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Résumé :

L’objectif de cette étude est de simuler l’érosion d’un sol sous l’effet de l’écoulement
d’un fluide. Suite aux travaux [1] et [2], des équations de conservation avec relation de
sauts conduisent au modèle d’érosion. Une méthode de pénalisation est utilisée pour
calculer les équations de Navier-Stokes autour d’un obstacle, avec une méthode aux
domaines fictifs pour s’affranchir d’un maillage dépendant de la géométrie. L’interface
eau/sol est décrite par une fonction Level Set couplée à une loi d’érosion à seuil. Nous
proposons un schéma DDFV (Discrete Duality Finite Volume), autorisant des raffine-
ments locaux sur maillages non-conformes et non-structurés. La pertinence du modèle
à prédire l’érosion de surface du sol est confirmée par la présentation de plusieurs
résultats de simulation 2D et 3D.

Abstract :

This study focuses on the numerical modeling of the surface erosion occurring at
a fluid/soil interface undergoing a flow process. Following a previous work [1] and
[2], the balance equations with jump relations are used to exhibit the erosion model.
The difficulty is then to compute accurately the erosion velocity of this free boundary
problem. The ability of the model to predict the interfacial erosion of soils is confirmed
by presenting several 2D and 3D simulations.

Mots clefs : interfacial erosion, incompressible flow, Navier-Stokes,
fictitious domains, discrete duality finite volume, adaptive mesh re-
finement, Level Set.
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1 Introduction

Erosion phenomena is one of the main causes of the failure of hydraulic works such
as dams, dykes and levees. In this context, the numerical modeling of the piping erosion
of soil is a challenging problem [1], [2]. Themodel validated in [3] considers the erosion
of a cohesive soil generated by a water flow tangential to the soil/water interface. The
threshold erosion law is described by the shear stress of water at the soil/water interface.

A penalization procedure is used to compute Navier-Stokes equations around ob-
stacles, with a fictitious domain method, in order to avoid body-fitted unstructured
meshes. The water/soil interface evolution is described with a Level Set function cou-
pled to a threshold erosion law. We are concerned with an accurate computation of the
shear stress at the soil/water interface and we present test case to validate our approach.
As the accuracy of the model depends strongly on the mesh discretization around the
soil/water interface, adaptive mesh refinement is used, contrary to [3] where the mesh
is a staggered cartesian grid. This obliges to use an adapted space discretization to
Navier-Stokes equations, Discrete Duality Finite Volume scheme (DDFV) are chosen.

2 Physical model

The erosion model is described in [3], [4] and [5]. We consider an impervious soil
under a diluted flow. With these assumptions, the solid/water interface can be consid-
ered as a sharp interface. As proved in [3], the time scales of the flow and of the erosion
process are so different that the flow is described by the stationary Navier-Stokes equa-
tions at moderate Reynolds numbers. The velocity in the soil us is assumed to vanish
and the soil/water interface Γ is driven by the threshold law of erosion.

Figure 1: Erosion model

2.1 Governing equations

Let’s denote Ωf the fluid domain and Ωs the soil domain. The fictitious domain
approach, introduced by Angot in [10] and used by Golay et al. in [3], allows to describe
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the behavior of the two subdomains with a Navier-Stokes system defined on the whole
domain Ω = Ωf ∪ Ωs: ρ(∂tu− u ∧ rot(u))− µ∆u +∇p = ρg− µH

Ks
(u− us),

div(u) = 0,
(+ B.C.)

(1)

Where u is the flow velocity, p is the pressure, ρ is the water density, µ is the dynamic
viscosity and ρg represents the gravity force. The penalization coefficient Ks can be
interpreted as a low permeability andH is the characteristic function of the soil domain,
which is unity within Ωs and zero elsewhere. The boundary conditions (B.C.) closing
the system are determined according to the considered problem.

2.2 Erosion law

The erosion law is an experimental law, validated by S. Bonelli [1] and R. Fell [2],
which describes the interface behaviour. This threshold law links the eroded mass and
the shear stress of the flow:

ṁer =

{
Ker(τ − τc) if τ > τc,

0 otherwise,
(2)

where τc is the critical shear stress andKer is the kinetic coefficient of erosion.
The tangential shear stress is given by : |τ | =

√
(T · n)2 − (n · T · n)2, where T =

−pId + 2µD(u) denotes the stress tensor, D(u) the symmetric velocity gradient and n
the exterior normal unit vector of the interface Γ. Based on the above assumption, the
interface velocity is defined as follows (ρs is the soil density):

vΓ =
ṁer

ρs
n. (3)

3 Numerical modeling
3.1 DDFV scheme

The DDFV methods can be seen as a generalization for unstructured mesh of the
Marker and Cell (MAC) methods for Cartesian grids. A 2D and 3D DDFV scheme was
proposed and tested in several studies. The one we implement is based on the versions
developed by B. Andreinov in [6], Y. Coudiere and F. Hubert in [7], [8].

• Meshes and notations:
The DDFV mesh is defined as a couple of dual meshesM = (T ,D), where T
is a set containing cells of center K and vertices A and D is a diamond mesh,
related to the faces F .
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Figure 2: 2D DDFV mesh example and 3D diamond (DF = DK ∪DL)

The velocity uT , defined on T , the pressure pD, defined on D, are respectively
element of (R3)T and RD. To each element X (cell center K, cell vertex A), a
control volume is associated and denoted by |X|. For example, in figure 2, |DF |
represent the volume of the diamond DF = (K,L,A,B,C,D). The interface
between two control volumes (X,Y ) is carried by a normal vector NXY . The
interfaces vectors are defined by: NKL = 1

2

−→
AC ∧

−−→
BD, NAC = 1

2

−−→
KL ∧

−−→
BD,

NBD = 1
2

−→
AC ∧

−−→
KL.

• Discrete operators (3D) :
- The discrete gradient is a consistent approximation of the gradient operator of
each component uT = (uK , uL, uA, uB , uC , uD) of uT ∈ (R3)T and is defined
by:

∇DuT =
1

3|DF |
((uL − uK)NKL + (uC − uA)NAC + (uD − uB)NBD) .

- The discrete divergence is a consistent finite volume approximation of the di-
vergence operator applied to the discrete tensor field qD ∈ (R3)D and is defined
by:

divT (qD) = (divK(qD),divA(qD))K,A∈T ,

where:

divK(qD) =
1

|K|
∑
D∈D

qD · NKL and divA(qD) =
1

|A|
∑
D∈D

qD · NAC

• Global operators:
Thereafter, using the discrete gradient ∇D and discrete divergence divT we are
able to build several operators:

divD uT = tr(∇D uT ) ∇T qD = divT (qDId)

rotT qD = ∇T ∧ qD 4T uT = divT ∇D uT
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• Discrete Green formula:
The discrete gradient and discrete divergence for a scalar-value function are linked
by a discrete Green formula:

〈
divD uT , pD

〉
D = −

〈
uT ,∇T pD

〉
T +

〈
pD, γD(uT · n)

〉
∂Ω
, (4)

where γD is an adapted discrete trace operator. The notation 〈·, ·〉X defined a
scalar product on the spaceX . We can emphasize that the discrete Green formula
is an exact one.

• Measure of errors and convergence orders:
The discrete operators divergence, gradient and curl were validated in compari-
son with analytical functions. We computed the L2 norms of the errors for dif-
ferent mesh sizes and found a convergence of order 2 on conformal and non con-
formal meshes.
The validation of the Laplacian operator on the T mesh is obtained by solving
−4T uT = fT with Dirichlet and Neumann boundary conditions. The dis-
crete solution were compared to the analytical solution and showed a convergence
with order 2. The Laplacian operator on the D mesh is also validated, we solved
−4D pD = fD with homogeneous Dirichlet boundary conditions to obtain an
order 2 convergence on conformal and non conformal meshes.

3.2 Navier-Stokes discretization

A semi-implicit time discretization and a DDFV space discretization of (1) lead to
the scheme on Ω:


ρ
δtn

(uT
n+1 − uT

n
)− ρuT n+1 ∧ rotT uD

n − µ4T uT
n+1

+∇T pDn+1
+ µH

Ks
(uT

n+1 − us
T ) = ρg,

divD uT
n+1

= 0,
(+ B.C.)

(5)

where uT
n and pDn are respectively the velocity and the pressure at time tn on the

DDFV mesh and δtn the time step. Thanks to (4), the chosen time discretization (5)
ensures an unconditionally L2 stability property.

In order to deal with the implicit constraint of free divergence, we use a Projection
method [9] to split the system. So, it is necessary to solve a Poisson problem for the
pressure.
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3.3 Level Set method

The Level Set function φ [11], is defined as the signed distance to the soil/water in-
terface. The soil/water interface Γ is represented by the zero level set of φ. We consider
that in the soil φ > 0 and in the fluid φ < 0.

The displacement of the interface is driven by a transport equation:{
∂tφ+ vextΓ · ∇φ = 0

φ(x, t = 0) = φ0,
(6)

where vextΓ is an extension on the whole domain of the interface celerity vΓ given pre-
viously in (3) and φ0 is the initial position of the Level Set function.

3.4 The shear stress estimation

To avoid remeshing inmoving interface problems, we are concerned with non-body-
fitted mesh. Coupled with a penalty method to take into account a free velocity in the
soil, an inaccurate shear stress is computed at the interface Γ. Indeed, the shear stress
depends on the velocity gradient. As the penalized velocity in the soil vanishes, an
inconsistent value of velocity gradient on the boundary appears. This problematic is
already met in Stefan problem [12] and solved for example with Immersed Interface
Method (IIM) of LeVeque and Li [13], instead of penalty method. With IIM, continuity
properties at the discontinuity interface are satisfied thanks to Taylor expansions of the
solution on each side of the interface.

Keeping in mind penalty methods, we propose to improve the shear stress compu-
tation according to two alternatives:

• Alternative 1: Considering that gradient inconsistency is located in a neighbor-
hood of the interface, the inaccurate shear stress is limited about four cells of size
h near Γ. It is then pertinent to compute the shear stress where the Level Set φ is
close to −4h, corrected with the linear extrapolation in order to evaluate it on Γ:

τ∗ = τ − φ∇τ · ∇φ
| ∇φ |

. (7)

• Alternative 2: We build a smooth extension of the velocity inside the soil in order
to eliminate the inaccurate boundary layer. A velocity field being given in the
fluid domain, aC1-extension of this velocity is defined in the soil by constructing
the symmetric velocity with respect to the soil interface velocity.

First, we compute the velocity using penalization in the soil domain with free
velocity. Secondly, we use the smooth extension above as penalized velocity in
the soil. We iterate this process until convergence. This is a variant of what is
proposed in [14].
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A test is carried out on Taylor-Couette flow [2]. We consider the radial flow between
two cylinders of radius r1 = 0.2cm and r2 = 0.4cm. The first interface r1 is an
erodible one and the second one r2 is not. On figure 3, we represented the shear stress
as a function of the radius for all diamonds of the three dimensional mesh. If we focus
on the shear stress computed near the erodible interface, represented by the red line,
we observe in the first case (3a) with a rigid penalization, that magnitude of the shear
stress oscillates strongly. With the 1st alternative the error measured around φ = −4h

achieves 10% and with 2nd alternative the error measured around φ = 0 achieves 5%.

(a) Rigid penalization (b) Alternative 1 (c) Alternative 2

Figure 3: Rotating cylinder test - shear stress τ(r) computed in several cases

The interface velocity is computed from vΓ = Ker

ρs
(τ − τc) and extended on the

whole domain thanks to the following transport equation propagating the information
from the region φ = δh:{

∂tvextΓ + sgnh(φ+ δh) ∇φ|∇φ| · ∇v
ext
Γ = 0,

vextΓ (x, t = 0) = vΓ

(8)

where: δ = −4 in the first alternative and δ = 0 in the second one. The function
sgnh(x) coincide with the sign function where |x| > h

2 and vanishes where |x| ≤ h
2 .

4 Validation

The following simulations are carried out with the same erosion’s parameters, τc =

0Pa and Ker

ρs
= 10−7ms−1Pa−1, this choice of paramete will lead to a slow erosion

velocity compared to the flow velocity in the studied examples.

4.1 Erosion of a soil ball

We consider the erosion of a fixed ball of soil (diameter 0.2cm) in a channel (section
1cm × 1cm and length 2cm). We impose a pressure gradient |∇p| = 1Pa/cm from
the left to the right and a wall condition on the boundary except on the left and right
(inflow and outflow) where a Neumann condition is imposed. The velocity is then of
order 1cm/s. The figure 4 shows the flow and an AMR mesh with a thin refinement
around the ball.
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Figure 4: Flow around the ball and AMR mesh

The erosion of the ball is symmetric between inflow and outflow for Stokes flow,
but for Navier-Stokes flow (Re = 100), inertia makes the shear stress stronger on the
upstream part of the ball. As expected and shown on figure 5, the shear stress is the
strongest in region close the lateral walls where the flow is increased for the Stokes
flow. The symmetry of the erosion is lost for Navier-Stokes flow.

Figure 5: Shear stress on the ball for Stokes and Navier-Stokes flows

In figure 6 we show the evolution of the eroding ball on the central cut. As expected,
during the erosion we observe that the ball shrinks by taking a symetric oval shape under
the Stokes flow, but, an asymetric shape with strong erosion at inflow for Navier-Stokes
flow.

Figure 6: Erosion of the ball for Stokes and Navier-Stokes flows with alternative 1
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4.2 Erosion of a soil cylinder
Now, we consider the erosion of a fixed cylinder (diameter 0.2cm) into a channel

(section 1cm×1cm and length 2cm). This two dimensional test case is chosen in order
to estimate the erosion accuracy induced by alternative 2. We observe, on figure 7, a
strong decrease of the shear stress from the interface through the flow. Even with a fine
grid the shear stress variation is very important (50% on four cells). The alternative 2
is then more pertinent for this test case.

Figure 7: Zoom of shear stress around the interface

The complete process of erosion is introduced on figure 8 and shows a lower erosion
on Stokes flow (inertia neglected) than for Navier-Stokes (Re = 100). As a matter of
fact, each curve corresponds to the soil/water interface at the same time. Then, for
identical erosion law and flow rate, inertia enforces asymetries in eroded shapes and
eroded masses.

Figure 8: Erosion of soil cylinder for Stokes and Navier-Stokes flows
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Conclusion

We considered an erosion process of a cohesive soil subject to a water flow. The
model is described as a free boundary problem for the soil/water interface driven by an
erosion law. This law depends on the shear stress of a Navier-Stokes flow at the inter-
face. The Navier-Stokes equations are approached with a DDFV scheme on AMR grids
which do not fit to the moving interface. We then propose two alternatives to take into
account, accurately, the erosion velocity. Finally, three test cases are introduced:

• the rotating cylinder test validates the two alternatives,

• the soil ball erosion test simulates a really 3D configuration,

• the soil cylinder erosion test exhibits strong shear stress variation.

Outgoing works will focus on a parametric study with respect to different Reynolds
numbers and different kinetic coefficients of erosion. The results will then be compared
to laboratory experiments. Finally, the aim is to couple water/soil erosion to air/water
flows.
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