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We propose a general formalism to characterize orientational frustration of smectic liquid crystals
in confinement by interpreting the emerging networks of grain boundaries as objects with a topolog-
ical charge. In a formal idealization, this charge is distributed in pointlike units of quarter-integer
magnitude, which we identify with tetratic disclinations located at the end points and nodes. This
coexisting nematic and tetratic order is analyzed with the help of extensive Monte Carlo simulations
for a broad range of two-dimensional confining geometries as well as colloidal experiments, showing
how the observed defect networks can be universally reconstructed from simple building blocks. We
further find that the curvature of the confining wall determines the anchoring behavior of grain
boundaries, such that the number of nodes in the emerging networks and the location of their end
points can be tuned by changing the number and smoothness of corners, respectively.

Topological defects are ubiquitous in ordered states of
matter [IH5] and thus also emerge as a characteristic fea-
ture of liquid crystals [6HII], which exhibit various de-
grees of positional and orientational ordering [6], T2HI7].
Frustrated orientational order in nematic liquid crystals
typically manifests itself in the form of singular points or
lines. Defects of this type may spontaneously form and
annihilate in bulk due to fluctuations [I§], external influ-
ences such as electromagnetic fields [T9H23], changes in
temperature [24, 25] or active motion [26H28]. In these
processes, the defect strength, quantified by a half-integer
topological charge @, is subject to a universal conserva-
tion law [29, B0]. The formation of topological defects
can further be triggered in a controlled manner through
confining the particles [31H47] or inserting an obstacle
[48-55]. In this case, the precise type, number, and loca-
tion of defects depend on the particular geometry [56H58]
and particle properties [43] [59H62], due to a delicate bal-
ance between elastic distortions and surface anchoring.

The characteristic positional order of smectic liquid
crystals breaks the symmetry of the homogeneous ne-
matic phase and affects the elastic properties [6,[63]. The
constraints associated with the layer structure [64) [65]
stabilize distortions of the bulk smectic lattice [66l 67]
which do not exist in nematic liquid crystals [6]. These
include purely positional defects called edge dislocations
[68H7I] but also more complex objects like focal conic
domains [72H75]. In many cases, orientational frustra-
tion in smectic phases can be well described in terms of
topological defects in the nematic order that is inherent
to the symmetry of the smectic phase. However, in the
paradigmatic case of confined two-dimensional lyotropic
systems, the formation of grain boundaries largely dom-
inates over strong elastic deformations [T6H78]. At these
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FIG. 1. Topological characterization of grain boundaries in
confined smectic liquid crystals. Left: coarse-grained topo-
logical structure with an idealized nematic disclination of half-
integer charge @ induced by the presumed planar alignment
with the nearby wall. Middle: particle-resolved simulation
snapshots of hard rods with highlighted grain boundaries in
the form of a line close to a circular wall (top row) and a net-
work induced by corners (bottom row). Right: continuum
model with quarter-integer tetratic point charges g at the end
points and nodes, which can be interpreted as the distribution
of the spatially extended charge Q.

grain boundaries, the nematic order present in the bulk
smectic phase breaks down, hindering a classification of
the emerging orientational patterns in terms of nematic
topology alone.

In this Letter, we demonstrate that extremely confined

smectic systems can be effectively described in terms of
topological defects in the tetratic order due to the strong
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preference of smectic layers to tilt at a grain boundary
by approximately 90°. The tetratic topology is thus not
only important in systems with tetratic bulk symmetry
[79H82] but also a vital ingredient to a comprehensive pic-
ture of frustrated smectics. In detail, we identify quarter-
integer tetratic disclinations, which materialize in pairs
at the extremities of grain boundaries, as the elementary
topological unit of smectic liquid crystals. In turn, the
notion of a nematic disclination expands to a spatially
extended defect structure whose half-integer charge fol-
lows from the sum of its tetratic components, thereby
acting as a spatial charge distribution, as exemplified
in Fig. To unveil the full implications of coexisting
nematic and tetratic order, we use particle-resolved com-
puter simulations and colloidal experiments on hard rods
to create different defect structures in a large range of
two-dimensional geometries. Defining the grain bound-
aries connecting different types of tetratic disclinations as
fundamental building blocks, we provide the basic tool-
box to characterize the more complex smectic defect net-
works emerging in the presence of multiple corners, as
illustrated in Fig. 2] Thereby, our approach visualizes
the topological charge conservation » ¢ => Q =1 for
both individual tetratic point defects ¢ and defect net-
works with nematic charge @, whose typical connectivity
depends on the curvature landscape of the confining wall.

To create the smectic structures for each confinement,
we perform canonical Monte Carlo (MC) simulations on
N = 1000 hard discorectangles [84] of aspect ratio p = 15
within two-dimensional cavities, bounded by WCA-like
soft walls [85] [86], see Supplemental Material [83]. We
randomly initialize the system at a low area fraction
no < 1. The system is quickly compressed at a rate
of An; = 4.15 x 1077 per MC cycle to an area fraction
m =~ 0.29, where the isotropic-nematic transition is ex-
pected [87]. We subsequently compress the system at a
lower rate Any = 4.625 x 1078 per MC cycle until the
system reaches the target area fraction of 7o = 0.75 and
exhibits smectic order. This protocol ensures that the
system 1is close to equilibrium at all times. After equili-
bration, we use cluster analysis to identify domains with
different orientational order and generate statistics. For
each state, we determine local nematic S(r) and tetratic
T'(r) order parameter fields to identify the composition
of topological defects [83].

On the experimental side, we analyze smectic struc-
tures emerging at the bottom of tailored cavities at
sedimentation-diffusion equilibrium of colloidal silica
rods [(7]. The synthetic rods [88] have a small polydis-
persity in length and diameter.They are dispersed into a
1 mM NaCl aqueous solution [78], which leads to a short-
ranged repulsion and effective hard-rod-like interactions.
The degenerate planar anchoring at the bottom wall al-
lows us to capture images of quasi-two-dimensional smec-
tic states in the horizontal plane. Using bright-field mi-
croscopy with an objective of high numerical aperture,
we can discriminate most rods and thus determine the
local order.

(A +B)

FIG. 2. Survey of grain boundaries with different connec-
tivities in smectic liquid crystals at a convex confining wall.
Top: composition of the two fundamental building blocks
with total nematic charge @ = 1/2 (type A, red line) and
Q@ = 0 (type B, orange line), determined by the tetratic quar-
ter charges g (dots) at the end points. The illustration of
bulk orientational ordering depicts a typical arrangement of
the surrounding rods and a schematic continuum picture with
idealized straight grain boundaries separating regions of per-
pendicular smectic layers (grey lines). The closed contour
C (green line) highlights the contribution of the tetratic end
points to Q@ = >_ q. Bottom: relation between the geometry-
dependent manifestations of @ = 41/2 grain-boundary net-
works (red) in smectics confined to polygons. The sim-
plest structure (A,,) only contains one type-A defect with
m € {0,1,2} of its end points attached to a corner of the
confining wall. In general, complex networks (A+nB) can
form, which amounts to adding n building blocks of type B.
Approaching the limit n — oo, the network detaches from the
increasingly smooth corners, gradually reverting to (Aop), as
the tetratic defects in the type-B branches annihilate [83].

Our numerical observations are summarized in Fig.
The common feature of all structures is a large, defect-
free central domain, characteristic for the bridge state
[(6H78]. The detailed appearance of the topological de-
fects, however, sensitively depends on the confining ge-
ometry. To verify that the overall topology is univer-
sal, we decorate [83] all representative snapshots with a
defect structure assembled from the building blocks in
Fig. By doing so, we recognize in each system in
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FIG. 3.

Topological defect structure of representative simulations for hard rods with aspect ratio p = 15 in different convex

confining geometries. Top row: particle snapshots with superimposed networks of grain boundaries and isolated tetratic point
defects, compare Fig. 2] The color of the rods highlights individual domains according to cluster analysis. Second row:
nematic order parameter field S(r). Third row: tetratic order parameter field T'(r). Point defects at the confining wall are not
visible. Bottom row: idealized continuum interpretation of the depicted snapshots, as detailed in the Supplemental Material

[33].

Fig. [3] two separate grain-boundary networks represent-
ing a @ = +1/2 charge each, while the remaining defects
do not carry any nematic charge ) as a whole. The in-
triguing dependence of the emerging defect networks on
the geometric properties of the confining wall can be per-
ceived according to the schematic cycle in Fig. |2 as laid
out in the following three paragraphs.

The most common defects are linear grain boundaries
of the general type A, which we further discriminate by
the location of the two positively charged tetratic end
points, cf. Fig. Pl The circular cavity in Fig. [3] typically
features two opposing bulk defects of subtype Ay, i.e.,
both end points possessing isolated tetratic signals are
detached from the wall. Therefore, the orientation of rods
around the perimeter changes continuously and all parti-
cles within the system belong to a single domain. Upon

switching from the uniformly curved circular confinement
to different polygons, the grain boundaries usually extend
towards the corners, such that the tetratic defects anchor
at the wall. The invariance of our topological picture can
be illustrated by considering confinements with smooth
corners [83]. The example of a rounded equilateral trian-
gle in Fig. [§|indicates that one grain boundary turns into
a true domain boundary, i.e., a type-As defect, as both
its end points move towards two of the three corners. The
second grain boundary gradually turns into a type-A; de-
fect, as one end point attaches with the remaining corner
and the other end extends into the center of the large
domain. This structure is most pronounced in the limit
of sharp corners. We further observe that a grain bound-
ary of type A; gradually contracts to a @ = +1/2 point
defect upon decreasing the opening angle [83]. Turning



Colloidal experiment

0.0

FIG. 4. Two selected sets of experimental reference data in
hexagonal confinement, presented as in Fig.[3] Shown are bare
bright-field microscopy images with N = 1400 £ 150 colloidal
rods of effective hard-rod aspect ratio peg = 10.6 in the field
of view and the extracted order parameters.

to a square cavity in Fig. [3] the additional corner can
accommodate the loose end point of the type-A; defect,
resulting in the eponymous bridge structure [76] [77] with
two parallel type-As domain boundaries, as in circular
confinement, but with perfect tetratic bulk order.

Following in Fig. [3] a sequence of geometries repre-
sented by regular polygons, the increasing number of
g = +1/4 charges at each corner is compensated accord-
ingly by negative bulk charges. We thus introduce an
additional type-B building block representing a pair of
tetratic ¢ = £1/4 charges. This overall charge-neutral
object with Q = 0 either occurs on its own (at edge dis-
locations in the bulk or attached to a single corner) or
attaches with its negative end to other building blocks,
forming a large network of grain boundaries, cf. Fig. 2}
In particular, the pentagon can accommodate an indi-
vidual type-B defect in addition to the two type-As do-
main boundaries also found in square confinement (no-
tice the difference with the free-standing type-A; defect
with @ = 1/2 in the triangle). The hexagon typically
features two parallel type-(A+ B) networks, each sepa-

rating two small domains from the central bridging layers
and resembling a type-A defect, like in the square, with
an attached type-B defect emerging from the additional
corner in the middle.

The addition of further corners allows for the formation
of complex type-(At+nB) networks, which contain n nodes
with ¢ = —1/4 and n + 2 branches ending on a ¢ = +1/4
charge. The typical defect structure, however, gradually
reverts to that in circular confinement, closing the cycle
in Fig.[2] The defect networks in Fig. [3| thus detach from
the confining wall, as adjacent pairs of opposite tetratic
charges annihilate. Grain boundaries between pairs of
defects close to annihilation typically induce only a small
tilt between smectic layers, such that their nematic signal
weakens and qualitatively resembles the tetratic signal
(contrast, e.g., the free-standing type-B defects in the
pentagon and heptagon). In general, the degree of the
annihilation increases with increasing opening angle at
the corners [83].

To demonstrate the experimental relevance of our clas-
sification scheme, we analyze in Fig. [d| microscopy images
of colloidal rods for their orientational order, here focus-
ing on a hexagonal domain. The experimental defect net-
works are typically less complex than those in the pure
hard-rod simulations [83], due to the higher elasticity
of the smectic layers. Nonetheless, the defect networks
found consist of the same fundamental building blocks,
confirming the broad applicability of our approach. Ad-
ditionally, our simulation results match the previously
reported experiments in square [77] and circular [78] con-
finement, and hence the same analysis is directly suitable
to those experiments as well.

Beyond the chosen methodology, our topological tool-
box can be readily employed to illustrate the coex-
isting nematic and tetratic orientational order of frus-
trated smectics in free-energy based theoretical studies
[15 78, [89H91], granular experiments [80H82] or molecular
systems [92H94]. Regarding nonconvex confinements [7§]
or two-dimensional manifolds [65, [95], our set of build-
ing blocks can be supplemented by a line connecting two
negative tetratic charges. A generalized approach can
shed more light on intersecting surfaces of grain bound-
aries in three-dimensions. One central implication of our
analysis is that the motion of grain boundaries can be
tracked through tetratic point defects, providing addi-
tional insights into the dynamics of smectics [96H99] and
their nucleation [I00HI02], which is particularly interest-
ing for biologically inspired nonequilibrium systems like
self-propelled rods [T03HI06] or growing bacterial colonies
[T07HIOY] as candidates for active smectics.

Finally, we expect that the classification of the fine
structure of defects on the length scale of individual par-
ticles put forward in this work will be helpful to ana-
lyze quenched or undercooled systems, in particular those
where the symmetry of an ordered phase is broken by
grain boundaries that may still impose a preferred align-
ment between adjacent domains. One possible example
would be fine-grained polycrystals, which are challeng-



ing to distinguish from amorphous solids on the single-
particle level [I10]. More generally, those methods could
lead to a better understanding of defects in complex
solids (such as protein [I11]] or aerosol [I12] crystals) rel-
evant for photonics [I13], phononics [I14] and metama-
terials [I15].
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Supplemental Material

I. NUMERICAL METHODS
A. Model system

We model our system as fluid of hard discorectangles that are defined as rectangles with length L and width D
capped by two half discs with diameter D, interacting via pure excluded-volume interaction [84]. We focus on particles
with length-to-width ratio p = L/D = 15. The coordinates of the particles are defined via their position vectors r,,
and orientation vectors ,, = (cos ¢y, sin ¢, )T, where ¢,, is the angle of the nth particle with an arbitrary fixed axis.
The particles are confined within various two dimensional cavities as depicted in Fig. 3 in the main manuscript. To
force particles from the outside of the cavity to the inside, we model the interaction of the particles with the walls as
a soft cut-off Weeks-Chandler-Anderson (WCA) potential [85]. To determine the interaction energy of the particles
with the walls in our model, we consider the discoidal caps sitting at r,, + L/2 Q. Defining the relative positions z
and x_ of both discs to the walls of the confinement, we compute the wall energy of the nth rod as

V(ty,On) =V(zg) +V(zo) (S.1)

with the potential

Vi) = {@(mo) + @' (x0)(z —x0) for x <z (5.2)

d(x) for zp > x

providing a version, linearized below xg = D/2 and thus extended to the outside of the cavity, of the regular WCA-
potential

12 6 1
5(c) = {46 (&)= (2)] +¢ for o/D <2t 53)
0 for x/D > 25

where we use the energy scale e = 10 kg7 to mimic nearly hard walls, thereby imposing a bias for planar surface
anchoring.

B. Simulation procedure

We study systems at constant particle number N and constant temperature T using standard canonical Monte-
Carlo simulations. We define the area fraction of the confined particles as n = N Augpr/A with the area of a hard
discorectangle

wD?
4

Appr = LD + (S.4)
and the area A of the confining geometry, assuming hard walls at z = 0. We focus on the study of smectic states at
an area fraction n & 0.75, where the smectic phase is stable in bulk [I5].

Every simulation runs for at least 10” Monte-Carlo cycles. One cycle consists of N trial moves where we randomly
choose one particle and, by equal probability, either displace it or rotate it. The particles are displaced by changing
their - and y-coordinates by A, , € [ngljlx, A?Z"] Rotation is done by displacing the orientation vector @i, along
its orthogonal by Ag € [-AF**, AR and then renormalizing. The whole trial step is accepted with the standard
acceptance probability P,.. = min(e#2V 1) [86] where AU is the total change in the energy of the system. The rate
with which particle trial moves are accepted depends on APP* and AF**. Those quantities are adjusted over the
course of the simulation to stabilize the acceptance rate at about 0.1.

To obtain the desired high-density states, we initialize our simulation by randomly placing all N particles within an
augmented confinement, such that the initial area fraction is 779 < 1. We then follow a compression protocol to bring
the system slowly to the desired density. This is done at sufficiently low compression rates to allow the system to
reach thermodynamic equilibrium at each density. Specifically, the compression procedure is divided into two stages:
a first one where we increase the area fraction of by shrinking the confinement with a relatively high compression rate



An; = 4.15x 1077 per MC-cycle to an area fraction 7; ~ 0.29 where nematic ordering starts to occur. This is observed
to lie slightly below the area fraction of the isotropic to nematic phase transition [87]. Once the system reaches n; we
reduce the compression rate to An, = 4.625 x 1078 per MC cycle and compress further until the desired target area
fraction 7 (we typically choose 72 = 0.75) is reached and we sample the results. As there is a significant difference
between nematic and smectic states in a square cavity, we equilibrated the systems confined to square cavities at
compression rates that were slower than those for the other geometries by a factor of four.

C. Data analysis

In this section, we define the local quantities, we use characterize the structure of the confined systems. The central
quantities to our topological analysis are the nematic

S(r) = |(€200), (S.5)
and the tetratic
T(r) = [(e"%),| (S.6)

orientational order parameters, where the angled brackets (...), denote the average over all particles which intersect
a local circle around r with radius £ = 5D. S(r) and T'(r) take values in the interval [0, 1], where 0 denotes low local
orientational order and 1 corresponds to high local orientational order. Furthermore we measure the local nematic
director angle 1 (r) and tetratic director angle ¥4(r) as

1 5 <eim¢n>r g

r) = — arccos _— .7

o) = v (3 () 57

with m € {2,4} and the real part R(...) of a complex number. The normalized nematic fi(r) and tetratic director
fields t(r) are defined as A(r)= cos(1)2)éx + sin(y2)&, and t(r) = cos(h4)éx + sin(y4)&y, respectively.

To facilitate the identification of grain boundaries and to determine the number of the domains within the confine-

ment, we perform a cluster analysis on the final equilibrated configuration based on the inter-particle distances and

the relative orientations. We chose the pairwise domain criterion such that two particles k and [ are assigned to the

same domain if (¢) the distance of their position vectors is smaller than a threshold |r; —r;| < 1.3 (L + D) and (i4)
their relative orientation follows the criterion

|f1k . fll| >0.95. (88)

To further identify the fine structure of the system, we draw bonds between neighboring particles that we consider
to be in the same smectic layer. For each particle ¢ with position r; and orientation u;, we also define the vector u';,
which is taken to be perpendicular to u;. We then consider two possible neighbors: the particle that is closest to the
point r; + u'; and the particle that is closest to r; — u;. By closest, we here mean the distance of the chosen point
to any point on the particle’s surface. A chosen particle j on each side of particle 7 is now considered a neighbor if

1. ‘ﬁz : ﬁj‘ > 0.9, and
2. ‘rij . ﬁl| < 045L, and
3. ‘rij . ﬁj| < 0.45L,

where r;; = r; —rj. To ensure symmetry, we remove any bonds from particle ¢ to j where particle j is not bonded to
particle 1.

II. CHARACTERIZING THE TOPOLOGICAL DEFECT STRUCTURE
A. Topological charge conservation of pointlike nematic bulk and boundary defects

To introduce the fundamental topological concepts relevant to determine and interpret the charge of a defect, we
first reiterate the established methods for a fluid with pure nematic symmetry. Nematic orientational order of uniaxial
liquid crystals is described by the director field fi(r), with the identification fi = —a, reflecting the apolarity of the
particles. To determine the charge of the topological defects emerging in a two-dimensional system, we consider a
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FIG. 1. Schematic depictions of the topological charge of a singularity in the director field ii(r), illustrated for a pointlike
Q = +1/2 disclination. The topological charge is calculated according to Eq. (S.9) via the winding number along a closed
contour C (green). Circling around the defect once, the particles orientation changes by an angle of 7, which results in ¢ = +1/2.

closed contour C with one revolution in counter-clockwise direction, as illustrated in Fig. [I] assuming that C does not
pass any points or regions with a discontinuous fi(r). Hence, the local orientation of the director will always return to
its initial value, when traversing once along a given C from any starting point. This results in the topological charge
Q, defined as the number of revolutions of the director relative to those of C, being always a multiple of 1/2, see
Fig. [lp for an example with @ = 1/2. Introducing a parametrization x of the contour C(x), the topological charge
can be explicitly calculated according to [7] [32)

L n(x 94 (x) K
Q=5 [n < G2 i, (59

where fc(n) dk = 2. Since @) takes only discrete values but must change continuously whilst continuously altering

the path C in a region without singularities, it has to be constant in such a region [29]. Moreover, the total charge
within a given domain can be computed as the sum of individual charges.

In a confined system, the external boundary induces a particular alignment of the particles, which is preferably
parallel to the walls in case of hard rods at a hard wall. This typically enforces the formation of defects. If all particles
obey a strong tangential anchoring condition at each point of the boundary, then the sum of all topological charges
is determined by the Euler characteristic x = 1 of the simply-connected confining domains considered here [29]. The
corresponding fundamental law of charge conservation reads

ZQ,» =1, (S.10)

where the index ¢ labels all defects in the system.

The topological defects occurring in nematic liquid crystals can be generally classified according to their location
relative to the confining walls as bulk, boundary or virtual defects [35] [43]. The charge of a bulk defect determined
according to Eq. is not affected by the presence of the boundary. A boundary defect indicates a violation of
the anchoring condition. This is particularly the case at a corner, i.e., a singular point of the boundary curvature,
which is not compatible with the symmetry of the director field fi(r). The sudden jump of fi(r) when traversing the
confining wall can be related to the deficiency angle 7 = 180° — « at the corner of opening angle a, which leads to
the common definition [32] 33 B5] m = k/2 — 7/(27) of a of a boundary charge m, where k takes integer values. The
corresponding conservation law generalizing Eq. (S.10) then reads

Z(mi+;—;)+ZQj=1, (S.11)

with the bulk defect charges @);. Finally, a virtual defect represents a director field which does not uniformly align
with the boundary, such that the center of this distortion can be thought to lie outside the actual system [43]. For
smectic liquid crystals, which also exhibit positional order, the interpretation of the defect structure, described in the
remainder of this section, requires further care.
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. grain boundaries tetratic charges integration paths
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FIG. 2. Overview of how to determine the topological charge distribution (superimposed points and lines) within different
simulation snapshots. Each defect represents a discontinuity in the director field, which can be enclosed by a closed contour C
(green paths), only traversing regions with a continuous director. Virtually extending the director fields to the region outside
the cavity (representative black lines) allows to assign a topological bulk charge to each defect, irrespective of its connectivity
with the system boundaries. The labeled contours are explicitly referred to in the text. Top row: The nematic director
field fi(r)is parallel to the rod axes and thus discontinuous at a grain boundary. Every network of grain boundaries, i.e., an
assembly of interconnected nematic line defects can be assigned a charge @ as a whole by integrating up the local rotation
angle of Ai(r) along C, according to Eq. . Bottom row: The field lines of the tetratic director £(r) are both parallel and
perpendicular to the rod axes and thus continuous at a grain boundary with typical deficiency angle 90°, while the rotation of
the field happens around the end points. The charge ¢ = 1 — ¢/4 of these tetratic defects follows from Eq. and can be
directly inferred from counting the number ¢ of 90°-corners (yellow points) of a polygonal integration loop C on top of the field
lines. A grain-boundary network can therefore be understood as a consolidation of isolated tetratic defects. As one principal
axis of £(r) is always equal to f(r), the nematic charge of such a network always equals the total tetratic charge of its end
points and nodes according to Eq. (S.13]), compare contour C1 with C2 and Cs. Grain boundaries with a deficiency angle < 90°
can only be assigned a topological charge ¢ = ) as a whole, see contour Cg.

B. Nematic and tetratic topological charge within smectic grain boundaries

In this section we describe the classification of topological defects in a smectic fluid, which are of central interest
in our simulations and experiments. Regarding the spatially extended defect structure represented by the emerging
smectic grain boundaries, a clear distinction between bulk and boundary defects is not always possible. For exam-
ple, depending on the local curvature of the wall, we observe a continuous transition between grain-boundary lines
representing pure bulk defects and those with one or both end points attached to the boundary (see, e.g., Fig. @
On a second level of our classification, the end points of grain boundaries themselves can be identified as tetratic
bulk or boundary defects, which could be classified along the lines of Sec. [[TA] However, in what follows, we seek for
a unifying virtual treatment for all defects, irrespective of their location, which we illustrate for both nematic and
tetratic order in Fig.
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As a first step, we introduce a virtual extension of the director field that is tangential to the boundary and
continuously circulates each corner in the outside region. Hence, we avoid the ambiguity arising from the angular
deficiency at the corners and treat all defects as bulk defects, compare, e.g., the contour C; in Fig. 2] This picture
allows us to associate a well-defined topological charge @ € {£1/2,+1,4+3/2 ...}, determined via Eq. , with
any defect in the nematic order, irrespective of its spatial extension and connectivity with the boundary, see Fig.
for representative examples. A pointlike defect at the system boundary, in particular, is thus interpreted as a virtual
defect with half-integer topological charge @ = m + 7/(27), such that the charge conservation law for internal bulk
charges from Eq. , which applies to our classification, is recovered from Eq. . This concept is best justified
regarding the detachment of defects from the boundary in polygons with rounded corners, as detailed in Sec. [V B|

As a second step, we apply the continuum assumption of a tilt angle between smectic layers at opposite sides of
grain boundaries that is exactly 90°. Therefore, each grain boundary is compatible with tetratic orientational order,
described by the director field £(r), which is similar to the nematic director field fi(r) but with the identification
t= -t=é xt=-8& x1t of both parallel and perpendicular orientations (&, is the unit vector perpendicular
to the two-dimensional system). The topological charge ¢ of a tetratic defect is always a multiple of 1/4 and can be
defined analogously to Eq. as

1
q_27r

tik Ot (k) .
” [t( ) X B ]d , (S.12)

where the closed contour C may traverse grain boundaries, which is forbidden for a nematic director field. This allows
us to identify two isolated pointlike tetratic defects at the end points of a grain boundary. For example, the contours
Cy and Cs in Fig. 2| enclose a tetratic bulk defect and a virtual defect at the boundary, respectively.

As a third step, we apply the same continuum assumption to networks of grain boundaries, which reveals the
location of additional tetratic point defects at the nodes, which represent a junction point of three grain boundaries,
compare, e.g., the contour C4 in Fig. For the convex confinement shapes considered in our work, we typically
observe defect networks of total nematic charge @Q = 1/2, consisting of n nodes and n + 2 end points with tetratic
charge ¢ = —1/4 and g = +1/4, respectively. This decomposition reflects the fact that the nematic charge

Q=>4 (S-13)

of a defect equals the sum of all tetratic point charges g; enclosed by the same contour, compare, e.g., the contour Cs
in Fig. Formally, the topological charge of a grain-boundary network is thus exclusively located at its nodes and
end points. Globally, the fundamental conservation laws, Eq. , for the total nematic charge @) and accordingly
>~ @i = 1 for the total tetratic charge ¢ can be nicely illustrated in terms of the two types A (with Q = 1/441/4 =1/2)
and B (with @ = 1/4—1/4 = 0) of grain-boundary lines, introduced in the main text as building blocks of the emerging
defect structures: we usually identify two A + nB networks, which consist of one type-A and n type-B defect, and a
number of standalone type-B grain boundaries.

As a final step, we must decide for which of the observed grain boundaries the continuum assumption is justified
and how to classify the defect structures in the case it is not. This issue is dealt with in the following section.

III. DETECTION OF TETRATIC DEFECTS IN FRUSTRATED SMECTICS
A. Local fields of the orientational order parameters

Having introduced a continuum classification of smectic grain boundaries in Sec. [[TB] we now address the defect
structure arising from frustrated smectic order in extreme confinement as represented by our simulation data. One
way to visualize the emerging topological defects is through the local profiles of the nematic order parameter S and
the tetratic order parameter T'. If a grain-boundary line is located in the bulk, i.e., not attached to the boundary, its
topological structure is unambiguously revealed by these fields. As emphasized in Fig. [3| the lines along which the
S field is close to zero are clearly visible, whereas the tetratic signal in the middle of the line is not distinguishable
from the background. However, the T field is low at both ends of the line, indicating the two end-point defects. If a
grain-boundary network is connected to the wall, both the strength of the signal in the order parameters (deviation
from the bulk value one) along a grain boundary and the observed type of the free-standing defects typically depends
on the opening angle « of the adjacent corner, as illustrated in Fig. 3] and detailed in the following. Corners with
a ~ 90° induce ideal grain boundaries with with S ~ 0 and promote perfect tetratic ordering throughout the system.
The tetratic end point defects are fully located on the system boundary and can therefore not be resolved in the T
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180?

FIG. 3. Schematic illustration of the behavior of the nematic order parameter S (red curves) and the tetratic order parameter
T (green curves) along a grain-boundary line (horizontal coordinate in the plots) together with selected fields extracted from
the simulation data representing the indicated scenario. We also draw in each case a contour C (green arrow) that encloses a
representative nematic charge @ and/or tetratic charge q. Top: type-A bulk defect, typically found in circular confinement.
Bottom: the typical defect type emerging at a corner of the confining wall depends on the opening angle «. If no tetratic
point charges are drawn at the endpoints of a grain boundary, we consider these as partially annihilated. Further details are
given in the text.

field. Departing from the particular case o ~ 90°, the tetratic order along a grain boundary is also frustrated close to
the confining wall. For 45° < o < 90° and 90° < o < 135° the nematic signal along a grain-boundary line opposes the
tetratic signal (S increases when T' decreases and vice versa). For both 0° < o < 45° and 135° < o < 180° the tetratic
charges no longer provide isolated signals, i.e., they are partially merged to a line defect whose order parameter field
qualitatively resembles the nematic one. Such a grain boundary does not accommodate perpendicular smectic layers,
compare, e.g., the contour Cg in Fig. In the limit @ — 180°, adjacent smectic layers are parallel and there is no
topological defect. This corresponds to a type-B grain boundary, typically observed for a 2 90°, whose oppositely
charged tetratic endpoints are completely annihilated. In the opposite case, o — 0°, there is a point defect of charge
@ = q¢ = 1/2 in the corner, corresponding to the two merged endpoints of a type-A defect, generally preferred for
a < 90°.
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grain tetratic charges smectic system
boundaries ¥ ¥ @q=1/4 Oq=-1/4 layers =" boundaries

FIG. 4. Detecting tetratic charges based on smectic layers determined by the algorithm outlined in Sec. a) Exemplary
distribution of tetratic point charges in three simulation snapshots. b-d) Illustration of how to identify different tetratic
charges. The gray lines indicate the detected smectic layers. Green arrows with one or two tips are added manually to indicate
connections between these layers in the vicinity of the topological defects. Then the tetratic charge ¢ = 1 — t/4 can be read of
from the number ¢ of tips. Further details are given in the text.

The given thresholds for the opening angle « reflect the different symmetry inherent to the nematic and tetratic
order. The resulting intuition helps to predict the expected type of defect induced by a corner. In particular if there is
only a single grain-boundary line, the information in the order-parameter field can be used as a basis for the decision
whether or not to assign isolated tetratic end points to the defect, as indicated in Fig. Regarding, however, the
variety of possible defect structures laid out in Sec. [[V] we take a cue from our domain criterion described in Sec. [[C]
and attach a branch of type B to a grain-boundary network only if it separates two different domains. Otherwise, we
consider the endpoints of such a building block as annihilated and no such branch is drawn into our schematic defect
structures.

B. Tetratic defect analysis based on smectic layers

To provide an alternative point of view on tetratic defects in frustrated smectics, we focus our analysis on the smectic
layers, instead of the particle-resolved picture in the previous section. Our main goals are to provide a deterministic
distinction between isolated and (partially) annihilated defects and to explicitly detect boundary defects. In the
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frustrated smectic configurations we consider here, many of the smectic layers are tilted to some degree, and as
a result the particles are not aligned perpendicular to the direction of the smectic layer. Hence, the difference in
nematic orientation across a grain boundary can be significantly different from /2, resulting in a low local tetratic
order parameter near the grain boundary. As a result, pinpointing defects based on the tetratic order parameter is
not easy in practice. We thus require a more robust way of identifying the topological defects associated with the
tetratic order in frustrated smectic liquid crystals from our simulation data.

To circumvent the difficulties associated with the local order parameter field, we determine the directions and
connectivity of the smectic layers. Specifically, we consider two particles to be in the same smectic layer based on a
bonding criterion that takes into account the positions and orientations of pairs of particles, see Sec[[C] for details.
We then draw a smoothened center line along the length of each layer to mark its direction. The smoothening is
performed by first determining an overall direction for the smectic layer (taken to be perpendicular to the nematic
director of all particles in the layer), and then applying a low-pass filter to the component of the particle positions
perpendicular to this director. We can now use these lines to guide us in identifying the behavior of the tetratic
director as we move through the system. Along the center line of the smectic layers, the orientation of the tetratic
director varies smoothly. Moreover, we can connect two lines by green arrows that are either parallel, or meet at an
approximately perpendicular junction, such that the tetratic director can be assumed to vary smoothly along this
connection. The resulting closed lines allow us to locate the defects in the tetratic order, as illustrated in Fig.
To do this, we consider two types connections between smectic layers. First, between two parallel smectic layers
within the same smectic domain, we can draw direct connections perpendicular to the two smectic layers, denoted by
double-headed green arrows. Second, when a smectic layer terminates against the side of another layer, such that the
last particle in the first layer lies parallel to the smectic direction of the second layer, we draw a single-headed arrow,
which by definition crosses an area of low nematic order.

As shown in Fig. 4] it is then possible to identify a topological charge ¢ = 1 — ¢/4 of tetratic defects , by counting
the number ¢ of turns represented by the tips of the green arrows. In an idealized interpretation of any loop, switching
direction at the tip of a green arrow is a turn of 90°, which has no effect on the tetratic order. Following the closed loop
in Fig. , we encounter three sharp corners of 90° (with no effect on the tetratic order) plus the smooth rotation of the
smectic director by a final 90°, completing the loop. This quarter-turn of the tetratic director indicates the presence
of a defect with ¢ = +1/4 topological charge. Similarly, closed loops with 5 turns at a right angle, like in Fig.
must carry a topological charge of ¢ = —1/4. Finally, we should consider non-topological defects that are common
in our configurations. These can be either dislocations or simply sudden shifts in a smectic layer perpendicular to
its smectic direction, and do not significantly impact the orientations of the particles: they occur in regions of high
nematic order. An example is shown in Fig. @, with connections between the different layers drawn to show that no
topological defects occur, as the closed loop has exactly four sharp corners of 90°.

We can now apply this approach to the simulated configurations, as illustrated in Fig. dh. For this, it is convenient
to include the nematic order parameter field as a background. In particular, as terminations of one smectic layer
against another (single-headed green arrows) only occur in regions of low nematic order, in practice we only have to
focus on the regions close to the grain boundaries to find tetratic defects. In each figure, we draw only the connections
required to identify the topological defects in the system. Then, additional connections between parallel layers are
added to narrow down the regions where defects are located. Moreover, as detailed in Sec.[[TB] we assume the tetratic
director field to vary smoothly along the outside wall. To reflect this, we draw a smoothened outline of the system
boundary in each image. Smectic layers can terminate at the wall, providing an additional connection that should
again be interpreted as a rotation by 90° in any closed loop that includes it. In other words, the wall represents a
double-headed arrow (which is not drawn for presentation reasons).

We stress that identifying tetratic defects in this way is relatively straightforward. Arrows are drawn manually,
but there is usually no freedom of choice: when a smectic layer terminates in a region of low nematic order, it is
connected to the perpendicular layer just ahead of it. If no such layer is immediately visible, then occasionally another
connection in this region should be made first to allow the first layer to terminate by drawing an arrow which ends on
another perpendicular arrow (see, e.g., on the right-hand side of the heptagon in Fig. . The only freedom of choice
in this method occurs when it is not clear whether two adjacent smectic lines should be considered perpendicular or
parallel. For example, one could imagine continuously deforming the region around the defect pair just to the left of
the center of the heptagon in Fig. [fh to be more similar to an edge dislocation, as in Fig. [lld, which would result in
the annihilation of the two defects. However, note that any choice leaves the overall topological charge of the system
intact, as one would expect.

Compared to the analysis of order-parameter fields, described in Sec. [[ITA] our layer-based approach generally
resolves a larger number of defect pairs, albeit these are usually close to annihilation. For example, the distribution
of tetratic charges in the free-standing grain boundary at the top corner of the heptagon in Fig. [fh corroborates
our interpretation of partially annihilated endpoint charges. In conclusion, while both methods provide a solid
understanding of the tetratic topology in their own right, the algorithm presented above is perhaps most suitable to
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tetratic charges
®q=1/4 0Oq=-1/4

: 10 (L + D): 00 02 04 06 08 1.0 g[ain boundaries
wlli Q=1/2 Q=0

simulation snapshot nematic order parameter

FIG. 5. Comparison of representative bridge states with K domains as labeled from simulations of N = 1000 hard rods confined
to a hexagonal cavity. The corresponding relative frequencies are given in Tab. [l The structure on the right illustrates that
we do not count singular domains located in the middle of the cavity, as described in the caption of Tab.[] Top row: particle
snapshots with superimposed grain-boundary networks (compare Fig. 2 in main manuscript). Second row: nematic order
parameter field S(r).

track the defect motion in a dynamical setup.

IV. RELATIVE FREQUENCIES OF OBSERVED LIQUID CRYSTAL STRUCTURES

In general, each smectic structure in simply-connected confinement features a total topological charge @ = ¢ =1
typically distributed over two A +nB grain-boundary networks (containing one type-A and n type-B building blocks
each) and a number of additional type-B grain boundaries. To identify the most likely network composition, we
differentiate between the occurring defect structures by counting the number of domains, according to the analysis in
Sec. [[C] Considering hexagonal confinement as an exemplary case, Fig. [f] shows how the number of domains relates
to the complexity of the emerging networks: when completely connected to the wall, an A + nB network separates
(n + 2) domains.

In Tab. [, we list the relative frequencies for structures labeled according to the number of domains for a range
of polygonal confinements. For polygons with smaller numbers of corners, we observe that the average number of
domains K increases with increasing number of corners, peaking for dodecagon (12 corners) and tridecagon (13
corners). Further increasing the number of corners, K decreases again, as the confinement gradually approaches a
circular shape. This behavior reflects a general trend, which is also reflected by the most frequently observed defect
structure for a given confinement. The particular distribution for a given polygon depends in detail on the ratio of
the side length (determined by the fixed particle number and area fraction) to the length of the rods. For instance,
the triacontagonal (30 corners) confinement, for which this ratio is equal to 1.07, displays a relatively large number
(compared to 40 corners) of single-domain structures, which can be related to the high probability of a continuous
string of rods around the perimeter.
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confinement number of domains (K)

(corners) K| 1 2 3 4 5 6 7 |89 |10 11
circle (0, co) 1.64(0.55(0.10 | 0.03 | 0.01

triangle (3) 2.34/0.080.53|0.35|0.03

square (4) 2.82 0.21]0.75|0.03

pentagon (5) 3.52 0.03]0.45|0.49|0.03

hexagon (6) 4.72 0.0510.21{0.68|0.05

heptagon (7) 5.16 0.01]0.16 |0.540.25 | 0.04

octagon (8) 5.49 0.05]0.53|0.32|0.09|0.02

nonagon (9) 6.17 0.02{0.20|0.46| 0.26 {0.06|0.01

decagon (10) 6.25 0.020.180.40|0.33|0.06|0.01
hendecagon (11) [6.76 0.02]0.10]0.27|0.36]0.20|0.05
dodecagon (12) 7.04 0.02|0.08]0.22{0.35|0.22|0.08{0.03 |0.01
tridecagon (13) 7.05 0.01/0.03(0.09{0.21{0.30|0.25|0.10{0.02
tetradecagon (14) [6.46 0.020.05(0.16 | 0.2710.28|0.26|0.05|0.01
pentadecagon (15) |5.71 0.02]0.05|0.13|0.23|0.26 | 0.20 |0.08|0.03
hexdecagon (16) [2.97]0.14 |10.28]0.26 | 0.16 | 0.10 | 0.04 | 0.01

icosagon (20) 2.4310.2310.36|0.24 [ 0.11{0.05 | 0.01

triacontagon (30) |1.09/0.910.08

tetracontagon (40)|1.88(0.44|0.34 | 0.16 | 0.05 | 0.02

TABLE I. Average number of domains K and relative frequencies of structures with K domains occurring in our simulations,
rounded to two decimal places. The most frequent structure is marked by a boldfaced number. The data are sampled from
1000 simulations for each confinement. For this statistic, we only count domains which align with at least one wall to better
reflect the typical defect geometry of the confinement, compare Fig. [}

V. ADDITIONAL SIMULATION DATA

The distinctive topology of the defects, we observe in our confined systems, is influenced by various quantities,
such as area fraction 79, geometry of the particles (aspect ratio p), as well as confining geometry and system size
(particle number N). To further explore these different aspects, we present in the following sets of simulation data
generated with the protocol described in Sec.[[B| First, we consider additional geometries for the simulation parameters
N = 1000, p = 15 and 72 = 0.75 used in the main text. In detail, we exemplify the dependence of the typical length
of a grain boundary on the sharpness of the adjacent corner by considering a range of isosceles triangles in Sec. [VA]
and discuss the effects of a varying local curvature of the confining walls by the example of different rounded triangles
in Sec. [VB] We then elaborate on the dependence of the topological defect structure on the system size in Sec. [V.C|
Finally, to shed light on the relation between simulation and experiment, we explore a range of area fractions and
aspect ratios in Sec. [VD]

A. Isosceles triangles

To study the effect of the of the sharpness of a corner on the typical length of the adjacent grain boundary, we
consider in Fig. [f] a range of sharp isosceles triangles. The appearance of the free-standing type-A defect, typically
attached to the sharpest corner of the polygons, critically depends on the opening angle, as illustrated in Fig. 3] and
depicted in Fig. [6] As elaborated in the main manuscript, the free-standing grain boundary in equilateral triangles
tends to protrude deeply into the bulk. For intermediate opening angles, we typically observe that the length of the
defect decreases compared to the legs of the triangle and the degree of orientational frustration becomes lower as the
tetratic endpoints begin to merge. For angles < 15° we observe an isolated perfect point defect with Q = ¢ = +1/2
as smectic layering is suppressed by the cramped geometry in the vicinity of the tip.

B. Rounded triangles

As mentioned in the main manuscript, the curvature of the outer system boundary plays a central role in the
formation and resulting topological interpretation of grain-boundary networks. To elaborate on the dependence of
the topological defect structure on the curvature of confining cavities, we consider rounded polygons generally defined
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FIG. 6. Topological defect structure of representative simulation results for hard rods with aspect ratio p = 15 confined to
isosceles triangular cavities with tip angles (as labeled), where the structure shown at 60° coincides with that in Fig. 3 in the
main manuscript. Particle snapshots and orientational order parameter field S(r) as in Fig.
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FIG. 7. Topological defect structures of representative simulation results for N = 1000 hard rods with as-
pect ratio p = 15 confined to triangular cavities with varying roundness (, defined in Eq. , as la-
beled.  The structures with ¢ € {2, 3, oo} coincide with those presented in Fig. 3 in the main manuscript.
Particle snapshots and orientational order parameter field S(r) as in Fig. 4
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by the equation

1= lz (r-by — W)C] (S.14)

k

with r € R?, by = (cos(k2n/M),sin(k27/M)) and W = tan(w/(2M))sin(27x /M), such that M and ¢ denote the
number and sharpness of the corners, respectively. In particular, ( = 2 defines a circle and the limit { — oo
corresponds to sharp corners.

Focusing on M = 3, Fig. [7] compares the typical structure for a large range of rounded triangles. For sharp corners
with infinite local curvature, the sudden shift in the orientation of the wall causes a frustration of the orientational
order directly at the walls, resulting in grain boundaries attached to each corner. The resulting defect structure
with two clearly separated domains remains dominant for rounded triangles with ¢ 2 4 throughout. For ( < 4,
the dominant structure resembles that in circular confinement, characterized by a single domain and two opposite
grain-boundary lines on each side of the confinement, which tend to align locally with the confining wall. The degree
of attachment to the system boundary, generally decreases with ¢, which demonstrates the convenience of our virtual
treatment of boundary defects.

For intermediate values of the roundness parameter around ( &~ 4.0, where the curvature radius at the corners is
comparable to the rod length, we find additional structural elements: the grain boundaries tend to branch out close
to the corners, resulting in small domains incorporating one to two smectic layers. Moreover, in this parameter range,
we find structures that feature either one, two or three large domains, reflecting a strongly fluctuating connectivity
of the defect networks.

C. Polygons with different particle numbers

The typical extent of the topological defects we observe in extreme confinement, depends on the elastic deformation
energy of the smectic layers. On smaller length scales, positional distortions of the smectic layers are favored, whereas
bent smectic layers are dominant on larger length scales [7]. This results in the formation of the described networks

tetratic charges

simulation snapshot nematic order parameter ®q-1/4 Oq=1/4
e | . .
7 (L + D) 00 02 04 06 08 10 grain boundaries

||‘|| Q=1/2 Q=0

4 €08

FIG. 8. Topological defect structure of representative simulations for N = 500 hard rods with aspect ratio p = 15 in a range
of regular polygons. Particle snapshots and orientational order parameter field S(r) as in Fig.
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FIG. 9. Topological defect structure of representative simulations for N = 2000 hard rods with aspect ratio p = 15 in a range
of regular polygons. Particle snapshots and orientational order parameter field S(r) as in Fig.
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FIG. 10. Topological defect structure of representative simulations for NV = 5000 hard rods with aspect ratio p = 15 in a range
of regular polygons. Particle snapshots and orientational order parameter field S(r) as in Fig.
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o number of domains (K)
N |sim#|/ K|1|2|3]|4|5]|6]| 7

500 | 1000 |4.85 0.03]0.23/0.62|0.11|0.01
1000| 1000 |4.72 0.05/0.21 |0.68(0.05
1500| 1000 |4.62 0.010.06 {0.33]0.50{0.09|0.01

1777| 300 |3.74]|0.01/0.12|0.25|0.38|0.22|0.02
2000| 1000 |3.71{0.02]0.10|0.31 |0.34|0.21 |0.03
2500| 250 [3.30]0.06|0.14 {0.38|0.31|0.12
3000| 250 |2.87]0.11{0.27 0.35|0.19|0.07{0.01
5000| 155 |3.01]0.14|0.28|0.23|0.15|0.19|0.01

TABLE II. Average number of domains K and relative frequencies of structures with K domains in hexagonal cavities as in
Tab.[[] but for systems with different particle numbers N at area fraction 7 = 0.75. The number of simulations from which the
data are sampled is given in the second column.

of grain boundaries in smaller systems while in bigger systems large scale bends, connecting different walls of the
confinement, suppress the formation of separated domains. Accordingly, we show in Figs. [8] [0] and exemplary
simulation results with different particle numbers N, leaving the area fraction n = N Agpr/A = 0.75 constant for any
confinement. In general, we observe that the average number of domains in each confinement decreases with increasing
system size, which is statistically quantified in Tab. [Tl Moreover, the relative length of free-standing type-B grain
boundaries is reduced for larger systems, which can be observed, e.g., by comparing the structures in the heptagons.

The extremely confined structures with N = 500 particles shown in Fig. [§display a tendency to develop pronounced
positional distortions all across the central bridging domain. This is for instance visible through the slightly rotated
dislocated layer in the hexagon and the strong elastic deformations in combination with the almost system-spanning
central grain boundary in the heptagon. Moreover, the triangular cavity typically displays a single @@ = 1 network
featuring a positively charged node with ¢ = +1/4, separating three equally-sized domains. Strictly speaking, this
structure is different from the bridge state, irrespective of the identical set of building blocks. For systems larger than
those considered in the main text, the enhanced flexibility leads to a higher frequency of smectic layers interrupting and
thus disconnecting the individual grain-boundary networks. In return, this results in a higher frequency of structures
with unified neighboring domains, as can be nicely observed for N = 2000 in Fig. [f] This behavior is exemplified
in a more pronounced way for N = 5000 in Fig. depicting a larger number of grain boundaries with partially
annihilated tetratic end points, while the length of all grain boundaries relative to the cavity size decreases.

number of domains (K)
n p| N|K|1|2|3]4]|5]6 7
0.7 10 |1147|2.78]0.09|0.32|0.38|0.16 |0.04|0.01
11.5/1301{2.49|0.16|0.37|0.32 | 0.14 {0.02
13 |1454(2.60|0.12{0.330.39|0.14 |0.01
15 11659(2.62(0.15]0.28 |0.41|0.14 |0.03
18 |1965(2.52|0.14|0.33|0.41|0.11 |0.01
0.725] 10 |1188(3.18|0.05]|0.20 |0.39|0.25 {0.10(0.01
11.5]1347(3.09]0.06|0.20 |0.41|0.26 |0.06|0.01
13 [1506(3.30(0.04|0.16 |0.40|0.28 |0.11{0.01
15 [17183.23(0.03]0.20 |0.40| 0.25 |0.11]0.01
18 12036(3.05(0.06|0.21 |0.41|0.25|0.05|0.01
0.75 | 10 |1229|3.51|0.03|0.13 0.35|0.30(0.16|0.03
11.5{1394(3.71]0.01| 0.8 |0.33]0.38|0.17]0.02]0.01
13 [1558(3.57(0.03]0.10 |0.35|0.34 |0.16]0.02
15 [1777(3.74(0.01|0.12 | 0.25 |0.38|0.22|0.02
18 12106 (3.56(/0.03{0.13|0.31|0.35|0.17|0.02

TABLE III. Average number of domains K and relative frequencies of structures with K domains in hexagonal cavities as in
Tab. I} but for different particle numbers N, area fractions n and aspect ratios p = L/D, fixing the ratio 7.5 between side length
of the confining hexagon and rod length. The number of simulations is equal to 300 for each row. The parameters n = 0.75
and p = 15 used in all other simulations are highlighted in magenta.
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FIG. 11. Particle snapshot, nematic order parameter S and tetratic order parameter 7" for a representative simulation of hard
rods in a hexagon with N = 1347, n = 0.725 and p = 11.5.

D. Comparison between simulation and experiment

To establish a closer connection to the experimental data shown in the main manuscript, we show in Tab.[[I]|a set of
simulation data for systems with a constant ratio apex/(L + D) = 7.5 of the side length of the hexagonal confinement
and the rod length. This allows for the formation of seven to eight smectic layers at each side like in the experiment.
The remaining parameters are the area fraction n and the rod aspect ratio p.

Keeping the packing fraction fixed, we find that the distribution of the different structures is largely independent
of the aspect ratio, although a change in p is accompanied by a relatively big change in the particle number N. This
means that the effect described in Sec. [V C]of increasing NN is mainly due to increasing the typical length scale of the
confinement relative to the particle length. Therefore, the difference of (effective) aspect ratios in our simulations and
experiments has no significant effect. In contrast, we observe a clear trend that the distribution of domain numbers
shifts to smaller values when the packing fraction 7 is reduced. In conclusion, structures with more flexible smectic
layers as well as less separated domains, which are typical for our colloidal experiment, are best reproduced in our
hard-rod simulations for choosing a particle number N and aspect ratio p compatible with the desired number of
layers in a given geometry and reducing the packing fraction 7, see Fig. [1] for an exemplary structure.

In principle, a closer match between simulation and experiment could likely be reached by taking into account (i)
the effects of the slight softness and polydispersity of the silica rods, which also tend to reduce the rigidity of the
smectic layers, (ii) the three-dimensional nature of the experiment, which makes it difficult to estimate and compare
an explicit packing fraction at the bottom, and (iii) the particular equilibration protocol of the two-dimensional
simulation, contrasting the experimental sedimentation process (also note that the compression in our experiments is
faster than in Ref. [78], since in this work we use a larger number of rods, which results in a higher osmotic pressure
at the bottom of the cavity).




	Topology of Orientational Defects in Confined Smectic Liquid Crystals
	Abstract
	 References
	I Numerical methods
	A Model system
	B Simulation procedure
	C Data analysis

	II Characterizing the topological defect structure
	A Topological charge conservation of pointlike blacknematic bulk and boundary defects 
	B  blackNematic and tetratic topological charge within smectic blackgrain boundaries 

	III Detection of tetratic defects in frustrated smectics
	A Local fields of the orientational order parameters 
	B Tetratic defect analysis based on smectic layers

	IV Relative frequencies of observed liquid crystal structures
	V Additional simulation data
	A Isosceles triangles 
	B Rounded triangles
	C Polygons with different particle numbers
	D Comparison between simulation and experiment



