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Diverting and controlling the impact of elastic vibrations upon an infrastructure is a

major challenge for seismic hazard mitigation and for the reduction of machine noise

and vehicle vibration in the urban environment. Seismic metamaterials (SMs), with their

inherent ability to manipulate wave propagation, provide a key route for overcoming the

technological hurdles involved in this challenge. Engineering the structure of the SM

serves as a basis to tune and enhance its functionality, and inspired by split rings, swiss-

rolls, notch-shaped, and labyrinthine designs of elementary cells in electromagnetic and

mechanical metamaterials, we investigate altering the structure geometries of SMs with

the aim of creating large bandgaps in a subwavelength regime. Interestingly, clamping

an SM to the bedrock creates a zero frequency stopband, but further effects can be

observed in the higher frequency regime due to their specific geometry. We show that

square stiff inclusions perform better in comparison to circular ones while keeping the

same filling fraction. En route to enhancing the bandgap, we have also studied the

performance of SMs with different constituent materials; we find that steel columns,

as inclusions, show large bandgaps, however, the columns are too large for steel to

be a feasible material in practical or financial terms. Non-reinforced concrete would be

preferable for industry level scaling up of the technology because, concrete is cost-

effective, easy to cast directly at the construction site and easy to provide arbitrary

geometry of the structure. As a part of this study, we show that concrete columns can also

be designed to exhibit bandgaps if we cast themwithin a soft soil coating surrounding the

protected area for various civil structures like a bridge, building, oil pipelines, etc. Although

our motivation is for ground vibration, and we use the frequencies, lengthscales, and

material properties relevant for that application, it is notable that we use the equations of

linear elasticity, and our investigation is more broadly relevant in solid mechanics.

Keywords: seismic metamaterial, transmission diagram, dispersion curves, bandgap, geophysics, computational

physics, inertial resonators, Floquet-Bloch waves
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1. INTRODUCTION

Controlling elastic waves near structures is key to addressing a
large class of civil engineering problems ranging from seismic
hazard mitigation to stopping unwanted noise and vibration
produced by vehicles, heavy machinery on construction sites,
etc. (Brownjohn et al., 2011; Bajcar et al., 2012; Zhang et al.,
2016; Yao et al., 2019). Seismic waves lead to the destruction
of civil installations and loss of life, thus forming one of the
most important and difficult challenges for civil engineers; the
reduction of urban noise and vibration is also important because
they create health issues and have other consequences, such
as affecting highly sensitive scientific and medical instruments.
There are many other applications, e.g., in the context of
ground motions produced from even minor tremors, industrial
machinery, or suburban rail transport systems degrading
the structural integrity of nearby buildings, pipeline systems,
and sensitive instruments; additionally, small-scale damage
to structures in petrochemical industries or nuclear reactors
can have devastating consequences. Traditional approaches for
vibration mitigation, mostly in the form of base isolation (BI)
and tuned mass damper (TMDs) have certain limitations (Zhou
et al., 2002; Xiang et al., 2012; Xiang and Nishitani, 2014; Harvey
and Kelly, 2016; Anajafi and Medina, 2018; Fabrizio et al., 2019):
BI induces large movement of the structures which may not
be acceptable, TMD works only for a narrow frequency range
outside of which it may work adversely which is again a major
issue because identifying the frequency contents in the structure
correctly is not straightforward as it may change significantly
with time due to structural degradation and environmental
change (Moser and Moaveni, 2011; Wagner et al., 2017).

In the parallel research area of electromagnetism, there is
a keen interest in composites, known as metamaterials, which
are assemblies of multiple elements usually arranged in periodic
patterns at subwavelength scales, that were introduced (Pendry
et al., 1999) as a means to achieve effective electromagnetic
properties not from the properties of the constituent materials,
but from the combination of elements with given shapes and
orientations, such as split ring resonators. Such periodically
arranged elements take their name from the shape of the
thin metal sheets they are made of that allow for artificial
magnetism, not present in the constituent materials (metal
surrounded by plastic, neither of which are magnetic media),
through the precise manipulation of electric and magnetic
components of electromagnetic field and their interplay. Indeed,
the electromagnetic field is tremendously enhanced due to
internal capacitance and inductance phenomena upon resonance
of the thin sheets. From the highly dispersive nature of the
metamaterials around the resonant frequencies of split ring
resonators and other arrangements, such as swiss-rolls, it is
possible to block, absorb, enhance, or even bend electromagnetic
waves propagating through a doubly or triply periodic array
of them, as low frequency stopbands and strong anisotropy
(apparent in distorted isofrequency contours in pass bands) take
place (Kadic et al., 2013).

Metamaterials have the capability of manipulating a desired
range of frequency components in the propagating wave, an

aspect that has been extensively used in electromagnetics, optics,
and micro and nano-scale mechanics (Guenneau et al., 2007;
Craster and Guenneau, 2012; Watts et al., 2012; Poddubny
et al., 2013; Yang et al., 2016; Brûlé et al., 2017b, 2018b, 2019;
Colombi et al., 2017; Casablanca et al., 2018; Kadic et al.,
2019; Zeng et al., 2020). However, their large scale extension,
which can be extremely useful in solving many of the important
engineering problems, mentioned above, requires development.
Recent developments have indicated that metamaterials, if
designed appropriately, can indeed provide a robust solution for
the manipulation of elastic waves, thanks to their ability to create
large frequency bandgaps even at large scale (Brûlé et al., 2014;
Del Vescovo and Giorgio, 2014; Aravantinos-Zafiris and Sigalas,
2015; Moitra et al., 2015; Ungureanu et al., 2015, 2019; Colombi
et al., 2016; Diatta et al., 2016; Mosby and Matouš, 2016; Palermo
et al., 2016; Liu et al., 2019; Muhammad and Lim, 2019; Sun and
Xiao, 2019).

Early work by Economou and Sigalas (1993) established a
generic trend that a denser inclusion in the microstructure
geometry of periodic media exhibits bandgaps for 2D and 3D
structures. This phenomenon is predicted in Mandelik et al.
(2003), Gazalet et al. (2013), and Gómez-León and Platero (2013)
by using the Floquet-Bloch theory which is applicable to different
wave types traveling through a periodic media. Experimentally
(Meseguer et al., 1999a,b) showed the attenuation of surface
elastic waves in a marble quarry containing repeated circular
holes with the bandgaps obtained in a high frequency range
of several kHz which is not important for seismic applications,
because seismic forces mostly contain very low frequencies in
the range of few Hz (Gadallah and Fisher, 2005; Kramer, 2007;
Chestler and Creager, 2017; Nakano et al., 2018). The first full-
scale experiments (Brûlé et al., 2014, 2017a) to attenuate surface
elastic waves, such as Rayleigh and Love waves, were conducted
in structured soil and extended in Brûlé et al. (2018a, 2020),
Brûlé and Guenneau (2019), and Ungureanu et al. (2019); the soil
was engineered with cylindrically configured voids as inclusions
in a periodic manner, and this experiment shows the feasibility
of using phononic crystals and metamaterials at a meter-scale
important for civil engineering applications.

A variety of extensions of these concepts are aimed at
creating larger bandgaps and to force these to occur at the low
frequencies required for civil engineering applications. Recently,
Miniaci et al. (2016) numerically analyzed and designed optimal
configuration for inclusions of micro-structure geometry, i.e.,
cross-shaped voids and hollow cylindrical and locally resonant
inclusions (e.g., steel, rubber, and concrete), which shield low
frequency contents in seismic forces. Their parametric study
on the filling fraction of inclusions in microstructure shows
a possibility of enhancing the bandgap. The ultimate goal of
bandgap engineering in this context is to create a zero-frequency
bandgap, i.e., one that starts at zero frequency and then extends
over a broad range of low frequencies. Achaoui et al. (2017)
show that this can be achieved with cylindrical steel inclusions
clamped to a bed rock which lies underneath a soil layer; they
also considered struts linking the cylindrical steel columns.

Here, we focus on large scale metamaterials made by
periodically installing stiff columns in amatrix-like soil. There are
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many aspects that are not yet known about such metamaterials,
e.g., effect of structure geometry, that is the detailed geometry
within a single building block of the periodic medium, and
material constituents. Although the possibility of enhancing the
bandgap via varying the substitution ratio of stiffer inclusions
is established, the effect of varying the structure geometry and
keeping the same filling-fraction, are yet to be addressed. In
the present study, we investigate the effect of the structure
geometry in SMs with the aim of creating large bandgaps, keeping
the volume of inclusions same. As an illustrative example of
the importance of both clamping and structure geometry, we
consider, in Figure 1, two similar geometries for SMs when
they vibrate freely (A,B) and when they are clamped to the
bedrock (C,D). We see in Figure 1 that just simply tilting
some junctions between a cylinder and a bulk medium has a
profound impact on stopband width, as noted in earlier studies
on phononic crystals consisting of inertial resonators (Bigoni
et al., 2013; Wang et al., 2014, 2015). Interestingly, we find that a
torsional mode is associated with the upper edge of the stopband
in (A,B), see Figures 2D,H for the case of inertial resonators
(IRs) with tilted junctions (also known as ligaments). Such
resonance is akin to those studied in chiral elastic metamaterials
in a very different range of frequencies (Frenzel et al., 2019).
Furthermore, a similar geometrical effect occurs in the higher
frequency spectrumwhen the inclusion is clamped at the bottom.
This emphasizes the importance of structure geometry as an
additional mechanism to tune higher frequency band spectra
of clamped SMs. We also explore the performance of SMs
by considering different constituent materials. Specifically, we
aim to maximize the bandgap width as well as the number of
stopbands since the SMs may have to safeguard different types
of civil installations with varied frequency contents ranging from
massive tall buildings with very small natural frequencies to
fluid conveyors containing large natural frequencies (Dym and
Williams, 2007; Dym, 2012). Enroute to enhancing the bandgap,
we report an innovative design for SM, which is very pertinent to
civil engineering practices. The rest of the paper is organized as
follows: The mathematical formulation is shown in section 2 and
consequently numerically simulated results are given in section
3. Finally, we draw some conclusions in section 4.

2. MATHEMATICAL FORMULATION-FINITE
ELEMENT APPROACH

We take an elastic medium consisting of isotropic homogeneous
phases, for which the governing equation (Achenbach, 1973) is

(λ + µ)
∂2uj

∂xj∂xi
+ µ

∂2ui

∂xj∂xj
= ρ

∂2ui

∂t2
(1)

which is valid in each homogeneous phase which is described
by a constant density ρ and Lamé parameters λ and µ. We
use tensor notation. Equation (1) is supplied with a no slip
condition at the interface between the homogeneous phases,
i.e., relative displacement will be zero between the phases as
well as continuity of the normal component of stress to the
interface. We work primarily in the frequency, ω, domain and

assume exp(−iωt) dependence is considered, understood, and
suppressed henceforth.

A periodic medium can be analyzed by sequential
translational operations performed on its elementary cell,
by making use of a lattice vector a = (a1, a2). The inherent
periodicity of this cell enables us to characterize the dispersion
properties of elastic waves propagating within such a periodic
medium, via Bloch’s theorem as in Equation (2), where
k = (kx, ky) is the Bloch wavevector and x = (x1, x2) (Brillouin,
2003):

u(x+ a) = u(x) exp(ik.a) (2)

and to obtain dispersion relations between frequency and phase-
shift, we need only consider the elementary cell (see e.g.,
Guenneau and Movchan, 2004).

For our numerical simulations, we arrive at Equation (3) by
discretizing u in weak form using 3D shape functions in a finite
element approach (Reddy, 1993): K and M being global stiffness
and mass matrices, respectively, which are basically functions of
Bloch wavevector k, and U is the assembled displacement vector:

(K− ω2M)U = 0 (3)

where 0 is the null vector.
Floquet-Bloch analysis is conducted by computing dispersion

curves via varying k = (kx, ky) along the edges of irreducible
Brillouin zone (IBZ). For a square lattice, IBZ lies along the
edges of the triangle ŴMX; Ŵ = (0, 0), M = (π

a ,
π
a ), and

X = (π
a , 0), where a = a1 = a2. For a real valued k,

the frequencies (ω) are obtained by solving an appropriate
eigenvalue problem, thereby constructing the dispersion curves
via plotting real valued frequencies corresponding to k (Van
Der Aa et al., 2007; Jarlebring et al., 2017). Since dispersion
curves are computed over a medium representing an infinite
array of microstructured geometry, they alone do not fully
reveal the inherent effectiveness of SM design. For this purpose,
transmission spectra are also computed, which is a measure of
wave propagation attenuation/transmission losses over a finite
medium (Lee and Wu, 2010).

3. RESULTS AND DISCUSSION

In this section, we present dispersion curves and transmission
losses for different microstructure geometries. We have already
illustrated the importance of microstructure geometry with
cylindrical inertial resonators that make possible a torsional
mode associated with a large stopband of around 50 Hz when
IRs are freely vibrating, see Figures 1B, 2D,H in section 1.
Clamping IRs to the bedrock suppress all ground vibrations
below 13 Hz but prevent the appearance of the torsional mode,
and so the stopband at 50 Hz disappears. We further note
that tilting the ligaments of IRS of both the freely vibrating
(Figure 1B) and clamped (Figure 1D) cases, opens a high
frequency stopband around 83 Hz. Depending upon applications
(e.g., earthquake protection which is mostly in the 0–10 Hz
range, or, for instance, suppression of ground vibration due
to car and railway traffic, which is concerned with higher
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FIGURE 1 | Floquet-Bloch band diagrams for cylindrical inclusions obtained for a modulus of Bloch wavevector | k |, see (2), that describes the edges of the

irreducible Brillouin zone ŴXM. Note that there is an enhanced bandgap range for inclusion with four aligned ligaments (A) in comparison to cylindrical inclusion with

inclined ligaments (B): the bandgap width is ∼12 Hz for the former and 15 Hz for the latter, in accordance with earlier study on 2D inertial resonators (Bigoni et al.,

2013). Note also that a new gap is opening around 80 Hz. However, when we clamp the inertial resonators in (A,B) to the bottom of the plate (that could be a model

for a bedrock), in (C,D), respectively, we note some zero frequency stopbands occur between 0 and 12.8 Hz, and the first three bands in (A), (B) do not appear in

(C,D). This is the clamping effect already observed in Achaoui et al. (2017). Importantly, the rotational modes occur at frequencies below the first stopband (see also

Figures 2A–F). Indeed, the localized mode associated with lower edge of first stopband in (A), (B) is a longitudinal mode (see Figures 2C,G). The localized mode

associated with upper edge of first stopband in (A), (B) is a torsional mode (it rotates clockwise on top of plate and counterclockwise on bottom of plate) (see

Figures 2D,H), and is not excited in the clamped case, which only depicts a high frequency stopband.

frequencies), civil engineers might focus on clamping to bedrock,
or on micro-structure geometry, of SMs. Thus, there is certainly
a trade-off between micro-structure geometry and clamping

that needs to be taken into account in the design of clamped
SMs in order to achieve optimal performance in range of
frequencies of interest. To the best of our knowledge, this has
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FIGURE 2 | Representative eigenmodes for cylindrical inertial resonators (IRs) with four inclined ligaments at high-symmetry point X of the irreducible Brillouin zone

ŴXM: (A,E) Rotational mode at 48.5 Hz (IR clamped at bottom, third mode in Figure 1D); (B,F) Rotational mode 38.6 Hz (fourth mode in Figure 1B); (C,G)

Longitudinal mode at 45.8 Hz (sixth mode in Figure 1B); (D,H) Torsional mode at 63.8 Hz (seventh mode in Figure 1B).

never been studied before, and this is the main scope of the
present section.

To arrive at a microstructure that maximizes the bandgap
(with or without clamping), we compare different results keeping
the substitution ratio the same. Having arrived at a particular
configuration, we explore the effect of changes in orientation
of the inclusion from 0 to 45◦. After this, we move to the
aspect of material constituent for the inclusion, and we also
focus on cost-effectiveness and ease of fabrication of arbitrary
microstructure geometry.

3.1. Comparison of Different Geometry of
Inclusions
Most standard civil engineering infrastructures are constructed
onmedium to dense soil, for their obvious stability purposes, and
to reflect this, we choose realistic soil conditions, i.e., medium soil

with parameters as elasticmodulus, E = 153MPa, Poisson’s ratio,
µ = 0.3, and density, and ρ = 1,800 kg/m3. The microstructure
of the periodic media is configured with steel columns as
inclusions in three forms having the same substitution ratio as
shown in Figure 3.

• Cylindrical steel column of height 10 m and circular cross-
section of radius 1.128 m.

• Regular-sized square steel column of same height, i.e., 10 m.
The cross-section of regular-sized square is taken as 2 × 2 m.

• Notch-shaped square steel column again with same height, i.e.,
10 m. 0.4 × 0.6 m notch is provided in a square of 2.25 m size
as shown in Figure 3E.

Each form of inclusion is embedded in unstructured medium
soil matrices (3 × 3 × 10 m) so as to make an elementary
cell that forms the microstructure of the periodic media; the
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FIGURE 3 | Unclamped configuration of (A) cylindrical (r = 1.128 m, h = 10 m), (C) regular-shaped square (2 × 2 × 10 m) and (E) notch-shaped square geometry

inclusions in the elementary cell (3 × 3 × 10 m) of periodic media (medium soil) with equal substitution ratio (0.445). Dispersion curves for (B) cylindrical (D)

regular-shaped square, and (F) notch-shaped square inclusions are obtained around the edges of the irreducible Brillouin zone ŴXM. Note that there is an enhanced

bandgap range with regular-shaped square (∼28 Hz) and notch-shaped square (∼34 Hz) inclusions in comparison to cylindrical inclusion (∼18 Hz).
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FIGURE 4 | Dispersion curves for clamped configuration of geometries, i.e., the base of the inclusion column is clamped, shown in Figure 3 with the same

substitution ratio 0.445. Notch-shaped square cross-section shows a higher stopband than the other two geometries, however, the frequencies are lifted up in their

comparison. (A) Dispersion curves for circular cross-section with 1.128 m radius as shown in Figure 3A. (B) Dispersion curves for regular-shaped square

cross-section of side length 2 m as shown in Figure 3C. (C) Dispersion curves for notch-shaped square cross-section (four notches of dimension 0.6 × 0.4 m in a 2

m square as shown in Figure 3E).
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top and bottom of the microstructure remain unclamped for
the simulations shown in Figure 3. Elastic properties of steel
are chosen as E = 200 GPa, Poisson’s ratio, µ = 0.33,
and density, ρ = 7,850 kg/m3. We have also used soft clay
models (which will be seen subsequently) to study the effect of
soil on bandgap enhancement. A comparison of its dispersion
properties, obtained along the edges of the irreducible Brillouin
zone ŴMX (see section 2), can be made from Figure 3. Bandgaps
are obtained in all the configurations, i.e., microstructure with
inclusions having circular, regular square, and notch-shaped
square cross-sections. The square cross-section inclusions show
higher range of bandgaps (∼28 and 34 Hz in regular and notch-
shaped, respectively) in comparison to circular cross-section
inclusion (∼18 Hz) for the same substitution ratio of steel.

Comparison of stopbands for these configurations are
also obtained (see Figure 4) by clamping the bottom of the
microstructure. Here, the column inclusions with circular
cross-sections show better zero-frequency stopbands (with
upper limit at ∼15 Hz) in contrast to regular square-shaped
inclusions (upper limit at ∼7.62 Hz). However, the notch-
shaped square inclusion shows a slightly higher stopband
(upper limit ∼17 Hz) to that of circular cross-section for
the same substitution ratio of steel inclusion. Along with
the zero-frequency stopband, there is an additional bandgap
at a higher frequency range that is also observed for all
three forms of inclusions. The circular cross-section shows
a higher frequency bandgap with a range of around 21
Hz in comparison to the regular square-shaped cross-section
which has only a narrow bandgap with a range of about 3.3
Hz. The notch-shaped square cross-section shows a slightly
higher range of bandgaps, ∼21.75 Hz (7.85 + 14 Hz) than
the circular cross-sectioned inclusion. However, the bandgaps
for circular and notch-shaped inclusions are positioned in
the higher frequency spectrum, which are less important for
engineering applications.

Motivated by the literature on electromagnetic metamaterials,
other investigated micro-structure geometries are now
considered: coil/labyrinthine (complex sheet piling type of
inclusion), split ring-like, and swiss roll-like cylindrical steel
inclusions in medium soil (see Supplementary Figures 2, 3).
The same substitution ratio, i.e., 0.445 was considered as in
the former two microstructures, whereas the swiss roll-like
inclusion is considered with a diameter equal to that of the solid
circular inclusion in Figure 3, i.e., 1.128 m with a substitution
ratio of 0.15. Notably, in medium soil, without clamping
the bottom, a split-ring like inclusion with four gaps shows
a bandgap of ∼10.6 Hz, whereas the labyrinthine inclusion
shows no bandgap. Testing with other material constituents
for a labyrinthine inclusion (Supplementary Figure 2a), i.e.,
with rubber and concrete, no bandgap was observed (see
Supplementary Figure 4). On the other hand, split-ring with
two gaps shows an enhanced bandgap (12 Hz in the range of
46.84–59.23 Hz) as compared to a four gap split-ring (10.6 Hz
in the range of 48.53–58.35 Hz) with the same substitution ratio
(0.445). Dispersion curves for swiss roll-like steel inclusion with
different thickness, i.e., 0.128 and 0.03 m in medium soil (3 ×

3 × 10 m) is obtained by without clamping the bottom and is
shown in Supplementary Figure 3. Clearly, there is no bandgap
for these configurations.

The stopbands for the configurations in
Supplementary Figures 2, 3 are obtained by clamping the
bottom and are shown in Supplementary Figure 5. It is
observed that the labyrinthine inclusion gives higher stopbands
in contrast to other two, i.e., 14.7 Hz for the labyrinthine steel
inclusion in comparison with 12.7 and 11 Hz for split-ring and
swiss-roll like steel inclusions.

We, next, investigate the effect of different soil properties,
i.e., with soft soil having properties E = 96.5 MPa, µ =

0.33, and ρ = 1,650 kg/m3 and very soft soil type 1 with
properties E = 10 MPa, µ = 0.25, and ρ = 1,400 kg/m3.

FIGURE 5 | Unclamped configuration (all three type of inclusion, i.e., concrete, rubber, and steel), and the variation of bandgap width vs. substitution ratio of triphasic

inclusion in soft soil. The ratio of radius of each inclusion material for different substitution ratio is kept same, i.e., S
R

= R
C

= 0.83, where S,R, and C denote radius of

steel, rubber, and concrete, respectively. The dimension of unit cell is 3 × 3 × 10 m, and properties of soft soil is taken as E = 96.5 MPa, µ = 0.33, and

ρ = 1,650 kg/m3. (A) Cross-section of triphasic inclusion in soft soil. (B) Variation of bandgap with substitution ratio of inclusions.
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The labyrinthine and two gap split ring-like steel inclusions show
an improvement on the width of the bandgaps obtained via
dispersion curves in Supplementary Figure 2. The labyrinthine
steel inclusion shows a bandgap of 6 Hz in the range of 38–44
Hz in soft soil (Supplementary Figure 6a) in contrast to medium
soil (Supplementary Figure 2b) which shows no bandgap. The
split ring with two gaps shows an enhanced bandgap (∼17 Hz)
in soft soil with soil properties E = 96.5 MPa, µ = 0.33, and
ρ = 1,650 kg/m3 (Supplementary Figure 6b). The bandgap
is also obtained in a lower region than that obtained in the
medium soil (Supplementary Figure 2f). On further exploring
the soil properties, the two-gap split ring shows an excellent
improvement over the bandgap in a very soft soil type 2
with soil properties E = 5 MPa, µ = 0.35, and ρ =

1,633 kg/m3. A bandgap of 5 Hz is obtained at a much lower
region (∼8–13 Hz) in very soft soil type 2 for the two-gap split
ring (Supplementary Figure 6c). Finally, we investigate a typical
configuration, such as a triphasic inclusion as shown in Figure 5

(Duplan et al., 2014). A circular cylinder of steel surrounded

by a thick rubber shell that is surrounded by a concrete outer
shell within a bulk of soft soil with parameters E = 96.5 MPa,
µ = 0.33, and ρ = 1,650 kg/m3 as shown in Figure 5A. The
ratio of radius of each inclusion material is taken, such as S/R =

R/C = 0.83, where S,R, andC denote radius of steel, rubber, and
concrete, respectively. The dimension of the unit cell is 3× 3× 10
m.With increasing substitution ratio of material constituents, the
varying bandgap width is plotted as shown in Figure 5B. We note
that the lower (resp. upper) value of bandgap decreases (resp.
increases) when substitution ratio increases from 40 to 60%, and
thus the gap widens with increasing substitution ratio. It can be
seen that the bandgap for triphasic inclusion appears at lower
substitution rates than for monophasic substitution cases.

3.2. Effect of Varying Orientation in Square
Inclusions
Having verified in subsection 3.1 that using a square geometry
as the inclusion leads to better performance, here, we explore
the effect of varying its orientation within the microstructure of

FIGURE 6 | Effect of change in orientation angle (in degrees) of unclamped regular-shaped square steel inclusion (2 × 2 × 10 m) with 0.445 substitution ratio in

medium soil (3 × 3 × 10 m; E = 153 MPa, µ = 0.33, and ρ = 1,800 kg/m3) on bandgap; (A,B) show the cross-section of 0 and 45◦ angle orientation of unclamped

square inclusion; and (C) shows the declining trend in bandgap with increase in angle from 0 to 45◦ in anticlockwise direction.
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FIGURE 7 | Transmission spectra of 0 and 45◦ orientation of square steel inclusion in the medium soil matrix (bottom remains unclamped) are computed using a finite

array of metamaterial design (corresponding to Figure 6). A dip is observed at ∼68 Hz, representing large wave attenuation.

periodic media by rotating it from 0 to 45◦. With this exercise, we
further explore the microstructure geometries toward achieving
higher bandgaps. Steel inclusions are considered as the column
with regular-shaped square geometry (2 × 2 × 10 m) within an
unstructured medium soil (3 × 3 × 10 m), with properties the
same as in section 3.1. The orientation of the square inclusion is
made to vary from 0 to 45◦, in increments of 5◦. Figure 6C shows
the plot for bandgaps obtained from varying the orientation
of inclusion plotted against the angle. Interestingly, the plot
shows a declining trend for the bandgap with increase in angle,
starting from 28 Hz at 0◦ to 0 Hz at 45◦. Thus, in summary
a square inclusion oriented at 0◦ gives a wider bandgap in
comparison to other orientations when examined with same
substitution ratio. To further investigate the efficacy of the design,
transmission losses (see Figure 7) are computed over a finite
array of SM design consisting of five square steel columns
(oriented at 0 and 45◦, respectively). For the computation the
Rayleigh wave is incident normally as a line source. With
0◦ orientation a dip is observed in the range of 58–82 Hz,
which shows possible large wave attenuation/transmission loss,
whereas no such observations is made for the 45◦ case. We
did not foresee this result as this effect of the rotation on the
stopband width is opposite to that observed for linear surface
water propagating within a periodic structure consisting of rigid
square inclusions (Farhat et al., 2008). Thus, one needs to be
cautious when using analogies between surface water waves and
Rayleigh waves.

3.3. Feasibility of Inclusion Material
So far we have discussed the geometry of the inclusions within
the unit cell, so as to generate a wide bandgap and its positioning
in the frequency spectrum. However, we have exclusively utilized
steel as the constituent material of the inclusion. But it is not
feasible, either economically and technically, to generate such a
large volume of steel having dimensions 2 × 2 × 10 m making

up a volume of 40 m3 and then to give them complex cross-
section geometry via standard industrial fabrication processes.
Conversely, concrete has an advantage over steel, in terms of
fire and corrosion resistance, low density, resistant to impact of
high groundwater level, and other on-field applications like being
easily moldable into desired shapes, and these considerations
make it a better choice within the civil engineering domain.
Noting this fact, we compared the dispersion properties of
concrete inclusions (M50 grade) with that of steel inclusions
(Figures 3D, 8B); both having the same substitution ratio (0.445)
and embedded in medium soil whose geometry and elastic
properties are same as in section 3.1. The elastic properties of
M50 grade concrete is taken as E = 35.35 GPa, Poisson’s ratio,
µ = 0.15, and density, ρ = 2,400 kg/m3. Unfortunately,
concrete inclusions in a medium soil matrix show no bandgap
frequencies (Figure 8B). However, as discussed earlier, concrete
is an ideal choice for most of the civil installations, and so we
performed a parametric study with different grades of concrete
combined with soft, medium, and dense soil. In the process of
which, we arrive at a design of SM having M50 grade concrete
inclusion in very soft soil type 1 (soil properties is taken as
E = 10 MPa, Poisson’s ratio, µ = 0.25, and density, ρ =

1,400 kg/m3), showing a bandgap of ∼3.91 Hz in the range of
18.45–22.36 Hz (Figure 8D). Transmission losses are computed
using a finite strip of five concrete square columns in very soft
soil type 1 which shows large Rayleigh wave attenuation in the
range of 15–25 Hz, in comparison to the medium soil (Figure 9).
Zero frequency stopband computation (see Figure 10) distinctly
shows two bandgaps; ultra-low stopband frequency (0–7.62 Hz)
and a higher range of bandgap, ∼3.28 Hz (range 18.72–22
Hz). Transmission loss for 0◦ oriented regular-shaped square
concrete columns in very soft soil type 1 (E = 10 MPa, µ =

0.25, and ρ = 1,400 kg/m3) and medium (E = 153 MPa,
µ = 0.3, and ρ = 1,800 kg/m3) soil matrix is also computed
over a finite array of the design region (see Figure 11). Clearly,
concrete columns in soft soil type 1 attenuates the Rayleigh wave
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FIGURE 8 | Unclamped configuration of concrete inclusion (with 0.445 substitution ratio) in (A) medium soil (E = 153 MPa, µ = 0.33, and ρ = 1,800 kg/m3); (C) very

soft soil (E = 10 MPa, µ = 0.25, and ρ = 1,400 kg/m3). Corresponding dispersion curves obtained are shown in (B,D), around the edges of the irreducible Brillouin

zone ŴXM. No bandgap is observed with the medium soil matrix; whereas in very soft soil a bandgap, ∼3.91 Hz, is observed.

FIGURE 9 | Transmission losses for unclamped concrete inclusions (2 × 2 × 10 m) in very soft soil type 1 (E = 10 MPa, µ = 0.25, and ρ = 1,400 kg/m3) and

medium soil (E = 153 MPa, µ = 0.33, and ρ = 1,800 kg/m3) matrix (3 × 3 × 10 m) corresponding to Figure 8. The substitution ratio is kept same, i.e., 0.445.

Notably, square concrete inclusions in very soft soil type 1 show attenuation in the bandgap range, i.e., 18.45–22.36 Hz.
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FIGURE 10 | Dispersion curve for clamped configuration of M50 grade square concrete columns (2 × 2 × 10 m) in soft soil matrix (3 × 3 × 10 m; E = 10 MPa,

µ = 0.25, and ρ = 1,400 kg/m3) (substitution ratio 0.445). Two bandgaps were observed; a stopband of 7.62 Hz and a bandgap in the range of 18.72–22 Hz.

FIGURE 11 | Attenuation for clamped configuration of square concrete columns having dimension 2 × 2 × 10 m in soft soil type 1 (E = 10 MPa, µ = 0.25, and

ρ = 1,400 kg/m3) and medium soil (E = 153 MPa, µ = 0.33, and ρ = 1,800 kg/m3 ) matrix having dimension 3 × 3 × 10 m (substitution ratio 0.445). Clearly, loss in

soft soil type 1 matrix is more in comparison to medium soil.

vibrations to a larger extent in comparison to medium soil matrix
in stopband.

As mentioned earlier, since loose soil is not suitable
for construction purposes, we recommend the following
architecture. As shown in Figure 12, for a finite region to be
protected (denoted with A in Figure 12), the SM microstructure
should be designed using square inclusions of concrete columns
oriented at 0◦ in a narrow strip of very soft soil matrix
denoted with orange color in Figure 12, leaving the residual
region in its natural/structured state, making civil constructions
possible on the residual region. Another aspect is that since the
civil installations within the protected region may vary largely,
with varied natural frequency range and importance, concrete
columns of such a high dimension may not be necessary always.

For the same, a parametric study on obtaining stopbands with
different concrete sizes is performed, and the results are shown
in Figure 13. The effect of variation of stopband follows a
linear trend with increasing substitution ratio of regular-shaped
square concrete columns. Such graphs can be used for calibration
purpose for optimal SM design.

4. CONCLUSIONS

In this paper, we have first noticed the importance of structure
geometry to further enhance the filtering effects of clamped
seismicmetamaterials consisting of cylindrical inertial resonators
clamped at their bottom. The clamping makes possible a
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FIGURE 12 | Schematic representation of the proposed design for metamaterial. Square columns of M50 grade embedded in loose soil matrix with properties,

E = 10 MPa, µ = 0.25, and ρ = 1,400 kg/m3 are placed along a trench surrounding the protected area. The square concrete columns have substitution ratio 0.445

in the unit cell and are not clamped to the bottom.

zero-frequency stopband of interest for earthquake protection,
whereas the microstructure allows for additional stopbands at
higher frequencies that might find applications in suppression of
ground vibrations induced by traffic. We stress that such types of
cylindrical inclusions mixing stress-free and clamped boundary
conditions have no counterpart in electromagnetism since these
conditions model infinite conducting inclusions in irreconcilable
light polarizations (transverse electric and magnetic fields, for

stress-free and clamped conditions, respectively). We have
explored the effect of different microstructure geometries of
SMs toward obtaining a wider bandgap with equal amount of
inclusions and its positioning in frequency spectrum, i.e., a
lower bandgap region (approximately below 20 Hz) is essential
for most of the engineering applications. We have arrived
at a configuration of columns having a square cross-section
with sides aligned with a square lattice that gives a wider
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FIGURE 13 | Bandgap vs. substitution ratio plot for clamped configuration of square concrete inclusion in a unit cell of dimension 3 × 3 m. The soil properties are

taken as E = 10 MPa, µ = 0.25, and ρ = 1,400 kg/m3.

bandgap in comparison to circular cross-section inclusions
for the same substitution ratio of constituent material. This
has been demonstrated by computing transmission losses in
addition to the dispersion curves for different microstructure
geometries of the SM. We have also performed analysis of the
constituent material, observing that, not only steel, but concrete
the conventional constructionmaterial, can also be used to design
inclusions for large wave attenuation. This is important for the
industrial scale-up of the technology because, concrete is cost
effective, easy to cast directly at the construction site, and easy
to provide arbitrary geometry of the microstructure. We have
observed that concrete shows a bandgap for very soft soil. Since,
very soft soil is not suitable for constructions, we prescribe an
architecture of SM, with concrete inclusions in a narrow strip
of very soft soil matrix surrounding the protected region. Even
though we have arrived at an efficient design of SM, our study
opens the door to further generalization. For example, we assume
linear elastic materials, and it would be interesting to see what
happens in case of material and geometric non-linearity; soil
often shows a significant amount of plastic deformation. In a
future study, we would like to pay more attention to damping
of ground vibrations, introducing so-called K-Dampers, such as
those used to reduce vibration of bridges (Sapountzakis et al.,
2018) and to mitigate of site-city interactions (Ungureanu et al.,
2019) using the SMs which we introduced here.
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