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GEVREY REGULARITY AND SUMMABILITY OF THE
FORMAL POWER SERIES SOLUTIONS OF THE
INHOMOGENEOUS GENERALIZED BOUSSINESQ EQUATIONS

PASCAL REMY

ABSTRACT. In this article, we investigate Gevrey and summability properties
of the formal power series solutions of the inhomogeneous generalized Boussi-
nesq equations. We first prove that the inhomogeneity and the formal solutions
are together s-Gevrey for any s > 1, and that the formal solutions are generi-
cally 1-Gevrey while the inhomogeneity is s-Gevrey with s < 1. In the latter
case, we give in particular an explicit example in which the formal solution is
s'-Gevrey for no s’ < 1, that is exactly 1-Gevrey. Then, we give a necessary
and sufficient condition under which the formal solutions are 1-summable in
a given direction arg(t) = 6. In addition, we present some technical results
on the generalized binomial and multinomial coefficients, which are needed for
the proofs of our various results.
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1. INTRODUCTION

1.1. Setting the problem. The nonlinear evolution equations are often used to
represent the motion of the isolated waves, localized in a small part of space in
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many fields such as optical fibers, neural physics, solid state physics, hydrodynam-
ics, diffusion process, plasma physics and nonlinear optics (nonlinear heat equa-
tion, nonlinear Klein-Gordon equation, nonlinear Euler-Lagrange equation, Burgers
equation, Korteweg-de Vries equation, Boussinesq equation, etc.).

When studying such equations, one of the major challenges is the determination
of exact solutions, if any exists, and the precise analysis of their properties (dy-
namic, asymptotic behavior, etc.) in order to have a better understanding of the
mechanism of the underlying physical phenomena and dynamic processes.

Thus, for several decades, many analytical methods have been developed in this
perspective. For example, in the case of real variables, that is when the variables
(t, ) belong to a subset of R?, we can quote, among the many existing techniques,
the tanh-sech method, the F-expansion method, the exp-function method, the vari-
ational iteration method, etc. More recently, in the case of complex variables, that
is when the variables (¢, z) belong to a subset of C2, the summation theory has also

been used succesfullly [19,25,26]. This theory, initially developed within the frame-
work of the meromorphic ordinary differential equation with an irregular singular
point (see for instance [10, 16]), allows the construction of explicit solutions from

formal solutions.
In the following, we will be more particularly interested in this theory which we
shall apply to the generalized Boussinesq equation.

1.2. The generalized Boussinesq equation. The Boussinesq equation

O?u — adiu — bd%u — cd2(u™) =0
(1.1) a, b, c nonzero constants

n = 2 an integer

was introduced for the first time in 1872 by J. Boussinesq [4] (the original equation
corresponds to the values a = —1, b = ¢ = 1 and n = 2). It allows to model many
physical problems such as, for example, the propagation of long waves in shallow
water, the propagation of one-dimensional nonlinear lattice-waves, the propagation
of vibrations in a nonlinear string, or the propagation of ionic sound waves in a
plasma.

In the case of real variables, Eq. (1.1) has already been the subject of many
investigations and many results have already been established (see for instance
[1,6,27] and the references therein). On the other hand, to our knowledge, it does
not seem that there are known results when (at least) one of the coefficients a, b,
or c is variable, or when the variables t and x are complex.

In the present paper, we are interested in the following inhomogeneous general-
ized Boussinesq equation

(12) 3u — a(t, )0fu — P(t,z,u)0%u — Q(t, ,u)(@pu)* = f(t,)
| dpult,z)ji=0 = @;j(@), j = 0,1

in two variables (t,z) € C?, where

e a(t, ) is analytic on a polydisc D,, x D,, centered at the origin (0,0) € C?
(D, denotes the disc with center 0 € C and radius p > 0) and satisfies the
condition a(0,0) # 0;
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o P(t,z,X)and Q(t, z, X) are two polynomials in X with analytic coefficients
on D,, x D,, and with degree less than or equal to a positive integer d > 1:

d d
P(t,z,X)= ) bpm(t,2)X™ and Q(t,z,X) = > bom(t,®
m=0 m=0

e the inhomogeneity f(t,z) is a formal power series in ¢ with analytic co-
efficients in D,, (we denote this by flt,z) e O(D,,)[[t]]) which may be
smooth, or not';

e the initial conditions ¢o(z) and ¢; () are analytic on D,,

Observe that Eq. (1.2) coincides with Eq. (1.1) for a(t,z) = a € C*, P(t,z,X) =
b+cnX"1, Q(t, 2, X) = en(n—1)X""2 and f(t,z) = 0. Observe also that, in the
special case where P and @) are both zero, Eq. (1.2) is reduced to the inhomogeneous
linear Euler-Lagrange equation

2u— a(t,z)0%u = f(t,2)
ofu(t, x) 1o = @;j(x), j=0,1

which allows to model a dynamic inhomogeneous beam with a transverse load.
Considering t as the variable and x as a parameter, we have the following.

(1.3)

Proposition 1.1. Equation (1.2) admits a unique formal solution u(t,xz) € O(D,,)[[t]].

Proof. Let us write the coefficients a(t, ), bp (¢, ) and bg (¢, z) for all m =
0,...,d, and the inhomogeneity f(t, x) in the form

= aju(a =2, fix(®)

J=0 : ; J=0

me t LL’ Z me,j, f me t 3? Z bQ m;j,k

Jj=0 : j=0

with a4 (2), bpmj (), 0Qm:j« (), fix(x) € O(D,,) for all j = 0 and all m =
.,d. Looking for @(¢,x) on the same type:

Z Uj s ( f with u; «(x) € O(D,,) for all j > 0,
3=0 ’

one easily checks that its coefficients u; 4(x) are uniquely determined for all j > 0
by the recurrence relations

(14) wjron(@) = fiu@)+ 3 (j .)ajo,m)aiuh,*(x)

Jo+i1=j Jo, J1

d .
+ 2 2 (.707 ]' )Tp’m,jo ,,,,, jm+1(x)

m=0 jo+...+Jm+1=J o Jmtl

+ Z Z <]0’ j >TQ,m,j0,...,jm+2($),

m=0 jo+...+Jjmy2=J o Jme2

We denote f with a tilde to emphasize the possible divergence of the series f
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where Tpm jo,....jmss (@) a0d TQ m jo.....imss () are the analytic functions on D),
respectively defined by

Tpo o o (2) = | PP (205050 () if m =0
T, 50 s 41 bp,m;jo,*(x)ujl,*(x)...ujm,*(a:)&%ujm+17*(x) iftm=>=1

and

TQ7m7j07---7j7n+2 (‘1:) =
{bQ,o;jo,*<x>axuj1,*<x>awuj2,*<x> ifm =0

bQ.mijo o (Tt (). 0 (2) Dty ()t o (%) i > 17

together with the two initial conditions u; «(z) = ¢;(z) for j = 0,1. As usual,

the notation ( ), for any nonnegative real numbers a, ag, ..., a, such that

ag, ..., Ap
ap + ... + a, = a, stands for the multinomial coefficients (see Section 4). O

1.3. Known results and aim of the article. In the two previous articles [18,20]
(see also [20], and [17,19,24] for more general equations), the author studied, in
the framework of the Euler-Lagrange equation (1.3), the Gevrey regularity and the
1-summability of the formal solution u(t,2). More precisely, he proved the two
following.

Proposition 1.2 (Gevrey regularity [15]). Let @(t,z) be the formal solution in
O(D,)I[t]] of Eq. (1.3). Then,

(1) @(t,z) and f(t,z) are together s-Gevrey for any s > 1.
(2) u(t,z) is generically 1-Gevrey while f(t,x) is s-Gevrey with s < 1.

Proposition 1.3 (Summability [20]). Let @(t, x) be the formal solution in O(D,, )[[t]]
of Eq. (1.3). Let arg(t) = 0 € R/2x7Z be a direction issuing from 0. Then,

(1) u(t,z) is 1-summable in the direction 0 if and only if the inhomogeneity

f(t,x) and the formal series 03 (t,x)|,—o € C[[t]] for n = 0,1,2,3 are
1-summable in the direction 6.

(2) Moreover, the 1-sum u(t,x), if any exists, satisfies Eq. (1.8) in which
f(t,x) is replaced by its 1-sum f(t,z) in the direction 6.

In this article, we propose to prove that these two results remain true in the case
of the generalized Boussinesq equation (1.2). To do this, we shall use an approach
similar to those already developed by the author in [17-19,23-26] for some nonlin-
ear partial differential equations (see also [3,20-22] for an approach in the linear
case). Let us point out here that, as we shall see below, the terms u™(d,u)? of
Eq. (1.2), which have never been considered in the previous articles, shall make the
calculations much more complicated by revealing new computational and combina-
torial situations, which require some technical results on the generalized binomial
and multinomial coefficients, that is on the binomial and multinomial coefficients
with nonnegative real terms.

The organization of the article is as follows. Section 2 is devoted to the study of
the Gevrey regularity of the formal solution %(t, x) of Eq. (1.2). After briefly recall-
ing the definition and some basic properties of the s-Gevrey formal power series in
O(D,,)[[t]] which are needed, we prove that (¢, z) and the inhomogeneity f(t,z)
of Eq. (1.2) are together s-Gevrey for any s > 1, and that @(¢,z) is generically
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1-Gevrey while f(t,z) is s-Gevrey with s < 1 (Theorem 2.3). In the latter case, we
give in particular an explicit example in which @(¢, z) is s’-Gevrey for no s’ < 1,
that is @(t, x) is exactly 1-Gevrey. In Section 3, we investigate the 1-summability
of @(t,xz) and we give a necessary and sufficient condition under which the formal
solution u(t, ) is 1-summable in a given direction arg(¢) = 6. We prove in particu-
lar that the statement of Proposition 1.3 above remains true (Theorem 3.5). In the
last Section 4, we present all the technical results on the generalized binomial and
multinomial coefficients which are needed for the proofs of our two main results.
This section can also be read independently of the rest of the article, so as not to
burden the main proofs.

2. GEVREY REGULARITY OF u(t,x)

As said at the beginning of Section 1.2, we consider the time ¢ as the variable
and the space x as a parameter. Thereby, to define the notion of Gevrey formal
power series in O(D,, )[[t]], one extends the classical notion of Gevrey formal power
series in C[[t]] to families parametrized by x in requiring similar conditions, the
estimates being however uniform with respect to . Doing that, any formal power
series of O(D,,)[[t]] can be seen as a formal power series in t with coefficients in a
convenient Banach space defined as the space of functions that are holomorphic on
a convenient disc D, and continuous up to its boundary, equipped with the usual
supremum norm. For a general study of the formal power series with coefficients
in a Banach space, we refer for instance to [2].

2.1. Main result. Before stating our main result on the Gevrey regularity of the
formal solution u(t,z) of Eq. (1.2), let us first recall for the convenience of the
reader some definitions and basic properties about the Gevrey formal power series
in O(D,,)[[t]], which are needed in the sequel.

Definition 2.1 (s-Gevrey formal series). Let s > 0 be. A formal power series

= > ugala) = € O(D,,)[[1]]
j=0 :
is said to be Gevrey of order s (in short, s-Gevrey) if there exist three positive
constants 0 < p < p1, C' > 0 and K > 0 such that the inequalities
sup |u;«(z)| < CK'T(1 + (s + 1))
|z|<p
hold for all j > 0. We denote by O(D,,)[[t]]s the set of all the formal series in
O(D,,)[[t]] which are s-Gevrey.

In other words, Definition 2.1 means that u(t, z) is s-Gevrey in ¢, uniformly in
x on a neighborhood of x = 0 € C.

Observe that the set C{t, 2} of germs of analytic functions at the origin of C? coin-
cides with the union J, .o O(D,,)[[t]]o; in particular, any element of O(D,, )[[t]]o
is convergent and C{t,z} n O(D,,)[[t]] = O(D,,)[[t]]o-

Observe also that the sets (’)( [[t]]s are ﬁltered as follows:

ls =

)
O(D,)[[tlo = O(D,)I[t]s = O(D,)[[t]]s = O(Dp)[2]]

for all s and s’ satisfying 0 < s < s’ < +o0.
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Proposition 2.2 ([2,20]). Let s = 0 be. Then, the set (O(D,,)[[t]]s, 0, 0x) is a
C-differential algebra.

Let us now state the result in view in this section.

Theorem 2.3. Let @(t,x) be the formal solution in O(D,,)|[t]] of the generalized
Boussinesq equation (1.2). Then,

~

(1) @(t,z) and f(t,x) are together s-Gevrey for any s = 1.

~

(2) u(t,z) is generically 1-Gevrey while f(t,x) is s-Gevrey with s < 1.

Observe that Theorem 2.3 coincides with Proposition 1.2 in the case of the Euler-
Lagrange equation (1.3), that is in the case where the polynomials P and @ are
both zero.

Observe also that Theorem 2.3 provides the Gevrey regularity of the classical
Boussinesq equation (1.1).

Corollary 2.4. The formal solution u(t,z) € O(D,,)[[t]] of the Boussinesq equa-
tion (1.1) is 1-Geuvrey.

Corollary 2.4 will be improved later for some special values of its coefficients (see
Proposition 2.13). The proof of Theorem 2.3 is detailed in the next two sections.
The first point is the most technical and the most complicated. Its proof is based
on the Nagumo norms, a technique of majorant series and a fixed point procedure
(see Section 2.2). As for the second point, it stems both from the first one and
from Proposition 2.13 that gives an explicit example for which @(¢, x) is §'-Gevrey

for no s’ < 1 while f(¢,z) is s-Gevrey with s < 1 (see Section 2.3).

2.2. Proof of Theorem 2.3: first point. According to Proposition 2.2, it is clear
that

a(ta (E) € O(Dpl)[[t]]s = f(ta (E) € O(Dpl)[[t]]s
Reciprocally, let us fix s = 1 and let us suppose that the inhomogeneity f(t, x)
of Eq. (1.2) is s-Gevrey. By assumption, its coefficients f; «(z) € O(D,,) satisfy
the following condition (see Definition 2.1): there exist three positive constants
0<p<p1, C>0and K > 0 such that the inequalities

(2.1) |fix(z)] < CK/T(1 4 (s + 1)j)

hold for all j = 0 and all |z| < p.
We must prove that the coefficients u; «(x) € O(D,,) of the formal solution
u(t,x) satisfy similar inequalities. The approach we present below is analoguous

to the ones already developed in [3,20-22] in the framework of linear partial and
integro-differential equations, and in [17,18,23,24] in the case of certain nonlinear
equations. It is based on the Nagumo norms [5, 13, 28] and on a technique of

majorant series. However, as we shall see, our calculations appear to be much more
technical and complicated. Furthermore, the nonlinear terms u™(d,u)? generate
several new technical combinatorial situations which have never been investigated
in the previous articles.

Before starting the calculations, let us first recall for the convenience of the
reader the definition of the Nagumo norms and some of their properties which are
needed in the sequel.
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2.2.1. Nagumo norms.

Definition 2.5. Let f € O(D,,), p = 0 and 0 < r < p; be. Then, the Nagumo
norm | f|l,, . with indices (p,r) of f is defined by

|y = sup |f(z)dr(2)"],

|z|<r

where d,.(z) denotes the Euclidian distance d,(x) := r — |z|.

Following Proposition 2.6, whose a proof can be found for instance in [22], gives
us some properties of the Nagumo norms.

Proposition 2.6. Let f,ge O(D,,), p,p’ =0 and 0 <r < p; be. Then,

(1) H~Hp,T 18 a morm on O(Dm)-

@) [f@)] <]y, dr(x)™P for all x| <r .
(3) |flo., = sup |f(x)] is the usual sup-norm on D,.
T alsr
(4) 119l p1pr e < 1510 9l -
)

) [02fllpsrr < elp+ 1) 1f],,-

Remark 2.7. Inequalities 4-5 of Proposition 2.6 are the most important properties.
Observe besides that the same index r occurs on their both sides, allowing thus to
get estimates for the product fg in terms of f and g, and for the derivative d,. f in
terms of f without having to shrink the disc D,..

Let us now turn to the proof of the first point of Theorem 2.3.

2.2.2. First step: some inequalities. From the recurrence relations (3.1), we first
derive for all 7 > 0 the identities

Uji2.4(7) _ Jjx(x)
A+ (s+1D)(G+2) TA+(s+1)(F+2)

a’]o *(Jﬁ)a u]17 ( )
t oL <JM) s+1)(j +2))

Jo+j1=J (
d
Tpm,jo,.. 7]7n+1('r)
+2 Z >F1+ (s+1)(j+2)

m=0jo+...4+Jm+1=J

J TQmeo,---Jerz (I)
' Z Z (Jow '7jm+2) Fl+(s+1)(y+2)’

m=0jo+...4+Jm+2=J

<]0a ooy Jmr1

where
Tp i () = bp,ms jo,x (€) 05,4 () ifm=0
M0y sdmt1 bpmijo,s (T)Uj, 5 (@), (@) %uj, , w(x) ifm>1

and

TQ’mJO’m,jerz (‘T) =

bQ,m;jo,*(w)aﬂiujl’*(w)aﬂiujm*(w) ifm=0
bQ7m§jo7*(x)uj17*(x)"'ujm,*(x)awujerl,*(x)a$ujm+27*(x) ifm=>1 ,

together with the two initial conditions ug «(z) = @o(z) and uy «(x) = 1(z).
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Applying then the Nagumo norms of indices ((s + 1)(j + 2), p), we deduce suc-
cessively from Property 1 and Properties 4-5 of Proposition 2.6 the inequalities

(s+1)(+2).p :
T4+ (s+1)(j+2) T+ (s+1)(j+2)

) oy,
X < : ) [0 50t | 111421
i Ndoq) T+ (s + 1) +2))

B () ek,
.]03' 'ajm-‘rl F(1+(5+1)(j+2))

m=0jo+...+Jm+1=J

J “TQ,77l7jo,--<7]'m+2 H(5+1)(j+2),p
" Z Z (Jo» ' ) FI+(s+1)(G+2)

m=0jo+...+Jm+2=3 ey Jm+2
and, next,
(2 ) Huj+2 *||(S+1)(]+2) 14 < Hfj’*”(s-l»l)(j-ﬁ-Q))p
T+ G+0G+2) T+ (5+1)(+2)
Ly
$,505J1 /1 1 /. 1 1N\
Jo+ji=j (1 + (S + 1).71)
d TR P TR
+ Z Z Bpom.s.o,....i J1% |l (s+1)51,p H Jm+1 ||(S+1)]m+1,p

e S ST+ (s 4+ 1)71) T (LA (5 4 Djman)

d gyl (511 2N P
LEN(s+1)g1,p Im+2:¥ M (s+1)jm+2,p

+ E E Com.s.jo.....j 2. :
Q,m,8,J05-- -, Jm+2 F(]. + (8 + 1)]1) F(]. ¥ (S+ 1)]m+2)

m=0 jo+...+Jjm+2=J

for all j > 0, where the terms A; j, j;» Bprm,s.jo.... are

nonnegative and defined by

and CQ7m s

JJm+1 18,005 Jm 42

ol 541) G421, T+ (s + 1)1 +4)

Ag i+ = : :
00 1+ (s+1)jo) TA+(s+1(1+2)
Gon)
jOajl
( (s+1)(F +2) >
(s + 1)jo, (s + 1)(j1 +2)
B ‘ ‘ _ e2 HbP,m;jo,* |(5+1)(j0+2),2_,p F(l + (3 + 1)jm+1 + 2)
Pim,8,50, . 0dim+1 L1+ (s+1)jo) 1+ (s+1)(Jma1 +2))

(i i)
jOv "‘7jm7jm+1

( Gr10+2) )
(5 + 1)joy oes (8 + Djim, (8 + 1) (Gims1 + 2)
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2 lbqmejo sl a1y s
CQim.sjojmin = “ e (ot D) (ot2) =20
L(1+ (s+1)j0)
L+ (s+ Djmer + DI+ (s + 1)jimie + 1)
T+ (s+1)(Gmer + DT+ (s + 1) (a2 + 1))

)
jO: -~-7jm7jm+1ajm+2
( (s+1)(1+2) )
(S + 1)j07 ) (3 + 1)jma (s + 1)(jm+1 + 1)’ (s + 1)(jm+2 + 1)
Observe that all the norms written in the inequalities (2.2), and especially the
norms |aj,. «

[(s41)Go+2)—4,p 10Pmsgo (611 g +2)-2,0 AN 0@ umido (5 11) g +2)-2,
are well-defined. Indeed, the assumption s > 1 implies (s+1)(jo+2)—4 = 2jo =0
and (s+1)(jo+2) —2>=2jo +2> 0.

Lemma 2.8. (1) For all j =0 and all jo,j1 = 0 such that jo + j1 = 7,

et Hajo,* ‘(s+1)(j0+2)—4,p
T'(1+ (s+1)jo)

(2) For allm,j >0 and jo,..., jm+1 = 0 such that jo + ... + jm+1 = 4,

(2.3) Asjor <

e “bP,m;jO,*”(54.1)(]'04—2)_27’)
L1+ (s+1)j)
(3) For allm,j =0 and jo, ..., jms2 = 0 such that jo + ... + jms2 = J,

(2‘4) BP1m7Saj0w~~1jm+1 <

e ”bQ»m?jm*||(s+1)(j0+2)72,p
L1+ (s+1)j)

Proof. (1) Let us first observe that the assumption s > 1 implies

(25) CQ;m7S;j07~">j7rL+2 <

T+ (s+DGo+2) =1+ (s+1)jo+4=2.
Hence, the inequality
L1+ (s+1)j1+4)
L1+ (s+1)(j1 +2)

by increasing of the Gamma function on [2, +o[.
On the other hand, applying successively the Vandermonde Inequality
(see Proposition 4.2) and Proposition 4.4, we get

(o2 ) ()20

(0
Jos J1
jOajl

( (s+1)(j+2) )

(s + 1L)jo, (s + 1)(j1 +2)

hence, the inequality

<1

Inequality (2.3) follows.
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(2)-(3) The proof of inequalities (2.4) and (2.5) is similar and is left to the reader.
O

Applying Lemma 2.8 to the previous relations (2.2), we finally get the inequalities

Huj+2 *”( +1)(j+2 Huh ‘ 1)
2.6 D 2)p + a I [CRRV
CO) TG o) <%t A NI (st 1)
d H Wiy el 541 (7Y
’ )i1.p JmALF N (s+1)jmt1,0
+ Z 2 5Pm s,J0 (s .. s
m=0j0+...+Jmi1=7 L1+ (s+ l)Jl) L1+ (s+ 1)jm+1)
Huh |( +1)j Hujer27* ‘( +1)j
+ m,s (G 1P . S J'M+2»P
2 L ema T(1+(s+1)71) " T+ (s + 1)jms2)

m=0 jo+...4Jm42=J

for all j > 0, where the terms g, j, ®s o, BPm,s,jo a0d YQ,m,s,j, are nonnegative
and defined by

| £ € [bp,mjo.« | -
e — J#(s+1)(j+2),p 3 o Pmijoskll(s+1) (Jo+2)—2.p
I T+ (s+ 1D +2) Pym,s.jo = I(1+ (s + 1)jo)
e4Ha' ® i e? ||bQ iJo,% i
e s = 70,#1(s+1)(Jo+2)—4,p 70 o 530, 1 (s+1) (jo+2)—2,p
.70 (1 + (s+ 1)j0) T80 (1 + (s+ 1)jo)

The following result, which will be useful in the next section, provides some
bounds on these various terms.

Lemma 2.9. There exist two positive constants Cy, K1 > 0 such that the inequal-
ities
0<gs; <CiK]
0<a,; <CiK]
hold for all 7 =20 and all m =0, ..., d.

0<5Pms,]<C
0<~n < C1 K

, M S,j

Proof. Given the hypothesis on the coefficients f; () of the inhomogeneity f(t, x)
(see inequality (2.1) at the beginning of Section 2.2), and the analyticity of the
functions a(t, ), bpm(t,z) and b m(t,z) at the origin of C2, we first have the
relations
|fje(@)] < CKIT(1+ (s + 1)5) |bp,msjx ()| < C" K™ j!
|aj«(2)] < C"K"j! [bQmijx (2)] < C" K" !
forall j = 0, allm € {0, ...,d} and all |z| < p, the height constants C, K, C", K',C", K", C" K" >
0 being independent of j, m and x. Hence, applying the definition of the Nagumo
norms and the classical property I'(a) < F(b) for all @ > 1 and all b > max(2, a),
the inequalities

CKIT(1 + (s 4 1)j)plstDE+2)
1+ (s+1)(j+2)
640/K/jj!p(s+1)(j+2)—4
L1+ (s+1)j)

620//K//jj p(s+1)(j+2)—2

0< s.j < _ Cp2(s+1)(Kps+1)j

0< s < _ e4clp2(s—1)(K/ps+1)j

0 < Mes.i < — QC// 2s K” s+1\j
BP; 38,] F( (S + 1) ) (& P ( P )
GZC”/K”IJ].,D(SJFI)(3+2) )
0 < mesi < QC/I/ 25 K/// s+1\j
Paimss Mt (e cd P &)
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for all j = 0 and all m € {0, ...,d}. The constants C; and K; follow, which achieves

the proof. ([

We shall now bound the Nagumo norms |u; 4 |(S+1)j p for any j > 0. To do that,
we shall proceed similarly as in [3, 17, 18,20-24] by using a technique of majorant
series.

2.2.3. Second step: a majorant series. Let us consider the formal power series
v(X) = Y v X7 e RY[[X]],
§=0

where the coefficients v; are recursively determined from the two initial conditions

lo1l 541
=1 = _SToP
vo=1+leolo, v = Ty
by the relations
(2.7) Vit = gsit D, QU + D GsoViVhars
Jot+gi=J Jot...FJar2=J

for all j > 0, where the terms d, j, are nonnegative and defined by

d
wdo = 2 (BPams.jo + VQim.s.jo):

m=0

)

Lemma 2.10. The following inequalities hold for all j = 0:

< Huja*||(s+1)j7p- <vj.
L1+ (s+1)j)

Proof. According to the initial conditions on the u;’s and on the v;’s, the inequal-
ities (2.8) hold for j = 0 and j = 1. Let us now suppose that these inequalities are
true for all £ = 0,...,7 + 1 for a certain j > 0. Then, it results from inequalities
(2.6) that

(2.8)

|2j+2,]l (s+1)(j+2),p

< . < gs,j T s o U5
T+ (s+ D) +2) 9 jm;:j e

d

+ Z 2 BP,mysﬁjovjl"'vij

m=0 jo+...+Jm+1=J

d
+ Z Z YQ.m,s,50Vjr++Vjmsa-

m=0jo+...4Jm+2=]
Let us now observe that

e for all m € {0, ...,d}, any (m + 2)-tuple (jo, ..., jm+1) € N2 such that jo +
wo.+ Jm+1 = j can be seen as the (d+ 3)-tuple (o, .-s Jm+1s Jm+2s -vs Jd+2) €
N3 where jqo = ... = jap2 = 0;

e for all m € {0,...,d — 1}, any (m + 3)-tuple (jo, ..., jms2) € N3 such that
j0+'~'+j7n+2 = .] can be seen as the (d+3)_tuple (jO; ---ajm+2;jm+37 "'7j(i+2) €
N3 where jpi3 = ... = jgso = 0.
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Consequently, using the fact that vy > 1, we have

oy . . . d—m+1 _ oy .
0< BP,mys,Jo'UJl“'UJmH < BP,m,S,Jovjl"'vaﬁ-lvO = 5P7m,syjovjl“'vjd+2

d—m _ oy )
0< YQ,m,s,50 Vi1 Vimsz S VQm,s,50 V51 Vim4200 = 7Q,m,s,50 V51 -+ Vjaya

for all m € {0, ...,d}. Hence, the inequalities

0< Z BPJTL,SJOUJ& o Ufpgr S Z ﬁRm,SJOUjl < Vjaio
Jot. . Himy1=J Jot.t+jare=y
Jm+2=...=jd+2=0
< Z 5P,m,87jovj1 < Vjaio
Jo+...+ja+2=J
and
0< Z VQ,ms,50 Vs Vjmz S Z YQ,m,s,50 Vi1 Vjaso
Jotetimta=3 Jot-tjata=J
Jm+3=...=Jd+2=0

< Z YQ,m,s,50 Vi1 Vjaso
Jot...tja+2=J

for all m € {0, ..., d} since all the terms are nonnegative. Using then the definition
of the terms Js_;,, we get

42,5 \(s+1)(j+2) p
= o S Ysg T Z Qs,5oVjy + Z 6S,jovj1"'vjd+2
F(l + (s + 1)(‘7 + 2)) Jo+j1=J Jot+-.-tjdt2=J
and thereby
[45+2.5ll s+ 1)(G42),0
< ; S )
M1+ (s+1)(j+2)
by comparing with (2.7), which achieves the proof. O

Following Proposition 2.11 allows us to bound the v;’s.

Proposition 2.11. The formal series v(X) is convergent. In particular, there exist
two positive constants C', K’ > 0 such that v; < C'K" for all j > 0.

Proof. 1t is sufficient to prove the convergence of v(X).
First of all, let us start by observing that v(X) is the unique formal power series
in X solution of the functional equation

(2.9) (1 - X*o(X))o(X) = X?6(X) (v(X))"? + g(X),
where

a(X) =Y a; X7, §(X) =) 6,,;X’ and

J=0 j=0
9(X) =1+ leolly, + Wotleery + X2 g0 X7,
0 " T(2+s) J

Jj=0
are three convergent power series (see Lemma 2.9) with nonnegative coefficients.
In particular, they respectively define three increasing functions on [0, r4[, [0, 7s[
and [0,7,[, where 7o > 0, 75 > 0 and r4 > 0 stand respectively for the radius of
convergence of a(X), 6(X) and g(X). We also denote by r,, > 0 the radius of
convergence of the series 1/(1 — X2a(X)).
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Notice that the convergence of v(X) is obvious when 6(X) = 0 (case where the
polynomials P and @ are both zero), since we have the identity (1—X?2a/(X))v(X) =
9(X).

Let us now assume §(X) # 0. To prove the convergence of the formal series
v(X), we proceed through a fixed point method as follows. Let us set

V(X) = V)

and let us choose the solution of Eq. (2.9) given by the system

(1 - X2a(X)Vo(X) = g(X)
(- X2a(X)Vis (X) = X36(X) Y Vi (X)W,

id+2

(X) fori= 0.

i1+ Fig42=1
By induction on ¢ > 0, we easily check that

Ciara X2 (5(X)) (g(X))id+D+1

(2.10) Vi(X) = (1 — X2a(X))id+2)+1 )

where the C; 442’s are the positive constants recursively determined from Cy g42 :=
1 by the relations

Cit1,d+2 = Z Ciydv2---Cig,y,dvo-

i1+...+id+2:i

Thereby, all the V;’s are analytic functions on the disc with center 0 € C and radius
min(rl,,7s,74) at least. Moreover, identities (2.10) show us that V;(X) is of order
X2 for all i > 0. Consequently, the series V(X) makes sense as a formal power
series in X and we get V(X) = v(X) by unicity.

We are left to prove the convergence of V(X). To do that, let us choose 0 < r <
min(rl,, 7, 7s,74). By definition, the constants C; 4,2’s are the generalized Catalan
numbers of order d + 2. We have therefore

1 i(d +2) ,
Ci = < 2l(d+2)
2T A )i+ 1 ( i )

for all ¢ = 0 (see [7, 8, 14] for instance). On the other hand, according to the
increasing of the functions a(X), 6(X) and g(X) on [0, ], we derive from identities
(2.10) the inequalities

Vi) < 90 (2d+25<r><g<r>gd+1 |X2>Z

T 1—r2a(r) \ (1 —7r2a(r))d+2

for all ¢ = 0 and all |X| < r. Consequently, since 6(r) > 0 and g(r) > 0 (we have
indeed ¢(0) = 1), the series V(X) is normally convergent on any disc with center

0 € C and radius
1/2
. (1 =r*a(r)**?
O<r <mm<T’<2d+26(r)(g(r))d+1 .

This proves the analyticity of V(X)) at 0 and ends the proof of Proposition 2.11. O

According to Lemma 2.10 and Proposition 2.11, we can now bound the Nagumo
norms |u;,

|(S+1)j7p'
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Corollary 2.12. Let C', K’ > 0 be as in Proposition 2.11. Then, the inequalities

[, g1y, < CEPT(L+ (5 + 1))

hold for all j = 0.

We are now able to conclude the proof of the first point of Theorem 2.3.

2.2.4. Third step: conclusion. We must prove on the sup-norm of the u; . (z) esti-
mates similar to the ones on the norms ||uj7*|\(s+1)j,p (see Corollary 2.12). To this
end, we proceed by shrinking the closed disc || < p. Let 0 < p’ < p. Then, for all
j = 0and all |z] < p/, we have

1

[ (2)dp () 9] el (s 11)5
d, ()17

) = | (s+1)j
|uj ()] = |ujx (2)dy () (p—p)+Di = (p— p)tDi

~x

and, consequently,

K’ J
sup |uj «(z <C”(,>F1+ s+1)j
mgpfl ix ()] (= (1+ (s +1)j)

by applying Corollary 2.12. This ends the proof of the first point of Theorem 2.3.

2.3. Proof of Theorem 2.3: second point. Let us fix s < 1. According to the
filtration of the s-Gevrey spaces O(D,,)[[t]]s (see Section 2.1) and the first point
of Theorem 2.3, it is clear that we have the following implications:

~

f(t.2) € O(Dp)[H]]s = f(t,x) € O(D,,)[[t]]1 = (t, x) € O(D,,)[[]1-

To conclude that we can not say better about the Gevrey order of @(t,x), that
is u(t, z) is generically 1-Gevrey, we need to find an example for which the formal
solution #(t,z) of Eq. (1.2) is s’-Gevrey for no s’ < 1. Proposition 2.13 below
provides such an example.

Proposition 2.13. Let us consider the inhomogeneous Boussinesq equation

(2.11) {afu—aaiu— b2u — cd2(u™) = f(t, ), a,b,c>0, n>2

ofult, @) =0 = ()5 = 0,1
where @(x) is the analytic function on Dy defined by

_ 1
C1—g

o(x)
Suppose that the inhomogeneity fw(t,z) is s-Gevrey and satisfies the inequalities
0L £ +(0) =0 for all £,5 > 0.
Then, the formal solution u(t,x) of Eq. (2.11) is exactly 1-Gevrey.

Proof. According to the remark above, it is sufficient to prove that @(t,z) is s'-
Gevrey for no s’ < 1.
First of all, let us rewrite Eq. (2.11) in the form

u— adtu — (b + enu™ 1) %u — en(n — Du" 2 (0,u)? = f(t, z).

We derive then from the general relations (3.1) that the coefficients u; . (z) of
the formal solution #(t,z) of Eq. (2.11) are recursively determined by the initial
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conditions ug x(z) = u1,«(z) = ¢(z) and, for all j = 0 by the relations
wjso,x(®) = fja(2) + adyuj () + bOouj 4 (2)

J
v B (7w, @i, .

Jitetin=jJ
J
fen(n—1) Y ( | )ujl,*<:c>...ujﬂ2,*<x>awujn17*<x>amuj,“*<x>.
1t in=7 J1s -5 0n

In particular, we easily check that the coefficients ug; 4 (z) read for all j > 1 on the
form
usj () = @l 037 p(a) + remy (),

where rem;(,4.,)() is a linear combination with nonnegative coefficients of terms
of the form

H aPrbP2 P mP (n — 1)Ps (agl f[7*(x))p6 (&ﬁ%&(z))m )
£e{0,...,2(j—1)}
dy,d2=0
P1,P2,P3,P4,P5,P6,p7 =0

Using then our assumptions on the coefficients a, b, ¢ and n, and on the inhomo-

geneity f(t,z), we finally get the following inequalities:
(2.12) ug;.4(0) = a (45)!.
Let us now suppose that @(t,z) is s’-Gevrey for some s’ < 1. Then, Definition
2.1 and inequality (2.12) imply
J ’ .
l<C K F(1+2(S+.1)])
a (1 + 4j)

for all j > 1 and some convenient positive constants C' and K independent of j.
Proposition 2.13 follows since such inequalities are impossible. Indeed, applying
the Stirling’s Formula, we get

K\ T(1+2(5' + 1)) K\
2.13 Cc|— ~ O
219 ( a > LA +4j)  gowee \J20
with
41 K 2(1—s") 2s’ +1 2(s’+1)
C/_C s+ and Kl: € ((S+ )) ,
256a

and the right hand-side of (2.13) goes to 0 when j tends to infinity. O

This achieves the proof of the second point of Theorem 2.3.

3. 1-SUMMABILITY OF (¢, x)

In this section, we consider the critical value s = 1 and we are interested in
the I-summability of the formal solution @(t,z) € O(D,,)[[t]] of the generalized
Boussinesq equation (1.2). More precisely, our aim is to make explicit a necessary
and sufficient condition under which %(¢,z) is l-summable in a given direction
arg(t) = 6. Before starting our calculations, let us recall the definition and some
properties of the 1-summability.
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3.1. l-summable formal series. Still considering ¢ as the variable and = as a
parameter, one extends, in the similar way as the s-Gevrey formal series (see Def-
inition 2.1), the classical notion of l-summability of formal series in C[[¢]] to the
notion of 1-summability of formal series in O(D,,)[[t]] in requiring similar condi-
tions, the estimates being however uniform with respect to x.

Among the many equivalent definitions of 1-summability in a given direction
arg(t) = 6 at t = 0, we choose in this article a generalization of Ramis’ definition
which states that a formal series §(t,z) € C[[t]] is 1-summable in direction 6 if
there exists a holomorphic function g which is 1-Gevrey asymptotic to § in an open
sector Yy ~, bisected by 6§ and with opening larger than 7 [15, Def. 3.1]. To express
the 1-Gevrey asymptotic, there also exist various equivalent ways. We choose here
the one which sets conditions on the successive derivatives of g (see [11, p. 171] or
[15, Thm. 2.4] for instance).

Definition 3.1 (I1-summability). A formal series u(t,z) € O(D,,)[[t]] is said to
be 1-summable in the direction arg(t) = 0 if there exist a sector ¥g -, a radius
0 < r < p; and a function u(t, z) called 1-sum of u(t,x) in the direction € such
that
(1) w is defined and holomorphic on Xy~ X Dy ;
~ t
(2) for any = € D,,, the map t — u(t,x) has (¢, z) = Z uj,x(x)— as Taylor
; !
3=0
series at 0 on g ~n;
(3) for any proper® subsector ¥ € Y6,>n, there exist two positive constants

C, K > 0 such that, for all £ > 0, all t € ¥ and all x € D,
|ofu(t, )| < CK'T(1+ 20) = CK*(20)\.
We denote by O(D,,){t}1,¢ the subset of O(D,,)[[t]] made of all the 1-summable
formal series in the direction arg(t) = 6.

Notice that, for any fixed € D,.,, the 1-summability of @(t,z) coincides with
the classical 1-summability. Consequently, Watson’s lemma [10, Theorem 5.1.3]
implies the unicity of its 1-sum, if any exists.

Notice also that the 1-sum of a 1-summable formal series u(t, z) € O(D,, ){t}1.0
may be analytic with respect to x on a disc D,, smaller than the common disc D,
of analyticity of the coefficients u; 4 (x) of 4(t, x).

Denote by 8, '@ (resp. 0, ') the anti-derivative of 2 with respect to ¢ (resp. x)
which vanishes at t = 0 (resp. = 0). Following Proposition 3.2, which is proved
for instance in [3, Prop. 3.2], specifies the algebraic structure of O(D,, ){t}1.0.

Proposition 3.2. Let § € R/27Z. Then, (O(D,,){t}1.9, 0, 0z) is a C-differential
algebra stable under the anti-derivatives 0, * and d;*.

With respect to ¢, the 1-sum u(t, z) of a 1-summable series %(t, z) € O(D,, ){t}1.0
is analytic on an open sector for which there is no control on the angular opening
except that it must be larger than 7 (hence, it contains a closed sector ¥ . bisected
by 6 and with opening 7) and no control on the radius except that it must be
positive. Thereby, the 1-sum u(t,x) is well-defined as a section of the sheaf of
analytic functions in (¢,2) on a germ of closed sector of opening 7 (that is, a closed

2A subsector ¥ of a sector ' is said to be a proper subsector and one denotes ¥ € X if its
closure in C is contained in ¥ U {0}.
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interval Iy . of length 7 on the circle S* of directions issuing from 0; see [12, 1.1]
or [9, 1.2]) times {0} (in the plane C of the variable ). We denote by Of, ., the
space of such sections.

Corollary 3.3. The operator of 1-summation
Suo: ODp, {the — 05, .0
a(t,x) —  u(t, )

is a homomorphism of C-differential algebras for the derivations d; and 0. More-
over, it commutes with the anti-derivations 0; ' and ;.

The following result investigates the 1-summability of the analytic functions at
the origin (0,0) € C2.

Proposition 3.4. Let a(t,x) be an analytic function on a polydic D,, x D,, . Then,
a(t,z) € O(D,, ){t}i;o for any direction 6 € R/277Z.

Proof. Let us fix a direction § € R/27Z and four radii 0 < pj < p} < p; with
j =0,1. Let us first start by observing that a(t, x) is its own Taylor series at (0, 0)
on D,; x D, . On the other hand, we derive from the Cauchy Integral Formula

14 a(t',z)
(2im)? f\t tl=ph—po (t' —t)+1 (2! — x)

o' —|=p} !

£
1
ot < () o

o~ FPo
for all £ > 0 and all (¢,z) € D,y x D, where a stands for the maximum of |a(t, 7)|
on the closed polydisc ﬁ% X bﬂ’l (ﬁp denotes the closed disc with center 0 € C
and radius p > 0). Observing then that ¢! < (2¢)! for all ¢ = 0, we finally get the
inequalities

dt'dx’

6fa(t, x) =

the inequalities

4
1
|0fa(t, z)| < o (p&—p”) (20)!

0
forall¢ > 0and all (¢,z) € D,y % D,yy. The choice of an arbitrary sector 3 ~r < Dy
ends the proof of Proposition 3.4. (]

Let us now turn to the study of the 1-summability of the formal solution @ (¢, ) €

O(D,,)[[f1] of Ea. (1.2).

3.2. Main result. Before stating our main result, let us start with a preliminary
remark. Let us write the coefficients a(t, ), bpm (¢, z) and bg ., (¢, z) in the form

- Y
n=0

'n/
metJj Zme*n > met$ Zme*n

n=0 n! n=0
with @y n (1), 0Pmesn(t), bQ,mx.n(t) € O(D,,) for alln = 0 and all m = 0, ..., d. Let
us also write the formal solution @(¢, x) and the inhomogeneity f(t,z) in the same

way:
"
Zu*n 0 Zf*n

n=0 ! n=0
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Observe that the coefficients Uy ,(t) and f*n(t) are divergent in general (hence,
the notation with a tilde). By identifying the terms in 2™ in Eq. (1.2), we get the
identities

(31) a0 nalt) = () — Faml) = Y ( " )a*m(t)a*,mm)

no+ni=n 1o, M1
ni#n

d
_ Z Z (no " > T’P,m,no,...,nm+1 (t)

m=0ng+...4+Nm4+1=n s omt 1

d
- Z Z <n0 ! )TQ,m,no,.“,nerg (t)

m=0no+...4+Nm42=n w5 em-2

for all n = 0, where Tpmng. iy (t) and T mno...mn.» (t) are the formal power
series in t respectively defined by

Tp (t) = bp,0,m0 (1) Us,ny +2(1) ifm =0
05009 it bP,m;*,no (t)a*,m (t)'--a’*,nm (t)a*7"m+1 +2(t> if m =1

and

TQ’myno,m,nerQ (t) =

bQ,O;*,no (t)a*7ﬂ1+1<t)a*’n2+1<t) ifm=0
bQ70;*7n0 (t)a’*ﬂl (t)"'a*,nm (t)a*ynerl +1(t)ﬁ*,nm+2+1(t) ifmz>1

By assumption, a4 ,0(0) = a(0,0) # 0. Then, 1/a4 o(t) is well-defined in C[[t]] and,
consequently, each coefficient u ,,(¢) is uniquely determined from the inhomogene-

ity f(t,x) and from the formal series Uy, (t) with n’ = 0,1,2,3. In particular, the
same applies to the formal solution (¢, x).
We are now able to state the main result in view in this section.

Theorem 3.5. Let @(t,x) be the formal solution in O(D,,)|[[t]] of the generalized
Boussinesq equation (1.2). Let arg(t) = 0 € R/27Z be a direction issuing from 0.
Then,

(1) @(t,z) is 1-summable in the direction 0 if and only if the inhomogene-
ity f(t,x) and the formal series Usn(t) = ORU(t, ) jz—0 € CI[[t]] for n =
0,1,2,3 are 1-summable in the direction 6.

(2) Moreover, the 1-sum u(t,xz), if any exists, satisfies Eq. (1.2) in which
f(t,z) is replaced by its 1-sum f(t, ) in the direction 6.

Observe that Theorem 3.5 coincides with Proposition 1.3 in the case of the Euler-
Lagrange equation (1.3), that is in the case where the polynomials P and @ are
both zero.

3.3. Proof of Theorem 3.5. First of all, let us observe that the necessary condi-
tion of the first point is straightforward from Proposition 3.2, and that the second
point stems obvious from Corollary 3.3. Consequently, we are left to prove the
sufficient condition of the first point. To this end, we fix from now on a direc-
tion 6 and we suppose that the inhomogeneity f(t, z) and the formal power series
Us n(t) = Opau(t, x) ;= € C[[t]] for n = 0,1,2,3 are all I-summable in the direction
f. To prove that the formal solution u(t,z) is also 1-summable in this direction,
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we shall proceed through a fixed point method similar to the ones already used by
W. Balser and M. Loday-Richaud in [3] and by the author in [19-22, 25, 26].

3.3.1. First step: an associated equation. Let us set
- ~ ~ T x? 3
V(t, ) = Us o(t) + “*J(t)i + U*’Q(t)g + u*,g(t)y
and let us introduce the formal series w(t, z) € O(D,, )[[t]] defined by the relation
u(t,z) = 0(t, ) + 0, *w(t, x).
With these notations, Eq. (1.2) becomes
(3.2) @ — H(t,z, ®) = §(t, ),
where

d
H(t,x, @) = A(t, )70, '@ — ) Bp(t,=)(d, ' )"0, *®
k=0

d d
= > Bouw(t,x) (0, 0)" (0,2 @)? — > Coult,z) (0 @)k o,
k=0 k=0

d
— > Di(t,x)(0; *@)"
k=1

with
1 - Lo/ bem(t, ) 4
Alt,z) = POPL Ba(t,z) = mz=k <k)a(m)” (t,z),
Coxr(t,x) = 2Bg 1 (t, 2)0,0(t, x),
Dy(t,z) = Bpy(t, 2)0%0(t, 2) + Bo.x(t, 2)(0,8(t, x))?,
and where

G(t,x) = A(t, ) (320 — P(t, z,9)0%0 — Q(t, z,0)(0,0)? — f(t,z)).

Observe that w(t, x) is actually the unique formal series solution of Eq. (3.2) (reason
as in Proposition 1.1 by exchanging the role of ¢ and x). Observe also that, thanks
to the initial assumption a(0, 0) # 0 (see page 2), the function A(¢,x) is well-defined
and analytic on a polydisc D, x D, with convenient radii 0 < p;- < pjforj=0,1;
hence, the coefficients E.Jg(t,x), C~’ka(t,x) and Dy(t,z), and the inhomogeneity
g(t,z) belong to O(D,;)[[t]]. Moreover, taking into account the fact that the

formal series f(t,z) and ¥(t,x) are both 1-summable in the direction 6, it is the
same for all these formal series (Propositions 3.2 and 3.4). Consequently, identity
(3.2) above tells us that it is sufficient to prove that the formal series @ (¢, x) is also
1-summable in the direction #. To do that, we shall proceed in a similar way as
[3,19-22,25,26] by using a fixed point method.
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3.3.2. Second step: the fized point procedure. Let us set
W(tz)= )] @(t,2)
=0

and let us choose the solution of Eq. (3.2) recursively determined by the relations

{woos,x) = §(t,x)

3.3 ~
(3:3) Wyt1(t, &) = H'(t, z, Wy, ..., w,,) forall p>0

where

H'(t, 2, @, ..., W) = A(t, x)020; 4@,

- Zd: 3 <Bpk (t,x <Ha w,h> wum)

k=0 p1+...tpupr1=/

d
— 2 2 (BQ k(t, @ (n@ w#z) w#k+1a w#k+2>

k=0 p1+...+prp2=p

£ n fo(io)

k=1p1+...+pe=p
with the classical convention that the products over ¢ are 1 when k = 0.

Observe that @, (¢, z) € O(D,, )[[t]] for all u > 0. Observe also that the @, (t,z)’s
are of order O(z?*) in x for all > 0. Thereby, the series W(t x) itself makes sense
as a formal series in ¢ and 2 and, consequently, W (¢, z) = w(t,x) by unicity.

Let us now respectively denote by wq (¢, z), Be k(t, z), Cg k(t, ) and Dy(t, z) the
1-sums of @y (t, z), B k(t, ), Cor(t,z) and Dy(t,z) in the direction @ and, for all
p >0, let w,(t,z) be determined by the relations (3.3) in which the formal series
E.Vk(t, x), éQ,k(t, x) and ﬁk(t, x) are respectively replaced by B, i (t, ), Cq i (t, z)
and Dy(t,z), and all the @, by w,. By construction, all the functions w, (¢, x)
are defined and holomorphic on a common domain ¥g -, X DP’{ with a convenient

radius 0 < pf < pj

To end the proof, it remains to prove that the series Z wy(t,x) is convergent
n=0
and that its sum w(¢, z) is the 1-sum of W(¢, x) in the direction 6. To do that, we
shall now give estimates on the functions w,(t, z).

3.3.3. Third step: some estimates on the w,(t,z)’s. According to Definition 3.1
and Proposition 3.4, there exists a radius 0 < r} < min(1, p]) such that, for any
proper subsector ¥ € ¥y -, there exist two positive constants C' > 0 and K > 1
such that

|0fwo(t, z)| < CK*(20)!
(3.4) |0fA(t, )| < CK*(20)), |0f Be i (t, )| < CK*(20)!
0fCqi(t,x)| < CKY(20)!, |0fDy(t, )| < CK*(20)!
forall ¢ >0, all k=0,...,d, and all (¢ 7x) €X X Dy
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Let us now fix a proper subsector ¥ € Xy -, and let us choose the constants
C and K as above. Proposition 3.6 below provides us some first estimates on the
derivatives 0fw,,(t,r) on ¥ x D,,.

Proposition 3.6. Let (P,(x)).=0 be the sequence of polynomials in RY[x] recur-
siwely determined from Py(x) =1 by the relations

(3.5) Pusi(x) =3C0,*Py(x)

d 3C,k+1 k+1
Sl s )

Sttt pepr=p \i=1

k=0 H 1t Fppr2=p \i= 1 i=k+1
d k+1
o, 2 )( )
+ T Apq) " * Py ()
kZ:lO <(4'u + 4)! u1+~~+z/;k+1:u ﬂ H H

d . .
! Z <m Z (H(4I‘I’i)!6;4pﬂi (@))

k=1 CprteApr=p \i=1

for all p = 0, where the products over i are 1 when k =0 as usual.
Then, the following inequalities

(3.6) 05w, (¢, 2)| < KP4 (4 + 20)1P,(|z])
hold for all £, ;1 > 0 and all (t,z) € ¥ x D,

Proof. The proof proceeds by recursion on p. The case p = 0 is straightforward
from the first inequality of (3.4). Let us now suppose that the inequalities (3.6)
hold for all the functions w, (¢, ) with j =0, ..., u for a certain p > 0.

According to the relations (3.3), we derive from the generalized Leibniz Formula,
from the inequalities (3.4) and (3.6), and from the fact that K > 1 the identities

0wy (b, 2)] < CRPH24 (44 1 4 4 20)1 [Se,,ﬁfmuxn

d k
+ Z 2 <Sl/c+1,l,,u,,u1 ..... Hh+1 (H az_4P#1( :L’|)> 2P#lc+1 (|.’E)>
i=1

k=0p1+...+pk+1=p

+Zdl > (S ,qu(Ha |>(H6 |x|>>

k=0 p1+...+pg12=p =1 1=k+1

d k
+ ) >, <S;’<+1,e,u,m,...,#k+l (]_[ 0% P ( xI)) Oz 3Pﬂk+1(lx)>
k=0p1+...+pe+1=p i=1
d k
+ Z (Sl/c,f,u,ul,.wuk (n 6;4PM (.’I?D))]
i=1

k=1p1+..+pur=pn
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l
607€1

Seu=C 2, ( dp+4+20 >

Co+l1—=t
20g,4p + 4 + 244

for all £> 0 and all (t,x) € X x D,+, where

and, for all p > 1 and all nonnegative intergers ji1, ..., p, such that g +...+p, = g

¢
e A

s ¢
Pl i ] dp+4+20 '
0, 4ty + 201, ..., Apty + 20,4

Lo+Lly+...+L,=0 <

Inequality (3.6) for w;,4+1(t, ) follows then from Lemma 3.7 below, which achieves
the proof. O

Lemma 3.7. (1) Let £,p0 = 0. Then,
SZ,LL < 3C.

(2) Let 4,0 =0, p =1, and (pa, ..., 1tp) a p-tuple of nonnegative integers such
that piy + ... + pp = p. Then,

4L ()]

) (
Pyl i1, Hp < (3C)P (4N + 4)!

Proof. (1) Using the Vandermonde Inequality (see Proposition 4.2)

dp+d+20 N (L PlapvaN [0
200, 4u+4+200) 7 \Uo, 1) \0,4u+4)  \lo,t1)
we get
1

ZOJ;:Z ¢
60741

and thereby S, , < 3C by applying Proposition 4.5.
(2) The second point is proved in the same way and is left to the reader.

SZ“u, < C

O

Let us now bound the polynomials P,.

Proposition 3.8. Let B be the positive real number defined by

d—1
B =48C + (3C)*"1¢(2)4(2 + 3C(¢(2)) + 9C(1 + C¢(2)) ) (3C¢(2))",

k=0
where C stands for the Riemann Zeta function. Then, the inequalities
(Bz?)"
(4p)!

0< Pu(z) <

hold for all i = 0 and all z € [0,1].



GEVREY REGULARITY AND SUMMABILITY OF THE BOUSSINESQ EQUATION 23

Proof. The left inequality is obvious since all the coefficients of the P,(x)’s are
nonnegative. The right inequality is proved by recursion on p = 0 as follows.

The case p = 0 is clear since Py(xz) = 1. Let us now suppose that Proposition
3.8 holds for all the polynomials Py (x) with k € {0, ..., u} for a certain g > 0, and
let us prove it for the polynomial P, (x).

Applying the recurrence relation (3.5) and the fact that = € [0, 1], we first get
pr,x2u+2

(4p + 4)!
for all z € [0, 1], where B’ is the positive real number defined by

Pua(z) < B

d—1

B' =3Cay + 2Bay1,u + Bavou + Z (3Br+1,u + Brt2,u)
k=0

with
(Ap+1)Ap+2)(4p + 3)(4p + 4)

_ d
W opr )Cur2)2u+3)2u 4
3C ifp=1
Bru=4 @0y Y 17—1; ifp>2-
Pt pp=p H(:u’j + 1)2
j=1

The constant «, is easily bounded as follows:

24 <2u + 1) (2u+1) <2u + 3) (2u+2)
o, = 2 2 <2t =16
g Cu+1D2p+2)2u+3)2u+4) '

Let us now prove that 3, , < (3C)P¢(2)P~! for all p > 1 and all g > 0. This is
obvious when p = 1 and stems from the following calculations when p > 2:

m

Bpu < (B3CY D0 0] pll_(‘gc)p(ZM)
- 2

p1=0 Hp—1=0 n(uj + 1) p'=0

j=1
+o g p-1
< (30)P <Z u/?)

= (3C)¢(2)7 .

Consequently, B’ < B and the sought inequality on P, () follows, which ends
the proof of Proposition 3.8. O

We are now able to improve the bounds of the functions d{w,(t,x) given in
Proposition 3.6.

Corollary 3.9. Let us set Ky = 4K and ¢ = 16BK?. Then, the inequalities
|0fw,(t, 2)| < CK{(20)!(c |2|*)"
hold for all £, > 0 and all (t,z) € X x D, .
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Proof. Applying Propositions 3.6 and 3.8, we get

B |z)|** dp + 20 2\ 4
‘ < CKH (4 + 20\ — " = CK*“(20)! BK?
ot )] < CRH (v 201 =5 S = OO Ty ) (BE? 1)

for all £, > 0 and all (¢,z) € ¥ x D, (recall that the radius r{ was chosen so that

4:“ + 2£> < 24,u+22. O

r} < 1). Lemma 3.9 follows then by using the fact that ( 4,20

We are now able to complete the proof of Theorem 3.5.

3.3.4. Fourth step: conclusion. Let us now choose for ¥ a sector containing a proper

subsector X’ bisected by the direction 6 and opening larger than 7 (recall that such a

choice is already possible by definition of a proper subsector, see Footnote 2). Let us

also choose a radius 0 < 1 < min(r}, 1/4/¢) and let us set C; := C Z (eri)t e R¥.
n=0

Thanks to Corollary 3.9, the series Z 8fwu (t,z) are normally convergent on

n=0
3 x D, for all £ > 0 and satisfy the inequalities

D [ofwp(t, )| < C1EL(20)!

pn=0

for all (t,z) € ¥ x D,,. In particular, the sum w(¢, ) of the series Z w,(t,x) is
=0
well-defined, holomorphic on ¥ x D,., and satisfies the inequalities

|ofw(t, )| < CLE{(20)!

for all £ = 0 and all (¢,2) € ¥ x D,,. Hence, Conditions 1 and 3 of Definition 3.1
hold, since ¥/ € X.

To prove the second condition of Definition 3.1, we proceed as follows. The
Removable Singularities Theorem implies the existence of }E}I{l} ofw(t,r) for all z €

tey’
D, and, thereby, the existence of the Taylor series of w at 0 on X’ for all z € D,,
(see for instance [11, Cor. 1.1.3.3]; see also [L0, Prop. 1.1.11]). On the other

hand, considering recurrence relations (3.3), it is clear that w(¢,x) satisfies Eq.
(3.2) where all the formal coefficients and the inhomogeneity are replaced by their
1-sums in the direction 6 and, consequently, so does its Taylor series. Then, since
Eq. (3.2) has a unique formal series solution w(¢,x) (see the remark page 19 just
after the definition of Eq. (3.2)), we then conclude that the Taylor expansion of
w(t, x) is W(t, ). Hence, Condition 2 of Definition 3.1 holds.

This achieves the proof of the sufficient condition of the first point of Theorem
3.5, which ends its full proof.

4. APPENDIX: SOME TECHNICAL RESULTS ON THE BINOMIAL AND MULTINOMIAL
COEFFICIENTS

n
In combinatorial analysis, the binomial coefficients ( ) and the multinomial
m

coefficients < are defined for any nonnegative integers 0 < m < n and
ni, 9 ’I’Lq
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any tuples (n, nq, ..., ny) of nonnegative integers satisfying ¢ > 2 and ny1 +...4ny = n
by the relations

n n! n n!
= ——— and =—
m m!(n —m)! N1y, Ng nil..ng!

They respectively denote the number of ways of choosing m objects from a collection
of n distinct objects without regard to order, and the number of ways of putting
n = ny + ... + n, different objects into g different boxes with n; in the i-th box for
alli =1,...,q.

Using the fact that n! = T'(1 + n) for any integer n > 0, one can easily extend
the definitions of these coefficients to the case where their terms are no longer
necessarily integers by setting

a I'(l+a)
(4.1) (b) T TA+0I(1+a—b)

for any nonnegative real numbers 0 < b < a and

a I'(1+a) 'l +a)
(4.2) = =
<a1, oy aq> I'l+a1)..I'(1 +aq) HF(I rap

i=1

for any tuples (a, a1, ..., aq) of nonnegative real numbers satisfying ¢ > 2 and aq +
... + ag = a. Observe that all these coefficients are positive. Observe also that one
has the following decomposition

q
a ar +...ta;
4.3 = .
( ) (a]_, ...,aq) H <CL1 + ...+ ai1>

=2

The four propositions below extend to the generalized binomial coefficients (4.1)
and the generalized multinomial coefficients (4.2) some well-known results in com-
binatorial analysis.

In the proof of Theorems 2.3 and 3.5, we essentially use the inequalities stated
in Propositions 4.2, 4.4 and 4.5. The result of Proposition 4.1 is useful for the proof
of Proposition 4.2.

Proposition 4.1 (Pascal Formula). Let 0 < b < a be two nonnegative real numbers
and 1 < m < n two nonnegative integers. Then,

a+n+1 a+n a+n
4.4 = .
(44) < b+m > (b+m>+<b+m—1)
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Proof. We compute:

a+n N a+n \ I'l+a+n)
b+m b+m—1) TA+b+mT(1+a—b+n—m)

I'l+a+n)

+F(1+b+m—1)F(1+a—b+n—m+1)
(a=b+n—-—m+1)T(1+a+n)
't+b+mI'(l+a—b+n—m+1)
N b+m)I'(1+a+mn)
Fr1+b+mI(l4+a—b+n—m+1)
(a+n+1DI'(1+a+n)
Frt+b+m)I'(l+a—b+n—m+1)
I'l+a+n+1)
TT(4b+mI(0+a—bt+n—m+1)

B a+n+1.
N b+m /)’

hence, the identity (4.4). O

Proposition 4.2 (Vandermonde Inequality).

(1) (Binomial case) Let 0 < b < a be two nonnegative real numbers and 0 <
m < n two nonnegative integers. Then,

(4.5) <Z N :) g @ (:m)

(2) (Multinomial case) Let ¢ = 2 be an integer, (a, a1, ...,aq) a tuple of nonneg-
ative real numbers and (n,n1,...,nq) a tuple of nonnegative integers such
that a; + ...+ ag = a and ny + ... + ng = n. Then,

a+n a n
a1 +ni,...,aq + Nyg A1y eeey Qg ) \N15 o0y Ng

Proof.  First point. The inequality (4.5) is clear for n = m = 0. Let us now fix
0 < b < a and let us prove by induction on n > 1 the property

a+n a n
i, (257) > (9)(2)
A direct calculation gives us the property (P;):
a+1Y Fl+a+1) _a+tl fa _ () _ (e 1
b ) TA+bI(1+a+1-b) a+1-b\0)" \b) \b/\0)’
a+1\ Il+a+1) _a+1fa _ () _ (@ 1
b+1) TA+b+1DI(1+a-b) b+1\b) " \b) \b)\1)

Assuming now the property (P,) for a certain n > 1, let us prove the prop-
erty (Pn+1). As for the property (P;), the sought inequality stems from a direct
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calculation when m =0 and m =n + 1:

a+n+1\ T(l+a+n+1) B ’ﬁ a+k a
b ST+ +a+n+1-b) \Lla+k—b)\b

A\

a
(i)-
When m € {1,...,n}, it stems from Proposition 4.1 and the property

a+n+1 a+mn a+n a\[(n a n
(o) =G i) = ()0 + () ()
a n n
-() () ("))
_fa\[(n+1
G (")

This ends the induction and proves the first point of Proposition 4.2.

<
(o) ety - () 6)
(
(

* Second point. Let us apply the relation (4.3) and the inequality (4.5) to each
factor of the product. We get

a+n ar+..+a;+ny+...+n;
ap +Mni,...,aq + Ng

ar+...+a;—1+ny+...+n;_1

=

Il
1=2
ﬁ[ a1 + ... +a; ny +...+n;
i a1 + ...+ a;—1 ny + ... +n;—1
B ﬁ ag + ... + a; ﬁ n+...+n;

iss \01 +...+ta;—1 iss \71 + .o+ N '

The inequality (4.6) follows then by applying again the relation (4.3), which ends
the proof of the second point of Proposition 4.2. ([l

Remark 4.3. When all the terms a, b, n and m are nonnegative integers, inequality
(4.5) is also a direct consequence of the Chu-Vandermonde Identity

@ i) - 2 (0

since all the coefficients in the sum are nonnegative. However, this proof fails in
our general case where a and b are no longer integers, since some terms in the sum
of (4.7) may now be negative.

Proposition 4.4 (Variations of the binomial coefficients). Let b > 0. Then,
the function Bin, : a € [b, +0[—> (Z) is increasing on [b, +[. In particular,
Bing(a) = Bing(b) =1 for all a = b.
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Proof. The derivative of Bin,, is defined for all a € [b, +00[ by the identity

a

Bin)(a) = (b) (U(1+a)— U1 +a—b),

where U = T”/T is the Psi (or Digamma) function. Since the function InT' is
convex on |0, +oo[, the latter is increasing on ]0, +oo0[ and Proposition 4.4 follows
from Lagrange Theorem. O

Proposition 4.5 (Sum of the inverses of binomial and multinomial coefficients).
(1) (Binomial case) The following inequality holds for all integers n = 0:

(4.8) i L o3
m=0
()

(2) (Multinomial case) The following inequality holds for all integers ¢ = 2 and
n = 0:

(4.9) > NI ST

n
nit...+ng=n ( >
N1, ..., Mg

Proof. = First point. The inequality (4.8) is obvious when n € {0, 1}:

Z 1)1 ifn=20 <3

= ( n) 2 ifn=1

Let us now assume n > 2 and let us write the left hand-side of (4.8) in the form

SO0 R

Inequality (4.8) follows then by observing that all the terms (n) are = (?) for

m=1,....,.n— 1. We get indeed the following relations:

noog 1 1
Yoo <2+ =2 g

O

* Second point. Applying the relation (4.3) and setting nj, = n1 + ... + ny for all
k=1,..,g—1, we first get the identities

3 —- X 1
ni+...+ng=n < n > ni+...+ng_1<n ( n )(nl +n2>
N1y -eey Nyg nq +...+nq_1 ni

n'

2 z z o
o () () -()

Inequality (4.9) stems then from the inequality (4.8) which we apply ¢ — 1 times.
This completes the proof. [
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