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Abstract

In this work, we study some convex cones associated to isotropic representations
of symmetric spaces. We explain the inequalities that describe them by means of
cohomological conditions. In particular, we study the singular Horn cone which is
the counterpart of the classical Horn cone, where the eigenvalues of Hermitian square
matrices are replaced by the singular values of rectangular matrices.
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1 Introduction

This paper is concerned with convexity properties associated to isotropy representations of
symmetric spaces. Let G/K be a Riemmanian symmetric space of the non-compact type
and let p := T.G/K be the isotropy representation of the compact Lie group K (that we
suppose connected). The K-orbits in p are parametrized by a closed cone a contained in
a maximal abelian subspace a C p.

Suppose that G/K < é/f( is an embedding of Riemmanian symmetric spaces of
the non-compact type. Thus K is a closed subgroup of K and we have an equivariant
orthogonal projection 7 : p — p. The main purpose of this article is the description of the
following convex cone

I, (K, K) = {(5,5) ci.xay; KEC w(fqg)}.

An efficient way to show that II,, (IN( , K) is convex is to use the classical duality between
the symmetric spaces of the non-compact type with those of the compact type. In our
study, we suppose that G C G are linear. In this context, there exists complex reductive
groups Uc C Uc equipped with an anti-linear involution o such that the connected com-
ponent of the fixed point subgroups (Uc)? C (Uc)? and U? C U are respectively G C G
and K C K (see §1.1). o

We consider maximal torus T' C U and T' C U, that are invariant under o, and such
that the subspaces t™ and {77 are of maximal dimension. Then we can choose Weyl
chambers t; (resp. t,) such that 72 Nt (resp. t7 Nt,) parametrizes the K-orbits in
u~? (resp. the K-orbits in u™7).

The convex cone

I(U,U) := {(é,g) €ty xty; UE C w(ﬁé)}

has been the subject of numerous studies in recent decades. Let us mention the works
of Horn [11], Klyachko [14], Belkale [1] and Knutson-Tao [15], when U = U(n) and U =
(U(n))*. The case U = (U)* was studied by Belkale-Kumar [2] and Kapovich-Leeb-Millson
[12], and the general setting U C U was considered by Berenstein-Sjamaar [3] and Ressayre
[21, 23].



In particular, Ressayre obtained in [23] a complete description of the general® faces of
(U U). When U = U?®, he shows that the general faces of II(U®,U) are parameterized
by the set of (P, XF e %E . ,) where P is a standard parabolic Subgroup of Uc and the
X3, ’s are Schubert varieties of Ug /PP such that [X,] ® ®o [X, .. = [pt]. Here & is
the Belkale-Kumar’s product on the cohomology groups H *(U@ /P, Z).
The link between IL(U, U) and Hp(K K) is given by a theorem of O’Shea and Sjamaar

[19] that we recall in the next Section: it says that we have a natural identification
I, (K, K) ~T(U,U)N{T7 x t°.

From the above isomorphism, the convex cone II, (R’ , K) is completely determined since
the equations of the cone H(ﬁ ,U) are known. But by doing so, the inequalities describing
IT,, (R’ K) are in general highly overdetermined.

Our main contribution is a description of a smaller list of inequalities describing
I1,, (K K). Let us give an overview of our result when G =G* and K = K* with s > 2.
A more precise version is explained in Sections 1.2 and 1.5.

Theorem 1.1 The convex cone IL,(K*, K) can be described by a system of inequalities
parameterized by the set of (P, XL %P ) where

w1ttt Ws+1

e P is a o-invariant parabolic subgroup of Uc,

e P is mazimal among the o-invariant parabolic subgroups of Ug,

o the X3, = Blwy] are Schubert varieties such that Blwy] N (Uc/P)7 # 0,
o the relation (X%, ] ©g -+ @9 (X}, ] = [pt] holds in H*(Uc/P,Z).

Ws41

A description of II,(K*, K') was also obtained by Kapovich-Leeb-Millson in [12]. We
explain in §1.4 why our result is more accurate than theirs.

When working with the reductive group G = U(p,q) and its maximal compact sub-
group K = U(p) x U(q), the corresponding convex cone II,(K?, K) is the singular Horn
cone which we denote by Singular(p,q). In §1.6, we describe Singular(p, ¢) by means of
the inequalities of Theorem 1.1.
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1.1 Kahler-Hamiltonian manifold with involution

The purpose of this section is to explain the theorem of O’Shea and Sjamaar [19] that we
mentioned above.

LA face of H(U’, U) is called general when it intersects the interior of the cone t; x t;.



Duality

Let G C GL(n,R) be a connected linear real reductive subgroup with maximal compact
subgroup KcC SO(n,R). Let p be the intersection of the Lie algebra g of G with the sub-
space of n x n symmetric matrices. Let U C GL(n,C) C GL(2n,R) be the compact con-
nected Lie group with Lie algebra it = £®4p. Let us consider the involution o(A)=JAJ !
of GL(2n,R) defined by J = <I(ZL _5"
lution, leaves stable the subgroups U, and that the > morphism j : GL(n,R) — GL(2n,R),
Jj(g) = Diag(g, g) defines an isomorphism between K and the connected component of U”.

The compact Lie groups U C U(n) C SO(2n,R) admit a complexification Uz C
GL(2n,C) (see §II1.8 in [7]). We extend the involution o on GL(2n,R) to the conju-
gate linear involution o(g) = JgJ~! on GL(2n,C). We see then that the morphism
j : GL(n,R) — GL(2n,C) defines an isomorphism between G and the connected compo-
nent of the subgroup (7(8 fixed by the involution.

>. We see that o commutes with the Cartan invo-

Let £ C u be the Lie algebra of a maximal torus T C U stable under the involution
and such that a : 1t_ C p is of maximal dimension. One can choose the Weyl chamber
. ct approprlately so that the restricted Weyl chamber a, = %ﬂ_ N 7 parameters the
K-orbits on p = 1477 (see the Appendix in [19]).

If we work with a connected linear real reductive subgroup G C G the same construc-
tion holds. We have a compact connected subgroup U C U with Lie algebra u = £ @ p.
Its complexification Ug C ﬁc is stable under the conjugate linear involution o and the
real reductive group G admits a natural identification with the connected component of
the subgroup UZ. The maximal torus 7" C U is taken invariant under o, contained in
T and such that a = 1t 7 C ais of maximal dimension. The Lie algebras u and u
belong to the vector space gl(2n,R) that is equipped with the canonical Euclidean norm

| X|? = «/Tr(XX?). We denote by 7 : it — u the orthogonal projection.

O’Shea-Sjamaar’s Theorem

We consider the following geometrical setting : the group ﬁc viewed as a complex manifold
equipped with the following action of Uc x Uc : (§,9) - = = gxg ™ .

We identify the complex reductive group (7@ with the tangent bundle TU through the
isomorphism s : TU — ﬁc, o(a, X ) = ae'X _given by the Cartan decomposition. If we
use @9 to transport the complex structure of Uc we get a complex structure J on TU.

Since T*U ~ U x u* and TU ~ U x i through left translations, the isomorphism

1 : TU >~ T*U is obtain by means of the identification u ~ u* given by the invariant
scalar product. If we use ¢; to transport the canonical symplectic form of T*U, the
resulting symplectic structure 2 on TU is invariant relatively to the U x U-action, and is
compatible with the complex structure J (see [10], §3). The moment map relative to the



U x U-action on (Tﬁ, ) is a proper map ® = ¢ @ Py : TU — 1 x u defined by

(1) d~(a, X) = —aX, ®y(a,X)=nX),

_The conjugate linear involution ¢ on [7@ defines (through ¢) an involution 7 : TU —
TU defined by 7(a, X) = (o(a), —o(X)).
The Ug xUc-manifold TU equipped with the data (Q,J, ®, 7, 0) is a K&hler-Hamiltonian
manifold with involution :

. (Tﬁ, Q,]) is a Kéhler manifold,

e the [7@ x Ug-action preserves the complex structure J,

e the U x U-action is Hamiltonian with proper moment map P,

o () =—Q and 7*(J) = -7,

e 7(g-x) =0(g) - 7(z), and ®(r(z)) = —0(®(x)), V(g,z) € Uc x Uc x TU.

We finish the section by recalling the O’Shea-Sjamaar’s Theorem [19]. Let Afij(Tﬁ ) C
t; x t; be the Kirwan polytope associated to ®. Equations (1) show that

Ag,p(TT) = {()Z,X) clixt | —UXC w(ﬁi)}.

We consider now the submanifold (Tﬁ )" fixed by 7. Let Z be the connected component
of (TU)" containing (e, 0): through the diffeomorphism ¢ : TU ~ Ug, we see that Z ~ G.
The restriction of the moment ® to Z takes value in u=7 x u™?. If we use the canonical
isomorphism ()Z',X) EPXP—i ()Z',X) €u~? x u”?, we obtain a gradient map

U:GeKxp — pxp
(k, X) — (=kX,7(X)).

The corresponding Kirwan polytope is Affo(é) ={(&,¢) eay xa,; —KE C 7T(I~(§~)}

Theorem 1.2 (O’Shea-Sjamaar) Through the isomorphism (X,X) — i(X,X), a4 x
apr =ty Xty (77 X t77 we have an identification

A~

i (G) = Mg (TU) (T x 7.

If wo denotes the longuest element of the Weyl group W = Ny(T)/T, we see that
the cones Ay (TU) and II(U,U) are related as follows: (X,X) € Az, (TU) <=

(X, —woX) € II(U, U). The element wy is o-invariant and satisfies wo(a1) = —ay (see [19],
Lemma 5.4). Hence we obtain the same relations : (X, X) € Az (G) <= (X, ~woX) €

I, (K, K).



Finally, the O’Shea-Sjamaar’s Theorem tells us that II, (K,K) ~II(U,U) Nt xt°.
Nevertheless, this identity does not give an effective description of Hp(f( , K) because
most of the inequalities of the cone H(ﬁ ,U) become redundant when we restrict them
to 77 x . In the next section, we propose a smaller list of inequalities describing

I, (K, K).
1.2 Description of the main result

Let G ¢ G C GL(n,R) be two connected linear real reductive subgroups with maximal
compact subgroups K C K C SO(n,R). Let a C a be maximal abelian subspaces of p C p.
In this article, we work under the following assumption:

Assumption 1.3 If b is an ideal of g contained in g, then b C Z(g) N g.

1.2.1 Admissible elements and polarized trace

An element v € a is called rational if the eigenvalues of the symmetric endomorphism
ad(v) : g — g are rational. We let X(g/g) C a* denote the set of non-zero weights relative
to the a-action on g/g.

Lemma 1.4 Under Assumption 1.3, we see that Vect (£(§/9))" = Z(§) Np.

Proof : The set b := {X € g,[X,g] C g} is an ideal of g contained in g. Thanks to
Assumption 1.3, we see that b = Z(§) Ng. Then the vector space Vect (3(g/g))" = {X €
a,[X,d] C g} coincides with Z(g)Np=Z(g)Na. O

If v € a, we denote by ¥(g/g) N+ the subset of weights vanishing against .

Definition 1.5 An element v € a is admissible if it is rational and if
(2) Vect(E(ﬁ/g) N yl) = Vect(E(@/g)) N yl.

If ¢ : E — E is asymmetric endomorphism of an Euclidean space, we define Tr,(E‘>0) =
> uso @ Aim(ES?), where E=% = {v € E,{(v) = av}.

If v € a, its adjoint action ad(y) : g — g defines a symmetric endomorphism, hence for
any subspace m C g stable under ad(y) one can define the number Tr,q(,) (m2d()>0) that
we denote simply by Tr,(m7>0).

1.2.2 Parabolic subgroups

The maximal torus T' C U is stable under the involution o, so the Weyl group W =
Ny (T)/T is equipped also with an involution still denoted o, and we denote by W the
subgroup fixed by it. Let SR be the set of roots relative to the action of T on uc.



The maximal compact subgroup K C G correspond to the connected component of
the subgroup U?. We consider the restricted Weyl group W, = Nk (a)/Zx (a) relative to
the maximal abelian subspace a = %t_" - %u‘“ = p. Let X be the set of (restricted) roots
relative to the action of a on g.

Let us consider v € a and the subgroups W7 ¢ W and W,/ C W, fixing v. The
following fact is explained in §1.3.

Lemma 1.6 We have canonical identifications (W/W7)? ~ W7 /W NW7 ~ W,/W,.

We choose a Weyl chamber t; C tso that the restricted Weyl chamber ay = %t+ nt°
parameters the K-orbits on p. The choice of t, determines a system of positive roots R+,
and we denote by B C Uc the Borel subgroup with Lie algebra tc @ ) cq+ (UC)a-

To any element v € a, we associate the parabolic subgroup

_ . ty —ty .
(3) P, ={g € UC’}L”(}OG ge” "7 exists}.

Notice that P is invariant under the involution o and that B C P, when v is anti-
dominant, i.e. v € —ay.

1.2.3 Schubert Calculus

Here we work with two complex reductive groups Uc C [7@ equipped with an antilinear
involution . We choose maximal tori 7 C T invariant by o, such that the corresponding
subspaces a := lt_" cCa:= l%_" are maximal abelian in p C p.

To any v € a, we associate via (3) the parabolic subgroups P, C ]?’ and we define
the flag varieties 7, = Uc/P, and ]:v = U /]P’ Notice that the involution o defines an
antlholomorphlc involution on the flag varieties 7, and .7-" that we still denoted by o. As
P, =UcnN ]Pw we have a canonical embedding ¢ : F, — .7-" We denote ¢* H*(]—ZY, Z) —
H*(F,,Z) the pullback in cohomology.

Thanks to the Bruhat decomposition, F, = UweW/WWIB%[w], we know that the B-
orbits on F, are parametrized by W/W7. We associate to any w € W/W?, the Schubert
cell X7, = B[w], the Schubert variety X, = m and its cycle class in cohomology
(X € H(F,, 2).

Thanks to Lemma 1.6, we know that we can attach a Schubert cell X7, . to any element
w € Wy/Wq ~ (W/W7)?. We will see in §1.3 that an element w € W/W? is o-invariant
if and only if X7, . N (F,)7 # 0.

1.2.4 Main result

Let G C G be two linear real reductive groups satisfying Assumption 1.3. Let 7 : p — p
be the orthogonal projection.

Let wy € W, be the unique element such that wg(ay) = —ay. The choice of Weyl
chamber a, defines a system of positive roots 1, and we denote by n = ZﬁeE+ gp the
corresponding real nilpotent subalgebra of g.



Recall that the cohomology class [pt] associated to a singleton {pt} C F, is a basis of
H™ (F,, 7).

Theorem 1.7 Let (£,€) € a4 x ay. We have K€ C W(I~(§~) if and only if

(&, wy) > (&, wowy)

for any rational antidominant element v € a and any (w,w) € Wo/W{ xW5/W] satisfying
the following properties:

a) Vect(Z(ﬂ/g) N ’yl) = Vect(Z(@/g)) Nt
b) [Xun] - ([Xan)) = [pt] in H*(F,, Z).
The result still holds if we replace condition b) by the weaker condition

V) [Rwn - ([Xas)) = (pt] with £ > 1, in H*(F,,Z).

1.3 Bruhat decompositions

The complex parabolic subgroup P, is stable under the involution ¢. The intersection
P, :=P,NG C (Py)? defines a real parabolic subgroup of G (that is not necessarily
connected). Let us explain why the fixed point submanifold (F)? corresponds to the real
flag variety ]:,]5 = G/P,. As the flag variety F, = Uc/P, ~ U/U7, equipped with the
involution o, admits an identification with the adjoint orbit U~, we have

(Fy)? ~UyNniu? =Ky~ K/K'"~G/P, = ]-“}}_

The crucial point here is the equality Uy Niu~7 = K+ (see [19], Example 2.9).

We fix an element 7, in the interior of the Weyl chamber a, and we consider the
parabolic subgroup P :=P_,, C Uc. Then P := PN (G is the minimal parabolic subgroup
of G with Lie algebra Zg(a) & a @ n.

Let us consider the following Bruhat decompositions (see [8, 24]) :

L. Fy = Uyew,w~ Blw] relative to the B-action on F,
2. Fy = Uuewno\ww~ Plu] relative to the P-action on F,
3. ]:Qlf = Uvew, wy Plv] relative to the P-action on ]:ﬁlf.

Now we give a proof of Lemma 1.6. First we recall a standard result relating the Weyl
groups Wy and W with the involution o (see the Appendix B in [19]). The subgroup W¢
fixed by o is equal to the normalizer subgroup Ny (a). Since 7, is a regular element of a,



the subgroup W coincides with the centralizer subgroup Zyy (a), and the restricted Weyl
group W, admits a canonical identification with Ny (a)/Zw (a).
Thus, we have two exact sequences

0—=WP W7 =W,—=0 and 0—=WP*S>WNW - W70,

that induce an isomorphism W7 /WoNW?" ~ W,/W{ . The other isomorphism (W/W7)7 ~
Wo /W, follows from the fact that W/W?7 ~ W~ = Uy Nt : it gives

W/WN ~ (W)Y =U~ryNit 7 = Kynit 7 = Wyy =~ W, /W7,
a

Notice also that we have an inclusion W7 /W7 N W7 — WP \W/W?7 : it is due to
the fact that W7 is a distinguished subgroup of W contained in W7. Finally we have
proven W,/W{ can be seen as a subset of W7 \W/W?7. The next Lemma characterizes
this subset in terms of the intersections (B[w])? = B[w] N F5.

Lemma 1.8 Let w € W. The following statements are equivalent

1. (Blw])? # 0.

2. (Plw])? # 0.

3. the class of w in WY \ W/W?7 is contained in W /W NW7 ~ W, /W .
Moreover, if one of the statement is true, then Blw] = Plw] and (B[w])? = Plw].

Proof : The implication 1. = 2. is obvious since B[w] C P[w]. For the implication
2. = 3. we consider the Bruhat decomposition 75 = [J,cp. ywy Plvl. As we have
already explained, each class in Wy/W{ can be represented by an element of W°. If
(P[w])? # 0, there exists v € W such that Plv] C (P[w])?. Hence P[v] = P[w], and then
w = v in WP \W/W?7. The implication 2. = 3. is settled and the last one 3. = 1. is
immediate.

Consider now u € W?. Since B C P, the Bruhat decomposition 1. tells us that
Plu] = Uy, B[w] where the union runs over the w € W/W? such that w = u in WY \W/W?7.
As o(u) = u, the last relation implies that w = v in W/W?7. Thus we have proven that
P[u] = B[u]. Now the Bruhat decomposition 3. shows that (B[u])? = P[u] N ]-"gg = U, P[v]
where the union runs over the v € Wy /W ~ W7 /W N W7 such that P[v] C Plu]. The
last inclusion implies that v = uw in W \W/W7, and then v = w in W7 /W7 N W7. We
have proven that (Blu])? = Plu]. O

1.4 Comparison with a result of Kapovich-Leeb-Millson

Suppose that G =G fors>2: Assumption 1.3 holds automatically. Here p = p®,
(X1, -, Xs) = 325, Xj, and the set ¥(g/g) corresponds to the set ¥ of (non-zero)
weights relative to the a-action on g. The restricted Weyl group Wj is equal to W.



Recall that we can associate to any w € Wo /Wy, the Schubert cell X9, ., := Blw] C F,
and the Schubert variety X, , 1= X, ..
In this setting, Theorem 1.7 becomes

Theorem 1.9 Let (&,&1, - ,&) € (ay)*tL. We have K& C > 5=1 K& if and only if

s

Z(ﬁj,wﬂ) > (&0, wowy)

i=1

for any rational antidominant element v € a and any (w,wy,--- ,ws) € (Wo/Wg)*T!
satisfying the following properties:

a) Vect (X N~t) = Vect () Nyt
b) [Xuwy] - [Kuwiq] oo [Xuey] = [pt] in H*(Fy, Z).

¢) Try, (n*7>%) + 251 Try,(n*9770) = s T, (6777).

The submanifold of F, fixed by the conjugate linear involution is naturally diffeo-
morphic to the real flag ]:,]5 := G/P\. Thanks to the Bruhat decomposition ]:,]5 =
Uwew,wy Plw], we know that the cycle classes [3657],10 € Wy/W, associated to the
real Bruhat-Schubert varieties %57 := P[w] defines a basis of the cohomology H* (.7-"115, Z3)
with Zs-coefficients [26].

We know from Lemma 1.8 that the real Bruhat-Schubert varieties %57 corresponds to
the real part of the complex Bruhat-Schubert varieties X, 5. In this context, a theorem
of Borel and Haefliger [5] tells us that

b) Xwns] X qy] oo [Xuwsy) =[pt] in HY(F,Z).
implies the following

b)) XS (X =pt] in HY(FY,Zo).

The description of II,(K*, K) obtained by Kapovich-Leeb-Millson [12] was in terms of
elements (v, w, w1, -+ ,ws) € a x WT! verifying conditions a) and b®). Our description
is therefore more accurate, first by adding condition ¢) and then by taking the refined
condition b).

1.5 Levi-movability

In this section, we recall Belkale-Kumar’s notion of Levi-movability [2] and explain its
connection with conditions b) and ¢) of Theorem 1.9.

Recall that we work with a reductive Lie group Uc equipped with an anti-linear invo-
lution o. The Lie algebra g := (uc)? is a real form of the complex Lie algebra uc. We

10



have chosen a maximal torus 7' C U with Lie algebra t, that is invariant under o, and
such that t77 is of maximal dimension. Let a = %t“’ C (ucg)?.

We choose a Weyl chamber t; C t such that ay = %(t_" Nt;) is a Weyl chamber
relatively to the restricted root system . Let B C Uc be the Borel subgroup with Lie
algebra tc © ) e+ (Uc)o. To any element v € a, we associate the parabolic subgroup
P, = {g € Uc,limy_, e ge ™ exists} that is invariant under the involution o. Notice
that B C Py when + is anti-dominant, i.e. v € —a4.

The antilinear involution o defines an anti-holomophic involution on the flag variety
Fy = Uc/P,. We consider the cellular decomposition F., = I, ey /w~B[w] parameterized
by the Weyl group W = Ny (t)/T and the subgroup W fixing v € a. For any w € W/W7,
we denote by X7, . = Blw] C F, the Schubert cell.

The cycle class of the Schubert variety X, = Blw| in H*(F,,Z) is denoted by [X,, -]
and it is called a Schubert class. Let X, be d Schubert classes parametrized by w; €
W/W?, i € [d]. If there exists an integer k such that [X.,, 4] ... [Xw,~] = k[pt], then we
set cy(wi,...,wq) = k; we set ¢ (wr,...,wq) = 0 otherwise.

Using the transversality theorem of Kleiman, Belkale and Kumar showed in [2], Propo-
sition 2, the following important lemma.

Lemma 1.10 Suppose that v is anti-dominant. The coefficient ¢y (w1, ..., wq) is nonzero
if and only if for generic (p1,...,pq) € (]P’V)d, the intersection plwl_l.'{fmﬁﬂ- . -ﬂpdwf%&dﬁ
18 transverse at e.

Then Belkale-Kumar defined Levi-movability.

Definition 1.11 Suppose that ~y is anti-dominant. A d-uplet (wy,...,wq) € W< is Levi-
movable if for generic (I, ...,13) € (UZ)?, the intersection lyw; XS, NN lgw; X9

(0}
. w1,y Wy,
18 transverse at e.

Belkale-Kumar have defined in [2], a new product ©¢ on H*(F,,Z) that is closely
related to the notion of Levi-movability. By definition of this product, the identity

[Xoi7] @0 -+« @0 [Xuy ] = £]pt]

holds for some ¢ > 1 if and only if [X,, 4] ... [Xw, ] = ¢[pt] and the d-uplet (w1,...,wq)
is Levi-movable.
In the next proposition we concentrate ourself to d-uplets (wy,...,wq) of o-invariant

elements. Recall that n C g is the nilpotent Lie subalgebra defined as the subspace g¥e>°
for any regular dominant element ~, € a..

Proposition 1.12 Lety € a be a rational anti-dominant element. A d-uplet (w1, ..., wy) €
(W) satisfies the following conditions

b) Xurql oo [Xuy ] = [pt] in H(Fy, 7).

11



¢) Y0_) Try, (n®7>0) = (d — 1)Tr, (g7>0).
if and only if [Xuw, 4] ©o ... ©o [Xw,~] = [pt].

Proof: Since g is the real part of the complex Lie algebra uc, we have the following iden-
tity of a-modules : uc ~ g®. Thus Tr,(g7”?) = 1T1“ +(u 7>0) The nilpotent radical of the
Lie algebra of B is n,, = E®nc, where E = ny,. ﬂZ ( ). Thus for any w € Wy, the vector
space ni’” % is the complexification of n#7>0. Tt follows that Try, (n¥7>0) = %Trww(nﬁucwo).
We have proven that ¢) is equivalent to ijl Trwﬂ(nﬁg’yw) = (d— 1)Tr7(u%>0). Let py
be half the sum of the positive roots and let v/ =iy € t79 N —t,. Standard computations

give that Try. (0 ”%) = (pu, wy) — (pu,v') and Tr, ("% = —2(py,7'). Finally we see
that c) is equivalent to
d
) o wiy) = (2= d){pu, 7).
7j=1

Consider the complex Uc-manifold M = (Uc/B)¢. The set C = H%ZlUg [w, '] is a
connected component of the submanifold M?'. The Bialynicki-Birula’s complex subman-
ifold C~ := {m € M,limy_o0 exp(—ity")m € C} is equal to C' = I¢_,P'[w; '] where P’
is the parabolic subgroup with Lie algebra tc & Z<a,'y’>§0(u(c)06' Notice that the Borel
subgroup B is contained in P as 4" € —t,.

Now we consider the map 7 : Ug xpr C~ — M that sends [g,z] to gz. Standard
computations shows the following statement are equivalent

1. Conditions b) and ¢') holds.
2. 7 is a birationnal map with an exceptional set that does not contains C.
3. [Xuiq] @0 ... O0 [Xuwy,y] = [pt].

See §5 in [6]. O

Proposition 1.12 permits us to describe the convex cone II,(K*, K) in terms of the
Belkale-Kumar’s product ®y.

Theorem 1.13 Let (&,&1,--+,&) € (ar)sTL. We have K& C > 5—1 K& if and only
if E;Zl(ﬁj,wjv) > (&, wowy) for any rational antidominant element v € a and any

(wvwlv"' 7ws) €

(Wo /W)t satisfying the following properties:
1. Vect(E N ’yl) = Vect(Z) Nt

2. [Xwq] ©0 [Xwi 4] @0 ... ©o [Xu, ] = [pt] in H*(Fy,Z).

12



1.6 Singular Horn cone

Let n > 1. If A is an Hermitian n x n matrix, we denote by s(A) = (s1(A4) > --- > s,(4))
its spectrum. The Horn cone Horn(n) is defined as the set of triplets (s(A),s(B),s(C))
where A, B,C are Hermitian n x n matrices satisfying A+ B+ C = 0.

Denote the set of cardinality r subsets I = {i; <i2 <--- <4} of [n] ={1,...,n} by
Pr. To each I € P’ we associate

e a weakly decreasing sequence of non-negative integers A(I) = (A\; > --- > ;) where
Ao =n—1+a—i, for a € [r].

e a Schubert class [X;] € H*(G(r,n),Z) where G(r,n) denotes the Grassmann variety
of r-dimensional subspaces of C".

The following Horn’s conjecture [11] was settled in the affirmative by combining the
work of A. Klyachko [14] with the work of A. Knutson and T. Tao [15] on the “saturation”
problem. We refer the reader to survey articles [9, 6] for details.

If v = (z1,...,2,) € R" and I C [n], we define |z |; = 3 ,c; % and |2| = Y70 ;.
Let 1" =(1,...,1) e R".

Theorem 1.14 (Horn’s conjecture) An element (z,y,z) € (R%)3 belongs to Horn(n)
if and only if the following conditions holds : |z |+ |y|+]|z| =0 and

|zl +lyls+]z]k <0
for any r € [n—1], for any I, J, K € P}* such that
(4) M), A(J),N(K) — (n —r)1") € Horn(r).

Thanks to the saturation Theorem of Knutson-Tao, we know that (4) is equivalent to
the following relation in H*(G(r,n),Z)

() [X1] - [X] - [Xk] = Llpt] £=1,

where [pt] € H™*(G(r,n),Z) denote the Poincaré dual class of the point. Belkale proved
in [1] that Theorem 1.14 holds if we replace condition (5) by

(6) (X1r] - [X] - [Xk] = [pt].

Finally, Knutson-Tao-Woodward proved in [16] that the list of inequalities parameter-
ized by the (r, I, J, K) satisfying (6) is optimal.

We turn now our attention to the singular Horn cone. Suppose that n = p 4+ ¢ with
p>q> 1. If Aisacomplex p x ¢ matrix, we denote by 7(A) = (11 (4) > --- > 1,(A) > 0)
its singular spectrum : 71,(A) = /sg(A*A) for any k € [q].

13



Definition 1.15 The singular Horn cone, denoted Singular(p,q), is defined as the set of
triplets (1(A), 7(B), 7(C)) where A, B,C" are complex px q matrices satisfying A+B+C =
0.

We have a natural connection between Singular(p,q) and Horn(n) because, for any
complex p X ¢ matrix A, the spectrum of the n x n matrix

(4 9)

is (ri(d) > - > 7(A4) 20 >0 20 2 —7y(A) = - > —7i(4)). Toany z =
(1,...,24) € RY we associate the vector T = (x1,...,24,0,...,0,—24,...,—x1) € R
From the previous remark, we see that

(2,y,2) € Singular(p, ¢) = (2,9, 2) € Horn(n).

The O’Shea-Sjamaar theorem tells us that the implication above is in fact an equivalence.
Hence we obtain a first description of Singular(p, q).

Proposition 1.16 Let R, = {z = (z1 > -+ > 2, > 0)}. An element (z,y,z) € (R1,)?
belongs to Singular(p, q) if and only if

(7) (2 +gls+ 2]k <0
for anyr € [n—1], for any I, J, K € P such that [X]-[X ;] [Xk] = [pt] in H*(G(r,n),Z).

The main issue with this first description is that most of the inequalities (7) are re-
dundant.

Now we explain the more precise description of Singular(p, ¢) that we obtain by apply-
ing Theorem 1.13. For any r € [g], let PF*? C P" be the collection of subsets I satisfying?
INI°=0and IN{qg+1,...,p} = 0. We see that any I € P? is equal to the union
I T]I° where I, 1_ are disjoint subsets of [g].

Notice that, when I,.J, K € PF? the inequality (7) becomes

(%) 1s s K s 2|, +lyloy Hlzle, <zl + 1yl + 2k

The first version of our result is the following theorem that answers (partially) a con-
jecture of A. S. Buch (see [9], §5).

Theorem 1.17 An element (z,y,2) € (R%,)3 belongs to Singular(p,q) if and only if
(*X)1. J4 K5 holds for any r € [q], for any I, J, K € PE? such that [X1] - [X;] - [XKk] = [pt]
in H*(G(r,n),Z).

2I°={n+1—kkel}
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The above description can be refined as follows. For any r € [q] such that r < %,

we denote by F(r,n — r;n) the two-steps flag variety parameterizing nested sequences
of linear subspaces E C F+ C C" where dim E = dim F = r. Here the orthogonal is
taken relatively to the bilinear product (x,y) = Y i, z;y;. In the case where p = ¢ and
r = q = 4, we denote by F(q, ¢;n) (or by G(g,n)) the Grassmannian parameterizing linear
subspaces F C C" of dimension q.

Definition 1.18 Let A C [n] be a subset of cardinal 2r. We say that A is polarized if
it admits a decomposition A = AL [[ A— into disjoints subsets. If Ay and A_ are both
of cardinal v, we say that A is balanced. We denote by Pol,. the collection of balanced
polarized subsets of [n] of cardinal 2r.

The orbits of the Borel subgroup B,, C GL, (C) of upper-triangular matrices on F(r, n—
r;n) are parametrized by the balanced polarized subsets of [n] of cardinal 2r. To any
balanced polarized subset A = Ay [[ A_ € Polj,, we associate

e the flag CA+ C (CA-)t, where C+ = Vect(e;,i € A1) C C™. Notice that in the
case where p = ¢ and r = ¢ = 7, we have CA+ = (CA-)L,

e the Schubert variety X4 = B,, - (CA+ C (CA-)L) C F(r,n—7;n) , and its cycle class
[Xa] € H*(F(r,n — r;n),Z) in cohomology.

To any subset I € PP, we associate the balanced polarized subset I=1 [[1° € Pol3,
and the cohomology class [X7] € H*(F(r,n—r;n),Z). The final description of Singular(p, q)
is given in the following Theorem (whose proof is postponed at §4.6).

Theorem 1.19 An element (z,y,2) € (R%,)3 belongs to Singular(p,q) if and only if
(*X)12 g4 k5 holds for any v € [q], for any I,J, K € PP such that

(8) [X7] ©o [X5] @0 [Xz] = [pt] in H*(F(r,n—r;n),Z).

In Section §4.1, we will explain why condition (8) implies condition (6).

Let us end this section with the example of Singular(3,3). The first description ob-
tained from the O’Shea-Sjamaar theorem says that Singular(3,3) admits a natural identi-
fication with the intersection Horn(6)NV3 where V = {(a, b, ¢, —c, —b, —a)} C R®. Thanks
to computer calculation we know that Horn(6) C (R%)3 is described with a minimal list
of 536 inequalities. Theorem 1.19 allows to describe Singular(3,3) in terms of 87 + 9
inequalities (see §4.4).

15



2 Parametrization of facets of real Kirwan polytopes

Let Lc be a connected complex reductive group with maximal compact subgroup L. Let
o be a conjugate linear involution on L¢ commuting with the Cartan involution. We work
with a o-invariant scalar product (—, —) on [, allowing an identification [ ~ [*.

Let us consider a proper Kéhler-Hamiltonian L-manifold with involution (M, Q, J, ®(, 7, 0)
(see §1.1). By that we mean :

e L¢ acts holomorphically on the complex manifold (M,J) and the Kéhler form (2 is
L-invariant,

e There is a L-equivariant proper moment mapping ®; : M — [ satisfying the relation?
d(®, X) = —-Q(Xp,—), VX €L

e The anti-holomorphic involution 7 : M — M satisfies the following relations :
() = —Q, and 7(g - m) = o(g) - 7(m), ®(7(m)) = —o(P((m)), for all (g,m) €
L(C x M.

Let us denote by G, the connected component of the subgroup (L¢)?. The Lie algebra
of G admits the Cartan decomposition gy = €1, ® pr where py, = il and £, is the Lie
algebra of K, := (L7),.

The submanifold Z = {m € M,7(m) = m}, that we suppose non-empty, is a La-
grangian submanifold of (M, ), not necessarily connected, and stable under the action
of the real reductive group GGr. Let Z be a connected component of Z. We define the
K-equivariant map

U:Z—ypr

by the relation ¥(z) = %q)[(z). One sees that, for any 8 € pr, Bz is the gradient vector
field of the function (¥, f3) .

The O’Shea-Sjamaar Theorem [19] tells us that the image U(Z) is equal to ®(M) (177
through the identification py, ~ [~ (for another proof see [20]). Let a;, C pz, be a maximal
abelian subspace. The Kp-orbits of p;, are parametrized by a Weyl chamber (ar)+ C ar.
Hence the Kp-orbits of W(Z) are parametrized by the real Kirwan polytope

A(Z):=T(Z)( ) (ar)s-

Thanks to the O’Shea-Sjamaar Theorem, we know that A(Z) is a convex polytope. In the
next sections we explain the parametrization of the facets of A(Z) in terms of balanced
Ressayre’s pairs that we obtained in [20].

t

*Here Xar(m) = —X -m = L],—oe”"““m is the vector field generated by X € I.
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2.1 Admissible elements

The stabilizer subgroups of m € M relatively to the L and G, actions are denoted respec-
tively by L™ and (Gp)™ : their Lie algebras are denote by I and (gz)™. We will take a
particular attention to the subspace (pr)" = {X € pr, X -m =0} C g If v € ar, we
denote by Z7 the submanifold where the vector field z — - z vanishes.

Definition 2.1 Let us define

dimy, (X) := min dim((pr)?)

zeX

for any subset X C Z. A non-zero element v € a is called admissible relatively to the
G-manifold Z if v is rational, and if dimy, (27) — dim,, (Z) € {0,1}.

The next results, proven in [20], are useful to determine dimy, (Z).

Lemma 2.2 There exists a subspace h C py, such that
1. Vx € Z,3k € K1, such that Ad(k)(h) C (pr)*,
2. dim(h) = dim((pr)*) on a dense open subset of Z.
Therefore dimy, (Z) = dim(h).

The subspace b is called the generic pr-stabilizer of Z.

Corollary 2.3 Leth, C pr, be a subspace such that the set K Z% has a non-empty interior
in Z. Then dimy, (Z) > dim(h,).

2.2 Balanced Ressayre’s pair

Let v € ar, be a non-zero element, and let C' C M be a connected component intersecting

Z. The Kahler submanifold C' is stable under the involution 7 and under the action of the

stabilizer sugbroup L. = {g € L¢, gy = ~v}. The real submanifold C = CNZ C Z7 is non-

empty, not necessarily connected, and stable under the action of the group Gz = L% NGyr.

The fonction (¥, ~) is locally constant on M? and we denote by (¥(C),~) its value on C.
The Bialynicki-Birula’s complex submanifold

9) C™:={me M, tli)m exp(ty)m € C}.

is invariant under the involution of M. The infinitesimal action of v defines a symmetric
endomorphism of the tangent bundle TM|c, and one sees that TC~|¢ = (TM|c)7=0.
Consider now the parabolic subgroups defined by

(10) P,={g € Lc,tlim exp(ty)gexp(—ty) exists} and P, =GpNP,.
—00
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Here the Lie algebra of P, and P, are respectively (Ic)?=? and (g;)7<". We denote by
P C Lc and P C G, the parabolic subgroups P_., and P_, , where v, is an element of the
interior of the Weyl chamber (az);. The nilradical of the Lie algebra of P is ny, := g¥>0.

The submanifold C™~ is invariant under the action of P, hence we can consider the
complex manifold P xpnp, C~ and the holomorphic map

QS:PX]P’O]P’«,C_ — M

that sends [p,m] to pm. The complex manifold P xprp, C~ is equipped with a natural
anti-holomorphic involution 7, : [p,m] — [o(p),7(m)] such that 7o qs = qs o7y. The
submanifold fixed by the involution is P X pnp, C~ where C~ = C~ N Z is a submanifold
of Z. Notice that for any 2 € C, we have T,C~ = (T,2)"=0.

We can now define the real counterpart of the map qg : the map

q»Y:PXPmP,YC_%Z.

The tangent bundle at the identity of P/P N P, admits a canonical identification with
(n£)7?, so that for any z € C, the tangent map Tqy|e . : (n)7”° x (T.2)=0 +— T.Z
is defined by the relation Tqy|( .)(X,v) = X - 2@ v. Hence for any z € C the following
statements are equivalent :

. Tqicf\[&z] is an isomorphism
o T qﬁ,|[e7z] is an isomorphism
e pl:(ny)”0%— (T.2)% X + X - z is an isomorphism.

Definition 2.4 The data (,C) is called a balanced Ressayre’s pair of Z if there exists
T-invariant Zariski open subsets V& € M and U C C~ such that : VC is P-invariant,
Ut is Pn P, -invariant and intersects C, and the map q‘s defines a diffeomorphism
P X]}Dm]p,y Z/{(C ~ V(C.

If furthermore we have dimy(C) — dim,(2) € {0,1}, and v is rational, we call (,C) a
reqular balanced Ressayre’s pair.

If 4C is a 7-invariant Zariski open subset of C~ that intersects the complex submanifold
C, then U N C is a T-invariant Zariski open subset of C. It implies that Y© N C7 is dense
in C7, and in particular that € N C is non-empty (see Appendix B in [20]). When the
map qﬁ(yj defines a diffeomorphism P xprp, U C ~ V€ we see then that the infinitesimal map
pl: (np)7>0% — (T,Z)7>0 is an isomorphism for any z € U* N C.

We can weaken the condition on the balanced Ressayre’s pair.

Definition 2.5 The data (v,C) is called a infinitesimal Ressayre’s pair of Z if there
exists z € C such that p) : (ny)>0 — (T, 2)7>0 is an isomorphism. If furthermore we
have dim,(C) — dimy(Z) € {0,1}, and ~ is rational, we call (v,C) a regular infinitesimal
Ressayre’s pair of Z.
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When (v,C) is an infinitesimal real Ressayre’s pair of Z, there exists z € C so that
p?: (np)”0 — (T, Z)7>Y is an isomorphism commuting with the infinitesimal action of
~. It gives us two identities

(C1) dim(ny)?”% = rank(TZ|c)>°,
(C2) e ((n,)?>°) = Tr, ((TZc)">0).

If (,C) is a balanced Ressayre’s pair then
(Cs) {:E e M, ﬁ{(qg)_l(:n)} = 1} contains a Zariski open subset of M.
Condition (C3) can be made more flexible by considering

(C%) {x e M, (qg)_l(a:) # @} contains a Zariski open subset of M.

2.3 Parametrization of the facets

The following result will be the main tool used in the next sections.
Theorem 2.6 ([20]) For{ € (ar)+, the following statements are equivalent:
e LeA(Z).
e (&,7) > (¥(C),~) holds for any reqular infinitesimal real Ressayre’s pair (v,C) of Z.
o (£,7) > (¥(C),~) holds for any regular balanced Ressayre’s pair (v,C) of Z.
e (&,7) > (¥(C),) holds for any (v,C) such that

a) v is rational,
b) dimy(C) — dim,(Z) € {0,1},
¢) (C1), (Cq) and (C3) hold.

The result is still true if we replace condition c) by

) (C1),(C2) and (C%) hold.

3 Proof of the main theorem

We come back to the setting of §1.1. We will explain how Theorem 1.7 is a consequence
of Theorem 2.6 applied to the Kéhler-Hamiltonian manifold M = TU equipped with the
action of the reductive group L¢ = [7@ x Uc.

The real reductive group G C G are the connected components of the subgroups
Ug C (7(8 We have a Cartan decomposition g = €@ p, where € = u? and p = iu=? (idem
for g). Let a C a be maximal abelian subspaces of p C p.
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3.1 Admissible elements

We see G as a ‘submanifold of ﬁc equipped with the following G x G-action : (g,9) -7 =
gtg~'. Let (X, X) be an element of @ x a. In the following lemma, we describe the
manifold G&XX) of zeroes of the vector field ()Z' ,X) on G. We denote by GX C G the
subgroup that fixes X.

Lemma 3.1 o If X ¢ KX , then GEX) =

o If X = kX with k € K, then GXX) =k .GX.

Proof : The set GXX) jg non-empty if and only if X belongs to the adjoint orbit GX.
The Lemma follows then from the fact that the intersection GX Np is equal to KX. O

Let W5 = Nj(a)/Zg(a) be the restricted Weyl group. Since both elements X and X

belongs to a, we notice that if X = kX for some k € K , then there exists w € W5 such
that X = @wX. So, the admissible elements relative to the action of G x G on G are of the
form (w-,~) where v € a is a rational element and w € Wj.

We let 3(g/g) C a* denote the set of weights relative to the a-action on g/g. If v € a,
we denote by X(g/g) N+ the subset of weights vanishing against v. The main purpose
of this section is the proof of the following result.

Proposition 3.2 Let G C G be two linear real reductive groups satisfying Assumption
1.3. An element (w7y,~) is admissible relatively to the G x G-action on G if and only if
is rational and if Vect(2(g/g) Nv1) = Vect(X(g/g)) Ny+.

The proof of Proposition 3.2 is a consequence of the next Lemma.

Lemma 3.3 Let v € a and let X, € @ be a regular element.
1. We have dimg,,, G= dim,, KX, and dimg G = dimyy K'X,.
2. Under Assumption 1.3, we have
o dimg,, G = dim Z(g) N p.
o dimy, K'X, — dimy, KX, € {0,1} if and only if Vect(X(g/g) N~y*) is equal to
Vect (2(§/g)) N+

Proof : For any = € G, the stabilizer (p x p)* admits a canonical identification with
Ad(z)(p) Np. If we write z = e¥, with k' € K and Y € p, we see that Ad(z)(p) Np =~
Ad(e?)(p) Np=pnN ﬁf/. Thus dimg,, G = ming . dim(p N ﬁf/) If we write Y = k- X,
with )Ng € a, we have Ad(l;:)(ﬁl C k- ]355 = ﬁf/, and the equality Ad(k)(a) = ﬁf/ holds
when Y is regular. So dimj,, G = ming_z dim(p N Ad(k)(a)). On the other hand, when
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X, € @ is a regular element it is immediate that dimy, KX, = ming _z dim(p N Ad(k)(a)).
We obtain finally that dimg,, G = dlmlJ KX,. Since dimg G = dimg,, G, the
indentity dimg,,, G@17) = = dimyy K7X, admits the same proof than before. First one sees
that
dimg ., GV = min dim(p N Ad(l;:)(ﬁ)) = min dim(p” N Ad(k:)( )
keKv keK~

and then we use that min;_z., dim(p? N Ad(k)) = dlmp"/ K7X,. The first point is settled.

KX, is the real part of the coadjoint orbit UX,. Thanks to Lemma 2. 2, we know
that exists a subspace h C p such that Vo € KXO, 3k € K such that Ad(k)(h) C p®, and
dim(h) = dim(p®) on a dense open subset of KX, : b is the generic p-stabilizer on KX,
and dim, (K X,) = dim(h).

Let us check that under Assumption 1.3, we have h = Z (g Np. If g e h, then
K(KX, ) — KX,. Let us write 3 = Ad(K')(3) with B € a and k' € K. Since (KX )P =

Usew; K# wXO, the relation K(KX )ﬁ’ KX, implies that a subset KKP4X, C KX,

has a non empty interior. Let g = kkw € KKPw such that gX belongs to the interior of
KKPwX,: this implies the identity

(11) €+ Ad(k) () + Ad(g)(E%) = &,

But Ad(g)(£X°) = Ad(kk)(£X°) c Ad(k)(¥%), hence (11) is equivalent to € + € = £. Now
standard computation shows that
e+t =t B cp=Bhct[Bgca+ 7.5 Co

We have proved that any element 5’ € h C p belongs to the ideal b := {X € g,[X,g] C g}.
Thanks to Assumption 1.3, we know that b = Z(g)Ng. We have proved that h C Z(g)Np.
On the other hand, it is immediate that Z(g) Np C p® for any x € K X,. We have proved
that the equality Z(g) Np = p® holds on a dense open subset of KX,. The first part of
the second point is settled.

Let us concentrated on the last part of the second point.

If7 € Z(g)Np then dimyy K'X, = dim, KX, and Vect (2(§/g)Ny*) = Vect(X(g/g)) N

= Vect(2(3/9))-

Suppose now that v ¢ Z(g) Np. We see that Z(g) Np SRy C (p?)* for any = € K'X,,
hence dimy~ K 'YX —dimy, KX, = 1if and only if Z(g) Np @ R~ is the generic p?-stabilizer
on IN(UN(O.

Suppose that Vect(2(g/g) Ny+) = Vect(X(g/g)) Ny-. For any B € a, we have the
equivalences

3,57 C g7 <= (0, B) =0,Ya € N(§/g) Ny~ <= B € Vect(S(3/g) N7H)"
— fe€ <Vect(2(§;/g)) ﬂ7L>l
— B e Vect(2(3/9))" + Ry
— pfeZ(@npdRy.
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Let b, C p” be the generic p”-stabilizer on K'X,. Let B € h, that we write 5 = k3
with 8 € a and k € K. Since K?(K7X,)? = K7(K7X,)? is equal to K7X,, the same
arguments than those used before show that [, 7] C g7 and then 8’ = 8 € Z(g) Np S Ry.
We have proved that b, = Z(g)Np @ R7 is the generic p7- stablhzer on K7X,.

Suppose now that Vect (X(g/g) NyH) # Vect(X(g/g)) Ny*. It means that there exists
B¢ Z(§) Np®Ry = Vect(3(g/g))" + Ry such that (a 5) = 0,Ya € X(g/g) N+, ie.
[3,87] C g7. Let consider the subspace h, = Z(g) N p & Ry & RB. As we have shown

before, the inclusion [3,§7] C g7 shows that the set K7(K7X,)0 = K“’(K“’X ) has a
non-empty interior. Thanks to Lemma 2.3, we can conclude that dimyy K7 X, > dim(h,)
and then dimyy K7X, — dimy, KX, > 2. The last part of the second point is proved. O

3.2 Balanced Ressayre’s pair : infinitesimal conditions

Let (w,v) € W5 x a such that v := (10, 7) is an admissible element relative to the action
of G xGon G C Ug.

The complex submanifold of (7@ fixed by v is Cg~ = u?ﬁ and the real part contained
in G is Copy = Cw ~ N G = &G, The Bialynicki-Birula’s complex submanifold associated
to Uy, is Cp By = w]P’ where ]P’ is the complex parabolic subgroup of U@ associated to v

(see (10)). The parabohc subgroup of U x Ug associated to the weight g is
Py~ = Ad(@)(P,) x P,.

Let P C Uc (resp. PcC (7@) be the parabolic subgroup associated to the choice of the
Weyl chamber ay (resp. ay). We can now consider the holomorphic map

iyt BXP) X5, p 0, 9P, — Uc

that sends [p, p; wZ] to piwZp~!. Let us recall the definition of regular balanced Ressayre’s
pair in this setting.

Definition 3.4 The data (v@,Ca~) s a regular balanced Ressayre’s pair of G if there
exists T-invariant Zariski open subsets V¢ C Uc and UC C wP,, such that, VC is P x P-
invariant, UC is (P x P) N Pg ~-invariant and intersects 1Z)U(g, annd the map q(l%,,y defines
a diffeomorphism

(12) (P X P) X 5,pyp, , U° = V.

As we have explain in §2.2, the set U* NG is nonempty and the diffeomorphism (12)
insures that the infinitesimal map pJ” : a%7>% x 7> — (T,G)7#> is an isomorphism
for any z € U N wG.

Lemma 3.5 Let (vg,Ca,) be a regular balanced Ressayre’s pair of G. Then we have
(C1)  dim(a®>%) + dim(n?>?%) = dim(3?>?),
(Ca) Ty (n770) + Trg, (1777°) = Tr, (g77°).
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Proof : Let z € @G such that pl® : 497>0 x n7>0 — (T,G)%>0 is an isomorphism.
Since p]® commutes with the infinitesimal action of vz, it implies that dim(a®?7>0) +
dim(n7>?) = dim((T,G)"*>°) and Tr,, (R0 x n7>0) = Tr, ((T,.G)"5>0).

Since (T,G)#>0 ~ §7>0, relations (Cy) and (Cy) follows. O

3.3 Cohomological conditions

To any w € Wj, we associate the Schubert cell %%,Y = P[] = B[w] C ]-NZ, and the Schubert
variety Xz, = @ (see §1.3). Let us denote Xf, := Ble] C F, and the corresponding
Schubert variety X, = XJ.

Let [Xp,] € H>oo (]—?,Z) and [X,] € H*(F,,Z) be the cycle classes defined by

these algebraic subvarieties. Here ng, = codimc(X4,,) and n, = codimc(X,).
A standard computation shows that condition (Cp) of Lemma 3.5 is equivalent to

codime(Xg,,) + codime(X,) = dimc(Fy).

If (v@,Ci,y) is a balanced Ressayre’s pair of é, then the map qgﬁ satisfies condition
(Cs) : {geUc, ﬁ{(qgﬁ)_l(g_l)} — 1} contains a Zariski open subset of Uc.

Let us consider the map

T,y - (]P) X P) X(FXP)OPE,W ’LZ)]P)»Y — ]:,Y X ]:«{

that sends [p, p; wx] to ([pw], [p]).
The following facts are standard (see Proposition 4.3 in [6] or Section 6.1 in [20]).
For any § € Uc, the map 7y is injective on the fiver (qgﬁ)_l(f]_l), and the set

ris((65.,) "1 (G™) is equal to
X007 (5%5 ) = {(y) € P[] x Ple), gz = u(y)} C F x F.
Here ¢ : F, — ]?y is the canonical embedding. Thus conditions (C3) and (C§) becomes

(Cs) {g e Uc, X5 N L—l(gifm)} = 1} contains a Zariski open subset of Ug.

(C%) {§ e Uc, x5 L—l(ga%fm) # (Z)} contains a Zariski open subset of Ug.

According to a transversality theorem due to Kleiman, the intersection X, N Lt (gﬁem)

is transverse for any g in a nonempty Zariski open subset of (7@; moreover, X5 rl(gaefm)
is dense in this intersection. We deduce that

1. (C3) is equivalent to asking that the cohomology class of X, N L_l(giﬁw) is equal to
the cohomology class of a point : [X,]- *([Xa,]) = [pt] in H*(Fy,Z).

2. (Cy) and (C}) are equivalent to asking that [X,] - t*([Xg,]) = £[pt] with £ > 1 in
H*(F,, 7).

Let us notice that [X,] - *([X4,,]) = [pt] implies that codimc(Xy,) + codime(X,) =
dimc(Fy), hence (Cy) is a consequence of (Cs).

23



3.4 Conclusion

Let us consider the gradient map W : é:: Kxp—pxp (kX)) (—kX,7(X)).
Let (w,7y) € Wi x a and Cy, = WG?. In the previous sections, we have proved the
following

g := (@7,7) is admissible if and only if Vect(2(g/g) Nv) = Vect(S(g/g)) Ny

Condition (C2) for (vg,Ca.) is equivalent to Trs (n7>9) + Trg, (R97>0) = Tr, (§7>0).

Condition (C3) for (va,Ca ) is equivalent to [X,] - *([Xa,]) = [pt] in H*(F,,Z).

(Cy1) is a consequence of (Cs).

Conditions (Cy) and (C%) for (v, Ca.~) are equivalent to [X,]-t*([Xs,]) = £[pt] with
0>1in H*(F,,Z).

We notice that (¥(Cy,), ve) = 0. Thus Theorem 2.6 gives us the following

Theorem 3.6 Let (£,£) € a4 x ayp. We have —K¢ C W(I?é) if and only if

(13) (&@7) +(£7) 2 0

for any (v, W) € a x Wy satisfying the following properties:
a) v is rational and Vect(X(g/g) Ny+) = Vect(X(g/g)) N+,
b) [X,] L*([%ﬁw]) = [pt] in H*(F,,Z).
¢) Ty (n770) + Trgy (07770) = Ty (577°).

The result still holds if we replace condition b) with

o) (%] (Xsns]) = (pt] with £ > 1 in H*(F,,7Z).

We have to make some small modifications in the previous theorem in order to obtain
Theorem 1.7. The longest element wy € W, which is invariant by o, can be seen as the
unique element of Wy such that wo(ay) = —ay. Any elements £ € ay and v € a can
be written § = —wo(¢') and v = wy" where ¢’ € ay, v/ € —ay and w € W,. Since
Wyy = Ky Nais contained in Wiy = Ky Na, for any (w,w) € Wy x Wy, there exists
W' € Wy such that wwy' = @'+,

We leaves the reader verify the following

o —KEC W(I~(§~) is equivalent to K¢ C W(ké)

e (13) is equivalent to (&,4'v) > (€', wow~')
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e Vect(X(g/g) NvH) = Vect(Z(g/g)) N~ is equivalent to Vect(X(g/g) N (v/)*) =
Vect(2(a/g)) N (+)*

e Condition b) is equivalent to [X,, /] - *([Xa ~]) = [pt] in H*(F,,Z).
e Condition ¢) is equivalent to Try./ (07 >0) + Trg., (R7>0) = Tr.,(§7>0).

We see then that Theorem 1.7 is a reformulation of Theorem 3.6.

4 Singular value inequalities for matrix sums

Let p > ¢ > 1 and n = p+ q. We consider the canonical action of the group K :=
U(p) xU(q) on the vector space M, ,(C) of complex matrices of size px ¢q. Let a C M, 4(C)
be the real subspace consisting of all matrices of the form

0 -
% O q
Y(z)= 0 ... 0 , ¢ € RY.
0 --- 0
The chamber ay := {Y(x),z1 > 23 > --- > z, > 0} parametrizes the K-orbits on

M, 4(C) : in other words a matrix X belongs to the orbit K - Y (x) if and only z is equal
to the singular spectrum of X (see §1.6). Thus we can consider

Singular(p, q) := {(a,b,c) € (RL)>, K -Y(c) CK Y(a)+ K -Y(b)},

where RY, = {z = (#1 > 29 > .-+ > 24 > 0)}. Notice that K - Y (z) = —K - Y ()
for any # € R? | hence Singular(p, ¢) can be defined with the symmetric condition 0 €
K -Y(a)+ K- -Y(b)+ K- -Y(c).

We need to recall some notations introduced in §1.6. For any r € [q], let PF? be the
collection of subsets I C [n] of cardinal r, satisfying INI°=0 and IN{qg+1,...,p} =0,
where I° = {n+ 1 —k,k € I}. We see that any I € PP is equal to the disjoint union
I, J]I° where I, I_ are disjoint subsets of [¢]. A subset A C [n] is polarized if it admits
a decomposition A = A, [ A into disjoints subsets. If A, and A_ are both of cardinal
r, we say that A is balanced. We denote by Polj, the collection of balanced polarized
subsets of [n] of cardinal 2r. R

To any subset I € PF? we associate the balanced polarized subset I = I [][I° € Pol},
and the cohomology class [X7] € H*(F(r,n —r;n),Z). The proof of the following result is
given is §4.6.
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Theorem 4.1 An element (x,y,z) € (R )3 belongs to Singular(p, q) if and only if
(O 1z gz Kx |zl +lylo +lzlke <Mzl +lyl + 2]k

holds for any r € [q], for any I,J, K € PY? such that

(14) [X7] @0 [X5] @0 [Xz] = [pt] in H*(F(r,n—r;n),Z).

The result still holds if we replace (14) by the weaker condition [X7] ®o [X 7] ®o [X ] = £[pt]
with £ > 1.

The following examples are detailed in §4.4.

Example 4.2 Let us consider the case p > q = 1. Thus (a,b,c) € (Ry)? belongs to
Singular(p, 1) if and only if the Weyl inequalities holds : a +b > ¢, a4+ ¢ > b, and
b+c>a.

Example 4.3 Let us consider the case p > q = 2. Thus (a,b,c) € (R3_+)3 belongs to
Singular(p, 2) if and only if the following 18 inequalities holds

1. the Weyl inequalities

e a;+by>c1 (and 2 permutations),

e ay+by>co  (and 5 permutations),
2. the Lidskii inequalities

e ay+as+by+bs>c1+ca (and 2 permutations),
3. the signed Lidskii inequalities

e ajtas+by —by>c1—co (and 5 permutations).

4.1 Multiplicative formulas in H*(F(r,n — r;n),Z)

In this section, we use some multiplicative formula obtained by Ressayre [22] and Rich-
mond [25] for the structure constants in the cohomology of flag varieties to simplify con-
dition (14). We are interested by their multiplicative formula in the case of two steps flag
varieties F(r,n — r;n). The Schubert varieties of F(r,n — r;n) are parametrized by the
set Poly, of balanced polarized subsets of [n] of cardinal 2r. If A= A, [[A_ € Polj,, the
subset (A4 )¢ C [n] is of cardinal n—7: (A4+)¢ = {u; < --- < up_r}. Since A_ is contained
in (A4)¢ we can define the following subsets of cardinal r : A’ = {i € [n —r],u; € A_}
and A" ={k € [n—r],n—r+1—k e A’}. Therefore, we can associate the cycles classes
[(X4,] € H(G(r,n),Z) and [X 4] € H*(G(r,n —1),Z) to any A € Poly,.

The following result is a particular case of a general multiplicative formula obtained
by Ressayre [22] and Richmond [25].
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Proposition 4.4 Let A, B,C € Poly,.. The relation [X4] ®¢ [XB] @0 [Xc] = £[pt], with
¢ >0, holds in H*(F(r,n —r;n),Z) if and only if we have

1. [Xa,] [XB,] [Xc,] =Cpt] with £’ >0 in H*(G(r,n),Z),

2. [Xar] - [Xpr] - [Xer] = 0" [pt] with £" > 0 in H*(G(r,n —1r),Z),

3. |AL| 4+ |B4| 4+ |Cx| = |A—| + |B-| + |C_| + r(n — ).
Moreover we have £ = 0'0".

R When we work with I, J,AK € PP? and the associated balanced polarized subsets
I=T1]]1°J=J][J° and K = K] K°, we see that

Tl + 13|+ K| = [T + | T + |K- [+ r(n—7)
1|+ [J|+ |K|=2r(n—r)+ 3r(r+1)
codim(X) + codim(Xy) + codim(Xg) = r(n —r).

—
—

Therefore condition 3. is a consequence of condition 1. in Proposition 4.4 when working
with I, .J, K € Pol},

If X € P29, we define X e P~ as equal to ()2)”. Thanks to Proposition 4.4, we can
state another version of Theorem 1.19.

Theorem 4.5 An element (v,y,z) € (RY,)> belongs to Singular(p,q) if and only if
(*)12 g4 k5 holds for any v € [q], for any I,J, K € PP? satisfying both conditions :

(15) [Xr] - [X)]- [Xk] = [pt] in HY(G(r,n),Z),

(16) (X5 [X5] - [Xz] =[pt] in H*(G(r,n—r1),Z).

The result is still true if we work with the weaker conditions : [¥X1] - [X,] - [Xk] = ¢[pt]
and [X7] - [X5] - [Xz] = "[pt] with 0/, 0" > 1.

4.2 Inequalities of Weyl, Lidskii and Thompson

The purpose of this section is to give some examples of triplets (I, J, K) satisfying (15)
and (16) which will allow us to recover the classical inequalities of Weyl, Lidskii and
Thompson.

We need to recall a standard feature of Littlewood-Richardson coefficients. Let m > 2
and r € [m]. For any subset X = {x; < --- < a,} C [q] of cardinal r, we associate several
objects : the partition A(X) = (Ay > -+ > \,) where \, = m —r+a— 1z, ; the polynomial
irreducible representation Vy(x) of U(r) and the cycle class [Xx] € H 20X (G(r,m—7),2),

27



where n(X) = |MNX)|. A classical result of Lesieur [17] tell us that for any subsets
A, B,C C [m] of cardinal r, if [A(A)| + |[A(B)| + |\(C)| = r(m — r) we have

[Xa] - [X8] - [Xc] = c(A, B, C)pt]

where ¢(A, B,C) = dim(V,\(A)®V,\(B)®V)\(c)®detr_m)U(r). Since |A(A)|+|A(B)|+INC)| =
r(m —r) when ¢(A, B,C) # 0, we obtain the following equivalence for any ¢ > 1 :

[X4] - [XB] - [Xc] = (pt] <= dim(Vya) ® Vi) ® Vi) ®@ det ™™™V () = ¢,

Weyl inequalities

Let m > 2. To any element a € [m] we associate the Schubert variety X, = By, - (Ce,) C
G(1,m) of codimension m — a. Lesieur’s result leads to the following simple criterion.

Lemma 4.6 Let i,j,k € [m]. Then [X;] - [X;] - [X;] = [pt] in H*(G(1,m),Z) if and only
ifi+j+k=2m+1.

Let 4,5 € [q] such that i + j < ¢+ 1. Consider the following triplet of P}? : I =
DI{in+1—4}, J=0][{n+1—j} and K = {i +j — 1} ][ 0. On one side, the cycles
classes in H*(G(1,n),Z) are [X7] = [Xp41-i), [Xs] = [Xnt1—;] and [Xk] = [Xi4j-1]. On
the other side, the cycles classes in H*(G(1,n — 1),Z) are [X7] = [X,—], [X5] = [Xy—]
and [Xz] = [X;y;-1]. Thanks to the previous Lemma, we see that Conditions (15) and

(16) are satisfied. The corresponding inequalities are the Weyl inequalities [28] :
Ti+j_1(A—|—B) §TZ‘(A)—|—T]‘(B), \V/A,B GMp,q((C).

whenever ¢ + 7 < g+ 1.

Lidskii inequalities

Let us consider the element X := @ [[{n —r+1,...,n} € P*? : here X" = {n — 2r +
L,...,n—r} € P The Schubert varieties Xx» and X n are respectively equal to the
whole manifolds G(r,n) and G(r,n — r), hence [Xxn] = 1 and [Xg,] = 1. Recall that the
identity [X;] - [Xs] = [pt] holds in H*(G(r,n),Z) if and only if J = I°.

Thus we obtain the following
Lemma 4.7 Let I € Pp?. The triplet (X', 1,1°) satisfies (15) and (16) if and only if
Ie=(1)°.

We leave it to the reader to verify that the identity 1° = (I )° is satisfied in the following
two cases:

1. I ={iy <--- < i} []0. The corresponding inequalities are the Lidskii inequalities
[18]:

> T (A+B) <Y 7 (B)+ Y (), VA B € M,(C).
k=1 k=1 k=1
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2. I={iy < <iy<---<i,}[[{n+1—is}. The corresponding inequalities will be
referred to as the signed Lidskii inequalities :

> 7 (A+B) -7, (A+B) <> 7, (B) =7, (B)+ > _7(A), VA ,BE M,,C).
k#s k#s k=1

Thompson inequalities

If X ={x; < -+ <z} C [q] is a subset of cardinal » > 1, we define the partition
px = (xp =7 > --- > x1 — 1) and the irreducible representation V,,, of U(r) with highest
px- Recall that Vi =V« where u% = l—x1>->1r—10).

Let r € [¢]. Let us consider three subsets of [¢] of cardinal r : I_ := {i; < --- < i},
J_={j1<--<jtand Ky ={ky <--- < k,.}. For any p > ¢, we define three elements
of PP% as follows : IP = 0][{p+q+1—d,iel_}, JP=0][{p+q+1—j,ie€ J_} and
K? = K, []0.

Lemma 4.8 The triplet (IP,JP, KP) defined above satisfies (15) and (16) if and only if
dim(V,, ®V,, ® VJK+)U(T) =1 If(Vy, ®V,, ® VJK+)U(”) # {0}, then the weak
versions of (15) and (16) are true.

Proof : A direct computation gives : A(I?) = A(IP) = p;_, A(JP) = A(JP) = ps_ and
MEP) = (n—r)1"+ pj , A(KP) = (n—2r)1"+ pj . Using Lesieur’s result one sees that,
for any ¢ > 1, the following statements are equivalent :

o [Xn]- (] [Xxs] = €pt] in H*(G(r,n), Z),

o X5 [X5] [Xgz] = {pt] in H*(G(r,n —1),Z).

o dim(V,, ®V,, ® VJK+)U(” =/

O

Corollary 4.9 We have

S m(A+B)< Y 7(B)+ Y m(A), VA BE M,,(C)
keK jeJ- iel_

if (V. ® Vi, @ Vi )70 # {0}

Let us consider the situation where ko, = iy + jo — @, Ya € [r]. Theses relations
imply that px, = pr_ + ps_, and a standard fact of representation theory tells us that

dim(V,, @V, ®@Vy 4., )W) = 1. We obtain here Thompson’s inequalities [27]

Z Tia"f‘ja_a(A + B) S Z Tja (B) + Z Tia (A)7 VA7 B € Mpv‘Z(C)7
a=1 a=1 a=1
which are valid for any subsets {i; < --- < i,} and {j; < --- < j,} satisfying i, + 7, —r < q.

29



4.3 Horn conditions

In the previous sections we parameterized the inequality (%)7, 7, i, in terms of subsets
I, J, K leaving in PF?. To simplify the presentation, we will choose a parameterization
using directly the I, J4, K.

The cardinal of a finite set Z is denoted by #Z. Let start from a polarized subset
Xe = X [[X_ of [¢q]. To any p > g, we associate the subset X% C [p + ¢ of cardinal
r =fX, defined as X = X, [[{p+q+1—2,2€ X_}.

The complement of X3, (X2)¢ = {u1 < -++ < upiq—r}, contains (X3)° = {p+ q +
1 —x,2 € XV}, Hence we can define the following subsets of cardinal r : (X3) = {i €
[p+q—r],u; € (X3)°} and

XP={kelp+q—rlp+q—r+1—ke (X}

Finally we associate the cycles classes [X xr] € H*(G(r,p+q),Z) and [X z»] € H*(G(r, p+
q—1),Z) to any polarized subset X, C [q] of cardinal r > 1, and to any p > gq.

Recall that A(XJ) (resp. A(X?)) is the partition associated to the subset X¢ C [p 4 ]
(resp. XY C [p+q—r]). When I,, Jo, K, are three polarized subsets of [¢] of same cardinal
7, the relation [X¢] - [X ] - [Xgr] = £pt] £ > 1, in H*(G(r,p + q),Z) is equivalent to
AT, NID), NKE)— (p+q—7)1") € Horn(r). In the same way, tile relaﬁion [%g] X 5]
[Xzr] =Llpt] £>1,in H*(G(r,p+q—r),Z) is equivalent to (A(13), A(JJ), \(K7) — (p +
g —2r)1") € Horn(r).

Let us rewrite a weak version of Theorem 4.5 with these new notations.

Theorem 4.10 An element (z,y,2) € (R%,)3 belongs to Singular(p,q) if and only if
(%) 14,74, K4 holds for any triplet Io, Jo, Ko of polarized subsets of [q] satisfying the following
conditions :

1. ﬁI. = ﬁJ. == ﬁK. =Trc [Q];

2. (MI2), A(J7), A(K7) — (p+ g —)1") € Horn(r),

3. (MIZ), ANJEY, NEE) — (p + ¢ — 2r)1") € Horn(r).

Conditions 2. and 3. implies respectively that |A(I8)|+ |A(JE)|+INKD)| = (p+q—7)r

and |AIE) |4 MDY+ [A(KP)| = (p+q—2r)r. We end this section by calculating precisely
these two relations.

Definition 4.11 For a polarized subset Xo C [q], we denote by dx, the cardinal of the set
{(a,b) € X4 x X_,a < b}.

Let r € [q]. For any 0 < o <r, we denote by 17, = (1,...,1,0,...,0) € R" the vector
where 1 appears o times and 0 appears r — « times.

Lemma 4.12 Let X, C [g] be a polarized subset of cardinal v > 1.
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1. For any p > q, we have

(17) INXD)| = [X_| = [ X4 |+ (p+ g+ D)X, — 20D

(18)  [AXD)| = |X_| — | Xy |+ (p+ ¢+ DX, — 2 (51X ,)2 — 26, -
Hence [NXZ)| — [NXZ)| = (£X4)% + 20x, .
2. For any p/ > p > q, we have
AXE) = MXE) = (p —p)lix, and AXP)—AXE)=(p/ —p)lix,

Proof : Let us prove the first point. A direct computation gives | X4 | = | X, | — |X_| +
(p+q+1)(r —4X,) and then, as N(XJ)| = (p+q—r)r+ @ — | X?|, we obtain (17).

Recall that (X?) C [p+ ¢ —r] is defined as the collection of the ranks of the elements
of {p+q+1—x,2e€ X} in [n] — XJ. A short computation gives that

(19) [(XD) | = |X-| = | X4 = 20x, + (p+q+1— X4 )1X,.
and | X2 = (p+q—r—+1)r—|(XB)]. As M(XD)| = (p+q—2r)r+w — | X%, we obtain
AN = pra—20)r+ 25 = (g —r+ e+ |(X)]
= (x| -

= X[ = X4+ (04 g+ DX — 15— (3X)? — 20,

The last equality is a consequence of (19).
The second point, which can be proved by direct calculation, is left to the reader. O

Corollary 4.13 The inequality (%), 7. k. appears in the description of the convex cone
Singular(p, q) only if the triplet I, Jo, Ko of polarized subsets of [q] satisfies the relations :

(CJ) ﬁIo = ﬁt]o = ﬁKo =rc [Q];
(C2) |Ly| 4+ |Jp| + K| = (=] 4+ T |+ K_|) + D) = (p g+ 1) (14 + T4 + 8K, —7),
(C3) (81:)% + (8J4)% + (8K 4)* + 2(61, + 67, + 0k,) =12
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4.4 Examples : Singular(p, 1), Singular(p, 2) and Singular(3, 3)

In the next examples, the notation X, = {i{,...,7.} means that X, = {if,e = +} and
X_={ij,e=—}

Example 4.14 Letp > q = 1. Thus (a,b,c) € (R )3 belongs to Singular(p, 1) if and only
if the Weyl inequalities holds : a+b>c, a4+ c>b, and b+ c > a.

Proof : Let I,, Jo, Ko C [1] satisfying the relations of Theorem 4.10. If we use relation
(C3) of Corollary 4.13, we obtain that (§1,)%+ (#J4)% 4 (1K) = 1. Up to a permutation,
we must have I, = Jo = {17} and K, = {17}. This case corresponds to the Weyl
inequality a + b > ¢. O

Example 4.15 Let p > q = 2. The element (a,b,c) € (R%rJr)?’ belongs to Singular(p,2) if
and only if the following 18 inequalities holds

1. the Weyl inequalities

e ay+b;>c1  (and 2 permutations),

e ay+by>co  (and 5 permutations),
2. the Lidskii inequalities

e aj+as+by+bs>c1+ca  (and 2 permutations),
3. the signed Lidskii inequalities

e ajtay+by —by>c1—co (and 5 permutations).

Proof : Let I, Jo, Ko C [2] satisfying the relations of Theorem 4.10. Let r := #I,
e = 1 K.

First case : 7 = 1. Relation (C3) of Corollary 4.13 gives (#1)% + (#J1)% + (1K4+)? = 1.
Up to a permutation, we have Iy = {i"}, Jo = {j~}, Ko = {kT} with 4,5,k € {1,2}.
Relation (C2) of Corollary 4.13 imposes that k = i+ j — 1, thus the triplet (i, j, k) belongs
to (1,1,1), (1,2,2) and (2,1,2). All this cases corresponds to the Weyl inequalities :
a1+ by > c1, a1 + by > co, and as + b1 > co.

Second case : r = 2. Here relation (C8) becomes

(BI1)? + (8J1)° + (K1 )? + 2060, + 0yp + 0rcs) = 4.
Up to a permutation, we can suppose that 1, < #J, < #K,. There are two possibilities :

o (#1,,#J, 8K ) =(0,0,2). Thus I, = Jo = {17,27} and K, = {17,2%}. This case
corresponds to the Lidskii inequality a1 + ag + b1 4+ by > ¢ + co.
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o (#I4,8J4, 8K ) = (0,1,1). Up to a permutation, we have dx, = 1 and 5, = 0. Here
I.={17,27}, Jo={17,2%} and K, = {17,27 }. This situation corresponds to the
signed Lidskii inequality a1 + ags + b1 — by > ¢1 — co. O

Example 4.16 An element (a,b,c) € (R3,)? belongs to Singular(3,3) if and only if the
following 87 inequalities holds :

1. the Weyl inequalities
e a;+by>c1  (and 2 permutations),
e a; +by>co (and 5 permutations),

e as+by>c3 (and 2 permutations),
e a; +b3>c3 (and 5 permutations).

2. the Lidskii inequalities

ay+az+by+ba>c1+co  (and 2 permutations),
ay+az+by+b3>c1+c3  (and 5 permutations),
a1+ as+by+b3>cotc3  (and 5 permutations),
a1 +az+as+by+by+b3>c1+ca+cs  (and 2 permutations).

3. the signed Lidskii inequalities

a1 +az+by—by>c1—co  (and 5 permutations),

® ay+ay+by—bs3>cy—c3  (and 5 permutations),

® ay+as+by—bs>co—c3 (and 5 permutations),

e ay+as+ag+by+by—bs>c1+ce—c3 (and 5 permutations),
® ay+ay+az+by —by+bs>c1—ca+ec3 (and 5 permutations),
e ajtay+taz—by+by+bs>—c1+cotcs  (and 5 permutations).

4. others inequalities

® ay+az+by+b3>co+c3  (and 2 permutations),
® ay+az+by —bs>co—c3 (and 5 permutations),
o (a1 +as—a3)+ (by —ba+b3)+ (—c1+ca+e3) >0  (and 5 permutations).

Proof : Let Io, Jo, Ko C [3] satisfying the relations of Theorem 4.10. Let r := fI, =
ﬁJo - ﬁKo

First case : r = 1.

We obtain here the Weyl inequalities a; + b; > ¢;1j—1 (up to permutations).

Second case : r = 2.

Let us use the relation (#1)% + (8J4)% + (K1) +2(6r. + 6. +k,) = 4. Up to a
permutation, we can suppose that Iy < fJ; < K. There are two possibilities :
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o (#1481, 8Ky) = (0,0,2). Here we have I, = J = K_ = (). Relation (C3) of
Corollary 4.13 gives |I_|+ |J_| = |K4+|+ 3. Knowing that |[I_|,|J_|, |K+| € {3,4,5},
we obtain few cases related to Lidskii inequalities:

Lo([-], |J-], [Kg]) = (3,3,3) : a1 +az + by +b2 > c1 + ez,

2. (M|, |J=]|, | K+]) = (3,4,4) or (4,3,4) : a1 +as+by+b3 > c1+c3ora;+asg+
b1 + by > c1 + c3,

3. ([ L=, |J=], |K+|) = (3,5,5) or (5,3,5) : a1 +ag+ba+b3 > ca+cgor ag +as+
b1 + by > o + c3.

The only case left is (|I_|,|J_|,|K+]) = (4,4,5). Here Is = J, = {17,377} and
Ko = {2%,37}. A small computation shows that the Horn conditions are satisfied
in this case. We obtain the inequality ay + ag + by + bg > ¢o + cs.

o (814,8J4+,8K+) = (0,1,1). Up to a permutation, we can suppose that dx, = 1 and
670 = 0. Thus I, = {i] < iy}, Lo = {j; < j5} and Ks = {k{ < k; }. Relation
(C2) of Corollary 4.13 gives i + iy +j; +k; = jog + ki +3.

~———’ T ——
a 2l
Knowing that «, 3,7 € {3,4,5}, we obtain

1. (o, 8,7) = (3,3,3), (3,4,4), or (3,5,5). It gives us the signed Lidskii inequali-
ties.

2. (o, 8,7) = (4,3,4), or (5,3,5). No solutions.

3. (a,B,7) = (4,4,5). Here I = {17,37}, Is = {17,3%7} and K, = {27,37}. A
small computation shows that the Horn conditions are satisfied in this case. It
corresponds to the inequality a; + a3z + b1 — b3 > co — c3.

Last case : r = 3.

Let start with the relation (C8) : ($15)% + (8J4)% + (8K4 )% + 2(61, + 0. +6k.) = 9.
Up to a permutation, we can suppose that /. < fJ, < §K,. First, let us list the triples
(#1+ < #J. < #K,) that cannot satisfy (C3): (0,0,0); (0,0,1); (0,1,1); (0,0,2); (1,1,2);
(0,2,2); (2,2,2). There are four cases left :

1. (814, 8J4, 8K ) = (0,0,3). Here Iy = Jo = {17,27,37} and K, = {17,2%,3"}. We
obtain the Lidskii inequality a1 + ag + ag + b1 + by + b3 > ¢1 + c2 + c3.

2. (814+,8J4+,8K+) = (0,1,2). We must have 07, +Jx, = 2, so we have three possibilities

a) (67,,0x,) = (0,2) : here I, = {17,27,37}, Jo, = {17,27,37} and K, =
{17,2% 37 }. We obtain the signed Lidskii inequality aj +as+ag—+by+bo—bs >
c1+Cc2 —cC3.
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b) (6.,0k,) = (1,1) : here I, = {17,27,37}, Jo = {17,27,37} and K,
{17,27,3"}. We obtain the signed Lidskii inequality aj +as+ag—+b; —bo+bs
c1 — C2 +C3.

c) (8s,,0k,) = (2,0) : here I, = {17,27,37}, Jo = {11,27,37} and K,
{17,2%,3"}. We obtain the signed Lidskii inequality aj +as+ag—by+bo+bs
—C1 + Co + c3.

AV

AV

3. (B4, 8J4,8Ky) = (1,2,2). We must have §;, = 65, = 0k, = 0, thus I, =
{17,27,3"}, Jo = {17,27,3%} and K, = {17,2",3"}. The associated partitions
are A\(I3) = (1,0,0) and A\(J?) = M(K?) = (2,2,0). As((1,0,0),(2,2,0),(—1,—1,-3))
does not belongs to Horn(3), this triplet (I, Jo, o) does not satisfies the conditions
of Theorem 4.10.

4. (81+,8J4,8K4+) = (1,1,1). We must have 67, + 6, +0x, = 3. Up to a permutation,
two situations arise

a) d;, = 0y, = 0k, = 1: here I, = J, = Ko = {17,27,37}. The corresponding
partition is u = (2,1,0), and one checks that (u,u,u — 3 -13) € Horn(3).
Thus this triplet satisfies the conditions of Theorem 4.10. The corresponding
inequality,

a; +ag+ by + b3 +c1 +c3 > az + by + e,
is nevertheless redundant since it is a consequence of the inequality z1 > o
satisfied by a, b, c.

b) 67, = 0, 65, = 1 and 6, = 2 : here I, = {17,27,3%7}, J, = {17,27,37}
and K, = {1%,27,37}. The corresponding partition are A\ = A\(I3) = (1,0,0),
p=XJ3) =(2,1,0) and v = A(K?) = (3,1,1). One checks that (\, p,v —3 -
13) € Horn(3), thus the triplet (1o, Js, K,) satisfies the conditions of Theorem
4.10. The corresponding inequality is a1 + as + b1 + b3 +co +c3 > az + bs + c1.

Remark 4.17 The case where Io, Jo, Ko are all equal to Ae = {17,27,37} yields the
example of a triplet satisfying the Horn conditions but giving a redundant inequality.
This redundancy phenomenon can be explained as the triplet (Ae, Ae, As) does not sat-
isfy the cohomological conditions of Theorem 4.5 : one has [X 43] - [X 43] - [X 43] = 2[pt] in
H*(G(3,6),Z) (see Example 4.2.1 in [4] ).
4.5 The convex cone Singular(oo, q)

Let p > ¢g. To any matrix X € M, ,(C), we associate

X
xV — <0...0> € Mp+1,4(C)

It is immediate to see that X and XV have the same singular values : 7(X) = 7(XV)
for any X € M, ,(C). From this basic consideration, we see that if (7(A),7(B),7(A +
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B)) € Singular(p,q) then (7(A),7(B),7(A + B)) = (7(4Y),7(BY),7(AY + B")) belongs
to Singular(p + 1, ¢). Hence, Singular(p, q¢) C Singular(p + 1,¢) for any p > q.
This leads us to define the following convex cone

Singular (oo, q) = U Singular(p, q).
p=>q

Let us denote by &, the set formed by all inequalities
(K1, Je Ky 2l +ylsy + 21k, <Mzl +lyl +12lk, 29,2 €RL
associated to triplet (I, Jo, K, ) of polarized subsets of [g] of same cardinal.

Definition 4.18 Let us denote by &, , C &, the set of inequalities associated to triplet
(I, Jo, Ko) satisfying the Horn conditions of Theorem 4.10. Let Slr,?;n C &p,q be the minimal
system of inequalities describing the convez cone Singular(p, q).

An inequality (%), . k. 15 called regular if there are twice as many terms on the right
side as on the left side, e.g. §1_ +$J_ +4K_ = 2(41 + 8§J+ + 4K ).

We start with a basic observation.

Lemma 4.19 There exists p, > q, such that Singular(co, q) = Singular(p,, q). In other
words, Singular(p, q) = Singular(p + 1,q) for any p > p,.

Proof : Thanks to Theorem 4.10, we know that for any p > ¢ the convex cone Singular(p, q)
is determined by a finite system of inequalities £, ;, C &,;. As &, is finite, there exits R C &,
such that N(R) := {p > ¢q,&,, = R} is infinite. Take p, = inf N(R). Let us verify that
Singular(co, q) C Singular(p,,q) : as the other inclusion Singular(p,,q) C Singular(co, q)
is obvious, the proof will be completed. Let = € Singular(oo, ¢q) : there exists p > ¢ such
that « € Singular(p,q). As N(R) is infinite, there exists p’ € N(R) such that p’ > p. It
follows that x € Singular(p, ¢) C Singular(p’, ¢) = Singular(p,, q). O

We have now a nice characterization.

Proposition 4.20 The identity Singular(oo,q) = Singular(p,q) holds if and only if all
the inequalities of 5;2“ are reqular.

Proof : Let p > g such that Singular(co, ¢) = Singular(p, ¢). It means that Eg}i; = Slr,?;n
for any p’ > p. Let (1o, Jo, Ko) such that (x)r, s, k. € 8;;1;“. Corollary 4.13 tells us that

(C2) L+ Ty [+ K | = (L4 [T+ K )+ 25 = (p4-q+ 1) ($T4 +4T4 +8K, —7).

Notice that (%), 7, k. is a regular if and only if #I, + #J, + K, —r = 0. Hence, if
(*) 14,74, K4 is not regular, the identity (C2) does not hold anymore when we change p in
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p' > p. It implies that (x)r, 7. k. & &y 4 for any p’ > p. It is in contradiction with the
fact that (*)[i7ji7[{i € gg}};. .

Suppose now that all the inequalities of EJ" are regular. In order to prove that
Singular(oo, ¢) coincides with Singular(p, ¢), it is sufficient to show that 8;,‘};“ C &y 4 for
any p' > p. Let (Lo, Jo, Ko) such that (x)r, 7. Kk, € Egl;n. By definition, we have

1. #l, = §Jo = K. =7 € [q],

2. 41, +#J, +1K, =7,

3. AP = (MI3), A(J), M(K7) — (p + g —)1") € Horn(r),
4. AP := (A(I2), \(JE), M(KE) = (p+ q — 2r)1") € Horn(r).

Identity 2. is due to our assumption that (x)r, s, k. is a regular inequality.

Our goal is achieved if we show that AP and AP belong to Horn(r) for any p’ > p.
If 0 < a <r, we denote by 1, = (1,...,1,0,...,0) € R" the element where 1 appears
a-times. We have seen in Lemma 4.12 that for any polarized subset X, C [g] of cardinal

r > 1 we have /\(Xf’/) - \XD) = )\()Zfl) —AXDY = (p —p)lix,, Vp' = p. This leads to
the relations

AV — AP =AY — AP = (p —p) (1§1+, Ly Uk, — 17«) . Yo' >0

Now it is an easy matter to check that (1f, 1}, 1 —1") € Horn(r) since #I; +
fJ. + 4K, = r. Using the fact that Horn(r) is a convex cone, we can conclude that
AP = AP + (p — p)(Af, 15, 1, —17) and AP = AP + (' — P, 1, g, —17)
belongs to Horn(r) for any p’ > p. O
Corollary 4.21 We have the following identities :

e Singular(co, 1) = Singular(1, 1),

e Singular(co, 2) = Singular(2,2),

e Singular(co, 3) = Singular(3, 3).

Proof : The first two relations follow from the computations done in Examples 4.14
and 4.15. In Example 4.16, we have proved that Singular(3,3) is determined by a system
of regular inequalities. The relation Singular(co, 3) = Singular(3,3) is then a consequence
of the previous proposition. O
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4.6 Proof of Theorem 1.19

We work with the conjugate linear involution o, 4(g) = I, 4(g*) 1,4 on GL,(C), where
I, , is the diagonal matrix Diag(l,, —I;). Let Uc = GL,(C) embedded diagonally in

Uc = GL,(C) x GL,(C). We define on Uc the conjugate linear involution oy 4(g1,92) =
(0p,(91); p.q(92))- _

We see then that G = U(p,q) and G = G x G are the subgroups fixed by 0, ,. The
Cartan decomposition of the Lie algebra of G is g = ¢ @ p where £ = u(p) x u(q) and
p~ M, ,(C) as a U(p) x U(g)-module.

Let t C u(n) be the maximal torus composed by all the matrices of the form

D(a) 0 M(e)

il 0 D® 0 |, (abc)eRI xR xR
M@ 0 D)

0 - ap --- 0

Here M(¢c)=|: ..+ ‘] andD(a)=1|: .. : |. Wedenoted Z = (z¢,...,21)
¢g -+ 0 0 - ag

for any x = (z1,...,24) € R9.

We notice that t is invariant under the involution o, ,, and that a = it~ 77 is the
maximal abelian subspace of p consisting of all matrices of the form

0 0 M)
(20) X(e) == 0o 0 0 , ceR%
M@ 0 0

Let f; be the member of a* whose value on the matrix X (a) is a;. The set X(g) of
restricted roots includes all linear functionals +f; & f; with ¢ # j and £2f; for all i. Also
the £ f; are restricted roots if p # ¢ (see Chapter 6 in [13]). Thus we can choose the
following Weyl chamber

ay ={X(a),a1 > ag >--->a, >0}

In this case the restricted Weyl group W, is the semi-direct product &, x {1, —1}7 where
S, acts on R? by permuting the indices and {1, —1}9 = {e = (€1, -+ ,€;) | €x = £1} acts
by sign changes : €-a = (e1a1,...,€aq).

We start by determining the admissible elements.

Lemma 4.22 Let G = U(p,q) and G = G x G. The admissible elements relatively to the
G x G-action on G are* of the form (w17, Woyr, Y37Yr) where w; € Wy, Vi and

0 0 M(c)
Yy 1= 0 0 0 ,
M(G) 00

4Up to multiplication by a positive rational.
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where ¢, = (—1,...,—1,0,...,0) for somer € {1,...,q}.
————

r times

Proof : First we note that g/g ~ g as a g-module, thus ¥(g/g) = X(g). We look at a
rational vector v such that () Vect(3(g) N~+) = Vect(X(g)) Ny*. Up to the action of
the Weyl group W, we can suppose that v = (y; > --- > 7, > 0) is dominant. Since the
set X(g) is generated by the simple roots S(g) = {fi — fit1,1 <i < q— 1} U{f,}, we see
that for v dominant, the condition (%) is equivalent to asking that all linear forms of S(g)
except one must vanish against . This last condition implies that v is proportional to a
certain v, for r € {1,...,¢}. O

Now we have to detailed condition b) of Theorem 1.13 for an admissible element
(w17, woyr, w3y, ). To do so, we use the conjugation by the element § € O(n) defined
by
I, 0 J,

1 q
0= 7 0 V2I,_, 0
J, 0 —I,
0 --- 1
Here J,= |9 .- 0o is a ¢ x g matrix. We see that 6% = I, and that t := Ad(#)(t) C
1 -+ 0
u(n) is the (usual) maximal torus of diagonal matrices. More precisely, the image of the
D(a) 0  M(e) D(a+c) 0 0
matrix 0 DB 0 by Ad(0) is equal to 0 D(b) 0
M@E 0 D) 0 0 D(a-2

Let By = 0(C") C Fy = 0(C™") be the image of the flag C" C C"™" by 0. The
map ¢([g]) = g(Ey C Fp) defines a diffeomorphism between the flag manifold F. :=
GL,(C)/P,, and the two-steps flag variety F(r,n — r;n). Moreover, for any w € W,
the image of the Schubert variety X, ., through the diffeomorphism ¢ is equal to some
0(Xg) CF(r,n—m;n) where Xy UX_ = w({l,--- ,7r}). To be more precise the polarized
subset X4 UX_ is equal to {|w(i)|,1 < i <r} and k € X if and only if there exists i € [r]
with k£ = w(i) = |w(i)|.

Through the diffeomorphism ¢, we see that the condition

b) [Xwi70] ©0 [Rwz ] ©0 [Xws ] = [pt] in HY(F,,Z)
becomes [X7]©g[X7]©0[X 7] = [pt] in H*(F(r,n—7r;n),Z), where [, Ul = wi({1,--- ,7}),
JrUJ_ =we({1,--- ,r}) and K4 UK_ = ws({1,--- ,r}) are polarized subsets of [q].
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