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Abstract

The growth competition between columnar dendritic grains is investigated by both phase-
field (PF) and cellular automaton (CA) models in a growth regime where the primary dendrite
spacing is much larger than the solutal diffusion length. This growth regime favors the formation
of highly branched hierarchical dendritic microstructures prevalent in castings. Previous PF and
CA studies have shed light on the complex relationship between GB orientation selection and GB
bi-crystallography. They showed that, in the CA model, the orientation is governed by the
favorably oriented grain (FOG) criterion and the geometrical limit (GL) in the limit of large and
small cell size, respectively. The present study focuses on exploring how to quantitatively bridge
length scales between PF simulations that resolve the whole solid-liquid interface dynamics and
the CA model that resolves the dynamics of the grain envelope under a certain set of assumptions.
For this purpose, we study grain boundary (GB) orientation selection as a function of the imposed
temperature gradient G under the frozen-temperature approximation, which allows us to vary G-

dependent microstructural length scales with a fixed GB bi-crystallography. PF simulations reveal
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the existence of a transition from FOG to GL dominance with decreasing G at non-degenerate bi-
crystallography. Simulations further reveal that this transition can be quantitatively reproduced by
the CA model with a choice of the cell size that corresponds, in PF simulations, to the active
secondary dendrite arm spacing of the favorably oriented grain preceding the tertiary branching
event that gives birth to a new stable primary dendrite. PF simulations are also used to obtain a
detailed quantitative characterization of the dynamics of the grain envelope and its internal length
scales, thereby providing a quantitative test of the inherent approximations of the existing CA
approach and paving the way for its future development.

Keywords: Phase-field modeling, Cellular automaton modeling, Solidification, Growth

competition, Grain boundary



1 Introduction

During alloy solidification in material processing such as casting and additive
manufacturing, competitive growth occurs between grains with different preferred crystal
directions and hence grain boundaries of various orientations form. Microstructural features,
especially at the GB locations determine the material properties. Highly branched dendrites can
form at the GB locations, with microstructural measures such as dendrite tip radius, primary and
secondary arm spacing, the distance behind the tip at which tertiary branching events occur,
leading to a new stable primary dendrite as well as competitive crystal growth and GB orientation
angles. Unlike a stand-alone dendritic microstructure or intra-grain dendritic features, which can
be characterized with the help of theoretical models [1,2], characterization of the GB
microstructural features is a much more complex task. While recent numerical simulations have
clarified some mechanisms of GB orientation selection (e.g., Refs. [3-6]), a comprehensive picture
of this complex phenomenon accounting for the role of microstructural length scales and the
influence of cooling conditions is still lacking.

In attempts to understand the mechanism of the GB orientation selection, Walton and
Chalmers [7] proposed a selection model for competitive grain growth. They suggested that the
grain with the lowest misorientation |a| with respect to the thermal gradient direction cannot be
overgrown. Based on their model, an interpretation, namely the Favorably Oriented Grain
criterion, was developed assuming that the GB follows the growth direction of the lowest angle
|| grain also known as the most favorably-oriented grain [8]. Considering a setup schematically
illustrated in Fig. 1, where the orientation of a GB (located by orange dashed lines in Fig. 1a and
b) is defined as 6, and a; and a, are the crystal angles of the grains located, respectively, on the

top and bottom hand side of the GB, the FOG criterion predicts the orientation selection map
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depicted in Fig. 2a. This interpretation of Walton and Chalmers’s model was initially accepted,
but later experimental observations [9-12] challenged the FOG criterion.

Another GB selection criterion derived by Pineau et al. [8], termed the geometrical limit,
is established by assuming that the boundary of the mushy zone is a continuous interface and is
defined mathematically by considering the limit where the growth length of all dendrite branches
is considered as infinitely small. In this limit, branching at a diverging GB occurs equally from
both grains, which leads to a grain boundary orientation given by the bisecting line of the primary
growth directions of columnar dendrites in the two grains. In the case of converging primary
directions, two scenarios are defined assuming branching takes place solely from the top hand side
grain or the bottom hand side grain, whichever has the smallest absolute crystal angle, i.e., the
most advanced grain profile along the solidification direction. Assuming a steady growth regime,
the profile of the mushy zone boundary defined by a bi-crystal is stable during growth and
translates with constant velocity along the GB. Fig. 2b represents the GB orientation map
corresponding to the GL criterion.

Large three-dimensional (3D) PF simulations of columnar dendritic grains could be
achieved to extract an overall behavior of the grain density evolutions as a function of the
temperature gradient [13-15]. However, in-depth numerical studies of growth competition,
branching formation, and evolution at the GB are needed to explain the experimental observations
[12,15-17]. Recent phase-field simulations have been developed to elucidate complex
mechanisms of growth competition at the grain boundaries, e.g., unusual overgrowth at the
converging GBs [3-6], [18-20] mainly observed in cellular or near dendritic regime and branching
at the diverging GBs [4,6]. The PF method enables quantitative modeling of dendritic growth at

the scale of the solid-liquid interface and sidebranching competition. Simulation of alloy
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solidification at experimentally relevant length and time scales was made possible through the
introduction of the thin-interface limit and the anti-trapping current [21]. In our recent study [22],
we introduced an improved finite-difference implementation of the PF model of directional alloy
solidification in which spatial derivative terms appearing in the evolution equations for the solute
field (the divergences of the chemical potential gradient and the anti-trapping current) and the
phase-field (standard Laplacian term) remain rotationally invariant up to second order in the grid
spacing. This improved finite difference scheme avoids grid-induced anisotropy and makes it
possible to accurately resolve both the growth orientation and the tip operating state of misoriented
dendrites, which is controlled by the small anisotropy of the excess free-energy of the solid-liquid
interface in a velocity regime where dendritic microstructures are well developed.

In previously published articles, quantitative phase-field simulations were performed to
investigate the macroscopic grain boundary orientation selection in bi-crystalline directional
solidification of a binary succinonitrile 0.4 wt.% acetone with pulling velocity 25 um s~ [4,6].
The temperature gradient 1000-30000 K m~? used in the study of Tourret and Karma [4], covered
the formation of weakly to fully branched, i.e., near cellular to dendritic arrays with the order of
magnitude of the primary arm spacing from sidebranching of the misoriented grain
0(10° — 102) pm. Smaller arm spacings are related to higher temperature gradients under which
near cellular arrays form, while the new primary branching at the GB emerges directly from a
unique curved sidebranch. At smaller temperature gradients, distinct secondary and tertiary
branches form with increased primary spacing. The study of Tourret and Karma [4] was performed
in two dimensions (2D) and only considered the situation with one misoriented dendritic grain

competing with a well-oriented grain growing in the temperature gradient direction. In terms of



characterization of the microstructural length scales, ref. [4] was limited to the primary arm
spacings from sidebranching of the misoriented grain.

From Tourret et al. [6], at fixed temperature gradient 3000 K m™1, the entire orientation
range for the two grains in 2D was mapped, and deviations of the GB orientation from the FOG
criterion were identified by Pineau et al. [8]. A revised-Favorably Oriented Grain criterion (rev-
FOG) was proposed to interpret the results of the PF simulations. For the aforementioned alloy
composition and cooling condition, the rev-FOG criterion was introduced to capture deviations
from FOG at: a) diverging GBs with a; X a, < 0, which exhibit the highest lateral mobility during
growth and results in noisy fluctuations of their average trajectory around 6 ~ 0°; b) converging
GBs with degenerate growth and a; X a, > 0, in the presence of one or both highly-misoriented
grains in the vicinity of |a| = 45°, which yields a transition 8 — 0°; c) the converging GBs with
|a; + a,| < 5° which show a transition between 8 — a; and & — a, due to the occurrence of the
so-called “unusual overgrowth” of favorably-oriented dendrites. Fig. 2c represents the GB
orientation map corresponding to the rev-FOG criterion. This study did not characterize the GB

microstructural length scales or transitions between FOG and GL.



Growth direction ="

Fig. 1. Microstructural length scales and orientations of the bi-crystal deduced from PF simulations
of the growth history in directional solidification with a temperature gradient (G) in the horizontal

+x direction and periodic boundaries in the y-direction. (a) Primary dendritic spacing, A®,

resulting from branching events within grain 1, Agl), and grain 2, Agl), at the diverging GB shown

by the orange dashed line. @; and a, are the crystal angle of the grains located, respectively, on
the top and bottom of the diverging GB. (b) Linear fits to the diverging and converging GBs with
orientation angles 6, and 6., respectively, as well as the frames associated with the emergence of
stable tertiary branches at the diverging GB region on grain 1 (green frame) and grain 2 (yellow
frame). (c) Snapshot frames of the emergence of the stable tertiary branches on grain 1 and grain
2 at the diverging GB. Active secondary arm spacing preceding the start of a stable tertiary branch



on grain 1 and 2 at locations circled by green and yellow is shown by Ag‘zt)r and Ag?t)r, respectively.
The depth from the most advanced tip at which a stable tertiary branch is going to start on grain 1
and 2 within the GB is shown by &;,- ; and &, ;, respectively. Spacing /152/)2‘1. g i+1 length L, ; and
distance from the tip of the trunk Z, ,, ; are measured for seven consecutive secondary branches in

diverging GB region, as schematized for grain 1 only. § (55, in steady state) is the distance between
the most advanced tips of the two grains.
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Fig. 2. Grain boundary orientation selection maps corresponding to the (a) FOG, (b) GL, and (c)
rev-FOG criteria [6] shown as color maps of the GB angle, 8, versus the crystal angles a; and a,
of the grains located, on the top and bottom of the bi-crystal shown in Fig. 1, respectively.
Operating on a larger scale, Bellular automaton modeling aims at simulating the grain
envelope evolution rather than the complex underlying dendritic microstructures [23]. This
simplification enables computational times several orders of magnitudes lower than PF. It was
introduced to reach large dimensions of the simulation domains while coupling the nucleation and
growth of the solidifying dendritic grains with solutions for energy, momentum, and solute mass
conservations using the finite element (FE) method [14,24,25]. The so-called CAFE model could
be used to study growth competition among columnar dendritic grains, leading to crystallographic
textured columnar zones, as well as between grain morphologies, leading to columnar-to-equiaxed
transitions [15,26]. While this could be achieved for 3D columnar grain structures, only a global

comparison with experimental data was achieved for grain selection taking place among a large
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population of columnar grains [15]. The methodology provides a valuable tool for the prediction
of texture formation in various solidification processes [15,24], but requires additional and more
in-depth analyses of its behavior at grain boundaries.

Pineau et al. [8] conducted 2D comparisons of CA versus PF simulations for the prediction
of GB orientation under the same condition as Tourret et al. [6]. Comparisons were developed to
investigate cell size effect on GB angle evolution in growth competition between two grains during
directional solidification. The distance between the front of the two grains presented as § in Fig.
1c, at steady state (denoted by &), under a given temperature gradient was considered as the
threshold length to discuss the growth mechanism. For a cell size, l.,, lower than &g, the distance
between simulated dendrite arms is small enough to mimic branching mechanisms in various (10)
directions for the growing cells located in the GB domain. This simulation condition is related to
the hypothesis made for the construction of the GL criterion and, hence CA prediction of GB angle
converges to GL, i.e., 8 = 6,,. On the other hand, if the cell size, l.,, is larger than g, the
branching events are inhibited in the GB domain. The grain with the lower misorientation grows
ahead at a lower undercooling and imposes the GB orientation leading to 8 = 6y,;. For both
conditions [, < &s: and l-4 > &5, CONvergence is observed toward these two analytical solutions
as intrinsic limits of the CA model. Pineau et al. [8] empirically found that by selecting an
intermediate cell size of the order of the maximum step between the two competing grains (I.4 =
ds¢ at (a7 = 0° a, = 45°)), excellent agreement could be found with the rev-FOG criterion
derived from PF simulations over a wide range of grain orientations. This suggests that the cell
size in the CA model may be related to a characteristic length associated with the branching
mechanism developed between two grains of fixed crystal orientation at their common boundary,

which can generally depend on the history of the temperature gradient and isotherm velocity.
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However, Ref. [8] did not pinpoint this characteristic length scale and determine if it can be
meaningfully extracted from PF simulations.

The goal of this paper is to pinpoint how this characteristic length, which is associated with
branch competition in the GB region, can be extracted from the PF simulations to enable the CA
model make quantitative predictions of GB orientation selection on the grain scale. To this end,
we perform a comprehensive study of microstructural characteristics and GB orientation selection
during growth competition between columnar fully-developed dendritic grains in a well-
established dendritic regime where the primary dendrite spacing is much larger than the solutal
diffusion length as depicted in Fig. 1. Since we do not know a priori which microstructural length
scale is most relevant to determine the cell size in the CA model, we consider several length scales
displayed in Fig. 1a-c together with the bi-crystal and GB angles, which include primary spacings
and secondary branch spacings prior to tertiary branching events.

Primary spacings and bi-crystallography. We denote the primary dendritic spacing A™

resulting from branching events within grain 1, Agl), and grain 2, Agl) at the diverging GB region

shown by the orange dashed line; a; and «, are the crystal angle of the grains located, respectively,
on the top and bottom hand side of the diverging GB sketched assuming |a,| > |a;]. a; and a,
are interchangeable when moving from one GB to the neighbor GB. All angles are defined
counterclockwise with respect to the +x direction so that, here, both «; and a, > 0. Fig. 1b
exhibits the growth history and linear fits to the diverging and converging GBs with orientation
angles 8, and 6., respectively, as well as the frames associated with the emergence of stable
tertiary branches at the diverging GB region on grain 1 (green frame) and grain 2 (yellow frame).
Secondary branch spacing prior to tertiary branching events. Fig. 1c shows the snapshot

frames of the emergence of the stable tertiary branches on grain 1 and grain 2 at the diverging GB
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region. Note that the stable tertiary branching cannot be determined a priori based on any snapshot
of the microstructure. As schematized, many tertiaries form from secondary branches but only one
for each grain may eventually become stable. For a new primary, the time evolution is rewound to
find its origin as a tertiary close to the tip of an active secondary branch. From the retrieved
snapshots, all the following listed quantities are measured. The microstructural length scales

depicted in Fig. 1c include active secondary arm spacing preceding the start of a stable tertiary

branch on grain 1 and 2 at locations circled by green and yellow, respectively shown by Aft)r and

Ag?t)r. The depth from the most advanced tip at which a stable tertiary branch is going to start on
grain 1 and 2 within the GB region is shown by J;,; and &, ,, respectively. Spacing A%’i&iﬂ,

length L, ,,;, and distance from the tip of the trunk Z, ,, ; for seven consecutive secondary branches
in the diverging GB region at the instances that a stable tertiary branching starts on grain 1 or 2
(i.e., 1/2) are characterized; i = 2 is related to the active secondary arm on which a stable tertiary
branch emerges, and active tips ahead are indexed i > 2. A sidebranch is considered active if it is
longer than any other sidebranch that has originated closer to the tip of the parent branch. i = 1 is
related to a passive secondary before tertiary branching and within the grain history. The grain
envelope is constructed as lines connecting the tip of the primary dendrite and active sidebranches
(dashed line in Fig. 1c). & is the distance between the most advanced tips of the two grains. All
the aforementioned parameters are measured at a steady state defined by constant § = &;.
Throughout the text, when needed, the overline symbol is used to represent the average value of
these parameters. In Fig. 1, for clarity, subscripts 1 and 2 that represent grain 1 and grain 2 are

colored the same as their corresponding grain, respectively blue and red.
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Previous experiments have been carried out under growth conditions leading to the GL
dominance regimes [12,16]. Existing quantitative PF simulations [4,6], however, have been
conducted under growth conditions where the GB orientation selection falls in the FOG or rev-
FOG regime. Lack of simulations at GL dominance regime may partially be due to the significant
increase in computational cost associated with increased length and time scales, and perhaps more
importantly, due to the complex task of resolving the growth orientation and the tip operating state
of the misoriented dendrites in that regime. In this study, simulations are performed for varying
imposed temperature gradients G in so called frozen-temperature approximation [4] under which
GB orientation selection transitions from FOG to GL dominance regime. For this purpose, we use
the rotationally invariant finite difference implementation of the PF model [22] since it is ideally
suited to investigate, quantitatively, the grain competition in a velocity regime where dendritic
microstructures are well developed, as shown in Fig. 1, free of spurious grid anisotropy effects.

Observations of the relationship between processing condition and microstructural length
scales in directional solidification have been limited to intra-grain primary and secondary dendrite
arm spacings. Inter-grain microstructural characterization of grain competition is still lacking, and
the study by Tourret and Karma [4] was limited to the primary arm spacing. Most importantly, the
role of the microstructural length scales in grain competition has not been studied. Even though
the previous study [4] showed the failure of the assumption that the elimination rate of the
misoriented grain always increases with increased distance between the most advanced tips of the
two grains, &g, this naive assumption is still commonly made. In this study, the role of the
microstructural length scales in transition from FOG to GL dominance is systematically studied.
For this purpose, PF simulations are carried out to obtain a detailed quantitative characterization

of the dynamics of the grain envelope and the internal G-dependent microstructural length scales
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shown in Fig. 1 (primary spacing A, secondary arm spacing A®, the depth of emergence of a
stable tertiary branch, §,,, from the most advanced tip, as well as Js;).

Furthermore, the present study explores how to quantitatively bridge length scales between
PF simulations that resolve the whole solid-liquid interface dynamics and the CA model that
resolves the dynamics of the grain envelope under a certain set of assumptions. The previous study
by Pineau et al. [8] in bridging CA and PF was limited to the rev-FOG regime and solely explored
the length scale, ds;. In the current study, we use the quantitative measurements of the grain
envelope, microstructural length scales, and GB orientation selection obtained from PF simulations
and described in Fig.1, in order to identify the relevant CA cell size for bridging CA and PF
prediction of the GB orientation. The bridging length scale for a varying temperature gradient that
covers the FOG to GL dominance regime is explored and the appropriate selection is identified.
The performance of the CA with its current inherent approximations in the prediction of the GB
orientation and grain envelopes is tested, which paves the path for its future development.
2 Methods
2.1 Phase-field simulations

We used a quantitative PF formulation with thin-interface limit and corrective anti-trapping
current for directional solidification of a dilute binary alloy with diffusive solute transport in the
liquid and no diffusion in solid [21]. The thin-interface asymptotics analysis allows using a width

of the diffuse interface W much larger than the capillarity length d,, described as [27]:

dg = —— (1)

~ Imleo(3-1)
where I' is the Gibbs—Thomson coefficient of the solid-liquid interface, ¢, is the nominal solute

concentration of the alloy, and k is the interface solute partition coefficient. The corrective anti-
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trapping current was used in PF equations to counterbalance the spurious solute trapping associated
with the jump of chemical potential across the interface [28]. The second-order rotationally
invariant finite-difference scheme for the spatial derivative terms of the solute and phase-field
equations developed in our recent work [22] was used to accurately resolve both the growth
orientation and the dendrite tip operating state of the misoriented grains at larger interface
thickness W, larger grid size Ax, and smaller anisotropy & than previously feasible. We
implemented the reformulated equations of the PF model as in Ref. [29] using a non-linear
preconditioning of the phase-field parameter ¢ as ¢(x, y,t) = tanh{i(x,y, t)/v2} in order to
enhance the numerical stability of the equations for larger grid spacings. The equations were solved
using finite differences and an explicit time scheme. The convergence of the model with respect

to the diffuse interface thickness and grid size was validated in order to determine appropriate

w A .
values of - and Wx as reported in Table 1.
0

In order to imitate thermal noise which is physically known to be the origin of dendritic
sidebranching [30], a stochastic force is added to the evolution of the v field as explained in detail
in Ref. [29]. The model was implemented for parallel processing on Graphics Processing Units
(GPU) using the Compute Unified Device Architecture (CUDA) programming language
developed by Nvidia. The isotropic finite difference scheme used in the current study is
computationally more costly (close to 3 times [22]) than the common PF discretization in previous
studies [6,29] but still achievable on a single GPU. Details on the equations and the second-order
isotropic discretization can be found in [29] and [22], respectively.

We aim at characterizing the growth competition behavior, i.e., GB orientation,

microstructural length scales, and grain envelope in bi-crystalline directional solidification. A

14



succinonitrile-1.3 wt.% acetone alloy system with physical properties summarized in Table 1 is
used. The frozen-temperature approximation with gradient G and pulling velocity V is imposed in
the x-direction defined in Fig. 1. The initial temperature profile is so that the temperature at a
distance equal to the solid length, i.e., the location of a planar front, is equal to the liquidus
temperature T, at the nominal concentration. Growth competition behavior has shown to be very
different in cellular, dendritic, and degenerate regimes. Here, we focus on the influence of the
temperature gradient G on columnar grain growth competition in a growth regime where the
primary dendrite spacing 0(10% — 10%) um is much larger than the solutal diffusion length [, =
D/V = 14.8 um. This growth regime favors the formation of highly branched hierarchical
dendritic microstructures prevalent in castings. We fix the pulling velocity to V = 86 pm s™1,
which is the same as the experimental value in [16]. In this growth regime, the dendrite growth
orientation almost exactly coincide with the <10> crystal axes (<100> in 3D), unlike the regime
studied in the previous work [29,31].

The initial state consists of two grains of equal solid length in the direction of the
temperature gradient positioned in the left part of the domain. The solid length is selected to be at
least twice larger than the depth &;,- at which tertiary branches start to grow in the diverging GB
region. At smaller G, tertiary branching starts deeper within the GB region, and hence a larger
solid length in the x direction is needed. This length for various temperature gradients is
characterized in section 3.1.3. As illustrated in Fig. 1, periodic boundary conditions in the y-
direction impose a diverging GB and a converging GB in each simulation. Due to increased
dendrite arm spacing, a larger domain size in the y direction is needed for smaller G. Equally
spaced arrays of columnar dendrites with small prescribed arm spacing are initially simulated and

used as input so that stable spacing selection occurs through cell/dendrite elimination.
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No-flux boundary conditions for solute mass conservation and phase-field in the pulling
direction are applied. We model the moving frame so that the solid length, i.e., the length of the
mushy zone, remains constant. There exists an initial transient acceleration of the front
advancement and adjustment of the grain profile to the imposed bi-crystalline orientation (a4, a,).
Step by step, a difference in grains front position & develops. The steady state condition
corresponds to the situation when the distance between the most advanced fronts (tips) of the two
grains is almost stable, i.e., § = d;. The distance between the front of the two grains § may remain
almost stable or it may again go through another transient state associated with the elimination of
one grain during growth competition. In all simulations, it is ensured that the growth competition
reaches steady state condition. The duration that steady state condition lasts is grain/simulation-
size dependent; the smaller simulation size, we observe a shorter steady state duration. Simulations
in which the steady state criterion is not met, i.e., early elimination occurs, are discarded.

A comparison of dg, obtained from PF simulations and predicted by Ivantsov-Solvability
solution [32] is presented in Fig. 3. The solvability condition for an isothermal parabolic tip with
growth velocity of V /cosa (which applies to the case of misoriented grains described in Fig. 1),

gives p?V = Ddycosa/o. We account for the temperature dependence of the capillary length [33]

4o with A = 214

as do(A) = 1-(1-k)(1-2)’ To-T,

being the dimensionless undercooling and T;, (resp. Ts)

being the liquidus (resp. solidus) equilibrium temperature at a nominal composition c,. Assuming
a locally isothermal tip, the undercooling at a fixed misorientation angle A, can be written as

ok doV
A= (1-k) (4kD P2 o cosa 1) 2)

pv
2D cosa

where Peclet, P, is associated with the tip radius p as P = . 0 is the tip selection parameter

and ¢ = 0.057 is obtained from PF simulations corresponding to the anisotropy of the interface
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free energy, € = 0.014. The undercooling A, is obtained by solving equation 2 coupled with
Ivantsov’s solution for a parabolic dendrite tip operating state in 2D [32]. As a result, for a bi-

crystal (a4, a,), the distance between the tip of the two grains can be calculated through &g, =

Ty

lT|Aa1 — Aa2|, with [ being the thermal length I = ;TS. Fig. 3 shows that PF predictions of

ds; are in good agreement with the Ivantsov-Solvability solution. It also indicates that the isotropic
finite-difference implementation of the PF model used in this paper can accurately resolve
dendritic tips, whereas the conventional anisotropic finite-difference implementation would yield
less accurate &5, values as well as dendrite growth directions artificially deviating from the crystal

axes that can significantly influence GB orientation selection.

600 T T T T T T
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Fig. 3. (2D) Comparison of predictions of sharp-interface theory (lvantsov solution and
microscopic solvability condition) and PF simulations for the stationary distance &g, (Fig. 1)
between the tip positions of the two grains for three bi-crystallographies (a4, a;) corresponding
to (20°,10°), (30°,10°), and (40°,10°). The selection parameter ¢ = 0.057 calculated based
on PF simulations for an anisotropy € = 0.014 was used in the sharp-interface theory [32].
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Large scale simulations with long steady state duration for a few selected GB bi-
crystallography are performed (in section 3.1.1) in order to study the GB orientation transition
from FOG to GL dominance as a function of G. These simulations are further analyzed (in section
3.1.3) in order to characterize the GB microstructural length scales and the grain envelope. For
these purposes, only steady state regions of growth competition are considered. The unsteady
regions, both at the initial acceleration stage and final grain elimination stage are disregarded in
the measurement of the GB angle, microstructural length scales, and the grain envelope. These
simulations required a GPU memory of ~33 to 66 gigabyte and were performed on Nvidia Tesla
V100 GPUs. At G = 1900 Km™1, a ~3x1.5 mm domain moving in the x direction at a velocity
V = 86 um s~ over 120 s is simulated. This yields a solidification length of roughly ~V x t =10
mm in the x direction and the computing time was ~7 days. Similarly, at G = 950 Km™1, we
simulate a domain of ~3x1.75 mm over 120 s with a computing time ~8 days. At G =475 Km™1,
simulations are conducted for a domain of ~[3-4]x2 mm over [120-200] s with a computing time
of ~[9-23] days. For G = 237.5 Km™! a domain of ~5x2.5 mm over ~[200-240] s is simulated
and the computing time was ~35-40 days. For each case, 3 to 4 simulations were performed with
a variable random number seed to account for the stochasticity inherent in the incorporation of
noise, and slightly different domain sizes in the aforementioned ranges were used; the average
values of the GB angles are measured from these simulations.

Smaller scale simulations are performed (in section 3.1.2) to map the GB angle for the
entire [-45°, +45°] orientation range of both grains (a;, a,) at the two temperature gradients of
G = 1900 and 475 K m~. Exploiting symmetries and using a uniform mapping, the whole domain
can be mapped with 5° steps using a total of 190 configurations, 19 of which correspond to the

single crystal configurations at @; = a,, and 18 others, excluding (0°,0°), correspond to the
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symmetry line a; = —a, with average GB angle of zero. Symmetries impose that the GB angle
satisfies the condition 8(ay, a,) = —0(—a,, —a;). At G = 1900 Km™?!, a domain of ~1500 x
1615 pm, and at G = 475 Km™! a domain of ~2000x1800 um moving in the x direction at a
velocity of 86 pm s~ over, respectively, 80 and 120 s are simulated. Due to smaller domain sizes,
steady state duration of these simulations is small. Simulations that did not reach steady state, i.e.,
quick elimination occurrence, were discarded. The GB angle measurements are performed on the
whole GB trajectory that also observes the unsteady state variations of §. For the symmetry line
a, = —a,, a few selected configurations were checked to ensure the divergence of the average
GB angle of up to ten simulations with different microscopic fluctuations to 0°, and hence for
saving computational cost, in the GB maps, value 8 = 0° was used for all the configuration

corresponding to the symmetry line. Each simulation required about ~[5.5-7.5] gigabyte of GPU

0.84x2
4D

memory and was performed on Nvidia Tesla p100 GPUs. Fixing the time step to At = each

simulation related to the G = 475 K m~! GB map took about 200 hrs, and each simulation at ¢ =
1900 K m™~* took about 120 hrs; hence, a total computing time of greater than 64,000 hrs for more

than 400 smaller-scale simulations was incurred.

Table 1. Materials, process, and simulation parameters used in PF simulations

Variable Name [unit] Value

Nominal composition in acetone ¢, [wt% Ace. | 1.3

Diffusion coefficient D [um? s71] 1270 [34]
Partition coefficient k 0.1[34]
Liquidus slope m [Kwt. % 1] -3.02 [35]
Melting temperature of pure SCN Ty, [K] 331.24 [35]
Liquidus temperature at ¢, T, [K] 327.314

Gibbs Thomson coefficient I' [Km] 6.4 X 1078 [16]
Anisotropy coefficient € 0.014

Selection parameter o 0.057
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Temperature gradient G [Km™1] 237.5, 475, 950, 1900

Isotherm velocity V [ums™1] 86

Interface width W [do] 110

Capillarity length do [nm] 1.81

Mesh size Ax [W] 1.2 (or 0.24 um)

2.2 Cellular automaton simulations

The cellular automaton approach and its applications to material forming processes have
been largely detailed in the literature. The modelling of grain growth evolution during
solidification processes based on CA resolution was initially proposed by Gandin and Rappaz
[23,36]. This approach relates to the use of a regular grid of small square cells, which is
superimposed to the domain of interest. Grain growth is then modeled at cell scale using a
polygonal (resp. polyhedral) shape in 2D with directional axes corresponding to crystallographic
(10) directions assumed as the growth direction of dendrite tips. This shape aims to simulate the
development of dendrite arms inside each cell during cooling for given growth velocities, v{19,
imposed at the four (10) tips. Growth velocity can be computed using the Ivantsov relation and a
stability criterion with a chosen value of the selection parameter ¢ as proposed by Kurz et al. [37].
However, the solution of these equations is usually correlated as a simple power-law relation as
proposed in the present application. This growing stage needs to be based on the knowledge of the
temperature field evolution and its value at dendrite tips. The computation of the temperature
evolution may be developed separately at a larger scale by solving the energy conservation
equation using a finite elements method. However, this temperature evolution could also be
imposed using fixed values of the temperature gradient, G, and the pulling velocity, V as done in
the present PF simulations. This approach was similarly applied by Pineau et al. [8] for comparing
CA with PF simulation results.
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An application of the CA method is proposed thereafter in order to model grain growth for
the same alloy investigated by PF simulations previously detailed in Table 1 and using identical
cooling conditions. In the present 2D CA, a computational grid composed of square cells of
identical size, I4, is used. Solidification is developed onto a large rectangular CA computational
domain schematized in Fig. 4. A constant temperature gradient G is imposed on the whole domain.
At the initial time, the left-hand side (i.e., x =0m) is at the liquidus temperature, T,. A
homogeneous cooling rate, T = —G -V, is then applied on the whole domain leading to isotherms
moving with constant horizontal velocity, V. The solidification starts on the left-hand side at t =
0 s by assuming a negligible nucleation undercooling for the first row of cells (black contour)
associated with grain 1 (blue) and 2 (red) sharing the height of the left boundary. A GB groove
also forms as a result of the competition between the development of the two grains in the x
direction. Far from the GB groove, grain 1 (resp. 2) of angle a; (resp. a,) develops with growth
velocity v, (resp. v,,) of horizontal component v, (resp. v,,). The solidification front position
x;, (resp. x,) of temperature T, (resp. T,) is associated with the [10] direction of grain 1 (resp.
grain 2) and corresponds to a growth undercooling AT; (resp. AT,). The solidification fronts
associated to grains 1 and 2 reach a steady state after a sufficient cooling duration when both
velocities v,, and v,,, have a stabilized x-component value equal to the isotherm velocity, v,, =
vy, = V. Within the groove, cells at the boundary with the liquid of grain 1 (resp. grain 2) have
undercooling higher than AT, (resp. AT,) and hence higher velocity than v, (resp. v,,) for all
(10) directions.

The domain is thus dimensioned with sufficiently large sizes in (x, y) directions in order to reach

steady state development of the GB before full achievement of solidification. In steady condition,
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the difference between solidification front positions, §, is stable and equal to the previously defined
ds; value. The time evolution of § is detailed in the Appendix in order to provide an estimation of
the time required to achieve steady state regime in CA simulation considering &5, dependence on
(a1, @y) angles. In the present application, a correlation of the dendrite tip growth kinetics [31]
was done with material properties associated to succinonitrile - 1.3 wt.% acetone (Table 1). The
set of (AT, v) solutions in the interval [0, 2] °C was well correlated with the following power law
relation:

v=AAT" (3)

with: A4 =9.688 pms 1K™

n = 3.88

Equation 3 leads to v, = A AT{* (resp. v,, = A AT}' ) for the growth velocity at the
dendrite tips of the stable fronts associated with the [10] direction of grain 1 (resp. grain 2). This
growth Kkinetics is nothing but the 2D Ivantsov steady solute diffusion regime in the liquid ahead
of a parabola together with the solvability criterion with a constant value of the tip selection
parameter o and a constant far field nominal composition c,. In fact, one perfectly retrieves the
Ivantsov-Solvability curves reported in Fig. 3 when using the present correlation. In present CA
simulations, composition variations are not present, which is justified for the well-established
dendritic regime under study (primary dendrite spacing is much larger than the solutal diffusion
length) and the absence of macrosegregation induced by long range transport (e.g., due to
thermosolutal convection of the liquid phase).

The CA growth algorithm consists of a time integration of the growth kinetics in all (10)
crystal directions, i.e., along the main growth directions of the dendrite arms, for each CA cell

located at the growth front. The evolution of the CA grain envelopes at the GB locations, in the
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vicinity of the groove, can mimic the dynamics of the secondary and tertiary branching as the local
undercooling and hence the local velocity along the secondary and tertiary branches are higher
than the corresponding steady values. The grove is the result of competition between the [01]
secondary branches of the top grain and the [01] secondary branches of the bottom grain, but also
the [10] tertiary branches of both grains. The generation of these branches is proportional to the
cell size and the same growth kinetics law (equation 3) is used for all branches (primary, secondary
and tertiary). Hence, velocity is solely function of the temperature, assuming lvantsov solution
holds with constant far field composition given by the alloy composition. In other words, the effect
of the composition variations at the GB that play a role at the scale of the secondary arm spacing
is not considered.

In practice, the rectangular computational domain is composed of 1200 and 3600 cells in
the x and y directions, respectively. Consequently, the domain dimensions depend on the cell size.
It is worth noting that no periodic boundary conditions are applied to the top and bottom boundaries
of the domain, so only one converging or one diverging bi-crystalline configuration is studied for
each simulation. For each simulation, the typical CPU time using a single node on a desktop
computer (no parallel computation) is only in minutes. The dimensions of the domains are adjusted
to reach &5, and to have a sufficiently long GB of constant angle 8 to be extracted from the
simulations. The width of the domain is selected so that the bi-crystal survives at the end of the

simulation domain, and there is no need to discard any result that would end with a single crystal.
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Fig. 4. CA growth bi-crystal scheme with constant temperature gradient, G, isotherm velocity,
V, liquidus temperature, T}, grain front position x, ,,, with temperature T; ,,, undercooling AT /5,

and velocity v, 12 for grains 1 and 2 of corresponding orientation a; /,, as well as the difference
between solidification front positions, § = |x, — x;|. After a sufficiently long solidification

time, a steady state regime is achieved leading to a stable value for § = 85, and a steady GB
with orientation angle 8. The first row of cells highlighted with black contours identifies the
initial distribution of the grains in the domain.
3 Results
3.1 PF simulations
3.1.1 GB orientation transition from FOG to GL dominance
Fig. 5 shows the map of the microstructure and orientation selection as a function of G for
three different bi-crystallography (20°, 10°), (30°, 10°), and (40°, 10°). The microstructure
represents the history of the computed growth. The orange dashed lines in Fig. 5 follow the
direction of the diverging GBs. From the microstructure map, it is evident that the evolution of the

diverging GB is determined by competition between secondary and tertiary branches to invade the

GB region. At higher temperature gradient G = 1900 K m™1, the GB region is primarily occupied
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by branches of the most misoriented grain, which is grain 1 for the diverging GBs considered here,
hence, corresponding to FOG. As shown in Fig. 5, secondary branches of the unfavorably oriented
grain grow long, and at regular instances give rise to stable tertiary branches. The secondary
branches of the most favorably oriented grains (here grain 2) grow minimally and are regularly
blocked from growing a stable tertiary branch. As a result, the diverging GB angle follows the
direction of the crystal angle of the most favorably oriented grain.

At lower temperature gradients G = 475 and 237.5 Km™?, the diverging GB region of
(30°, 10°) and (20°, 10°) bi-crystallography is occupied by secondary branches from both grains
and they both give rise to stable tertiary branches. In fact, development of the secondary arms into
the GB region alters the GB angle and the formation of stable tertiary branches maintains and feeds
that adjustment. For the smaller G, the secondary branches of the most favorably oriented grain
develop more into the GB region and tend to give rise to more instances of stable tertiary branches,
thereby causing a departure of the GB angle from the FOG prediction. For the (30°, 10°) and (20°,
10°) configurations that form well-developed dendritic structures with distinct primary and
secondary branches, we find, by measuring the GB orientations, that with decreasing G at fixed
bi-crystallography, a transition from FOG dominance (10°) to GL dominance (bisector of the bi-
crystallography) occurs, as shown in Fig. 6a where the GL limits are also plotted (15° at (20°, 10°),
20° at (30°, 10°) and 25° at (40°, 10°) configurations). For the (20°,10°) configuration, by
decreasing G 8 fold from 1900 to 237.5 K m™?, the average diverging GB angle, 8, varied from
10° to 14°. Similarly, for the (30°,10°) configuration, 8, varied from 10° to 16° as G decreases
from 1900 to 237.5 K m™1. The full GL limit is expected to be observed for even lower temperature

gradients that were not investigated because of the high computational cost.
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The second observation is that, at lower temperature gradients G = 475 and 237.5 Km™1,
at a constant G, 8, is a non-monotonic function of the difference in dimensionless undercooling
|Aa1 — Aq, | and hence distance Js; between the dendrite tips of the two grains imposed by the bi-
crystallography a. Because for all configurations in Fig. 5, the converging GB gives constant 6, =
10°, the rate of elimination of the most misoriented grain defined by 6, — 6. follows a similar
trend as 6), versus undercooling |A,, — A,, |- This observation is plotted in Fig. 6b. A similar

observation was made in Ref. [29] for 0.4 wt% composition, V = 25 um s™! and G = 30000 —
90000 K m™~1 showing the failure of the assumption that the elimination rate of the misoriented
grain always increases with this undercooling difference [29]. For the (40°,10°) bi-crystallography
and smaller G = 237.5 — 475 Km™!, the steady state region was shorter due to limitations
imposed by simulation size. Therefore, for consistency of the map, only a portion of the
solidification history is shown in Fig. 5 for all G. Unlike for (20°,10°) and (30°,10°), where the
secondary and primary arms (i.e., tertiary arms at the GB region) have clearly distinct features, for
the (40°,10°) configuration, the secondary and primary arms of the most misoriented grain 40° are
almost indistinguishable and exhibit similar features e.g., arm spacing, and tip curvature (and
undercooling). This is referred to as a degenerate microstructure.

Hence, for t