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Low-Level Modeling for Routing and Scheduling Trains
through Busy Railway Stations with Expandable
Coupling/Decoupling Mechanism

Quoc Khanh Dang, Thomas Bourdeaud’huy, Khaled Mesghouni, and Armand Toguyéni

Abstract—This paper studies train routing and scheduling
problem for busy railway stations. The train routing problem is
to assign each train to a route through the railway station and to
a platform in the station. The train scheduling problem is to
determine timing and ordering plans for all trains on the
assigned train routes. Our objective is to allow trains to be
routed in dense areas that are reaching saturation. Unlike
traditional methods that allocate all resources to setup a route
for a train until the route is freed, our work focuses on the use
of resources as trains progress through the railway node. This
technique allows a larger number of trains to be routed
simultaneously in a railway node and thus reduces their current
saturation. In this paper, we consider that trains can be coupled
or decoupled and trains can pass through the railway station
without stopping at any platform. To deal with this problem, this
study proposes an abstract model and a mixed-integer linear
programming formulation to solve it. The method is illustrated
on a didactic example.

Index Terms—Busy railway stations, mixed-integer linear
programming, offline railway station management, train
coupling, train decoupling, train platforming, train routing,
train scheduling.

I. INTRODUCTION

Nowadays, the railway network in Europe and most areas
in the world have a great demand for transport. It is necessary
to make the best use of railway resources while satisfying
commercial objectives without conflicts between trains and
resources. In order to fully explore the capacity of railway
infrastructure, searching for optimal platform stops and
passing through busy railway stations is important. In most
researches, two main problems are investigated: train routing
and train scheduling [1].

The train routing problem is to assign each train to a route
through the railway station and to a platform in the station.
The number of routings available to each train strongly
affects the size of the problem and the time required to
optimally solve it.

The train scheduling problem is to determine timing and
ordering plans for all trains on the assigned train routes. The
number of possible solutions can be very large depending on
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the network structure, the number and type of trains.

A train routing and scheduling problem in railway stations
consists of assigning trains to platforms, so as to satisfy
several constraints such as headway, dwell time and platform
occupation. The schedule must satisfy some commercial
objectives such as desired train arrival and departure times,
platform stops, etc.

Some works dealing with train routing and scheduling
problem focus mainly on low traffic densities within a
reasonable computation time. In such case of simple railway
structures with few lines, the problem is easy since there are
few numbers of routes for each train. Reference [2] proposes
a mixed-integer program to find train routing concerning with
assigning trains and train times for rail links, stations stop...,
so as to avoid train conflicts while minimizing costs and
satisfying travel demands. The numerical example in this
paper has 10 nodes, 28 links, 10 trains and requires less than
one minute to be solved. The strategy of scheduling is to find
the route of trains one at a time until all trains are routed and
if necessary, the route of trains can be rescheduled until a
feasible solution is found. References [3], [4] investigate
computational complexity of the problem of routing trains
through railway station. They consider the reservation of a
complete route which guarantees that each train can travel
without interruption along the reserved route. They also
include shunting decisions, which are the move of a train to a
depot track from a platform in the station (and inversely), and
small deviations for preferred arrival time and departure time
of trains. They prove that if each train has at most two routing
possibilities, a solution can be computed in polynomial time.

The routing and scheduling problem becomes difficult in
busy railway stations, having busy lines and several
alternative platforms. Some research focus on complex
railway stations. Reference [5] proposes a linear model.
Heuristic methods are developed according to train planners’
objectives. The algorithm schedules each train one by one.
For each train, they check feasible platforms and for each of
these platforms, they check if there are any conflicts with
other trains that are already scheduled. If there are conflicts,
the arrival time and departure time of train are changed to
resolve conflicts. The experiment example has 12 main
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platforms (with 34 sub-platforms) and 491 trains with 900
arrivals and departures. The computation times can be from a
few seconds to several hours depending on the heuristic
method and the train planners’ objectives. Reference [6]
proposes a model dealing with the routing and scheduling
problem for busy complex railway stations by applying a
hybrid algorithm combining branch-and-bound and heuristic
algorithms. In this model, they consider the reservation of a
complete path and the deviation of departure time in a similar
way to [3], [4]. The experiment example has 250 trains
divided in sub-groups, the biggest group has about 60 trains.
The computation time is a few minutes with 182 minutes
deviation of departure times of 37 trains that contains 3 trains
postponed by more than 10 minutes, 8 trains by more than 6
minutes and 29 trains by less than 5 minutes. Reference [7]
improve the model of [3]. The problem is formulated as a
weighted node packing model by making some assumptions
about shunting decisions, preferences of trains for platforms
and routes. Reference [7] also includes preprocessing and
reduction techniques in the solution process. Reference [8]
proposes a track-circuit based model dealing with
perturbations. In this paper, all track-circuits belonging to a
block must be reserved for trains. Reference [9] proposes a
set packing model to deal with the problem of routing trains
through railway junctions. The route locking and sectional
release system is used in this model, a sequence of track
sections must be reserved before the arrival of trains.

In view of the above, the reservation of a complete route is
popularly used to solve the routing and scheduling problem
in railway stations since it can guarantee that trains travel
safely without interruptions. In this method, all sections in the
route of trains are reserved until the trains release the
complete route. One complete route can be reserved by only
one train at a time. In principle, the reservation duration of
each section of route can be calculated. It depends on the
length and speed of train and the length of section. In this
paper, we want to assess the interest and performance of a
model considering the reservation of each section
independently.  This  implies  low-level  modeling
consideration with respect to the speed and length of train. A
section can be reserved when a train arrives and it can be
released after the train leaves it, so that the use of available
resources can be more efficient. It allows the full exploitation
of the capacity of railway infrastructures.

We proposed in [10] an abstract model and a mixed-integer
linear programming formulation to solve it. We considered
that every train consists of two circulations. One circulation
goes from outside of railway station to a platform of railway
station and the other circulation leaves the railway station. In
this paper, we extend our early study by describing many
types of trains. Thereafter a train can consists of a
combination of one, two or three circulations. We consider
that trains can be coupled or decoupled, which correspond to
frequent railway operations. We consider also trains that pass
through the railway station and do not stop at any platform.
The paper is structured as follows. In the 2nd section, we
propose the main concepts for describing the problem. In the
3rd section we propose a mathematical model allowing a
resolution by a mixed integer programming approach.
Section 4th is an application of the proposed model to a case
study to illustrate the feasibility of our approach. In the 5th

section, we conclude with the lessons of this work and
indicate its perspectives.

Il.  DESCRIPTION OF THE PROBLEM

We propose to study a topology based on two types of
generic components:” section” and ” connector”.

A section is a segment of railway infrastructure that can
contain only one train at a time.
The set of sections in a railway infrastructure is denoted by
S ={sy,S3,..,5s} where S is the cardinal number of S.

A connector is a point which connects several sections.

The set of connectors in a railway infrastructure is denoted
by C = {cy,¢,,..,cc} where C is the cardinal number of C.

Relations between sections and connectors: The
topology we consider corresponds to a sequence of sections
and connectors, see Fig. 1. Each section is bounded by only
two connectors.

Fig. 1. Relations between sections and connectors.

For every ¢ € C we denote the set of sections connected
with connector ¢ by Sc. InFig. 1, S., ={s1, s;, 53,54}

Sections doublet. (s;,s,) is a doublet of connector
ciwhen s;, s, € S¢,, and trains can traverse from section s;
to section s, by connector ¢; . The set of doublets of a
connector c is denoted by
K. ={(s1,5"1),(52,5'3),.., (sk, s'k)} where K is the cardinal
number of K_.

We must remark that a doublet of connectors represents
only one travel direction. For example, a doublet (s;, s,) of
connector ¢, represents the travel direction from section s, to
section s, by connector ¢;. The reverse exists only in case
that we have another doublet (s,, s;) for connector c; .

For example, in Fig. 1, if trains can traverse from left to
rlght, then Kcz ={(Sl' 53)' (Sl' SZ)! (54! 52)' (54! 53)}'

For every s € S we denote the set of reachable sections
from section s by S. In Fig. 1, Sg, ={s;, s5}.

For every s € S, we denote the set of sections which have
section s as a reachable section by S;. InFig. 1, 352 ={s1,5,}.

For every s € S, for every s’ € S, it exists only one
connector denoted as c, between these two reachable
sections. In Fig. 1, ¢y s, IS c;.

A bordering connector is a connector surrounding the
railway infrastructure where trains can enter or leave railway
infrastructure.

The set of bordering connectors in a railway infrastructure
is denoted by B= {by,b,,..,bg} where B is the cardinal
number of B. Obviously, B c C.

An external section is a section surrounding the railway
infrastructure, represented by a line which connects from a
bordering connector to the outside of the infrastructure where



trains can enter or leave railway infrastructure. The set of
external sections in a railway infrastructure is denoted by E=
{ee,..,eg} where E is the cardinal number of E .
Obviously, E c S.

A platform is a section which is used for passengers that
can await, board or unboard from trains. Train can usually
stop long-time in platforms.

The set of platforms in a railway infrastructure is denoted
by P= {p,,p,,..,pp} Where P is the number of platforms.
Thus,PcSandPNE = o.

An internal section is a section inside railway
infrastructure where trains can pass through. The internal
sections are not platforms. The set of internal sections in a
railway infrastructure is denoted by I= {i,, i,,.., i;} where |
is the cardinal number of I. Thus, I c S,INE =2,INP =
gandS=IUEUP.

An example of a railway infrastructure is represented in
Fig. 2 and the correspondences between sections of this figure
are listed in Table I.

Fig. 2 An example of railway infrastructure.

TABLE |: CORRESPONDENCES BETWEEN SECTIONS OF FIG. 2

Section  External section  Internal section  Platform

S1 i1

59 P
s3 2

S4 i3

s5 iq

56 5

S p2
S8 6

59 €1

510 €2

511 e3

512 €4

Trains’ Activities

Train: The traffic in the railway infrastructure is defined
by a set of trains T= {t,, t,.., tr+ Where T is the number of
trains.

A circulation is an operation of a train which travel from
one section to another.

Every train t € T consists of a set of ordered circulations
Lt = {1§,15,..., 15} where Lf is the cardinal number of Lf.

Train platform. If a train must stop at a platform, we must
allocate one and only one platform to train ¢, denoted as p; €
P. A route for the train passing through the railway station
must be determined with the condition that the train arrives at
and departs from the same platform p;.

Routing of trains. A train passing through the railway
station has circulations which are given external sections and
need to be assigned to a route. The external sections of

circulations of the train t are denoted by e/l e?..
e, el...€ E (train using coupling or decoupling
mechanism must have three external sections). The

circulation [ of train enters the railway station from the

external section e/, arrives at a platform, after that another
circulation [’ departs from the same platform and leaves the
railway station by the external section e,
Three types of circulation are defined:
e Anentering circulation is a circulation of a train which
travels from an external section to a platform, see Fig.
3. The set of entering circulations is denoted by L.

Cin

y)
Cin

time
Fig. 3. Entering circulation.

e A leaving circulation is a circulation of a train which
travels from a platform to an external section, see Fig.
4. The set of leaving circulations is denoted by L;.q,-

Pt ¥

time

Fig. 4. Leaving circulation.

e A crossing circulation is a circulation of a train which
passes through the railway station from an external
section to another external section and does not stop at
any platform, see Fig. 5. The set of crossing circulations
is denoted by Lyogs-

N
Cin \

time
Fig. 5. Crossing circulation of a passing train.

Note: Trains can stop at only one platform but they are
allowed to traverse other platforms. Crossing circulations do
not stop at any platform but they can traverse platforms to go
through the railway infrastructure.



Reference time. An entering circulation [ € L,,; is
associated to a reference time A’. This reference time A’ is the
preferred arrival time to the platform by the circulation I.

Circulation can arrive late to platform within a permissible
deviation time. The maximum permissible deviation is
denoted by L. It means that the latest arrival time of
circulation at its platform is A + L.

Stopping time. The time taken for circulations remaining
stopped at a platform to take passengers onboard is denoted
by D%,

Route. The route of a circulation is a sequence of reachable
sections from one to another that the train uses for this
circulation. One circulation can have many routes and we
have to determine which one is the most appropriate.

A route of a circulation [t of train t denoted by r consists
of a set of ordered reachable sections S™={s],s5,..,s¢r}
where ST is the cardinal number of S™.

In France, nowadays the TGV (Train A Grande Vitesse,
"high-speed train") is France’s intercity high-speed rail
service, operated by SNCF, French National Railway
Company. TGVs have semi-permanently coupled articulated
un-powered coaches (chair cars) with bogies between the
coaches. At each end of the trains, Power cars, lead vehicles
with machinery for supplying heat or electrical power to other
parts of trains, have their own bogies. Trains can be
lengthened by coupling two TGVs, using couplers hidden in
the noses of the power cars.

In this study, we consider that every train t consists of a
maximum of two entering circulations and one leaving
circulation (or one entering circulation and two leaving
circulations). Trains can stop at only one platform and they
are allowed to traverse other platforms (they do not stop at
these platforms). The entering circulations of a train must
stop at the platform selected for the train and the leaving
circulations of the train must leave the same platform. The
assumption used in this model is that for all entering
circulations arriving at a platform, the reference arrival time
of the platform and the stopping time at platform are known.

1. MIXED-INTEGER LINEAR PROGRAMMING MODEL
In this section, we propose a mathematical model as a
mixed-integer linear program with the parameters and
hypotheses we presented in above.
A. Parameters

Every train t € T has some parameters corresponding, see
Table II:

TABLE Il: PARAMETERS OF TRAINS’ ACTIVITIES

Type Circulation External section  Reference time
Al ph
. . I1,la €L el el ;
Stopping train 162 ent €in1: Cin2 Al2 pla | L
1 1
I3,l € ]Llfﬂ'-‘ Coutl: Cout2
Crossing train [ € Lcross e el

Note: Three types of stopping train in this study:

e Stopping trains that have only one entering circulation
and one leaving circulation. The set of this type of train
is denoted by T ;.

e Stopping trains that have two entering circulations and

one leaving circulation (train coupling). The set of this
type of train is denoted by T,,. We consider Al1<A'z, it
means that circulation [, enters platform before
circulation L.

e Stopping trains that have one entering circulation and
two leaving circulations (train decoupling). The set of
this type of train is denoted by T;,.

There are no train having two entering circulations and two
leaving circulations because we can consider two trains
having one entering circulation and one leaving circulation in
this case.

The time taken to traverse section s by circulation | is
denoted by AL. It depends on the length of sections and the
speed of trains, can be given as:

1 _ length of sections

speed of circulationl

The time taken for a circulation I going through a connector
is denoted by ©'. It depends on the length and the speed of
trains, can be given as:

1 _ length of train

speed of circulation 1

The time taken for a coupling system or decoupling system
at platform is denoted by T'¢.

Note: We assume that the speed of train does not change
during a circulation.

H is a sufficiently large constant.

B. Decision Variables
The function §(Q) is an indicator such that §(Q) = 1 if
the condition Q is valid, otherwise 0.

e S.: boolean variable, represents the passage of
circulation I going through section's. St = & (circulation
| passes through section s).

e C.: boolean variable, represents the passage of
circulation | going through connector c. C!=
é(circulation | passes through connector c).

e YY': poolean variable, represents the chronological
order of two circulations 1, I’ using routes containing a
common section s. Y}V = §(circulation | passes through
section s before circulation 17).

e X! poolean variable, represents the chronological
order of two circulations 1, I’ using routes containing a
common connector ¢. X% = § (circulation | passes
through connector ¢ before circulation 17).

e 7., : boolean variable, represents the passage from
section s to section s’ in the route of circulation 1. ZL,, =
6 (circulation 1 travels from section s to section s’).

The time interval of occupation of sections and connectors

are represented in Fig. 6:

Fig. 6. Occupation time variables.



Note: A section is reserved when a train arrives at the
connector connected with this section and the section is
released when train leaves the other connector connected with
this section.
e [al,Bl]: integer variables, the actual time interval of
occupation of section s by circulation I.

e [vl, w!]: integer variables, the actual time interval of
occupation of connector ¢ by circulation I.

e WL.: integer variable, the time taken for circulation |
remaining stopped at section s.

° P%,: boolean variables, represents the stopping platform
of circulation 1. P} = & (platform p is allocated to
circulation | as a stopping platform).

C. Constraints
Routing constraints. This section presents constraints
which ensure that circulations can travel from their origin to
their destination.
e Ifthe doublet (s, s") does not exist, it means that section
s is not reachable from s’. Thus, Z.,, is equal to 0:

VteT,VIeEL,VseS,Vs' ¢S, Z, =0 (1)

e Ifacirculation passes from section s to s’, it cannot pass
from section s’ to s:
VteT,VIe L, VseS,Vs' €S, Z., +ZLs<1 2

Route of circulation:
e |f a circulation enters a section, this circulation must

pass through this section:
vteT,vIeL,VsES ZZ§,5=1=>S§=1
SI1ESs

The constraint is expressed using the linear constraint
below:

VtET,VIEL,VSES  Si=Nges Zhs  (3)

e If a circulation leaves a section, this circulation must
pass through this section:

VEET,VIEL,VSES  Yges Zhy=1=5l=1
The constraint is expressed using the linear constraint
below:
VtET,VIEL,VSES  Si=Nges, Zesw  (4)
Note: The inequality in constraints (3) and (4) represents
the case of external sections and platforms. For example, a
circulation can pass through an external section but it cannot
enter this external section in case that this external section is
the first section in the route of this circulation.
e If a circulation travels from section s to section s’, it
must use the connector c, between these two sections:
VtET,VIEL,VSES,VS'€S, Zi=1>Cl =1
The constraint is expressed using the linear constraint
below:

VteT,VIEL, VseS Vs €S, Zk, <C., (5)

Constraints of external sections:

e Entering circulation | must pass through and leave the
external section given e},

VtETVIEL, S, =1 (6)

mn

VteT,VIeL,, Ysres Ziilns' =1 @)

e This entering circulation | must not pass through others
external sections:

vteT,vIeL,,, Vs €E\{e,} Si=0 (8)

e Leaving circulation | must enter and pass through the
external section given el ,;:

VtET,VIE Ly S =1 9)

out

1
vVt €T, VI € L, 2ores Z,1 =1
eout out

(10)

e This leaving circulation | must not pass through others
external sections:

vteT,VIEL,,, Vs € E\{el,,} Si=0 (11)

e Crossing circulation | must pass through and leave the
external section given e}, and it must enter and pass
through the external section given el ,:

VEET,VIE LYo S =1 (12)
Yt €T,VIE Liross  Xoes, Zgt, =1 (13)
vt € T, VI € LL, Séolut =1 (14)

VtET,VIE LLross  Does, Zol =1 (@5)
eout ou

e This crossing circulation | must not pass through others
external sections:
Vt € T,VI € Lo, Vs € E\{e},, elue}  SE=0 (16)
Constraints of internal sections: If a circulation enters an
internal section, it must leave this internal section.
Conversely, if this circulation leaves this internal section, it
must enter this internal section.

VtET,VIEL, VS €]  Yges, Zis = Dsnes, Zosn (17)
Constraints of non-stopping platforms: We consider that
trains can pass through some platforms but might not stop at
these platforms. If a circulation enters an non-stopping
platform, it must leave this platform. Conversely, if this
circulation leaves this platform, it must enter this platform:

Z Z.éup

s11eSy

VteT,VlEL,VpEP Pl=0= Z Zps =

SIESy



These constraints are expressed using the linear constraints
below:

VtETVlELt Vp € P
ZSIESp pst Zsues Zs,,p <H- Pl
Zsuesp Zsllp - ZSIESp ZpS! <H- Ppl

(18)

Note: If Pl=0 the inequation (20) implies that
Zsresp ps! Zsues Zsllp <0 and
Tores, Z}s <0, it means that Zs,esp pst = Lsnes, Ziyp. If
Pj =1, the inequation is always true because H is a
sufficiently big constant.

Constraints of stopping platforms:

e There is only one stopping platform for entering

circulation and leaving circulation:

l
Zsueﬁp Zslrp -

VteT,VIEL, ULy, Ypep =1 (19)

e There is no stopping platform for crossing circulation;

VtET,VIE L, ps  Ypep Pr=0 (20)

e < Entering circulations and leaving circulations of the
same train must have the same platform:
vteT, vl € L, ULl VpeEP PB'=P' (21)

e An entering circulation must enter the stopping

platform:
Ri=1=) zh,=1

SESp

VteT,vIeL,,, Vp€EP

The constraint is expressed using the linear constraint
below:

VEET,VIE Ly, VP EP  Yies, Zh = B} (22)

e An entering circulation must not leave the stopping
platform:

vt €T, VI € LL,, Vp EP P,}=1=>ZZ;§S=0

The constraint is expressed using the linear constraint
below:

VtET,VIE LLy, VD EP  Yses, Zps < (1= P}) (23)

e A leaving circulation must leave a stopping platform:

Vt € T,VL€E Liga,, VP EP  Yses,

ZL > Pl (24)
e A leaving circulation must not enter the stopping

platform:

VteT,VI e Lgeav' Vp €P ZsES Zsp s(1- P ) (25)

Constraints of relations between sections and
connectors: We consider that circulations are not allowed to

pass through a connector many time in this model.
Circulations can pass a connector only one time. If a
circulation | passes through a connector c, there must be two
sections, connected to this connector, which are in the route
of circulation I:

VtET,VIELLVCEC Cg=1¢25;=2

SES.

This constraint is expressed using the linear constraint
below:

Yses, Ss—2<H-(1-Cp)
2-Yses Ss<H-(1-C)
(26)

VteT,VIe L, VceC {

Note: We remind that S, is a set of sections connected with
connector c.

Actual time interval of occupation of sections and
connectors.

The actual time interval of occupation of a sections € S
by a circulation | is defined by [a!, 8] and the time taken for
circulation | remaining stopped at section s is defined by
variables W,

The actual time interval of occupation of a connector ¢ €
C by a circulation | is defined by [v%, w!].

R R iy L 1

time

Fig. 7. Actual time intervals of occupation of sections and connectors.

e The actual time intervals of occupations of sections and
connectors are represented in Fig. 7. The constraints of
all connectors are expressed as follows:

VteET,VIEL,VceEC wl=0vl+06 27)

e The constraints of all sections which are not the
stopping platform are expressed as follows:

[ ]

VteT,VIEL,, Vs el Bl=al+A +260"+W! (28)
VteT,VIEL,Vs€E Bl=al+A+0"+W! (29)
VteT,VIEL,VpEP
Pl =0= Bl =ab+ A, +20' + W}

This constraint is expressed using the linear constraints
below:

VteT,VIEL ,VpEP

{a;,+A;,+2®l+V|/,}—ﬁ,§ <H-P}

l l l l l l

Bp—a,—A,—20"—W, <H-P,

To pass through an internal section or a platform, trains

pass through two connectors (constraints (28) and (30)). To

(30)



pass through an external section, trains pass through only one
connector (constraint (29)).

Succession of sections:

The actual time intervals of occupations of two consecutive
sections are represented in Fig. 8.

3. = Wl =0l + 6 \ t ‘

—aol+ 6! 10
s

time

Fig. 8. Actual time intervals of occupation of two consecutive sections.

e If circulation | travels from section s to section s’ by
connector ¢, we consider that the section s’ is reserved
when connector ¢ is occupied by circulation I. Thus, we
have the constraint below:

VtET,VIELLVsES VS €S, Zl, =120l =ad,

This constraint is expressed using the linear constraints
below:

VteT,vlI€ L, Vs €S Vs €S,
{ugss, —al, <H-(1-2ZL) (31)

aél - Ul <H- (1 - Zésr)

Csst —

e According to Fig. 8, if a circulation | travels from
section s to section s’, their corresponding occupation
times must respect the constraint below:

VteET,VIEL,VsES Vs €S, Z, =1= Bl =al, + 6!
This constraint is expressed using the linear constraints

below:

VteT,VIE L', Vs €5,Vs €S,
(X_é,+@l—‘8_é SH'(l_Zsl‘sr)
ﬁsl—aé,—é)‘ SH'(l_Zsl'sr)

(32)

Actual time interval of occupation of stopping
platform: The time interval of occupation of stopping
platform of an entering circulation must respect the preferred
arrival time A* which can be adjusted within a time interval L

(Fig. 9).

Al<d +o'<A+L

@
°

Fig. 10 Actual time interval of occupation of a platform

The actual time interval of occupation of a platform is
represented in Fig. 10, we assume that the entering circulation
of a train arrives at a stopping platform when the train leaves
the connector connected with the platform. Hence, the
entering circulation allows passengers to board or unboard
the train. After that, the leaving circulation of this train will
pass through and leaves the platform.

« The time interval of occupation of a stopping platform of
an entering circulation must respect the preferred arrival time
of platform A, see Fig. 9:

vteT,vielL:, Vp€EP
Pp=12A"<a,+0' <A +1L

This constraint is expressed using the linear constraint
below:

vteT,vlelL,, Vp€EP
Al—a,—0'<H-(1-P)
ab+0'—A'<L+H-(1-PF)

(33)

e The time interval of occupation of stopping platform of
an entering circulation must respect the stopping time at
platform D'

vteT, Vi€l ,VvpeP P=1=p,=a,+6'+D'

This constraint is expressed using the linear constraint
below:

vteT,VIeEL,,, Vp€EP
Bp—ap,—0'—D'<H-(1-P)
ap+0'+D' B, <H-(1-F)

(34)

Note: If trains have two entering circulations, each entering
circulation has its own arrival time A' and stopping time D*
at platform.

e If trains have one entering circulation and one leaving
circulation (train type denoted by T;; ), their
corresponding occupation times must respect the
constraint below:

Vt € Ty, Vil € Loy, Vi, € Ly, VP EP P =12 ) =

This constraint is expressed using the linear constraint
below:

VtEeT,l €L, 1, € Liyy,, VD EP
l l l
 —ay <H-(1-P")
l l l
ay =By <H-(1-Fh")

(35)

e If trains have two entering circulations I, I, with A1 <
A'2 and one leaving circulation I; (train type denoted by
T,1), see Fig. 11, the time interval of occupation of
stopping platform of leaving circulation I3 must depend
on the time interval of occupation of a stopping platform
of the second entering circulation .




Fig. 11 Coupling system of trains.

The entering circulation [, must enter a platform before [,
(A" < A%). The constraint of the time interval of occupation
of a stopping platform of entering circulations and leaving
circulation is expressed below:

Vt € Tyy, Vi € Ly, Vly € Lige,, VP EP Pl =12 a? =

This constraint is expressed using the linear constraint
below:

Yt € Tyy,ly, 1, € Ly, ls € Liggy,, VD € P

l l l
2 —a? <H-(1-PR")

a} — B2 <H-(1-PB")

(36)

el

mn out

Fig. 12. Decoupling system of trains.

e |ftrains have one entering circulation ; and two leaving
circulations [, I; (train type denoted by T;,), see Fig.
12, the time interval of occupation of a stopping
platform of the first leaving circulation [, (circulation [,
must leave the platform before I3) must depend on the
time interval of occupation of a stopping platform of the
entering circulation I, . This constraint is expressed

below:
Vt € Ty, VI, € LY, Vs, 15 € LY, VD € P
i _ L _ ph
Pp =1= a, = Py

This constraint is expressed using the linear constraint
below:
Vt € Typ by € Ly, by, 15 € LYy, VP € P
a2 <H-(1-P")
al — B <H-(1-PY)

@7

The second leaving circulation can begin to occupy the
platform only after the first leaving circulation leaves the
stopping platform. The constraint of the time interval of
occupation of a stopping platform of two leaving circulations
l,, 15 is expressed below:

Vt € Typ, VI, € L, Vi, 15 € LY,y VP E P

I _ I3 _ pl
Bl=1=>a)=p,

This constraint is expressed using the linear constraint
below:
Vt € Typ ly € Lope, Uy, l5 € LYy, VD € P
B —al <H-(1-PB%)
l l l
af —B2<H-(1-PB"

(38)

e The constraint of the time interval of occupation of
stopping platform of a leaving circulation is expressed
below:

5%

p

vteT,vIleL,,, Vp€EP
Py=1=B)=ap+A, +0' +T"+ W,

This constraint is expressed using the linear constraint
below:

vteT,vleL,,,Vp€EP
{a;,+A;,+@l+rf+V|4,}—ﬁ,§SH-(1—PP’)
Bp—ap—A,—O —T =W, <H-(1-P)

Security constraints. The security constraints ensure that
two circulations cannot pass the same section or the same
connector at the same time. We use the actual time interval
variables and ordering variables defined previously to express
these constraints.

e When two circulations using the same section, one

circulation must be scheduled before the other:

(39)

ve,t' eT,VIELL,VI €LV, 1 #U,Vs€S YV +Yii=1
(40)

Occupation of sections: Two circulations passing through
a common section cannot be scheduled during the same time
interval.

If two circulations are not in the same train, the constraint
is expressed below:

vt,t' eT, t =t ,Viel, VI e, VseS
Be<al+H-(3-Si—S =Y
Y <ai+H-(3-5i-5'-Y

(41)

Note: If section s is in the route of both circulations 1 and I’,
so that St =1,5Y =1 and either YV =1 or Y =1. It
means that 3 —S! — S/ — Y =0o0r3—-S! -/ -yl =
0. In the first case, we have 5! < a, it means that circulation
1 leaves section s before the arriving of circulation 1’ at section
s. The second constraint is trivially verified (Y'* = 0). In the
other case, we have B < a!, it means that circulation I’
leaves section s before the arriving of circulation | at section
s.

In case that two circulations are in the same train, the
constraint is expressed below for all sections which are not
platform:

vt € T,vl,l' € L',Vs € S\P
{ﬁé <al+H-@B-Si-si-v!")y  (42)
U<al+H-3-St-Sl-v"h
In case that section is a non-stop platform, the constraint is
expressed below:
vteT,vl,l' e L', VpEP
{B,ﬁ <al+H-(3-S,—SY-Y+B)
y<ap+H-(3-S,—S) -V +B)

(43)

Note: The constraint of occupation of sections for the
stopping platform is expressed in the constraints (33)-(39) in
the previous part of this section.

e With two circulations using the same connector, one
circulation must be scheduled before the other:

vi,t' eT,VIe L, VI €LV, 1 #U,vceC XV +Xx!' =1
(44)



Occupation of connectors: Two circulations passing
through a common connector cannot be scheduled during the

same time

interval:

vt,t' e T,vle L, vl e LV,Yc e C

the correspondences between sections of this figure are

wt<v!+H-3-Ccl-ct-x

{wc

Y<vl+H-@3-ct-cl-xtY

IV. NUMERICAL EXPERIMENTS
In this experiment, our topology is depicted in Fig. 13 and

listed in Table I11.

(45)

ST

Fig. 13. Topology of the railway station.

TABLE I11: CORRESPONDENCES BETWEEN SECTIONS OF FIG. 13

Section External section | Platform
51 €1
89 €2
53 e
54 €4
55 €5
S6 eg
ST er
S8 [)1
59 P2
510 P3

TABLE IV: EXAMPLE OF PROBLEM

Train  Circulation  Type External section AP D
1 1 ent €5 70 30
1 2 ent eq 90 40
1 3 leav e
2 4 ent es 70 30
2 5 leav eq
2 6 leav eg
3 7 ent €2 65 30
3 8 leav er
4 9 ent €2 65 30
4 10 ent ez 80 40
4 11 leav g
5 12 ent o 70 30
5 13 leav es
5 14 leav eg
6 15 ent 1 90 30
6 16 leav es
7 17 ent €3 70 30
7 18 ent e 90 40
7 19 leav g
8 20 ent g 100 30
8 21 leav €9
8 22 leav e3

23

Cros

€in = €1 Cout = €6

Seven external sections (e; to e;) are considered for the

are not reachable (they are not doublets) even if two sections
of these pairs are connected with a same connector. These
pairs of unreachable sections are as follows: ( s;s,S11),
(511, 516)s (S15,S16) (S15,52), (S165520), (S16S23), (S20, S23),
(520, 524), (S23,53), (S23,S24), (S24 526), (S14)S18)s (5140 517),
(517, 518): (S18, 55), (S17, S19), (S19, S6)s (S22 S25), (S25, 57)- FOr
example, the pair of unreachable sections (s;s,s;¢) Means
that trains are not allowed to travel from section s; 5 to section
S16 and from sy t0 545

We run the experiments for 9 trains (3 type T,,, 3 type Ty,,
2 type T;, et 1 type crossing train) which correspond to 23
circulations. The data of each train are presented in Table 4.

The following constants are used:

e Maximum permissible deviation for A*: L=3

e Duration to traverse section by circulation A=20 for all.

e Duration to traverse connector by circulation =2 for

all.

e Duration for a coupling system or uncoupling system of

trains I'*=5 for all.

Note: Times are counted in seconds.

We run the experiments with the objective function of
minimizing the total of waiting times ¥,c; Yoes Wit and
minimizing the total of ending occupation time of sections
ZlEL ZSES .le

Objective function: MIN ¥,c; Yees (Ky - Wi + Ky - BL)

K, : weight of total of waiting times

K, weight of total of ending occupation time of sections

In our experiments, we chose K; = 0.6, K, = 0.4
The computation study was conducted under C++ in Visual
Studio 2017 and CPLEX wversion 12.8. The computer
hardware runs Windows 64-bit operating system with Intel
i7-870 CPU at 2.93 GHz and 4GB memory of RAM. The
results are presented in Table 5. The time needed to solve the
problem is 2.59 seconds. The results show that there are 6
interruptions of trains with a total waiting time of 94 seconds.
The model considered has 1750 constraints and 995 variables
after the presolve of CPLEX.

TABLE V: RESULTS OF PROBLEM

arrival and departure of trains. There are three platforms (p,
to p;) which are used for the boarding or unboarding of
passengers. There are a total of 27 sections and 16 connectors
in this railway station. We assume that all sections are
sections with two-way directions. For example, the set of
doublets of connector o) is K., =
{(s1,511), (511, S1), (51, S15), (515, 51)}- All pairs of sections

Train  Circ Route Platform
1 1 517,13, 8
1 2 4,14, 13,8 P1
1 3 8,12,11,1
2 4 3,24,21,9
2 5 9,22,19,18,4 P2
2 6 9,22,6
3 7 2,23,26,10 p3
3 8 10,27, 7
4 9 2,20,21,9
4 10 3,24,21,9 P1
4 11 9,22,6
5 12 2,20,21,9
5 3 9,22.19.5 P2
5 14 9,22,6
6 15 1,11,12,8 P1
6 16 8,13,17,5
7 17 3,26, 10
7 18 1.15,23,26,10 P3
7 19 10,27,25,6
8 20 6,25,27.10
8 21 10,26,23,2 P3
8 22 10,26,3
9 23 1,15,20,21,9,22,6




V. CONCLUSION

In this paper, we propose a mathematical model and a
mixed-integer linear programming formulation to solve
optimal train routing and scheduling for railway stations. The
model is validated by an illustrative experiment. In the next
work, we will make the experiments on real data related to a
French railway station which was tested by [6]. The topology
corresponding to this railway station has a total of 52 sections
and 18 connectors. In this busy railway station, there are 247
trains and 504 circulations per day. We must add some
working hypotheses that can be presumed still to correspond
to the model of [6]. We will make a comparison of our results
and their results to assess the performance of our method.
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