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Abstract. An understanding of influence of micro-cracks on time-dependent deformation in 

granite is of fundamental importance in many situations, such as nuclear waste storage facilities 

or the exploitation of geothermal resources. Time-dependent cracking is considered to be the 

main mechanism of brittle creep in granite. Creep strain rates are strongly influenced by the 

density of pre-existing defects that also exert a significant influence on rock physical properties. 

We introduce a new model that combines the subcritical crack growth (SCG) theory and the 

numerical manifold method (NMM) to link the local damage (using an exponential material 

softening law) caused by micro-crack propagation and the macroscopic creep deformation 

typically observed in granite specimens. In this model, each element contains a virtual micro-

crack that can propagate sub-critically following Charles’ law. Once the virtual micro-crack 

length reaches a given value, it will convert to a real micro-crack, which can cut through adjacent 

elements, open, and slide according to the principle of NMM. We also investigated the influence 

of virtual micro-crack length, confining pressure and differential stress on creep behaviour. The 

fact that numerical simulations are in good agreement with experimental results shows that the 

NMM combined with the SCG theory is a suitable method for modelling the creep behaviour of 

rocks. 

1. Introduction 

The long-term stability of engineering rock mass structures have been of practical concern for many 

years[1]. The time-dependent deformation (creep) of rock has a significant influence on the stability of 

rock slopes and underground structures such as mines and tunnels, and the Earth’s upper crust[2]. Creep 

strain and strain rates are greatly sensitive to differential stress, confining pressure, temperature, etc. 

Even small changes in any of these parameters will produce order of magnitude changes in creep strain 

rates[3]. Many researchers have found that micro-crack propagation in a rock mass is one of main 

parameters that influences the creep strain rate[4]. When slow crack growth (subcritical crack growth 

(SCG)) occurs, the phenomenon that the extent of slow crack growth affects the fracture stress was first 

examined by Charles[5]. The SCG theory was initially attributed to stress corrosion. During crack 

propagation, stress corrosion can explain a certain proportion of relationship between stress intensity 



China Rock 2020

IOP Conf. Series: Earth and Environmental Science 570 (2020) 022064

IOP Publishing

doi:10.1088/1755-1315/570/2/022064

2

factor (K) and crack velocity (V)[6]. SCG theory in rock masses has been also used to explain the growth 

and development of joints, volcanic eruptions, and underground excavations[7]. The double torsion 

experimental method was adopted to investigate the SCG theory. There are also many researchers that 

have used numerical simulations to study the rock creep and SCG. Brantut[8] used a micromechanical 

model to describe the brittle rock creep, based on the sliding wing-crack model. Konietzky[9] used 

FLAC to simulate the time-dependent crack growth of granite. These authors used the SCG theory of a 

virtual crack within an element to describe rock damage. Discontinuous deformation analysis (DDA), 

analyzing the force-displacement interactions of block systems and proposed by Shi[10], has been also 

used to investigate creep problems[11]. Xu[12] proposed a thermomechanical time-dependent 

deformation model based on tests on Beishan granite under constant elevated temperatures. The 

numerical manifold method (NMM) is a new simulation method which provides a unified framework 

for solving problems dealing with continuous media, discontinuous media, or both[13]. The NMM has 

gained a wide attention and application in rock mechanics and engineering due to its efficient treatment 

of problems involving continuous and discontinuous deformations in a unified way[14]. Using the time 

step–initial strain method, the creep equation was coupled with the NMM to simulate the time-dependent 

deformation of rocks[15]. Wu[16] also used the NMM to analyze viscoelastic material creep crack 

problems by incorporating a generalized Kelvin-Voigt model into the NMM. 

2. Constitutive model  

2.1. Crack Initiation and Growth Criteria 

Before using the NMM to consider crack problems, the criteria that have an important influence on 

calculating the crack initiation and propagation angle must be considered. In this paper, there are two 

different crack growth criteria introduced, which are the maximum circumferential stress criterion 

(MCSC)[17] and Mohr–Coulomb’s shear strength criterion (MCSSC)[18]. For MCSC, the crack 

propagates in the direction of the maximum circumferential. The stress field at the crack tip can be 

formulated in terms of stress intensity factors (SIFs): 

 ( )0 0sin 1 3cos 0K K  + − + =   (1) 

and then, the direction of maximum circumferential stress is: 
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The MCSC can well predict the fracture direction in two mixed modes if there are several cracks in the 

specimen. In nature, however, there are many cracks, joints, and holes in rock masses, and every flaw 

will influence the local stress field, which can influence the direction of maximum circumferential stress 

greatly. We used the MCSSC to deal with this problem. 

In classical engineering science, the SIFs are greatly sensitive to the local stress. Coulomb postulated 

that the crack initiation depends on the local stress relative to the strength of the material rather than on 

the SIFs[19]. In this framework, the material strength parameters are the cohesion and the angle of 

internal friction, as shown in Figure 1. The MCSSC can be used to calculate shear and tensile cracks. 

As shown in Figure 1, 1 and 3 are the maximum and minimum principle stress, respectively, t is the 

tensile stress, and R and r are expressed as: 
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where c and  are cohesion and the internal friction angle, respectively. 



China Rock 2020

IOP Conf. Series: Earth and Environmental Science 570 (2020) 022064

IOP Publishing

doi:10.1088/1755-1315/570/2/022064

3



/ 2 +

R

r





t

c

13
A

B

C

0

Tension cut-off

Tension region Compression region

A: Uniaxial Tension B: Uniaxial Compression C: Triaxial Compression

1

2 3= 

Mohr–Coulomb linear envelope

3

1

cohesion 

Internal friction angle

Shear condition

Tension condition

crack

1

1



crack

/ 4 / 2 +



 
Figure 1 The Mohr–Coulomb criterion for the elements 

 

When the crack satisfies the shear condition:  
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the crack initiation angle will be: 

 / 4 / 2  = +   (5)  

where  is the crack initiation angle. 

When the crack satisfies the tensile condition: 
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the crack initiation angle will be the direction of the minimum principal stress. 

2.2. Subcritical Crack Growth (SCG) 

In classical fracture mechanics theory, the crack will not propagate if the SIFs at the crack tip are lower 

than the fracture toughness Kc. However, some researchers also find that cracks still propagate if the 

SIFs are lower than Kc, but at a certain lower velocity. This is called the subcritical crack growth (SCG) 

theory[20]. Figure 2 shows the SCG theory curve between stress intensity factor (K) and crack velocity 

(v). Figure 2 clearly shows that there are three stages and that Kscc is a critical value, which is related 

to the material. When K < Kscc, the crack cannot propagate. However, when Kscc <K< Kc, there are 

three stages of crack velocity (Figure 2). 

lg K

lg v

0

Ⅰ

Ⅱ

Ⅲ

CKSCCK  
Figure 2 Schematic stress intensity factor (K) against crack velocity (v) curves 

The crack velocity is governed by Charles’ equation: 

 
n
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  (7) 

where C is a material constant, K is the total SIF, which consists of K and K, n is the stress corrosion 

index, v is the crack velocity, and △t is the time step. The crack length at every step is v*△t. 

The SIFs K and K are calculated as: 
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n
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=
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When the crack at the tension-shear condition, where n and n are the maximum tensile normal stress 

and maximum shear stress, respectively, a is the half crack length, and n and n are expressed as: 



China Rock 2020

IOP Conf. Series: Earth and Environmental Science 570 (2020) 022064

IOP Publishing

doi:10.1088/1755-1315/570/2/022064

4

 ( ) ( )

( )

n 1 3 1 3

n 1 3

1
cos 2

2

1
sin 2

2

     

   


= + + −  


 = −


  (9) 

where  is the crack original angle. 

When the crack at the compress-shear condition, where eff is effective shear stress, f is the friction 

coefficient. 
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2.3. Numerical Manifold Method (NMM) 

The NMM consists two of important components: the cover system and the block dynamics. The cover 

system is a dual cover system, which includes a mathematical cover (MC) of three-node triangle 

elements and a physical cover (PC) that includes the boundary, the material interface, and the crack. The 

block dynamics is used to solve the mechanical behaviour of block systems under loading and block 

contact. The NMM program runs on the MATLAB platform. 

Figure 3 shows the dual cover system containing MC and PC. We can clearly see in Figure 3(a) that 

there are three MCs that are coloured yellow, blue and red, that every MC is a hexagon consisting of 6 

triangles, and that the node of every triangle is the centre of the MC. If there a crack that cuts through 

the triangle ABC (such as D1-D5 in Figure 3), the three MCs are changed. It is clearly shown in Figure 

3(b) and (d) that the crack does not cut the MC (A and C) into two parts. Instead, the hexagon and a part 

of crack consist of a PC, which are A1-A2-A3-A4-D3-D4-D5-D4-D3-A5-A6-A1 and C1-C2-C3-C4-

C5-D2-D3-D4-D5-D4-D3-D2-C6-C1, respectively. In Figure 3(c), the crack cut the MC (B) into two 

parts (B and B), so, there are two PCs, which are B1-B2-D4-D3-D2-D1-B5-B6-B1 and D4-B3-B4-

D1-D2-D3-D4, respectively. 

A B

C

(A1)

(A2)

(A3C2)

(C3) (C4)

(B4C5)

(B5)

(B6)(A6B1)
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Figure 3 Dual cover system and crack cutting theory of NMM   

(a) (b) (c)

d0 d0d0

(d)

d1

(e)  
Figure 4 Three contact conditions of NMM 

When the crack is opened in the program, contact theory plays an important role to prevent elements 

embedding with two springs, which are tension and shear springs. In the NMM, there are three contact 

conditions, as shown in Figure 4: (a) angle to angle, (b) angle to edge, and (c) edge to edge. Both angle 

to angle and edge to edge contacts can be converted into angle to edge contacts. As shown in Figure 3, 

d0 is the one step maximum displacement (safe displacement) and d1 is the general displacement between 

angle to edge. If d1>d0, the program does not need to adjust the model. However, if 0<d1<d0 (or d1<0, 

which means the angle is embedded into the edge), the program uses the open–close iterations 

method[18] and time steps to push the angle back and keep the displacement larger than d0. 

2.4. Multi-crack NMM model 

A pre-cracked granite specimen model of 50 mm in diameter and 100 mm in length is shown in Figure 

5(a). The half real crack length is 2.5mm, and the angle of the crack  is 45. The meshed specimen that 
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contains multi-cracks is shown in Figure 5(b). The three-node triangular elements in Figure 5(b) consist 

of mathematical covers, and the solid black line in Figure 5(a) represents the physical boundary and 

discontinuities in the specimen. The red solid and dotted lines in Figure 5(c) and (d) represent real and 

virtual cracks, respectively[9]. The model is consisted of 1108 elements, which means that this model 

has more than 1000 virtual cracks, every crack has two crack tips, and every crack tip can calculate the 

SIF at every simulation step. The half initial virtual crack length is 0.1mm, it’s smaller enough 

comparing with real crack. The real crack is a part of the physical cover, and it can therefore cut the 

element and open and slide. There are no virtual cracks in the area of the real crack, because these 

elements are damaged. Virtual cracks are only present in the three-node triangular elements, and will 

not cut the elements. The angle and length of the virtual cracks is arbitrary, and their lengths are equal. 

(a)

(c)

(d)

100mm

50mm

=45

(b)  
Figure 5 NMM model of size and multi-crack distributions 

When the SIFs at the crack tips are lower than the fracture toughness Kc, both the real and virtual cracks 

will propagate according to the SCG theory. The elastic modulus of an element in which the virtual and 

real crack tips are located will be damaged according to Equation (11) 

 
*

(1 )

*

n

E D E

D L L

L v t

 =


= −
  = 

  (11) 

where E is the last step elastic modulus, E is the damage elastic modulus, D is the damage factor, L is 

the original crack length, L is the crack propagation length, and n is the damage index. 

Because the real crack length is larger than that of a virtual crack, the SIFs of the real crack will be equal 

to Kc firstly and then propagate according to the MCSSC. The virtual crack is very small and, because 

the crack length at every step is very small, crack growth will occur along the original direction and will 

take a long time. Before the virtual crack can change into a real crack, the main role of the virtual crack 

is to reduce the elastic modulus. The virtual crack will not cut the element. Once the virtual crack length 

propagates to a pre-defined value (related to model size and mesh density), it will be converted into a 

real crack according to the principles of NMM. During crack propagation, the boundary and node of the 

element cannot influence the crack direction. The crack can grow across the element boundary, and 

crack tip can be located on either the boundary, node, or in the element, which is more freedom to 

simulate crack propagation. 

3. Simulation 

The improved NMM program was used to simulate the time-dependent deformation of a rock specimen 

under constant differential stress. The macroscopic mechanical properties of rock are shown in Table 

1[21]. An axial stress and a confining pressure of 173.9 and 2 MPa, respectively, were applied to the 

numerical specimen. The bottom of specimen was fixed.  

Table 1 Physico-mechanical parameters of numerical model 

Items Value 

Elastic modulus: E(GPa) 72 

Poisson’s ratio:  0.25 

Fracture growth constant: C 1*10^-25 

Stress corrosion index: n 19.8 

Time step: △t (h) 0.25 
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(a)                                   (b) 

Figure 6 Comparison between experimental and numerical creep strain and strain rate curve of granite 

The classical creep simulation methods are the empirical method and the rheological component method, 

which use differential equations to realise the stages of rock creep. In this research, when the SIFs of 

crack tips are smaller than Kc, both virtual and real cracks propagate according to the SCG theory. 

During crack growth, the SIFs increase with the increasing of crack length, which can also increase the 

crack velocity according to Equation (7). The elastic modulus is decreased according to Equation (10) 

at the same time. When the SIFs are smaller than Kc, the axial strain decreases as an increasing function 

of time (i.e. the decelerating creep phase). When the SIFs are larger than Kc, the real crack propagates 

according to the MCSSC. The strain rate also shows decelerating and accelerating creep (Figure 6(b)). 

The comparison curve of experimental (blue squares) and numerical (red circles) creep strain and strain 

rate are shown in Figure 6. The experiment is creep test performed on Beishan granite under biaxial 

compression and room temperature, from Chen (2015), and the numerical model was performed under 

the same conditions. The experimental results clearly show the two stages of creep curve, decelerating 

and accelerating creep, and the numerical results are in good agreement with the experiment. In Figure 

6(a), the initial axial strain is about 0.24%. In the first 2 h, the initial crack length is very small and, 

according to Equation (7), the cracks are growing at a slow rate. As a result, the strain increases slowly, 

and the strain rate decreases at the same time (Figure 6(b)). From 2 to 4 hours, the axial strain increases 

(Figure 6(a)), and the strain rate decreases at a very slow rate (Figure 6(b)). After 4 h, the axial strain 

and strain rate increase quickly, the cracks propagate fast and connect together to generate a macro crack 

zone, which, eventually, results in macroscopic sample failure. 

Figure 7 shows the influence of virtual crack length (V-L) and differential stress (D_S) on the time-

dependent deformation of granite. As shown in Figure 7(a), the creep strain increases with increasing 

V-L. The larger the V_L, the sooner the specimen reaches the accelerating creep stage. According to 

Equation (7) and (8), V-L and SIF are positively correlated: the greater the V_L, the larger the SIF. 

Further, with an increase of SIF, the velocity of SCG also increases. So, the propagation of micro-cracks 

can lower the strength of the specimen. Figure 7(b) shows the influence of confining pressure (C_P) on 

the axial creep strain. C_P can increase the rock strength: the greater the C_P, the smaller the axial strain. 

C_P can also make the specimen more stable: the larger the C_P, the more difficult it is to break the 

specimen. In Figure 7(c) and (d), D_S can also influence the axial strain. Even a small increase in D_S 

can change the axial strain of the specimen, and the failure time of specimen is also decreased. It is easy 

to explain the strong effect of differential stress on time-to-failure and creep strain. An increase in the 

D_S can induce an increase of the SIFs at micro-crack tips. Even a modest increase in SIF results in a 

large increase in the velocity of SCG according to Equation (7).  
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Figure 7 Influence of virtual crack to time-dependent deformation: (a) virtual crack length (V-L), (b) 

confining pressure (C_P), (c) differential stress (D_S), (d) the influence of D_S to time to failure 

According to the SCG theory, when K is smaller than Kc, both virtual and real cracks propagate at a 

very low speed. It is therefore not easy to observe the crack propagation process. On the other hand, if 

K is larger than Kc, the real crack will propagate according to the MCSSC. Figure 8 shows the real crack 
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propagation path under time-dependent deformation progress. Figure 8(a) shows the initial real crack 

location. As SCG progresses, the real crack propagates according to the MCSSC, because 1 is larger 

than that of 3. As a result, the crack extends in the direction of 1. Because of NMM theory, the crack 

can propagate by cutting through the elements (Figure 8(c)), which is different from FEM and DEM in 

which the crack can only propagate along the boundary of the elements. Crack tips in this simulation 

can not only stay on the node or boundary, but can also stay within the element. After the crack 

propagates, the crack face is opened too. The program can calculate the contact state at every node of 

the crack by adding and subtracting the spring to make sure the crack surface is not embedded according 

to contact theory. 

       
(a)                      (b)                             (c) 

Figure 8 Crack propagation path under time-dependent deformation when K is larger than that of Kc: 

(a) initial real crack location, (b) real crack propagation path, (c) zoom in of crack open inflection  

4. Results 

We propose that SCG theory can combine with NMM to simulate time-dependent brittle 

deformation under different loading conditions and different confining pressures. In order to 

reflect the influence of crack propagation on creep deformation, we use Charles’ equation to 

calculate the crack velocity. The evolution of the crack velocity has three stages. After the 

validation of SCG theory, we performed a parametric sensitivity analysis to verify the 

correctness and characteristics of the creep model and find that the virtual crack length (V-L), 

differential stress (D_S), and confining pressure (C_P) all play a major role in governing elastic 

deformation. With an increase of V_L, the specimen can reach the accelerating creep stage 

quickly, and C_P can increase rock strength and slow down the creep deformation progress. 

Even a small change of D_S can change the axial strain and failure time. After the sensitivity 

analysis of the parameters, we use this model to realize crack propagation under creep 

conditions. We find that the cracks propagate along the maximum principle stress direction. 

5. Conclusions 

In this paper, the time-dependent deformation of granite is modelled by combining SCG and NMM on 

the MATLAB platform. This combined method replaces the traditional creep component model method. 

In the model, cracks propagate according to the SCG theory. When K is smaller than the fracture 

toughness Kc, the crack growth length is linked to the local damage (using an exponential material 

softening law) to reduce the granite strength. When K is larger than Kc, the cracks propagate according 

to the MCSSC. Parameter sensitivity analysis for the improved NMM program was performed and 

validated against experimental results. Crack length, confining pressure and differential stress were then 

investigated. The results show that the microstructure of granite has a great influence on time-dependent 

deformation. Last but not least, numerical simulations are in good agreement with the experimental 

results and therefore show that the improved NMM program is suitable for modeling the time-dependent 

creep deformation of rocks. 
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