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Abstract: Spectral singularities at non-zero frequencies play an impor-
tant role in investigating cyclic or seasonal time series. The publication [2]
introduced the generalized filtered method-of-moments approach to simul-
taneously estimate singularity location and long-memory parameters. This
paper continues studies of these simultaneous estimators. A wide class of
Gegenbauer-type semi-parametric models is considered. Asymptotic nor-
mality of several statistics of the cyclic and long-memory parameters is
proved. New adjusted estimates are proposed and investigated. The theo-
retical findings are illustrated by numerical results. The methodology in-
cludes wavelet transformations as a particular case.

Keywords and phrases: Central limit theorem, cyclic long-memory, fil-
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1. Introduction

Time series with cyclic long-memory behaviours attracted increasing atten-
tion in recent years, see [2, 3, 4, 5, 15] and the references therein. It was
due to importance of such time series in finance, hydrology, cosmology, in-
ternet modelling, and other applications to data with non-seasonal cyclicities,
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see [3, 4, 6, 13, 18, 32]. At the same time, various statistics of cyclic long-
memory processes have complex asymptotic behaviour that has not yet been
fully understood and investigated, see [21, 23, 24, 28|.

To link characterizations of the long-memory phenomena in temporal and
spectral domains researchers usually employ Abelian and Tauberian theorems.
These results establish connections between asymptotics of covariance func-
tions at the infinity and singularities of the corresponding spectral densities,
see [24, 25]. The most frequent definition of long-memory in the literature is a
hyperbolic-type decay of a non-integrable covariance function. While this classi-
cal long-memory dependence is often related to unboundedness of spectral den-
sities at the origin, spectral singularities at nonzero frequencies can also result
in hyperbolic-type oscillating non-integrable covariance functions. Such spectral
representations can be used to simultaneously model cyclicity and long-memory.

Cyclical long-memory time series are much more difficult to investigate and
there were relatively few publications on this topic compared to classical models
with the only singularity at the origin. Several least squares and likelihood-based
approaches have been proposed to estimate parameters of singularity poles,
see [3, 4, 5, 9, 12, 17, 19, 20, 30]. Unfortunately, for the majority of these ap-
proaches incorrect specifications of a statistical model can result in inconsistent
estimates of the parameters. The empirical studies in [11, 32] demonstrated
various issues of the traditional estimators and that wavelet-based approach
can give results that are equivalent to ordinary least squares and maximum
likelihood estimates under the assumption of knowing the explicit form of the
spectrum. However, for the cases when the model is not fully specified, wavelets
can provide better estimates.

To avoid repetitions, we refer the readers to very detailed motivation, discus-
sion and various examples in [2].

This paper investigates time series which spectral density f(-) has the follow-
ing semiparametric form

h(X)
2) = AER.
FN) N €

The parameter sg determines cyclic behaviour while « is a long-memory
parameter. For example, the Gegenbauer model [17] has a spectral density of
this form.

Figure 1 shows a realization of such time series together with its estimated
spectral density and covariance function. In this example a spectral density
with a sharp spike at its singularity location was chosen. It clear demonstrates
that the spectral density has a singularity at a non-zero frequency and the
corresponding covariance function indicates some cyclic behaviour. The wavelet
coefficients of this time series are shown in the fourth subplot. Unfortunately,
contrary to perfect cyclic signals or spectral densities with singularity at the
origin, it is more difficult to use the wavelet approach for estimating cyclicity
and long-memory parameters simultaneously. An even more challenging problem
is a development of statistical inference for these parameters.
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Fic 1. Cyclic long-memory time series

The publication [2] proposed a new methodology for simultaneous estima-
tion of cyclic and long-memory parameters. It used filter transformations of
functional time series. The approach included wavelet transformations as a par-
ticular case. The strong consistency of the proposed estimators was proved.

This paper further develops the approach from [2]. Now we obtain asymp-
totic normality of the proposed estimators. It requires very careful investiga-
tions of quadratic functionals of filter coefficients and their increments. Obtain-
ing asymptotic properties of wavelet-based statistics is a difficult problem and
there are only few general results about their asymptotic normality. The devel-
oped methodology and the obtained results can also find applications for other
wavelet-based statistics.

In addition, for the case when empirical values of the statistics are outside
the feasible region, we propose new adjusted estimators and investigate their
properties. It is shown that these estimators have same asymptotic distributions
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as the corresponding ones in [2], but are computationally simpler.

The article is organized as follows. Section 2 gives basic definitions and in-
troduces a semi-parametric model and filter transforms studied in this paper.
Various asymptotic properties of quadratic functionals of filter transforms are
derived in Section 3. Section 4 proves asymptotic normality of two auxiliary
statistics of the semiparametric model, which are based on quadratic function-
als of filter transforms and their increments. Section 5 proposes and investigates
adjusted simultaneous estimators of the location and long-memory parameters.
Numerical studies to support the theoretical findings are presented in Section 6.
Short conclusions and future research directions are given in Section 7.

All computations, plotting and simulations in this article were performed us-
ing the software R version 4.0.3 and Maple 17, Maplesoft. In particular, the
R packages WAVESLIM [33] and MASSSPECWAVELET [16] were used to simu-
late realizations of cyclic long-memory processes and compute their wavelet
transforms in the numerical examples. A reproducible version of the code in
this paper is available in the folder “Research materials” from the website
https://sites.google.com/site/olenkoandriy/.

2. Definitions and assumptions

This section introduces classes of functional time series and their filter trans-
forms that are used in the paper. The notations are consistent with ones in [2],
where the authors proposed simultaneous filter estimators of parameters of cyclic
long-memory processes.

In the following {a; }jen denotes an arbitrary unboundedly strictly monotone
increasing sequence of positive real numbers. {m;};en is a sequence of positive
integers, such that lim;_, o m; = +00. {bjr}(jk)enxz stands for an infinite
array of real numbers.

The symbols =2 and 4, will be used for almost sure convergence and con-
vergence in distribution respectively.

Let X(t), t € R, be a measurable mean-square continuous real-valued sta-
tionary zero-mean Gaussian stochastic process on a probability space (Q2, F, P),
with the covariance function

B(r) == Cov(X(£), X (1)) = /R - P(du), £t € R,

where r =t — t/ and F(*) is a non-negative finite measure on R.

Definition 1. The random process X (t), t € R, possesses an absolutely contin-
uous spectrum if there exists a non-negative function f(-) € L1(R) such that

F(u)z/_u FOVN, ueR.

The function f(-) is called the spectral density of the process X (¢).
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The process X (¢),t € R, with an absolutely continuous spectrum has the
following isonormal spectral representation

X() = [ P VFRaw (),

where W(-) is a complex-valued Gaussian orthogonal random measure on R.
For a real-valued process X (t) the function f(-) is even and the random
measure W (+) satisfies the condition W ([A1, A2]) = W ([— A2, —\1]) for any Ay >
A1 > 0, see [29, §6].
The following assumption in the spectral domain introduces the semipara-
metric model investigated in this paper.

Assumption 1. Let the spectral density f(-) of X(t) admit the following rep-
resentation

h(N)

=2 R

where so > 1, @ € (0,1/2) and h(-) is an even non-negative bounded function
that is four times continuously differentiable. Its derivatives of order i satisfy
RD(0) = 0,4 = 1,2,3,4. Also, h(0) = 1, h(-) > 0 in some neighborhood of
A = *£sg, and for all € > 0 it holds

B\ N
/R<1+ e A = oo

Stochastic processes with spectral densities satisfying Assumption 1 exhibit
cyclic long memory. The boundedness of h(-) guarantees that their spectral
densities have singularities only at the locations +sy. Covariance functions of
such processes are unintegrable and have hyperbolically decaying oscillations
when a € (0,1/2), see [4]. For example, the Gegenbauer random processes
satisfy Assumption 1, see [17].

Remark 1. This paper investigates cyclic long-memory functional time series
with spectral singularities at nonzero frequencies sg. Differences between the
cases of spectral singularities at the origin and other locations were discussed in
detail in [4]. For spectral densities satisfying Assumption 1, even the range of
admissible values of o depends on sy. Namely, for the case of so > 0 to get an
integrable spectral density the parameter a must be in the interval (0,1/2), while
for sg = 0 its range is (0,1/4). To study cyclic behaviour, values of sg separated
from zero are considered. Without loss of generality, it can be assumed that
so > 1. Indeed, if a time series exhibits periodic behaviour with a period T,
then the corresponding frequency sp = 1/7. By changing the time unit, the
parameter sg can be made greater than 1.

For an arbitrary € > 0, after minor straightforward adjustments, the obtained
theoretical results and their proofs are also valid for the case of s > ¢.

Real-valued functions 1 (t) € L1(R), t € R, are used to introduce filter trans-
forms of the process X (t). The Fourier transform v is defined, for each A € R, as
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= [pe " (t)dt. Tt follows from properties of 4(-) that ¥(+) is a bounded
even function.

Assumption 2. Let suppzz C[-A,A4], A>0, and 12() is of bounded variation
n [—A, A].

This assumption is technical and can be replaced by a sufficiently fast de-
cay rate of ¢(-) at infinity. For example, the simulation studies in Example 3
demonstrated that the Gaussian-type decay rate seems sufficient for the validity
of the obtained results.

Definition 2. The filter transform of the process X (t) is the array of centred
real-valued Gaussian random variables {0 1} jkyenxz defined as

=== [0 o2 )x 0= v | “’MWM(&). 1)

Definition 2 provides equivalent expressions of the filter transform in the
spectral and time domains.

Remark 2. The paper considers the classical model of long-range dependence,
which is most widely used in the literature. It is stated in terms of asymptotics
of covariance or spectral functions. Therefore, it is mainly applied to Gaussian
processes. As asymptotic properties of the proposed statistics are based on the
integral functionals ;3 of the process, the assumption of Gaussianity is crucial
in the proofs. It would be interesting to investigate modifications of the results
for other classes of stochastic processes, for example, for the Hermite classes,
which are subordinated to the Gaussian one. If it is possible, in the general case
one can expect non-central limit theorems.
It is easy to see that

|9(a;6)[*h(€)

Var(d;;) = a; —_
(Jk) J R |€2_5%|2a

de. 2)

To guarantee that at each level j € N the sequence {b;}rez does not have
concentration points and covers all spectral range the following assumption is
rather standard in the literature.

Assumption 3. For all j € N and for every (k1) € Z? it holds
|bjk — bjt| = vilk =1, (3)

where {7;}jen is a sequence of positive real numbers.

To get exact asymptotic behaviours of the considered statistics few versions
of this assumption will be more precisely specified later.

A very detailed motivation, discussion, and various particular examples, that
include wavelet transforms and Gegenbauer processes as special important cases,
can be found in [2].
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3. Preliminary results
This section derives some properties of the filter transforms and their variances

that will be used in the following sections to obtain the CLT for simultaneous
estimators of cyclic long-memory parameters.

Let
5" Z | 4)

Theorem 1. Assume that

Then, when j — +o0o, the random variables
5<2,mj) . E(5(2,m3))

Y =2 6
’ Var(6(2 mJ)) )

converge in distribution to a standard Gaussian random variable.

To derive Theorem 1 we will use the following three lemmas. The first lemma
is obtained by applying the Taylor-Lagrange formula, the second one is a rather
known result and the third statement was proved in [2].

Let the function Z¢(-), ¢ € R, be defined for z € [ — (24)71,(24)7!] as

IC(.%') ::/Rei(n |1/)(77>|2h($77) dn- (7)

(8(2) — x2772)2a

Lemma 1. If Assumptions 1 and 2 hold true, then I.(x) is four times contin-
uously differentiable with respect to x, and there is a finite constant ¢; > 0 (not
depending on ¢ and x) such that, for all ( € R and |z| < (24)71, it holds

)5 [ P dn 205 [ SpiPana| < ast ©

Proof of Lemma 1. Note that Z;(-) is a real-valued function since ¢(-) and h(-)
are even real-valued functions. It follows from (7), Assumptions 1 and 2 that

A > 2h(z
zw) - | e“"Mdn:/ N (m) 2 () .

—A (s% — x2772)2a

To use the Taylor formula for Z;(z) when z € [—(2A4)7*, (24) '] one notes
that 2 € [—(24)7%,(24) 7] and € [ A, A] imply |nz| < 1/2 and s3 —n®2? >
3/4 since sop > 1. As by Assumption 1 the function h(-) is four times contin-
uously differentiable, hence f(-) has four continuous derivatives with respect



Ayache et al./CLT for cyclic long-memory processes 8

to z on [—(24)7%,(2A4)7!] for any fixed 7 in [-A, A]. To prove that Ic(-) is
four times continuously differentiable, it is enough to show that the correspond-
ing integrand and its first four derivatives with respect to x are dominated by
integrable functions that do not depend on .

First, for the integrand in (7) we get

OGP < (3) B0Psw (),

y€[=1/2,1/2]

where the right hand side is bounded and therefore integrable on [—A, A].
The n't derivative of the function f(nz) with respect to z satisfies

n n n 3 . ak Con
‘axnf(nfc)‘ = (k) e C I A (C )
k=0
- zn: (n) gk sup {h(n—k)(y)| ‘8’; ((s2 — n2a?)~22)|
= \k vel-1/2,1/2] Oz

For k in {1, 2, 3,4} we provide very simple convenient bounds for the derivatives
in the last expression, which will be useful later:

0

2
P ((3(2) o 772532)7211) _ dan"x

(s2 — n2a2)20+1

A

A 4 2ac+1
da— | = <24
<iag (3) )

0 2 2.2\ —2a o (4o +1)n*z* 4 53
ox2 ((30 —n°x®) ) = |4 (s% — n2a2)20+2
4\ 2072 /4 1
< 4aA? <3> ( 0‘: + sg) < 10A4%s2, (10)

o3 Con (4o + 1)n?x? + 382
73((5%_77%2) 2 ) 2 _ 2 22a+30
ou (53— 1Pa?)

AN 4041 A\* /3
X (3> ( O‘: +3sg) < 4A3 <3> <4+3s§> < 48A%s3, (11)

8a(2a + 1)ntx < 4a(200+1)A3

O (R qpa?y2e)| = |(L60(at 1) +3ytat + 6o+ 3)sfna? + 3
oz o =1 = (53 — n2a2)2atd
4\ (16a(a+1)+3  6(4a +3)
x8a(2a+1)n*| < 8a(2a+1)A* (3) < 16 + 1 st + 333)
AN° /15 15
< 8A* (3) (16 + ?sg + 353) < 400A%s3. (12)

Therefore the function in the integral defining Z¢(-) and its first four deriva-
tives are dominated by an integrable function (|)|? multiplied by a large enough
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constant). Thus Z¢(-) is C* ([-(24) 71, (24)7!]) and its derivatives can be com-
puted by differentiation under the integral sign. For n in {1,2,3,4} it holds

d"” " /n A oF
_ i¢ 2 n—k n—k 2 2,2\ 2«
i@ =3 (1) [ et h ) o (6 = Pty

k=0 -
(13)
and the Taylor-Lagrange expansion provides
R R e U U T [
¢ ¢ ¢ T A T I A 41
(14)

where "
1 PR
L) = o [ D)
So J-a

since h(0) = 1.
By Assumptions 1 the derivatives h(Y)(0) = 0 for [ € {1,2,3,4}, thus

d’ﬂ
dx™

|2 ann ((52 o n2x2)72a)

4 70 = / P (n)

=0

By (9) and (11) for n = 1 and n = 3 the derivatives 2 ((s2 — nz2)~2®) vanish
at © = 0. Moreover, the expression for the second derivative in the estimate (10)
gives

d? 4o 4

el e ¢ 2.2

G0 = e [

It follows from the estimates (9)-(12) that for each k = 0,...,4 the deriva-

tive |8 k(so n?x?)~2%| is bounded by 400A*s3. Hence, by (13), for all x €
[—(24)7, (24)7]

4

< s A Z( )/ () [2A™% (400 A% 51 dny
ye[—1/2,1/2] P _
n€{0,...,4}

d4

@ZC ()

A
<6100s5A°  sup By / D) dn =: ez,
y€[—1/2,1/2] _A

ne{0,...,4}

Finally, the estimate (14) becomes

1 A~ da A 22 c
_ iCn 2 1, _ icn 2 02 g . 2 gt
)= [ R = iy [ TR - G| < st
which completes the proof. O

The following lemma is an immediate corollary of the Gershgorin circle the-
orem.



Ayache et al./CLT for cyclic long-memory processes 10

Lemma 2. Let U = (u5)1<ij<n be a square matriz of order n with complex
elements. If p(U) is the spectral radius of U, that is

p(U) = max{|)\| : X\ is an eigenvalue of U},

then

Jj=

n n
<min { mox 3 sl max 3 s}
p(U) _mm{lrgggxn 1|u13|711%1ja§n_ 1luw\
1=

Lemma 3. [2] Let Assumptions 1 and 2 hold true. Then there exists a finite
constant cs such that, for every j € N such that a; > 2A and for all (k,l) € Z2,
one has

|COV(5jk,(5jl)| S C3 (]l{k:l} + ]l{k;,gl} aj\bjk - bjl|_1). (15)

Proof of Theorem 1. Note that 6§2’mj) is the squared Euclidian norm of the
centred Gaussian vector S'j(mj) := (j1,.-+,0jm;). Therefore, 6;2’"”) has the
same distribution as Z;::’l Ajk S?k, where Aj1,...,Ajm, are the non-negative
eigenvalues of the covariance matrix of (gj(mj ) and €41, - Ejm, are independent
standard Gaussian random variables. Thus, using a version of the Lindeberg
condition (see for instance [14] or Lemma 2 in [22]), it turns out that for proving
the theorem it is enough to show that

lim maxlgkgmj )\jk

77 Var (5(2”"]')) - (16)
J

To derive (16) let us first prove that there is a positive constant ¢4 (not depend-
ing on j), such that for all large enough j,

Var(déz’mj)) > cqamy . (17)

Using (2), (4) and the change of variable n = a;¢, one gets

Var(697)) = 375" Cov(62,,6%) =233 Cov¥(d6)  (18)
k=1 1=1 k=1 1l=1
s D(a©°hE) | \?
>2 Var?(6,,) = 2m; (a; |37d§
= kzz:l ( Jk) J( J R |§2 —S%|2O‘ )

~ 2
[W)|"h(a; ') | 2
=2m;( | T s dn) - 19
my( - |aj_2772—8%|20‘ ) ( )
Moreover, it follows from (8) that
~ e,
()| n(a; 'n) ~ 2
li g dn = ‘40‘/ dn > 0. 20
j—ir-‘zloo - |aj_2772_53|2a =50 R|¢(77)| n (20)
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Then, (17) results from (20) and the lower bound on Var(dj(z’mj)) in (19).
Next, by Lemma 2 for all j € N it holds

my

max Ajr < max Z|Cov(5jk,6jl)|. (21)

1<k<m; 1<k<m;

Moreover, by (3) and (15), for each fixed large enough j and for every k €
{1,...,m;}, one has

mg m;
Z’COV(&jk,éﬂﬂ §03(1—|—aj Z |bjk—bjl|_1)
=1 1=1, 1k

) M 2a. g
<1+ > k-1 <e(1+ 22y
Vi Vi

J1=1,1#k J =1
2a; 2a; [ 2a;(1+1 ;
§03(1+&+&/ yldy>§63(1+a7(n(7n]))>. (22)
Vi Y oJ1 Vi

Recall that the constant ¢z does not depend on (4, k, 1). Finally, putting together
(5), (17), (21), (22), and the fact that lim;_, 4~ m; = +o0, one gets (16). O

To obtain the exact asymptotic variance of 6;2’mj ), the next Assumption spec-

ifies asymptotic behaviours of the increments of the sequences {bjx }(j r)enxz-

Assumption 3°. For all j € N and for every (k,1) € Z? it holds
bik = bji = (k= 1),

where {7;}jen is a sequence of positive real numbers such that

lim Y =ce (0,+00) and  lim m? (% - ) =0.

j—r+00 jotoo T \a; ¢

Remark 3. For example, Assumption 3’ is satisfied for the sequence {v;};jen
with v; = a; for all j > jo € N.

Lemma 4. Let Assumption 3’ hold true and

lim mja;® = 0. (23)

Jj—4oo

Then, the sequence of positive real numbers {Var(6§2’mj))/mj}j€N converges to

a finite and strictly positive limit when j — +o0o. More precisely,

CcT

Var(§(3™)
lim (Ji)

Jj—4o0 m;

=V = demsy 2 /

—CT n

~ 2
[v(n + 2nc7r)’2‘ dn.  (24)
ez
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Proof of Lemma 4. Using (1), (7), (18), Assumption 3’, and the change of
variable 1 = a;£ one obtains

Var((5(2 ,m;) ) mj; mj '
) 2 S S B a7 e
J Mj ==

where ZZ(-) is the squared function Z¢(-) defined in (7).
Let us denote by Fj(-) a bounded function defined on [—ma;/v;, 7a;/v;] as

= b+ 2nma; /)|

ne”Z

Let {u;(k)}rez be the sequence of the Fourier coefficients of F;. These coef-

ficients are real-valued since ’(//)\() is even. Using the fact that n — e¥ikn/e;
is, for each fixed k € Z, a 2mwa;/v;-periodic function of 1 and the dominated
convergence theorem, one gets

Ta;/v; ) R )
pi(k) = / eiikn/a; ( Z ’z/;(n+2n7mj/7j)’ ) dn = / l'ygk"]/llﬂ‘ | dn.

—ma;/v; nez R
(25)
Now, let us show that there is a finite constant ¢4 such that, for all j large
enough, one has

ms; My m; my

1/2 1/2
—1/2 -8 2
(ZZ s(h=1)/a, (4 ) (ZZS : ) ‘
k=11=1 k=11=1
1/2
<C4(m] +a; 4) . (26)
By the triangle inequality it holds
m; m;j 1/2 mj mj 1/2
-1 ~8a2(
(B () = (- 0)
k=11=1 k=11=1
mJ m] 1/2
_ _4a 2
< (X Toemnsay () = s gk =0)") (27)
k=11=1

Next, observe that it follows from (8), (25) and the inequalities 0 < @ < 1/2
and so > 1, that for all j large enough and for all (k,1) € Z? it holds

2 i; (k=) /a 2
1 (k=10 Jp il iib(n)[? dn
L, (k1) /oy (a; ") — o P o < | Ty, (k-1y/a, (@ ) — pn

2 i (k— a; ™ —
- 4a—2/€%(k D |y ()| dn - o
R

S0

2
+‘/Rem(’“‘”"/‘”nQI@(n)lgdn‘aj2)
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<2

T, (k-1)/a, (a5 ) — Sam/ e h=0m/as |4 () 2 diy — 2055 ** a2
. : &
. N 2 , ~ 2
% / em(kfl)n/ajn2|w(n)|2 d??‘ + 2‘ / i (k=1)n/a; TI2|¢(U)\2 dn’ aj_4
R R

, ~ 2
<2cia;® + 2’ /RB”J(’“_””/““?QW(U)IQdn‘ a;?, (28)
where ¢; is the constant from (8).
By (27) and (28) to derive (26) it is sufficient to show that

ma;/v;

) ~ 2 .
S| [ an] = S0| [ emtnies S+ anmay )

keZ kez Y T3/ nez
~ 5 |2
x’¢(n+2mraj/’yj)‘ dn‘ < +o0.

This inequality holds by Plancherel’s identity as { S € kn/a; 772|1Z)\(77)|2 dn}k .
€
is the sequence of the Fourier coefficients of the bounded on [—ma;/v;, ma;/7v;]

. ~ 2
function Y,cz(n + 2nma; /)| (n + 2nma; /v;)| "
Next, let us define Fy(-) as

Fo(n) := Z ’12(77 + 2nc7r)|2, n € [—cm, er], (29)

ne”Z

where ¢ is the same positive constant as in Assumption 3’. Fy(-) is a bounded
function on [—cmr, en].
Let us now show that

1 J cm
tim S k- =2en [ (R dn (30)
Note that o ‘
1 mj; mj , 1 m; k—1 ,
reD DD BUHCED Rl DD BRAC)
m m
J k=11=1 J k=1q=k—m;
and for the sequence {uo(k)}rez of the Fourier coefficients of Fy it holds
1 m; k—1 m; k—1 C m; k—1
— D 2 m@=D > m@ <=3 > (@)~ pol9)
J k=1 q=k—m; k=1qg=k—mj J k=1 q=k—mj

(31)

~ 2
as p15(q) and puo(q) are bounded by [, ‘w(n)| dn.

Using the expressions for Fourier coefficients and Assumption 2, we get that
for k=1,...,m;

k—1

k—1 A
S (e — ol < > LA

q=k—m; q=k—m;

v an
§—L— an
P

e — e\ [§(n)|" dn
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= [ an (v; 1
< ' : U
<o X [ (g (2-0))

qg=k—m;
m; A
(a1
< sin (- (=2 — =) )| dn.
<o X [ (300
q=—m;
Hence, it follows from the inequality |sin(z)| < |z| and Assumption 3’ that
k—1 N
D uile) = po(g)] < C"mj ol C’ =0, j = +oo. (32)
g=k—m; J

Thus, by (31), (32) and the Cesaro mean convergence theorem one gets

m; k—1 m; k—1
1 .
— D2 > w@-d> D wila) =0, i 0. (33)
J k=1 q=k—m; k=1 q=k—m;
Now, by Plancherel’s identity
1 m; k—1 +00 1 mj 4oo 1 my k—mj;—1
—> 0 > m@= D0 - D> mi - —> > i)
J k=1 q=k—m; g=—00 J k=1q=k J k=1 ¢=—o0
cm m; 400 m; —K
—oer [ (RF di—— 3 e) - — Wda). (30
m; mj
—en k=1q=k k'=1 q=—o0

Next, observe that the sequence {Z;ﬁ,’; 13(a)}, o converges to zero. Conse-
quently by the Cesaro mean convergence theorem one gets

Mj o0
1
Jim — no(a) = 0. (35)
LSS

Using the same arguments, one obtains that

m.; 7](7/
1 J
lim — 2()=0 36
i kz_l q;oouo(q) (36)

Putting together (33), (34), (35) and (36) it follows that (30) holds true.
Finally, combining (30) with (23), (26) and (29) one obtains (24). O

4. Asymptotic normality of two auxiliary statistics

This section proves asymptotic normality of two auxiliary statistics of the semi-
parametric model defined by Assumption 1. They are two functions of the pa-
rameters so and a. The results will be used in the following sections to derive
and investigate simultaneous estimators of sy and «.
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Let us set
6(2 ,m;) m;

7(2,’”1]‘) .
5, =4 Z (37)

m;
J k=1

where d;;, is given in Definition 2.
The following theorem introduces the first statistics and derives its asymp-
totic normality.

Theorem 2. Let the array {bj.}j x)enxz satisfy Assumption 3’ and

lim mja; 4 =0. (38)

Jj—+4oo

Then, when j goes to +00, the random vartables

7=y (507 syt [ g an) (39)

converge in distribution to a centred Gaussian random variable Y with the vari-
ance Var(Y') = V; given by (24).

Remark 4. If the array {b;i}(;r)enxz satisfies Assumption 3’, then the con-
dition (5) of Theorem 1 holds true for any {m;};en.

Proof of Theorem 2. By Theorem 1, when j goes to +o0, the random variables
v V1'Y; converge in distribution to a centred Gaussian random variable ¥ whose
variance equals V;. Moreover, by (6) and (37) the random variable v/V; Y; equals

and, by Lemma 4, it holds

m.
dim Vx —— =1,
J—roo Var (5]‘ ’m'7))

Thus, when j goes to 400, the random variables ,/m; (3;27mj) _E (SEQ,mJ)) )
converge in distribution to Y. To show that the sequence {7]- }j N shares the
same property, it is enough to prove that

iy (2(57") = s [ 10 ) =o. (40)

Jj—4o00

It follows from from (2), (7) and (37) that E (3;2’"”)) = To(a;'). Thus, using
Lemma 1 and (38) one obtains (40). O
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Let {M;};en be a sequence of positive integers defined as

) ] ; (41)

Mj = —2 —2
l(“ﬁl —j)?
where [-] denotes the integer part function.

Remark 5. By (41) the sequence {M;};en satisfies

mj(aj+1aj+2)4] > [m4a4+1] — +00
el 7% .

M, = | Ha\%+1%542)

’ [(‘Z?H —aj)?

Assumption 3*. For all j € N and for every (k,l) € Z* it holds
bjk — bji = v;(k = 1),

where {7;}jen is a sequence of positive real numbers such that

: 1
lim Y_ce (0,400) and lim m?a? (7] - ) =0.
Jj—+oo 0z Jj—r+oo a; C

Remark 6. For example, Assumption 3* is satisfied if for all j > jo € N it
holds Vi = aj.
Now we introduce the second auxiliary statistics
8(27Mj) S(gij)
AE(ZMJ-) %541 — 09549
1 T2 _a 2
Jj+1 Jj+2

via increments of 5;-2’ 2 and prove its asymptotic normality.
Theorem 3. Assume that the following conditions hold:

1. There exists B € (0, A) such that 1 vanishes on the interval [~ B, B), that
18

suppy € {¢ € R: B < [¢| < A} (42)
2. Assumption 3* holds true and for some jo € N the sequence {a;}jen
satisfies
; A
az—;lz§>1, forall §> jo. (43)

3. The sequence {m;};jen satisfies (38).

Then, when j goes to +o0o, the random variables
N2 7(21Mj) —4da— -»
7y = i (A5 < 2asy 2 [ PP an ) (a4)

converge in distribution to a centred Gaussian random variable Z with the vari-
ance Var(Z) = 2V;.
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Remark 7. Notice that (42) and (43) imply that supp J(ajw) () supp @(aj+1o)
is a Lebesgue negligible set for all sufficiently large 7 € N.

Proof of Theorem 3. First notice that it follows from (1) and Remark 7 that
Cov(S(j41)ks O(j42)) = O forall (k,1) € {1,..., M;}? and sufficiently large j € N,

which means that the centred Gaussian vectors @(ﬁj) = (04115 -+ -5 0(+1)M;)
and @(ﬁéj) = (0(j+2)1> - - - » 6(j+2) 01, ) are independent. Therefore, the two random
variables

M; M,
O =3"62 ) and 8500 =3"62 )
k=1 k=1
are independent.
By Remark 5 the sequence {1} };en approaches +o0o when j increases. Hence,
by Assumption 3* condition (5) is satisfied if m; is replaced by M;_1 or by M, _s.
Therefore, by Theorem 1, when j goes to 400, the random variables

2,M; 2,M;
Ty = 6§+1 : _E(6J(+1 ))
1,7 -—

Var (5](3_1\/[’))

converge in distribution to a standard Gaussian random variable, and that the
random variables @.,) @)
Oj5a " —B(6;75 )

(2,M;)
Var (5j+2 )

25 =

share the same property.
Next, using (38), (41) and (43), one gets that

4
im Mo | (aire/age) _0

. 8 : 4 2
j—+oo af 1 Jj—+o00 a; 1 2
i+ g+ ((aj+2/aj+1) - 1)

as the function ﬁ is bounded from above for z € [A/B, +00). The same is
also true for Mj/a§+2 since aj42 > ajq1.
Therefore, by Lemma 4

Var (5§i¥])> Var (5](12/[])>

Jm S ar =V ad i e =V

Thus, when j goes to 400, the sequence

V. (5(.2’Mj)) 2,M; 2,M;
ar 1 p 5§+1 i) _ E(5§+1 J))

17,' =
/M; g VM

/A
Zy ;=
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converges in distribution to a centred Gaussian random variable with variance
V1, and the sequence

(2,M;) _ ,
Z, B Var (5j+2 ) p B (5](3_73/[]) _ ]E(éj(i-éwj))
=~ 7y i =
VM ’ VM
shares the same property. Therefore, using the fact that for sufficiently large j
these two sequences are independent and the equalities ]E(c?](i_iw )) M;Zo(a; )

and E((Sj(i;w])) M;Zy(a J+2) one gets that the random variables

S s
Zi,j 7Zé,j = - - *\/ﬁ(IO( ]+1) To(a ]+2))

VM
=(2,M;)  =(2,M;)
= M, (5j+1 — 5j+2 (IO( g+1) Zo( J+2)))
converge in distribution to a centred Gaussian random variable with the variance
2V, when 7 — +o0.
By (41) the sequence of
—2 -2\~
-/ o V mj (a'j"rl - aj+2) ! / /
Z; = L, (21— 25,5)
J
—(2,M;)  —=(2,M;)
d; =9 ~ To(ay. L) —Tola; )
_ J+1 Jj+2 jt1 7+2
VALY ( =2 —2 02 —2

@41~ Gjpo Gjr1 = T2

shares the same property.
Thus, it turns out that for deriving the theorem it is enough to show that

Z 7 ~
iy (2% 0(2”2) — 2055172 / WGP dn ) = 0. (45)
Jtee Ujr1 — Ajia R

Using Lemma 1 one gets that

To(art) ~Tolarty) = (20552 [ P10 dn) (077, — )

< [Tt sy [ 100 dn = (2055 [ aPI3P dn)as?,

ooty = s [ 0P (205572 [ PP dn)e;?,

< ei(aji +ajly),
where ¢ is the constant in (8). Thus,

7 7 ~ ey (as 4+ ail
i) Tl ggginns [ ot in| < VIR L)

Vi

—2 —2
Gjr1 — Gjyp2

—2
A1~ Ajgg
(46)
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Finally, combining (38), (43) and (46) one gets

—4 —4
vmjlag i +ai ) /my 1+ (a41/a;12)"

— 0, 7 — o0,

aj = a5 i1 1 (aj41/aj42)”
which confirms (45) and finishes the proof. O

Remark 8. For example, the sequence {a;}jeny with a; = o/, j € N, and
a > A/ B satisfies the assumptions of Theorem 3.

Note that under the conditions of Theorem 3, for sufficiently large j € N,
the random variable Y; defined in (39) is independent of Z; defined by (44). It

is easy to see as the centred Gaussian random vectors 5;-(””) = (6515, 0jm,),
5(M;) §(M;) :
6]'(+1 ) = (5(j+1)17 . 76(j+1)Mj) and 6j(+2 ) = (6(j+2)1, ey 5(j+2)Mj) are inde-

pendent. Therefore, the following result follows from Theorems 2 and 3.

Corollary 1. When j goes to +oo, the random wvectors (Yj,Zj) converge in
distribution to the random wvector (Y, Z) with the bivariate centred Gaussian

o 0 Vi 0
distribution N (( 0 >,< 0 2n, )>

5. Asymptotic normality of adjusted estimators
. . . e = (2my) <(2, :
In this section the axillary statistics 9 and Ad; are used for deriv-
ing adjusted statistics to estimate the parameters of interest. The central limit
theorem is proved for the proposed adjusted statistics.
By (39), (44) and Corollary 1, under the assumptions of Theorem 3 one has

M)
1

7(27777’])

5; " = syt [ 19| dn " v o )
mJ 7(2,MJ‘) —Ada—2 2 i 2 —> (07 (0 2V1)> 7 ( 7)
A‘5j+1 — 2as fRn [v(n)|* dn

when j — 4o00.
This two-dimensional central limit theorem gives the fluctuation rate for the
corresponding law of large number proven in [2]

7(27m]') 7(21M]')

Wy Ay a.s. —4o —4o—

Ea S 2]-:1 5 D(sg, ) := (504 ‘,a504 2), (48)
Je ()2 dn 2 [ n? 1 (n)|? dn

when j — +oc.

Let us consider the function g : [—1,+00) — [—1/e,+00) defined as g(t) =
tet. This is an increasing continuous one-to-one function. Its inverse function is
LambertW that is continuous, defined on [—1/e, +00) with values in [—1, +00)
and satisfies

LambertW LambertW(y) _ ie. LambertW(y) _ Y
ambertW(y) e y ie e TambertW(y)’
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with the convention that 0/0 = 1.
As stated in [2], the vector-valued function @ : (1,+00)x (0,1/2) — D defined
in (48) is a continuous one-to-one function taking values in

2
D:{(yl,yg)eRQ t0<yp <1 and0<y2<y21}.

Its inverse function ®~! : D — (1, +0c0) x (0,1/2) is continuous and given by

1 1
O~ (y1,2) = (exp (zLambertW (_y1n(y1)>> ;

2y2

92 exp (LambertW (_ylln(y1)> )> .
Y1 2y

Let us define the following continuous vector-valued truncating function 7 de-
fined for € € (0,1), (y1,y2) € R?, and taking values in D

T(y17y278) = (7—1(y175) 5 7-2(y1uy275)) S Da

where

& lfyl §5,
Ti(y1,€) := max(e, min(y;,1 —¢€)) = ¢ y1, ife<y; <1-—¢
1l—ge, ify; >1—¢,

2
T2(y1, Y2, €) := max (52/4,min (yg, M — 52/4>>

2
e2/4, if yo < e2/4,
. if52/4§y2§M_52/4’
M_g/zl, ify2>(ﬁ+l’€))2—€2/4-

For values outside the feasible region D, some typical mappings by the truncat-
ing function 7 are sketched in Figure 2.

Note that for each (y1,y2) € D there is a small enough ¢ > 0 such that
T (y1,Y2,€) = (y1,y2) because D is an open set. Assumption 1 on the parameters
ensures that (sg,«) € (1,+00) x (0,1/2) and therefore ®(sg, ) € D.

Definition 3. The adjusted statistic for the parameter (so, a) is

—=(2,m; ) —=(2,Mj)
(oa), = &L ( o " Adjy 1)
! Sl 2dn " 2 fyn2[b(m)2dy ™y

—(2,7nj) Ag(le)
Note that for some observations the values I ifl ma;
v v (wa(den’ 2fRn2|w(n>|2dn> Y

not be in the feasible region D. Therefore, the truncation 7 was needed to
guarantee that ® ! acts only on values from D.
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Y2

]

|

Y1

e L L L L L L

(070) € 1—¢
o

F1G 2. Plot of (y1, y2) and the corresponding truncated values

i it

Je lo()|2dn’ 2 029 (n)]2 dn
falls in D, then (so,); and the corresponding adjusted statistic in [2] coincide
almost surely. At the same time the new statistic requires only the simple trun-
cation 7 compared to more complex reflections with respect to the boundary of

=

D in [2]. Therefore, for small j the adjusted statistic (so, @); is computationally
simpler than the one in [2].
Now we are ready to formulate the main result.

S(2,7nj) A3(2,1\/Ij)
Remark 9. As for sufficiently large j the vector < >

—

Theorem 4. Under the conditions of Theorem 3, the adjusted statistic (sg, a)j
is a strongly consistent asymptotically normal estimator of the parameter (sg, a).

When j goes to +oo, the random vectors ./m; ((so,oz)j - (so,a)) have the

asymptotic bivariate centred Gaussian distribution N'(0, Vs, o) with the covari-
ance matriz Vs, o given by

cm > 2 2
v ey [ | ez [ (n + 2ner))| ‘ dn (Vas)tr (Viga)12 (19)
o 402(1 + 21n s9)2 ’

‘/50,04)12 Vso,a 22

where
(Vsg,a)11 := (- 4alnso)22 855 (In s0)* 3
(htozdn) (oo n)
(Vsg,a)12 := (1-4alnsy)a(da+2)s" 8asi In sg N

(Feomean)” (ferimlzan)
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a?(4a +2)2s,? n 8a?s?

(Je B Rdn) (Bl dn)

(VS’(),OL)QQ =

Proof of Theorem 4. The feasible region D is an open set. Therefore, it follows

from (48) that, for any § > 0 and for almost all w € Q, there is J(w,d) large
50 A(s;ii" )

I Iw(n)l2 dn 7 2 [ n?|9(n)]* dn

belongs to the d-neighbourhood of ®(sg, ). Notice that 1/m; — 0 when j —

+o00. Hence, for almost all w € Q there is J(w) large enough such that for j > J

~(2,m) <(2,M)

uJ Aé’“ equals
T oEdn * 2], lemirdn ) 4

enough such that for j > J the random vector (

the image under 7 (-,1/m;) of the vector (

to the vector itself.
Thus, for j — +o0

~(2,m;) ~(2,M;)
NG T( o Ayt 1)
] - ) )
S (12 dn” 2 fon?ld ()2 dn’” ™
—=(2,m;) (2,M;)
0, A3 as
—( J , It ) 50, (50)
Ja W2 dn” 2 fyn?ld ()] dn
where | - | is the Euclidean norm on R2. Note that (50) holds for any norm

and any normalising factor, not only ,/m;, because the difference almost surely
vanishes for j larger than some random J.
Hence, by (48) and (50)

(2,m;) —(2,M;)
( 5 by 1
S b2 dn " 2 fon?ld(m)>dy  m;

) A—+<I>(so, ), j — +o0o,

7(2 mj) —(2,M,)
AS
j+1 1 :
which means that the vector 7 T W) Edn ' 2oty j) is a strongly

consistent estimator of ®(sg, a).
Moreover, by multivariate Slutsky’s lemma [31, Theorem 2.7(iv)] it follows
from (50) and the central limit theorem (47) that for j — +oo it holds

527717) A6(2M) 1

= poal Bl %5 N(0, 5
v <fR M2y 2 [y 02 () |2dn’mj) (s0,0) | =N (0, W),

(51)
where
% 0
2
Vo, =W (fxld’('(l)ﬂ dn) )
2( f, 021 d(n)|2 dn)”
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—

The continuity of ® ! implies that the estimator (sg, ) ;18 strongly consistent

a.s.

(80, @) ; —(s0, ), j — +o0.

As the central limit theorem in (51) can be rewritten as
NG <<I>((so,oz)j) - <I>(30,a)) i>/\/'(0, W), j — oo,

then to obtain the asymptotic distribution of the estimator (so/,\a) ; around the
parameter of interest (sp,«) one can use the delta method with the inverse
function ®~1.

To justify it one has to check that ®~! is differentiable at the point ®(sg, ).
By the inverse function theorem, the derivative D(®~1)(®(sg,)) exists if the
Jacobian D® of the function ®(-,-) at the point (sg, «) is invertible. In this case
it holds D(®~1)(®(sg, o)) = (DP(s9, ).

Notice that for any (sg, ) € (1,+00) x (0,1/2) it holds

—4as —4s%Ins
_ —4a—2 0 01nso
D& (s0, ) = 50 (a(—4a —2)s5t 1—4aln so) ' (52)

Thus, since sg > 1,
det (D®(s0, ) = 555 (—dasy — 8asg In s9) = —4asg **73(1 + 21In s) # 0

and the Jacobian matrix is invertible.
Therefore, by the multivariate delta method (see, for example, [31, Theo-
rem 3.1])

—

V7 ((50,0);) = (50,0)) N0, Vg ), i = +o,
where

1 -1 T
Vig.o i= (DD (s0,0)) ™ Vi, ((DD(s0,0))7") . (53)

The covariance matrix given by (53) can be explicitly computed. It follows
from (52) that

(D®(s0,0)) " = -

séa"'l 1—4alnsy 4silnsg
4a(1 + 2lnsg) \a(da+2)s;! —dasy )

Hence,
v.o_ spet2y, < 1—4alnsy 4s3ln so>
0% T 1602(1 + 2Insg)? \a(da +2)sy' —dasy
S 0 .
« (fi ()| dn) <1 —4alnsy a(da+2)s, ) '
0 L 452 1n s —4asg

2( f, 2| (n)[? dn)”

The straightforward matrix multiplication and application of (24) give (49),
which completes the proof. O
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6. Numerical examples

This section provides some numerical examples to illustrate and specify the gen-
eral theoretical results from the previous sections. These examples also suggest
that the obtained results can be generalised to wider classes of wavelets and
processes.

The main theoretical results were obtained for general filter transforms and
involve some complex functionals of the filters. The following two examples
demonstrate that these results can be easily specialized for specific filters/wave-
lets and are feasibly computable.

Example 1. Let us consider the Shannon father wavelet

sin (7t) t;éO
t) = sinc(wt) ;== ¢ ™ '
0y(t) = sine(r) {1, N

Its Fourier transform is

G0 = tennt = {150

1t is clear that Assumption 2 is satisfied. The corresponding integrals are

/R’?Zf(n)rdn =21  and /an V()| dn = 37*.

Let I(c) denote the integral

Then, for ¢ > 1 one gets I(c) = 2.

If ¢ < 1, by solving the inequality cm + 2n*cm < w we obtain n* = [1225 .
Then, the solution of n* +2(n* + l)er = wisn* =7 (1 —2c (1 + [1220]))
Therefore, for n* < 0 it holds

2
2
‘ dn.

> [Grn+2nem)

nez

dn = / Z ]l[—mﬂ'] (77 =+ QTLC’JT)

—CT nEZ

*

-n" n
I(c) = / (2n* +1)%dn + 2/ (2n* +2)2dn
n* —cm
= 2% (2n* 4 1)% 4+ 2(cem + n*)(2n* + 2)?
and for n* >0

* *

-n

I(c) :/W (2n*+3)2dn+2/ (2n* +2)2dn

—-n* —cm

= 20" (2n* + 3)% + 2(cm — n*)(2n* + 2)2.
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Thus,

2m, c>1,
I(C) = 2 |p* * s *\\2 * * 2
™| (2n* 4+ 2+ sign(n®))* + 2 (em — 7)) 20" +2)%, ¢ <1,
Hence, one can explicitly compute the covariance matriz Vs, o in Theorem 4.

For example, the correlation of the components of the asymptotic vector equals

5 (1 —dalnso)a(da + 2) — Basy Insg

p =
\/(#(1 —4alnsg)® + 8554 (In 30)2) <ﬁa2(4a +2)2 + %azs(]?)

and 1is plotted in Figure 3a as a function of sg and «. The plot shows that the
components are highly correlated if sq is close to 1 and their correlation decreases

as Sg increases.

Sy So
2 2 18

RPN 18 14 42

(a) Shannon father wavelet case (b) Meyer father wavelet case

F1G 3. Asymptotic correlation of Sp and &.

Example 2. Let us consider the Meyer father wavelet [27). It satisfies Assump-
tion 2 as its Fourier transform equals

1, In| < 2%,

> 3

Drn) = Qeos (Fr(3 -1)), ZF <<y,
0, otherwise,

where the function v(-) can be selected as
0, =<0,
v(z)=q =z, z€[0,1],
1, z=>1.
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Its integrals are
- 2 o~ 2 8
[ |osen|dn=2m  and [ o [dsn)] dn =g ~2). (1)

For example, for c > % one can easily compute that

47 /3 . 4 11
10= [ || dn=r.
—47/3

which with (54) completely specifies the covariance matriz Vs, . The correspond-
ing correlation is shown in Figure 3b as a function of s and «.

Comparing it with Figure 3a, one can conclude that filters from Examples 1
and 2 produce similar correlation structures of the components of the asymptotic
bivariate vector in Theorem 4. Howewver, for the case of the Meyer father wavelet,
the components exhibit higher correlations than for the Shannon one.

Remark 10. Note that the results in this paper were derived for functional
time series with continuous time. For computer simulations and actual observa-
tions, one has to use discretized processes on finite grids. The obtained results
can be applied to time series with discrete time by using the standard approach
in applied functional data analysis. Namely, the continuous process is replaced
by its discretization on the intervals between observation moments. Then all
integrals in filter transforms can be written as weighted sums. Similarly, the
continuous wavelet transforms can be approximated by the corresponding dis-
crete versions. In the available literature, it is usually assumed as a matter of
fact that the corresponding discretization error is negligible with respect to the
estimation error. In many cases, it can be rigorously proven, see for example,
[1] and [8].

The following example continues simulation studies from [2]. Simulations
in [2] demonstrated consistency of the filter-based estimators of the cyclic and
long-memory parameters. In Example 3, we examine their asymptotic normal-
ity. Note that a wavelet ¢ (-) with an unbounded support of #(-) will be used.
However, the tails of 15() have the Gaussian-type decay. The example suggests
that the method also works for such filter transforms.

Example 3. In this example the Mezican hat wavelet was used as a filter. This
wavelet and its Fourier transform are defined by, see [26],

2 t\? +2 ~ V8nioh o2n?
t) = - [1-(— e 202 and = e 2.
v = ( () ) B = Y

The value o = 1 was used for computations. The corresponding integrals are

[low[an=2 [ }om]an =10
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The Fourier transform 7:[1\(77) does not have a finite support, but has light tails
that rapidly approaches zero when n — +00.

As X(t),t € Z, we selected the Gegenbauer random process, see [17]. This
stochastic process is defined by the following difference equation

AlX(t)=e(t), |ul<1,0<d<1/2,

where €(t) is a zero-mean Gaussian white noise with the common variance
E(e%(t) = o2.
The fractional difference operator A% is given by

A% = (1 -2uB + B?)?,

where B denotes the time backward-shift operator, i.e. BX (t) = X (t — 1).
To simulate realizations of X(t) we used truncated sums of the following
infinite moving average representation of the Gegenbauer random process

t) = i CD(we(t—n), tel, (55)
n=0

with the coefficients given by the Gegenbauer polynomial

[n/2] 2 n—QkI“ d—k n
Oy (u) = Z(_l)k( I)c!(nék)!l“(d—i)_ !

k=0

where [n/2] is the integer part of n/2, and T'(:) is the gamma function.

The chosen for simulations parameters values d = 0.1 and u = 0.3 correspond
to so and « inside of the admissible region D. The realizations of X (t) were
approzimated by the truncated moving averages (55) with 100 terms. The selected
number of terms provided accurate approximations of trajectories, which also can

be theoretically justified by the decay rate of C(d)(-) that does not exceed 1/n'=24,

To compute the statistics (5; ) and A(S( ) the values a; =7,bj =k, v =1,
and m; = a?, j=1,...,7, were used In [ ] these values were used to zllustmte
convergence of the estimates to the true values of parameters.

Let us consider the first two normalised statistics

<(2,m;)
0
Sq = i I 8640‘
fR P(n)[*dn
and <
2,M;)
AV
Sy 1= \/m; # — asa4°‘72
2 [ 2l (n)[2 dn

Numerical studies to demonstrate the almost surely convergence of these statis-
tics to their true counterparts were conducted in [2]. Therefore, here we only
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present few such results for Si. Figure 4 demonstrates the convergence of Sy
and its standard deviation for the values sy = 1.266104 and o = 0.1, which cor-
responds to the selected parameters d = 0.1 and v = 0.3. Results for j=1,...,7

are presented. The bozplots of 3;271%) — 55t Je \12(77)|2 dn show that the differ-
ence approaches to the asymptotic true value zero shown by the horizontal dashed
line. The sample standard deviations of S1 also converge to a constant value as
expected. Table 1 gives numerical values of the root mean square errors (RMSEs)

and standard deviations for the estimate S1. These results numerically confirm
- 2’ .
the theoretical findings and demonstrate the convergence of the statistic (5; ™3)

to the true value sy ** [ th(n)|2 dny = 1.819878, when j increases.

Boxplot of S}?) e, Sample standard deviation

2.0

0.5

M)

FiG 4. Bozplot of 32.2 — sa4a fR |1Z(r])|2 dn and the sample standard deviation of Si

j 1 2 3 4 5 6 7

RMSE(E;Q’"”)) 1.8669 1.0870 0.2995 0.1477 0.0874 0.0593  0.0435
sd(S1) 2640 2174  0.847 0591 0494 0474  0.492

—(@m;) TABLE 1
RMSEs of 5]- M3) and standard deviations of S1

The following results confirm the asymptotic normality of the estimators. For
j =1, Figures ba and 5b show Q-Q plots of S1 and Sy. These plots demonstrate
that these statistics have distributions close to Gaussian ones, which is also con-
firmed by the Shapiro-Wilk test for mormality with the corresponding p-values

0.613 and 0.262. Moreover, the estimated correlation matriz (O 384 0‘284>

of these statistics and density ellipsoids in Figure 5c underpin the result in
(47) about asymptotically bivariate normal distribution with uncorrelated com-
ponents. Finally, Figure 5d gives density ellipsoids and realizations of the ran-
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-

dom vector . /im; ((so,a)j — (so, a)) which suggest an asymptotically bivariate

normal distribution as in Theorem 4.

100

Sample
Sample

-100

2 0 2 2 0 2
Theoretical Theoretical

(a) Q-Q plot of Sy (b) Q-Q plot of Sa

Sy (e — o
o
|

.
T T T T T ¥ T T T
-50 0 50 -200 -100 0 100 200 300 400

5 s

(c) Density ellipsoid of (S1, S2) (d) Density ellipsoid of
VM <(50»04)j — (so0, 04))

F1a 5. Realizations of normalised statistics

The simulation studies suggest that the theoretical results are likely valid for
wider classes of filters with light tails. They also demonstrate that the estimators
exhibit approximately normal behaviour even for relatively small values of j. A
separate publication will be devoted to comprehensive numerical studies.

7. Conclusion

The paper developed statistical inference of semiparametric models of functional
time series. It was proved that the generalized filtered method-of-moment esti-
mators of cyclic long-memory models are strongly consistent and asymptotically
normal. New adjusted simultaneous statistics were suggested and investigated.
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A rather general semiparametric class of models satisfies the assumptions of the
theorems. In particular, Gegenbauer-type processes belong to this class.
Some interesting areas for future investigations are:

— Applying the approach to the case of multiple singularities, see [3, 24];

— Adapting the methodology to models with other types of spectral singu-
larities;

— Extending the proposed approach to other classes of filters and wavelets;

Investigating discretization errors for the case when X (¢) is observed on a

finite grid, see [8, 10];

— Investigating the case of random fields, i.e. when the index set of X (¢) is
multidimensional, see [7, 17, 24];

— Continuing simulation studies to empirically compare the proposed ap-
proach with least squares and likelihood-type methods, see [11, 18, 32].

Acknowledgements

We are thankful to Professor Domenico Marinucci for attracting our attention
to this research problem. We also are grateful for the referees’ careful reading of
the paper and detailed comments and suggestions, which helped to improve it.

Antoine Ayache is grateful to the Sydney Mathematical Research Institute
at the University of Sydney for having financially supported his 7 weeks visit to
Australia in 2019, and for the position of visiting researcher at the University
of Sydney. Also, he is thankful to the School of Engineering and Mathematical
Sciences at the La Trobe University for the honorary visiting professorship for
one month at this university.

Andriy Olenko is grateful to Laboratoire d’Excellence, Centre Européen pour
les Mathématiques, la Physique et leurs interactions (CEMPI, ANR-11-LABX-
0007-01), Laboratoire de Mathématiques Paul Painlevé, France, for support and
giving him the opportunity to pursue research at the Université de Lille for two
months.

Ravindi Nanayakkara and Andriy Olenko were partially supported under
the Australian Research Council’s Discovery Projects funding scheme (project
DP160101366).

This research includes computations using the Linux computational cluster
Gadi of the National Computational Infrastructure (NCT), which is supported
by the Australian Government and La Trobe University.

References

[1] AropaT, T. and OLENKO, A. (2020). On asymptotics of discretized func-
tionals of long-range dependent functional data. To appear in Comm.
Statist. Theory Methods. 1-26.

[2] ALoMARI, H., AYACHE, A., FRADON, M. and OLENKO, A. (2020). Esti-
mation of cyclic long-memory parameters. Scand. J. Statist. 47(1) 104-133.



3]

[4]

Ayache et al./CLT for cyclic long-memory processes 31

ARTECHE, J. (2020). Exact local Whittle estimation in long memory time
series with multiple poles. Economet. Theory. 36(6) 1064-1098.
ARTECHE, J. and ROBINSON, P. M. (1999). Seasonal and cyclical long
memory. In Asymptotics, Nonparametrics, and Time Series (S. Ghosh, ed.)
115-148. Marcel Dekker, Inc, New York.

ARTECHE, J. and ROBINSON, P. M. (2000). Semiparametric inference in
seasonal and cyclical long memory processes. J. Time Ser. Anal. 21(1)
1-25.

ARTIACH, M. and ARTECHE, J. (2011). Estimation of the frequency in
cyclical long-memory series. J. Stat. Comput. Simul. 81(11) 1627-1639.
AYACHE, A. (2018). Multifractional Stochastic Fields. World Scientific, Sin-
gapore.

AYACHE, A. and BERTRAND, P. R. (2011). Discretization error of wavelet
coefficient for fractal like processes. Adv. Pure Appl. Math. 2(2) 297-321.
BARBOZA, L. A. and VIENs, F. G. (2017). Parameter estimation of Gaus-
sian stationary processes using the generalized method of moments. Elec-
tron. J. Stat. 11(1) 401-439.

BARDET, J. M. and BERTRAND, P. R. (2010). A non-parametric estimator
of the spectral density of a continuous-time Gaussian process observed at
random times. Scand. J. Statist. 37(3) 458-476.

BEAUMONT, P. and SMALLWOOD, A. (2021). Inference for estimators of
generalized long memory processes. To appear in Comm. Statist. Simulation
Comput. 1-32.

BERAN, J., GHOSH, S. and SCHELL, D. (2009). On least squares estimation
for long-memory lattice processes. J. Multivariate Anal. 100(10) 2178-
2194.

BOUBAKER, H. and SGHAIER, N. (2015). Semiparametric generalized long-
memory modeling of some mena stock market returns: A wavelet approach.
Econ. Model. 50 254-265.

CsORGO, M. and REVESZ, P. (1981). Strong Approzimations in Probability
and Statistics. Academic Press, New York.

DEL BARRIO CASTRO, T. and RACHINGER, H. (2021). Aggregation of
seasonal long-memory processes. Econ. Stat. 17 95-106.

Du, P., KiBBE, W. A. and LIN, S. M. (2006). Improved peak detection in
mass spectrum by incorporating continuous wavelet transform-based pat-
tern matching. Bioinformatics. 22(17) 2059-2065.

EsPrJO, R. M., LEONENKO, N., OLENKO, A. and Ruiz-MEDINA, M. D.
(2015). On a class of minimum contrast estimators for Gegenbauer random
fields. TEST. 24(4) 657-680.

FERRARA, L. and GUEGAN, D. (2001). Comparison of parameter esti-
mation methods in cyclical long memory time series. In Developments in
Forecast Combination and Portfolio Choice (C. L. Dunis, J. Moody and
A. Timmermann, eds.) 179-195. Wiley, New York.

GIrAITIS, L., HIDALGO, J. and RoBINSON, P. M. (2001). Gaussian es-
timation of parametric spectral density with unknown pole. Ann. Statist.
29(4) 987-1023.



[20]
[21]

[22]

[23]

Ayache et al./CLT for cyclic long-memory processes 32

HiDALGO, J. (2005). Semiparametric estimation for stationary processes
whose spectra have an unknown pole. Ann. Statist. 33(4) 1843-1889.
Hosova, Y. (1997). A limit theory for long-range dependence and statis-
tical inference on related models. Ann. Statist. 25(1) 105-137.

IsTas, J. and LANG, G. (1997). Quadratic variations and estimation of the
local Holder index of a Gaussian process. Ann. Inst. H. Poincaré Probab.
Statist. 33(4) 407-436.

IvaNov, A. V., LEONENKO, N., Ruiz-MEDINA, M. D. and SAVICH, I. N.
(2013). Limit theorems for weighted nonlinear transformations of Gaussian
stationary processes with singular spectra. Ann. Probab. 41(2) 1088-1114.
KLykavka, B., OLENKO, A. and VICENDESE, M. (2012). Asymptotic be-
havior of functionals of cyclic long-range dependent random fields. J. Math.
Seci. 187(1) 35-48.

LEONENKO, N. and OLENKO, A. (2013). Tauberian and Abelian theorems
for long-range dependent random fields. Methodol. Comput. Appl. Probab.
15(4) 715-742.

Liu, C.-L. (2010). A tutorial of the wavelet transform. Taipei, Tai-
wan: NTUEE. Retrieved from http://disp.ee.ntu.edu.tw/tutorial/
WaveletTutorial.pdf.

MEYER, Y. (1992). Wavelets and Operators: Volume 1. Cambridge Uni-
versity Press, Cambridge.

OLENKO, A. (2013). Limit theorems for weighted functionals of cyclical
long-range dependent random fields. Stoch. Anal. Appl. 31(2) 199-213.
TaqQQu, M. S. (1979). Convergence of integrated processes of arbitrary
Hermite rank. Z. Wahrscheinlichkeit. 50(1) 53-83.

Tsarl, H., RACHINGER, H. and LiN, E. M. (2015). Inference of seasonal
long-memory time series with measurement error. Scand. J. Statist. 42(1)
137-154.

VAN DER VAART, A. W. (1998). Asymptotic Statistics. Cambridge Uni-
versity Press, Cambridge.

WHITCHER, B. (2004). Wavelet-based estimation for seasonal long-memory
processes. Technometrics. 46(2) 225-238.

WHITCHER, B. (2020). waveslim: Basic Wavelet Routines for One-, Two-,
and Three-Dimensional Signal Processing. R package version 1.8.2. Re-
trieved from https://CRAN.R-project.org/package=waveslim.


http://disp.ee.ntu.edu.tw/tutorial/WaveletTutorial.pdf
http://disp.ee.ntu.edu.tw/tutorial/WaveletTutorial.pdf
https://CRAN.R-project.org/package=waveslim

	Introduction
	Definitions and assumptions
	Preliminary results
	Asymptotic normality of two auxiliary statistics
	Asymptotic normality of adjusted estimators
	Numerical examples
	Conclusion
	Acknowledgements
	References

