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Sliding Mode Control with Adaptive Gain of Quadrotor with Rigid
Manipulator

Hardy Azmir Anuar1, Franck Plestan2, Abdelhamid Chriette3 and Olivier Kermorgant4

Abstract— This paper addresses the problem of stabilizing the
motion of an aerial manipulator composed of a Quadrotor and a
manipulator with two degrees of freedom (2 dof). The dynamic
modeling of an aerial manipulator, like the one presented in this
paper, shows that there is a strong physical coupling between the
dynamics of the UAV and the manipulator arm. This coupling,
plus external perturbations (e.g. wind gusts), considerably affect
the stability of the drone’s motion in flight which, consequently,
affects the desired accuracy of the end effector with respect
to its final task. To overcome this problem, we propose in
this paper an approach based on an adaptive gain sliding
mode control, a priory without the need to know its bounds,
and to make the gain as small as possible but sufficient to
overcome these disturbances due to both the arm motion and
external uncertainties. The effectiveness of the controller and
its robustness against noise are verified and analyzed using
MATLAB/SIMULINK.

I. INTRODUCTION

Unmanned Aerial Vehicles (UAVs) have been used in a
number of applications. In particular, UAVs are exploited
in entertainment and surveillance applications, and research
is in progress for their use in construction, inspection, and
logistics industries. Recently, UAVs have been used in tasks
such as grasping and manipulation [1], [2] as well as in co-
operative transportation [3]. These are challenging conditions
since UAVs is characterized by its unstable dynamics and in
the presence of object creates significant coupling effects [4].
UAVs with rigid manipulator for aerial manipulations have
been proposed in [5]

To accomplished manipulation task in the air, UAV needs
to be equipped with a proper tools. Two most common
solutions are either to mount a griper or multi fingered
hand directly on the UAV, known as flying hand or to
equip UAV with one or more robotic manipulator, hence
the name unmanned aerial manipulator (UAM) [5]. With
flying hand it is not possible to do more than pick and place
operation which is not enough for manipulation task because
the gripper cannot be moved independently from the UAV.

There are two approaches to address modeling and control
problems [5] [6]. The first approach is an overall approach, in
which the UAV and the robotic arm are considered a unified
system as in [7]–[12]. This approach is quite difficult and
complex. The second approach is to considers the UAV and
the robotic arm as two separate independent systems as in
[13]–[18], and then builds models and controllers separately.
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The control of the motion of a drone equipped with a
rigid arm is a difficult problem, since, on the one hand, the
quadrotor is an under-actuated system, with two directions
that are not directly actuated, and, on the other hand, the
existence of an additional torque caused by the movement
of the arm and which disturbs the stability and the accuracy
of the positioning task of the full system {drone+arm}.
Kim et al [8] developed an adaptive sliding mode controller
with estimated uncertainty to cope with this disturbance.
An experimental demonstrates satisfactory performance for
picking up and delivering an object. As the movement of
manipulator may disturb the attitude of UAV which affect
flight stability and operation accuracy, Zhiyuan et al [19]
proposed a fuzzy sliding mode controller with extended state
observer for estimating disturbance. The fuzzy controller
function is to eliminate the chattering effect of sliding mode
control (SMC).

Wang et al [20] adopted to an improved active disturbance
rejection control strategy to handled the disturbance from the
manipulator and external environment on the robustness of
the UAV controller. The strategy make use both an extended
state observer and a dynamic centre of mass disturbance
compensator for disturbance observation. Chen et al [21]
discuss tracking control strategy due to internal and external
disturbance. These disturbance are handled in two parts.
In position controller using a robust sliding mode control
and in attitude controller using an adaptive controller with
disturbance observer.

Based on the compensation of the dynamic coupling
between a UAV and a manipulator, Mimmo et al [22]
proposed a control scheme that is able to let the end-
effector to track a desired reference manoeuver while the
UAV is maintained at a constant position. The manipulator
is stabilised by compensating the UAV attitude whereas the
joint torque is use in the computation of UAV control law.
The interconnection of these two subsystems has been proven
to be stable. Taking the equation of motion of a unified
system in the form of a standard robot dynamics equation,
Bulut et al [23] proposed a computed torque with PID
controller to the unified system. In the present of interaction
forces, the controller shows a robust behaviour and brings
the UAV to its original position.

In this paper, in terms of dynamic modeling, we adopt the
approach of considering the dynamic modeling of the UAV
independently from that of the robotic arm. Model for a full
system is builds based on the compensation of the coupling
effect between UAV and robotic arm considered as external
disturbances.



Contribution of this paper is on the proposed control
scheme which is based on adaptive gain sliding mode
controller (SMCA). This controller is used in addition to
approximate linearization for UAV and computed torque
control of manipulator. With SMCA it is unnecessary to
know the bound of uncertainties and the sliding mode gain
will not be over estimate. It is feasible with the proposed
scheme to achieve system stability, accuracy and robustness.

The rest of the paper is organized as follows. In Section II,
the system modelling is introduced. The control law design
is presented in Section III. Simulation results are presented
in Section IV. Finally discussion of the results, conclusion
and perspectives are presented in section V.

II. SYSTEM MODELLING
This section introduce the modeling of UAM, starting

from the classical modeling of multi-rotor. The addition of
a manipulator arm, and its modeling, leads to a complete
model for UAM.

Before deriving UAM dynamics, we define some reference
frames. The inertial frame, also referred as world frame,
is denoted FW and defined by its origin OW and three
unit vectors along the main axes denoted {xW , yW , zW }.
The compact notation for this definition yields FW :OW −
{xW , yW , zW }. The body frame of the multi-rotor is
FB :OB−{xB , yB , zB}, where OB is located at the center of
mass (CoM) of the UAV. F0 is the base frame of manipulator
attached to UAV body frame, while F1, F2 and Fe are the
frames of manipulator link-1, link-2 and end-effector, see
Fig. 1 for illustration.

A. Multi-rotor UAV Dynamics

The position of OB expressed in FW is denoted by ξ =
[x y z]T . The attitude of the UAV is defined by the three
Euler angles of roll, pitch and yaw given by η = [φ θ ψ]T .

Fig. 1. UAV with a 2-dof manipulator arm.

The UAV dynamics can be derived from Newton Euler
formulation with the following assumptions [24]:

• The structure is rigid and symmetrical such that the
inertia matrix Ixx = Iyy .

• The centre of gravity coincide with body fixed frame.
• The propellers are rigid.
• Thrust and drag are proportional to the square of

propellers speed.

By applying Newton-Euler equation [25], the dynamic model
of UAV is given by:

ẍ =
U1

m
(CψSθCφ+ SψSφ) (1)

ÿ =
U1

m
(SψSθCφ− CψSφ) (2)

z̈ =
U1

m
CθCφ− g (3)

φ̈ =
U2

Ixx
+
Iyy − Izz
Ixx

θ̇ψ̇ (4)

θ̈ =
U3

Iyy
+
Izz − Ixx

Iyy
φ̇ψ̇ (5)

ψ̈ =
U4

Izz
+
Ixx − Iyy

Izz
φ̇θ̇ (6)

in which m is the mass of the drone, Sx = sin(x) and
Cx = cos(x) while the control inputs U1, U2, U3 and U4 are
the upward thrust, rolling torque, pitching torque and yawing
torque respectively.

B. Modelling of Manipulator
The manipulator dynamics are established by the recursive

Newton Euler (RNE) algorithm. The RNE algorithm as
in [26] consists of two recursive computations: forward
recursive and backward recursive. Detail dicussion of this
algorithm can be found in [26] and [27].

1) Forward Recursive: Computes angular velocity (ω),
angular acceleration (ω̇) and linear acceleration (v̇) from
base to the terminal link and consequently the joint force
(f t) and moment (mt). ωj , ω̇j , v̇j , f tj and mtj on each
link-j are given as:

ωj = ωj−1 + q̇jz0 (7)

ω̇j = ω̇j−1 + q̈jz0 + ωj−1 × q̇jz0 (8)

ν̇j = ν̇j−1 + ω̇j−1 ×Lj−1 + ωj−1 × (ωj−1 ×Lj) (9)
f tj = Mj v̇j + ω̇j ×MSj + ωj × (ωj ×MSj) (10)

mtj = Iojω̇j +MSj × v̇j + ωj × (Iojωj) (11)

where qj and z0 are the joint position vector and a unit
vector along z-axis respectively. Mj , MSj and Lj are the
mass, first moment and position vector of link-j.

2) Backward Recursive: Computes the resultant force (f )
and moment (m) from the terminal link to the base and
consequently the joint torque (Γ). (f j) and (mj) for each
link-j are given as:

f j = f tj + f j+1 + fej (12)

mj = mtj +mj+1 +Lj+1 × f j+1 +mej (13)

fej and mej represent the force and moment exerted by
joint-j on the environment. Finally the joint torque can be
obtained as:

Γj = mT
j z0 + Γfj (14)

Γfj denotes the friction torque of joint-j. If RNE are
executed symbolically it will eventually form an expression
of manipulator dynamic as:

Γ = M(q)q̈ +C(q, q̇)q̇ +Q(q) (15)



where Γ is the joint torque, M(q) is the symmetric and
positive definite inertia matrix, C(q, q̇) is the vector of
Coriolis and centrifugal torques and finally, Q(q) is the
vector of gravity torques.

C. Modelling of UAM

Modelling of UAM is based on the coupling effect of
the manipulator arm on UAV as external disturbances and
vice versa as in [17] and [18]. The configuration of the
manipulator arm in relation to the inertial fixed frame, FW
is given as rotation matrix:

0RW = 0RB
BRW (16)

where

0RB =

1 0 0
0 0 1
0 −1 0

 (17)

while BRW a rotation matrix used to describe the position
in the inertial frame with respect to UAV body frame.

For a floating base the initial velocity and acceleration for
the RNE algorithm is given as follows.

ν̇0 = 0RW (ξ̈W + [0 0 − g]T ) (18)

ω0 = 0RBωB (19)

ω̇0 = 0RBω̇B (20)

This velocity and acceleration are transmitted from one link
to another and result in an additional resultant torque on
joint-j.

The force, fW , and torque, τB , applied to UAV as
external disturbance is then obtained from force, f1, and
moment, m1, at joint-1 as:

fW = WR0
0R1f1 (21)

τB = BR0
0R1m1 (22)

This coupling effect are the model coupling algorithm of
coupled system as shown in figure 2. Consequently from (1)
to (6) the dynamic equation of UAV due to coupling effect
is then given as:

ẍuam = ẍ+ (fW.x/m) (23)
ÿuam = ÿ + (fW.y/m) (24)
z̈uam = z̈ + (fW.z/m) (25)

φ̈uam = φ̈+ (τB.φ/Ixx) (26)

θ̈uam = θ̈ + (τB.θ/Iyy) (27)

ψ̈uam = ψ̈ + (τB.ψ/Izz) (28)

D. Inverse Kinematic

An inverse kinematic block shown in figure 2 pro-
duces reference trajectory for UAV (ξr,ψr) and manipu-
lator (q̈r, q̇r, qr) from the desired end effector trajectory
(ξ̇T.d, ξT.d, η̇T.d,ηT.d). The generation of reference trajec-
tory from inverse kinematic algorithm is discussed in details
in [9], [28] and [29].

The linear velocity, ξ̇T , and angular velocity, ωT , of the
end effector can be computed as follows.

ξ̇T = ξ̇B − S(WRBξe)ωB +W RB ξ̇e (29)

ωT = ωB + WRBωe (30)

where S(.) is a (3 × 3) skew symmetric operator, ξe is the
position vector of Fe expressed in FB , ωB is the angular
velocity of FB and ωe is the angular velocity of Fe. If the
attitude is express in the form of yaw-pitch-roll angle, η =
[ψ θ φ], then equation (29) and (30) can be arranged as:

T T (ηT )ẋT = JB(ηB , q)ẋB + Je(ηB , q)q̇ (31)

where

ẋT =

[
ξ̇T
η̇T

]
(32)

ẋB =

[
ξ̇B
η̇B

]
(33)

T T (ηT ) =

[
I3 O3

O3 T (ηT )

]
(34)

JB(ηB , q) =

[
I3 −S(WRBξe)T (ηB)
O3 T (ηB)

]
(35)

Je(ηB , q) =

[
WRB O3

O3
WRB

]
J(q) (36)

and T (.) is the transformation matrix that relates the angular
velocity to the Euler rate, J(q) is the Jacobian matrix of joint
velocity, q̇ and, I3 and O3 denote (3× 3) identity and null
matrices respectively.

Since the position and yaw angle are usually the control
variable of UAV while roll and pitch are used for interme-
diate control, xB can be rewrite as.

xB =

[
αB
σB

]
, αB =

[
ξB
ψB

]
, σB =

[
θB
φB

]
Thus from (31), the differential kinematics becomes:

ẋT = T T (ηT )−1
[
Jα(ζ,σB)α̇B + Jσ(ζ,σB)σ̇B

+ Je(ζ,σB)q̇
]

= T T (ηT )−1
[
Jζ(ζ,σB)ζ̇B + Jσ(ζ,σB)σ̇B

]
(37)

where Jα is the first 4 columns of JB , Jσ is the last 2
columns of JB , Jζ = [Jα Je] and ζ = [αB q]T .

Fig. 2. Full block diagram of a coupled system.



III. CONTROL DESIGN

A. Closed Loop Inverse Kinematic

Recalling differential kinematic (37) and considering the
closed-loop inverse kinematics algorithm [30], the computa-
tion of the reference trajectories for UAV and manipulator
arm as follows:

ζ̇r = Jζ(ζr,σB)−1T T (ηT.r)(ẋT.d +Ke)

− Jζ(ζr,σB)−1Jσ(ζr,σB)σ̇B (38)

where K is a symmetric positive definite gain matrix, e is
the kinematic error defined by e = xT.d − xT.r and xT.r is
the end effector pose using direct kinematics from computed
value ζr and measured value σB .

B. UAV Control

UAV control system is designed by a hierarchical manner
with inner and outer control loop as shown in figure 3.

Fig. 3. UAV hierarchical control.

By applying small angle approximation with near hover
state, the control synthesis for inner loop attitude and altitude
control are derived from (25) to (28) as follows:

U1 = m(z̈ + g)− fW.z (39)

U2 = Ixxφ̈− τB.φ (40)

U3 = Iyy θ̈ − τB.θ (41)

U4 = Izzψ̈ − τB.ψ (42)

Outer control loop gives desired roll and pitch angles derived
from (23) and (24) as:

[
φd
θd

]
=

1

g

[
Sψ −Cψ
Cψ Sψ

]ẍ− fW.x
m

ÿ − fW.y
m

 (43)

where ẍ = νx, ÿ = νy, z̈ = νz, φ̈ = νφ, θ̈ = νθ and ψ̈ =
νψ are the control variables. In the sequel, the approaches
used for the control input ν(.) are PID feedback control and
sliding mode control (SMC).

C. Manipulator Control

When the task requires high dynamic accuracy, it is
necessary to take into account manipulator dynamic model
via a computed torque control technique [27] [31] given by
control input:

Γ = M(q)νq +C(q, q̇)q̇ +Q(q) (44)

Computed torque control as shown in Figure 4 consists of
inner nonlinear compensation loop of M(q),C(q, q̇) and
Q(q) and an outer loop for the control input, νq .

Fig. 4. Manipulator computed torque control.

Including this control law into the dynamical model of the
manipulator (15) gives:

νq = q̈ (45)

As previously, the approach for the outer loop control is
either PID feedback control or SMC.

D. Sliding Mode Control

In the presence of inconsistency that occurs from external
disturbances and uncertain in model dynamics, robust
control methods are required. Robust control such as sliding
mode controller (SMC) has been designed to control such
systems [32]–[34]. SMC design consists of two phase. First
is the design of sliding surface and secondly is the design of
control law to force system trajectories onto sliding surface
and holds onto it in spite of the presence of inconsistency.

1) Sliding Surface Design: Consider the following state
variables for position (x1 = x) and velocity (x2 = ẋ1)

ẋ1 = x2 (46)
ẋ2 = f(x) + g(x)ν (47)

where ν is the control input, f(x) is the external disturbance
and g(x) 6= 0. f(x) and g(x) are smooth uncertain functions
and are bounded. The control objective is to drive the states
variables to zero.

Now define a sliding surface function, S, such that when
S = 0 control objective is achieved. The most typical
function is linear time-invariant differential equation

S = x2 + λx1, λ > 0 (48)

When S = 0

x2 = −λx1 (49)

then both x1 and x2 will converge to zero asymptotically
[32]. In the presence of bounded disturbance, S must be
forced to zero in finite time by means of control law.



2) Control Law Design: To design the control law, a
candidate Lyapunov function is introduced:

V =
1

2
S2 (50)

To ensure the asymptotic convergence of S, time derivative
of (50) must be negative definite.

V̇ = SṠ < 0. (51)

This inequality is the sliding condition. Then:

Ṡ = ẋ2 + λẋ1

= f(x) + g(x)ν + λx2 (52)

and

V̇ = SṠ = S
[f(x) + λx2

g(x)
+ ν
]

(53)

Defining an upper bound as:

ρ >

∣∣∣∣f(x) + λx2
g(x)

∣∣∣∣ , (54)

and the control law as:

ν = −Ksign(S), (55)

then, one gets

V̇ 6 |S|ρ− SKsign(S)

6 |S|ρ− |S|K
6 −|S|(K − ρ) (56)

If K > ρ, then condition (51) is satisfied.

The main drawback of SMC is a phenomenon called
chattering [35] [34]. Chattering causes high frequency oscil-
lations on the control input that leads to reduced accuracy and
increases actuator mechanical wear and tear [34]. Chattering
effect can be reduced by replacing the sign function in (55)
by an approximate continuous function in a vicinity of the
origin of sliding surface [36], such as a saturation function
given by:

sat(S, ε) =

sign(S) if |S| > ε
S

ε
if |S| 6 ε

(57)

where ε > 0.

Another drawback is that SMC requires the knowledge
of uncertainties bound which often leads to over-estimated
bounds. A way to counteract this drawback is to ensure a
dynamical adaptation of the control gain to achieve sliding
mode condition and sufficient to overcome the unknown
uncertainties. Therefore, a value of K for a dynamically
tuned adaptive gain sliding mode control (SMCA) is given
as [35]:

K̇ =

{
K̄ · sign(|S| − µ) if K > α

α if K 6 α
(58)

with K̄ > 0, K0 > 0, µ > 0 and α > 0 very small. The
parameter α ensures that K is always positive. K̄ determine
the dynamics of the gain while µ acts on the accuracy. For
adaptive gain law (58), the gain K will increase at constant
rate until |S| < µ; then, the gain decreases and is kept at
the smallest level as long as S remain within µ. With this
adaptive control gain, the knowledge of uncertainties bound
is not required. Furthermore, the adaptation gain allows to
have the “just sufficient” gain that reduces the chattering
effect.

IV. SIMULATION

To validate the proposed modelling and control, simula-
tions have been run considering the following parameters
for the UAV. Mass of UAV, rotor distance from CoM,
thrust coefficient and torque coefficient are 2kg, 0.25m,
3× 10−5Ns2 and 7.5× 10−7Nms2 respectively. Its inertia
matrix = diag([1.24, 1.24, 2.48]). The UAV is equipped with
2-dof revolute manipulator arm with both mass, link length
and moments of inertia about their joints are 0.1 kg, 0.25 m
and 0.0021 kgm2 respectively. The simulation model is built
using Matlab/Simulink software. In this paper, comparison
is made between PID, SMC and SMCA controllers. The
controllers parameters for PID, SMC and SMCA are shown
in table (I), (II) and (III) below.

TABLE I
PID PARAMETERS

Parameter Kp Ki Kd

Quad Pos X 8.5 1.2 2.9
Quad Pos Y 8.5 1.2 2.9
Quad Pos Z 27 17.5 10.4
Quad Roll 150 230 24.5
Quad Pitch 150 230 24.5
Quad Yaw 27 17.5 10.4
Joint Q1 40 31.62 12.65
Joint Q2 40 31.62 12.65

TABLE II
SMC PARAMETERS

Parameter λ K ε
Quad Pos X 9 1.5 1
Quad Pos Y 9 1.5 1
Quad Pos Z 30 7 0.1
Quad Roll 40 5 0.5
Quad Pitch 40 5 0.5
Quad Yaw 70 7 0.1
Joint Q1 2 50 0.1
Joint Q2 12 300 1



TABLE III
ADAPTIVE GAIN SMC PARAMETERS

Parameter λ K0 K̄ µ ε α
Quad Pos X 9 0.5 0.2 0.2 1 0.01
Quad Pos Y 9 0.5 0.2 0.2 1 0.01
Quad Pos Z 30 0.5 1 0.001 0.01 0.01
Quad Roll 40 0.5 0.5 0.01 0.5 0.01
Quad Pitch 40 0.5 2 0.01 0.8 0.01
Quad Yaw 70 0.5 1 0.0005 0.01 0.01
Joint Q1 2 0.5 5 0.001 0.1 0.01
Joint Q2 12 0.5 20 0.001 0.6 0.01

A helical motion trajectory is used to evaluate the end
effector tracking capability. This test is conducted either with
or without introduction of external force on the system. This
trajectory simulates all the translational and rotational motion
simultaneously.

Fig. 5. 3D Trajectory of end effector.

Fig. 6. End effector trajectory error.

Fig. 7. End effector force and torque.

Two values are extracted from the simulations:
• the end effector position error, as the Euclidean distance

between the desired and the estimated position error;
and

• the end effector rotation error, as the absolute value of
the error angle as:

θe =
∣∣∣arccos((tr(ŴRT

T
WRT )− 1)/2)

∣∣∣
where WRT and ŴRT

T

are respectively the true and
estimated end effector rotation matrices.

Figure 5 shows the end effector motion tracking compar-
ison between PID (yellow), SMC (red), SMCA (green) with
respect to the desired trajectory (blue) in the nominal case (no
perturbation, no uncertainty). (A same colour scheme is used
for all graph.) It shows the ability of sliding mode control to
force the closed-loop system trajectory close to the desired
trajectory. A nominal case tracking error is shown in figure
6 for the three controllers (the lower the value, the better
the performance). It is clear that SMC and SMCA allow a
smaller steady state error in position control. The rotation
RMSE value of both SMC and SMCA is 0.47 as compared
to PID of 0.51. The error variation is also less so it is more
stable. This error shows that sliding mode either with or
without adaptive gain has more accurate and stable tracking
performance. Furthermore, a small variation of torque for
sliding mode (figure 7 - especially for adaptive one) will
have less actuator mechanical wear and tear.

A. With Disturbance

1) Disturbance on UAV: The proposed controller schemes
are now tested with external disturbance of 1N introduced
along x-axis of inertial frame while UAV tracks the trajec-
tory. Figure 8 shows the end effector tracking error in the
present of this disturbance. It shows that SMC and SMCA
controller has become a little unstable but still keep their
performances.

2) Disturbance on end effector: The proposed controller
is also tested for mass loading by introducing a weight of 1N
at the tip of end effector. Figure 9 shows the tracking error of
end effector with this disturbance. It shows that both sliding
mode controllers are able to follow the trajectory in spite
of this disturbance. As the weight cause a pitching torque
it leads to rotation error. A close up view of the rotation



Fig. 8. End effector trajectory error with disturbance on UAV.

error (figure 10) shows that SMCA error (green) gradually
decreased from around 2◦ to about 0.5◦ while SMC error
(red) remains at around 2◦. This demonstrate that adaptive
gain of SMCA is working and it has a better error adaptation
than SMC.

Fig. 9. End effector trajectory error with disturbance on end effector.

Fig. 10. End effector trajectory rotation error close up.

V. CONCLUSION

The normalise root mean square of tracking error (figure
11) shows SMCA though with a small gain K, has a compa-
rable position control as SMC. Introduction of disturbance
on UAV results in additional position error while a mass
loading on end effector contribute to additional rotation error.
While the variation of UAV force and joint torque (figure 12)
for both sliding mode control is much less than PID, which
reflect a stable actuator control. This simulation shows that
the proposed adaptive gain sliding mode control even without

the knowledge of uncertainty bound and with gain as small
as possible able to overcome the disturbance from the arm
motion and external force. It is shown the proposed scheme
able to achieve system stability, accuracy and robustness.

Fig. 11. End Effector normalize root mean square error.

Fig. 12. End Effector force and torque variation.
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