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Abstract

Consider the empirical autocovariance matrix at a given non-zero time lag based on ob-
servations from a multivariate complex Gaussian stationary time series. The spectral analysis
of these autocovariance matrices can be useful in certain statistical problems, such as those
related to testing for white noise. We study the behavior of their spectral measures in the
asymptotic regime where the time series dimension and the observation window length both
grow to infinity, and at the same rate. Following a general framework in the field of the
spectral analysis of large random non-Hermitian matrices, at first the probabilistic behavior
of the small singular values of the shifted versions of the autocovariance matrix are obtained.
This is then used to infer about the large sample behaviour of the empirical spectral measure
of the autocovariance matrices at any lag. Matrix orthogonal polynomials on the unit circle
play a crucial role in our study.

Keywords: High-dimensional times series analysis, Large non-Hermitian matrix theory, Limit
spectral distribution, Matrix orthogonal polynomials, Multivariate stationary processes, Small
singular values.
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1 Background, assumptions and results

1.1 Background

Consider a multivariate time-series sequence (w(N))N=1,2w where for each IV, @) = (:BI(CN))%Z
is a CN-—valued centered Gaussian stationary process in the discrete time parameter k. Let

Ry = By ()

be the autocovariance matriz of ™) at lag L (throughout this article, * stands for the complex

conjugate). Let (ny)n be an increasing sequence of positive integers such that

N N
0 < liminf — < limsup — < 0.

N—owo ny N—ow NN
Assume that for each N, we have the samples :CE)N), ceey 5’1’53971 of the process (™). Fixing an

integer L > 0, the empirical autocovariance matriz of order L is given by

=N ] 7'747\[71
N z N N
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where the sum ¢+ L will be taken modulo—n . For any matrix M € C™*™ let {Ao(M), ..., Apn—1(M)}

be its eigenvalues. The spectral measure of ]%SLN) is then defined as

1 N-—1
N = % ;0 0y (AN

We are interested in studying this measure as N — oo. In the field of mutlivariate time series
analysis, it is classically assumed that N is fixed while the observation window length converges
to infinity, in which case, under standard sets of assumptions, uy converges weakly to the spectral
measure of R(LN) in the almost sure sense. This is no more true in the asymptotic regime that we
consider in this paper, where the time series dimension and the window length are both large and
of the same order of magnitude.

Note that for L = 0, ﬁ%N) is Hermitian and several results are known for this case under

. . . . . . S(N
different assumptions. Our aim is to consider the cases L > 1 in which case R(L ) are non-

Hermitian. Generally speaking, the study of the spectral measure of non-Hermitian matrices is
much harder than that for Hermitian matrices. See for example [18, 26, 14]. As an example, it
took a tremendous amount of effort from researchers over a long period of time to establish the
limit of the empirical spectral measure of the matrix all whose elements are real-valued iid with
mean zero and variance 1 (see [33]).

In [4], using the ideas from [18, 26, 35], we identified the limit spectral measure of }A%(LN) in the
particular case when the time series is a white noise process. The same setting is considered in [37],
but they relax the modulo—n  summation when constructing ITE(LN). However, when the time series
is not a white noise, no such result appears to exists in the literature. The nature of the empirical
spectral measure of ]?L’(LN) for different values of L reflect the degree of dependence in the underlying
process. Thus for example, the plots of the empirical spectral measure can serve as graphical tests
for white noise or for the order of dependence in the time series. Theoretical support for these
tests rests on the asymptotic behavior of the empirical spectral measure. Moreover, once this
behavior is identified, it can potentially be used to develop significance tests for other statistical
hypothesis.

For any matrix M € C™*™, let so(M) = s1(M) = -+ = sp,—1(M) be its singular values
arranged in a non-increasing order. It is well-known that for a high dimensional non-Hermitian
matrices, say M, the behavior its spectral measure is connected to the probabilistic behavior of
the small singular values of the related matrix My — zIy for z € C\{0}. With this in mind, we
shall seek solutions to the following problems. Below [; denotes the identity matrix of order k.

e The behavior of the smallest singular value s N,l(ﬁgv) — zIy) for an arbitrary z € C\{0}.

e For an arbitrary 8 € (0,1), the behavior of the “small” singular values sN_g(ﬁ(LN) —zIN)
for £ € {|N?],...,|IN/2]} and z € C\{0}. Later this will help in controlling the magnitude of
the singular values sy _, when the indices ¢ are close to N B,

e The behavior of uy as N — oo via the existence of a deterministic equivalent.

1.2 Assumptions

We shall assume that for every N, (:L’,(CN)) & 1s a stationary Gaussian process whose spectral density

exists and satisfies some reasonable regularity conditions. As we shall see, this provides the
opportunity to use a variety of technical tools. If the time series are not Gaussian, then the
situation is way more involved technically but results similar to those in this paper are expected
to hold under suitable restrictions on the time series. Let T denote the unit circle of the complex
plane. Let ’Hf be the set of N x N Hermitian non-negative matrices. Suppose that for each
positive integer N, there is an integrable function S¥) : T — HY such that for each ¢ € Z,

1

21
RY = o | e st as (1)
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This SO is called the spectral density of {RS;N) , L = 0} or of the corresponding stationary process.
Note that

sv-1(RYY) = sy ((277)71 Jjw S (er) d&).

We further assume that for each N, S™) is non-trivial in the sense that for each non-zero CN-
valued polynomial p(z),
27
J p(e?)* SN () p(er?) db > 0.
0

We now turn to more substantial assumptions on SV).
The first assumption is akin to uniform equicontinuity of {S™)}. For h > 0, let

w(S™) h) = sup sup HS(N)(eZ(GH’)) - S(N)(eZH)H
0 ldl<h

be the modulus of continuity of SV) with respect to the spectral norm | - |.

Assumption 1. 1. For any ¢ > 0, there exists h > 0 such that for all N € N*,

sup 'w(S(N), h) <e.
NeN

2. With |S™]7, = max | S (e)],

M = sup |SM|L < .
N

3. m:=infysy_1(RY) > 0.

We allow the spectral density SV )<619) to be singular or close to singular at certain points
of T, but within the restrictions provided by the two following assumptions. Assumption 2 stip-
ulates that S(™)(e*) can be close to being singular only on a set of frequencies with a small
Lebesgue measure and it implies Assumption 1-3. Assumption 3 puts additional constraint on
sn_1(SWM) (). Examples where Assumptions 2 and 3 are satisfied are provided in Section 2
below. Let Leb(:) denote the Lebesgue measure.

Assumption 2. Suppose that for any « € (0, 1), there exists 6 > 0 such that
supLeb{z eT : sy_1(SMN(2)) < 5} < K.
N

Assumption 3.

1 2m
NJO logHS(N)(ela)_l‘ d —— 0.

N—w

1.3 Results

Before we state our results, we wish to recall that we have used modulo—ny summation to con-
struct }AB(LN). This is for convenience and helps in the details of the proofs. The results we establish
continue to hold for the sample autocovariance matrices when we define them via the usual sum-
mation over all indices that maintain a lag L. See for instance [37] who relax the modulo—ny
summation in the context of the model with i.i.d. processes considered in [4].

The first result is on a probabilistic bound on the magnitude of the smallest singular value of
(1T2<LN) —z). In problems similar to ours, often the optimal factor at the left hand side of the bound
given below is N1t instead of our N~%2t when ¢ > 0 is fixed. Our weaker bound will serve our
purpose. We shall elaborate on this issue during the course of the proof.



Theorem 1. Suppose Assumptions 1, 2 and 3 hold. Then, for each z # 0 and arbitrarily small
€ > 0, there exists a constant ¢; such that for all small ¢ > 0 and for all large N,

P [SN_l(I/%(LN) —z) < N*3/2t] < et + exp(—c1€2N).

O

The behavior of the small singular values is handled by Theorem 2. The behavior of sy_j (ISL(LN) —

z) for values of k which are close to N” is more important. The theorem implies that s _ s (}AE(LN) —
z) 2 NP/2~! with large probability. Again, though the rate is not optimal, it will be sufficient
for our needs. Further comments on this issue will be provided in the course of the proof, see
Remark 1 below.

Then, for each z # 0, there

Theorem 2. Suppose Assumptions 1, 2 and 3 hold. Let 8 € (0, 1).
|N/2]], and for N = Ny, where

exist two positive constants c and Cy such that for all k e [|N?],
Ny is independent of k,

P [stkfl(éiN) —2z) < Cz\/E/N] < exp(—cz2k).

O

We now turn to the large-N behavior of . For this we rely on the well-known Hermitization
technique due to Girko [12] (see [3] for a comprehensive exposition). Let u be a probability measure
on C that integrates log| - | near infinity. Then its log-potential U,(-) : C — (—00, 0] is defined
below. The measure y can be recovered from U, (z).

Uu(z) = — L log |w — z| p(dw).
For the empirical spectral measure py, we can write

N-1

1 ~ 1 ~ ~

Ui (2) = =57 25 log Ne(REY)) — 2] = — = logdet(RyY) — 2) (R — 2)* = - f logt vy (dt),
£=0

where v, , the empirical measure (on R) of the singular values of the matrix E(LN) — z given by
1 N=t
Ve, N = N [Z 582(}%(;\])—2).

Given a matrix M € CV*Y_ denote its so-called Hermitized version as

As is well-known, the spectral measure 7, y (on R) of H (]?Q(LN) — z) is given by

1 N—-1
Uy N = ﬁ ego (552(§1N)_Z) + 5_SZ(§(LN)_Z)> .

The measure v, y is clearly symmetric in the sense that 7, y(B) = i, y(—B) for each Borel set
B c R, and it is the symmetrized version of v, y. Observe that {logt v n(dt) = {log|t| 7. nv(dt).
Note that all of these are random measures. To study the behavior of uy, we will find it
more convenient to study 7, y instead of v, y, since the matrix H (E(LN) — z) is Hermitian. This
approach is formalized in the following general proposition which provides conditions under which
the sequence of random measures (u) can be approximated by some sequence () of determin-
istic measures. Its proof can be found in [3] (see also [7]). The uniform integrability condition
needed in the proposition is ensured by Theorems 1 and 2 (again, see [3] for the proof details).



Proposition 3. Assume that for almost every z € C, the following two conditions hold:
1. With probability one, log | - | is uniformly integrable with respect to {7, n}.

2. There exists a tight sequence of deterministic symmetric probability measures (2, y)n on
R such that for each bounded and continuous function f: R — R,

deVZ,N — deVZ,N m’ 0.

Then, there exists a tight sequence of deterministic probability measure (p,) on C such that for
each bounded and continuous function f : C — C, we have

| raus | 1duy

a.s.
0.
N—>w

Moreover, the logarithmic potential of py is

U () = — J log ] 5. (d).

O

We are thus left to consider the asymptotic properties of 7, y with a goal to comply with
Condition 2 of Proposition 3. Classically, the central object that is used for this is the resolvent
(in what follows z € C is arbitrary)

~ -1
Q™M (z,n) = (H(R(LN) —z)— 77]21\/)
of H(}A%(LN) — 2) in the complex variable n € C; = {w € C : Sw > 0}. The resolvent Q) (z, )

is a typical example of a so-called matrix Stieltjes transform. Before we recall its nature, let us
recall that the Stieltjes transform of any probability measure v on R is given by

a.0) = | T, neCR.

The real and imaginary parts of a square matrix M are respectively given as

* _ *
pr = MMy gy MM
2

Given an integer m > 0, we let M’ denote the set of matrices M € C™*™ such that M > 0.
The following result can be found in the literature dealing with the moment problem and
related topics, see, e.g., [2, 11].

Proposition 4 (matrix Stieltjes transform). Let F': C4 — C™*™ be a matrix-valued function.
Then, the following facts are equivalent.

1. F'is the Stieltjes transform of an H'~valued measure p on R such that u(R) = I,,.
2. F is analytic, F(n) € M7 for ne C,, and —itF(it) converges to I, as t — o0.
O

Such an F' is called a matriz Stieltjes transform. Let 8™ denote the set of all such m x m
matrix Stieltjes transforms. It is known that if F' € 8™, then

(1) [FmI < 1/3m.



(2) m~ttr F(n) = g.(n) for some probability measure v on R.

An illustration of (2) is provided by the resolvent we just defined: it can be checked that

QM (z,) e 8™ and g5, (n) = 2N) " tr QW (z,n).

In the remainder of this paper, whenever we write M e C2V*2N a5 M = [ 0o 01], it

My M
is understood that the blocks M,, belong to CN*¥. With this notation, we define the linear
operator .7 : C2V>X2N _, C2%2 a5

y MOO M01 _ tI’Moo/’l’LN trM01/nN
Mo My tI‘Mlo/nN terl/nN ’
Given an integer L > 0, we also define the 2 x 2 Hermitian unitary matrix function Uy, on T as

eszG
1 Lo .

The next technical result is on the existence of a unique solution for a functional equation. It will
be used to show that (7, )y approximates (7, n)n-

(&

Up(e) = [

Theorem 5. Let ¥ : T — "Hf be a continuous function, and let z € C. Given a function
M(n) € 8*V, the function displayed below is well-defined and belongs to S*V as a function of 7.

2T —1
fg,z(M(n),n)=(%L (Z((L®@%(e)M(n)) + Ur(e?)) ™' @ B(e*?) da—[z ;]@)IN) .

Moreover, the functional equation in the parameter n € C,

P(Zvn) = ]:Z,Z(P(Z’n)vn) (2)

admits a unique solution in the class P(z,-) € S?V. Write

[Poolz) Pou(z) ~ [Aoo(dt) Api(dt)
P = pes) )] e san =[G ]

where A(dt) is the matrix measure whose matrix Stieltjes transform is P(z,-), where P;;(z,-) is
the Stieltjes transform of A;;(dt). The positive matrix measures Agp and Ay are symmetric. [

One consequence of this theorem is that the probability measure ( on R such that g¢(n) =
(2N)~1 tr P(z,n) is symmetric. In fact (we omit the proof),

gc(n) = N™'tr Poo(2,n) = N~ tr Pyi(2,n).

The first part of the next theorem claims the tightness of (&, ny)n. Later we shall need the
behavior of the difference (Q(N)(z,n) — G(N)(z,n)). This is captured in the second part. The
extra generality obtained by including the matrix D is not necessary for the purposes of the
present work in which we use only the specific choice of D = I. However this will be useful to
derive convergence and related properties of (uy)n and (uy )y that we wish to pursue in future.

Theorem 6. Suppose Assumption 1 holds. Let G(™) (z,m) be the solution in S?V, of the equation
GM (z,m) = Fson (GMN (z,m),m),

as specified by Theorem 5. Let ¥, y be the symmetric probability measure on R whose Stieltjes
transform is

1
9. n () = N tr G (2, 7).



Then, the sequence (&, n)n is tight.
Let DWN) € C2V*2N be an arbitrary deterministic matrix such that |[D®Y)|| = 1. Then,

1 a.s.
Vn e Cy, oN T D™ (Q(N)(% n) — Gz, 77)) Fravd (3)
O

Taking DY) = I, this theorem shows in particular that gs_ . (1) — gs. ~ (1) Na—b> 0. We also
: : o

have the following corollary, whose proof employs well-known facts about Stieltjes transforms (see,
e.g., [22]), and is omitted.

Corollary 7. The sequence (7, n)n of probability measures is tight with probability one. Fur-
thermore, for each bounded and continuous function f : R — R, it holds that

deVZ7N - deVZ’N E:;o—) 0.
O

Finally, with the help of Proposition 3, Theorems 1, 2, and 6 lead at once to the following
result that characterizes the asymptotic behavior of (un).

Theorem 8. Let Assumptions 1 to 3 hold true. Then, there exists a tight sequence of deterministic
probability measures (p, ) on C such that, for each bounded and continuous function f : C — C,

ffduN—ffduNmo.

The function log| - | is integrable with respect to &, x for each z # 0, and the measure py is
defined by its logarithmic potential through the identity

Uiy (2) = — [ o] 7. (d).

O

A natural issue is if can we say anything further about the behavior of (u,). In particular,
its weak convergence in turn would ensure the weak convergence of (uy). An idea that goes back
to [9] and which has been frequently used in the literature of non-Hermitian matrices, connects the

behaviour of (py) to that of N=1tr Géjlv) (z,9t) as t \ 0. In the present context the details need
some significant efforts. Since this is outside the focus of this work, it will be pursued separately.

The remainder of the paper is organized as follows. Examples where Assumptions 2 and 3
hold, are provided in Section 2. Theorems 1 and 2 are proved in Section 3. The results related to
the behavior of the singular values, i.e., Theorems 5 and 6, are proved in Section 4.

Notation

The indices of the elements of a vector or a matrix start from zero. Given two integers k and m, we
write [k:m] = {k,k+ 1,...,m — 1}, this set being empty if k = m. We also write [m] = [0 : m].
Assume m > 0. For k € [m], we denote as e,,  the k' canonical basis vector of C™. When there
is no ambiguity, we write ey for e,, ;. Given a matrix M € C™*", and two sets Z < [m] and
J < [n], we denote as Mz s the |Z| x |J| sub-matrix of M that is obtained by retaining the
rows of M whose indices belong to Z and the columns whose indices belong to J. We also write
M. 7 = My, 7 and Mz, = Mz |,). Given a vector v € C™, we denote by vz the CHl sub-vector
obtained by keeping the elements of v whose indices are in Z.

For any matrix M, M > 0 means that it is positive definite. The column span of a matrix M
is denoted by span(M). The orthogonal projection matrix onto span(M) (respectively, onto the



subspace orthogonal to span(M)) is denoted by Il (respectively, II3,). The spectral norm of a
matrix and the Euclidean norm of a vector are denoted by || - |. The Hilbert-Schmidt norm of an
operator will be denoted | - |us. The notation M > G where M and G are Hermitian matrices
refers to the semi-definite ordering of such matrices.

We write R, = [0,00). Suppose B is a Borel set of R?. Then Leb(B) denotes its Lebesgue
measure. For any z € RY, dist(x, B) = infycp ||z — y||. For B in a metric space E, Vf(B) denotes
its closed p—neighborhood. If the underlying space E is clear, we simply write V,(B).

The unit-sphere of C™ will be denoted as S™~!. The set of vectors of S™~! that are supported
by the (index) set Z < [m] will be denoted by ST~ .

The probability and the expectation with respect to the law of the vector x will be denoted by
P, and E,. The centered and circularly symmetric complex Gaussian distribution with covariance
matrix 3 will be denoted by N¢(0,Y). Finally, ® denotes the Kronecker product.

2 Examples where Assumptions 2 and 3 are satisfied

In this section, we provide examples where the spectral density satisfies Assumptions 2 and 3.
Consider the moving average M A(o0) model:

N N N) p(N
i) =&+ 3 ANEN, (4)
£=1
where €)= (5;(€N))kez is an i.i.d. process with E,SN) ~ N¢(0, Iy) and (A%N))gzl is a sequence of

deterministic matrices which satisfy the minimal requirement -, HA§N)H < 0. Let us look at
some particular cases:

(i) First suppose that
lim sup Z ||A§N) | <1.

=1

Then it is obvious that both Assumptions 2 and 3 are satisfied and s _1(S?)(z)) remains bounded
away from zero when z runs through T.

(ii) Now consider the MA(1) case, so that A§

Sup HA%N)H < o0. In this case, Assumptions 2 and 3, written in terms of AgN) are, respectively
(the log in the second expression is always integrable),

N Z 0 for ¢ > 2, and suppose that we only have

Vk € (0,1),35 > 0,sup Leb {z eT : H(z - AEN))AH > 1/5} <&k, and (5a)
N
o (e A a0 o (5b)

These conditions are closely connected with the pseudospectrum of A:(LN) [34]. The Toeplitz ma-
trices are among the matrices for which the pseudospectra are well-understood. Suppose that

AgN) = [a,(jg is a Toeplitz matrix with the so-called symbol

]osk,esN—1

1

N—
In(z) = Z a,(cN)zk.
=1

k=1-N

Then, by the Brown and Halmos theorem [5, Th. 4.29], Assumptions 2 and 3 are respectively
satisfied if

Vi €(0,1),36 > 0,limsupLeb {z € T : dist(e*, conv fn(T)) < 6} <k, and
N

1 2T
i J log dist(e*, conv fn(T)) df — 0,
0

N—0



where conv denotes the convex hull of a set.

(iii) Another particular case of the model in (4) is the following. Assume that N = MK where

M and K are two positive integers. Assume that the matrices A&N) are block-diagonal matrices

of the form v .
AN = 1y @ B

where BEK) e CK*K. We also assume that b = supg Yo, ||BéK) | < o0. Thus the process &%)
consists of M i.i.d. streams of stationary processes each of dimension K. Let us show that if
M — o0, then Assumption 3 is satisfied for this process. Further if K is upper bounded, then
Assumption 2 is satisfied.

The spectral density of each stream is (%) (e?) = CU) (e?)CF) (e¥)* with CF)(z) =
I + 200 ZZBéK) on the unit-disk. It is well known that (see, e.g., [25, Th. 6.1]),

1 27
o,

x|

1
2

I x
=§L (detZ(K)(e“g)) de.

By Hadamard’s inequality, the right hand side is bounded by (1 + b)2. Thus,

L
K

log ‘det CF ()" | do <

27 1
‘[ (det Z(K)(e“g)) " df — log ’det C ) (0)
0

K-1

2, logse(SU0 (€)1, (w1
=0

K-1
D, logse(SU(e))
£=0

=2 ‘log‘det C’(K)(eza)‘ ‘ + (K +1)log(1 + b)?,

|log SK,l(E(K) (619))| < + log(1 + b)?

< + (K + 1)log(1 + b)?

and we deduce from the next to last display that

27

o | [og si_1(BF)(e)] db < (3K + 1) log(1 + b)>.
™ Jo

Since SV (') = Iy ® ) (), Assumption 3 is satisfied when M — co. Furthermore, given a
small § > 0, we have

1 (> S Y (3K 4 1)log(1 + b)?
—| 1 . o < — 1 (BB ()] b < :
o 0 sk—1(ZF) (e?))<s |10g5| 2/]_{_J;) | Og SK 1( (6 ))‘ \logé\

This shows that Assumption 2 is satisfied if K is bounded.

3 Small singular values: Proofs of Theorems 1 and 2

3.1 Outline of the proofs

In the sequel we shall most often omit the dependency on IV in the notations for simplicity. Writing
n = ny, define the matrix

X = [.’EO tee CL’nfl] = 7’),71/2 [2’130 ce Il?nfl] € (CNXTL
with 2 € CV being the k** column of X, and consider the n x n circulant matrix

0 1



Then, the sample autocovariance matrix }A%L can be rewritten as R . = XJEX*. Let the so-called
n x n Fourier matriz F be defined as

F= [exp(?mkﬂ/n)]nfl (6)

k,0=0"

sl-

Then J = FQF*, where
Q = diag(w®)}Zy and w = exp(—2im/n).

Furthermore, for k € [n], let

1 n—1
2kl
ye = —= », ey
v o
be the discrete Fourier transform of the finite sequence (zg, . . ., Z,—1), and define the N x n matrix
Y=[yo - yn-1]=XFeCVN ™

Then, we obviously have R
R, =YQ"'Y*

Note that the columns y; of Y are “almost” independent, since they are the discrete Fourier
transforms applied to a time window of a Gaussian stationary process. This is why we shall
heavily rely on the above expression of Ry. Let us elaborate on this point before entering the core
of the proof. Write

Yk = Uk + Uk, Uk = Elyk [ Yal,
the latter being the conditional expectation with respect to the o—field o(Y%) generated by the
elements of the matrix Yz = [yo e Yk—1 Ykl ® ~-yn_1] e CN*(»=1) Write S = S(e2mk/my for
brevity. Due to the Gaussianity, 3 and Y; will be independent, and we shall prove that

E7x9i] ~ Elyrys] ~ Sk.

For this, as is frequently done in estimation theory for stationary processes, we shall make use of
the orthogonal matrix polynomial theory with respect to the matrix measure (27)~15(e*?)df on
T. Assumption 3, which is reminiscent of the notion of reqular measures found in this literature
[31, 30], will play a major role in our analysis that will be presented in Section 3.2.

We now consider the proof of Theorem 1, starting with a well-known linearization trick. Write

I _ [QL Y*] e C(N+n)x(N+n)
Y z

By using the well known formula for the inverse of a partitioned matrix (see [15, §0.7.3]), it follows
that ||[(YQLY* — 2)~!| < |H~}|. Hence

SNin_1(H) < s, 1 (YQLY* — 2), (7)

and the problem then is to control syy,—1(H). A similar problem, considered in [35], was that of
the smallest singular value of a symmetric random matrix with iid elements above the diagonal,
see also [20]. Even though our matrix is quite different from theirs, we borrow many of their ideas
as well of its predecessors, such as [26].

First, it can be shown that for C' > 0 large enough, P[|Y] = C] is exponentially small
(Lemma 16) by using some standard Gaussian calculations. Then, as in these articles, the control
over sy4n—1(H) will be provided on the event [|Y| < C] . More specifically, we will prove that,
for some constant ¢ > 0,

P [[5N+n_1(H) < N’3/2t] AIY] < 0]] < et + exp(—ce?n).
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The smallest singular value of H can be obtained from the variational characterization

svani(H) = il [Hul.

A well-established method to control the smallest singular value of a random matrix is to study
the action of this matrix on the so-called compressible and incompressible vectors [18, 26]. Let
0,p € (0,1) be fixed. A vector in S™~! is called 6-sparse if it does not have more than |fm)|
non-zero elements. Given 6, p € (0, 1), we define the set of (6, p)-compressible vectors as

comp(6,p) =S™ 1 | ) V5T(SETY.
Ic[m]
IZ|=|6m]

In other words, this is the set of all unit vectors at a distance less or equal to p from the set of the
f-sparse unit vectors. The set incomp(d, p) of (6, p)-incompressible vectors is the complementary
set S \comp(h, p).

Getting back to the variational characterization, and writing u = [v7 w"]" with v € C", we
(roughly) define the set

S={ueSV*"1 . |u|| < aconstant or wv/||v| is compressible},

and we write

_1(H) = inf |Hu| A inf Hu)|. 8
swinoa(H) = inf [Hul o __inf | |l (8)
For the first infimum, we focus on the component v of the vector u because v impacts the first n
columns of H which are nearly independent. Relying on the decomposition yx = g + ¥, we first
show that P[|Hu| < ¢] is exponentially small when v/|v] is a sparse vector, and then we complete

the analysis by an e-net argument.
The second infimum requires other arguments. Let hj be the & column of H, and so Hy =

[ho oo hg—1 hpat- ~~hN+n_1] e CWVHm)x(N+n=1) = Following a by now well-known idea of [26,

Lem. 3.5], the infimum over the incompressible vectors can be controlled by managing the distances
dist(hy, Hy,) between hy and span(Hy). Given k € [n], let Qp = diag(w®)exs € CP=DX(=D Let

)

G = Q;L Yk* GC(N+n71)x(N+nfl)
Yk z

and partition Ggl as

-1 | Bk Fg (n—1)x(n—1) NxN
Gk [Pk Dy, s EkE(C ,DkE(C .

Then, after some algebra, we get the following equation (similar to what was obtained in [35]):

|w™*E — 4 Dy

diSt(hk,Hk) = .
VI + [y Pel? + lyf Dil?

Let us assume temporarily that the g are equal to zero. Restricting ourselves to the indices k for
which sy_1(Sg) ~ 1 (which is allowed), we can show that for these indices

VU I Pel? + g Dil? ~ 822 DeS s, (9)

Consequently, the control of dist(hy, H) can be reduced to the control of the probability (with
respect to the law of y;) that, y,’é‘Dkyk/HS;/QDkS;pHHS lies in a small ball. Due to the Gaussian
nature of v, this task is easy and leads to a rate of N~'t in the statement of Theorem 1.

Now consider the term that involves ¢,. Even though E[g|? is small, its interdependence
with (Pg, D) prevents us from obtaining an approximation similar to (9). Its presence in fact is

11



responsible for the N~3/%t term (instead of N~'t) in the statement of Theorem 1.

The proof of Theorem 2 is laid out on a similar canvas. Let k € [[N?],|N/2|]. In Lemma 23 be-
low, we show that the smallest singular value of H. |n k], is a lower bound for sy 1 (YQly*—
z). As in the proof of Theorem 1, this value can be characterized through the action of H. [y,
on the compressible and incompressible vectors. The former can be handled exactly as for H. The
latter can also be reduced to a distance problem, and indeed this term is easier to tackle than
earlier, thanks to the rectangular nature of H. [n,—p]-

3.2 Statistical analysis of the process (y)

Recall the decomposition yr = Gx + Uk, with gx = E[yx | Yi]. We now derive approximations for
nE [yry}] and nE [7,7;]. Let R denote the Nn x Nn block-Toeplitz matrix

R() R—l R*’ﬂ“rl
% 1 Rl - - 1 n—1
R =Evec X (vec X)* = — =— [Rk—e]k i—0" (10)
n . . n "
t. . R*l
R, Ry Ry

Since the spectral density S(e*?) is non-trivial, it is easy to show that this matrix is invertible [8].
Moreover, |[nR| < M from Assumption 1-2). We also write the Fourier matrix F as

with f, € C'*" being the k*® row of F, and we define the function
a(ew) = [1 e~ ... e‘l("_l)e]T e C™.

From Equation (1), we have

1 27
R=— (a(e’) ® In)S(e?)(a(e??)* ® Iy) db.
27TTL 0
Lemma 9. Let Assumption 1 hold true. Then,

max [ nE [yry;] — 5™ (™) —— 0.

ke[n] N—-w
O
Proof. Let k € [n]. Since F = FT, we have y, = XFe, = Xfl = (fx ® Iy) vec X. Hence,
1 27
nEyeye = n(fk @ IN)R(ff ® In) = %J ((fra(0)) ® In)S(e)((a(0)*F) ® In) df
0
1 27 9 0 1 27 0
= %L Ifra(8)|” S(e*) df = 3 ), F,_1(0 — 27k/n)S(e") db, (11)
where F),_1 is the Fejér kernel, defined as
1" 02 1sin(nb/2)?
Fo,_1(0) = n‘;)(f ‘ = EW (12)
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This kernel satisfies

71_2 2

T
n-1(0) dd =1, and F,_1(0)<n (71292 A 4) for 0 € [—m, 7],

1 27
2m J

see, e.g., [30, Page 136]. For an arbitrarily small number 1 > 0, we know by Assumption 1-1) that
there exists § > 0 independent of k and N such that |S(e*?) — S(e2™*/™)| < nif |0 — 27k/n| < 6.
Splitting the integral at the right hand side of (11) as S\0—27rk/n|<5 + S\e—zwk/n|>5 and using the
properties of the Fejér kernel provided above along with Assumption 1-2), we obtain the result of
the lemma after some standard derivations. O

The handling of nE [, ;] is more involved.
Proposition 10. Let Assumptions 1 and 3 hold true. Then,

6 >0, i InE [§gi] = S (™) [Lgn (e2mimy o1, ~=

O
Proof of Proposition 10. The first step is to provide a single letter expression for E [g,7}].
This expression is reminiscent of the formula to calculate the partial covariance of real valued
random variables.
Lemma 11. For any given k € [n], E [gx75] = ((fs ® DR (£ ®I))71. O

Proof. The covariance matrix E [, 7] coincides with the conditional covariance matrix cov(yx | Y )
of y, with respect to o(Y%). Let Zy and Z; be two random square integrable vectors with arbitrary

dimensions. Writing
Zy % 1 _ | 200 o1
B [Z ] 128 2t] = Y10 Xn

with the block dimensions at the right hand side being compatible with the dimensions of Z; and
7, it is well-known that cov(Zy | Z1) = Zgo — 20121_11210 when X1, is invertible. Observe that

EvecY (vecY)* = Evec(XF)(vec(XF))* = (FR® IN)R(F*® In).

Let F, € C=D*" be the matrix that remains after taking the row fi, out of F, and let R'/2 be
the Hermitian square root of R. Then

B[] = (5 ® IRV (T — RYAFL® In) (F @ In)R(FE @ In) ™ (Fu@ Iy)R2)
RY2(ff @ In)
= (fr®@In)RY 2H’R1/2(F*®I )R1/2(f: ® In).

Let C be a positively oriented circle with center zero and a radius small enough so that R has
no eigenvalue in the closed disk delineated by C. This implies that the positive definite matrix
(Fr® R (F* ® I) does not have eigenvalues in this closed disk either. With this choice, the

projection HR1 f2(FE@Iy) €A1 be expressed as a contour integral, which leads us to write

1
E [gkﬂ;:] _ T %(fk ®IN)R1/2 (Rl/Q(F* ®IN)(Fk ®IN)R1/2 Z) Rl/Q(f;: @]N) dz
C
_ —1
b § (e ® In)RY? (R = RY2(6 @ In) (i ® INJRY? — =) RVA(F @ I)
C

Let Q(2) = (R — 2)~! when z € C is not an eigenvalue of R, and let

2(2) = (fr ® IN)RY2Q(2)RVA(ff @ In) = In + 2(fi, ® In) Q(2) (i ® In).
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Now using the Sherman-Morrison-Woodbury formula, and a small residue calculation for the
analytic function Q(z) in a neighborhood of the closed disk enclosed by C, we get
-1

E[5x3i] = 5—  (2(2) + 2(2)(In = (2))7'2(2)) dz

1

 ur
c c

— (IR RIy)) .

(@ In) Q) (f @ In)) ' dz

O

We now reinterpret the expression provided by this lemma in the light of the matrix orthogonal
polynomial theory. Let us quickly review some of the basic results of this theory. For the proofs
of these results, the reader may consult [8].

For each N, consider the N x N matrix valued measure gy defined on T as

1
don(8) = %S(N)(e“’)dﬂ.

Given two CV*N matrix—valued polynomials F, G, we define the N x N matrix sesquilinear func-
tion (F, G)),, with respect to oy as

27
(F.G Yoy = f F(e*)*don (0)G(™).

We now define the sequence (@5” )e=0.1,2,... of matrix orthogonal polynomials with respect to
e . The following conditions, which are analogous to a Gram-Schmidt orthogonalization,
oN g g g
are enough to define this sequence:

o ®V(2) is a CV*N-valued monic matrix polynomial of degree ¢, and is thus written as
DN (2) = 2*In + lower order coefficients.

e For each ¢ > 1, the relation (@4, 2"),, = 0 holds for k = 0,1,...,¢— 1.

Since S?V) is non-trivial, the matrix (®§™, &IV, . is positive definite for each £ € N. Thus, one
can define the sequence (p?")¢en of the normalized versions of the polynomials ®7V as

piY (2) = PPN (2)Rg"N,

where the matrices (k7" )¢en are chosen in such a way that 7™, p¢N Mo = Lr—¢In. This identity
determines the matrices x7" up to a right multiplication by a unitary matrix, the convenient choice
of which is specified in [8, § 3.2] and is not relevant here.

The Christoffel-Darbouz (CD) kernel of order ¢ for the measure gy is defined for z,u € C as

L
K§™(zu) = ) @8 (2)9f™ (w)*.
k=0

This function is a reproducing kernel, in the sense that for each matrix polynomial P(z) with
degree less or equal to £, the following equation holds and defines the kernel K7V.

L " KEY (2, ) dow (0)P(e) df — P(2).

The CD kernel K¢V (e",e'?) is invertible, and it satisfies the following variational formula: For
each 6 € [0,27) and for each N x N matrix polynomial P(z) of degree at most ¢, with

P(e) = Iy,
it holds that
(P, PYoy = KN (e, €)Y, (13)
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with equality if and only if P(z) = P#V?(z), with
PN (z) = KN (2, ) KE (e, e?) 71 (14)

Getting back to our problem, it turns out that our covariance matrix E[g,7;] can be very simply
expressed in terms of a CD kernel:

Lemma 12. E[@]k@],f] _ Kgil(emvrk/n’emwk/n)fl' O

Proof. With Lemma 11 at hand, this result is an instance of a well-known result, see, e.g., [16]
for the scalar measure case. We reproduce its proof for completeness. Let P(z) = Zz;é 2¥ Py, be
an arbitrary N x N matrix polynomial of degree at most n — 1. Stack the coefficients of P in the

matrix P = [P - Pgll]T7 so that P(e’?) = (a(e'?)* ® Iy)P. We have
21
o | e e IR e @ 1)) P du

2 Jo

21
= (a(e”)* ® In)R ™! <1J (a(e™) ® In)S(e)(a(e™)* @ In) d%/f) P

2mn Jo
= (a(e")* @ IN)R™IRP
= P(e").
From the uniqueness of the CD kernel as a reproducing kernel, we thus obtain that
n~Ha(e?)* @ In)R ™ (a(e) ® In) = Kp¥ (e, ™).

The result follows upon observing that f, = n~/2a(e2m*k/7)*, O

Now Proposition 10 will be obtained by studying the asymptotics of the CD kernel, a subject
with a rich history in the literature of orthogonal polynomials. These asymptotics are well under-
stood in the case where the underlying measure has a so-called regularity property a la Stahl and
Totik [31] (see [30] for an extensive treatment of these ideas). We adapt the approach detailed in
[30, §2.15 and §2.16], to the matrix measure case. This will consist of two main steps:

e We show that the polynomial P2~ ie, for which the variational inequality (13) for £ =n — 1
is an equality, satisfies

max [P2V?(e?)] < €™M  with 0<ey — 0. (15)
6,4€[0,27)

This is where Assumption 3 comes into play.

e With the help of the variational characterization of the CD kernel, and by making use of
the previous result coupled with a matrix version of the so-called Nevai’s trial polynomial
technique [19, 30], we show that

Ve,8 > 0,3Ny € N* VN > Ny, Vb, € [0,27), SN (e%0) > 61y
= nKoN (e¥0 %)l > (1 —g)SWM) (o). (16)

In the following derivations, the sequence ey — 0 can change from one display to another.
For a given N € N*, consider the scalar measure ¢y on T defined as

din(0) = %SN_1(S(N)(€ZG)) de.

Consider the sesquilinear form on the scalar polynomials
2m
Fogen = | F)*g(e?) din(e?),
0
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and denote as (b%N)geN the sequence of monic orthogonal polynomials with respect to -, )¢y,
which are the analogues of the ®7" above. Let 7,% = <b§N , ng Y¢w» and consider the orthonormal

polynomials ( EN)ZEN defined as 3;" (z) = bf/v (z)/q/TfN (these are the analogues of the ¢7"). To
establish (15), we first show that

N (W) < "N with en =0, ex — 0. 17
gel%ggﬁ)?;r)lﬁ (e <e wi N=0, ey (17)

Write

2m 1 2m
0% = 75N = L d¢n(e?) = %L sn_1(SM)(e?)) db.

By the celebrated Szegd’s theorem [30], ( )¢ is a non-increasing sequence that converges as

¢ — o towards exp((2m)~ So log sy—1(S™)(e?)) df). Thus, using Assumption 1-2), there is a
constant C' > 0 such that

1 2
C=o%> Tffil > exp (2J logsN_l(S(N)(eze)) d@) .
T Jo

By inspecting the proofs of [30, Prop. 2.15.12 and Th. 2.15.3|, we furthermore get that for |z| > 1,

b5~ (2)] 1
2[375]( Z|z|2 <exp|n n( logT 1+logaN>

(in [30], the analogue of our measure (y is assumed to be a probability measure, hence our need
to add the log o3 factor in the expression above which is absent in [30]). Thus, since

1 1 27
—logC = logaN log M= 7[ logsn— 1(S(N (e 19))d9,
n n

we obtain from Assumption 3 that there exists a non-negative sequence €y —pn 0 such that

(&Y
O]
tefn]  |2]*

< exp (ney).

By the maximum principle, for any 6 € [0, 27), any ¢ € [n] and any r > 1,

1B ()] = (™) 720N ()] < (ra¥) ™ 1/21/}?)12 )|b§”( D)< (r) TP exp (nen)
€[0,2m

and by Szegd’s theorem and Assumption 3 again, we obtain (17) by choosing r as close to one as
desired.

Proceeding, we now consider the matrix measure d{y(e*?)®@1In = (211) 'sn_1(SN) () Ind6,
equipped with the sesquilinear function

1 2m
(F.Gcuon = 5 | ana(SO) P ()Gl .

It is clear that the ("' normalized orthogonal polynomial for (-, Deyery is B¢ (2)In, and the
associated £*® CD kernel is

KCN@IN ZﬁkN ﬂkN )) N

Obviously, for each Borel set A < [0,27), (N (A)In < on(A) in the semi-definite ordering. There-
fore, by the variational characterization of the CD kernels, we have

I 2 2 ,0 , .0 L0\ — 2 2
KSYIN (00, e) 3 (PEN, POl 3 (PEM PN = K2V, (6, )

n—1> n—1 > n—1
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for all # € [0,27). From what precedes, this implies that

max max [ (e)| < e™N with 0<en — 0.
Le[n] 6€[0,2m)
Also notice that
2

—1
K25 (e, e) 2 g (e D)ef () = (| den(0)) = (RE)7

0
Thus, using Assumption 1-3) and recalling Definition (14) of the polynomials P~ Y we obtain
the bound (15).

We now prove (16). Let § > 0 and 6y € (0,27) be such that SN)(e?%) > 6. Consider the
matrix measure

1
dsn (0) = %S(N)(ew") dh.

The CD kernels for this measure are constant and satisfy the identity (KN, (€*, e0) =t = S(V)(*f0)
for each integer ¢ > 0, as can be checked by, e.g., the technique of Lemma 12.

Let n > 0 be an arbitrarily small number. By Assumption 1-1), we can choose h > 0 small
enough so that for each N > 0, w(S™) h) < nd. Let 6 € [y — h, 0 + h]. Then, for each vector
u e CN with |u| = 1, we have

S (), = 4+ SV (0, (1 N w* (S () — S(N)(eZOO))u> |

u* SN (erf0)q
and hence,

VO € [0y — h, 0o + ], SP) (%) < (1 +2n)SWV) ().
The degree one polynomial q(z) = 0.5(ze™*% + 1) can be easily shown to satisfy q(e’?) =
supy |q(e?)| = 1, and SUPg_goe[—r,m),|0—00|>h lq(e*?)| = cos(h/2) < 1. Let 77 > 0 be arbitrarily
small, and let m = n — 1 + |nfj]. Consider the “trial polynomial” Q,,(e"?) = P2N:% (¢10)g ()L
with degree m. This polynomial has the following features:

o Qn(e?) =1Iy.
e By Assertion (15) that we just proved, for 8 — 6y € [—m,7), |0 — 0y| = h, for all large N,

Qu(e’] < [cos(h/2)["T| PLY ()] < | cos(h/2)]"7>.

By the variational characterization of the CD kernels, we have

;S(N)(eleo) _ (Kfrlzv (6190’6100))—1

m+ 1
= (B0, Pty
< LQm, @m Moy

< (1+2n) J Qm (") don (0)Qum(e')* + L Qm(e")dsn (0)Qum (e'”)*

0:10—00|<h 1 |60—00|>h
< (L 2K, P, + | cos(h/2)[" "M
= (142K (e, e®) ™" + [ cos(h/2)|"M.

Since 1 and 77 are arbitrary, Assertion 16 holds true.

We now have all the elements to complete the proof of Proposition 12. Let k € [n] be such
that SV (e?™k/n) > §I. Thanks to Lemma 12, we can replace K2V, (', e'%)~1 for 0y = 27k/n
with Eg.g; in Assertion 16. This provides a lower bound on Ef7;. To obtain an upper bound
on this matrix, we recall that ¢ and ¢ are independent, resulting in E7;.7; < Eyry), and use
Lemma 9.

This completes the proof of Proposition 10. We note for completeness that we could have

established the upper bound by using a Nevai’s polynomial trial technique as well.
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3.3 Technical results needed in the proofs of Theorems 1 and 2

The following lemma can be proven similarly to, e.g., [36, Corollary 4.2.13].

Lemma 13 (covering number). Let &/ < C™ be a k—dimensional subspace. Given p > 0, there
exists a p-net of the Euclidean unit-ball of ¢/ with a cardinality bounded above by (3/p)?*. O

Lemma 14. Let aqg,...,a,n_1 be non-negative real numbers such that there exist 0 < ¢ < C for
which ¢ < m~! Y ay, and maxay < C. Given z € (0, c], the set Z(x) = [m] defined as

I(z) ={k € [m] : ap > x}

satisfies
c—T

Il =
71> o=

m.

Proof. We have C|Z| = Z ap = me — Z ar, = mec — (m — |Z|)x, hence the result.

kel keZc
For any random vector & = [, ..., &m_1]" € C™, Lévy’s anti-concentration function is defined
for t > 0 as
L(§t) = sup P[|¢ —d| <]
dE(CWL

(when the probability P above is taken with respect to some random vector x, we denote the
associated Lévy’s anti-concentration function as £,(¢,t)). Assuming that the elements & of £ are
independent, letting k € [m], and defining £€*) = [&,...,&]T, the following restriction result is
well-known [26, Lemma 2.1].

L& 1) < LEW 1),
We shall need the following rather standard results on Gaussian vectors.

Lemma 15 (norm and anti-concentration results for Gaussian vectors). Let & = [&,...,én 1] ~

Nc(0,1y), and let ¥ be an N x N covariance matrix. Then:
1. For t > 0, it holds that P | |2/2¢] > V2Nt | < exp(~(t/|Z] - 1)),
Assume that s,,_1(X) = a for some m € [N] and some a > 0. Then:
2. There exists a constant ¢152 > 0 such that P [HZl/QgH < \/m] < exp(—ci5,0m).

3. There exists a constant Ci53 > 0 such that for each deterministic non-zero matrix M e
CN*N and each deterministic vector a € CV,

L((§+a)*M(§+a)/|M]us, t) < Cis 3t
4. There exists a constant C154 = Ci5.4(c) > 0 such that L(B1V2¢, \/mt) < (Cyzat)™.
(CNXN

5. For each non-zero deterministic matrix M €

P[[ME|* = t|M]fs] < exp(1 —t/2).

O

This lemma is proven in the appendix.
The following results specifically concern our matrix model. The first one will be needed to
bound the spectral norm of our matrix Y.
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Lemma 16 (spectral norm of V). Let Assumption 1-2) hold true. Then, there are two constants
¢16, ¢ > 0 such that for each t > cq,

PV = t] < exp(—ci6Nt?).
O

Proof. Since Y = XF, it is enough to prove the lemma for X. By a standard e-net argument (see
[32, Lm. 2.3.2]), we know that

P[IX] >t < )} P[|Xul > /2],
ueN

where N is a 1/2-net of S"~!. Let u € N. Observing that Xu ~ N¢(0, (u" ® IN)R(2® Ix)), and
recalling that n|R| < M, Lemma 15-1 shows that

t2n

SMN

By Lemma 13 and the union bound, we thus have that

P Xul > 1/2] < exp(—(

) — 1)N).

2

t“n
=t < —
P(IX] > t] < exp(~(g37x

Choosing t large enough, we get the result. O

—1)N + (2log6)n).

We shall need to use a discrete frequency counterpart of Assumption 2:

Lemma 17. Let Assumptions 1-1 and 2 hold true. Given NV € N* and a > 0, let Cgo0a(x) be the
subset of [n] defined as
Caood(@) = {k € [n] : S(e2™ /™) > aly}.

Then,
Vi€ (0,1),3a > 0,[Cgo0a(r)| = (1 — k)n  for all large N.

O

Proof. Let us identify a set Z < [n] with the discretization of the unit-circle T given as {exp(2irk/n) :
k € T}, and let us also denote any of these two sets as Z. Given a small real number h > 0, let
VI(Z) be the closed h-neighborhood of Z on T equipped with the curvilinear distance. We shall
show that n -
17| < > Leb(V} (Z)) + 7 (18)

We first observe that VI (Z) consists of a finite number of disjoint closed arcs, the length of each
arc being greater or equal to 2h. Given ¢y € [0,27) and @1 € [po + 2h,p0 + 2h + 27), let
{e¥ : o < ¢ < 1} be one such arc. Then, there are two integers kmin < kmax in Z such that
2kminm/n = o + h and 2ky.x7m/n = 1 — h, and all the elements of Z in this arc belong to the
set {kmin, - - -, kmax}. Since there are at most kmax — kmin + 1 = n(p1 — ¢0)/(27) — nh/m + 1
of these elements, and furthermore, since Vi (Z) consists of at most |7/h| arcs, we obtain the
inequality (18).

Fix an arbitrary x € (0,1). By Assumption 2, there exists 6 > 0 such that the set B =
{z € T : sy-1(S(2)) < ¢} satisfies Leb(B) < rm. Let a = 46/2, and assume that the set
Chad(®) = [n]\Cgood(x) is non-empty (otherwise the result of the lemma is true). Relying on
Assumption 1-1), let h > 0 be such that w(S,h) < « for all N. Let k € Cpaa(). By the
Wielandt-Hoffmann theorem and the triangle inequality, sy_1(S(e*?)) < § for each # such that
|0 — 27k/n| < h. In other words, V}(Cpaa(a)) = B. By inequality (18), we thus obtain that

|Cbad (a)| <

which implies that |Chaq(c)| < kn for all large n. O
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We now enter the proofs of Theorems 1 and 2. Given C' > 0, we denote as &, (C') the event
Eop(C) =[IY] < C].

In the remainder of this section, the constants will be referred to by the letters ¢, a, or C', possibly
with primes or numerical indices that refer generally to the statements (lemmas, propositions, ...)
where these constants appear for the first time. These constants do not depend on N. The typical
statements where they appear are of the type

P[[--- <a] n&p(C)] < C'a+ exp(—cN),

or others in the same vein. Often, such inequalities hold true for all N large enough. This detail
will not always be mentioned.

3.4 Proof of Theorem 1

As mentioned in Section 3.1, our starting point for proving Theorem 1 is the variational charac-
terization (8).

3.4.1 Compressible vectors

In the following statement and in the proof, the vectors u € S¥+"~1 will always take the form
u=[vT w']" with v e C".

Proposition 18 (compressible vectors). There exist constants 13, p1s, C1s € (0, 1), and a;s, 15 >
0 such that, for the set

S:={ueSVt" ! 1 || < Cis or v/|v| € comp(b:s, p1s) }

(here v/|v|| = 0 if v = 0), we have

P [[in‘fg |Hu| < aig] 5OP(C)] < exp(—cign).
Uue

O

Proof. For each u € S¥*"~! the inequality |Hu| < a for a > 0 implies
[Yv+ zw| < a, (19a)
197y + Y*u| < a. (19b)

Take a = |z|/2. On the event &,,(C), we obtain from (19a) that
|21/2 = |z|[w] = Yol = [2|(1 = v]) = C]l,
since /1 — a2 > 1 —z on [0,1]. Hence

[21/2

> (g =
H/UH 18 |Z|+O’

which trivially implies that

P [[%SM,LI?}“MCM | Hul < |z|/2] N Eop(C)] =0.

Let Z € [n] be such that |Z| = |#1sn|, where 615 will be chosen later. Let Vz < C™ be the set of
vectors v such that |[v| € [Cis,1] and v/|v] € SE~*. Let v be a deterministic vector in Vz, and
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define the random vector w = —271Yv. Writing u = [v" w']T, we shall show that for ¢t > 0
small enough, there exists a constant ¢ > 0 such that

Pl[[Hul < t] 0 Eop(C)] < (ct)™. (20)
On the event &,,(C'), we have
C [Y*w]| [Y*w + QLo — Q Lo|
Tz 0L -
E 1Y Y]
o vl =Y w + Q7P|
Y]
< Chg — HY*’LU + Qil"UH
= C .

By the choice of w, we have [|Hu| < t] = [|Q fv + Y*w| < t]. Assume that ¢t < C1g/2, and
define the interval J = [C15/(2C), C/|z|]]. Then,

[[Hul < t] 0 Ep(C)] < [|lw] € [(Crs —1)/C,C/I2l]] < [w]| € J].
If J = ¢, then the inequality (20) holds trivially. Otherwise, we write
P[[Hu| <t] n Ep(C)] < PII(Y.ze)*w] < 2] n [Jw] € J]],
and for each ¢ € 7¢, we write
Yo=Y, + Y, where g, =E[y,|Y z].

Similarly, we write N 5 _
Y’IC = Y,IC + Y,IC where Y,IC = E[Y;Z‘c |Y’I:|.

Since w is o(Y. 7) measurable, the variables fﬁzc and w are independent, and we get from the
last inequality that

P([|Hu| <t] n&p(C)] < sup E?,Ic((?,zc)*wvt)'

w: |w|eJ

For each deterministic vector w such that |w| € J, we thus need to consider the probability law of
the Gaussian vector (Y. z¢)*w by studying its covariance matrix ¥ = nE(Y. z¢)*ww*Y. zc. Since
[X]i; = nw*Eygyfw where k (resp. £) is the j™ (resp. i'h) element of Z°¢, the matrix X7 is a
|Z¢| x |Z°| principal submatrix of the matrix

n(l, @ w*)EvecY (vecY)*(I, ® w) = n(F @ w*)R(F* @ w).

Therefore,
|2 < M|w|? < Crnax = MC?/|2].

Recall that y, = §¢ + ¥, and observe that o(Y. z) < o(Yy) for each ¢ € Z°. Therefore, for an
arbitrary deterministic vector v € CV, we have by Jensen’s inequality

Ellu*ge?] = E | [Elu*ye | Y.2)* | = E ||E[Eluw*ye | Yi] | Y.z]l’]
<E|[E[uye | Vi]l’]
— E[ju* g’
for such ¢. Since

Eyeys = Egeg; + Egeyy = Eg,y7 + E,97
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we get from the previous inequality that

Egey; < Eg,g; -
Choosing 615 < 1/4, we have that |Z¢| > 3n/4. By Lemma 17, there exists @ > 0 such that
|Z¢ N Cgood ()| = n/2. With this, we have

trY = nw*EY. z¢ (Y. z¢)*w = n Z w*Eg,grw =n 2 w*Egrgpw.
keZc keZ°nCgood

By Proposition 10, we thus obtain that for all large IV,

o 0128

4 402"

Write Cin = aC%gn/(16C%|Z¢|), and let k be the largest integer in [|Z¢|] such that sz 1(¥) >
Cinin/2. Then, we obtain from Lemma 14 that

C(min Omin 37’l
kz2 ——m—7¢| 2 ————F+~1——.
2C’rnaux - CYmin | | 2C‘max - Cmin 4
With this at hand, we can deduce Inequality (20) from Lemma 15-4.
Now, still fixing Z and ¢ as above, set pig as

«
try3 > g‘zc N Cgood|HwH2 =n

t
34 Cz|71(2C +1)°

P18

Set a1s = (|2]/2) A p1s, and let u = [vT wT]T € SNT"~1 be such that v € VS (V) and |Hu| <

aig. Let K, , be a pigmnet of Vz. By Lemma 13, we can choose K, in such a way that
IKpisl < (3/p1s)?915™. By the triangle inequality, there is v € K,,, such that |v — v| < 2p1s. Let
w=—2"1Yv, and write u = [vT w']|T. Since |[Yv + 2w| < p1g by (19a), we have

Y (v = v) + 2(w —w)| < pis.
Thus, on the event &, (C),
Jw —w| < [2[ 7 (p1s + 2018 Y])) < |27 (p1s + 20150).
From the inequality [|QQ~Lv + Y*w| < pig (see (19b)), we get
197 Ev + Y*w + Q F (v — v) + Y (w — w)| < pis.

Thus,
10 v + Y*w| < 3+ Clz|7H(1 + 20))p1s = t.

This implies that |Hu| < t. As a consequence,
[BuesSNt 1t weV, (Vo), |Hu| <ais] < [FveK,, : [Hv", =z~ (Yv)"]| <t].

Applying the union bound and using Inequality (20), we therefore get that

P[ inf Hul < ]mEC’<3 2015n (pp)n
[ue§N+n—1;ulgclg,uevplg(\/z) [Hul < ass orl )] (3/p1s) (ct)

Now, considering all the sets Z < [n] such that |Z| = [61sn], and using the bound () < (en/m)™
along with the union bound again, we get that

P |:[u€SN+"1 v inf HHUH < a‘ls] N 5OP(C):| < (6/918)918n(3//)18)2918n<0t)n'

[>C1s,veEcomp(01s,p18)

The proof is completed by choosing 65 small enough. O

22



3.4.2 Incompressible vectors

We now consider the action of H on the vectors u € SY*7~! that belong to the complement of
the set S of Proposition 18 in the unit-sphere.

Proposition 19 (incompressible vectors for the smallest singular value). There exists a constant
c19 > 0 such that for € > 0 arbitrarily small,

ueSN+n—1\§

P H inf  |Hu| < n_3/2t] N Eop(C)] < et + exp(—ci9e®N).

O

The remainder of this subsection is devoted to the proof of this proposition. As in the proof of
Proposition 18, a vector u € SV*"~1 will be written u = [vT wT]T with v = [vg,...,v,_1]"T € C™.
When u € S¥*"~1\S| the vector & = v/|v| = [o,...,0n_1]" belongs now to incomp(f;s, p1s)-
Associate with any such vector u, the set

Ju={ke[n] : |vx] = p1sCis/V2n}.

Then, |J,| > 6isn. Indeed, the set J, = {k € [n] : |0c| > pis/v/2n} satisfies |J,| > Oisn.
To see this, denote as II ; the orthogonal projector on the vectors supported by J,, and check

that Hf; =I5 (0)/|115 (9)] H < p1s. If |Jy| < 61sn, we get a contradiction to the fact that o €

incomp(f1s, p1g). It remains to check that if u € S¥*"~1\&, then I < To-

Now, choose a9 > 0 small enough so that the set Cgooa(c) from Lemma 17 satisfies |Cgo0d (0t19)| =
(1 — 615/2)n. Observe that with this choice, |7, N Cgood(@19)| = 6151/2.

We now use the canvas of the proof of [26, Lem. 3.5] to relate the infimum over the incompress-
ible vectors with the distance between column subspaces of H. Specifically, for each u € SN +n=1\§,
we have

p1sCis max dist(hg, Hg).

Hul > max vi| dist(hg, Hg) =
H H k )| k| ( b k) V2n keJunCgooa(aie)

wNCgood (19

Thus,

. p18C1st
||, int el < 250 o ()

<]P’H max dist(hk,Hk)ét/n]mé’op(C)]

keju r-\Cgood ((119)

1
< P dist(hk,Hk) <t/nlné&, (C)
| T N Cgood(t19)] kejmcgod(am) I /nl »(C)]

< 91171 Z P[[dist(hr, Hi) < t/n] n Ep(C)] . (21)

kECgOOd(alg)
A workable formula for dist(hy, Hy) is provided by the following lemma.

Lemma 20. Let M € C™*™ and partition this matrix as

V= Mol = | .

where mg is the first column of M, M_g is the submatrix that remains after extracting mg, and
moo is the first element of the vector mg. Assume that M;; is invertible. Then,

_ ML
dist(mo, M_g) = Imoo — mo1 My, m10|.

1+ [[mo1 M|
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Sketch of proof. Writing dist(mq, M_¢)? = m& (I —M_o(M*,M_o)~' M*;)mo, and observing that
M* M_o = M My1 +m mer, and thus, developing (M*,M_q)~! with the help of the Sherman-
Morrison-Woodbury formula, we get the result after some algebra. O

For convenience, let is recall the matrices Gy and G;l from Section 3.1:

[t v 1 |Ex E
Gk_|:Yk Z]’Gk_Pk Dk

Using the above lemma, we get that

M~y Dryi _ |lw=*E — y¥ Dyl
\/1+H0 yrlGat P VPP + Ty Del®

dlSt hk, If;.C

We shall use the notation

Numy, = [0~y D], and Deny = \/1+ [y Pel? + Ju Dl

Lemma 21. The following facts hold true.

1. Assume that k € Cgooa(19). Then, there exist co1,C21 > 0 such that
B0 4E16:] < o] Eun(C)] < expl—caiN),

2. On &, (C), for each k € [n], we have | Py|us < C| Dy |us-

Proof. 1. Consider
lyel = [0 wil G Gil < [0 v G 1G]

On &,,(C), we have |G| < C+|z|+1. Moreover, since k € Cgood(19), and since |nEy,y; —
S(e27*/™)| is small by Lemma 9, there exist two constants ¢/, C’ > 0 such that

P[|yrl < C'] < exp(—¢'N)
by Lemma 15-2. The proof of Item 1 is complete.
2. We show that for each constant non-zero vector v € CV,
[u* Pg|| < Cllu*Dy].

The result follows then from the identity |M|%#gq = >, |efM|?, valid for each matrix M.
The vectors v* = u* P, and w* = u* Dy, satisfy

[v* w*] =[0G,
and hence,
—L
0 u*]=[* w] [Q{% Y;]

In particular, v*Q; % + w*Y; = 0, and this shows that v < Cw] on &, (C).
O

Lemma 21 will be used to control the value of Deny. Fix an arbitrary small real number € > 0,
and define the event

Epen(€) = [Denj;, > €] Dy |fis] -
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Lemma 22 (denominator not too large). Assume that k € Cgood(cv19). Then, there exists ca2 > 0
such that for all large n, P[€pen(€) N Eop(C)] < exp(—casen). O

Proof. Defining the event £ = [Den,C (C32 + H [0 v} G,;1H2], we have

P[En&p(C)] =P [[0221 > ([0 wf] G;luz] N EOP(C)] < exp(—ca1n)
by Lemma 21-1. Writing &’(e [” [0 y]G 1H EHDkHHS] we have
P [S/(s) N 5013(0)] =P [[Hy:PkHQ + Hyka”2 5HD/€HHS] N Eop(C )]

P [llyi Pxl* = el Plfis/(2C%)] + P [|ly5 De[* = €| Dillfis/2]

where we used Lemma 21-2. in the first inequality.
Note that

Iy Di|* < 2|5 Diel® + 29 Di|* and (35 Dl < k]| D s
Hence there exists ¢y — 00 such that
P [llyi Dil* = €| Dilfis/2) < P[5 Dell? = el Dilfs/8] + P 7] = /8]
P |55 Del? > €S/ * Delfhs/ (8M)] + e7v

1—en/(16M) RPN
)

N

<e

where we used Lemma 15-1 along with Proposition 10 in the second inequality, and Lemma 15-5
in the third one. We have a similar bound for P ||y} Py||* > €| Py|}g/(2C?)]. Consequently, there
exists ¢ > 0 such that P [£'(g) N Ep(C)] < e " for all large N.
Observing that Epen(€) NEC < E'(e/(C52+1)), we obtain as a consequence of these inequalities
that there exists coo > 0 such that for all large N,
P [Epen(€) N Eop(C)] < P [Epen(e) N € N Eop(C)] + P[E N Eop(C)]
P[E'(e/(C52 + 1)) M Eop(O)] + P[E N Ep(O)]

exp(—caen).

N //\/

The proof of the lemma is now complete. O

Now we get back to the expression in (21). As in Subsection 3.1, we use the shorthand notation
Sk = S(e2™F/™). Given k € Cgooa(a19), we have

P [[dist(hx, Hy) < t/n] o Eop(C)] = P [[Numy,/Deny, < t/n] A Eop(C)]

[N

<P [ Dl:r?: < t/n] A Epen(€)” N 50p(0)] + P [Epen(€) N Eop(C)]
[N

<P ﬁ < t\/E] + exp(—cogen)

<P [ oNumy < e/ ] + exp(—cazen)

< e 19 XPpl—C22 .
|15/ D1y s

Writing Numy, = |w_kL + (Or + ) * Dr(Ur + gjk)|, we obtain from Lemma 15-3 and Proposition 10
that for some constant ¢ > 0,

(U + r)* Dr(Jx + Gr) t/€
19,/ D8y 2w 0
< cty/e + exp(—cooen).

P [[dist(hi, Hy) < t/n] A Eop(C)] < By, Ly, ( 2VE) + exp(—caen)

Proposition 19 is obtained by combining the last inequality with Inequality (21).
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Theorem 1: End of proof.

The proof is now completed by combining Proposition 18, Proposition 19, and Lemma 16.

3.5 Proof of Theorem 2

Throughout the proof, we fix k € [[N?|,|N/2]]. None of the constants that will appear in the
course of the proof will depend on k.
The following lemma refines Inequality (7).

Lemma 23. For any k € [N], we have

SN4n—k—1 (H. [Nin_k]) < sn—p—1(YQFY* = 2).

Proof. Write any vector u € CN*"F as 4 = [vT wT]T with w e CN~*. Writing

Ot (Yivow,)* v Qv + (Yin—p,)*w
H Ninru= [ ]

Y Z(IN>,7[N_;€] YU+Z(IN),7[N_k]w

we have

SN+n—k—1(H [Nyn—r) = min |H nyn pgul| <

weSN+n—k—1 . HH-,[N+n—k]UH

min
ueSN+n—k=1.9=—QL (Y{n_g],.)

(z2In — YQIY™)

< min
weSN—k—l

[N=K] “’H

On the other hand, using the variational characterization of the singular values of a matrix, see
[15, Th. 4.3.15], we can write

min
weSN—k—l

(YOIY* —2In) 1y g wH < sy_p 1 (YOLY™ — 2Iy),

and hence the result follows. O

Similar to what we did for controlling the smallest singular value of H, we use the characteriza-
tion snin—k—1(H. [N4n—k]) = Milyegnn—r—1 [|[H. [nyn_rul, and we partition the set SN+n—k—1
into sets of compressible and incompressible vectors. So, write any vector u € SN¥n=F=1 ag
u=[v" w"]" with w e CV=*. Let the set S = S¥+"~#~1 be as in the statement of Proposition 18
above. We of course have

SN-+n—k—1(H. [Nyn—r) = WL H x 0 —gyu] A 1 H. (N4 n—ryul- (23)

inf
ueSN+n—k=1\§
It can be readily checked that Proposition 18 remains true, once we change the values of the
constants that appear in its statement as needed. So, finally, the contribution of the term
infues | H. [N4n—#ju| has been estimated, and we are left with the incompressible vectors. Re-
garding these, we have the following proposition.

Proposition 24 (incompressible vectors for the small singular values). There exist constants
a4 > 0 and coqy > 0 such that for all N larger than an integer that is independent of k €

[IN?], IN/2]],

P H ESNEgﬁf’cil\s [H. [N n—ryul < a24\/%/N] N 5Op(C)] < exp(—cask).
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Remember the definition of the set Cgood(r) < [n] in Lemma 17 above. To prove this proposi-
tion, we begin by mimicking the argument that lead to Inequality (21) above. Specifically, there
exist positive constants ¢, ¢’ and « such that

. ct
|| it (I el < 2575 | 0 €0n(C)

< < Z P [[diSt(hg, Hiy[Nﬁ_n_k]\{g}) < t] N EOP(C)] , (24)

eecgood (0‘)

and [Cgood ()| is of order N.
This inequality calls for the following remark.

Remark 1. By checking the structure of the vector hy and the matrix H. [y ,—k)\ (e (See be-
low), one can intuitively infer that with high probability, dist(he, H. [yin—k]\(e)” is of order
codim(H. N n—pgpey)/N = (k—1)/N. Taking t = \/k/N and recalling the characterization (23),
we get that syipn_r_1 = \/E/N , which is what is predicted by Theorem 2. However, one naturally
expects that these singular values grow linearly in k (as k/N) which would make the result of this
theorem sub-optimal. Actually, this sub-optimality is due in the first place to Inequality (24),
which is too conservative for obtaining optimal bounds on the small singular values that we are
dealing with here.

In [27], a tighter inequality is used to control the smallest singular value of a rectangular matrix.
Obtaining a corresponding inequality appears to be a quite involved task in the present context.

Proof of Proposition 24. We need to bound the summands at the right hand side of Inequality (24).
To this end, assume for notational simplicity that £ = 0 (assuming without loss of generality that
0 € Cgood()). In this case,

1
hO - On—l )
Yo
and T
On—l (yO)EkN—k]
H.fynoi\o) = Q) g in) Vv—k]im))* e C(N+n)X(N4n—k-1)
2IN g
Y i
[Lim] [ka(zv—k)]
Write

bo _ |:On—1:| c (CN-&-n—l’
Yo

and let H, be the matrix obtained by taking out the row 0 from H. [N, _k]\(0}, €

QP ngpn) Yiv—w]pn)*

ﬂo _ ZIN—k c (C(N"rn—l)x(N-ﬁ-n—k—l).
Y 1)
Ok (N—k)

Note that hy and H, are “almost” independent. However, this is not so for hg and H. [nyn—k]\(0}-
Let a € CN*+7=k=1 he the vector such that H. N yn—kpoya =1lu | hg. Then,

N+n—k]\{0}

dist(ho, H. [N 4n—kpg0y)” = [ho = H. (nin—rpjoyal® = [ hg — Hoal* = dist(hg, Hy)*.
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Consider again the decomposition yo = 7o + go with go = E[yo | Y. 1.n7], and write

ho = [0731], and hy = [0’31] e CN+n-1,
Yo Yo

Then, writing Gy = [ﬁo ﬂo], we have
diSt(ﬁO,ﬂo) = diSt(iLo + ]V”L(),ﬂo) = diSt(ilQ + fvlo, GQ) = diSt(ilo, GQ)

Observe that hg and Gy, are independent, and that N +n — k — 1 < rank(Go) < N 4 n — k with
probability one. Let r = N +n — 1 — rank(Gy), and let A = [VT WT]T € CIN+7=DX" bhe an
isometry matrix such that AA* = Héo. Here the partitioning of A is such that V e C(*~D*" and
W e CN*", Note that r € {k — 1,k} w.p. 1. Since AA* = Héo, it holds that H A = 0, which can
be developed as

0= (QL)[lzn],[lm]V + (Y 1)) W (25)
0 =Yin-—u,mU + [ZIv-k  Ov—t)xk] W-

Assume that |[W|}g < ar with a = /(1 + C?). By Equation (25), on the event &,,(C), we have
|V|%s < C%ar, which contradicts the identity |V|4g + [|[W|%g = 7. Thus,

P[[|Ws < ar] n Ep(C)] = 0.

Using this result, we now provide a control over dist(ho, Go) = |[W*gjo|. It is clear that gy and W
are independent. On the event [|W|%g = ar], we know by Lemma 14 that

S| rJ—l(W)2 = a/2.

2—a
Moreover, since 0 € Cgood (), Proposition 10, with the help of Assumptions 1 and 3, shows that
nEgogs > (a/2)Iy for all N large. Consequently, on the event [|[W|%g = ar], the conditional
distribution of W*g, with respect to the sigma-field (W) is Gaussian with a covariance matrix
¥ € H’ such that s|_a_,j_1(X) > aa/(4n) for all large N. Put t* = aa|5%r]/(8n) ~ r/n. By
what precedes and by Lemma 15-2, we have

P [[dist(ho, HA,[N-t,-n—k]\{O})Q < t2] N gop(C)]

<P Hdist(ﬁm Go)? < t2] A 5op(0)]

<P Hdist(ilo,Go)2 < t2] N [||WH12—IS = C”']] +P [[HW”%{S <ar] n&p(C)]

a
< —C15 :
exp(—cis,2| 5—r])

The proof of Proposition 24 is completed by using Inequality (24). O

Proof of Theorem 2

To complete the proof, just combine Lemma 23 with the characterization (23), apply Proposi-
tions 18 and 24 respectively to the two terms in this characterization, and use Lemma 16 to bound

PEop(C)]-

4 Proofs regarding the singular value distribution of ]%gv) —z

4.1 Proof of Theorem 5

Lemma 25. Given an integer m > 0, let M € M7. Then M is invertible, and |[M~!| <
|(SM)~Y. Moreover, —M ' e M.
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Proof. For each non-zero vector u, we have
[ul [Mu|| = |[u*Mu| = [u*RMu + w*SMu| = v*IMu > 0,

and hence M is invertible. For an arbitrary non-zero vector v, there is u # 0 such that v = Mu,
and we have from the former display that

M~ o] ol = (M~ )" (SM)M ™o > [(SM)~H [ M ™ o),
and hence the second result follows. We finally have

(ME— M

M) =M
1

M~ = -M"YSM)M~* <0.

The following result is well-known. We provide its proof for completeness.

Lemma 26. A probability measure o is symmetric if and only if its Stieltjes transform g, seen
as an analytic function on C\R, satisfies g5(—n) = —gz(n). O

Proof. The necessity is obvious from the definition of the Stieltjes transform and from the fact
that ©(d\) = (—dX). To prove the sufficiency, we use the Perron inversion formula, which says
that for any function ¢ € C.(R),

J o(z) P(dz) = lim 1 o(x) Sgp(x + 1) dz.
R el0 T R

By a simple variable change at the right hand side, and by using the equalities g;(—n) = —gs(n)
and g,(7) = g»(n), we obtain that {¢(z) r(dz) = {@(—z) (dx), as desired. O

The operator .7 introduced before Theorem 5 has the following properties.

Lemma 27. Suppose M € C2V*2N and S e Hf. Then,
|7 (1@ S)M)|| < [M] tr S/n < (N/n)|S]|M].
If SM = plon for some p > 0, then

ST ((Is ® S)YM) = pn~(tr S) .

Proof. To obtain the first result, we write

1 *51/2 51/2
T(L®S)M) = 7((1, @ S")M(1, @ 5"%) = — 3 [ef ejsm]M[ “ 51/2%}

Le[N]
Hence,
|7 (L@ S)M)| < n ' [M] D] |S"2e|* = | M| trS/n.
te[N]
To obtain the second inequality, just observe that S ((Io ® S)M) = 7 ((I; ® S)SM) and follow
the same derivation as above. O
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Proof of Theorem 5
Given a function M(n) € SV, let
AM(n),e?) = T (L @2 (e?) M (1)) + Ur(e”).

We shall show that A(M(n),e)~! exists, is holomorphic as a function of 7, is continuous as a
function of @, and satisfies SA(M(n),e*?)~! < 0.

First let p > 0 be such that SM(n) > pI. By Lemma 27, SA(M(n),e?) = pn~!tr %(e?) .
Thus, if X(e*) # 0, then A(M (n),e?)~! exists, is holomorphic in 1, and SA(M (n),e?¥)~! < 0 by
Lemma 25.

Otherwise, A(M(n),e?) = Ur(e*?), which is trivially invertible, and IA(M(n),e?)~! = 0.
In summary, A(M(n),e*)~! is holomorphic in 1 and satisfies SA(M(n),e*?)~1 < 0, for each
6 € [0,27). Moreover, the continuity of A(M(n),e*)~! follows from the continuity of A(M(n),e").

From these properties of A, it follows that

2m

B(M(n)) = (27) " j AQM(n), %) @ S(c”)db

exists, is holomorphic as a function of n, and satisfies SB(M(n)) < 0. Since & [Z f]] = Snla,

we get by Lemma 25 that the function Fy, (M (n),n) is holomorphic in n € C;, and takes values
in M2V, Furthermore, since M € S*V, it holds that |M(n)| < 1/(Sn), and it is easy to show
that limg o 1tFs . (M,1t) = —Ion. In summary, Fs .(M(n),n) € S*V as a function of n when
M e SN,

Let us now establish the uniqueness of the solution of Equation (2) in the class S?V. Assume
that P(z,-) and P’(z,-) are two such solutions. Then,

Fs.2(P,n) = Fs.(P',n)
= Fs..(P,n)(B(P') — B(P))Fs.(P',n)

= Fs..(P,n) {;ﬂ L i (AP, )T (L, ®2(e"))(P — P)AP, ")) ® Z(e’e)dH} Fs..(P',n).

Define the domain

N N
D={17€(C+:%77>4HEHOO<—V f).
n n
Let n € D. It can be checked using Inequality |P|,|P’| < 1/3n along with Lemma 27 that

|A(P,e??)~1, |A(P,e?)~t| < 2 when n € D. Using Lemma 27 again, we have

4 N 1
P—P|= (P,n) — Fs (P < ————|Z2|P-P|<=|P-P 26
P~ Pl = |Fo(Pon) = Foo(Pn)| < g IBIEIP ~ PI < gIP =PI (20
which shows that P(z,n) = P'(z,n) for n € D, and hence, for n € C,.
To show the existence of the solution, set Py(z,n) = —77_1[2]\/' e 82V and consider the itera-

tions
Pk+1(2777) = ]:z,z(Pk(Z777>,77)~

Then, Py(z,-) € S2V for each k, and furthermore, the sequence Pj(z,m) converges on D to a
function Py (z,m) which satisfies Py (z,1) = Fx,.(Px(z,1),nm) by Banach’s fixed point theorem.
From standard arguments using the normal family theorem, P (2, -) solves Equation (2) in S?V.

It remains to establish the last result of Theorem 5. Extending the domain of Fx, ,(P(z,1),n)
in the parameter n to C\R, we show that P is the solution of the equation P = Fx, ,(P,n) if and
—Pw  Por
Py P
This can be demonstrated by a direct calculation: Writing

only if the matrix function P’ = ] is the solution of the equation P’ = Fx(P’, —n).

T zn) = 7 (RO SE)PE) = [0 ).
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we have

0 NS 11 —(to1 + e *E9)
(T(e 72;77) + UL(€ )) - A [_(tlo + ezL@) too y
with A = tgot11 — (t01 + eing)(tlo + BZLQ). Thus,
) —1
pofBe )] ESgEe apestset
Py P S JLATS Sty Lty _y

Recalling the formula for the inverse of a partitioned matrix (see [15, §0.7.3])

[Moo M(n]_l _ [ (Moo — Moy M7 Myg) ™t —Myo! Moy (Myy — MwMgole)_l]
Mg My T = (M — Myo Mgt Moy) ™ Mg Myg! (My1 — MygMgyg' Moy) !
we get the required result by a direct checking.

Using this result in conjunction with Lemma 26, we obtain that for each deterministic vector
u € CN| the scalar measures (u*A;;u)(dt) are symmetric for 4 = 0,1. This shows at once that the
measures A;; are symmetric. The proof of Theorem 5 is now complete.

4.2 Proof of Theorem 6

Recall that M is the bound provided by Assumption 1-2. From now on we shall write v, =
supy N/n.

We first establish the tightness of the sequence (7, n)n. As is well-known [10], this is equivalent
to showing that —utg;_ (1) — 1 as t — oo uniformly in N.

Given M € MiN, let

A(M, ey = F((I, ® (")) M) + Uy (e*?).

By Lemma 27,
|7 (12 ® S())G(z,2)) ]| < VaupM /1.

Thus, for ¢ > 2v,,, M, |A(G(z,1t),e"?)~!| < 2. Since

-1

G(z,t) = Fs(G(z,t),t) = < 1 f A(G(z,1t), ")t @ S(e?)do — [Zj Z]@N) ,

27

the required conclusion can be obtained by a simple argument.
The remainder of the proof is devoted towards establishing the convergence (3). Recalling the
expression Ry, = XJYX* provided at the beginning of Section 3.1, we have

XJbXx* — Z]_l _ [Qoo Q(n]
Qo Qu’

We begin by bounding the variance of (2N)~!tr DQ at the left hand side of (3).

Q(zn) = (H(JA?L —2) - 77)71 - [XJL)?* -z =1

Proposition 28. Under Assumption 1-2), for each deterministic matrix B € CN*¥ and each
u,v € {0,1},
Var(tr BQuu (2,1)) < 8%5up M| BJ?/(S1)*.

O

The proof of this proposition will be based on the well-known Poincaré-Nash (PN) inequality
[6], [21], which is also a particular case of the Brascamp-Lieb inequality. Let v = [v, ..., vm_1]"
be a complex Gaussian random vector with Ev = 0, Evv' = 0, and E[vv*] = X. Let ¢ =
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©(v0, -+, Vm—_1,70,--+,Um_1) be a C! complex function which is polynomially bounded together
with its derivatives. Then, writing

V'u@ = [530/(}”07 ceey aSp/a'v?”n—l]-r and VTJQD = [(}90/&1_)0, sy a(p/a@m—l]—ra

the PN inequality is
Var (p(v)) < E [Voi(0)” T Vop(0) | + E[(Vap())* T Vae(w)]. (27)

If we rewrite Q(z,7) as Q(z,7) = QX to emphasize the dependence of the resolvent on the matrix
X, then, given a matrix A € CV*", the resolvent identity implies that
QX+A _ QX _ _QX+A ((QX+A)—1 _ (QX)_l) QX
_ X+ (X +A)JE(X + A)* — XJEX* ox
- (X +A)J (X +A)*—XJ LXx* '

Using this equation, we can obtain the expression of da*Q,.,b/dZ;;, where a,be CV, u,v € {0, 1},
i € [N], and j € [n]. Indeed, taking A = ey ey ; in the former expression, we get after a simple
derivation that

0a* Quyvb . ) « L
? = - [a QulX'] ]j [CQOUb]Z - [a QuOXJ ]j [leb]z . (28)
ij
Proof of Proposition 28. We apply Inequality (27) by respectively replacing v and ¢ with vec X
and tr BQ., (seen as a function of X).
Given k,i € [N], and j € [n], we have

dlef BQuy B
W - [BQ“X‘] L]kj [Qov]ik - [BQuOXJL]k,j [le]ik’
ij
and thus,
0tr BQuy -
I.ai‘i? = [QOvBQulXJ L]z_] — [Ql’uBQuOXJL]” )
ij

Let us focus on the second term at the right hand side of Inequality (27). Observing that
E[Zi, j, Tinja] = W [Rjy—jslir.ia» and recalling the expression of the block-Toeplitz matrix R given
by Equation (10), we have

atI’ Bqu _ (?tr Bqu
Z Z E[TE[xiljlxizjz]T]
i1,i2€[N] j1,52€[n] 11 ‘272
< 2Evec(Qou BQu1 X J L) *Rvec(QouBQuiXJ 1) + 2R vec(Q1,BQuo X JX)* R vec(Q1,BQuo X JF)
2M
< - (E|QovBQu1XJ " |}is + E|Q10BQuoX J*|Fs)

AM|B|?

< E|X|}
_ M BP
(Sn)?
The first term at the right hand side of Inequality (27) is treated similarly, leading to the bound
given in the statement, and the proof is complete. O

In order to establish the convergence (3), using Proposition 28 and the Borel-Cantelli lemma,
it will be enough to show that

1
meCy, 5ot DY (EQM(z,m) - 6N (z,m)) —— 0. (29)

N—0
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Following the general canvas of [23], we approximate our process (™) by a Moving Average process
with a finite memory. We shall construct from this MA process a resolvent that will be more easily
manageable than QV).

With reference to Theorem 5, first consider a discrete analogue of the integral within the
expression of Fy, .. A straightforward adaptation of its proof yields the following proposition and
we omit the details.

Proposition 29. Let ¥ : T — Hﬂy be a continuous function, and let z € C. Then, the conclusions
of Theorem 5 remain true if the function Fx , there is replaced with

}\iE,z(M(n)v 77) =

(2 3 (s mmm) + |

-1

e—2z7rlL/n -1 . >
—2umlL/n ]) ®E(62 ¢ )_ 2 " ®IN>

€

Now, given an integer constant K > 0, let us define the function SINE) on T as

~ 1 27
SOO) = o [ Fiele @SN e ds,
0

where F is the Fejér kernel (see Equation (12)). It can be easily checked that this function has
the following properties:

1. SW.K) ig a spectral density.
2. SNK) is a Laurent trigonometric polynomial of the form §(N’K)(ew) = Z,{(:_K e“eééN’K).

3. With Assumptions 1-1 and 1-2, it holds that

~ T
sup HS(N’K) — s H — 0. (30)
N

o K—ow

This last property can be established by splitting the integral that defines S5 (e%) into
two pieces as S(ij = Sm/):|9—1/)\<5 +Sw:|9—w|>6 for a properly chosen § > 0, and by using the
properties of the Fejér kernel provided after Equation (12).

Consider the implicit equation

G (2,m) = Faonro (G (z,m),m) (in 8).
From the previous proposition, the solution GN.K) (z,-) exists and is unique. The following three
propositions will be proved in Section 4.3.

Proposition 30. For each n such that Sn > C3g with C3g = C3g ('ysup, M) >0,

lim sup HCA?(N’K)(Z,U) - G(N)(Zﬂ?)H — 0.
N

K—o0

O

Let (:Z",(CN’K)) rez be a CN-valued stationary centered Gaussian process with the spectral density

nilg(N’K). Define

)A((N’K):[:ngvK) :@fjﬁ{“] and QWK (z, ) = (H(X N JL(X WKy _ 2y )L,

We then have the following proposition.
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Proposition 31. Fix K > 0. Then, for an arbitrary deterministic matrix DY) e C2V*2N with
| D) =1, we have

1 ~ A CK
2 e D (ROW-E) _ GWN.K) ‘ <22
~ |t ( QM (=,m) (z,n)) ik
where C' > 0 depends only on 7, M, and 7. O

We note here that the bound provided in the statement of this proposition is not optimal but
is enough for our purpose.

Proposition 32. With D) as in the previous proposition,

1 ~
lim sup — ’tr DW) (EQ(N)(Z,H) - EQ(N’K)(zaU)) > 0.
N N

K—o0

Theorem 6: end of the proof

We write
%tr DM EQM) — Gy _ %tr DM EQM _ EONK) 4 %tr DN EONK _ GIVK)
n %tr DI (GIVE) _ )y
£ 1(N, K) + xa(N, K) + xs(N, K).
Fix an arbitrarily small € > 0. Let Ky, Ny > 0 be such that, by Propositions 32 and 30,
Ix1 (N, Ko)|, Ixs(N, Kp)| <e for all N = Ny and Sn > Clo.

By Proposition 32, x2(N, Ky) —n—e 0. Thus, (2N)~ tr DIN(EQW) —G(N)) — 5 0 for S > Cs,
and thus, for each n € C; by analyticity, and (29) is established. This completes the proof of
Theorem 6.

4.3 Remaining proofs for Section 4.2

Proof of Proposition 30

Let SV-K) (g10) = SIN.K) (o2emk/ny and U () = Uy (e2™*/") for 6 € [27k/n, 27 (k + 1)/n) be the
respective stepwise continuous versions of the functions SNK) and U 1, with step size 27 /n. Within
this proof, we re-denote the function Fx . defined in the statement of Theorem 5 as Fx .y, to
stress the dependence on Uy,. With this notation, it is obvious that fg(N,K)7Z = Fswn.K) 5 0,

In the rest of the proof, we often drop the superscripts ) and (V%) and the subscript ;, for
brevity. Given M € S?V, put Ag (M, e) = T ((Ia®8(e?)) M) +U (&), where (S,U) = (S,U)
or (S,0). Write Bg,y(M) = (2m) ' 27 Ag v (M, ")~ @ S(e*?)d6.

We also assume that K is large enough so that

sup | 9|5, < 2M.
N
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By dropping the unnecessary parameters from the notations, we write
G—G=Fsu(G)— Fs5(G) = Fsu(G) (39,0(@) - BS,U(G)> Fs.0(G)

— Fsu(G) f ’ (45.0(G.e") @ S(e”) = Asu (G ) @ S(e)) d0> Fs0(@)

(
- 7w ()
(

= Fsu(G)

+(Asu(G) = Asu (@)Y @ S) d9) Fs 5(C)

By Lemma 27, we have that |7 ((I, ® S(e*?))G)| < 2% gupM /S for any of the possibilities for S

and for G = G, G. Thus, for
2’-)/sup‘l\f/c\\”’] < 1/2a

we have ||As(G,e?)~!| < 2. Therefore,
Ixall <208 - S5

Moreover,

xe = (A5 (G =A50(G) @S = (450(@) " (T (2@ (S - $)G) + U~ T) Asu(G)")®S

s

satisfies - -
Ix2l < 4AMAy, (Sn) 7S = S| + 4M|U - U|

for the same values of . By mimicking the calculation that lead to Inequality (26), we obtain
4 A
< —YeupM?|G - G|.
HX3H (%77)2 7sup H H

Using the inequality ||Fs(G)| < 1/(Sn), we obtain altogether

g M* 5 2 MY | AM
1— 2 )G _GNE)| < 1 Sup SWNE) _ (V)T UL—UL|%.
( S I I AT I Hoo+(%n)2\| L=UL|e

Thus, if S1 > (874, M?)V* v (474, M), then
|G — G| < OIS — ST+ C'|UL = U,

for some constants C,C’ > 0, and now the proof can be completed by suing the convergence (30).

Proof of Proposition 31

From now on, C'is a positive constant that depends on 1, M, and ~,, at most, and can change

from line to line. Recalling the properties 1 and 2 of the density S(N.K) that were stated in
Section 4.2 above, our first step is to apply the well-known operator version of the Fejér-Riesz
theorem (see [24, Sec. 6.6]) to SV-5). This implies that for each (N, K), there exists an N x N
matrix trigonometric polynomial

K
P(N,K)(eze) _ Z elegN’K)
£=0
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such that SOV (0) = PIV.K) (10) P(NK) (geb)%
Letting €)= (E,(CN))keZ be an i.i.d. process with f,(CN) ~ N¢(0,Iy), the process (i:,(CN’K))keZ
that we used to construct the resolvent Q(N-%) can be defined as

K
L(N,K) N)
T, T Z (
. 3 “(NaK)
Define the finite sequence of random vectors (Z,, )ke[n] a8
(NK) _ X (N,K) o(N)
‘%k 7 2 é.(k £) mod n

(thus, & N(N’ ) is the analogue of i:,(CN’K) obtained through a circular convolution). Define
ROV [gNE GO e € and QU (z,m) = (HL(R N JE(RINH))*z) )~

Observing that rank(X — X) < K, we get
rank(H(XJVX* — 2) — H(XJYX* — 2)) < 4K.
Thus, for each matrix D € C?2V*2N  the following inequality

4K|D|

rD(Q(z,m) ~ Q)| < =5,

(31)
holds (see [29, Lemma 2.6]). We can thus work with @ in place of @ for establishing Proposition 31.
For k € [n], let

(~vr) L 2umkt/n (N, K)
wy, — g e z,
be the discrete Fourier transform of the finite sequence (Zo, ..., Z,—1), and define the matrix
WNK) _ [w(()N,K) (NlK)] XWNEK)E ¢ oNxn

where F is the Fourier matrix defined in (6). Since the Z, are built through a circular convolution,

the vectors wk are independent, and wy, ~ Ng(0,n=18(e2™*/m)). Recalling that J = FQF* with
Q = diag(w’)}Zy and w = exp(—2i7/n), we can write

Qz,n) = (H(XJ"X* —2) —qI) ™" = (HWQ"W* — 2) —nI)~!
The remainder of the proof will be devoted towards showing that
[EQWH) (z,m) = GV )| < N2, (32)

taking advantage of the independence of the columns of W. This bound, used in conjunction with
the bound (31), immediately leads to the result of Proposition 31.

The proof of Inequality (32) relies on the NP inequality that we used above, as well as on
the well-known Integration by Parts (IP) formula for Gaussian functionals [13, 17]. Recalling the
definition of the vector v and the functional ¢ after Proposition 28 above, the IP formula reads as

n—1
Eup(v) = 3, (2], E| 22 .
=0
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e e = 30 &

that we made to obtain the Identity (28), we have

1, and W = [wij]ie[N],je[n]' By reproducing verbatim the derivation

aa*éwb

aﬂ}ij

~

=— [a*@ulWQ_L]j [Qoq;b]i - [a*éu()WQL]j [éh’b]i'

~

In the subsequent derivations, we write Sk S(e?™*/™). Let a,b be two constant vectors in CV.

Write b = [bo,...,by_1]", and let vy, (¢ [ W]Z[W*b]é]. By the IP formula, we have
1 g ([a* Quoli[W*b]e)
auw(t) = Y ]E[ “QulswelW*be] =~ Y, [Se)imE sl
ze[N i,me[N]
- 2 [ [a* Qut WO Qou i [W*ble = [0 Quo W Q[ Q1o i [W¥0)e
+ [a*@uv]zbm]

= 5[ G e | B QuaW W o e

n
. E[a*@ngb].
n

Write ¢s,,,,(¢) = Etr éuvgg/n. We shall isolate the terms ¢s,,(¢) and ¢s;,(€) in the last display
by resorting to the following lemma.

Lemma 33. It holds that Var ds,, (£) < C/n2, and Var[a*Q, W] [W*b], < C|a?|b]%/n. O

Proof. The first bound is obtained by repeating almost word for word the proof of Proposition 28.
To obtain the second bound, we also use the NP inequality again. We start by writing

ola* Quu W] [W*b]e _ 3 ola* Quulkwre[V*b),

611’)1»]» auiij

e
= [a*@uuW]ébiﬂjze - [G*ijWQ*L]j[QOUW]ie[W*b]e
- [a*éuOWQL]j[leW]ié[W*b]é-

We focus on the second term at the right hand side of Inequality (27), treating separately the
three terms at the right hand side of the last display. Starting with the first term, we get

~ 1 A ~
= Y Ela*QuW b, [Silisiala* Qus Wlibia = ~b* S El[a* QuuW1il? < al[b2C/m.
11,126[N]
Turning to the second of these terms, we have
— 2 2 B [ QuW ) P[Qou Wi el Sy1is ia [QoaW e
Z1’126[1\7]J€[ ]
M ~
< EI[W7bLef o QuW | [Qou W]
< lal?b]*C/n?,

where the last inequality can be obtained by applying, e.g., Lemma 16 along with standard
inequalities. The third term can be handled similarly. O
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Thanks to these bounds and to Cauchy-Schwarz inequality, we obtain the identity
A (£) = —uo(O)w ™ G51, (£) — ur (OwF G50, () + n~"Ela* QuypSeb] + ¢,

with ||| < Cal||b|n=?/2. This leads to the system of equations

L+ w™Gs10(0)  w P dsg0(0) ] [auo(ﬁ)] _ 1 E[a*QuoSeb] +e
w'@sy (0) L+ w @5, (0) | [ (0) n | E[a*Qu15.b] ’

with €] < C|a|[b|n~3/2. The matrix at the left hand side of this expression, that we denote as

Ty, is written as
R ~1 w—tL
Tg=[2+9(([2®5g) (Q |:ng :|>)

Assume that K is large enough so that | S| < 2M for all £ € [n], and take S > 49 gupM . Then
by Lemma 27 we get that |7y — I2| < 1/2. Thus, the determinant

d() = (1 +w™@5,0(0)) (1 + w™ "G50, (£)) — G500 (£)511 (£)

of Ty is such that |d(¢)| is bounded away from zero uniformly in N and ¢. Solving our system, and
reusing henceforth the notations € and e at will, we get that

(O] _ 1 1 [+ G5, (0)  —w " ds00(0) | [Ela*GuoSit]
ecso) =g | sty <1+w“@§&@JlEmwiﬂ@m]+s’ .

with [le] < Claf[b]n~*2.
Now, keeping in mind the identity @(H(WQLW*) — [71 ;] ® IN) = I, our purpose is to

N

find an approximant of the matrix

~ Do WQLW* QoW QLW *
HWolw* — | Qo1 Q00
QH( ) lQuWQ_LW* QoW QEW*

To that end, we write

E[a*QuoWQ W*b] = > way(f), and E[a*QuWQ  W*b] = > w Fau(0),
Le[n] Le[n]

and we use Equation (33) to obtain
|[Ea*QuW Q2 W*b Ea*QuoW Qb w+|
s A1 1 L[ @) w4 <z>] .
— B[Oy Ou|x=- S — | ! 250 Sh)+e (34
“E|Qu Q] " o 0 i S ] LIED (34

with [e| < C|al|b|n=? (note that we lost a factor of n~! because of the summation Dtelny)- Let

oL
Upe = UL(ez“TZ/") = LJ_KL w ], and define the matrix

1 1 —Gs, (¢ L 4 Gsnq (0 ~
C(z,m) = = Z L [W_ZLQSUN( ) w T q301( )] ® S,
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Then, Equation (34) can be rewritten as
* ) —Lyyr* * o ~ b * ) Lyyr* * ~ ~ 0 /
Ea*QuWQ LW*b = a ]E[Quo Qul]C ol+e Ea*Quowarw*h — E[Quo Qul]C’ )|+

with |e|, |¢'] < Clla||b|n~"/2. Let @ and b be two constant vectors in C?V. Recalling the expression

of @H (WQEW*) above, the last display can be written compactly as
‘a (EQH(W O W*) — EGC) b‘ < Clalbn~2,

equivalently,
HE@H(WQLW*) - E@OH <Cn V2,

Since IE@ e S2N it is easy to prove, mostly by mimicking the first part of the proof of Theorem 5,
that the matrix function

Rz = (Cn = |1 F| @1v)

is well defined for € C\R, and R(z,-) € S?. In particular, |R(z,7n)| < 1/3n for n € Cy. We
therefore have

|IEQ — R| = |[EQ(R™! — Q" )R| = |(EQC — EQH (WQXW*))R|
< |(EQC — EQH(WQEW*)| | R|

< Cn~ 2

To complete the proof of Proposition 31, it remains to control the norm |[R— CA?H Remembering
that G is defined through the implicit equation in Proposition 30, we use the contraction property
of Fg _(-,m) to gain this control. By mimicking the derivation that led to Inequality (26), we

obtain that if K is large enough so that ||§ch < 2M, and if Q7 is large enough, then
N ~ 1
|75 . (M, m) = Fg (M, m)| < 5[ M = M.
Notice that R = F. B Z(E@, n). Therefore, if Jn is large enough, we have

~ - ~ - - N 1~ 1 ~
|B =Gl =75 .(EQ,n) = Fg .(R.n) + F5 (R.n) — Fg (G.n)| < S|EQ — B + 5 |R — G,

leading to R N

IR~ G| <|EQ—R| < Cn~ 2.
Finally [EQ — G| < |EQ — R| + |R — G| < Cn="/2, and the proof of Proposition 31 is completed
by combining this bound with the inequality (31).

Proof of Proposition 32

We can assume that the processes (x,(QN))k and (aAc,(cN’K

))k that constitute the columns of the ma-
trices X and X (V-K) respectively, are generated by applying the filters with Fourier transforms
n125W) (e0)1/2 and n=1/2SWNEK) (10)1/2 pegpectively to the same i.i.d. process €N = ( gv))kez

with £](€N) ~ Nc(0, Iy). This being the case, we have

11

N ~(N,K
Elz;,") — ") = — o

2m
L HS(N)(610)1/2 . S(N,K)(619)1/2H%{Sd0'

Hence, by (30), we get that
) A(NK) 2 0
z) [ —— 0.

B[z
b Ik Ko
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For any two square matrices M; and My of same order, it is well-known that |tr MyMs| <
| Mi||as || Ma|las. Thus, by the resolvent identity,

tr D(EQ(=,n) ~ BQ(=,n)|| < 372E [t D@z m)(H(RT*X*) ~ H(XTEX*) Qe )|
1 1 5 Lo
< WNEHH(XJLX*) — H(XJ"X*)|}s.

Writing E| X JEX* — X JEX*|4g = E[(X — X)JLX* + X JE(X — X)*|2g, it is enough to bound
E|(X — X)JLX*|%g. Given a constant k > 0, we have

1
N2

1 - 1 -
~EJ(X - X)J X" s < —EJ(X - X) s | X

K2 A 1 ~
< —EJ(X - X)fs + ~E|(X - X)fsIX P 1) x )
. 1 S
< K7E|xy — &) + —(E(lX - XEs) P EIX [ Ly xp0) 2.

With the help of Lemma 16, the second term in the last expression can be made as small as
desired, independently of N, when N is large enough, by choosing « large enough. The first term
converges to zero as K — o0 as shown above.

A  Proof of Lemma 15

1. Using Markov’s inequality, an obvious integration with respect to the exponential distribu-
tion, and using the inequality —log(1 — x) < 2z for x € [0,1/2], we have

N—1 N—1 9
P [||21/2§|\ > \/2Nt] —P l N su®)€? = 2Nt] —P [expW > exp ‘g‘
=0

<e Nt/mEleX W] e~ st ]_[ (1—se(X)/22)) "

Nt N—-1 so(%)
<esp( =t A )

e~ WIZI-1N

2. We have |S1/2¢)2 £ SV se(D)E? = a Xyt |&)?. Thus, by a calculation similar to

above,
m—1

P[|=V2¢] < v/am/2 Z [€el* < m/2] < exp(—cu5,2m).
3. We obviously have that
(E+a)*M(E+a)=(E+a)*RME+a)+1(E+a)*SM(E +a),
and both (£ + a)*RM (€ + a) and (£ + a)*IM (€ + a) are real. Furthermore,
| M]fis = [RM]fis + | SM]fis.

Let us assume that |RM|lus > | M |us/v/2, otherwise, we replace RM with M. From these
facts, we deduce that

L(E+a)*M(& +a)/|M|us, 1) < L+ a)* RM(§ + a)/|RM | us, v21).
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By a spectral factorization of the Hermitian matrix RM,

(€ +a)*RM(E +a)/|RM s £ Y Belér + uel?,
Le[N]

where the uy are deterministic complex numbers, and the [, are deterministic reals that
satisfy 332 = 1, since they are the eigenvalues of |RM|zsRM. The random variable
|€¢ + ug)? is non-central chi-squared with two degrees of freedom and has the density

fe(@) = exp(—(x + |uel*)To(2]ue| /)

on R, where I is the modified Bessel function. Since these densities are bounded by one
[1], we can get the result from [28, Th. 1.2].

4. By the restriction property of Lévy’s anti-concentration function,
m—1 9
L(ZV2¢, /mt) < sup P Z ’34(2)1/2& —dg’ <mt?|.
(doyeeosdm—1)EC™ | 120

We furthermore use the following well-known tensorization result (see [26, Lemma 2.2]):
Suppose {wo, ..., wm—_1} is a collection of independent non-negative random variables such
that there is a constant ¢ > 0 such that for each ¢ > 0,

Plw, < t] < ct.

Then there exists a constant ¢/ > 0 so that
m—1
P[ 2 w? < mt?] < ()™
=0

In the present case, for each ¢ € [m] and each dy € C, w} = [|s¢(X)"/2& — dy|]? is a non-
central chi-squared random variable with two degrees of freedom and has a density bounded
by a constant that depends only on «, as can be checked from the previous item. Thus, the
tensorization argument applies and the result follows.

5. By a singular value decomposition of M, we obtain that

N—-1
PIMEN? = t|M ] = B[ ) oflél® > 1]
£=0

where Y, 07 = 1. Writing

PY o7 1&l = t] = Plexp(D 07 1&/2) > exp(t/2)]
14 14

and following the arguments given for Item 1, we easily get the result.

Lemma 15 is proven.
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