N

N

Sym(n)-and Alt(n)-modules with an additive dimension
(Paris album no. 2)

Luis Jaime Corredor, Adrien Deloro, Joshua Wiscons

» To cite this version:

Luis Jaime Corredor, Adrien Deloro, Joshua Wiscons. Sym(n)-and Alt(n)-modules with an additive
dimension (Paris album no. 2). 2021. hal-03442893

HAL Id: hal-03442893
https://hal.science/hal-03442893

Preprint submitted on 23 Nov 2021

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03442893
https://hal.archives-ouvertes.fr

Sym(n)- AND Alt(n)-MODULES WITH AN ADDITIVE
DIMENSION
(PARIS ALBUM NO. 2)

LUIS JAIME CORREDOR, ADRIEN DELORO, AND JOSHUA WISCONS

ABSTRACT. We revisit, clarify, and generalise classical results of Dickson
and (much later) Wagner on minimal Sym(n)- and Alt(n)-modules. We
present a new, natural notion of ‘modules with an additive dimension’
covering at once the classical, finitary case as well as modules definable
in an o-minimal or finite Morley rank setting; in this context, we fully
identify the faithful Sym(n)- and Alt(n)-modules of least dimension.

§ 1. Introduction — § 2. The context — § 3. The proof

1. INTRODUCTION

This work belongs to the topic of first-order representation theory, i.e. rep-
resentation theory viewed through an elementary lens. Here the focus in on
the category of explicitly constructible objects, or what mathematical logic
calls the definable category; a consequence is that we avoid any reference to
characters. This is not motivated by the mere ‘purity of methods’ but by
questions in model theory. The topic is naturally emerging out of several
recent works, rooted in the 2008 article of Alexandre Borovik and Gregory
Cherlin [BCO08] and pushed further by papers such as [Del09, BD16, BB18S,
Bor, BB21]. (Another road to the effective understanding of geometric al-
gebra is black box algebra as in [BY18] and ongoing work.) We stress that,
though inspired by model theory, the present article is likely to be of broad
interest; no exposure to model theory is required to understand our work.

We give a significant expansion and clarification of a classical result by
Leonard Dickson from 1908 on the minimal linear representations of sym-
metric groups. Our Theorem identifies the minimal faithful representations
of Sym(n) and Alt(n) on finite or infinite abelian groups in the presence of a
rudimentary notion of dimension but no a priori—and often no a posteriori—
vector space structure. This may be viewed as a natural evolution of linear
representation theory, one which focuses more on ‘elementary’ properties
(e.g. generators and relations) and less on higher structure. In the case of
algebraic groups, which we keep in mind for the future, our point of view
would be quite in the spirit of the Chevalley-Steinberg approach. We stress
that our context does not allow for character theory nor even Maschke’s
Theorem, making matters non-trivial though basic.
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All that remains from the usual linear theory is a loose form of dimen-
sionality. The study of structures whose definable sets are equipped with
one of various notions of dimension is a central theme in model theory, and
our work here treats numerous classes at once—including groups of finite
Morley rank and o-minimal groups, but also finite groups—in a common,
natural, and new setting.

Our original motivation was a set of concrete model-theoretic problems.
One such is an application to permutation groups possessing a high degree
of generic transitivity. A study of these was initiated in the setting of groups
of finite Morley rank in work by Borovik and Cherlin where they posed the
problem of showing that generic (n + 2)-transitivity on a set of Morley rank
n implies that the group is PGL,,;+1(K) in its natural action on P(K). More
information and explicit connections to the present work can be found in
[BCO8] as well as in the 2018 paper of Tuna Altinel and the third author
[AW18], which solves the n = 2 case. The present work grew out of the
third author’s desire to generalise the n = 2 approach to n > 3, but the
topic turned out extremely interesting in its own right.

1.1. The result. Our main result generalizes a century-old theorem by
Dickson [Dic08] and its more recent companions [Wag76, Wag77]; it also
corrects and expands on [BC08, Lemma 4.6]. In doing so, our treatment
handles simultaneously the finite and the ‘tame infinite’, in a sense that
model theory seeks to carve out.

We study Sym(n) and Alt(n)-modules V' that carry a basic notion of di-
mension on certain groups (and quotients) definable—in the logical sense—
from V and the acting group. To the logician we must stress that our di-
mension need not apply to all definable sets; we only require it to be defined
on the intersection of the ‘definable universe’ in the sense of logic and the
‘variety generated by V'’ in the sense of universal algebra. This intuition is
axiomatised in Section 2 via the definitions of a modular universe and an ad-
ditive dimension; the relevant notions of connectedness (dim-connectedness)
and irreducibility (dc-irreducibility) are also key.

As one expects, the ‘characteristic’ of a module is an important parame-
ter: V is said to have prime characteristic p if it has exponent p and char-
acteristic 0 if it is divisible. This definition allows for modules without a
well-defined characteristic such as Z/127Z; it also allows for torsion modules
of characteristic 0 such as the Priifer quasi-cyclic groups Cpeo.

In the classical setting, the minimal faithful representations for Sym(n)
and Alt(n) are canonical and easy to construct, assuming n is large enough.
Among other places, they appear in [Dic08], but we briefly describe them
here. This also gives us the opportunity to introduce notation.

Notation (standard module). Let S := Sym(n).

(1) Let perm(n,Z) = Zey & - - - @ Zey, be the Z[S]-module with S per-
muting the e; naturally. There are two obvious submodules:
e std(n,Z) := [S,perm(n,Z)] = {>_,ciei : ¢; € Z and ) ¢; = 0};
o Z(perm(n,Z)) := Cperm(n,z)(S) = {>_; cei : ¢ € L},
using usual notation for commutators and centralisers. Over Z these
are disjoint but not so in general.



Sym(n)- AND Alt(n)-MODULES 3

(2) For any abelian group L (considered as a trivial S-module), define:
e perm(n, L) := perm(n,Z) ®z L;
e std(n, L) := [S,perm(n, L)] = std(n,Z) &z L;
b Z(Std(na L)) = Cstd(n,L) (S)
We arrive at the canonical subquotient:
e std(n, L) = std(n, L)/Z(std(n, L)),
which we refer to as the (reduced) standard module over L.
(3) When L = C} is cyclic of order k, we simply write perm(n, k),
std(n, k), and std(n, k).

Remarks.

e Notice how Z(std(n,L)) = {de;®a : a € Q,(L)}, so std(n, L)
differs from std(n, L) only when Q,(L) # 0. (Here Q,(L) denotes
the subgroup of elements of order dividing n.)

e The module perm(n, L) may be realised as L™ under o(ay,...,a,) =
(Ag=1(1)s -+ 5 Ao-1(n)); it is easily constructed from L together with
the action of each element of S. Model theorists will recognize this
as an interpretable object, which we simply call definable.

The classical setting is std(n, p) for p a prime. Here, std(n, p) is irreducible
of dimension n — 1 whenever p { n (with the same true for std(n,Q)). How-
ever, when p | n and n > 5, the module std(n,p) is faithful and irreducible
of dimension n — 2, a point which fails of std(4, 2).

Less classical is the following example regarding actions on tori.

Example. Notice how a maximal torus of GL,,(C) is a Sym(n)-module via
the action of the Weyl group. As Sym(n)-modules, one finds that

e perm(n,C*) is isomorphic to a maximal torus of GL,,(C);
e std(n,C") is isomorphic to a maximal torus of SLy,(C);
e std(n,C*) is isomorphic to a maximal torus of PSL,,(C).

The various finite subgroups of nt'-roots of unity yield finite submodules
C < Z(std(n,C*)), each naturally isomorphic to some Z < Z(SL,(C*)). In
each case, std(n,C*)/C is isomorphic to the maximal torus of SL,(C)/Z.
The modules std(n,C*)/C all satisfy the relevant notion of irreducibility
here (dc-irreducibility) and must be accounted for in our classification.

We now state our main result. In what follows, Mod(G,d, q) denotes
the class of all G-modules (§ 2.1) that carry an additive dimension (§ 2.2)
and are dim-connected (§ 2.3) of dimension d and characteristic ¢ (§ 2.4).
Also, V € Mod(G, d, q) is dc-irreducible (§ 2.5) if V' contains no non-trivial,
proper, dim-connected G-submodule. Details are in § 2; the proof is in § 3.

Theorem. Let G = Alt(n) or Sym(n). Suppose V- € Mod(G, d, q) is faith-
ful and dc-irreducible with d < n. Assume n > 7; if G = Alt(n) and ¢ = 2,
further assume that n > 10.

Then there is a dim-connected submodule L <V such that the structure
of V falls into one of the following cases:
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q d Structure of V

¢g>0andqg|n | n—2 | isomorphic to std(n,L) or sgn® std(n, L)

g>0andqgtn | n—1 isomorphic to std(n, L) or sgn ®std(n, L)

q=0 n—1 covered by std(n, L) or sgn @ std(n, L)

Moreover, when q = 0, the kernel of the covering map is (3.7 (e; — €n)) ®

K, in usual notation, for some K < Q,(L).

Remarks.

e Note that ¢ = char L, and if ¢ > 0, std(n, L) is completely reducible
as @y std(n,q) for X an F,-basis of L. The situation when ¢ = 0
is complicated by tori like those given in the example above.

e The restrictions on n are optimal. For example, in characteristic 3,
one has Alt(6) ~ PSLy(Fgy) with the adjoint representation in dimen-
sion 3. In characteristic 2, Alt(9) has three faithful representation
over [y of (least) degree 8 [ABLT05]. The two exceptional represen-
tations were missed in [Wag76, (4.5) Lemmal; this was corrected by
G.D. James in [Jam83, Theorem 6].

In our more general setting, one can still establish the lower bound
of 8 on the dimension of a faithful Alt(9)-module in characteristic
2, but we do not achieve (nor even try for) identification. (See the
remark following the proof of the Geometrisation Lemma.)

1.2. Lingering questions. The Theorem places natural restrictions on n,
but in fact, the minimal dimension of a faithful Sym(n)-module is indeed
as expected for all n as a consequence of our First Geometrisation Lemma,
where we also identify those of dimension (n —2). However, identification of
the dc-irreducible modules in Mod(Sym(5), 4) and Mod(Sym(6), 4) remains
open. (Do note that Mod(Sym(5), 4, 2) contains irreducible modules coming
from the so-called Specht module for the partition (3,2). See for example
[Jam78, 5.2 Example].)

Identification of the minimal faithful Alt(n)-modules for small n is also
open. Reconstructing the adjoint action of Alt(6) ~ PSLy(Fy) is a problem
of particular interest. One also has Alt(8) ~ SL4(F3) with the natural
action as well as the particularly exceptional Alt(5): it appears as SLa(Fy)
in characteristic 2, as PSLa(5) in characteristic 5, and as the symmetries of
a regular icosahedron in all other characteristics (over a field where 5 is a
square). The following table summarizes the conjectural lower bounds.

b 2 3 5 7 > 7or0
Alt(5) 2 3 3 3 3
Alt(6) 4 3 5 5 5
Alt(7) 4 6 6 5 6
Alt(8) 4 7 7 7 7

Conjectural minimal dimension for faithful Alt(n)-modules
in characteristic p with small n.
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Problem. Identify the minimal faithful Sym(n)- Alt(n)-modules for all n.

Of course, one could target higher-dimensional dc-irreducible Sym(n)-
Alt(n)-modules, but this appears to be out of reach at present. However,
simply identifying a reasonable lower bound for the dimension of the ‘second
smallest’ dc-irreducible module would be welcome. Following the classical
case, we expect something along the lines of n(n — 5)/2 (see [Jam83]).

Problem. Let G = Alt(n) or Sym(n) with n sufficiently large. Prove that
if Ve Mod(G, d, q) is faithful and dc-irreducible with d < n(n —5)/2, then
up to tensoring with the signature, V' is standard (i.e. the structure of V' is
as in the Theorem) with (n—2)dim L < d < (n— 1) dim L and intermediate
values are possible only when ¢ = 0.

As should be clear, we are operating under the conjectural principle that
although our context is quite general, the minimal objects still fall into
the familiar linear-algebraic setting, a principle well-aligned with the recent
work of Borovik [Bor|. We quite believe in this and would thus love to see
a counter-example to shatter our illusion.

The problem of determining the minimal dimension of a group carrying
a faithful action of Sym(n) or Alt(n) seems both interesting and relevant
in the nonabelian case as well. With additional definability/compatibility
hypotheses, the soluble case can easily be controlled. For nonsoluble groups,
we propose the following crude bound, which is likely far from optimal.

Problem. Let H be a nonsoluble group on which Alt(n) acts faithfully
and definably by automorphisms. Suppose there is a nonabelian notion of
dimension, say Morley rank, making H dim-connected. Show dim H > n
for sufficiently large n.

Notice that low values of n will complicate the picture even for Sym(n):
for example, Sym(5) ~ PGL2(5), which can be construed as 3-dimensional.

For the present article we however stick to the abelian case. The proof of
the Theorem will be in § 3; we first turn to the general setting.

2. THE CONTEXT

We now give the setting for our study of Sym(n)- and Alt(n)-modules.
In addition to defining modules equipped with an additive dimension, we
also present notions of connectedness, irreducibility, and the characteristic.
In short, the goal of this section is to fully explain the phrase ‘let V €&
Mod(G, d, q) be dc-irreducible’.

The landscape will likely be both familiar and surprising to the reader
versed in model theory. We seek a notion of dimension that encompasses si-
multaneously the linear dimension over I, for finite representations as well as
model-theoretic dimensions (e.g. Morley rank) for infinite representations.
The context we present is extremely natural, yet looks new to us. (Un-
fortunately, somewhat conflicting terminology with Frank Wagner’s recent
‘dimensional groups’ was unavoidable [Wag20].)

We first define modules (§ 2.1) with an additive dimension (§ 2.2), and
the notion of dim-connectedness (§ 2.3). We discuss the characteristic of
a module (§ 2.4) and then introduce classes Mod(G,d,q) as well as the
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relevant notion of irreducibility (§ 2.5). The overview concludes with our
key tool: an expected Coprimality Lemma (§ 2.6).

2.1. Modular universes and modules. A balance is difficult to strike
between categorical generality and model-theoretic care for elementary con-
structions. We opted for a categorical vision but avoided any specialised
language. We believe the categorist will instantly grasp the context, and
the logician will readily check that it generalises definable universes. Do
note that we use ker f and im f to refer to the kernel and image of f in the
algebraic sense.

Definition. A modular universe is a subcategory U of the category Ab of
abelian groups satisfying the following closure properties.
[INVERSES] If f € Ar(U) is an isomorphism, then f~! € Ar(U).
[PrODUCTS] If V1, Vo € Ob(U) and fi, fo € Ar(U), then V; x V5 €
Ob(U), and Ar(U) contains f1 x fa, the projections m; : Vi x Vo — V;,
and the diagonal embeddings Ay, : Vi — V.
[sEcTIONS| If W < V" are in Ob(Uf), then V/W € Ob(U) and Ar(U)
contains the inclusion ¢ : W — V and quotient p : V. — V/W maps.
[KERNELS/IMAGES] If f : Vi — V4 is in Ar(U), then ker f,im f €
Ob(U), and for all Wy, Wy € Ob(U),

— if Wy < ker f, the induced map f: Vi/W; — Vs is in Ar(U);

— if im f < Wy < Vi, the induced map f: Vi — Ws is in Ar(U).
[MODULE STRUCTURE] If V' € Ob(lf), then Ar(U) contains the sum
map o: V x V — V and the multiplication-by-n maps p,: V — V.

The objects of a modular universe U are called its modules and the arrows
its compatible morphisms.

Remarks.

e We could not find an official categorical name for our setting. ‘Topol-
ogising, abelian subcategory’ does not suffice; the axiom of inverses
is of importance to us, but we won’t go as far as assuming that the
subcategory is replete.

e The axioms immediately allow for restrictions of compatible maps
and the computing of inverse images. Indeed, if f : V3 — V5 is in
Ar(U) with W7 < Vi in Ob(U), then the restriction of f to Wy is fou
for + : Wy — V4 the inclusion. And for Wy < V4 in Ob(U), f~1(W3)
is the kernel of p o f for p: Vo — Vo /Wy the quotient map.

e Model theorists might expect a ‘characterisation of arrows’ which
we do not require: f € Ar(U) if and only if its domain, image and
graph are in Ob(U).

Examples.

e From algebra: the category of all abelian groups or of all abelian
p-groups (equipped with all group morphisms) forms a modular uni-
verse; both are full subcategories of Ab. An important variation is
the category of all abelian p-groups of finite Prifer p-rank. (Such
groups can contain only finite powers of the quasi-cyclic group Cpeo;
the maximal such power is called the p-rank.)
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For a given ring R, the category of R-modules (equipped with all
R-morphisms) is a modular universe.

e From Lie theory: the collection of all abelian Lie groups (with Lie
morphisms) forms a modular universe after adjusting the notion of
< (which has to be closed).

e From universal algebra: the variety generated by a given abelian
group V' (with group morphisms) forms a modular universe; this can
be computed as HSP(V'), which is the collection of all Homomorphic
images of Subgroups of Products of V.

e From model theory: the abelian part of the ‘interpretable universe’
(which we call definable) forms a modular universe; specifically, this
is looking at the category of all abelian groups definable in some
first-order theory equipped with the definable group morphisms.

e If V' is a module of a universe U/, then there is a smallest subuniverse
containing V. This is contained in both HSP(V) and the abelian-
definable universe Ugyer from model theory. Notice that the intersec-
tion HSP4er (V') = HSP(V') NUger (V) might be substantially smaller
than Uger if we add a highly extrinsic, secondary abelian structure
on some non-definable subsets of V. (Typically, if K is one of the
pathological fields model theorists adore, then HSP gef (K ) will miss
all the exotic structure.)

Modular universes allow for a variety of additional constructions. We
highlight several important ones after giving the relevant notion of a G-
module for our setting.

Definition. Suppose V is a module in the universe /. If a group G acts on
V' by compatible morphisms of U, we say that V is a G-module in U.

In model-theoretic terms, we are assuming that G acts by definable au-
tomorphisms, but we are not assuming definability of the action, viz. defin-
ability of the triple (G,V,-). For instance, G itself need not be definable.

Universe Properties. Let U be a modular universe.

(i) [MEET/JOIN] If V1,V < V are modules in U, then so are Vi N V;
and Vi + V.

(ii) [EXTENSIONS] Suppose Vi,Va <V are modules in U with Vi 4+ V, =
V. If fi: Vi = W are compatible morphisms that agree on Vi N Vs,
then there is a compatible f: V — W extending both.

(#4i) [PERMUTATION MODULES| If V' is a module in U, then perm(n, V)
is a Sym(n)-module in U.

(iv) [ENVELOPING ALGEBRAS| If V is a G-module inU for some group G,
then each map in the subring of End(V') generated by G is compatible.

Proof. Assume Vi,Vo < V are modules in Y. Let o : V x V — V be the
addition map and Ay, : V — V¥ the diagonal embedding.

(i) Note that Vi NV = Ay (V4 x Vo) and Vi + Vo = o (V3 x Vh).

(ii) Let g be the restriction of o to Vi x Vs, and set I := {(a,—a) : a €
ViNVa} = ker g. Then the induced isomorphism g: Vi x Vo /I — V' is
in Ar(U), so g*l is as well. Define h : V] x V5 — V via restriction of
oo(fix(feop—1))to Vi x Vs, where p_; : V.— V is inversion; then h
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computes fi— fo. Since I < ker h, the induced map h: V; xVo/T =V
is in Ar(U), and f:=hog ! € Ar(U) extends both f; and fo.

(iii) As a set, we may identify perm(n,V) with V" € Ob(U) and the
canonical summands Ve; with ot ker my, (for my : V" — V the Ethe
projection). Now, for a € Sym(n), viewed as the automorphism of
V™ permuting the coordinates naturally, we must show a € Ar(U).
Let A be the diagonal embedding of V" into (V™)". Then a =
(71'0471(1) X X Wafl(n)) o A.

(iv) The (extended) sum map o : V¥ — V may be inductively defined
as 0 o (ox—1 x Idy) so is in Ar(U). Further, Ar(U) contains the
multiplication-by-n maps u,: V — V for each n € Z. Thus, for
g1,..-9x € G and nq,...,ny € Z, the image of > n;g; in End(V) is
0k © [(pny 0 91) X -+ X (pmy, © gi)] © Ap € Ar(Uf). O

2.2. Additive dimensions.

Definition. Let &/ be a modular universe. An additive dimension on U is
a function dim: Ob(U) — N such that for all f: V — W in Ar(U),

dimV = dimker f + dimim f.
This property will be called additivity.

Examples. Each of the following has an additive dimension:

e the universe of finite-dimensional vector spaces over a fixed field,
equipped with the linear dimension;

e the universe of abelian p-groups of finite Priifer p-rank, with dimen-
sion the p-rank;

e the universe of all abelian groups definable in a theory of finite Mor-
ley rank, with dimension the Morley rank;

e the universe of all abelian groups definable in an o-minimal structure,
equipped with o-minimal dimension;

e the universe of abelian Lie groups, equipped with Lie (manifold)
dimension.

Remarks. The following remarks are better understood in relation to say,
behaviour of Morley rank, but can be read independently.

e No assumption is made on when the dimension increases nor how; as
a matter of fact, any multiple of a dimension function is again one.

e There need not be a descending chain condition (‘DCC’) on objects.
This calls for a modified notion of connectedness in § 2.3.

e No relationship between finiteness and 0-dimensionality is implied.
Thus, we handle in the same operational setting IF)) (n-dimensional,
in finite group theory) and Z (0-dimensional, in Lie theory).

e It is unclear whether the non-abelian case is restrictive enough for a
general theory to emerge. Typically, handling commutators requires
the dimension to be defined on subsets, not only subgroups.

For example, we do not know about free groups or Tarski mon-
sters; the question seems to be of interest but beyond our expertise.

e We briefly mused on the possibility of determining natural criteria for
a pre-dimension—defined only on submodules of some V—to extend
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to a genuine dimension on subquotients as well, but this remains
mostly unexplored. Such topics are nontrivial in model theory.

Remarks (for model theorists). Our work stems from model theory but we
wish to stress a couple of differences.

e The focus is on group subquotients instead of general definable sets.
(One could define dim on cosets but we will not need that.)

e We work with a dimension on a universe containing a fized group
structure and make no demands on its behaviour in elementary ex-
tensions. Thus dimension is not required to be a ‘strong’ invariant
(viz. a property of the theory); as a matter of fact, an elementary
extension need not bear a dimension function.

Morley rank and o-minimal dimension are strong invariants. We
do not have an example of (the definable universe of) an abelian
group V carrying an additive dimension and an elementary extension
V* not admitting one.

Arguably we touch here the difference between first-order (defin-
ability in one structure) and model-theoretic (definability in family,
viz. in elementary extensions) properties; or between model-theoretic
algebra and model-theory properly speaking.

Dimension Properties. Let (U, dim) be a modular universe with an addi-
tive dimension, from which we take modules.
(i) dim{Oy } = 0.
(i) If W <V, then dimW < dim V.
(i3) dim(Vy x Va) = dim V; + dim V5.
(i) If Vi,Vo <V, then dim(V; + V) = dim V] + dim Vo — dim (V) N Va).

Proof. For the first, apply additivity to the identity map ¢ : V' — V. The
second follows from additivity of the quotient map p : V. — V/W (and
that dim is non-negative). For the third, additivity of the projection m :
Vi x Vo — Vi shows dim(V; x V) = dim Vj 4 dim(ker 71 ), so the result then
follows from the fact that {0y, } x Vo and V5 are compatibly isomorphic. For
the final point, apply additivity to the restriction of o to V1 x Vo (using that
the kernel is compatibly isomorphic to Vi N Va). O

Definition. If (i{,dim) is a modular universe with an additive dimension
and V € Ob(U), we call V' a module with an additive dimension, leaving U
implicit from context.

In practice, we often have in mind HSPge(V') (viz. those homomorphic
images of submodules of powers of V' which are model-theoretically defin-
able) when we say V is a module with an additive dimension.

2.3. dim-connectedness. We now present a weak form of connectedness,
which is not the classical one in mathematical logic.

Definition. A module V' with an additive dimension is called dim-connected
(for dimension-connected), or simply a de-module, if every proper submodule
W < V in U satisfies dim W < dim V.

Examples.
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e The only dc-module of dimension 0 is {0}.

e Every finite-dimensional vector space over F), is dim-connected with
respect to the linear dimension.

e If the dimension function satisfies ‘dimA = 0 <= A is finite’,
then V is dim-connected if and only if V' is connected in the usual
model-theoretic sense of having no proper subobjects of finite index.
But this is not so in general as we assume neither implication.

Remarks.

e If V contains a dc-submodule V! < V with dim V! = dim V, then
V1 is unique (hence invariant under U-automorphisms of V) and
called the dc-component of V.

e If W < V and both have dc-components, then W' < V1. Indeed,
additivity implies dim((W!1+V?1)/V1) = 0, so dim(W!/Winvt) =0
also. Then dim-connectedness of W' forces W! = Win V1,

e If U satisfies the descending chain condition on objects, then dc-
components exist. The converse is false (0-dimensional Z).

e In the universe of divisible abelian p-groups of finite Priifer rank, the
dc-component of V' is the largest subtorus entirely contained in V.

e The dc-component of a group of finite Morley rank or an o-minimal
group is its connected component.

e In general, even if dc-components exist, the index [V : V1] need not
be finite (0-dimensional V).

We now highlight various operations preserving dim-connectedness.

Connectedness Properties. Let (U,dim) be a modular universe with an
additive dimension, from which we take modules.
(i) If V is dim-connected and f: Vi — Va is compatible, then im f is
dim-connected.
(ii) If Vi and Va are dim-connected, then so is Vi x Va.
(iii) If V1,Vo <V and V1 and Va are dim-connected, then so is Vi + Va.

Proof.

(i) Let Wy < im f be a submodule of maximal dimension. Set W; =
f7Y(Ws) > ker f, and let g: Wi — W be the restriction of f. Then
dim W} = dimker g + dimim g = dim ker f 4+ dimim f = dim V;. By
dim-connectedness, W7 = Vi, so Wy = im f.

(ii) Suppose Z < Vj x V4 is a submodule of maximal dimension. Let m; :
V' — V; be the projections and 77 the restrictions to Z. Notice that
ker 7; is compatibly isomorphic with V;, hence dim-connected of the
same dimension; of course ker 7TZ~Z < kerm;. Then dim Vi +dim V5 =
dim(V; x V5) = dimZ = dimimﬂ'iz + dimkerﬂ'iZ < dimimm; +
dimkerm; = dimVj; 4+ dim V5. By dim-connectedness, one finds
kerm? = {0} x Vo < Z and V; x {0} < Z, s0 Z > (V; x {0}) -
({0} x V&) = Vi x Vs,

(iii) Apply the first two points to the sum map Vi x Vo — Vi + Vo, O

2.4. The characteristic of a module.

Definition. Let V be a module with an additive dimension. We say that:
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e V has characteristic p, for p a prime, if it is of exponent p;
e V has characteristic 0 if it is divisible.

Remarks.

e A module need not have a well-defined characteristic: consider Z/6Z.
e Modules of characteristic 0 may well contain torsion: consider Cpe.

Characteristic Lemma. Let V be a module with an additive dimension.
If V' is dim-connected, then V' has a finite-length, Auty(V')-invariant, dim-
connected composition series 0 = Vo < --- <V, =V inld withn < dimV
and each factor either of prime exponent or divisible.

Proof. We proceed by induction on dim V’; the only de-module of dimension
0 is {0}. Let p be a prime; consider the multiplication by p morphism. The
image pV <V is dim-connected, so either pV < V and we apply induction,
or pV = V. In the latter case, V is p-divisible, and we resume with another
prime. O

Examples.

e Not all interesting modules have a characteristic. Any embedding
Alt(4) — GL2(Z/4Z) makes V = (Z/4Z)? a faithful, 2-dimensional
Alt(4)-module of exponent 4. It is not minimal, but Alt(4) is faithful
on neither 2V nor V/2V. (This of course relates to solubility; one
should always be careful with std(4,4).)

e Let I be infinite and 7' = @ ; Cp as a pure group. We suspect there
is a non-trivial additive dimension on HSPg4.(T"); however Morley
rank is infinite. Hence our setting seems to allow for tori of infinite
Priifer rank.

Divisibility Properties. If V is a dc-module with an additive dimension
and p is a prime, then V is p-divisible iff Qp(V) := {v € V : pv = 0}
has dimension 0. In particular, if W <V is a dc-submodule and V has a
characteristic, then V' and W have the same characteristic.

Proof. The multiplication by p morphism has kernel €,(V); since V is dim-
connected, the map is onto if and only if the kernel has dimension 0. When
restricted to W, the kernel is Q,(W) = W N Q,(V). O

Remark. In the case where V' = (Cpe )™ (which has characteristic 0) with
p > 2 a prime, it is well-known (for instance [Dell2]) that the restriction
morphism:

p:Aut(V) — Aut(Q,(V))
kills no element of finite order. (There is a kernel {+1}" if p = 2.) We could
however not make profit of this remark in our present work.

2.5. Dc-irreducibility and classes Mod(G, d, q).

Definition. A dim-connected G-module V' is dc-irreducible (as a G-module),
if it has no non-trivial, proper, dim-connected G-submodule.

Notation. Mod(G,d) is the class of all dim-connected G-modules of di-
mension exactly d. (They are not required to all live in a common universe;
here one browses through universes and dimension functions.) Subclasses
Mod(G,d, q) specify the characteristic.
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By the Characteristic Lemma (§ 2.4), dc-irreducible modules always have
a characteristic.

2.6. Coprimality results. We now let finite cyclic groups act on our mod-
ules; as one imagines, the characteristic plays a crucial role. Bear in mind
that we do not assume the existence of dc-components for submodules (see
remarks in § 2.3); this explains why we avoid centralisers and prefer to work
in terms of ad and tr.

Notation. Let V be a (g)-module, where g has order p.
e letadg=1—g andtrg:1+g+-'~+gp*1.
o Let By =imad, and Cy = im try.

When g acts compatibly on V' (in some universe), the Universe Properties
ensure that ad, and try are compatible endomorphisms, so B, and C, are
submodules. Be careful that Cy does not stand for the centraliser (though
always Cy < Cy(g)); for instance, if g is an involution acting in characteristic
2, then tr, = ady and Cy = B,. However, in characteristic not p, pathologies
are confined as shown below.

Coprimality Lemma. Let p be a prime and V be a p-divisible, dim-
connected (g)-module with an additive dimension, where g has order p. Then
V = By + Cy and dim(By N Cy) = 0.

Proof. As By and Cy are images under compatible endomorphisms of V, they
are dc-submodules. Notice how adgotry = trgoady = 1—¢? = 0in End(V),
so By < kertry and Cy < kerad,. However one sees kerady Nkertr, <
,(V), which is 0-dimensional by the Divisibility Properties. Thus,

dim Cy = dimimtr, = dim V — dim ker tr, > dim ker ady, > dim Cj,
so equality holds. Then:
dim(By + Cy) = dim By 4+ dim Cy = dimim ad, + dimkerad, = dim V,
and V = B, + C,; by dim-connectedness. O

Remarks.

e The lemma proves that By N C, < Q,(V), so if V has characteristic
a prime different from p, then B, N Cy = 0. But in characteristic 0,
B, N Cy need not be trivial, nor even finite.

For instance let 17,1y ~ Cos with central involutions i1, 43, and
a an involution inverting 77 while centralising T5. Let S = (71 @
Ty)/ (i1iz). Notice how B, = (1—a)S =T and Cy = (14+a)S =T,
intersect. Finally take an infinite direct sum of copies of S and say
it has dimension 1.

e The proof also shows Cy < kerady, = Cy(g) have the same dimen-
sion: hence Cy(g) has a dc-component, which equals Cy. (Acting
on a p-torus of infinite Priifer rank, one can produce examples with
[Cy : Cy(g)] = 0c.) However, without assuming p-divisibility, Cy (g)
need no longer have a dc-component.

The conclusion of the Coprimality Lemma is a ‘quasi-direct’ decomposi-
tion for V. (This terminology has other meanings in the literature.)



Sym(n)- AND Alt(n)-MODULES 13

Definition. If A;,..., A, are submodules of a module V, the sum > A;
is said to be quasi-direct if dim»  A; = > dim 4;, in which case we write
A=A @) A

Remark. Note that Y7 A; is quasi-direct if and only if both: S 77! A; is
quasi-direct, and dim (An N Z?il Ai) =0.

The following lemma highlights an important application of the Copri-
mality Lemma—it will be used often in the sequel.

Weight Lemma. Let E be a finite elementary abelian 2-group and V a
2-divisible, dim-connected E-module with an additive dimension. Then V
decomposes into a quasi-direct sum of dim-connected weight submodules V)
where X : V- — {£1} is a group morphism and each e € E acts on V) as A(e).
Each X\ is called a weight of E and V) the corresponding (dim-connected)
weight space.

Proof. Write E = Ey® (e). By the Coprimality Lemma, V' = B, (+) C. with
e inverting the first factor and centralizing the latter. Applying induction
to the action of Fy on each of B, and C, then yields the desired result. [J

Remark. If V is a 2-divisible, dim-connected G-module and K < G is
a Klein four-subgroup whose nontrivial elements are conjugate in G, then
the spaces attached to non-trivial weights have constant dimension ¢, and
dim V' = dim Cy (K) + 3¢. This will be used repeatedly.

3. THE PROOF

The proof of the Theorem will be assembled from three components: the
Recognition Lemma (§ 3.1) provides an elementary geometric condition suf-
ficient to identify the standard Sym(n)-module (and its quotients in relevant
characteristics); the Extension Lemma (§ 3.2) uses an analogous geometric
condition to identify when an Alt(n)-module extends to Sym(n) in such a
way that Recognition applies; and the Geometrisation Lemma (§ 3.3) details
how Alt(n)-modules of low dimension naturally possess the geometric con-
dition needed to invoke Extension (and thus Recognition). Notably, the first
two of these results are quite general with hypotheses only on the existence
of a dimension function, and no restriction on its values.

Notation.

1. Elements. We reserve i,7j,k,... for elements of {1,...,n}. Permu-
tations are typically denoted by lower-case greek letters, reserving;:

e 7,7/ for transpositions;

e «, 3 for bi-transpositions;

e v, 0 for 3-cycles.

We indicate that permutations o7 and o9 have disjoint supports |01
and |og| by writing o1 L o9.
2. Subgroups.

e We avoid stabiliser notation G;; and Gy; ;3. Instead, if S =
Sym(n) and I C {1,...,n}, we let St < S be the subgroup of
permutations with support contained in I. For o € S, we let
So = S|o| and S,1 = S|yc. Likewise in Alt(n).
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e We often consider subgroups of A = Alt(n) isomorphic to Sym(k).
Typically, for |I| <n — 2 and symbols k, ¢ ¢ I, we let:

S = Aru((Sr\ Ar) - (k)

o if elo)=1 |
:{UW) if e(0)=-1 'UGSym(I)},

a subgroup of Alt(n) isomorphic to Sym(I). When there is no
ambiguity we simply write Xj.

e We use K for Klein four-groups of bitranspositions, with Kk
the Klein four-group having support {i, j, k, ¢}.

Also, recall:

e from § 2.5, that Mod(G, d, q) stands for the class of dim-connected
G-modules of dimension d and characteristic ¢;

e from § 2.5 as well, the notion of dc-irreducibility meaning irreducibil-
ity in the class of dim-connected G-modules;

e from § 2.6, that for V a G-module and g € G, we define By :=
l9,V] = imad, where adg =1 — g € End(V).

3.1. Recognising the standard module. The Recognition Lemma con-
structs a natural covering module under assumptions of an elementary geo-
metric nature. In prime characteristic (or in the torsion-free case), the kernel
is known, and the isomorphism type fully determined.

Recall from § 1.1 that std(n,Z) = (f1,..., fn—1) is the Sym(n)-submodule
of the permutation module perm(n,Z) = (e1,...,e,) generated by f; =
e;—ey. For any abelian group L, std(n, L) := std(n, Z)®zL, and std(n, L) =
Std(nv L)/Cstd(n,L) (Sym(n))

Recognition Lemma. Let n > 1, S := Sym(n), and V € Mod(S,d,q)
be faithful and dc-irreducible. Suppose that for any transposition T, one has
(., B =0.

Then for some abelian group L and arrow ¢ in U, there is a surjective
morphism ¢: std(n, L) - V of S-modules. Moreover:

o if 0% q|n, then ker p = Cyq(n,1)(S) and V ~ std(n, L);

o if0# qfn, thenkerp =0 and V ~ std(n, L) ~ std(n, L);

o ifg=0, then ker ¢ = (c) ® K where ¢ = Z;:ll fi and K < Q,(L) is
0-dimensional.

Remark. In the first two cases, V is completely reducible into a direct sum
of isotypical summands std(n,F,); when V is torsion-free, the same is true
with summands of the form std(n,Q). However, actions on tori could give
rise to non-trivial quotients (in characteristic 0).

Proof. The case of n < 2 is clear, so we suppose n > 3. By dc-irreducibility,
V=I[SV]= Z?:_ll Blin; this will be used several times below.

Claim 1 (local equations). Let i # j. Then ad; = 1 — (ij) acts as:
2 on B(lj)
(Jk) on By for k ¢ {i, j}
0 on By for {k, 0} L {i,j}.
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Proof of Claim. This is obvious on By;;); of course 2 = 0 is a possibility.

We turn to the middle case. Let A := S’. First, note that B(;;)y N By is
S-invariant. Indeed, it is Sy; ; x)-invariant as it is inverted by both (ij) and
(jk), and by our main assumption, it is also centralised by (A, AgpyL) =
A;1, implying S-invariance. Now let a € B, and write:

J
[1—(ij)la— (jk)a = [1 — (ij) — (jk)la = —[1 — (ij) — (jk)|(ik)a
—— N~
€Bij) €B i)
= —[(ik) — (§k)(ik)]a + (ikj)a.
N——

€Bjr) €B (k)

Thus, X := [1 — (ij) — (jk)]B(x) is a dim-connected subgroup of By;;) N
Byjr)- As noted above, B(;) N By is S-invariant, so ) 50X is a dim-
connected and S-invariant subgroup of B(;;y N B(j) < V, hence trivial by
dc-irreducibility. Hence X = 0, as desired.

It remains to verify the third equation, for which we may assume n > 4.
As [A,1,B;] =0, each 7/ L 7 gives rise to the same B := tr,/(B;), which
is centralised by S,.. We aim to show B} = B;.

For s € S, S(B(tj)) = B('Z(i)s(j)), so Vo= 37, B(‘Ej) is S-invariant.
Notice how ad ;) B(Jze) = adj) tr(;) (Brey) = 0, and (by the second local
equation)

ad(j)(B(y,) = (7k) By = (3k) trie) (Ber)) = (7k) tr(je) (75) Bij)
— _ nt
= tr(ke) Biij) = Bij)-
Thus, ad;; vVt = B(t.j). By dc-irreducibility, VT equals 0 or V, so either
+ _ + _ _ :
By = ad; V*t =0or By = ad(;jy V' = ad(;;) V = By The latter is
our goal, so it remains to consider B(t.j) = 0.

Assume B(t.j) = 0. If ¢ = 2, we have the desired result since 0 = B(J;.j) =
tr () (B(ij)) = ad(re)(B(ij))- If ¢ # 2, then Coprimality implies that By =
Biy¢); conjugating, this quickly contradicts dc-irreducibility when n > 5. If
n = 4, then V. = B(19) + B(23) + B(34); sinceB(12) = B(34), one has V =
B(12) + B(23). Moreover, V' = B(19) + B(23) is a K-invariant decomposition
(for K the Klein four-group) with the first factor centralised by (12)(34) and
the second by (23)(14). A weight space decomposition of V' for K must then
result in the trivial weight space having positive dimension (by the Weight
Lemma), against dc-irreducibility and faithfulness. %

We construct a covering S-module as follows:
e let L := B(y,) as a trivial S-module;
o let V= std(n, L) as an S-module, and define f; = e; — e, as usual;
o let ¢ : V — V be the additive map such that o(f; ® £) = (1i) - ¢,
where (11) is interpreted as the identity.

Every element of V has a unique decomposition as Z?:_ll fi®{; for 4; € L,
so  is indeed well-defined and additive. Note that in the image of ¢, we
use the non-trivial action of S on B(y,) < V.
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By the Universe Properties of § 2.1, perm(n, L) is an S-module in U, so
each f; ® L, being the image of perm(n, L) under ad ), is also in Y. Taking
the sum, we find that V is an S-module in . Now let i [i®L—V be
(1i) ovom; where ¢ : L — V is the inclusion map and 7; is the restriction to
fi ® L of the i*!-projection of perm(n, L) = L™. Thus, each ¢; is compatible
so their common extension to V (which is ) is as well.

Claim 2 (covering). ¢ is a surjective morphism of S-modules.

Proof of Claim. Notice that o(f; ® £) € (1i) - B1,) = B(y,). Therefore
ime > Z;:ll B(iny =V, s0 @ is surjective. It remains to prove covariance.
We use Claim 1 freely.

Since {(jn) : 1 < j <n—1} generates S and {f;®f:1<i<n—-1,L€ L}
generates V, it is enough to treat the basic cases. If ¢ = j, then

o((in) - (fi® L)) = —p(fi® L) = (in) - p(f; @ £).
If i # j, then

() - (f: @ 0) = o((fi — £3) ® ) = (1) — (Lj)L.
To compute (jn) - p(f; ® £), we consider separately j =1 or not. If j =1,
(1n)(1d)0 = (1i)(in)l = (13)[(in) — 1 4 1] = —(10)%€ + (1i)¢,

completing this case. And if j #£ 1,
(n) (1)l = (1i)(jn)t = (10)[(jn) — 1 + 1€ = —(1i)(15)€ + (12)¢,
which establishes this case since (15)¢ € By, is centralised by (17). O

Claim 3 (kernel control).
o If 0 # q | n, then ker ¢ = Cp(S) and V ~ std(n, L);
e if 0 # g {n, then kerp = 0 and V =~ std(n, L) ~ std(n, L);
e if ¢ =0, then ker p = (¢) ® K where ¢ = S f; and K < Q,,(L) is
0-dimensional.

Proof of Claim. Let ¢ = 7" f; € std(n,Z). We first contend that:
e H(Cv(9) =Cp(S)={c®l: e L:nl=0}=(c) % (L) ~ Q,(L).

Notice at once that ¢ generates the centraliser of Sym(1,...,n— 1), in sym-
bols Cgq(n,z)(S,2) = (c); the same holds in std(n, L), viz. Cy(S,1) =
() ® L. Also, in std(n,Z) one sees (In)c = ¢ —nfi, so Cp(S) = {c®@ { :
nl = 0} = (¢) @ Q(L) ~ Z @z U (L) ~ Qu(L). It remains to prove
¢ H(Cy(S)) = Cy(S). The latter is clearly contained in the former; we now
show that v € Cy(S) is in the image of C} (5). As noted after Claim 1,
v = 2?2_11 v; with v; € B(;,). Applying ad(y;) and using the local compu-
tations, we see that (in)vy + (1n)v; = 0, implying that v; = (1¢)v;. Thus,
v =300 (L = p(c@vy).
We may now finish the proof. Clearly ker ¢ < ¢~ 1(Cy(5)) = C(S5).
e First suppose ¢ # 0 and ¢ { n. Then Q, (L) and Cy,(S) > ker ¢ are
trivial, so V ~ V = std(n, L). (The same holds if V is torsion-free.)
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e Next suppose ¢ # 0 and g|n. Then L = Q,(L) so C(S) = (¢) L ~
L; the image ¢(Cy, (5)) = Cy/(S) is now a quotient module of L,
hence dim-connected. By dc-irreducibility of V', Cy(S) is trivial, so

Cp(S) = kerp. Hence V ~ V/ker ¢ = std(n, L). (The last is seen
by recalling that g is prime and std(n,F,) is irreducible.)

e Finally suppose ¢ = 0. Recall that €, (V) is 0-dimensional by the
Divisibility Properties. Subgroups of (¢) ® Q, (L) =~ Q,(L) are of the
form (¢) ® K for K < Q,(L), and ker ¢ is one such. O

This completes the proof of the Recognition Lemma. U

On can also rephrase Claim 2 of the Recognition Lemma as follows, with
no reference to dimensionality.

Corollary. Let V' be an abelian group equipped with an irreducible, faithful
action of Sym(n). Suppose that for any two distinct transpositions T, 7' one
has Y e ir oy €(9)g =0. Then V' is a homomorphic image of some std(n, L).

Proof. The ‘integration formula’ implies [1—(ij)][1— (k¢)] = 0 (when 7 L 7')
and [1 — (ij)][1 — (¢k)] = (jk)[1 — (ik)] (when 7 £ 7') in End(V'). Hence V
satisfies the conclusion of Claim 1, which is enough to produce a covering
map ¢: std(n,Z) ®z By — V. O

3.2. Extending an Alt(n)-module to Sym(n). We now turn to Alt(n)-
modules, giving a geometric condition (analogous to that for the Recognition
Lemma) under which an Alt(n)-module extends to a Sym(n)-module sub-
ject to Recognition. But do note that the two lemmas, Recognition and
Extension, are independent.

Extension Lemma (cf. [Wag76, Wag77]). Let n > 7, A := Alt(n), and
V € Mod(A,d,q) be faithful and dc-irreducible. Suppose that for any bi-
transposition «, one has [A,1, Ba] = 0. Then:

e if ¢ = 2 there is a unique compatible action of Sym(n) extending the
Alt(n)-structure;

e if ¢ #£ 2 there are exactly two such, obtained from each other by
tensoring with the signature.

Moreover, up to tensoring with the signature, the extension satisfies that for
any transposition T € S := Sym(n), one has [S,;., B;] = 0.

Remark. If n > 8 the main assumption is equivalent to: for any 3-cycle ~,

one has [A, 1, By] = 0. The ‘y’-version is however stronger if n = 7.

Proof. The bulk of the proof is devoted to existence; uniqueness will result
afterwards. We aim to extend the action of Alt(n) to Sym(n); to that end,
we first identify what should be B;;) = [(ij), V], which (up to tensoring
with the sign representation) should be thought of as a line that we will call
L;jy. In the standard module, L(;; can be computed as B, N B, using any
bi-transposition « that swaps i and j and any 3-cycle v satisfying |a|N|y| =
{i,7}. (There are certainly other ways to isolate B(;;) such as by intersecting
B, and Bg for a and 3 distinct bi-transpositions that both swap ¢ and j;
this was in fact our original point of view.)
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Claim 1. Let i # j be given. For distinct a,b, k ¢ {i,j},
Lij) = imad(i5)(at) © adijr) = (Beijy(ar) N Beijny)'
is nontrivial and independent of the choice of a, b, k. Also, [A (g} L] = 0.

Proof of Claim. Consider L;;y := ad;j)(ap) Bijr) for distinet a,b,k ¢ {4,7};
set o := (ij)(ab) and 7 := (ijk).

We first prove centralisation by A{Z-J}L and independence from a, b, k.
Note that the group (A,.)" is generated by its bi-transpositions 3 (when
n =17, this fails of A, itself), which all commute with ~ and satisfy:

adg(B,) = adgoad, (V) = ad, oadg(V) = ad,(Bg) < [Ag1, Bg] =0,

implying that [(A,.)’, By] = 0. Also notice that a inverts 7. In particular
ad, leaves imad, invariant; hence L(;;) < Ba N By, so by assumption and
what we just noted, L) is centralised by (4,1, (A,1)") = A ;11 (even if
n=7T). And as Ag; 1 > Alt(5) is 3-transitive off of {i, j}, we also find that
L;j) is independent of the choice of a, b, k.

We now show L;;y = (Ba N B,)!, which will follow readily from Copri-
mality and dim-connectedness of L;;y = ad, oad, (V). If char V' # 2, then
letting a act on B, we find By, = L) (+) tra(B,). Now By Ntra(B,) <
Ba N Cy has dimension 0, so dim(B, N By) = dim(Ba N (Lj) (H) tra(By)) =
dim L;jy + dim(By N tra(By)) = dim L.  And if char V' # 3, write
V = B, (+) Cy, an a-invariant decomposition. Applying ad,, we find that
Bo = L(;) + ado(Cy) with B, Nad,(C,) being 0-dimensional. As before,
we find that dim(B, N By) = dim L.

It remains to show that L(;; is nontrivial, which is equivalent to showing
that o does not centralise B.. Suppose it does. Conjugating, « centralises
Byijey for all £ ¢ {i,j,a,b} and also B(gy) for all £ ¢ {i,j,a,b}. Thus,
Cv(a) contains both [Ag, 31, V] and [Agy1, V], hence all of [A, V]. This
contradicts our assumptions of dc-irreducibility and faithfulness. O

Remark. There is a counterexample to Claim 1 when n = 6. In the case
of the adjoint representation of Alt(6) ~ PSL(Fy), [A,+, Ba] = 0 and L,
has positive dimension, but L(;j is not independent of the choice of a, b, k.

The next claim establishes various expected properties of the L;j); recall

that L;;) is a proxy for B).

ij)s

Claim 2 (Geometry of lines).

(D) V=25 L)

(2) If {4,5} # {k, £} are distinct pairs, then L;;y N L(ze) = 0.

(3) If 4,4, k, £,z are distinct symbols, then:

hd ad(ijk)(L(ix)) = L(ij)§
o ad(ij) ko) (Lin)) = Liij)-

(4) Leij) < Lawy + Ligwy-
Proof of Claim. Clearly Zi# L
establishing (1).

We now handle (2) and will prove that distinct lines are disjoint. We
first consider disjoint index sets; by conjugacy, we may take ¢, 5, k,£ to be

ij) is A-invariant so must be equal to V/,
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2,3,4. Using Claim 1,
L12) N L(zgy < Bigs) N Cy ((125)) < Q3(V),
but on the other hand:
L2y N Lzay < Bgyse) N Cr((12)(56)) < Qa(V).

Thus, L12) N Lzg) = 0, so lines with disjoint index sets are disjoint; we
turn to intersecting sets. Notice that L(19) N L(23) < B(12)(45) N B(23)45) <
Cy((123)). Hence:

L12) N Laz) < Biaz) N Cv((123)) < Q3(V).
On the other hand L(12) N L(23) < B(12)(34) N B(Qg)(14) < Cy((13)(24)), so

L12) N L23) < Bpayaa) N[Cv((13)(24)) N Cv((123))]
< Bg)ag) NCv((12)(34)) < Qa(V).

Therefore L1y N L(23) = 0; distinct lines are disjoint.
We now prove (3). Here we take 7, j, k,z to be 1,2,3,4. Let a = (12)(56),
B = (23)(56), and v = af = (123). We show ad,(L(14)) = L(12). Observe:
ady=1—-af=1—-p+(1—-a)f =adg+ad, 0. (%)
If v € L1y, then v € Cy(B), so applying () we find ad, (v) = ada(v) € Ba.
Thus adv(L(14)) < (37 N Ba)l = L(12)7 by Claim 1. And as - L(14) = L(24),
we have L(14) NCy(y) < L(14) ﬂL(24) =0 by (2), so L(14) Nker ad, is trivial.
Thus, dim ad, (L(14)) = dim L(14) = dim L(y), forcing ad, (L(14)) = L12)-
For the second part of (3), we keep a, 3,7 as before and show adg L4y =
L33y. Now, 8 = a7, so here adg = ad, +ad,0y. But adgoy(L(g) =
ada(L(34)) = 0, so by our previous work adg(L(24)) = ady(L(24)) = L(23)-
For (4), consider H := Eﬁ?g} ~ Sym(3), and observe that [H, B(j23)] =
ad(13)(45)(B(123)) + ad(23)45)(B(123)) = L(13) + L(23). Of course, [H, B133)]
also contains ad(12)(45) (B(123)) = L(12)’ <>

For I C{1,...,n} with |I| > 2, define

= > L.

(4.5)CI
Claim 3. Let I,J C {1,...,n} with |I|,|J| > 2. The following hold:
( ) V{l, wn} = Vi
(2) if [INJ| >1, then Vi =V +Vy;
(3) if |[I| < n — 3, then VIHL(ab) =0 for a,b ¢ I;
(4) the sum L(jy + La3) + -+ + L(n_2,—1) is direct;
(5) [Are, Vil =0;
(6) [Ar, V] = Vr provided |I]| > 3.

Proof of Claim. Part (1) is merely Claim 2(1), and (2) follows readily from
Claim 2(4). Parts (5) and (6) are also fairly immediate. Indeed, [A;1,V]] =
> jcilAre, L )] = 0 by Claim 1, and if |I| > 3, then

[AnVI= Y By= Y Lay+Lun= Y Lu

IvICI (4,5,k)CI (6,5) I
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For (3), choose distinct a, b,k ¢ I; set X := L(qp) NV Let i € I'\{a,b, k}
and y := (iak). Then using all of Claim 2 we find ad, (X) < Lax)NL(iq) = 0,
s0 X < Lgy) N Y(Lap)) = Lar) N Ly = 0. This establishes (3), and (4)
now follows readily by induction. O

For fixed 7 # j, let
E;j :={a| ais a bi-transposition exchanging 7 and j}.

The final ingredient we need to define the action of a transposition 7 is
the hyperplane representing Cy (7), which we now define as H.. (Regarding
our definition below, recall that C, = tr, V, and though always contained
in Cy(«), it may be significantly smaller.)

Claim 4. Let H ;) = ZaeEij Cy. For distinct k,a,b ¢ {i,j}, we have V =

Proof of Claim. We first show Vi; 31 < Hy). Let (kf) L (ij). If ¢ = 2,
then since ad, = tr, for every bi-transposition «, one has L) < B(ij)ke) =
Ciujykey < Hejy. If ¢ # 2, then taking (v,y) L {4,5,k,£}, one has by
2—diViSibi1ity L(k@) < C(ZJ)(xy) < H(z]) In either case, Vv{z}j}i < H(Z]) More-
over, any two «, 8 € E; ; agree modulo [Ag; 31, V], so using Claim 3(6),

Cpg < Cy+ [A{m-}L, V] =Cy+ V{Lj}i.

Thus, we have in fact shown H;j) = Cq + Vi, jy1 for any a € E; ;.

Fix distinct k,a,b ¢ {i,j}. Since Vi, 31 < Hy), Claim 3(1,2) imply V =
Viijky + Hig)- Also, for a = (ij)(ab), by Claim 2(3) one has ada (Vy; jry) <
L(ij)v and

ada H(ij) = ada(Co + Vi jy0) = ada(Ca + Vi japyt +Vikas) < Vikaey-
—_—
<Cy(a)

By Claim 3(3), Lj) N Vigapy = 0, so ada(Vis ik N He) = 0, meaning
Viijky N Higy < Cy(a). O

Remark. If ¢ # 2, then one even has V = H(;;) + L(;j), while if ¢ = 2
then L;;) < H;;). We however give a characteristic-independent endgame,
treating reflections and transvections at once.

Claim 5. There are compatible involutive operators {7(;;) : i # j} C Auty(V)
such that for ¥ := (7(;;) : i # j) and S := Sym(n) we have:

e the map (ij) — (i) extends to an isomorphism S ~ ¥ with A = Y/

e the image of S(;;)1 centralises B, .

Proof of Claim. Fix any k ¢ {i,j}. By Claim 3(5) Vi; ;s is centralised
by A(jkL, so every choice of a = (ij)(ab) with a,b & {i,j,k} yields the
same action on Vi; ;). Using Claim 4, define 7;;) (currently depending
on k) to agree with any such o on V; j;y while centralising H(;;), which
makes sense as the intersection lies in Cy (ar). Also, notice how [7(;;), V] =
[T(ij)7 V{i,j,k}] = [a,L(ik) + L(jk)] = L(ij) by Claim 2(3,4).
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We claim that our definition of 7(;;) does not depend on the choice of k.
Fix distinct k, k" ¢ {i,j}, with corresponding 7(;;) and T(/ij). Consider the
decomposition given by Claim 3(1,2):

Vo =Viijmwy + Viigye-

Note that ‘/{i,j,k,k’} = Vv{i,j,k}"'L(kk’) = ‘/Y{i,j,k’}+L(kk’)' For a, b ¢ {’i,j, k, ]{2/},

(i) and (ij)(ab) agree on Vy; ;i1 (by definition) and on L4y, which they

both centralise since Lggy < Vi 30 < H;j) by Claim 4. Hence 7(;;) and
/

(i7)(ab) agree on Viijk iy The same holds for T(/l-j), 80 T(i5) = (i7)(ab) = uth

on Vi jrry. And as 75 and T(/Z-j) centralise Vi; 31 < Hy), they agree

if)

globally. This completes the definition of the transpositions; they are in U

by the existence of compatible extensions from the Universe Properties.
We now verify that 7(;;)7(;x) = (ijk). Fix distinet £,a,b ¢ {4, j, k}. Similar

to as above (with ¢ replacing k'), consider

V= V{i,j,k,é} + V{Z‘J’k}J_.
Since we may define 7(;;) and 7(;3) using the common parameter ¢, we find
as before that 7(;;) acts on Vi; ;. = Vi + Lae = Ve + Lue as
(ij)(ab) and 7(;1) as (jk)(ab). Since each of 7(;5), T(jx), and (ijk) centralise
Viijkyt, we are done.

These relations (which also imply that disjoint transpositions commute)
guarantee ¥ ~ Sym(n) with ¥ = A. As noted, B;,, = L(;;, so distinct
transpositions give rise to disjoint brackets, which clearly implies that the
image of S(;;). centralises By, . O

ij)9

This proves existence and it remains to deal with uniqueness.

Claim 6. If S < Auty(V) represents any compatible action of Sym(n) ex-
tending Alt(n), then up to tensoring with the signature, S = ¥.

Proof of Claim. Say that S is generated by transpositions ¢(;;). We prove
that, up to tensoring, each transposition ¢;;) coincides with 7(;;) as defined
in Claim 5. Clearly for any s € S one has s(L;;)) = Ls(i)s(j))-

Consider the action of t = #(;;y on Ly = L;;; write L = tr(Ly). Of
course { = dim L; and ¢ = dim L;” do not depend on ¢; as a matter of
fact for s € S we still have S(L?;j)) = Lé(i)s(]’))' We shall prove that up to
tensoring with the signature, L;F = 0 for any transposition t € S.

First, we show that, up to tensoring, we may assume 2¢* < /. Here is an
argument we shall repeat in the proof of the First Geometrisation Lemma,
Claim 2. In characteristic 2, one has (¢ +1)? = 0, so im(1 +¢) < ker(1 + ).
Also, restricting t to Ly, we have that dimker(1 + ¢) + dimim(1 4+ ¢) =
dim L; = ¢; hence 2¢™ < £. In characteristic not 2, up to tensoring, we may
exchange try; with ad;, hence try(L;) with ad¢(L;), and therefore assume the
same. So up to tensoring (to no effect if ¢ = 2), 20t < £. Under this
assumption, we prove t(;jy = 7(;;), viz. uniqueness.

We first contend Lzrlz) < L?rl?)) + L?F%). Let a € L?ru); by Claim 2(4) there
is a decomposition a = aj3+ags with aig € L(13) and ag3 € L(o3). Notice how
a = tg)a = t(12)a23+1t(12)a13, s0 as L(13)NL(23) = 0, we find that ¢(;) swaps
aiz and agz. Our approach is to show that we similarly have {130 = a3
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and t(p3ya = a13; then, as (i3 (L?‘u)) = LE:,))

will be done. Now, using ags € L(23) < B(123) < ker tr(j3) from Claim 2(3):
0 = ags + (123)asgs + (123)2(123
= ags + t(13)t(12)a23 + (132)azs
= ag3 + t(13)a13 + (132)(123
= a3 +taz)a—tazyazs+ (132)asgs .

and t(23)(LEF12)) = Lag), we

EL(23) €L<23> GL(lg) eL(12)
Disjointness of lines proves t(13ya = ag3, and similarly we find ¢(33ya = as.
Thus, aq3 € Lag) and a3 € Las), as desired.
We claim that ?;; inverts L(;;) and centralises Vi; ;31. Let vVt =

Dot ngj). It is Alt(n)-invariant so equals 0 or V' by dc-irreducibility. And

from our work above, V1 = L?rm) + L(Jr23) + e+ L&_Ln). Since we are
assuming 20T < ¢, Claim 3(1,4) now yields:
(n—1)

dim V"™ < (n—1)0" < < (n—2)¢<dimV,

so VT <V, implying V™ = 0. In particular, t(ij) inverts L, and then by

Claim 1, we see that for (k€) L (ij), t(xe) = t(ij)(ij)(kf) centralises L;j).
We now prove that t(;;) and 7(;;) agree everywhere. By Claim 3(1,2),

Vo= Vijk + Viijyo, with both maps centralising the latter term. By

definition, 7(;;) acts on Vj; ;1 as (ij)(ab) for any (ab) L (ij), and as t(q)

centralises Vy; j 1y, t(i5) also acts on Vi, ; 1y as (ij)(ab). We are done. O
This completes the proof of the Extension Lemma. U

Remark. Uniqueness does not hold without assuming compatibility of the
action of S: one could break L = L @ L~ into abstract pieces (e.g. view-
ing the complex field as a real vector space), producing a non-compatible
decomposition V = V* @ V', one being the sign-tensored version of the
other.

3.3. The Geometrisation Lemma. Here we establish that Sym(n)- and
Alt(n)-modules of sufficiently low dimension necessarily carry the geomet-
ric structure of the standard module, leading to their identification by our
previous work.

We begin by treating the minimal case for Sym(n). The authors disagree
on the significance and relevance in the present paper of isolating this situ-
ation; it is to the reader to decide. Nevertheless, the First Geometrisation
Lemma will be used in the proof of the significantly more powerful Geometri-
sation Lemma. Do note that the special case addressed here holds for all n
(trivially for n < 3). As a result, we need to account for Sym(6)-modules
that are ‘quasi-equivalent’ to std(6,2) via a twisting of the module by an
outer automorphism of Sym(6).

First Geometrisation Lemma. Let n > 3, S := Sym(n), and V €
Mod(S,d, q) be faithful. Then d > n — 2; if equality holds, then n > 5,
and for any transposition T € S, we are in one of the following cases:
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e up to tensoring with the signature, V satisfies [S;L,BT] =0;
en =6, g = 2, and up to composing the action with some o €
Out(Sym(6)), V' satisfies [S.,, B;] = 0.

Remarks.

e The (reduced) standard module is not faithful when n = 3,4.
e The proof requires going to quotients, so dealing with objects which
are not subobjects. See Remarks on p. 6.

Proof. Let S = Sym(n) and A = S’. We begin with the soluble cases.
Claim 1. If n € {3,4}, then d > n — 1.

Proof of Claim. Suppose d < n — 2. If n = 3, then the action cannot be
faithful since involutions must either centralise or invert a 1-dimensional
dc-module, forcing A to act trivially.

If n = 4, then for the same reason d = 2, and if ¢ # 2, then the Weight
Lemma yields a contradiction. So if n = 4, then ¢ = 2, and involutions
act quadratically (with (i —1)? = 0). By faithfulness, for bi-transpositions
« # f3, one has dim B, = dim Bg = 1. Thus, B, = (Cy(a))!, and letting o
act on Bg, one finds Bz < (Cy(a))!, forcing B, = Bg. Hence, B, = [A, V]
is S-invariant, but then A centralises the 1-dimensional dc-modules [A4’, V]
and V/[A’, V], contradicting faithfulness (and non-nilpotence of A). O

From now on n > 5. We may thus also suppose that d is minimal such
that V' is faithful; consequently, V is now dc-irreducible.

Assume d < n — 2; we shall identify the module. Let b = dim B, which
does not depend on the transposition 7.

Claim 2 (‘up to tensoring’). We may assume 2b < d.

Proof of Claim. If ¢ = 2 then 7 acts quadratically, viz. (7 — 1)2 = 0. Hence
B; =im(1—7) < ker(1—7). On the other hand, dimker(1—7)+dimim(1—
7) = d; hence 2b < d. (This argument already appeared in the Exten-
sion Lemma, Claim 6; it will be used again in the Geometrisation Lemma,
Claim 2.) If ¢ # 2 then by the Coprimality Lemma, V = B; (+) C;. Tensor-
ing with € exchanges 7 with —7, hence B; with C;, so up to tensoring, we
may assume dim B; < dim C,; and 2b < d. O

Claim 3. If n € {5,6}, we are done.

Proof of Claim. Let n < 6 and 7 be a transposition. If b = 1, then S_. must
centralise or invert B, forcing A_. to centralises B;, so we may assume
b > 2. Since d > 2b, we have reduced to the case of n =6, d =4, and b = 2.
Moreover, by Claim 1, S.1 ~ Sym(4) is faithful on neither B; nor V/B;, so
bi-transpositions in S.1 are quadratic. Thus ¢ = 2, and it remains to deal
with this exotic configuration.

We claim that for any 3-cycle v one has B, = V. We have seen that
K. = A’T . is trivial on each of B; and V/B;, so on each factor, all 3-cycles
from S.1 have the same action. Let v be one such 3-cycle. Notice how
B; = ad,(B;) (+) tr(B;) is an S.i-invariant decomposition, so if either
factor is 1-dimensional, then v € A’T . centralises both, a contradiction. So,
ad,(B;) has dimension 0 or 2, and the analogous statement holds (with
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analogous proof) for V/B;. Thus, dim By is 2 or 4. If v centralises V/B-
then B, < B; and equality holds. Then B, = B, = B, for any other
3-cycle in S, 1 ; conjugating, we contradict dc-irreducibility. If v centralises
B, we find C,, = B; = C,/, again a contradiction. This shows B, = V.
Now let «,d be disjoint 3-cycles and € = vd. If B. = V as well, then
tr, = trs = tr. = 0, forcing:
0=1+c+¢e°

=149+ (-1—7)(-1-9)

=7+
a clear contradiction. So B, < V. Since the outer (class of) automorphism
swaps (the class of) v with (that of) €, we deduce that twisting by o, we no

longer have b = 2. Hence, in this exotic case as well, we reduced to b = 1,
implying that A_. centralises B;. O

Claim 4. If n > 7, we are done.

Proof of Claim. Let T be a transposition. By induction, A_ . centralises B,
as the alternative implies n —4 < b < 1(n —2). O

This completes the first geometrisation argument. O
We now present our main geometrisation result.

Geometrisation Lemma. Let A = Alt(n) and V € Mod(A,d,q). Sup-
pose d < n and that either

e g=2andn >10; or

e qgF2andn>"1.
Then for any bi-transposition o € A one has [Ay1, Ba] = 0.

Proof. We want to show that A, acts trivially on B,; by conjugacy the
desired property does not depend on «. The proof will by induction on n,
but methods depend on the value of ¢. Let b = dim B,,.

Claim 1 (odd case). If ¢ # 2, then we are done.

Proof of Claim. Let K = {1, a4, aj, 4} be a four-group of bitranspositions
on the same support. Let A = {Xg, \;, Aj, A} be the weights with g = 1
and \; = 04;/, viz. )\z(az) = 1 while /\i(aj) = /\z(ak) = —1. By the Weight
Lemma there is a decomposition, in obvious notation,

V= (4)n

AEA

Notice at once By, = V); + V). Of course, 4,1 ~ Alt(n —4) normalises all
weight spaces. Actually, we have more. There is A1 < ¥; < Cy(q;) with
Y; ~ Sym(n — 4); the group ¥; normalises V), and V), while swapping Vi,

and Vy,. (Typically, if o = (12)(34), we take ¥; = ESE), which exchanges

a; = (13)(24) and «aj, = (14)(23), hence also the relevant weights.)

Now, suppose that A, does not centralise B,. Then there is ¢ such that
A1 does not centralise Vy,. The action extends to one of ¥;.

Let a = dim V},, which does not depend on 7 # 0. As we are assuming
[Ay,Va,] #0, we find 1 <a < %.
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e The case n = 7 requires scrutiny. The only nontrivial subcase is
when d = 6, a = 2, and V' = V), + V), + V). Also %; ~ Sym(3)
acts on V), and the action of ¥} = A1 is nontrivial. Therefore an
involution 7 € ¥; will satisfy dim[r,V),] = 1. As ¥; swaps V), and
V> which have dimension 2, dim[r, V), +V),] = 2. As a conclusion,
dim B (V) = 3, but 7 is a bitransposition of A, hence dim B, = 3 =
2a, a contradiction.

e The same argument removes n = 8. (A possible 1-dimensional V),
causes no problem.)

o If n > 9, the action of ¥; on V), is faithful, and the First Geometri-
sation Lemma yields n — 6 < a < % < %(n—1), a contradiction.

Hence A, centralises B, as claimed. O

Remark. Assuming V is faithful, one can even show a = 1 fairly directly;
however it also is a consequence of applying Extension and Recognition.

Claim 2 (even case). If ¢ = 2 then we are done.

Proof of Claim. Suppose the action of A . on B, is not trivial. As in
Claim 1, this action extends to a faithful action of some ¥ ~ Sym(n — 4)
with AaL <Y< CA(CMJ‘).

Let b := dim B, for a a bitransposition; by quadraticity, b < %. (See the
proof of the First Geometrisation Lemma, Claim 2).

e The case n = 10 requires a close look. Here, b < 4.

Observe that X is also faithful on V/B,. If not, then any dis-
joint bi-transposition 8 L a will satisfy Bg < B,, whence equality;
conjugating, we find that B, is A-invariant and centralised by all
bi-transpositions, a contradiction. Hence B,,V/B, € Mod(X) are
both faithful.

By the First Geometrisation Lemma, the ¥-module B, is known
(be careful that dim(V/B,) could be 5). Now choose v = (ijk) €
A,1. Inspection of the possible structures for B, € Mod(3,4,2)
gives that [y, B,| has dimension 2 if B, is the standard module; for
the exotic twist, the dimension is 3. Looking at V/B,,, we certainly
have dim[y,V/B,] > 2; otherwise, for any (ij)(ab) € A,. inverting
7, the group (v, (i7)(ab)) ~ Sym(3) does not act faithfully on the 1-
dimensional [, V/B,], a contradiction since ¢ # 3. Using dim B, =
dim[y, V] = dim[y, B,] + dim[y, V/B,] by the Coprimality Lemma,
we find that 4 < dim B,, < d.

Turn to the action of Zgﬂ) ~ Sym(7) on both By and C,. It must
be faithful on at least one, so by the First Geometrisation Lemma,
one has dimension at least 6 (and the other at most 3). All this
shows dim B, > 6 and dimC, < 3. In particular A,\/J_ centralises
Cy, so Cy = C, for any 3-cycle 4/ L ~. Conjugating, we find a
contradiction.

e Assume n > 11. The action of X on B, is faithful, so the First
Geometrisation Lemma yields n — 6 < b < % < %(n —1). This is an
immediate contradiction when n > 12, and when n = 11, the First
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Geometrisation Lemma further implies that ¢ divides n — 4 = 7,
again a contradiction. O

This completes the proof of the Geometrisation Lemma. O

Remark. Although we are not able to identify the minimal faithful V' €
Mod(Alt(9),d,2) (bearing in mind that there are three such in the classical
setting), we can still easily show that the minimal dimension is n—1. Indeed,
with notation as above, notice first that if the action of A1 on B, is trivial,
then Extension followed by Recognition shows that d > n — 1 (since 2 19).
And if the action of A,. on B, is not trivial, the First Geometrisation
Lemma (applied to ¥ = Sym(5)) shows that b > 4 (since 2 { 5), so by
quadraicity, 4 < b < g, as desired.

3.4. Assembling the Theorem.

Proof of the Theorem. Let S := Sym(n) and A := Alt(n). Suppose G = A
or S and V € Mod(G, d, q) is faithful and dc-irreducible with d < n. We
always assume n > 7; if G = Alt(n) and ¢ = 2, we further assume n > 10.

We first assume that V' is dc-irreducible as an A-module. In this case, we
are done except when V' € Mod(S,d,2) with 7 < n < 9. This follows imme-
diately from applying (in order) the Geometrisation Lemma, the Extension
Lemma, and the Recognition Lemma. We are also using that d < n forces
dim L = 1 (with notation as in the Recognition Lemma) and d = n — 2 or
n — 1, according to the value of q.

We next address when V' € Mod(S, d,2), aiming to show A centralises
B, for T € S atransposition. Set b := dim B;; as usual, by quadraticity, 2b <
d. If A+ = Alt(n—2) does not centralises B, then the First Geometrisation
Lemma (applied to Si) implies that b > n — 4, with equality only possible
if2|n—2. Thus,2(n—4)<2b<d<n-1,son=7and b=n—4. But
then 2 | 5. Thus A7 centralises B;, and the Recognition Lemma applies.

So it remains to dispose of the case when V is dc-irreducible as an S-
module but not as an A-module. Assume this is the case, and consider a dc-
irreducible A-series for V. By our work above, each factor is either a trivial
module or is standard, and by simplicity of A, some factor is nontrivial,
hence of dimension at least n» — 2. Thus d = n — 1, and there must be an
A-submodule W < V such that either dimW = n — 2 and dim V/W =1
or vice versa. The former implies W = [A, V], against dc-irreduciblity of
V as an S-module. The latter implies W < Cy/(A), hence equality by the
structure of V/W, again violating dc-irreduciblity as an S-module. U

ACKNOWLEDGEMENTS

This is: Paris Album No. 2. Research began in early Summer 2018 in Paris
by the last two authors who treated the lower bound (but not recognition)
for Sym(n); in Fall 2018, the first two met in Bogotd and the last two in
Bonn to attack Alt(n). All three authors met in Paris in early Summer 2019
to clarify the approach; Recognition and Extension (as they now appear)
evolved throughout 2020. The general context was only finalized recently.

The second author wishes to thank both the CIMPA network (Centre in-
ternational de mathématiques pures et appliquées) and the ECcos-Nord pro-
gramme for sponsoring visits to Universitad de los Andes in Bogota. He



Sym(n)- AND Alt(n)-MODULES 27

also thanks the Hausdorff Institute for Mathematics (HIM) in Bonn, and
Fromagerie Quatrehomme for providing cheese during all Paris stays and
trips abroad.

The third author also benefited immensely from the generous support
of HIM and Fromagerie Quatrehomme. Additionally, he is grateful to the
Oberwolfach Research Institute for Mathematics (MFO) for his stay in Jan-
uary 2020 during the program on Model Theory: Groups, Geometries and
Combinatorics; it was there that the Recognition Lemma was born. The
work of the third author was partially supported by the National Science
Foundation under grant No. DMS-1954127 as well as by the Creative Activ-
ity Faculty Awards Program and the College of Natural Science and Math-
ematics at California State University, Sacramento.

All authors wish to thank Tuna Altinel, the first colleague with whom
we discussed the new ‘dimensional’ setting. A Turkish mathematician and
maitre de conférences at Université Claude Bernard Lyon 1, Altinel remained
a de facto prisoner of the Republic of Turkey for over two years. His pass-
port was locked up by the Turkish authorities from April 2019 to June 2021;
for 81 of those days, he was as well. The second author met with Altinel in
Istanbul in January 2020; Gregory Cherlin was also there. The occasion was
a hearing in Altinel’s trial: but high spirits always welcome research sem-
inars, despite political prosecution and judicial harassment. Thanks to in-
ternational protest, including uprise from various scientific societies, Altinel
was acquitted in two distinct cases, all appeals were settled by September
2020, and, with incredible delay, his passport was then returned over nine
months later. However, his freedom of travel is still under under judicial
threat. Details on math.univ-lyonl.fr/SoutienTunaAltinel.

Paris Album No. 2 is dedicated to those laboring for peace and freedom
of speech.

REFERENCES

[ABLT05] Rachel Abbott, John Bray, Steve Linton, Simon Nickerson, Simon Norton,
Richard Parker, Ibrahim Suleiman, Jonathan Tripp, Peter Walsh, and Robert
Wilson. Atlas of finite group representations, version 3. Available online at
http://brauer.maths.gmul.ac.uk/Atlas/v3, 2005.

[AW18]  Tuna Altinel and Joshua Wiscons. Recognizing PGL3 via generic 4-transitivity.
J. Bur. Math. Soc. (JEMS), 20(6):1525-1559, 2018.

[BB1§] Ayse Berkman and Alexandre Borovik. Groups of finite Morley rank with a
generically sharply multiply transitive action. J. Algebra, 513:113-132, 2018.

[BB21] Ayse Berkman and Alexandre Borovik. Groups of finite Morley rank with a
generically multiply transitive action on an abelian group. 15 pages. https:
//arxiv.org/abs/2107.09997, 2021.

[BCO8] Alexandre Borovik and Gregory Cherlin. Permutation groups of finite Morley
rank. In Model theory with applications to algebra and analysis. Vol. 2, volume
350 of London Math. Soc. Lecture Note Ser., pages 59-124. Cambridge Univ.
Press, Cambridge, 2008.

[BD16] Alexandre Borovik and Adrien Deloro. Rank 3 bingo. J. Symb. Log.,
81(4):1451-1480, 2016.

[Bor] Alexandre Borovik. Finite group actions on abelian groups of finite Morley
rank. Preprint, arXiv:2008.00604 [math.GR].

[BY18] Alexandre Borovik and Siikrii Yalginkaya. Adjoint representations of black box
groups PSLy(F,). J. Algebra, 506:540-591, 2018.


http://math.univ-lyon1.fr/SoutienTunaAltinel/
http://brauer.maths.qmul.ac.uk/Atlas/v3
https://arxiv.org/abs/2107.09997
https://arxiv.org/abs/2107.09997

28 LUIS JAIME CORREDOR, ADRIEN DELORO, AND JOSHUA WISCONS

[Del09] Adrien Deloro. Actions of groups of finite Morley rank on small abelian groups.
Bull. Symbolic Logic, 15(1):70-90, 2009.

[Dell2] Adrien Deloro. p-rank and p-groups in algebraic groups. Turkish J. Math.,
36(4):578—582, 2012.

[Dic08] Leonard Eugene Dickson. Representations of the general symmetric group as
linear groups in finite and infinite fields. Trans. Amer. Math. Soc., 9(2):121—
148, 1908.

[Jam78]  G. D. James. The representation theory of the symmetric groups, volume 682
of Lecture Notes in Mathematics. Springer, Berlin, 1978.

[Jam83] G. D. James. On the minimal dimensions of irreducible representations of sym-
metric groups. Math. Proc. Cambridge Philos. Soc., 94(3):417-424, 1983.

[Wag76]  Ascher Wagner. The faithful linear representation of least degree of S, and A,
over a field of characteristic 2.. Math. Z., 151(2):127-137, 1976.

[Wag77]  Ascher Wagner. The faithful linear representations of least degree of S,, and
A, over a field of odd characteristic. Math. Z., 154(2):103-114, 1977.

[Wag20] Frank O. Wagner. Dimensional groups and fields. J. Symb. Log., 85(3):918-936,
2020.

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE LOS ANDES, BoGOTA, COLOM-
BIA
Email address: 1corredo@uniandes.edu.co

SORBONNE UNIVERSITE, INSTITUT DE MATHEMATIQUES DE JUSSIEU-PARIS RIVE GAUCHE,
CNRS, UNIVERSITE PARIS DIDEROT AND ECOLE NORMALE SUPERIEURE-PSL, DEPARTEMENT
DE MATHEMATIQUES ET APPLICATIONS

Email address: adrien.deloro@imj-prg.fr

DEPARTMENT OF MATHEMATICS AND STATISTICS, CALIFORNIA STATE UNIVERSITY,
SACRAMENTO, SACRAMENTO, CA 95819, USA
Email address: joshua.wiscons@csus.edu



	1. Introduction
	1.1. The result
	1.2. Lingering questions

	2. The context
	2.1. Modular universes and modules
	2.2. Additive dimensions
	2.3. dim-connectedness
	2.4. The characteristic of a module
	2.5. Dc-irreducibility and classes Mod(G,d,q)
	2.6. Coprimality results

	3. The proof
	3.1. Recognising the standard module
	3.2. Extending an Alt(n)-module to Sym(n)
	3.3. The Geometrisation Lemma
	3.4. Assembling the Theorem

	Acknowledgements
	References

