(dy)
R4 (0,t) x R4

- o= s =) ([ 25050 wolay)) &ufas.a)).

(0,t) xR

Writing &, = & + &, we can use the ordinary Fubini theorem for the .. -integral and a
stochastic version of Fubini’s theorem [37, Thm. A.3] for the integration with respect to &,_. Both
cases require some integrability properties, which we are going to show by recycling the estimates
from Section

Concerning the integral with respect to &,., we simply need to check integrability in the
Lebesgue sense, that is, -

/Rd /X p(t — s,z —y)Z8(y; 5, y") &ws (ds, dy’) Juol(dy) < oo P>-a.s.
t



STOCHASTIC HEAT EQUATION WITH LEVY NOISE 47

By Minkowski’s integral inequality and Lemma for p € (1,1 + %), the LP(P.)-norm of the
left-hand side is bounded by a constant times

w>

L L plt=s.0 =) 257 0 4/) s (s, ) ()
Re J X,

— @7 ([, 27wt olul@) - [ oty ),
Rd Rd
where the equality follows from (8.1) with a = 1. The second integral on the right-hand side is

finite as a consequence of our assumption (2.7)). The first one is finite by [13, Prop. 2.21].

For the integral with respect to £, _, according to [37, Thm. A.3|, changing the order of integra-
tion is permitted if

S =

/d E< [(/ p(t —s,x — ')’ 25 (y; 5,y')?%" 6o, (ds, dy/, d2)> 2] |uol(dy)
R X

is finite. Using (8.8) and , together with Lemma and , we can bound the quantity
above by a constant times

/Rd (p(t, z—y)+ 257 (yit,x) + /X p(t = s,x =y ) 257 (43 5,9) €us (ds, dy’)) |uo|(dy) -
t
The integrability of each of the three terms has been shown above. ([l

8.5. Integrability property of the solution. Let us show that the solution v defined in Equa-
tion (2.8)) satisfies the integrability condition (2.10). The important part is to show that whenever
ug satisfies (2.7) for a given T > 0, then for any p € (1,1 + %), we have

[, 25t ) w(dy)

(8.17) /X p(O(T — t), 2)PE [ p] dt dz < cc.

In our proof of (8.17)), we will check along the way that the expectation term, which equals
E-[|v(t, x)|P], is finite for any ¢ and z, proving the first line of (2.10). By (2.7), we can find £ > 0
such that

(8.18) 2T lim sup 72 log <|u0|([—r, r]d))> <1l-—2e.
r—00
We also let 6 := (1 —¢)~!. In the following proof, the parameters p € (1,1 + %), T, fand A and ¢

are all fixed, and the constants appearing in the inequalities may depend on them.
Using Minkowski’s inequality first and Lemma afterwards, we have for any ¢ € [0,77],

The a.s. finiteness of the right-hand side for fixed = and t is a consequence of [I3, Prop. 2.19].
Using the inequality above, to prove (8.17)), we now need to show that P>-a.s.,

1
P 1

| s [ E [zt a] olaw)

[, 28wty uoldy

<C [ 257 (ito) luol ()
]Rd

p
(8.19) /X p(O(T — t),x)p</Rd 257 (y;t, ) yu0|(dy)> dt dz < oc.
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We do so by comparing Z.7~ (y; t, ) with a variable with finite pth moment. For a small £ > 0, we
introduce the quantity

) 2 2 a2
(8.20) T :=sup sup sup {ZlOgZz_EZ Iz =z —a(”y’ + ] )}

k21 yeRa (t;,24,2)%_ | Cws: 2(t; — ti1) 2T 2ty
0<t1<-+- <tk<T

Note that optimizing over y leads to the simpler expression

. 2 2
(821) T = sup sup {Zlog 2 — 62 ||517 Tij— 1” _ 8”1’1” }

k21 (t;,25,2:)F_ | Cws: 2(ti — ti-1) 2(T +t)
Octi< <ty

The following lemma is an easy consequence of [I3], Lemma 4.17].
Lemma 8.4. For any T >0 and e >0, T is finite P>-a.s.
Proof. By [13, Lemma 4.17], we have (with the convention o = 0 and g = 0)
k 2
sup sup Z <log Zi — 8||!Ez—$11”> < 00.

k21 (t;,24,2:)F_  Cws: j=1 2(t; —ti-1)
0<ty <--<tp<2T

Taking a further restriction (namely ¢; > T') and shifting time by —7', we obtain by translation
invariance that

sup sup {Z (log z;) —EZ i — @i1]® . 1] } < 0 0

g .

k:Zl (ti,.Ti,Zi)?:lngi =1 t - tl 1) 2(t1 + T)
0<t1<-<tp<T

By Lemma we have for every z,y € R? and t € [0, 7] that

T N ok kil ”?ﬁé”Q 6. (d
(8.22) ZB’ (y;t,z) < o kz_%)(ﬁ) /Xi’” Pyitz(t, @ H e H o.)> wj)
with the convention that xg = y. Because
ll=||? g
(8.23) p(t,x)e’ 2t = 05 p(Oyt, x) with 0, =(1—-n""

EH H
and 0 = (1 — &)™, we have Z57 (y;t,x) < e T 21 ¥ Zﬁ>(y,t x), where

00 k
(8.24) Zg? (y;t,x) == Z / Py:ot,2(0t, ) H > (dwy) .
k=0 j=1

ellyl®

Setting 1g(dy) := e 27 |up|(dy), we can reduce (8.19) to showing

p
(8.25) ; p(0(T (/ Z:7 (yit,x) uo(dy)> dtdz < oo.
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We take the expectation and apply Minkowski’s inequality twice to get

El/XT p(H(Tt)vy)p</Rd 257 (y;t,w)@o(dy)> dtdy]

(8.26) < /X p(9(T—t),y)p<AdE[§§/>(y;t,m)p}’1’ﬂo(dy)> dtdz

1
= P
p
< ( / ( (0(T — 5),y)"E[ 257 (y:t, 2)"] da:> ﬁo(dy)> .
Rd \ J X7
Observe now that ZA;)? (y;t,z) is a (non-normalized) point-to-point partition function correspond-

ing to a Poisson environment with intensity measure A([1,00))dga/25 and a time-rescaling by 6.
Therefore, by Corollary [6.5]

(8.27) E[Z57 (y; t, )P] < Cp(0t, 2 — y)P,

for a constant C' that depends on all parameters but not on y, t and . Hence, the %th power
of (8.26]) is bounded by a constant times

12

o '&O (dy) )

ly
0

/ ( p(O(T —t),x)Pp(0t,x — y)P dt d:):) Gp(dy) < C”/ e 2
Re \ X7 Rd

where the inner integral has been computed as in (8.13)). The above integral is finite thanks to our
choice of € and 6 in (8.18)). Thus, (8.25) holds and the proof is complete. O

8.6. Uniqueness of solutions to the SHE. We assume in this section that A satisfies (1.22
and prove uniqueness among solutions satisfying . By the fact that the condition (]T_]TOEE
stable under linear combinations, it is sufficient to show that any solution to with ug = 0 is
equal to zero. Consider v that satisfies and is such that for every t € (0,7] and = € R?,

ota) =5 [ [ ple = 5.z = pols.) s, ).

Applying this identity to v(s,y) in the integrand and repeating this, we obtain that for any k£ > 1,

k
(8.28) o(t,x) = g* /X oo Pt (@D Mot ) T] €o(dts, day),
t i=1

where t() and ) are obtained from ¢ and z, respectively, by removing the first component.
Fixing 2 € R? and t € (0,T), we are going to prove that v(t, ) = 0 by showing that the right-hand
side in (8.28)) is summable in k. More precisely, we set

9] k
u(t,fl’) = Z/Bk /X(k) pt1,$1;t,a:(t(1)7w(l))v(thxl) ng(dt’bvdxl) )
k=0 t

i=1
the term for k = 0 being simply v(t,z). We fix p € (1,1 + 2) for which 1191 (p) < co (when d = 1
we fix p = 2) and we are going to prove that

(8.29) E<|[U(t2)]"| <oo  Ps-as.

Separating w< and wx> in &, we have that

k+1 k

(8.30) Ut,z)y ="y p* /X(k) V(t,a1) [] Z5° (tior, wiois tiy ) [ ] €os (i, das),
k=0 : i=2 '
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where

00 k
(8.31) V(t,x) =Y B /X(k) prrerita (D, 2oty 21) ] oo (dti, day)
k=0 :

i=1

and the terms for k£ = 0 in (8.30) and (8.31)) are V(¢,z) and v(t,x) respectively. By Corollary
and translation invariance, there exists 3’ > 0 such that E-[|U/(t, 2)|P]"/P is bounded by

[%S) 1 k+1
(8:32) S [ B[V 20P])” T] ot A ] . (s o).
k=0 =2 i=1

Using the triangle inequality and iterating the BDG inequality and the subadditivity property ([5.4))
for each term (as done in (A1), for example), we can bound E_[|V(t, z)[P]'/? by

oo 1 k P
Z(Cpﬂﬂo,l(P)p)k</X(k> piyarte (D, W VPE [’v(thxl)‘p} H di; dl‘z’) .
k=0 t i=1

Then, applying (6.19) and Lemma with the trivial inequality ¢t — 1 < ¢, we get that

[C,B (0,1 (P)T (1) t0)
(]Wp)

X (/X p(t—tl,m—$1)pE< U'I}(tl,xl)‘p} dtl dx1>
t

e[t o] < Bt op]” + 3

3=

(8.33)

3=

Since the sum in k in finite, the two conditions in our assumption implies the P>-a.s.
finiteness of the right-hand side of @

Coming back to the series in @ , we apply a similar trick to and replace the z;’s coming
from the atoms of w> by one. More precisely, we set

: O Nl — @i
1
(8.34) T(t,z) :=sup sup [ log z;) L ]
’ K21 (20,2 Cws ; Z 241 ’
0%ty < <tp<i

with the convention that tx11 = ¢ and zx11 = . The value of n > 0 in (8.34)) is chosen such that
0= (1- n@)‘% with the same 6 as in the assumption (2.10]). By the translation invariance and
symmetry properties of w>, [I3, Lemma 4.17] guarantees that 7 (¢, z) < oo, P>-a.s. Defining

k41 a2

(8.35) Zﬁ/ (s,y;t,x) / Psyita(t, T H e A H 0w (dtj, dajdz;),
7=1

we find that the series in (8.32)) starting from k& = 1 is smaller than the following integral (we have
replaced t1, 21,21 by 8,9, 2):

1

(8.36) geTeo [ 257 (5,531, 2)E< [V (s,9)P] " 0 (ds, dy, d2).
(0,t)xR4x[1,00)

Note that the integral in is a sum and that all terms are finite almost surely by (8.33) and
- In order to show that the integral in @ is finite, we proceed in several steps. The first
one is to replace ZB’ (s,y;t,x) by p(t — s,z —y)e" |”_y”2/(t_s). This is the purpose of the following
lemma whose short proof is postponed to the end of the section.
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Lemma 8.5. Let
d Sw> ﬁM
Ot ) i= {(5,) € (0.0) X BT 5 257 (s,:t,2) 2 plt — 5,2~ y)e’ 9 |,
wW> = {(s,y) € (0,t) xR? : 32>1, (s,9,2) € w}.
Then we have # (O(t,x) Nw>) < 0o P>-a.s.
As a consequence of Lemma the integral in (8.36) is finite if
lz—y?
(87) [ BV ptt = 5.0 = ) T 6, (ds, dy,dz) < o0
X

By [84, Prop. 12.1],
(8.37) holds if we can show that
nllz—y||”

1
(8.38) / Ec UV(S y)\p} ot —s,x —y)e &= dsdy < oo.
X

t

To this end, we use the bound (8.33)) for E<[|V{ (s, y) [P)1/P and check that the integrals correspond-
ing to each of the two summands on the right-hand side of (8.33)) are finite. In the first case, we
must show that

llz—yll?

1
(8.39) / E<[|v(s7y)|p}pﬂ(t—s,x—y) T dsdy < o0
Xy

Applying Jensen’s inequality for the finite measure e~Mlle=yl?/2(t=5) 45 dy, we can bound the quan-
tity above by

lz—y2 P
(8.40) (/ E<Uv(8,y)|p}/)(t—s,x—y) (@) sy dsdy) :
Xt

Recalling (8.23) and the relation 6 = (1 — 773” 1) , the finiteness of (8.40) follows from our
assumption (2.10)).
For the second summand on the right-hand side of (| -, we have to show that

P

lle—y)?
/ ¢ s p(t — s,z —y) </ p(s—r,y—v)PE- “v(r, v)\p} dr dv) dsdy
Xy X

S

is finite. Using the same trick as in , we see that it is sufficient to prove the finiteness of

_ H
/. / Y DRET p(t — 5,2 — )] o(s — .y — o) Ee[Jolr, )P dr dvdsdy.

Now, by (8.23]) and thanks to our choice of 7, we can replace the [---]-term by a constant times
p(0(t—s), :U—y)p and bound p(s—r,y—v)P by a constant times p(0(s—r),y—v)P. Then, using ([5.5)
as in(8.13[), we have

/. P00 = ), =y p(Os — )y~ )P dsdy < Ot =) p(Ot =), — v,

so ([2.10) completes the proof. O
Proof of Lemma[8.3. By Markov’s inequality and (8.27), we have for any given s,y € (0,t) x R?,

A lz—y)2 f=s =y o=yl
P> [Z§f>(say;t,x) > p(t— 5,2 — y)e” T2 } < C<p(1"y)e e ) = Cle"M T
- p(t — s,z —y)
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using (8.23)) for the last inequality. Hence, we have

2

llz—yll
Bo[# ) naz)] e [ | TTRET dsdyAa)
— cpx(u,oo))/( (- 5)% ds < oo. 0
0,t

9. MOMENTS OF ORDER p < 1 AND LOWER BOUNDS IN THEOREMS [2.13{H2.14

This section is dedicated to estimating fractional moments of Zg (t,*). More precisely, we focus

on E[Z%(t, %)1/2] to simplify notation, but the method would be equally efficient to directly estimate
E[Z5(t,+)P] for p € (0,1). The estimates obtained in this section allow us to complete the proof
of Theorems and since by convexity and the fact that 753(1) = 0 and y3(0) = 0, we have

35(p) < 2p75(3) for p € (0, 3),
(9.1) Y5(p) < 2(1 - p)ys(3) for p € (3,1),
Y8(p) > —2(p— 1)3p(3)  forp> 1.

We also prove Proposition [2.3] in Section partially using ideas developed in Sections

In Section [9.1] we introduce a method that combines a coarse-graining and a change-of-measure
argument, which allows to obtain upper bounds that decay exponentially in ¢ (this is crucial for
the proof of Theorems and . This approach originates in the study of the discrete pinning
model [54] 63]: in its refined form, which first appeared in [97], it can be used in a continuum
setup such as the SHE. Note that the method found many implementations in the last decade,
such as for disordered pinning [I1], [62], directed polymers and variants [10} [15] 1] 82], the random
walk pinning model [14] 20], large deviations of random walks in a random environment [101],
self-avoiding walks in a random environment [83], and anomalous path detection in a random
environment [30].

The achievement of the method (presented in Lemma is to reduce the problem of estimating
moments to that of showing that the original measure P significantly differs (in total variation)
from an alternative measure where the environment has been modified along a Brownian trajectory
(the size-biased measure). This last statement is proved in Sections (for d =1 or heavy-tailed
noises) and (for d > 2 and light-tailed noises). While Lemma is quite general and can
be adapted to various settings, the proof that the original and the tilted measures differ in total
variation heavily depends on context.

The proof presented in Section for d = 1 relies on ideas found in [81], Section 3|: in essence,
we discriminate between the original and the tilted environments by looking at the average in a
box of length T and wdith v/T. The proof for heavy-tailed environments, also found in Section
relies on a similar idea to that found in [99], Section 2].

On the other hand, the approach taken in Section [9.3] and Section [9.4] are completely new and
have no discrete analogue. We show that what makes the tilted measure different from the original
one is the presence of clusters of points that are very close to one another. It requires a fine analysis
to identify exactly what the characteristics of these clusters are.

9.1. A general coarse-graining lemma. For notational simplicity, we set Zj, := Z_g(t,*) in
the remainder of this section. Our coarse-graining approach reduces the problem of bounding
fractional moments of Z5, to identifying a single event that is unlikely under the original measure

[P but becomes likely under the size-biased measure Iﬁ’%i (see Section .

We say that a measurable event A for the point process w has time range [0,T) if 1 4(w) is a
function of w N ([0,T) x R? x (0, 00)). Moreover, defining & = @(w,w’, B) := wUo(w', B), we will
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use, for a generic real-valued function f defined on the set of environments, the abbreviation
(9.2) flw,o',B) := fod(w,u, B).
Also, we write Q, for the law of a d-dimensional standard Brownian motion starting from .

Lemma 9.1. Assume that p < oo. There exists a constant K € (0,00), which only depends on
the dimension d, with the following property: For any 8 > 0 and T > 0, if there exists an event A
with time range [0,T) satisfying both

(H1) Plwe A) <e X,
H2 max Pg.(@¢ A) <e X,
(12) e Bo@¢ A

where ]@5@ =P® P'ﬁ ® Qy, then for all m > 1 we have

(9.3) E[(Z5mr)?] <277,

and as a consequence Y5(3) < —(log2)T 1.

Below, we are going to apply Lemma to events of the type

(9.4) A={w : f(w) —E[f(w)] >h} or  A:={w: fw)>h}

where f is a function that only depends on wN ([0, T)NR? x (0,0)) and h € R is a threshold to be
chosen appropriately. More precisely, we consider functions f of the form (recall that w = (¢, z, z))

k

(9‘5) f(w) = T(t,il:, Z) H 5w(dwi)v

I O)
XT =1

where k is a positive integer and T is a non-negative function on Xgﬁ ) (recall the notation (1.9))).
Given f as above, we define

k
(9.6) f'(W', B) = o T(t, (B, 2) ];[1 O (dts, dz;).

In other words, f’ is the total contribution of the additional terms in ]? that are obtained by
considering (only) the atoms on the added “environment spine” (w’, B) (recall (9.2))). Then, for f
of the form ((9.5)), since T is non-negative, we have

(9.7) flw,w',B) > f(w) + f'(W', B).

In this setting, verifying (H1)) and (H2|) boils down to first and second moment computations for
f and f'.

Corollary 9.2. Assume that f is as in (9.5) and satisfies one of the two following conditions:
(C1) For all z € [0,vVT)?, we have that

Ej @ Qulf' (&', B)J? > 4e"{ Var(f(w)) + Varp, oq, (f'(+/, B)) }:
(C2) The function Y is integer-valued, we have E[f(w)] < e X and
Vo e [0,VT)': Ep© Qulf (W, B)]® = e Varp, gq, (f'(«, B)).

In both cases, also assume that the variances on the right-hand side are finite. Then (H1) and (H2))
are satisfied and v5(3) < —(log2)T 1.
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Proof. 1f|(C1)|is satisfied, define

m = E[f(w)] and o= \/Var +Varp/ Q. (['(w, B))

and consider the event A := {w: f(w) > m + e o}. We can apply Chebyshev’s inequality, using
that 02 > Var(f(w)), to check the validity of (H1)). For (H2), we observe that as a consequence of

, we have
[@¢ A} C{f) + (&, B) Sm+e5a).
Using Chebyshev’s inequality, we deduce that
~ Var(f((d)) + Var]p/ z(f,(w’, B))
Ppo(@ ¢ A) < — i <o K
(e20 — Eb ® Q. [f'(w', B)])?

If |(C2)| is satisfied, we set A := {w : f(w) > 1} ={w: f(w) > 0}. We then deduce (H1) from
Markov’s inequality applied to f(w) and (H2) from Chebychev’s inequality applied to f'(«’, B). O

Remark 9.3. We will use the assumption for d = 1 in the light-tailed case and the assump-
tion in all heavy-tailed cases and for d > 2. These two assumptions correspond to two different
ways of distinguishing between the original measure and the size-biased one. In Assumption
f is increased under the size-biased measure by an amount f’ that, on average, exceeds the typical
fluctuation (measured as Var(f(w))) under the original measure. Assumption implies that
there are patterns in w that appear with large probability under the size-biased measure and are
most likely absent under the original one.

Proof of Lemma[9.1. Let us assume that T and A satisfy (H1) and ([2). We divide R? into cubes
of side length VT let

¢, =C\" = VT +[0,vT), jez’

J
and define, for j = (j1,...,jm) € (Z4)™, the function x; : C([0,mT]) — R,
Xj(p) == 1{Vie [m]: ¢(T) € C;,}.
In other words, x;(¢) is the indicator that the function ¢ passes through a prescribed sequence
of cubes of diameter /T at times iT, where i € [m]. If ¢ = (Bt)tefo,m7) is @ Brownian motion,

the unique value of j such that x;(B) = 1 corresponds to a coarse-grained trajectory (or skeleton)

of B on time scale T. Now, recalling that we have set Zj, = Z_g (t,*) and recalling the notation
from Section we have

M
(9.8) Z8 ot = /(Rd)m H 5(( =T, 10T, ;) da; .
=1
This can be checked directly from the definition if Z§ . and Zg((z — )T, x;—1;iT, x;) are replaced

by Z_g’a(mT, *) and Z_g’a((i — )T, x;_1;iT, x;), respectively. The case a = 0 then follows from the
L'-convergence in Theorem We therefore get Z5, .7 = > jczaym Z,LBU,’ITLT(XJ.)7 where

28 mr(X5) /Rd HZW i = DT i30T, i) 1 ec; ) dai-
As a consequence, by subadditivity ([5.4]), we have

E[(Zar)i| < > E[Z20(x)3].

je@dym
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Our aim is to obtain a good bound on E[(Zg’mT(Xj))l/Q]. This is where we introduce a change-of-
measure procedure. We use the Cauchy—Schwarz inequality as follows:

(9.9) E[(250r06)}] < E[G5() ' E[G) () 25 r ()]

for some non-negative function Gj(w) that penalizes the w’s that contribute most to E[Z% 1+ (x;)]-
This procedure is referred to as a change of measure since E[G;(w)Z% ,,7(X;)] corresponds to the
expectation of ngT(Xj) under a new measure whose density with respect to the original one is
given by Gj(w). We now construct G; with a product structure in order to gain a constant factor
per coarse-grained step of the trajectory. For K > 0, a fixed constant to be determined below, we
define (with jp :=0)

g(w) = eXp(—K 1A(W))7 gi,j(w) ‘=go 0((1‘_1)71]‘\/?) (W)a
) =] 9ijis (@)
=1

where 0 ..y is the space-time shift operator acting on point collections in R x R? x (0,00) (i.e.,
Oty (w) ={(s—t,y—2,2) : (s,y,2) € w}). Because A has time range T', for given j, the variables
(9i,j;_, (w))ix, are independent and identically distributed under PP, so that, by (HI]),

E[G; (@)™ = (1+ (X — P(A)™ < 2™
We then derive from that
(9.11) 825,01 <27 Y \[B[6i()2,000)]
je@aym

Using the size-biased representation of Lemma and recalling the notation (9.2)), we obtain that

E[G;(@) 25,01 (x;)] = E® B, © Q[G;(w,w'. B)x;(B)].

(9.10)

Letting Bt(i) = BT+t — ji—1V/T, using the stationarity of w and w’ and the fact that A has
time-range T', we have

/ ~ / 1
E® By @ Q[Gj(w,w’, B)x;(B)] = E; [H Gijia (w0, BN {B(T“ecjij“}]

i=1

3

— Ils =10) v
- Q [H . ? EIB [gl7ji71 (W, “ B )1{B’¥)€Cjiji1}:|‘|

i=1
_ s i =10) ,
_Q[EE®Eﬂ[g(w,w,B )1{B(T1)Ecjijil}”.

Conditionally on (B).e(o,(i—1)175 (Bt(i))tzo is a Brownian motion starting from B(;_1)p — GiaVT,
which belongs to Cp. Thus, using the Brownian motion’s Markov property iteratively (starting
with ¢ = m), we obtain that

EB[G (w,w', B)x;( ] < HI;HG%XEBJU[ w,w’, B)l{prec;, ,7-1._1}]-

Reindexing the sums yields

(9'12) Z \/ ,BmT X] ] = <Z géaé)o( \/Eﬁ,x [g("‘)’w,vB)l{BTECj}}) :

je@dym
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Hence, it remains to show that the sum on the right-hand side is small. Given an integer N, since
g <1, we have

max \/Eﬁx [ﬁ(w, w’, B)l{BTECJ}}

] d o ~ /
gle%)ou/Qm[BT € Cj]+ (2N) max \/E@x [g(w,w ,B)}.

lilloo =N

(9.13)

IN

We then choose N to be the smallest integer such that the first sum is smaller than (41/2)~1; note
it depends on d but not on 7. For the second term, recalling the definition (9.10]) of g and using
assumption (H2)) for the last inequality, we have

(9.14) Egolf(w,w’, B) =e X+ (1—e M)Ps (@ ¢ A) <275
Finally, combining ((9.11)—(9.14)), we obtain that
1 m d —\™ _

E[(28mr)?] < 2% (55 + (@N)"V2e K) T =27,
where the last inequality holds by choosing K = 2[(3 + d) log 2 + dlog N]. O
9.2. One-body estimates. We now present a simple choice for f that yields the desired bounds
on the Lyapunov exponents both in dimension d = 1 and in any dimension d > 2 for heavy-tailed
environments. This gives the second half of Theorem (i) and of Theorem that is, the
lower bounds on |y3(p)|. More precisely, we prove the following.

Proposition 9.4. Assume that u < oo.

(i) In dimension d =1, we have

(9.15) limsup B~ 93(3) < 0.
B—0+
(ii) In any dimension d > 1, if iminf oo A*A([A, 00)) > 0 for some o < 1+ 2, then
(9.16) limsupﬁfiffyg(%) <0.
B—0+
If we only assume limsup 4_, .o A“N([A,0)) > 0, then
9.17 lim inf 87 75(3) < 0.
(9-17) im inf 577 ys(3) <
Proof. The proofs of (i) and (%) slightly differ but have the same starting point, that is, the same
function f (to which we will apply Corollary , up to a choice of parameter.

Preparing the setup. We start by fixing R > 1 such that
d

u2
(9.18) ((27r)—§ / e T du> >1-Le K
[~R,R—1]

where K is the constant from Lemma Given T > 0 and 0 < a < b < oo, we then consider the
functional

(9.19) flw) = /X o Ll e Ry T ey 0 (dE, dad2),
T

which is Poisson distributed with

(9.20) E[f(w)] = Var(f(w)) = A([a, b)) (2RVT)"T.

Using the formalism of the previous subsection, we further have

1y o
Flen B = /(O,T)X(O,oo) LBl oo <RV zclapyy O (A d2).
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To estimate the expectation and variance of f/, we define

_w’ ::/ 1z a (5w/ dt,dz.

f(w) 0.0 (0 LD ( )
Note that we have f/(w', B) < f (w’) and, recalling that w’ has intensity measure Sz dt A(dz), also
(9.21) E5[f ()] = Buap(W)T,  E3[f(w")?) = Brap()T + (Brap(1)T)*.
The condition (9.18) guarantees that for any = € [0, VT )% and t € (0, T]

Q. ([|Billoe < RVT) >1— e,
so that we have
(9.22) Ej © Qulf'(w', B)] > (1 — g7 ¢ ) Buap()T > % Bhap(1)T
We also have, combining (9.21]) and the first inequality of (9.22]),
Varp oq, (f'(, B)) < Eglf(')?] - Ej © Qu[f' (', B))?
< Brap(DT + g5¢~ " (Buap(1)T).

We are now ready to apply these estimates to specific cases.

Proof of (i). We first choose a and b such that A([a,b)) > 0 (in a way that does not depend on T’
or ) and then we let

(9.23)

210R2 QK)\ a, b
T=1(6):= B4Ma,b(([) v

With this choice and for small 3, the second term on the right-hand side of (9.23]) dominates:
using (9.22)) for the second inequality, we get

-K
e
VarP%@Qz(f,(w,7B)) < W(ﬁua,b(l)T) < ?Eﬁ ® Qu[f'(w', B)]%.
The reader can check that with our definition of 7', we have (recall (9.20))

3 e K e K
Var(f(w)) = 2RA([a,b))T2 = 1—6(6ua,b(1>T)2 < <5 Ese Q.[f' (W', B)”.

Therefore, condition in Corollary is indeed satisfied for small 3, and we thus have

(log 2)Ha,b(1)4

1 3 '
mp 595 (3) < ~ 510 p2a A (a, )2

Proof of (ii). Let £ > 0 denote the limit superior/inferior of A~*\([A, c0)). We choose

(9.24) A=A(f) = Mg =T

where M = M (K, R, /) is a large constant that depends on K, R and ¢. For the remainder of the
proof, we assume that § is such that we have, for the value of A specified above,

(9.25) A([A4,00)) > JeA™

(We assume that f is sufficiently small if the assumption is about the limit inferior, and we take
B along a well-chosen subsequence tending to 0 if the assumption is about the limit superior.) We
are going to use Corollary for the function (9.19), with the choices a = A, b = oo and

(9.26) T = [e M (2R)™\([4, 0)) 7] =

We have T’ < [e~ 5 (2R) 92 M@]?/(+d) g—a/va by our choice of A and our tail assumption. There-
fore, once we show that [(C2)|is satisfied, Corollary [9.2| yields the desired bound on y5(3).
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For the expectation of f, by (9.20]), our choice for T directly yields

E[f(w)] = 2R)IA([4, 00)) T = 7K.

To check the condition on the variance of f/, in view of (9.22)) and (9.23)), it is sufficient to have
Biiaco(1)T > 4eX. To this end, we bound 4 ,0(1) > AX([A,00)) and use the definition
of T to get that Bua ()T > C(K, R)BAN[A,00))¥ (24, By and the definition of A in
, the latter can be made large by choosing M = M (K, R, () large. O

9.3. Multi-body estimates. The aim of this section is to prove:

Proposition 9.5. Suppose that d > 2 and p < co. Then

log|log|75 (3
(9.27) lim sup loglog|75(3)I| <1+2.

B0 [log | -
With Propositions [9.4] and [9.5] at hand, we can complete the proof of Theorems [2.13] and [2.14]
Recall that the first half of the proof was given in Sections and respectively.

Proof of Theorems and (second half). By (9.1), the lower bounds in (2.15) and ({2.16))
directly follow from (9.15]) and (9.27)). Next, (2.20) follows from ((9.17)) since 1 o(q) = oo implies
that limsup 4_, ., A“A([A4, 00)) > 0 for every a > ¢. Finally, the upper bound in ([2.22)) follows from

(2.20) because (2.21)) implies f11 50(g) = oo for all ¢ > a. O

Proof of Proposition[9.5 In Section[9.2] counting the number of atoms in w with size in a certain
range was sufficient to determine the correct order of magnitude (in 3) of 3(3) (and hence of
78(p) for other values of p). If d > 2 and if A is light-tailed, in order to obtain optimal estimates,
we must consider certain clusters of atoms. Furthermore, the size of these point configurations,
which we denote by k, must be taken large. We shall obtain our result by proving that for
any fixed k£ > 3, we have

log|log|v45(%
lim sup ogllog|7s(3)l|
B—0 llogﬂl

This will be achieved again by using Corollary [9.2] We need to introduce a few parameters for the
functional f used in this proof. First, we fix 0 < a < b < co with A([a,b)) > 0 and two parameters
0 < k < K satisfying

(9.28) K€ (

< (1+2)k.

) and (k—2)k +r < 1.

Bl

Furthermore, we let R = R(k,d) be such that

1 V2(R-1) 2 d 1 R 2 dk=1) e K
9.29 7/ -2 4 7/ 2 1o
(9.29) <m vn © “) (m R “) SR

where K is the constant from Lemma With this choice of R, we have, for any T' > 0 and
t € X,(T) such that t; < Z, that
—-K
(9.30) inf_ Qu(|1Bulloo < RVT, Vi € [2,K] : [ABy[loo < RVAL) > 1 ——.
VT)d 8

z€|0,

Finally, for some small € € (0,1) (independent of 3 and to be chosen later), we set

(9.31) T = exp (s—mﬁ(ui),ﬁ)
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Writing vy := [];c; v for I C [k], we consider the multi-body functional

flw) = /X(k) Liviem: Zie[avb)}l{HmHo@SR\/f Vi€[2,k]: |Az;]loo <RVAEL}
(9.32) ! .

X L <T vie[2h-1]: Atie[T—~ T—+], Atgy 1y <ef?H/4T-1} 1T 0 (duwy).
=1

This function f counts clusters of atoms that are so close to each other (in time) that the benefit
of visiting all of them, which is ]_[fzg zip(At;, Ax;) or roughly (Atﬂz,kﬂ)_d/ 2 outweighs the cost
of visiting the first atom of the group, which is of order T7-%2 in the bulk of the box. Limiting
the possible range for At; is convenient in the computations and our particular choice for this
limitation is largely ad hoc. If

(9.33) efE T IH k=D < ok

then the conditions on the ¢;’s in the first line of (9.32)) imply Aty < T7". With our choice (9.31))
for T and (9.28)), the condition (9.33)) is satisfied for any g < 1.

Let us now check that condition in Corollary is satisfied. We start with the condition
on E[f(w)]. Integrating over the z;’s and ¢, making the change of variable s; = At;;; and using
that we have Aty < T7", we get

k—1
934)  E[f(w)] = 37" [2R)A(la. 1)) /[T_H,,T_K]k_ww_ﬂ L (ape_ry <eB?t/aT—1) [Il s ds;
Next, we integrate with respect to si_1 and use to obtain
. k=1,
T3 /[TK/ ,T—m]k72><[07Tfm]1{sk71S€’82k/dT71/sﬂk_2]]} g 57 ds;
(9.35) k—2

_ 144 5142k d 71/ 14
= 2 a® (1 + s; ~ds;
Y R Hl Z

= 540 DR(d 1 2) (W — k) log T]F2.

Therefore, by , there exists a constant C' = C(R,\,a,b,k,x, k,d) such that E[f(w)] =
Celtd/23(142/d)k (165 V=2 = Ce/*. Hence, choosing ¢ < (Cef)~%4 fulfills the assumption on
E[f(w)] in let us stress that ¢ must satisfy a second condition which will be specified later
in the proof.

Let us now estimate the expectation and variance of f/(w’, B). We consider an alternative
function without restrictions on B:

k

L, <T vielk 1) At 1]y X LAt g <cprrrar-1y | | S (b, dz:)
=1

936) f) = [

([0,7x[a,b))*

By (9.30), similarly to (9.22) and (9.23)), we have for any z € [0,+/T)? that

Ej @ Qu[f' (W', B)] 2 (1 - ge  M)EG[f(w)] 2 J5ER[f (W),
Varg, oq, (&, B)) < Varg, (7)) + te NS ()
We can thus conclude that the variance bound in is satisfied if
(9.38) Varp, (f() < ke By [f(w)]2.

(9.37)
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Proceeding as in ({9.34)—(9.35)) and recalling that w’ has intensity measure 5z dt A(dz), we have

~ T k-1
E,/B[f(wl)] = (5Ha,b(1))k§ L Ny {5[[k 1 <ep2k/dT -1} 1_[1 dsi
(9.39) £ b (142 L
= a1 (1+d)k/ '1di
SHas(1)"5 sm—

= O DR (log TF2 = Oe 1

with ¢’ = C'(X, a,b, K, &', k,d), and where we have used the value (9.31)) of T' for the last identity.
In order to compute the second moment of f(w’), we expand the integral in (9.36]) by writing
15, 6. (dt;, dz;) as

(9.40) S I (5w/(dti,dzl — Bz dt; M(dz;) ) I 8z dt; A(dz)),

IC[K] i€l jele

where I¢ := [k]\I. Welet f; denote the integral corresponding to the term /. Since f = Ej] ],
we have

(9.41) Varp, (@) = Y Eblfi@)fs ()]
I,JC[k]: I,J#0

The terms in the sum above are equal to zero if I and J do not have the same cardinality. If
1] = [J], then E[fr(w’) f7(w')] is obtained by matching the values of (;)ier to that of (¢;)ie, in
the integral before averaging. More precisely, we have

Bl 1) f5(w)] = (Bptap(1)* 1 [O,T]%_I( o(tk) Hdt )( o) 1I dt(2)>Hdtz,

il
where Q is the subset of [0, T]* induced by the indicator function in (9.36), and the vectors ¢(!)
and t? are completed by setting
(9.42) W=t =t foriel,
with ¢ being the unique increasing bijection from I to J. In particular, we have

(9.43) Ej [ fiuy ()] = E5F ()]
When |I| = |J| ={ € [k — 1], we are going to show that

(9.44) /[ - ( (tz(l) b 1) 11 dt(1)>( (tz(Q 5 1) I dt2 ) [t < T1—(2k—t=1)x
0,T)2k—

jelc jeJe i€l

So combining (9.43) with (9.44)), we obtain that
2
Var%(]?( W) < Bl f(w)] + Z ( ) (Bita (1))t r

which, for small 3, is bounded by E%[f(w )] + 1 since 1 — (2k — £ — 1)k < 0 thanks to . For
this reason, (9.38) is satisfied if Ej[ f(w"] > 8eX, which according to (9-39) holds true provided
that € is chosen small enough.

To complete the proof, let us show how (9.44) is obtained: the key is to integrate in the cor-
rect order the different variables. We construct a graph Gy ; with 2k — £ vertices where each

vertex is identified with one of the variables (t;)ier, (tl(.l))lelc (t@)

. Diege. We start with two (ini-

tlally dlsconnected) paths of k vertices labeled (¢ f ))Z ; and (t l( ))le, respectively, the edges being
{ti , i+1} for i € [k —1]. Then we glue the two paths together by identifying the vertices (tz(l))iej
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with (t§2))i€ J according to ; any double edge that might have been created is replaced by
a single edge. As I # (), the graph we obtain is connected. Now we consider an enumeration
U1, V2,03, ..., V2,—¢ of the vertices of G ; such that for every j € [2k — ¢ — 1], the subgraph GEJ}
of G ; induced by vjy1,...,vo,—¢ is connected. One way of finding such an enumeration is, for
example, to construct a spanning tree 17 ; of Gy ; and then, after vy, ..., v; have been determined
for some j € {0,...,2k —¢—1}, to take any leaf of T7 ; \ {v1,...,v;} as vj41. We refer to Figure
for one example of G ; together with a permitted and a forbidden enumeration according to the
rule we just introduced.

tél) tz(Ll) tél) tél)
(1)
ty
(a) pe
7
(2)
lg
U3 v7 Us V10
v Vg, U9 U1
(b)
G Us Uy V11
U3 V7 U8 V11
U . & U1
(c)
) Us Vg J12

FIGURE 2. (a) The graph G1,; with k =8, I = {1,3,6,7} and J = {2, 3,6, 7} and a spanning tree 17,7
(thick edges); (b) a permitted enumeration of G ; based on 17 s; (c) a forbidden enumeration of Gy, s
based on 77,;. Integration in the forbidden order only yields a suboptimal bound: once v1,...,v4 have
been integrated (i.e., removed from the graph), we obtain two disconnected components, so if integration
is continued, vg becomes isolated and contributes a factor 7' when integrated (similarly, both v11 and v12
become isolated when v1,...,v10 have been integrated: each of them contributes a factor of T'.

Having fixed such an enumeration, in order to obtain (9.44)), we integrate vy, ..., vox—¢ in this
order. Note that if v; = tl(-r) for some j € [2k —¢—1], r € {1,2} and ¢ € I°, then, by construction,

(D N (w1 vae) # 0

indeed, if both tl(-i)l and tz(i)l had been picked before, then v; = #") would be an isolated vertex in

i

Gg{;l) because i € I¢. In the same manner, if v; = ¢; for some j € [2k — ¢ — 1] and i € I, then

{t0,t0, t<(72()i)71’ t5r2()i)+1} NA{vj41,- o var—g} # 0.

As aresult, for each j € [2k—{—1], the range when we integrate with respect to the variable v; and
the values of the variables vj11,...,var—¢ are fixed is included in an interval of length 7~": Indeed,

by (9.33)), the indicator function 1¢ in the integral implies that Atzm < T7"% for all i € [2,k] and

r € {1,2}. We no longer have constraints only for the last variable voy_p, which yields a factor
of T O
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9.4. Proof of Proposition It suffices to consider the free-end partition function. Since
d
(Zg’a(t,x))ae(m] @ (e‘”“””2/(2t)22”a(t,O))ae(oyl], the a.s. positivity of the limit when a — 0 does

not depend on x. Hence the result in the point-to-point case follows from the free-end case by
Fatou’s Lemma. Although this is not essential to the reasoning, it is practical for our computations
to assume that [ ;) 2142/d \(dz) < co. If this assumption is violated, then the result has already
been proved in [I3| Prop. 2.10]. We also assume that u < oco: the general case follows from
a truncation procedure, see the end of Section 5 in [I3]. For notational simplicity, we actually
assume that © = 0 (7.e., that A has support in (0, 1)).

While the proof does not rely on Lemmal[9.1] it partially builds on the same idea, which is to show
that the size-biased measure transforms an atypical event under the original probability measure

into a typical one. Let us summarize this in a lemma that is similar in spirit to Corollary [9.2]
Recall (L.21)) and the notation Z5" := Z5(t, ).

Lemma 9.6. Let us assume that there exists a sequence of integer-valued functions (fn)nen of the
form (9.5) (with Y integer-valued and with T replaced by t) with the following properties:

(i) For every n, f, is Go-measurable for some a = a, > 0.

(ii) Using the notation (9.6]), we have that
Varg oq(/4(. B))

(9.45) A E] =0 and i e QU B

Then we have )
lim E[(257)2] = 0.

a—0
Proof. Consider € > 0 and let n be sufficiently large such that both quantities in (9.45)) are smaller
than e. Furthermore, let a = a, be such that f,, is G,-measurable. Defining K := loge and

G(w) := exp(=K1yy, ()>1}), we have by the Cauchy—Schwarz inequality,
1 1
E[(Z5)] <E|Gw) | E[Gw)257]" .
Clearly, by Markov’s inequality,
E[G(w) ™! <1+ efP(fu(w) >1) < 2.
Using Lemma and the fact that f,, is G,-measurable, we further have (recall the notation (9.2)))
E[G(w)Z5;] = EQEj ® Q|Gay(w, o', B)|.
As f, is integer-valued, the inequality (9.7) implies that
~ / -K -K
Got(w,w',B) <e ™ + 1{%(%00,73):0} < e 4 1w, B)y=0}s
which, by an application of the Chebychev inequality, results in
Ep|Gutlw, o', B)| < e X +PLo Q(fi(w,B) <0) < e 4o =2e.

Because a — (Zg’ta)l/ 2 is a supermartingale, we obtain that

lim supE{(ng/)%} < E[(Zg’ta)ﬂ < 2V/e,
a’—0 ’ ’
which finishes the proof since ¢ is arbitrary. ([l

Before we specify the sequence of functions f,,, we need to introduce a few parameters. We let
Ep =1+ [n'/3] and we set for n > 1

T kici(kio + 3)
M, = H 2 T
i=1 (ki—l + 1)(k2—1 - 5)
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Let us stress that M,41/M, = 1+ (2k2)~1 + O(k;®), so log M,, ~ 3n!/3 ~ 3k, as n — co. On
the interval [b,11,bn), |log z|/(log|log z|)>+4/4+¢ is of order M,,(log M,,)~®+4/d+) 5o the assump-
tion ([2.5)) is equivalent to

© 2
(9.46) o / 2 N(dz) =
g IOgM )5+ +€ [bn+1v n)

Then, using that log M,, ~ ¢n'/3 and in particular that Mrlb/k" < C for some constant C' > 0, we
get that

. —2(1+2)-¢  1-7- 2
(9.47) lim sup ky, (H3)=3 pg, " 21t \(dz) = 00,
n—00 [bn+17bn)
_3_¢
because k, 2 is summable. Considering a subsequence if necessary, we assume from now on,

without loss of generality, that (9.47) holds with a limit instead of a lim sup. We set

_1
(9.48) Vo= M, ™ / A+ (d2),
[bn+l7bn)
—2(14+2)-% .
so that limy,_ oo kn Vi, = 00. We let § = d. be sufficiently small so that
d—20 9 .

(9.49) s 20+ +5)>2,
and we set

, dkn
(9.50) R,:=VY% and p,:=1- [(%)%/ e T du] .

[_anR”]

One can easily check that lim,_,. R, = oo and also lim,_,~ 7, = 0 (using that V,, > ki(lﬁ/ d))_

We are now ready to introduce f,,. As in the proof of Proposition we want to count clusters
of k, atoms that are beneficial to visit; note that here we have k,, — co. More precisely, assuming
without loss of generality that ¢ = 1, we define

w) = 1
flw) /x&’“") {(Alon) ™22 2 Any Vi€[2knl: Atilba 5200/}

(9.51) n
X Lviclon]: 1A% [lo <RuvAL, 2Ebniiibn)} 1_[15 (dw;),

where we have used the shorthand notation

4 (146)kn, 2k, + 1 kn
9.52 A, = V2 0, = d ¢ .= .
( ) n n 5 n an 1 an n k‘n 1

-measurable. The restriction on the range for x; and the requirement that

Note that f, is G, ,
(At[[kn]])*d/ Qzﬂkn]] be large are important features of f. The remaining constraints are ad hoc and
mainly serve the purpose to lighten the computations. If z; and ¢; satisfy the constraints above,
then recalling the definition of 6/, we have

d
(9.53) 1< A (At ) 2 < An' exp(Mal(h — 1), — ka]) = 47"
20, /d

Since A,, — oo (recall that V,, — oo) and k, by,
)b/

< kn exp(—%Mn) — 0, we have A1 + (k, —

< 1 for sufficiently large n, and hence

{(Atﬂknﬂ)‘gz[knﬂ > A, Vi€ [2,kn] : Aty € [bi"’n/d,bffn/d]} — t), < 1.
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Consequently, integrating first with respect to the x;’s, making a change of variables s; = At; and
then integrating only with respect to s, , we have

kn g
_ dkn, 2 . .
E[fn(w)] = (2Rn) /[bieél/d’bien/d}knqX[O,l]x[bmrl’bn)kn 1{(8[[kn]])d/2§Aﬁlekn]]} 1_[1 s{ ds; A(dz)
2 —(1+2) o sl 1+2
(9.54) = —— (2R, A, T / ) ds; | |z ¢ Mdz
d+ 2( ) 20/ 520/ Ak —1 5 b, 1 b )k 1:[ J ZHl )

26!, — 6, Fn =1 Fn
_ 2 odkny—hn <()Mn) (/ P )\(dz)) ,
d + 2 d [bn+labn)

where we have used the deﬁmtlon of R, and A,, in the last line. Using the definition of V,,, together
with the fact that 6/, — 6,, < 5Ths 1)2, we get that

9l+d 9d kn—1
Elfnw)l = 775 (d(kn — 1)2) '

Since ky, — 00, this shows the first condition in (9.45).

To check the second condition in (9.45)), we compute the expectation and variance of
(9.55)

kn
no._ Adts )
fow) := ~/3€kn(1)><[bn+17bn)k" 1{(At[[kn1|)7d/22|1k ]]>A} (Vic[2,kn]: At E[bze n/d p2m/ )y 1:1_[1 dur (dt;, dz;).

Recalling the notation (9.50) of 1, we have Q(Vi € [ky,] : ||AB, |l < RVAt;) =1 — 1, . Hence,
repeating the computations that led to (9.37) in the previous section, we obtain

Ej @ QLI (W', B)] = (1= na)Eb[fa(w')],
Varg, oqlf(w', B)] < Varg, (f(w)) + 20 Ej[fn ()],

Since 7, tends to zero, the reader can check that the second condition in (9.45) follows from the
following claims:

nh_{glo Elﬁ []Fn (W) = oo,

9.56 _ _
(9.56) Var]p/B (fa(w)) < 2E5[fn(w')] for sufficiently large n.

The first property in (9.56) follows from direct calculation. We have

kn
1T F A . . .
Ealfnl)] = /[bi%/d,bwn/d]kn1x[0,1]x[bn+1,bn)kn Hepa#2cartzg Z:H1 ds; 2 Adz)

(9.57) e <W>knl</[bn+1,bn) S )\(dz>>kn
d 24
ﬁ( d @

en)Vnd+2 )k" ’

where the computation is similar to (9.54). Now, since 6/, —6,, ~ %/{:52 and k;2(1+2/d)_€/2Vn — 00,

(9-29) implies that (6, — 0,) VA" >/ _ o0 which leads to the first part of (9:56).
As in the previous section, to compute the second moment of f,,(w’), we can use (9.40) to write
Var]p% (fn(wW')) in the form (9.41). As seen before, only sets with |I| = |J| contribute, and the

term corresponding to I = J = [k,] is simply E’B[fn(w’)] If |I| = |J| = ¢ € [kn — 1], then
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E5[fr(w’) f7(w')] equals

0 /((0,1)x[bn+1,bn))2kn—e lR((ti )iz )Hz dt; z ")

Jelre
x 1 (65, (220, ) TT 22 @t Aa=) TT 2 dts A(dz),
jeJe icl

where R is the subset of ((0,1) x [by+1,b,))" induced by the indicator function in (9.55) and for
1 € I, we used the notation

tl(l) = t((f). =1t and zl-(l) =@ — Z .
Next, we relax the constraints imposed by R by only keeping Atl(- r) b29"/ ¢ Then we proceed as

in the proof of ( - by choosing an optimal order, we obtain that integration over each time

On/d

variable produces a factor of at most ba , except for the last integration, which produces a factor
of one. Thus,

2k —1
Byl ()] < gt o ()
[bn+17bn)
< 621@,1726%[(anff)Mn_H7(2kn7€71)9nMn]N071(1 + %)21{”47

where in the second line we simply used the fact that

| 2@ < a1+ 3),
(brt1,bn)

together with the definition of b, and b,+1. Recalling the definition of ,, and of M,,, we have

My = T JrlM 0,,, so that

2k, — 0 2k, —¢—1
2n_ Mn _2n_ Mn—M - S
(2 — O)Mopsr — (2 — £ — 1)0, 0k[k+1 . 0

for any ¢ < k, — 1. We therefore end up with

kpn—1 2
Var%(fn( W) < Ejfn(w Z ( ) B g (14 22—t

< Ej[fu(w)] + C’(d, A, B)Fn .

Recalling (9.57), we have that for any constant C' > 0 the expectation Ej[ fn(wW)] is larger than
C*n for sufficiently large n. This proves the second claim in ([9.56) and concludes the proof. [

APPENDIX A. SOME TECHNICAL RESULTS

A.1. Proof of Theorem (4.3, The result is contained in [75], but only implicitly, so we give a
short proof. Let us first check that . ensures that all integrals in are well defined and
finite. Applying the BDG inequality and using the subadditivity of the function z +— xP/2
for x > 0 iteratively, we deduce that

N p N-1 2 £
E[ . w)jHlM (dw)) ] SCPE[</X</XN_1 f(w)]HlM (dwj)> 5w(dwN)> ]
(A.1) T 2 (dw)|
<CP/XE[/XN 1 Jl;[lM (dw)) ]y(dwN)

<< CI])V/XN]f(w)PI/(dwl) <v(dwy) < oo.
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These inequalities remain unchanged if w is replaced by wi,...,wy and E is replaced by E®V.

Now we move to the proof of , for which we shall prove the second inequality. To obtain the
reverse inequality it is sufficient follow the same proof and observe that all estimates are two-sided
(i.e., one can always substitute “>” for “<” if one also replaces 1/C by C'). We now consider a
state space on which w is jointly defined with our i.i.d. copies wi,...,wn (and w is independent
of (wi,...,wn)). We let P:=P @ P®N denote the associated probability. In analogy with (L.5),
we consider a filtration (ft)tzo on this state space defined by F; := F; ® ft(l) X ft(N), where
]:t(i) = o(wn([0,f)NR? x (0,00))) for i = 1,..., N. Our result follows from applying the following
inequality, valid for ¢ = 1,..., N, iteratively:

7 N
B [ r(w) [T Me(wy) J] 3 (duy)]
i=1 j=it1
(A-2) c - i—1 N
<7—E| [, o) [T sy [ L ar ()|

Let us first spend some time on the first step ¢ = V. By elementary properties of It integrals, X; :=
v F(w) 10 (tn) TS M¥(dw;) and Yy = fyn f(w) Lo (tn) (15" M (dw;)) M@N (dwy) de-
fine (]:"t)tzo—martingales, with [X]; = [x(fxv- f(w)1(07t} (tn) ij:_ll M@ (dwj))2 dw(dwy) and [Y]; =
JxUsev—1 f(w) Lo q(tN) Hj-\;l M (dw;))? 8y (dwy) being the corresponding quadratic variation
processes. Since w and wy are Poisson random measures with the same (F:)¢>o-intensity measures
(namely dt ® dz ® A\(dz)), the jump measures associated to [X] and [Y] have the same predictable

compensator in (.7:}),520. As a result, X and Y are weakly tangential martingales in the sense of
[75]. Thus, by [75, Thm. 4.1] and Doob’s inequality, there is C}, > 0 such that

—_ —_ - p_
(A.3) B[ X < E[sup |Xt|p} < CPE[Sup mﬂ < cp<p> &[|Voo 7).
>0 >0 p—1

The reader can check that for the implicit constant C), from [75, Thm. 4.2], one may take C) :=
(24p?)P[2 x 3P/2(2P/2F1 4 14 x 3P/2(28 x 3P/2)P/2)]. The expression in brackets comes from the last
equation in [75] p. 38] (with ¢(z) = |z[P/? and ¢ = (14 x 3?/2)~1), while the computation in [75, p.
39], combined with the BDG inequality as in [53, Ch. VII, Thm. 92], entails an additional factor of
(24p?)P. Most importantly, C), is bounded uniformly in p € (1, 2], so that there exists a universal
constant C' such that for p € (1,2], E[[Xs|P] < C(p — 1) E[|Yao|?], which finishes the proof of
for i = N.

In order to iterate and prove for i < N — 1, we wish to interchange M* (dwy) -+ M*“(dw;)
with M@+ (dw;yq1) -+ M“N (dwy) as follows:

i N
() [ ) [Tt T[ 2 (awy) = |
j=1

j=it1 X

N i
( [ s 1 M“f(dwn) IT M ()
AN j=it1 j=1
Even though the integral on the r.h.s. is anticipative when considering the filtration (ft)tzo, we can
recover an integral in It6’s sense by constructing the inner integrals [yn—: f(w) HjV: i1 M%i(dwy)
using the filtration (]}t)tzo and the outer integrals using the filtration F® defined by ]?t(l) =
Fi ® ®§»:1 .7-}(] )& ®§V:Z 11 F9. Note that the inner integrals are ]:"él)—measurable. With this
convention, we can justify (A.4]) as follows: It certainly holds if f is a step function, that is,
if f only assumes finitely many values (in that case, the integrals are simply finite sums). For
general f, take a sequence of step functions (f,)nen such that |f,| < |f| for all n and f, — f
pointwise as n — oo. Equation (A.4) holds for f,, and arguing similarly to (A.1l) and using
dominated convergence, we deduce (A.4)). The fact that we are able to interpret the latter integral
in It0’s sense is crucial for the BDG inequality, which was needed in (A.1)), to apply. Once (A.4)) is
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established, we can prove (A.2)) by considering the weakly tangential martingales (for the filtration
(F1)i20)

(i) N i
th = /Xz (/XNif(w)l(oﬂ(ti) H ij(dwj)> HM‘”(dwj)

j=i+1 7j=1

@ N i—1
e[ ( Lo Jien) T ij<dwj)> TT 2% (duwy) M (duy),

J=i+1 Jj=1
applying (A.3) and re-arranging the integrals similarly to (A.4)).

A.2. Proof of Lemma For A,u,e > 0 and H € S that satisfies |H| < u|K]|, we have that
P( > 6) <P (AU\IKII£w<,p;P< > 5)
The second probability is bounded by

+p(
1

E e ([ g -
2| wAr| K < H/X (w, 1) & (dt, da)

Ew o piP<

/ H(w,t,7) & (dt, dz)
X

/X H(w,t,2) & (dt, dz)
!

> 5) < }ng%) Ez[l{AUHK|\§w<

> uAHKngp;&)-

< AP

Therefore, using dominated convergence for the first term, we get

sy AP < ATP

PP

lim sup P /H(w,t,z)§w<(dt,dx)
u=0 eS| H|<u|K]| X

Sending A — oo shows that the left-hand side is 0, which is equivalent to ||[uK||¢. o — 0 as u — 0.

By (4.6)), K is integrable with respect to &,_. O
REFERENCES

[1] H. S. Ahn. Nonstationary Anderson model with a Lévy random potential. ProQuest LLC, Ann Arbor, MI, 1992.
Thesis (Ph.D.)-University of California, Irvine.

[2] H. S. Ahn, R. A. Carmona, and S. A. Molchanov. Nonstationary Anderson model with Lévy potential. In
Stochastic partial differential equations and their applications (Charlotte, NC, 1991), volume 176 of Lect.
Notes Control Inf. Sci., pages 1-11. Springer, Berlin, 1992.

[3] T. Alberts, K. Khanin, and J. Quastel. The intermediate disorder regime for directed polymers in dimension
1+ 1. Ann. Probab., 42(3):1212-1256, 2014.

[4] T. Alberts, K. Khanin, and J. Quastel. The intermediate disorder regime for directed polymers in dimension
1+ 1. Ann. Probab., 42(3):1212-1256, 05 2014.

[5] G. Amir, I. Corwin, and J. Quastel. Probability distribution of the free energy of the continuum directed
random polymer in 1+ 1 dimensions. Comm. Pure Appl. Math., 64(4):466-537, 2011.

[6] S. Aziznejad and J. Fageot. Wavelet analysis of the Besov regularity of Lévy white noise. Electron. J. Probab.,
25:Paper No. 158, 38, 2020.

[7] Y. Bakhtin and D. Seo. Localization of directed polymers in continuous space. Electron. J. Probab., 25(142):56,
2020.

[8] R. M. Balan. SPDEs with a-stable Lévy noise: a random field approach. Int. J. Stoch. Anal., pages Art. ID
793275, 22, 2014.

[9] E. Bates and S. Chatterjee. The endpoint distribution of directed polymers. Ann. Probab., 48(2):817-871, 2020.

[10] Q. Berger and H. Lacoin. The high-temperature behavior for the directed polymer in dimension 1 + 2. Ann.
Inst. Henri Poincaré, Probab. Stat., 53(1):430-450, 2017.

[11] Q. Berger and H. Lacoin. Pinning on a defect line: characterization of marginal disorder relevance and sharp
asymptotics for the critical point shift. J. Inst. Math. Jussieu, 17(2):305-346, 2018.

[12] Q. Berger and H. Lacoin. The scaling limit of the directed polymer with power-law tail disorder. Comm. Math.
Phys., 386(2):1051-1105, 2021.



68
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]

[22]
[23]

[24]
[25]

[26]
[27]

28]
[29]
[30]
31]
[32]

[33]

QUENTIN BERGER, CARSTEN CHONG, AND HUBERT LACOIN

Q. Berger and H. Lacoin. The continuum directed polymer in Lévy noise. J. Ecole Polytechnique, Tome 9:213—
280, 2022.

Q. Berger and F. L. Toninelli. On the critical point of the random walk pinning model in dimension d = 3.
Electron. J. Probab., 15:no0. 21, 654—683, 2010.

P. Bertin. Very strong disorder for the parabolic Anderson model in low dimensions. Indag. Math. (N.S.),
26(1):50-63, 2015.

L. Bertini and N. Cancrini. The Stochastic Heat Equation: Feynman-Kac formula and intermittence. J. Stat.
Phys., 78(5-6):1377-1401, 1995.

L. Bertini and N. Cancrini. The two-dimensional stochastic heat equation: renormalizing a multiplicative noise.
J. Phys. A, 31(2):615-622, 1998.

L. Bertini and G. Giacomin. Stochastic Burgers and KPZ equations from particle systems. Comm. Math. Phys.,
183(3):571-607, 1997.

K. Bichteler and J. Jacod. Random measures and stochastic integration. In Theory and application of random
fields (Bangalore, 1982), volume 49 of Lect. Notes Control Inf. Sci., pages 1-18. Springer, Berlin, 1983.

M. Birkner and R. Sun. Disorder relevance for the random walk pinning model in dimension 3. Ann. Inst.
Henri Poincaré Probab. Stat., 47(1):259-293, 2011.

E. Bolthausen. A note on the diffusion of directed polymers in a random environment. Comm. Math. Phys.,
123(4):529-534, 1989.

A. Borodin, I. Corwin, and V. Gorin. Stochastic six-vertex model. Duke Math. J., 165(3):563-624, 2016.

A. Borodin, I. Corwin, and D. Remenik. Log-gamma polymer free energy fluctuations via a Fredholm deter-
minant identity. Comm. Math. Phys., 324(1):215-232, 2013.

Y. Broker and C. Mukherjee. Localization of the Gaussian multiplicative chaos in the Wiener space and the
stochastic heat equation in strong disorder. Ann. Appl. Probab., 29(6):3745-3785, 2019.

F. Caravenna, R. Sun, and N. Zygouras. On the moments of the (2 4+ 1)-dimensional directed polymer and
stochastic heat equation in the critical window. Comm. Math. Phys., 372(2):385-440, 2019.

F. Caravenna, R. Sun, and N. Zygouras. The critical 2d stochastic heat flow. arXiv:2109.03766, 2021.

P. Carmona and Y. Hu. On the partition function of a directed polymer in a Gaussian random environment.
Probab. Theory Related Fields, 124(3):431-457, 2002.

P. Carmona and Y. Hu. Strong disorder implies strong localization for directed polymers in a random envi-
ronment. ALEA, Lat. Am. J. Probab. Math. Stat., 2:217-229, 2006.

R. A. Carmona and S. A. Molchanov. Parabolic Anderson problem and intermittency. Mem. Amer. Math.
Soc., 108(518):viii+125, 1994.

S. Chatterjee and O. Zeitouni. Thresholds for detecting an anomalous path from noisy environments. Ann.
Appl. Probab., 28(5):2635-2663, 2018.

L. Chen and R. C. Dalang. Moments and growth indices for the nonlinear stochastic heat equation with rough
initial conditions. Ann. Probab., 43(6):3006-3051, 2015.

L. Chen, D. Khoshnevisan, D. Nualart, and F. Pu. Spatial ergodicity for SPDEs via Poincaré-type inequalities.
arXiv:1907.11553, 2019.

L. Chen and K. Kim. Nonlinear stochastic heat equation driven by spatially colored noise: moments and
intermittency. Acta Math. Sci. Ser. B (Engl. Ed.), 39(3):645-668, 2019.

X. Chen. Precise intermittency for the parabolic Anderson equation with an (1 4+ 1)-dimensional time-space
white noise. Ann. Inst. Henri Poincaré Probab. Stat., 51(4):1486-1499, 2015.

C. Chong. Lévy-driven Volterra equations in space and time. J. Theoret. Probab., 30(3):1014-1058, 2017.

C. Chong. Stochastic PDEs with heavy-tailed noise. Stochastic Process. Appl., 127(7):2262-2280, 2017.

C. Chong, R. C. Dalang, and T. Humeau. Path properties of the solution to the stochastic heat equation with
Lévy noise. Stoch. Partial Differ. Equ. Anal. Comput., 7(1):123-168, 2019.

C. Chong and P. Kevei. Intermittency for the stochastic heat equation with Lévy noise. Ann. Probab.,
47(4):1911-1948, 2019.

F. Comets. Directed Polymers in Random Environments, volume 2175 of Ecole d’Eté de probabilités de Saint-
Flour. Springer International Publishing, 2016.

F. Comets and C. Cosco. Brownian polymers in Poissonian environment: a survey. arXiv:1805.10899, 2018.
F. Comets, C. Cosco, and C. Mukherjee. Renormalizing the Kardar-Parisi-Zhang equation in d > 3 in weak
disorder. J. Stat. Phys., 179(3):713-728, 2020.

F. Comets and V.-L. Nguyen. Localization in log-gamma polymers with boundaries. Probab. Theory Related
Fields, 166(1-2):429-461, 2016.

F. Comets, T. Shiga, and N. Yoshida. Directed polymers in a random environment: path localization and
strong disorder. Bernoulli, 9(4):705-723, 2003.

F. Comets and V. Vargas. Majorizing multiplicative cascades for directed polymers in random media. ALFA,
Lat. Am. J. Probab. Math. Stat., 2:267-277, 2006.



5]
46]
7]
48]
[49]
50]
51]

[52]

[53]

[54]

STOCHASTIC HEAT EQUATION WITH LEVY NOISE 69

F. Comets and N. Yoshida. Directed polymers in a random environment are diffusive at weak disorder. Ann.
Probab., 34(5):1746-1770, 2006.

F. Comets and N. Yoshida. Localization transition for polymers in Poissonian medium. Comm. Math. Phys.,
323(1):417-447, 2013.

I. Corwin, P. Ghosal, H. Shen, and L.-C. Tsai. Stochastic PDE limit of the six vertex model. Comm. Math.
Phys., 375(3):1945-2038, 2020.

I. Corwin, N. O’Connell, T. Seppéldinen, and N. Zygouras. Tropical combinatorics and Whittaker functions.
Duke Math. J., 163(3):513-563, 2014.

C. Cosco. The intermediate disorder regime for brownian directed polymers in poisson environment. Indaga-
tiones Mathematicae, 30(5):805-839, 2019.

R. C. Dalang and T. Humeau. Lévy processes and Lévy white noise as tempered distributions. Ann. Probab.,
45(6B):4389-4418, 2017.

S. Das and L.-C. Tsai. Fractional moments of the stochastic heat equation. Ann. Inst. Henri Poincaré Probab.
Stat., 57(2):778-799, 2021.

V. H. de la Pefia and E. Giné. Decoupling. Probability and its Applications (New York). Springer-Verlag,
New York, 1999. From dependence to independence, Randomly stopped processes. U-statistics and processes.
Martingales and beyond.

C. Dellacherie and P.-A. Meyer. Probabilities and potential. B, volume 72 of North-Holland Mathematics Stud-
ies. North-Holland Publishing Co., Amsterdam, 1982. Theory of martingales, Translated from the French by
J. P. Wilson.

B. Derrida, G. Giacomin, H. Lacoin, and F. L. Toninelli. Fractional moment bounds and disorder relevance
for pinning models. Comm. Math. Phys., 287(3):867-887, 2009.

A. Dunlap, Y. Gu, L. Ryzhik, and O. Zeitouni. Fluctuations of the solutions to the KPZ equation in dimensions
three and higher. Probab. Theory Related Fields, 176(3-4):1217-1258, 2020.

M. Foondun, W. Liu, and M. Omaba. Moment bounds for a class of fractional stochastic heat equations. Ann.
Probab., 45(4):2131-2153, 2017.

J. Géartner, W. Konig, and S. Molchanov. Geometric characterization of intermittency in the parabolic Anderson
model. Ann. Probab., 35(2):439-499, 2007.

J. Géartner and S. A. Molchanov. Parabolic problems for the Anderson model. I. Intermittency and related
topics. Comm. Math. Phys., 132(3):613-655, 1990.

I. M. Gel’fand and N. Y. Vilenkin. Generalized functions. Vol. 4: Applications of harmonic analysis. Academic
Press, New York-London, 1964. Translated by Amiel Feinstein.

S. Gerhold. Asymptotics for a variant of the Mittag-Leffler function. Integral Transforms Spec. Funct.,
23(6):397-403, 2012.

P. Ghosal and Y. Lin. Lyapunov exponents of the SHE for general initial data. arXiv:2007.06505, 2020.

G. Giacomin, H. Lacoin, and F. Toninelli. Marginal relevance of disorder for pinning models. Comm. Pure
Appl. Math., 63(2):233-265, 2010.

G. Giacomin, H. Lacoin, and F. L. Toninelli. Hierarchical pinning models, quadratic maps and quenched
disorder. Probab. Theory Related Fields, 147(1-2):185-216, 2010.

P. Gongalves and M. Jara. Nonlinear fluctuations of weakly asymmetric interacting particle systems. Arch.
Ration. Mech. Anal., 212(2):597-644, 2014.

Y. Gu, J. Quastel, and L.-C. Tsai. Moments of the 2D SHE at criticality. Probab. Math. Phys., 2(1):179-219,
2021.

Y. Gu, L. Ryzhik, and O. Zeitouni. The Edwards-Wilkinson limit of the random heat equation in dimensions
three and higher. Comm. Math. Phys., 363(2):351-388, 2018.

M. Gubinelli, P. Imkeller, and N. Perkowski. Paracontrolled distributions and singular PDEs. Forum Math.
Pi, 3:e6, 75, 2015.

M. Gubinelli and N. Perkowski. KPZ reloaded. Comm. Math. Phys., 349(1):165-269, 2017.

M. Hairer. Solving the KPZ equation. Ann. of Math. (2), 178(2):559-664, 2013.

M. Hairer. A theory of regularity structures. Invent. Math., 198(2):269-504, 2014.

T. Halpin-Healy and Y.-C. Zhang. Kinetic roughening phenomena, stochastic growth, directed polymers and
all that. Aspects of multidisciplinary statistical mechanics. Phys. Rep., 254(4):215-414, 1995.

J. Z. Imbrie and T. Spencer. Diffusion of directed polymers in a random environment. J. Stat. Phys., 52:608—
626, 1988.

S. Janson. Bounds on the distributions of extremal values of a scanning process. Stochastic Process. Appl.,
18(2):313-328, 1984.

J.-P. Kahane. Sur le chaos multiplicatif. Ann. Sci. Math. Québec, 9(2):105-150, 1985.

O. Kallenberg. Tangential existence and comparison, with applications to single and multiple integration.
Probab. Math. Statist., 37(1):21-52, 2017.



70
[76]

[77]

[78]
[79]

[80]

[95]
[96]
[97]
[98]
[99]
[100]
[101]

[102]

QUENTIN BERGER, CARSTEN CHONG, AND HUBERT LACOIN

M. Kardar, G. Parisi, and Y.-C. Zhang. Dynamic scaling of growing interfaces. Phys. Rev. Lett., 56:889-892,
1986.

D. Khoshnevisan. Analysis of stochastic partial differential equations, volume 119 of CBMS Regional Conference
Series in Mathematics. Published for the Conference Board of the Mathematical Sciences, Washington, DC;
by the American Mathematical Society, Providence, RI, 2014.

D. Khoshnevisan, K. Kim, and Y. Xiao. Intermittency and multifractality: a case study via parabolic stochastic
PDEs. Ann. Probab., 45(6A):3697-3751, 2017.

D. Khoshnevisan, K. Kim, and Y. Xiao. A macroscopic multifractal analysis of parabolic stochastic PDEs.
Comm. Math. Phys., 360(1):307-346, 2018.

S. Kwapien and W. A. Woyczynski. Random series and stochastic integrals: single and multiple. Probability
and its Applications. Birkhduser Boston, Inc., Boston, MA, 1992.

H. Lacoin. New bounds for the free energy of directed polymer in dimension 1+ 1 and 1 + 2. Comm. Math.
Phys., 294(2):471-503, 2010.

H. Lacoin. Influence of spatial correlation for directed polymers. Ann. Probab., 39(1):139-175, 2011.

H. Lacoin. Existence of a non-averaging regime for the self-avoiding walk on a high-dimensional infinite per-
colation cluster. J. Stat. Phys., 154(6):1461-1482, 2014.

G. Last and M. Penrose. Lectures on the Poisson process, volume 7 of Institute of Mathematical Statistics
Textbooks. Cambridge University Press, Cambridge, 2018.

K. Lé. A remark on a result of Xia Chen. Statist. Probab. Lett., 118:124-126, 2016.

C. Marinelli and M. Réckner. On maximal inequalities for purely discontinuous martingales in infinite dimen-
sions. In Séminaire de Probabilités XLVI, volume 2123 of Lecture Notes in Math., pages 293-315. Springer,
Cham, 2014.

K. Matetski, J. Quastel, and D. Remenik. The KPZ fixed point. Acta Math., 227(1):115-203, 2021.

C. Mueller. The heat equation with Lévy noise. Stochastic Process. Appl., 74(1):67-82, 1998.

C. Mukherjee, A. Shamov, and O. Zeitouni. Weak and strong disorder for the stochastic heat equation and
continuous directed polymers in d > 3. Electron. Commun. Probab., 21:Paper No. 61, 12, 2016.

C. Mukherjee and S. R. S. Varadhan. Brownian occupation measures, compactness and large deviations. Ann.
Probab., 44(6):3934-3964, 2016.

L. Mytnik. Stochastic partial differential equation driven by stable noise. Probab. Theory Related Fields,
123(2):157-201, 2002.

M. Nakashima. Free energy of directed polymers in random environment in 1+1-dimension at high temperature.
Electron. J. Probab., 24:Paper No. 50, 43, 2019.

A. A. Novikov. Discontinuous martingales. Teor. Verojatnost. i Primemen., 20:13-28, 1975.

B. S. Rajput and J. Rosinski. Spectral representations of infinitely divisible processes. Probab. Theory Related
Fields, 82(3):451-487, 1989.

R. Rhodes and V. Vargas. Gaussian multiplicative chaos and applications: a review. Probab. Surv., 11:315-392,
2014.

E. Saint Loubert Bié. Etude d’'une EDPS conduite par un bruit poissonnien. Probab. Theory Related Fields,
111(2):287-321, 1998.

F. L. Toninelli. Coarse graining, fractional moments and the critical slope of random copolymers. Electron. J.
Probab., 14:no. 20, 531-547, 2009.

V. Vargas. Strong localization and macroscopic atoms for directed polymers. Probab. Theory Related Fields,
138(3-4):391-410, 2007.

R. Viveros. Directed polymer in v-stable random environments. Ann. Inst. Henri Poincaré Probab. Stat.,
57(2):1081-1102, 2021.

J. B. Walsh. An introduction to stochastic partial differential equations. In Ecole d’été de probabilités de
Saint-Flour, XIV—1984, volume 1180 of Lecture Notes in Math., pages 265—439. Springer, Berlin, 1986.

A. Yilmaz and O. Zeitouni. Differing averaged and quenched large deviations for random walks in random
environments in dimensions two and three. Comm. Math. Phys., 300(1):243-271, 2010.

Y. B. Zel'dovich, S. A. Molchanov, A. A. Ruzmaikin, and D. D. Sokolov. Intermittency in random media.
Uspekhi Fiz. Nauk, 152(1):3-32, 1987.

LPSM, SORBONNE UNIVERSITE, UMR 8001 CAMPUS PIERRE ET MARIE CURIE, BOITE COURRIER 158, 4 PLACE
Jussieu, 75252 PARIS CEDEX 05, FRANCE



STOCHASTIC HEAT EQUATION WITH LEVY NOISE 71

DMA, EcoLE NORMALE SUPEIEURE, UNIVERSITE PSL, 75005 PARIS, FRANCE.
Email address: quentin.berger@sorbonne-universite.fr

DEPARTMENT OF STATISTICS, COLUMBIA UNIVERSITY, 1255 AMSTERDAM AVENUE, NEW YORK, NY 10027,
USA

Email address: carsten.chong@columbia.edu

IMPA, INSTITUDO DE MATEMATICA PURA E APLICADA, ESTRADA DONA CASTORINA 110, RIO DE JANEIRO
CEP-22460-320, BRAZIL
Email address: lacoin@impa.br


mailto:quentin.berger@sorbonne-universite.fr
mailto:carsten.chong@columbia.edu
mailto:lacoin@impa.br

	1. Introduction
	2. Main results
	3. Extensions and consequences of our results
	4. Preliminary tools
	5. Qualitative properties of Lyapunov exponents
	6. Moments of order p>1
	7. Proof of Theorem 2.1 and upper bounds in Theorems 2.13–2.14
	8. Existence and uniqueness of solutions to the SHE
	9. Moments of order p<1 and lower bounds in Theorems 2.13–2.14
	Appendix A. Some technical results
	References

