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Abstract The influence of confining and pore pressures on permeability and pore volume change was
studied in two clayey sandstones. The coupling effect is characterized by the effective stress coefficients κ
and β, respectively. Hydrostatic compression of a porous rock typically involves an initial nonlinear stage of
elastic crack closure and a subsequent linear stage of pore deformation. To elucidate the influence of
microcracks on the behavior, wemeasured the effective stress coefficients in these two stages separately. Our
data show that the coefficients κ for permeability of both clayey sandstones are uniformly greater than 1, in
agreement with published data and theoretical prediction for a microscopically inhomogeneous
assemblage. Our data show that the presence of microcracks may homogenize the pore space, as reflected by
a significantly lower κ value during the initial stage of nonlinear compression. We obtained some of the
first measurements of the effective stress coefficient β for pore volume change in sandstones, which show
values close to but uniformly less than 1. Synthesizing our sandstone data, recently published data on
limestones, and theoretical analyses, we propose to define in the β‐κ space two fundamentally different
regimes for the effective stress behavior. A comparison of our data with Berryman's model, the clay shell
model, and clay particle model indicates apparent discrepancies, which we propose to resolve with a dual
equivalent‐channel model based on the spatial partitioning of clayey and clay‐free pore volumes.

1. Introduction

A physical understanding of the impact of tectonic stress and pore pressure on hydromechanical and fluid
flow behaviors is critically important in many applications in rock physics, reservoir mechanics, seismotec-
tonics, as well as geothermal and geotechnical engineering (Bredehoeft & Norton, 1990; Ingebritsen &
Sanford, 2006; Mavko et al., 2009; Zoback, 2007). Experimental observations on porous rocks have demon-
strated that the geophysical property of a saturated rock can often be characterized as a function of the effec-
tive stress σij− ξPPδij, where σij is the stress tensor (with compression taken as positive), PP the pore pressure,
and δij the Kronecker delta. In this formulation the interplay of stress and pore pressure is encapsulated in
the effective stress coefficient ξ.

Experimental data on the mechanical strength of rocks and soils show that it is typically changed by the
mean stress and pore pressure in an equal and opposite manner, which would therefore imply an effective
stress coefficient ξ equal to 1 (Baud et al., 2015; Jaeger et al., 2007; Paterson & Wong, 2005; Terzaghi, 1936).
In contrast, measurement of other properties such as mechanical deformation (including bulk strain and
pore volume change) and fluid transport has shown that the effective coefficients can be significantly differ-
ent from unity. The magnitude of the coefficient and whether it is greater or less than 1 seem to depend on
the geometry of the pore space and its mechanical responses, as well as the extent to which it can be idealized
as microscopically homogeneous (Berryman, 1992; Nur & Byerlee, 1971; Walsh, 1981).

Extensive measurements have shown that values of the effective stress coefficient κ for permeability are less
than or equal to 1 in crystalline rocks (Bernabe, 1986, 1987), jointed granite (Kranz et al., 1979), shale (Heller
et al., 2014; Kwon et al., 2001), and the clay‐free Fontainebleau sandstone (David & Darot, 1989). However,
laboratory data for at least seven clayey sandstones have shown consistent values of κ > 1, ranging up to 7.1
(Al‐Wardy & Zimmerman, 2004; Moghadam et al., 2016; Nur et al., 1980; Zoback, 1975; Zoback &
Byerlee, 1975). First observed by Zoback and Byerlee (1975), who also proposed a heuristic model for this
inequality, which predicts that the pore pressure is more effective than the confining pressure in changing
the permeability, because of significant contrast between the clays and quartzo‐feldspathic grains in their
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mechanical responses. This “clay shell model” implicitly assumes that the clayey sandstone is microscopi-
cally inhomogeneous (Berryman, 1992). Wang et al. (2018) recently documented that the coefficient κ is uni-
formly larger than 1 in three limestones with dual porosity, which therefore indicates that they are
analogous to clayey sandstones in being microscopically inhomogeneous.

The transport of fluid and development of pore pressure excess are controlled by the permeability and pore
volume change, which hinge on the coupled effect of stress and pore pressure. Accordingly, it is important to
simultaneously characterize the effective stress coefficients for permeability and pore volume change.
However, as noted by Berryman (1992), for pore volume change there are basically no experimental data
on its effective stress coefficient β. His theoretical analysis showed that if the rock can be idealized as micro-
scopically homogeneous then the two coefficients obey the inequality β ≤ κ ≤ 1, but in the inhomogeneous
case the value of β can be greater than or less than 1. Recently, Wang et al. (2018) conducted one of the first
integrated measurements of both coefficients, and their data for three limestones with dual porosity show
that values for not only κ but also β are greater than 1. Is their observation of such large values for both κ
and β generally applicable to a microscopically heterogeneous rock, and in particular, the clayey sandstone?
To systematically address this question, the first objective here is to simultaneously determine the coeffi-
cients κ and β in the clay‐rich Berea and Boise sandstones.

Hydrostatic compression of a porous rock typically shows two stages: an initial nonlinear stage followed by a
linear one, associated with elastic crack closure and pore deformation, respectively (Brace, 1965; Vajdova
et al., 2004; Wong et al., 1997). The compressibility in the initial stage is significantly larger than the second,
and given the contrast, it seems likely that the effective stress coefficients can attain quite different values.
Since previous studies did not differentiate between the two different stages of deformation, our second
objective is to clarify this question by probing the behaviors in the same sample for the two stages separately.

A number of micromechanical models have been developed to quantify the effective stress coefficient κ for
permeability. Notable examples are the clay shell and clay particle models for clayey sandstone (Al‐Wardy &
Zimmerman, 2004), asperity contact model for fractures (Walsh, 1981), and pore shell model for oolitic lime-
stone (Ghabezloo et al., 2009). A common feature of these models (with the exception of the clay particle
model) is that their determination of κ is solely based on consideration of the pore volume change, with
the premise that the coefficients κ and β for permeability and pore volume change are equivalent, which
Berryman (1992) pointed out to be speculative. Indeed, his theoretical analysis suggested that the two coeffi-
cients can attain quite different values, and the data of Wang et al. (2018) for limestones and Meng
et al. (2019) for deformed limestones show β values significantly lower than κ. Is this discrepancy between
the two coefficients κ and β observed also in a clayey sandstone, and if so, how can existing models be mod-
ified to more realistically capture the laboratory data? Guided by our synthesis of the existing data on effec-
tive stress coefficients for permeability and deformation, our third objective is therefore to assess existing
micromechanical models for discrepancy and develop an alternative model that would agree better with
experimental observations.

2. Sample Materials and Experimental Procedure

The cylindrical samples of Berea and Boise sandstones were of nominal length 80 mm and diameter 40 mm,
with parallel ends ground to ±10 μm. X‐ray powder diffraction (XRPD) was used to characterize the mineral
composition, using the procedure as described by Heap et al. (2017). The XRPD analyses were performed on
powder mounts using a PW 1800 X‐ray diffractometer and the phases in the whole rock powders were quan-
tified using the Rietveld program BGMN (Bergmann et al., 1998). In terms of weight percentage, Berea sand-
stone has 89.2% quartz, 2.1% K‐feldspar, 1.9% albite, and 6.3% clays (including 3.8% illite/muscovite, 2%
kaolinite, and 0.5% chlorite‐smectite); and Boise sandstone has 45.8% quartz, 8.9% K‐feldspar, 23% albite,
12.7% clays (including 10.3% illite/muscovite and 2.4% dioctahedral smectite), and 2.1% clinoptilolite.
With very little to faint laminations, the two sandstones are considered to be isotropic, as reflected by rela-
tively small difference between P wave velocities in different directions. Under ambient conditions of pres-
sure and temperature, the velocities along and transverse to the cylindrical axis are 2.23 and 2.33 km/s in a
Berea sandstone sample, and 3.02 and 2.90 km/s in a Boise sandstone sample. Based on the mineral content
and dry weight of sample, the average porosities for our Berea and Boise sandstone samples can be
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calculated with value of 20.5% and 30.0% referring to a solid grain density of 2,644.6 kg/m3 for Berea and
2,652.2 kg/m3 for Boise, respectively (Table 1).

Hydromechanical measurements at room temperature were performed using a triaxial test rig acquired from
Sanchez Technology, detailed description ofwhichwas presented byWang et al. (2018). The confiningmedium
was silicone oil, and pressure up to 100MPa can be generated by a servo‐controlled volumetric pump. The pres-
sure was monitored by a transducer with an accuracy of 0.01 MPa. Samples were jacketed with a neoprene
sleeve. Before eachmeasurement a sample was first evacuated, and then injectedwith the pore fluid (deionized
water). A protocol analogous to that ofWang et al. (2018) was adopted to ensure that the fluid‐rock system had
attained equilibrium before the initiation of a hydromechanical experiment on the saturated sample. To mea-
sure the poroelastic behavior and effective stress coefficients, the sample must sustain a relatively stable micro-
structure, so that the pore volume and permeability changes remain basically reversible with minimal
hysteresis during cyclic loading in confining and pore pressures. This was achieved by subjecting a sample to
several cycles of seasoning, following a protocol similar to that of Wang et al. (2018).

If the pore pressure upstream is different from that downstream, the fluid would flow in an axial direction.
To evaluate the permeability on the basis of Darcy's law, the differential pore pressure that was required to
maintain a steady flow rate of 0.1 ml/min was determined. As for the pore volume change, measurements
were made between sequential stress states, with either a change in confining pressure while keeping the
pore pressure constant, or a change in pore pressure while keeping the confining pressure constant. For
the former stress state, the pore volume change was inferred directly from relative positions of the syringe
pumps. For the latter, the pore volume change is more challenging to measure and difficult to resolve,
because one has to deduct the volume change associated with compressibility of the saturating fluid and

Table 1
Basic Physical Information and Experimental Description of the Tested Clayey Sandstones

Rock Number Porosity Condition Comment

Berea Be01 0.208 Hydrostatic loading, Pp = 1 MPa Hydrostatic loading from 5 to 90 MPa at the nominal rate of 1 MPa/min
Be02 0.203 Hydrostatic loading for studying

effective stress behavior
Permeability and pore volume change were measured under increasing confining pressure for
three different pore pressures

Boise Bo01 0.303 Hydrostatic loading, Pp = 1 MPa Hydrostatic loading from 5 to 85 MPa at the nominal rate of 1 MPa/min
Bo02 0.299 Hydrostatic loading for studying

effective stress behavior
Permeability and pore volume change were measured under increasing confining pressure for
three different pore pressures

Table 2
Description of Samples Whose Effective Stress Coefficients are Plotted in Figures 12 and 13

Porosity range Rock type Clay fraction Porosity κ β Source

ϕ ≤ 0.1 Knorringfjellet 0.006 0.09 1.4 ‐ Moghadam et al. (2016)
‐

0.1 < ϕ ≤ 0.2 St. Peter 0.005 0.20 1.2 ‐ Nur et al. (1980)
Stainton 0.08 0.16 5.4 ‐ Al‐Wardy and Zimmerman (2004)
Berea (|| bedding) 0.08 0.19 2.2 ‐ Zoback and Byerlee (1975)
Berea (| bedding) 0.08 0.19 4.0 ‐ Zoback and Byerlee (1975)
Berea 100 0.086 0.20 3.3 ‐ Nur et al. (1980)
Berea at Stage I 0.1a 0.20 1.5 1 This study
Berea at Stage II 0.1a 0.20 4.1 0.85 This study
Bandera 0.20 0.16 7.1 ‐ Nur et al. (1980)

ϕ > 0.2 Berea 500 0.043 0.21 4.6 ‐ Nur et al. (1980)
Berea 500(brine) 0.043 0.21 3.2 ‐ Nur et al. (1980)
Brownstone 0.045 0.21 2.4 ‐ Nur et al. (1980)
Berea 0.048 0.22 2.6 ‐ Moghadam et al. (2016)
Massillon 0.05 0.23 3.2 ‐ Nur et al. (1980)
Massillon 0.06 0.24 3.5 ‐ Zoback (1975)
Berea 350 0.06 0.22 2.2 ‐ Nur et al. (1980)
Berea 350(brine) 0.06 0.22 2.9 ‐ Nur et al. (1980)
Berea 200 0.063 0.22 3.2 ‐ Nur et al. (1980)
Boise 0.13a 0.30 1.3 1 This study

aData reference from Wong et al. (1997).
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storage capacity of the pore pressure system (Fatt, 1958). Our calibration and data reduction procedures were
analogous to that described by Wang et al. (2018) in their Appendix A.

3. Hydromechanical Data

In presenting ourmechanical data, we have adopted the convention that compressive stresses and strains are
considered positive. Experimental conditions of the mechanical tests are compiled in Table 1.

3.1. Two Stages of Hydrostatic Compression

To differentiate between the two stages of hydrostatic compression associated with elastic crack closure and
pore deformation, two samples (Berea sandstone Be01 and Boise sandstone Bo01) were conducted at con-
stant pore pressure Pp = 1 MPa over broad ranges of confining pressure (Pc = 5–85 MPa for Be01 and 5–
90 MPa for Bo01). Confining pressure was increased at a nominal rate of 1 MPa/min, considered to be slow
enough to ensure drained deformation induced by the compression. Porosity reduction as a function of con-
fining pressure for Be01 and Bo01 are shown in Figures 1a and 1b, respectively. It typically shows a transi-
tion of the hydrostatic compression behavior from an initial nonlinear stage to a linear stage, which we will

Figure 1. Mechanical data for water‐saturated Berea and Boise sandstones at constant pore pressure of 1 MPa under
hydrostatic loading. (a) Confining pressure as a function of porosity reduction for Be01 ranging from 5 to 90 MPa, (b)
confining pressure as a function of porosity reduction for Bo01 ranging from 5 to 85 MPa. Hydrostatic compression
involves an initial nonlinear stage I of elastic crack closure and a subsequent linear stage II of pore deformation. The
critical pressure for crack closure is 27 MPa for Be01 and 10 MPa for Bo01, respectively. Based on the linear relation, the
corresponding inferred crack porosity is 0.38% for Be01 and 0.08% for Bo01.

Figure 2. Permeability as a function of confining pressure for three different pore pressures for Berea and Boise sandstones marked using the open symbols for
loading and solid symbols for unloading. (a) Stage I for Be02, (b) stage II for Be02, (c) stages I and II for Bo02.
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refer to as “stage I” and “stage II,” respectively. Such a transition has been observed in various rocks, includ-
ing granite (Brace, 1965), limestone (Vajdova et al., 2004), and sandstone (Wong et al., 1997). Walsh (1965)
showed that the nonlinearity in stage I and the linear behavior of stage II can be attributed to elastic crack
closure and deformation of relatively equant pores, respectively. He further proposed that one can extrapo-
late the linear behavior in stage II and infer the crack porosity as the intercept at the horizontal axis.

UsingWalsh's (1965) approach, the crack porosities of our Berea and Boise sandstones samples were inferred
to be 0.38% and 0.08%, respectively. From our data, we can identify the transition from stage I to II at
Terzaghi effective pressures (Pc‐Pp) of around 27 MPa for Berea sandstone (Figure 1a) and 10 MPa for
Boise sandstone (Figure 1b), respectively. Because the transition pressure was relatively high in Berea sand-
stone, it was feasible to characterize the effective stress behavior separately in stages I and II. As for Boise
sandstone, such a separation was not practical and our measurement extended over both stages.

3.2. Permeability as a Function of Confining and Pore Pressures

Two sets of experiments were conducted on Berea sandstone sample Be02, first in stage I and then in stage II.
One set of experiment was conducted on Boise sandstone sample Bo02, at conditions that span over both
stages. Each of the three sets includes three cycles of increasing and decreasing confining pressures at fixed
pore pressures of 14, 12, and 10 MPa. For example, the stage I measurement for Be02 (Figure 2a) began with
the first cycle at pore pressure of 14 MPa and confining pressure of 22 MPa, which was then increased in two
steps to 28 MPa. The confining pressure was then decreased in one step to the initial value of 22 MPa, after
which the confining and pore pressures were adjusted to initiate the second cycle at pore pressure of 12MPa.
In the two sets of experiment in stage II of Be02 (Figure 2b) and stages I and II of Bo02 (Figure 2c), we also
acquired data (solid symbols) at the end of each cycle at a fixed pore pressure. It can be seen that in spite of
the seasoning a small amount of hysteresis would develop, indicating a slight decrease in permeability after a
confining pressure cycle.

The evolution of permeability was qualitatively similar in all three sets of data. At a fixed pore pressure, a
nonlinear decrease of permeability with increasing confining pressure was observed, except for stage II of
Be02 that seems almost linear, possibly because it derives primarily from pore deformation. In general,

Figure 3. Iso‐permeability contours presented in a confining pressure and pore pressure space for Berea and Boise
sandstones. (a) Stage I for Be02, (b) stage II for Be02, (c) stages I and II for Bo02. The corresponding effective stress
coefficients for permeability κ, calculated by linear interpolations (red dashed lines), are also given.
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the change of permeability in response to a perturbation in pore pressure was greater than the corresponding
response to confining pressure. This predominate influence of pore pressure on permeability is particularly
significant in stage II of the Berea sandstone sample (Figure 2b).

By interpolation of our experimental data, iso‐permeability contours were constructed in the Pc‐Pp space.
Most of the contours were observed to follow an approximately linear trend, with slopes that correspond
to the effective stress coefficients κ. For Berea sandstone there is a significant increase in its κ value from
stage I (Figure 3a) to stage II (Figure 3b). Previous studies of the same sandstone have reported values of
2.2, 4.0 (Zoback & Byerlee, 1975), and 3.3 (Walls & Nur, 1979), which are comparable to our data for stage
II subsequent to elastic crack closure. Although κ values of Boise sandstone (Figure 3c) are lower than
Berea sandstone, they are greater than 1 and thus consistent with published data for other clayey sandstones.

In all three sets of data in Figure 3, one can observe an overall trend for the inferred κ value to increase some-
what with increasing confining pressure and decreasing pore pressure. To characterize the effect of confine-
ment on the coefficient κ, we note that an incremental change of the permeability k derives from two
contributions associated with incremental changes in confining pressure PC and pore pressure PP,
respectively:

δk¼ ∂k
∂PC

δPC þ ∂k
∂PP

δPP¼ ∂k
∂PC

δPC − κδPPð Þ; (1a)

and accordingly the effective stress coefficient κ for permeability can be evaluated as

κ¼−
∂k
∂PP

� �
=

∂k
∂PC

� �
: (1b)

For the three sets of data presented in Figures 2a and 2c, we estimated the denominator in 1b by first fitting
the data at the intermediate pore pressure with a quadratic relation (between k and Pc), and then differen-

tiating it to estimate the derivative
∂k
∂PC

as a function of Pc. For the data in Figure 2b, a linear relation was

used and the derivative estimated from the average slope. At a given confining pressure, we can also estimate

the numerator
∂k
∂PP

as the ratio of two terms: the permeability measured at the maximum pore pressure

minus that at the minimum, and the maximum pore pressure minus the minimum. The denominator and
numerator so evaluated were then input into 1b to determine the coefficient κ for a given confining pressure.
For Berea sandstone, the effective stress coefficient κ shows significant increase from stage I to stage II
(Figure 4a), and within each stage it also increases somewhat with confinement. For Boise sandstone, the

Figure 4. Effective stress coefficients κ and β as a function of confining pressure for (a) Berea and (b) Boise sandstones.
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increase of κwith confinement seemsmore pronounced (Figure 4b), possibly due to the transition from stage
I to II embedded in the data set.

3.3. Pore Volume Change as a Function of Confining and Pore Pressures

Relative pore volume change eϕ is defined to be the pore volume change δVv normalized by the initial pore
volume Vv. Our data presented in Figures 5a and 5b (stages I and II of Be02) and Figure 5c (Bo02) show that
eϕ decreased with increasing confining pressure and decreasing pore pressure in an approximately linear
manner. Magnitude of the relative change was on the order of 10−3, and in contrast to the predominate influ-
ence of pore pressure on permeability shown in Figure 2, the effects of pore pressure and confining pressure
on pore volume change were comparable.

We plot in the Pc‐Pp space contours of equal eϕ as constrained by our data. Most of the contours follow an
approximately linear trend, with slopes which correspond to the effective stress coefficients β. For Berea

Figure 5. Relative pore volume change as a function of confining pressure for three different pore pressures of Berea and Boise sandstones: (a) stage I for Be02, (b)
stage II for Be02, (c) stages I and II for Bo02.

Figure 6. Iso‐pore volume change contours presented in a confining pressure‐pore pressure space for Berea and Boise
sandstones. (a) Stage I for Be02, (b) stage II for Be02, (c) stages I and II for Bo02. The corresponding effective stress
coefficients for pore volume change β, calculated by linear interpolations (red dashed lines), are also given.
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sandstone, measured values of β were close to 1 in stage I (Figure 6a) and somewhat lower in stage II
(Figure 6b). For Boise sandstone (Figure 6c), the values were all close to 1.

To characterize the effect of confinement on the coefficient β, we again note that an incremental change of
the relative pore volume change eϕ derives from two contributions associated with incremental changes in
confining pressure PC and pore pressure PP, respectively:

δeϕ¼∂eϕ
∂PC

δPC þ ∂eϕ
∂PP

δPP¼∂eϕ
∂PC

δPC − κδPPð Þ; (2a)

and accordingly the effective stress coefficient β for pore volume change can be evaluated as

β¼−
∂eϕ
∂PP

� �
=

∂eϕ
∂PC

� �
: (2b)

For the three sets of data presented in Figure 5, we estimated the denominator in 2b by fitting the data with a

linear relation (between eϕ and Pc) and then evaluated the derivative
∂eϕ
∂PC

as constant equal to the slope. The

numerator
∂eϕ
∂PP

was evaluated as the ratio of two terms: value of eϕmeasured at the maximum pore pressure

minus that at the minimum, and the maximum pore pressure minus the minimum. The effective stress coef-
ficients β so evaluated for all three sets of data have two common features. First, they all show minimal
dependence on confinement, with values close to 1 in stage I (Figure 4a) of Berea sandstone and stages I
and II (Figure 4c) of Boise sandstone, and somewhat lower values in stage II of Berea sandstone
(Figure 4b). Second, under identical confinement the effective stress coefficient β for pore volume change
is consistently smaller than the corresponding coefficient κ for permeability.

Given that the inferred values of β are almost constant in each of the three sets of data, it seems reasonable to
adopt a constant β value for evaluating the effective pressure. Data for three cycles at three different pore
pressures can then be collapsed into one curve with eϕ plotted versus effective pressure PC − βPP, with con-
stant values of β = 1 and 0.85 for stages I and II of Berea sandstone (Figure 7a), and 1 for Boise sandstone
(Figure 7b). From linear regression of the three sets data, we determined the correlation coefficients to be
0.99 with slopes (which correspond to the pore compressibilities) of βϕ = 0.47/GPa and 0.23/GPa, in stages
I and II of Be02, and βϕ = 0.45/GPa, in stages I and II of Bo02, respectively. These are comparable to sand-
stone values compiled by David et al. (1994), and as expected the compressibility of Berea sandstone in stage
II was relatively low since it was dominated by pore deformation.

Figure 7. Relative pore volume change as a function of effective stress for (a) Berea (Be02) and (b) Boise (Bo02)
sandstones. The effective stress was calculated using values of the effective stress coefficients for pore volume change
β indicated on the graphs. The measurements are shown as black squares. The red lines correspond to linear fits based on
the equations shown on the graphs.
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4. Discussion
4.1. Effective Stress Coefficients for Permeability and Pore
Volume Change

We conducted a systematic investigation of the effective stress beha-
viors for permeability and pore volume change in two relatively isotro-
pic clayey sandstones over a broad range of hydrostatic pressure
condition. To our knowledge, there have not been any such studies of
the coefficient β for pore volume change in sandstones, and our new
data thus fill in a critical gap. In contrast, there have been numerous
studies of the coefficient κ for permeability in clayey sandstones (Al‐
Wardy & Zimmerman, 2004; Moghadam et al., 2016; Nur et al., 1980;
Zoback & Byerlee, 1975), with a primary focus on the control of clay
content over the value of κ. However, given that the permeability evo-
lution is sensitively dependent on the closure and opening of micro-
cracks by the confining and pore pressures, it seems likely that the
presence ofmicrocracks can also influence the effective stress behavior,
but this aspect has not been investigated systematically. Because hydro-
static compression of a porous rock typically involves an initial non-
linear stage I of elastic crack closure and a subsequent linear stage II
of pore deformation, in this study we differentiated between the two
different stages in Berea sandstone and characterized the effective
stress coefficients κ and β in these two stages separately.

For Berea sandstones, Zoback and Byerlee (1975) reported values of 2.2
and 4.0 for its effective stress coefficient for permeability, and latter

measurements (Nur et al., 1980) show higher values up to 7.1. While the variability can partly be attributed
to differences in mineralogy and porosity, our study also underscores the significant influence of microcracks
and their closure on the effective stress behavior. In the transition from stage I to II, the closure of ~0.38% crack
porosity in Be02 (Figure 1) increased the value of κ by a factor of >2 (Figure 4a). This implies that the lower
values of κ in stage I are related to the presence of randomly distributed microcracks that would alleviate the
microscopic inhomogeneity. It should also be noted that Zoback and Byerlee (1975) suggested that, because
their two samples were cored parallel and perpendicular to bedding, bedding anisotropymay also be an impor-
tant factor. However, given the relatively isotropic nature of Berea sandstone, bedding seems unlikely to be a
dominant factor on the effective stress behavior, but this issue warrants further investigation in the future.

For Boise sandstone, the effective stress coefficient κ has values greater than 1 similar to other clayey sand-
stones. We were not able to conduct measurements separately in two stages, but our data indicate an
increase of the coefficient κ with increasing confinement and crack closure, also by a factor of >2
(Figure 4b). Because the closure of microcracks is accompanied by permeability reduction, one would there-
fore expect the coefficient κ to increase with decreasing permeability k. Our data for κ as a function of k of
Berea and Boise sandstones are plotted in Figure 8, and for comparison we also include the recent data of
Moghadam et al. (2016) for Berea and Knorringfjellet sandstones. The latter sandstone has a relatively
low porosity of 9% and permeability on the order of 10−17 m2. Notwithstanding the difference in permeabil-
ity, the data indeed all follow a similar trend, in that the effective stress coefficient κ for permeability would
increase with decreasing permeability k.

Our data for pore volume change (Figure 4) show that both clayey sandstones have β values close to unity
(ranging from 0.88 to 1.05), except for Berea sandstone in stage II with lower values (ranging from 0.79 to
0.93). We are not aware of any other published data for comparison. However, there have been theoretical
predictions by Berryman (1992) who derived a relation connecting β, χ (effective stress coefficient for poros-
ity change), and α (Biot's effective stress coefficient for bulk strain) and ϕ (porosity):

α ≤ β¼χ − ϕ χ=α − 1ð Þ ≤ χ : (3a)

Figure 8. Effective stress coefficient κ for permeability as a function of
normalized permeability referring to higher permeability with value of
9.576 × 10−14 m2 for Berea in Moghadam et al. (2016), 3.3 × 10−17 m2 for
Knorringfjellet in Moghadam et al. (2016), 7.01 × 10−16 m2 for Berea in this
study, and 3.76 × 10−16 m2 for Boise in this study.
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The above relation is generally applicable independent of whether
the rock is microscopically homogeneous or heterogeneous.
Furthermore, for a microscopically homogeneous rock,
Berryman (1992) showed that the value of χ should be exactly 1,
and we expect then

β¼1 − ϕ 1=α − 1ð Þ: (3b)

First derived by Zimmerman et al. (1986), Equation 3b provides a cri-
terion to assess whether a rock can be idealized as microscopically
homogeneous, and any disparity between experimental data and
the criterion can accordingly be attributed to microscopic inhomo-
geneity in the rock. Although we did not experimentally measure
Biot's coefficient α, it can be inferred from our compressibility mea-
surements (Figure 7) as explained in Appendix A. We compare our
experimental data with the value of β expected of a microscopically
homogeneous rock according to 3b. As illustrated in Figure 9,
whereas our data for Berea sandstone in stage II fall below the pre-
dicted values for a microscopically homogeneous rock, the rest of
them fall above. For comparison, we also plot the data of Wang
et al. (2018) for three limestones with dual porosity, which have
values of β uniformly larger than 1 that deviate significantly from
the prediction for a microscopically homogeneous rock.

4.2. Two Regimes of Effective Stress Behavior

The availability of relatively complete data on both effective stress coefficients for permeability and pore
volume change has motivated up to map out the coefficients (κ, β) and identify two fundamentally different
regimes of effective stress behavior. Regime I corresponds to a microscopically homogeneous rock, for which
Berryman (1992) concluded that its effective stress coefficients and porosity obey the following relation:

ϕ ≤ α ≤ β ≤ κ ≤ χ¼1: (4)

On a κ‐βmap, the effective stress coefficients of such a rock should accordingly fall in the triangular region
marked as Regime I in Figure 10.

Any rock with κ > 1 is microscopically inhomogeneous and would fall in the rectangular region marked as
Regime II. The two clayey sandstones investigated in this study and three limestones with dual porosity
(Wang et al., 2018) have comparable κ values and belong to this regime. However, because their β values
are significantly different (Figure 10), it suggests further breaking down this regime into Regimes IIA and
IIB, according to whether the effective stress coefficient for pore volume change is less than or greater than
1, respectively.

It should be noted that, since this classification of the effective stress behavior is based on available data for
only five sandstones and limestones, it is by nomeans definitive andmay need to be refined whenmore com-
prehensive data for different rock types are available from future studies. Extensive measurements on crys-
talline rocks (Bernabe, 1986, 1987; Coyner, 1984), shale (Heller et al., 2014; Kwon et al., 2001), and a
limestone dominated by macroporosity (Wang et al., 2018) have shown κ values less than unity, which
would suggest that these rocks can be approximated as microscopically homogeneous. However, we cannot
confirm that indeed they belong to Regime I until we have available systematic measurements of the coeffi-
cient β for these rock types. Also, it should be emphasized that the classification scheme here is based solely
on the two effective stress coefficients κ and β of a porous rock, which should not be construed as a direct
measure of the degree of heterogeneity of its microstructure. Indeed, there remain many fundamental ques-
tions on how the effective stress behavior is related to the microstructure, which are highlighted in the fol-
lowing discussion on the various modeling schemes.

Figure 9. Measured values of the effective pressure coefficient β for pore volume
change for Berea and Boise sandstones (this study), and Indiana and Thala
limestones (Wang et al., 2018) as a function of the theoretical prediction
(Equation 3b) for a microscopically homogeneous rock.

10.1029/2020JB019765Journal of Geophysical Research: Solid Earth

MENG ET AL. 10 of 22



4.3. Comparison With Berryman's Clayey Sandstone Model

With a clayey sandstone in mind, Berryman (1992) formulated a model for a microscopically inhomoge-
neous aggregate with two distinct constituents. As illustrated in Figure 11, the constituent 1 (presumably
embedded with clays and microcracks) is interconnected, percolative, and expected to have a very soft frame
modulus K(1). In contrast, the constituent 2 is considered to be made up of solid grains that are isolated and
relatively impermeable (Figure 11). For this model configuration, Berryman (1992) derived a relation among
the effective stress coefficients of such a clayey sandstone, which can now be tested with the comprehensive
data now available. The effective stress coefficient κ for permeability is predicted to be related to the coeffi-
cients α for strain and χ for porosity change according to

Figure 10. Regimes for effective stress behavior of porous rocks. Regime I is for microscopically homogeneous rocks,
with value β ≤ κ ≤ 1, Regime II is for inhomogeneous rocks with value κ > 1, where Regime IIA is for clayey
sandstones, with value β ≤ 1, and Regime IIB is for limestones with dual porosity, with value β > 1.

Figure 11. Effective stress coefficient κ for permeability as a function of effective stress coefficient for pore volume
change β. (a) The gray box indicates the data ranges for Berea sample in stage I and stage II. These data can be
bracketed by the theoretical predictions of Berryman's model for values of K/K(1) between 8.4–11.0 in stage I and 7.3–7.7
in stage II. (b) Data on Boise sandstone could also bracketed by the ratio K/K(1) between 4.6 and 7.5.
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κ¼αþ
3n1 α − ϕð Þ χ − αð Þ − 3qϕ θ − αð Þ K

K 1ð Þ

3n1 α − ϕð Þ þ 2ϕ − 3qϕ
K

K 1ð Þ

: (5)

Because relation 3a is generally applicable to porous rocks, it can be used to connect the effective stress coef-
ficient β for pore volume change with the porosity ϕ, as well as coefficients χ and α. The parameter θ is the
ratio of the macroscopic increments of confining and pore pressures such that the relative change in volume
of each constituent is the same (Berryman & Milton, 1991), and according to Berryman (1992), relevant
laboratory data have indicated θ ≈ 1. Although the pore geometry was not specified in the model, it was
necessary to assume that the transport properties and porosity are related by power laws: the exponent n1
in 5 is associated with the power law for the permeability of constituent 1, and the cementation exponent
m1 is for Archie's law. In our calculations here, we followed Berryman (1992) to assume n1 = 4, m1 = 2
and the remaining parameter q ≈ n1‐m1–2/3 = 1.333.

Using the α values inferred in Appendix A, Equations 5 and 3a can then be used to predict the coefficient κ of
clayey sandstone as a function of the coefficient β for a given modulus ratio K/K(1). For the parameter ranges
of interest here, Berryman's (1992) model predicts that κ and β fall on approximately linear trends. Our data
for Berea sandstone can be bracketed by lines corresponding to K/K(1) = 8.4–11.0 in stage I, and 7.3–7.7 in
stage II (Figure 11a). The Boise sandstone data can also be bracketed by the lines corresponding to K/
K(1) = 4.6 and 7.5 (Figure 11b). These values of bulk modulus ratio are comparable to the value of 10 sug-
gested by Berryman (1992) and what has been inferred from the clay shell model to be discussed next.
With crack closure the bulk moduli are expected to both increase in stage II, but the enhancement is
expected to be proportionately weaker in the bulk rock than in constituent 1 where the microcracks are
embedded, and accordingly the ratio K/K(1) is likely to decrease with the transition from stage I to II.

Berryman's (1992) model for clayey sandstone has provided useful insights into how microscopic inhomo-
geneity in the form of mechanical contrast between the isolated solid grains and the soft percolative matrix
can influence the relative magnitudes of the effective stress coefficients for permeability, pore volume
change, and strain. Although the model is quite general without any specific assumptions regarding the geo-
metry of the grains or pore space, this approach has an intrinsic limitation in that it does not address the
micromechanical basis of the effective stress behavior.

4.4. The Clay Shell and Clay Particle Models

One model that attempts to capture how grain‐scale deformation and fluid flow control the effective stress
coefficient for permeability is the clay shell model (Al‐Wardy & Zimmerman, 2004; Zoback &
Byerlee, 1975). The conduit for flow in a clayey sandstone is idealized as an equivalent channel lined with
a clay shell. Cylindrical in geometry, the channel has a cross‐section with an inner void (of radius a) enclosed
in a shell of clays (with radius between a and c), which is in turn embedded in a concentric shell of
quartzo‐feldspathic grains (of external radius b) (Figure 12). Because the clay shell is more compliant than
the outer grain layer, an increase of pore pressure is more effective than a corresponding decrease in confin-
ing pressure in dilating the inner void and enhancing the permeability. In this idealized model, the perme-
ability k depends solely on the radius a, which implies that the effective coefficient defined in 1b can be

written as ¼−
∂a
∂PP

� �
=

∂a
∂PC

� �

Al‐Wardy and Zimmerman (2004) presented a comprehensive analysis of the clay shell model, their results
of relevance to the present study are summarized in Appendix B. The model predicts that the effective stress
coefficient κ is related to the ratio γ between the shear moduli of the external grain layer and the clay shell,
porosity ϕ, and volumetric clay fraction fc according to

κ¼ f c 1 − ϕð Þ þ ϕþ 2½ � 2f c 1 − ϕð Þ þ 3ϕ½ � þ 2γf c 1 − f cð Þ 1 − ϕð Þ2
9 f c 1 − ϕð Þ þ ϕ½ � : (6)

For mathematical convenience, we here follow Al‐Wardy and Zimmerman (2004) to assume that the two
concentric layers have identical Poisson's ratio of 0.25. They considered a single porosity (20%), and here
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we have extended to two other porosities (10% and 30%). The model
predicts that the coefficient κ increases with increasing clay fraction
and modulus contrast, and it also decreases somewhat with increas-
ing porosity (Figure 12).

For comparison with the model prediction, we have compiled labora-
tory data for the effective stress coefficient κ of eight clayey sand-
stones (Knorringfjellet, St. Peter, Stainton, Berea, Bandera,
Brownstone, Massillon, and Boise sandstone) with clay content ran-
ging from 0.5% to 20% and porosity from 9% to 30%. In previous stu-
dies, the clay contents were in terms of volume or weight, and in
some case not specified. We have lumped them together here, with
the assumption that the difference is likely small. In qualitative
agreement with the model, there is an overall trend in the laboratory
data for porosity in the range of 11–20% (blue symbols in Figure 12)
for the κ value to increase with increasing clay content. However,
data for porosity >20% (red symbols) apparently follow an opposite
trend, with our Boise sandstone sample showing a relatively low κ
value even though it has the highest clay content in the group. To
bracket all the experimental data, one must resort to a shear modulus
ratio γ as large as 72 (Figure 12). Al‐Wardy and Zimmerman (2004)
pointed out that such a high ratio seemed unrealistic, and accord-
ingly they considered an alternative model, which can explain the
laboratory data with a significantly lower modulus ratio.

The alternative they proposed is the clay particle model. In this
model, the clays exist as a cylindrical particle (of radius c) that is
attached tangentially to the pore wall (Figure 13). Because it is not

mechanically coupled to the quartzo‐feldspathic grain shell, the clays are shielded from any influence of
the confining pressure applied to the external wall. For the clay particle model, Al‐Wardy and
Zimmerman (2004) obtained the following expression for the effective stress coefficient κ as a function of
the modulus ratio γ, porosity ϕ, and volumetric clay fraction fc:

κ¼2þ ϕþ 1 − ϕð Þf c
3

þ γ 1 − ϕð Þ 1 − f cð Þ g ρð Þ; (7a)

where g(ρ) is a function of the ratio ρ between the radii of the clay particle and pore conduit, which can be
approximated analytically as

g ρð Þ¼0:0481 ×
ρþ 9:048ρ2 − 11:39ρ3

1 − 0:4331ρ − 1:306ρ2 þ 0:5482ρ3
: (7b)

The ratio ρ can in turn be related to the porosity and clay fraction:

ρ¼c=a¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϕð Þf c= f c þ ϕ 1 − f cð Þ½ �

q
: (7c)

Again, for mathematical convenience, we here follow Al‐Wardy and Zimmerman (2004) to assume that clay
particle and grain shell have identical Poisson's ratio of 0.25.

As illustrated in Figure 13, the clay particle model also predicts that the effective stress coefficient κ
increases with increasing clay fraction and modulus contrast, as well as decreasing porosity. To bracket
all the experimental data would take a modulus ratio γ significantly smaller than that necessary for the
clay shell model (Figure 12), by at least a factor of two. In previous formulation of the clay shell and
clay particle models, the existence of microcracks and where they may be located were not explicitly
addressed. If we make the plausible assumption that the microcracks are embedded in the
quartzo‐feldspathic grains, then their shear moduli (and the corresponding modulus ratios γ) would

Figure 12. Effective stress coefficient as a function of clay fraction for different
porosities and shear modulus ratio using the clay shell model. The points are
data from this study and from the literature (see Table 2), and the black line
refers to clay shell model using the different ratio between rock and clay stiffness
at the fixed porosity of 20%, blue dashed lines refer to clay‐particle model using
the different porosities of 10%, 20%, and 30% at the constant shear ratio of 18.0
with the Poisson ratio of rock and clay taken as 0.25.
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increase with crack closure in the transition from stage I to II, and
in either model the effective stress coefficient κ is predicted to
increase (Figures 12 and 13), in agreement with our laboratory
observations (Figure 4). Notwithstanding the better agreement
with experimental observations, the clay particle model has the
shortcoming as noted by Al‐Wardy and Zimmerman (2004) that
the inferred values of shear modulus ratio γ are somewhat higher
than what one would predict from rock physics measurements for
clays and crustal minerals, although there remain uncertainties on
what data are pertinent and what constitutes a realistic approach
to estimate the ratio.

The two models have quite different predictions regarding the effec-
tive stress coefficient β for pore volume change. The clay shell model
assumes that the permeability and pore volume change both depend
solely on the radius a, and accordingly their effective stress coefficients

are predicted to be identical, given by κ¼β¼−
∂a
∂PP

� �
=

∂a
∂PC

� �
.

Berryman (1992) has pointed out that this is speculative, and indeed
recent experiments conducted by Wang et al. (2018) and Meng
et al. (2019) on limestones showed that the predicted equality is consis-
tently violated, such that the value of κ can be significantly greater than
that of β.

For the clay particle model, we show in Appendix C that the effective
stress coefficient for pore volume change is given by

β¼2þ ϕþ 1 − ϕð Þf c
3

þ γ 1 − ϕð Þ 1 − f cð Þ
3

ρ2: (8a)

Given our measurements of the coefficient β (Figure 5), the above constrains values of γ to be about 4.3 and
3.5 for Boise and Berea sandstones, respectively. However, with reference to 7a, these γ values would imply
that κ is just slightly greater than 1, in discrepancy with our measured values which are significantly larger
ranging up to 4.5 (Figure 5). The discrepancy can be illustrated alternatively by subtracting 8a from 7a to
arrive at

κ − β¼γ 1 − ϕð Þð1 − f cÞ g ρð Þ − ρ2

3

� �
: (8b)

Unlike the clay shell model, the coefficient κ is predicted to always exceed β in the clay particle model, with
the difference κ − β increasing linearly with modulus contrast γ. As shown in Figure 14, for the porosity and
clay fraction values of Berea and Boise sandstones 8b would imply (κ − β)/γ to be about 0.02 and 0.03 for
Boise and Berea sandstones, respectively. Given that measured values of κ − β are in the ranges of 0.2–2.0
and 0.4–3.5 (Figure 4), this implies that γ has very large values up to 100 and 117 for Boise and Berea sand-
stones, respectively. This contradicts the relatively low γ values inferred from measured values of β on the
basis of 8a. The implication is therefore neither the clay shell model nor the clay particle model that is based
on a single equivalent channel can furnish a consistent interpretation of the data for the two effective stress
coefficients κ and β simultaneously, and to resolve the discrepancy. It is necessary to consider a model that
has more than one single channel.

4.5. A Dual Equivalent‐Channel Model

In the clay particle and clay shell models, microscopic inhomogeneity derives from distinct mechanical
responses of the clays and quartzo‐feldspathic grains located in a single equivalent channel. In this sense, spa-
tial heterogeneity is absent in the models. To introduce an element of spatial heterogeneity, we next consider
a dual equivalent‐channel model made up of two channels hydraulically connected in series (Figure 15). One
of the equivalent channels corresponds to a clay‐free porous constituent, and the other a clayey porous

Figure 13. Effective stress coefficient as a function of clay fraction for different
porosities and shear modulus ratio using the clay particle model. The points
are data from this study and from the literature (see Table 2), and the black line
refers to clay‐particle model using the different ratio between rock and clay
stiffness at the fixed porosity of 20%, the blue dash lines refer to clay‐particle
model using the different porosities of 10%, 20%, and 30% at the constant shear
ratio of 7.5 with the Poisson ratio of rock and clay taken as 0.25.
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constituent. For mathematical convenience, we will consider a
2‐dimensional model, with the geometry of the clayey channel given
by the clay shell model (Figure 12). Similarly, the clay‐free channel
has a geometry similar to the clay shell model, except that the clay
shell has zero thickness so that the radii a = c.

Effective stress coefficients for permeability for the clay‐free and
clayey channels are denoted by κ′and κ′′, respectively, and the corre-
sponding effective stress coefficients for pore volume change are
denoted by β′ and β′′, respectively. Since the two equivalent channels
are in series, if the permeabilities of the clay‐free and clayey channels
are denoted by k′and k′′, then the effective permeability k of the dual
system is given by

1
k
¼ 1
k′

þ 1
k′′

: (9a)

If the pore volumes taken up by the clay‐free and clayey channels are

denoted byV ′

v andV
′′

v , then the total pore volume in the dual system is
given by

Vv¼V ′

v þ V ′′

v : (9b)

We will focus on the case with k′ ≫ k′′, such that the flow is limited
by the relatively impermeable clayey channel and the permeability of

the dual system can be approximated as k≈ k′′ according to 9a. This in turn implies that the interplay of con-
fining and pore pressures on the permeability would be controlled by the effective stress behavior of the
clayey channel, and therefore the effective stress coefficient of the dual system can also be approximated as

κ ≈ κ′′: (10)

According to 9b a pore volume δVv comprises two components δV ′

v and δV
′′

v , and because the local effective
stress coefficients for pore volume change in the clay‐free and clayey channels are given by β′ and β′′, respec-
tively, the total pore volume change in response to a change δPC in confining pressure and δPp in pore pres-
sure is given by

δVv¼∂Vv
′

∂PC
δPC − β′δPPð Þ þ ∂Vv

′′

∂PC
δPC − β′′δPPð Þ: (11a)

If the distribution of pore volume between the two equivalent channels is characterized by the partition

parameter A, such that V ′

v¼AVv and V ′′

v¼ 1 − Að ÞVv, then the above equation becomes

δVv¼∂Vv

∂PC
δPC − Aβ′þ 1 − Að Þβ′′½ �δPPð Þ: (11b)

This implies that the effective stress coefficient for volume change in the dual system is given by

β¼Aβ′þ 1 − Að Þβ′′: (12a)

Given that the two equivalent channels are both of the clay shell type, their local effective stress coefficients
are equal (κ′ = β′ and κ′′ = β ′′), and we can rewrite the above as β = Aκ′+(1 − A)κ′′. Furthermore, if the
approximation 10 applies, then a linear relation exists between the two effective coefficients β and κ of the
dual equivalent‐channel system:

β¼Aκ′þ 1 − Að Þκ: (12b)

To compare this theoretical prediction with our laboratory data, a major difficulty is to arrive at a rea-
listic estimate of the effective stress coefficient κ′ = β′ for a clay‐free assemblage. For the clay shell

Figure 14. The ratio (κ − β)/γ between the difference of the two effective stress
coefficients for permeability and pore volume change and the shear modulus
ratio is plotted as a function of clay fraction for different porosities in the clay
particle model. Porosities and clay fractions of Berea and Boise sandstones are
marked.
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model with zero thickness (Al‐Wardy & Zimmerman, 2004), assuming a Poisson's ratio of 0.25, the
effective stress coefficient for a clay‐free channel is κ′ = β′ = (2+ϕ)/3, equal to 0.73 and 0.77 for
porosities of 20% and 30%, respectively. There are also two sets of pertinent laboratory data: David
and Darot (1989) reported κ values between 0.60 and 0.75 for Fontainebleau sandstone, and Nur
et al. (1980) reported values of 0.43 and 0.86 for two Al2O3 samples. Since all these experiments were
at conditions with microcrack closure, they are more relevant to stage II of Berea sandstone and
Boise sandstone under high confinement. For these experimental data, if we adopt an intermediate
value of κ′ = 0.6, then the linear relation 12b implies values of A between 0.91 and 0.95 for stage II
of Berea sandstone (Figure 16a), and 0.84 for Boise sandstone at confining pressure of 28 MPa
(marked using circle in Figure 16b).

For stage I of Berea sandstone and Boise sandstone under low confinement, we must take into account
the presence of microcracks on the effective stress coefficients. Given the inequality α ≤ β ≤ κ ≤ 1 for a
microscopically homogeneous assemblage (Berryman, 1992), and the experimental observations
(Paterson & Wong, 2005) and theoretical prediction (Wong, 2017) that the Biot coefficient α increases
with increasing crack density to approach an asymptotic limit of 1, one would expect both effective
stress coefficients β and κ to also increase with increasing crack density. Indeed, Bernabe (1987)
observed a systematic decrease of the coefficient κ in three crystalline rocks with crack closure under
increasing confining pressure. This implies that we must adopt a higher value of κ′ > 0.6 in 12b for
comparison with data of a cracked rock. On the other hand, it seems unlikely for the partition para-
meter A to vary significantly between stage I and II in Berea sandstone. If we use the same A values
for these two stages, then the laboratory data in stage I are intersected by the two lines corresponding
to κ′ value of 0.9. Similarly, a value of κ′ = 0.9 is inferred for Boise sandstone at confining pressure of
22 MPa.

By introducing an element of spatial heterogeneity in the distribution of clays, the dual equivalent‐channel
model analyzed here provides an explanation for the two effective stress coefficients κ and β being not equal.
The permeability of the dual system is controlled by that of the clayey channel, because the rate of flow is

Figure 15. Schematic diagram of the dual‐equivalent channel model.
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limited by the very low permeability of the clays embedded in the channel. Accordingly, the effective stress
coefficient κ for permeability is also controlled by the clayey channel. In the clay particle and clay shell
models, because only one equivalent channel is being considered, the local clay content in the channel is
assumed to be identical to the global clay content determined from XRPD. However, in the dual
equivalent‐channel model the clays are localized only in a subset of the conduits (as indicated by the clay
partition 1‐A), and therefore the local clay content may be significantly higher than the global average,
which implies that the enhancement of effective stress coefficient can then be interpreted using a much
smaller modulus contrast γ (Figures 12 and 13).

The effective stress coefficient β for pore volume change is predicted to increase with the effective stress coef-
ficient κ for permeability, in agreement with Berryman's (1992) model (Figure 11). According to 12b, because
κ is greater than κ′ of the nonclay assemblage, the coefficient κ is predicted to be always greater than β, in
agreement with laboratory observations in regime II (Figure 10). The difference between the two coefficients
hinges on the partitioning of pore volume between the nonclay and clayey channels, as characterized by the
parameter A.

However, it should be emphasized that the dual equivalent‐channel model is highly idealized and in
particular the assumption is made that the two channels are in series and, for mathematical conveni-
ence, we focus here on the case k′ ≫ k′′ such that the flow is limited by the relatively impermeable
clayey channel. It is likely that the idealized model may fail to capture all relevant complexities of
the flow field of a clayey sandstone. In sedimentary petrography, the spatial distribution of clay miner-
als in sandstones is often categorized into three conceptual scenarios: discrete particles of clay dispersed
in the pore space, pore‐lining rims of clay minerals, and pore‐bridging clays (Blasingame, 2008;
Howard, 1992; Neasham, 1977). These three scenarios are associated with progressive decrease of per-
meability; for the third scenario, data for the Rotliegende sandstones of the southern North Sea show
that samples with fibrous illite filling the pores may have permeabilities lower than the first two cate-
gories by two orders of magnitude (Seemann, 1979). What we consider here corresponds to this
end‐member scenario with pore‐bridging clays that limit the rate of fluid transport in the clayey
sandstone.

Figure 16. Effective stress coefficient β for pore volume change as a function of effective stress coefficient for
permeability κ using the dual equivalent‐channel model. (a) The gray box indicates the data ranges for Berea sample
in stage I and stage II. These data can be bracketed by the theoretical predictions of dual‐equivalent channel model for A
between 0.91–0.95 using κ′ of 0.9 in stage I (black dashed lines) and 0.6 stage II (blue dashed lines). (b) The red triangle
and circle indicate the coefficients for Boise sandstone at the confining pressures of 22 and 28 MPa, respectively. They can
be theoretically predicted by dual equivalent‐channel model for A with value of 0.84 using κ′ of 0.9 at the confining
pressure of 22 MPa (black dashed line) and 0.6 at the confining pressure of 28 MPa (blue dashed line).
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Because of its idealized nature, there remain aspects of the model that are difficult to characterize. The con-
nection between the partition parameter A and the spatial distribution of clays in the rock needs to be clar-
ified by systematic microstructural investigations. The geometry of the pore space andmineralogy, as well as
their spatial complexity, can all influence the grain‐scale deformation and effective stress behavior. To
advance beyond such a model of equivalent channels in an effective medium, it may be necessary to probe
more deeply and integrate 3‐Dmicrostructural observations with voxel‐based numerical simulations (Sun &
Wong, 2018; Zhan et al., 2010).

5. Conclusion

The influence of confining and pore pressures on permeability and pore volume change, as manifested by
the effective stress coefficients κ and β, was studied in two clayey sandstones over a broad range of confining
and pore pressures. Because hydrostatic compression of a porous rock typically involves an initial nonlinear
stage I of elastic crack closure and a subsequent linear stage II of pore deformation, we characterized the
effective stress coefficients κ and β separately in these two stages. Our data show that the coefficients κ for
permeability of both clayey sandstones are uniformly greater than 1, in agreement with previous studies.
Furthermore, we observed values of κ during stage I to be significantly smaller than in stage II for Berea
sandstone. For Boise sandstone, we were not able to conduct measurements separately in two stages, but
our data indicate an increase of κ with increasing confinement and crack closure, also by a factor of >2.
We obtained some of the first measurement of the effective stress coefficient for pore volume change in sand-
stone. Values of β for both clayey sandstones are uniformly less than 1, approaching to unity. Based on our
new sandstone data, recent data on limestone, and some theoretical analyses, we proposed to define in
the β‐κ space two fundamentally different regimes for the effective stress behavior: Regime I for micro-
scopically homogenous rocks with β ≤ κ ≤ 1, and Regime II for microscopically inhomogeneous rocks
with κ > 1. The latter regime may be partitioned further into a Regime IIA represented by clayey sand-
stones with β≤1 and Regime IIB represented by limestones with dual‐porosity with β > 1. We con-
fronted our data to the existing models for the effective stress behavior of inhomogeneous rock. The
clay shell model assumes that the effective stress coefficient for permeability is equal to the effective
stress coefficient for pore volume change, which is not what we observed. The clay particle model pre-
dicts the effective stress coefficient κ to be greater than β in qualitative agreement with experimental
data, but it fails to quantitatively provide a consistent interpretation of both coefficients. Moreover,
Berryman's model lacks any realistic assumption about pore space geometry. We therefore extended
the clay shell model into a new dual equivalent‐channel model considering the microscopical geometry
to differentiate the coefficients κ and β. This new model can reasonably explain the micromechanics of
effective stress behavior at the different deformation stages, providing new insight into the influence of
pore geometry and mechanical contrast on the effective stress behavior for different physical properties
of porous rocks.

Appendix A: Biot's Coefficient for a Clayey Sandstone
Nur and Byerlee (1971) rigorously derived a relation for Biot's effective stress coefficient α for bulk strain in
terms of the bulk moduli K and Ks of the porous rock and solid grains, respectively:

α¼1 −
K
Ks

¼1 −
βs
βV

: (A1)

The corresponding compressibilities are denoted by βV and βs, respectively. Although the rock is assumed to
be microscopically homogeneous in their derivation, Berryman (1992) argued that A1 is still a valid approx-
imation for a microscopically inhomogeneous assemblage in the form of a clayey sandstone. Indeed, Hart
and Wang (1995) measured the Biot coefficient and bulk moduli, and they demonstrated the validity of this
expression for Berea sandstone. Accordingly, we will use the relation A1 to infer the coefficient α from
hydrostatic compression experiment.

For intrinsic compressibility of the solid grains, we adopted values for Berea sandstone (0.0253/GPa) and
Boise sandstone (0.0257/GPa) determined by Wong et al. (1997) using the Voigt‐Reuss‐Hill of the mineral
elastic constants. The effective solid bulk modulus Ks is the inverse of the intrinsic compressibility βs,
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assuming for Berea sandstone and for Boise sandstone that we follow the estimation fromWong et al. (1997).
For the bulk compressibility βV, we use the following equation that connects it with the porosity ϕ and pore
compressibility βϕ (Walsh, 1965):

βV¼βϕ · ϕþ βs: (A2)

The porosity was taken to be 20% and 30% for Berea and Boise sandstones, respectively. For the pore com-
pressibility, we used the values obtained from linear regression of the data presented in Figure 7. On substi-
tuting into A1, based the effective stress coefficients α for strain were inferred to be 0.80, 0.65, and 0.84 for
stage I and stage II for Berea sandstone, and stage I&II for Boise sandstone, respectively. These values are
all less than unity and comparable in magnitude to published data (Paterson &Wong, 2005). For Berea sand-
stone, the inferred α value in stage I is larger than that in stage II.

Appendix B: Relevant Results of the Clay Shell Model
Al‐Wardy and Zimmerman (2004) made a rigorous derivation for calculating the effective stress coefficient κ
in clay shell model quantitatively:

κ¼A1pa2 þ B1p

A1ca2 þ B1c
; (B1)

Where

A1p¼2b4GcGr

Δ
∅ f c 1 − ϕð Þ þ ϕþ 1

1 − 2νr

� �
þ γϕ f c 1 − ϕð Þ þ ϕ − 1ð Þ 1

1 − 2νr

� �� �
; (B2)

A1c¼−
2b4GcGr

Δ
f c 1 − ϕð Þ þ ϕþ 1

1 − 2νr

� �
þ f c 1 − ϕð Þ þ ϕ − 1ð Þ 1

1 − 2νr

� �� �
; (B3)

B1p¼ 1
1 − 2νc

� �
a2A1p þ a2

2Gc
; (B4)

B1c¼ 1
1 − 2νc

� �
a2A1c; (B5)

Δ¼4b4Gc
2Gr

1
1 − 2νc

� �
f c 1 − ϕð Þ þ ϕð Þ þ 1

1 − 2νr

� �� �
f c 1 − ϕð Þð Þ − 1

1 − 2νr

� �
γ f c 1 − ϕð Þ þ ϕð Þ þ 1

1 − 2νr

� �
γϕ

� �
f c 1 − ϕð Þ þ ϕ − 1ð Þ

� �
;

(B6)

where γ¼Gr

Gc
,
λ
G
¼ 2ν
1 − 2ν

. ϕ is porosity; fc is the volumetric fraction of clay content; a is pore radius in the

clay shell model; the moduli will be {λc, Gc} in the clay region, a < r < c; and the moduli are {λr, Gr} in the
rock region, c < r < b. ν is Poisson's ratio. According to the expression of B1p and B1c, we can simplify the
expression of κ,

κ¼
2

1 − νc
1 − 2νc

� �
A1p þ 1

2Gc

2
1 − νc
1 − 2νc

� �
A1c

: (B7)

The general expression of the effective stress coefficient for permeability can be obtained by substituting
Equations B2, B3, and B6 into this Equation B7. Then

κ¼
f c 1 − ϕð Þ þ ϕð Þ þ 1

1 − 2νr

� �� �
f c 1 − ϕð Þ þ ϕð Þ 1

1 − 2νr

� �
þ ϕ

� �
þ γ f c 1 − ϕð Þ þ ϕ − 1ð Þ 1

1 − 2νr

� �
ϕ

2νc
1 − 2νc

−
2νr

1 − 2νr

� �
− f c 1 − ϕð Þ

� �

4 f c 1 − ϕð Þ þ ϕ½ � 1 − νr
1 − 2νr

� �
1 − νc
1 − 2νc

� � :

(B8)

If we assume the Poisson's ratio of both clay and rock region is 0.25, then we can get
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κ¼ f c 1 − ϕð Þ þ ϕþ 2½ � 2f c 1 − ϕð Þ þ 3ϕ½ � þ 2γf c 1 − f cð Þ 1 − ϕð Þ2
9 f c 1 − ϕð Þ þ ϕ½ � : (B9)

Appendix C: Relevant Results of the Clay Particle Model
In the clay particle model (Figure 13), the clays exist as a cylindrical particle (of radius c) attached tangen-
tially to the pore wall (of radius a). As analyzed by Al‐Wardy and Zimmerman (2004), the particle is
mechanically decoupled from the stress field related to the applied confining pressure, and it deforms in
response to only the pore pressure. Therefore, its radius c is independent of Pc and a function of Pp only.
Accordingly, the effective stress coefficient for pore volume (VP) change is simply given by

β¼−

∂VP

∂a
∂a
∂PP

þ ∂VP

∂c
∂c
∂PP

∂VP

∂a
∂a
∂PC

2
664

3
775¼−

∂a
∂PP

∂a
∂PC

0
BB@

1
CCA −

∂VP

∂c
∂c
∂PP

∂VP

∂a
∂a
∂PC

0
BB@

1
CCA: (C1)

Following Al‐Wardy and Zimmerman (2004), the first term above can be written as

−

∂a
∂PP

∂a
∂PC

0
BB@

1
CCA¼λr þ Gr 1þ ϕ′

	 

λr þ 2Gr

; (C2)

where ϕ′¼a2

b2
¼ϕþ 1 − ϕð Þf c, and the two derivatives in the second term are given by

∂c
∂PP

¼−
c

2 λc þ Gcð Þ; (C3)

∂a
∂PC

¼−
a

2 1 − ϕ′
	 
 λr þ 2Gr

Gr λr þ Grð Þ: (C4)

Because the pore volume per unit length is VP = π(a2 − c2), using expressions from C3 and C4 the second
term in C1 can now be simplified as

−

∂VP

∂c
∂VP

∂a

∂c
∂PP

∂a
∂PC

¼ c
a

� �2 1 − ϕ′
λc þ Gc

� �
Gr λr þ Grð Þ
λr þ 2Gr

� �
: (C5)

Adding C2 and C5 and then substituting into C1, we obtain the effective stress coefficient for pore volume
change as

β¼λr þ Gr 1þ ϕ′ð Þ
λr þ 2Gr

þ c
a

� �2 1 − ϕ′ð Þ
λc þ Gcð Þ

Gr λr þ Grð Þ
λr þ 2Gr

: (C6)

Using 7c to relate the ratio c/a to the porosity and clay fraction, and assuming the Poisson's ratio of clay and
rock regions are both 0.25, we arrive at Equation 8a in the main text.
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