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Abstract

Cross-diffusion systems arise as hydrodynamic limits of lattice multi-species interacting particle mod-
els. The objective of this work is to provide a numerical scheme for the simulation of the cross-diffusion
system identified in [J. Quastel, Comm. Pure Appl. Math., 45 (1992), pp. 623-679]. To simulate this
system, it is necessary to provide an approximation of the so-called self-diffusion coefficient matrix of the
tagged particle process. Classical algorithms for the computation of this matrix are based on the estima-
tion of the long-time limit of the average mean square displacement of the particle. In this work, as an
alternative, we propose a novel approach for computing the self-diffusion coefficient using deterministic
low-rank approximation techniques, as the minimum of a high-dimensional optimization problem. This
approach is then used for the simulation of the cross-diffusion system using an implicit finite volume
scheme.

Introduction

Cross-diffusion systems appear in various application fields such as population dynamics [36], tumor growth
in medical biology [20], or diffusion processes in materials science. In particular, these models are used in
order to simulate diffusion processes within mixture of chemical compounds, which occurs for instance during
physical vapor deposition processes for the fabrication of thin film solar cells [5, [29]. Such cross-diffusion
systems read as nonlinear systems of coupled degenerate parabolic partial differential equations describing
the time evolution of diffusion processes within multi-component systems. The mathematical analysis of
such cross-diffusion systems has recently attracted the interest of many mathematicians because it yields
quite challenging new difficulties [9, 21, 22] [§].

Some cross-diffusion systems are derived as hydrodynamic limits of stochastic processes at the microscopic
level, for instance of some lattice-based stochastic hopping models such as the ones studied in [28] BT [38],
31, 24, [7, [32] 341 26, 3, [4]. In this work, we focus more specifically on cross-diffusion systems which read as
the hydrodynamic limit of the multi-species symmetric exclusion process studied in [31], [13].

One major difficulty of the numerical simulation of this system is that it requires the evaluation of the
so-called self-diffusion coefficient matrix of the tagged particle process [28| [7, 14, 3T}, [35, [13].

The most classical method to compute numerical approximations of these self-diffusion coefficients is to
use a Monte Carlo scheme, since these coeflicients can be expressed as the long-time limit of the time average
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Figure 1: The evolution of state of the particles on a lattice with n = 5,d = 2. Left: Initial state. Middle:
After the blue particle at s = (3, 2) jumped with v = (1,0) to s + 1v. Right: After the red particle at

position (%, +) jumped with v = (0, —2). Since the lattice is periodic the particle ends up in position (%, %)

expectation of the mean square deviation of the tagged particle [3I]. However, this type of stochastic method
is typically very slow to converge because of the high variance of the quantity the expectation of which has
to be computed.

In this work, we propose a different approach exploiting the fact that the self-diffusion coefficients can be
explicitly obtained using the unique solutions of infinite-dimensional deterministic minimization problems [7,
31]. These problems can be approximated by high-dimensional finite-dimensional minimization problems,
which however suffer from the curse of dimensionality. We mitigate this curse by using low-rank tensor
methods in order to compute an approximate solution. This leads to a tensor minimization problem, which
we solve using a classical alternating scheme [6], 19, [33]. Our numerical experiments demonstrate that this
low-rank approach leads to very accurate approximations of the self-diffusion coefficients.

Using this numerical approximation of the self-diffusion coefficients, the next step of this survey consists
in computing the solution of the full cross-diffusion system. We then employ a particular cell-centered finite
volume method, which satisfies local mass balance by construction [16], 2] [36, [10].

This work is organized as follows. In Section [I] we introduce the lattice-based stochastic hopping model
and its hydrodynamic limit. Section [2] is dedicated to the presentation of the method we consider for the
computation of the self-diffusion matrix from the resolution of some high-dimensional optimization problem.
The low-rank approach mitigating the curse of dimensionality is presented in Section [3] In Section [d we
introduce the cell-centered finite volume scheme for the resolution of the cross-diffusion model. Finally, in
Section [5} we perform numerical simulations for this problem.

1 Hydrodynamic limit of a lattice-based stochastic hopping model

In this paper, we consider the lattice-based stochastic hopping model proposed [3I], which describes the
evolution of a mixture of multi-species particles, the positions of which are clamped on a (periodic) lattice
T, :={0,..., "T_l}d, d =1,2,3. After a certain amount of time, a single particle jumps to a nearby node
according to a given Markovian random walk. Let vi:= ((vi)i)1<i<a € Z%\ {0} for k = 1,..., K be the
displacement vectors for all possible jumps that one particle can make, i.e. a particle at position x € T,
lands at position x + %vk € T,. The rate of jumping in the direction %vk is given by pg € ]0,1]. We
assume that the particles can be of two possible species, either species blue or species red. We study how
the distribution of the particles belonging to each species evolves over time in the limit when the number of
lattice points and particles tends to infinity. See Figure [1| for a schematic illustration of this lattice-hopping
process.

In this work, we are interested in simulating the hydrodynamic limit of this lattice-based hopping model,
which was identified in [3T], [7]. In the limit n — 400, this hydrodynamic limit reads as a cross-diffusion
system defined on the d-dimensional torus T%:= (R/Z)%. At this scale, the positions of individual particles



are not relevant anymore. We rather consider densities pyeq : T4 xRy — [0,1] and pprue : T¢ xRy — [0,1] so
that prea(x,t) (respectively ppive(X,t)) denotes the local volumic fraction of red (respectively blue) particles
at point x € T¢ and time ¢t > 0. By construction it holds 0 < p := preq + poiue < 1. The local volumic
fractions preq and ppiue are shown to be solutions to the following cross-diffusion system [31]

Pblue Pred Pred

—Dy —D —(D-D

Q Pred \ _ 1 . P ) (p) + P 14 ( S(p)) Vpred : d *

ot =3V Pred Pred Pblue ,  InT%x R+7 (1)
D-Dup) D)+ D

2 Vpblue

Polue

where p := prea+ppiue. We complement system by the initial conditions p.eq(0,%) = p%4(X), Po1ue(0,X) =
e (%), where p0 o, pd) € Lo°(T9) satisfying 0 < p2; + p2 . < 1 almost everywhere in 7. In this case, it
can be shown [31] that there exists a unique solution (preq; poiue) € L°(T% x R1)? to system [1} In addition,
it holds that for almost all ¢ > 0 and x € T%, 0 < prea(X,1), 0 < pp1ue(X, 1) and prea(X,t) + ppiue(X, 1) < 1.

The matrix D:= (D;;)1<;,j<a € R™? is defined so that D;; := Zszl Pr(Vi)i(vi); for all 1 < i,j < d.
The self-diffusion matrix application

D . { 0,1 — Raxd
s

P = Ds(p) = (Ds,ij(ﬁ)hgi,jgd

will be defined in more details in Section 2] (see also [7, [14]) and is such that for all p € [0,1], Ds(p) is a
symmetric positive-semidefinite matrix. The system is a cross-diffusion system and is a highly nonlinear
degenerate parabolic system.

2 Self-diffusion matrix

2.1 Definition of the self-diffusion matrix

For all u € R? and p € [0, 1], the self-diffusion coefficient u” D, (p) u is obtained by considering the so-called
tagged particle process on S := Z% \ {0}. Let us first introduce some notation. Let 1 := (1s)ses € {0,1}°.
For all y # z € S, we define by Y% := (n¥*)ses € {0,1}° so that

ns ifs#y,z,
ny% =4 ny ifs=z,
N, ifs=y,

and for all w € S, we define by %V := (n%W)scs € {0,1}° so that

0w ._ Netw if 87 —w,
s - 0 ifs=—w.

More precisely, denoting by H := {¥ : {0,1}° — R}, it then holds that

K
_ . v 2 Vi, 2
u'Dy(pu = jnf Bpe | > pi | (1=v,) (wevie+ ¥ ) —0(m)"+ Y (L") —¥(m)" ||,
k=1 yes\{0}
y+vi#0

(2)
where the notation E;e refers to the fact that the expectation is computed on all random variables n :=
(ns)ses so that the random variables 7y are idenpendent identically distributed random variables according
to a Bernoulli law with parameter p. Problem thus reads as an infinite-dimensional optimization problem
which we are going to discretize as follows.

Remark 2.1. Naturally, for all p € [0, 1], since Ds(p) is a symmetric matrix, one can easily know the full
matrix Dy (p) from the knowledge of u”Dg(p)u for a few vectors u € R%.
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Figure 2: Middle: Visualization of one particular i € S; for d = 2 with three occupied sites marked in blue,
cyan and magenta. Additionally, we mark 0 in red. Left: Visualization of the occupied sites of % (~19) This
can be seen as a jump of the imaginary red particle one step to the left, followed by immediately relabeling of
the sites such that red particle remains at 0. By exploiting the periodicity, we obtain 7% (=19 ¢ §;. Right:
Visualization of the occupied sites of n(tD+(=1.01.(11) " This can be seen as jump of the cyan particle one
step to the left. Far right: The enumeration scheme for the sites.

2.2 Finite-dimensional approximation of the self-diffusion matrix

Let M € N* denote a discretization parameter and introduce the finite grid Sy, := {—M,---, M}¢\ {0}.
For any n € {0,1}°™ | we can construct by periodicity an extension 77 := (7js)ses € {0,1}° by assuming with
a slight abuse of notation that the site 0 is occupied, i.e. 7js = 1 for s € (2M + 1) - Z¢\ {0}. Using this
notation, for all n € {0,1}°™ and all y,z, w € S, we define n¥% € {0,1}°¥ and n%% € {0,1}°™ as

"= (E*)ses,, and nv = (ﬁg’w)sesM ’

Let us then denote by N := (2M +1)% — 1 = Card(Sys). Then, any 1 = (1s)ses,, € Su can be equivalently
viewed as an element 1 := (1;)1<i<ny € {0,1}" by enumerating the different sites of Sy;. Figure |2 shows an
illustration of n¥'? and n%".

For all £ € {0,...,N}, let Care :={n € {0,1}5M| Y g 15 = £} denote the set of all possible configu-
rations of the particles on Sy; so that the total number of occupied sites is equal to £.

Let us also denote by Hy = {¥:{0,1}° — R}. For every u € R? and | € {0,...,N}, we then
introduce the quadratic functional A%, : Hy — R defined by

K
A () = —— > D [ =ne,) (Weve + IOV =)+ D (T TVEY) — B(n))
|CM7€| neChr.e k=1 yESJ;\é
y+vE#0

Then, assuming that p = % for some 0 < ¢ < N, one can define [7] for all u € R?,

/ . "

u’DM (N> u:= min Afr (). (3)

/

It is proved in [27] that lim u’' DM <> u=u’D,(p)u
M — 400 N
NP
2.3 Full minimization problem

The collection of sets Carp,...,Cym,n form a partition of the set {0, I}SM. Observe for a given ¥ €

Hr, Ay (¥) only depends on the values of ¥(n) for n € Ciy ¢, since n € Cpr o implies that also noVe € Curyp

and nYtVeY € Cyry for all 1 <k < K. As a consequence, if \Ilé\:,[.’cu € H) is a minimizer of

Join. Ay (W), (4)



where

K
AL @ = Y S| ) (weve + T —w(m) ST (T ) —w(m)?

ne{0,1}5m k=1 YESM
y+vi#0

(5)

u
opt then

then it holds that A% (Vo) = minges,, A% ,(¥) for all £ € {0,...,N}. The knowledge of ¥

opt
allows us to compute u’D ( ) u for all 0 <0< N as Ay, é(\Ilggt“) Note that the minimization problem
is then independent of ¢, in contrast to

For small values of M, one can compute mingep,, A% (¥) explicitly. Indeed, the function ¥ € Hys can
nef0,1}5u € R2" | where for all g € {0,1}5™, v, = ¥(n).
We see the quadratic functional AY, as sum of Q = NK - 2V~1 quadratic terms, which can be expressed as

M ¥ + bY,||2 for some matrix My, € R2" @ and vector b%, € R2" . Thus, (4) then boils down to solving
the least squares problem

be equivalently identified as a tensor ¥ := (¥,,)

mln M@ + by, |3 (6)
PeR
In the case where d = 2, M = 1 and K = 4, it holds that N = 8 so that 2V = 256 and @ = 4096. A solution
of (@ is then computed in practice up to a very high precision using 1sqr in Matlab.

However, for larger values of M (i.e. larger values of N) this approach quickly becomes intractable, since
the size of the matrix grows exponentially in N. The goal of Sectlon@ is to propose a low-rank approximation
method in order to compute a numerical approximation of \Ilopt , hopefully in cases with M large, which
M ,u

)

allows us to approximate u”D (£) u for all 0 < ¢ < N by evaluating AY e (Wopt

Remark 2.2. Note that we could compute the optimal value of minges,, A (¥) directly, by solving a

linear least squares problem with (JZ ) degrees of freedom (see Section. While this is cheaper than solving
the system with 2V degrees of freedom, it still is intractable for many choices of [ for larger N.

3 Separable low-rank approximation

A function R € H)y; is called a separable or pure tensor product function when it can be written as

R(TI) = HseSMRS(nS)7 VN = (Ns)sesy € {07 1}SM7

for some Rg : {0,1} — R for s € Sys. Let T, C Hys denote the set of pure tensor product functions of Hyy.
It holds that
min A} < min A
Jun A (?) RET}, 3 (B

The aim of this section is to present the numerical strategy we developed in this work so as to compute
a numerical approximation of Rg,, = argminpe1 Ay, (R). This approximation is then used in turn as an
approximation of Wy,. We will present numerical tests in Section b.I.T which demonstrate that Ry is
indeed an accurate approximation of Wg,



3.1 Exploiting separability

Let us explain in this section why it is advantageous to minimize AY; over the set 7;;. Indeed, let us rewrite
AR (D) for all ¥ € Hyy as

K
AR (V) = Zm( Yo Qe )T+ Y (L)) -2 0 Y (L) (%) ()

ne{0,1}5M ne{0,1}5M ne{0,1}5M

+2(u~Vk)< > A= )T@) = > (1—nvk)‘l'('f7))+2N‘1(u-Vk)2

ne{0,1}5m ne{0,1}5m

s ( YR e Y wmPo2 Y ‘If(n)‘lf(n””’y)))-

yeSm  “ne{0,1}5Mm ne{0,1}5M ne{0,1}5Mm
y+vip#0

Note that for all 1 < k < K, there exists a bijection 7%V* : Sy; — Sy such that for all n = (1s)ses,,,
O, vy __
OV = (10w (S))sesM .

Similarly, for all 1 < k < K and all y € Sy such that y+vy # 0, there exists a bijection 7¥Y+Ve : Sy — Sy

such that for all § = (7s)scs,,
ny,y-&-w — (

Nry.y+vy (S))SESM .
Let us denote by 0V* (respectively o¥¥TVk) the inverse of 7%V* (respectively 7YY +Ve),

Then, it holds that for all separable function R € T}, so that R(n) = llscs,, Rs(ns) for all § = (1s)ses,,
for some Rg: {0,1} = R,

K
A3 (R) = Zpk (e s\ (v} Snee (0,1} Boovi () (15)%) Ryovi vy (0)* + (Msesy v} Sneefo,1} Bs(1s)?) Ry, (0)?
k=1

+2(u-vy) ( (Msesy\ fve} Ense{0.13 Roovi(s) (M) Roowi vi)(0) = (s fvi} Ensefo,1} Bs(ns)) R, (0))

+ Z |:(HS€SIVI Ense{o,l}Ray’ka (s) (775)2) + (HSGSM Znse{o,l}RS(nS)2)

YE€ESM
y+vie#0

-2 (HSESM ZWSE{O,I}RS(US)RHW*% (s)(US)) + 2N_1(u : Vk‘)2] .

Note that all these terms can be evaluated in O(N) operations, which avoids the summation over all 2V
possible n € {0,1}%¥. Thus, the separability property allows us to efficiently evaluate A%, (R) for all R € T,.

3.2 Alternating Least Squares

In this work, we use the classical Alternating Least Squares algorithm [IT], (25| [12] [30] in order to compute
an approximate solution of the minimization problem minpger1 AV (R).

The main idea is to find an approximation of Ry, by an iterative scheme which amounts to solving a
sequence of small-dimensional linear problems. We start from an initial R(n) := Ilsegs,, Rs(ns). The first
least squares problem is obtained by minimizing A"(R) only with respect to a selected Rs, : {0,1} — R for

some sg € Sy leaving the other Rg, s # sg fixed. By partially evaluating A"(R) for all terms not depending



on Rs,, we obtain that ming_ e((0,13-ry A"(R) with R(n) := Rs,(ns,)lsesy\ so) s(ns) is equivalent to a
quadratic optimization problem

min a1R50(1)2 + oo Ry, (O)2 + azRs, (1) Rs, (0) + aa Rs, (1) + a5 Rs, (0) + ag,
Rs,€{{0,1} =R}

with constants aq,...,ag € R depending on the fixed Rg, s # sg. This quadratic optimization problem
always admits a unique optimal Ry, which is given by Rs,(1) = a and Rs,(0) = b, where a,b € R are the

solution of the linear system
2001 a3 a\  [—oay
Qa3 2042 b o —AQ5 ’

This allows us to optimize A%, (R) with respect to individual Rs,. By alternating the the selected sg € Sy,
we obtain the alternating least squares algorithm, which is formalized in Algorithm

Algorithm 1 Alternating least squares

Input: initial functions R : {0,1} — R for s € Sy, vector u, tolerance &
Output: approximation Ropt () = Ilses,, Rs(1s) of argmingcr Aj, (R)
Vold = 00, Vnew = A% (R?) with R%(n) := Ilses,, R2(ns)
Vs € S]\/[, Rs = Rg
while |Vold — Vnew| > € [Unew]-
Vold = Unew
for sy € Sy B _ _
Rs, = alrgminﬁso:{o’l}HR AY(R) where R(n) = Rs, (s, ) ses,,\{so} Bs(ns) for all § = (ns)sesy, -
Unew = Aff (R)

Remark 3.1. To compute the constants a;, we can either explicitly implement the partial evaluations
of AY,(R). Alternatively, we can treat AY,(R) as a function in R? — R depending on the values R, (0)
and Rg,(1). We know that this function is a multivariate-polynomial of the form a;Rs,(1)? + aaRs,(0)% +
a3Rs, (1)R;(0) + cuRs, (1) + a5 R, (0) + 6. The constants can be computed using multivariate-polynomial
interpolation in six points. This interpolation has the advantages that it is non-intrusive and that the
evaluations of A%;(R) can be performed efficiently using the ideas of Section

4 Deterministic resolution of the cross-diffusion problem

We describe in this section the numerical scheme we use in Section [5| for the resolution of system , using
a cell-centered finite volume method [I5], 16], assuming that a numerical approximation of the self-diffusion
matrix Ds(p) can be computed for any 5 € [0, 1]. For the sake of simplicity, the scheme is presented here in
the case when system is complemented with Neumann boundary conditions.

4.1 Notation

Let Ty > 0 denote some final time. For the time discretization, we introduce a division of the interval [0, T]
into subintervals I, := [tp,—1,t,], 1 < p < P, for some P, € N* such that 0 =ty <t; < --- <tp, =Ty. The
time steps are denoted by At, =t, —t,—1, p=1,---, P,. For a given sequence of real numbers (v?),en, we
define the approximation of the first-order time derivative thanks to the backward Euler scheme as follows:

For the space discretization, we consider a conforming simplicial mesh 7} of the domain 2, i.e. T is a
set of elements K verifying U K = Q, where the intersection of the closure of two elements of 7}, is either
KeTh



an empty set, a vertex, or a [-dimensional face, 0 < [ < d — 1. Denote by hx the diameter of the generic
element K € 7;, and h = maxgeT;, hi.

We denote by &), the set of mesh faces. Boundary faces are collected in the set &' = {0 € &,;0 C 0N}
and internal faces are collected in the set £t = &£,\E*t. To each face o € &, we associate a unit normal
vector n,; for o € £, 0 = KNL, n, points frorn K towards L and for o € £* it coincides with the outward
unit normal vector ng of Q. We also denote by N, the number of elements in the mesh 7;. Furthermore,
the notation ng , stands for the outward unit normal vector to the element K on 0. We also assume that
the family 7;, is superadmissible in the sense that for all cells K € T, there exists a point xx € K (the
cell center) and for all edges o € &, there exists a point x, € OK (the edge center) such that, for all edges
o € &k, the line segment joining xx with x, with x, is orthogonal to o (see [16]). For an interior edge
o€ 5”“ shared by two elements K and L (denoted in the sequel by 0 = K N L), we define the distance
between these elements dg, = dist(xx,xr).

4.2 The cell-centered finite volume method

In the context of the cell-centered finite volume method, the unknowns of the model are discretized using
one value per cell: V1 < p < P, we let

2N, . o 2
U? = (UIIJ()KGTh €eR ) with UI;( T (pfed,K7pglue,K) eR
where p? o and pﬁlue K, are respectively the discrete elementwise unknowns approximating the values of

prea(tp) and ppige(ty) in the element K € 7j,. More precisely, predK |K| / prea(tp, ) dx and pblue K~

| K| / Polue(tp, ) dx. Integrating over the element K € 7, using next the Green formula and the

Neumann boundary conditions, the cell-centered finite volume scheme we solve is the following : for a given
fixed value of UP~!, find UP € R*Me such that

1
Hy i (UP) = |K|0upl g 5 — 5 Y Fiko(UP)=0 VK €T,

c€EK

1
Hy i (UP) = |K|0:p81 0 i — 3 Y Foko(UP)=0 VKE€T,.

oelk

The numerical fluxes F1 i, (UP) and F2 g - (UP) are respectively approximations of

Fir.0(UP) ~ (ST (UP)V L, + S (UP) Vb, ) - k.o
Fok,0(UP) & (S (UP)V .y + SP(UP)Vphy,e) - Do,

where S!1(U?P) := (Sll(Up)K)KeT} ,St2(UP) .= (SlQ(Up)K)KeT} , S2L(UP) = (Sm(U”)K)KGTh7 S22(UP) :=
(822 (UP) K) KeT, e collections of matrices in R%*? defined on each cell of the mesh as follows. For all
K €7,

Sll UrP) = pglue,KD D pfecLKD Rd’d
K( ) T pp s(pK) + pp € )
K K

S21(UP) = SE2(UP) = ”f;”(m D (o)) € R,
K

p
SQQ(UP) . pred K]:D)g(pp) + pblue,K]D) c Rd’d,
D D
Pk Pk

where ph. := pfed’ Kkt pﬁlue’ - Now we are interested in computing an approximation of (Sij (ur )Vpg ) ‘Ng o
forall 1 <4,j <2 and § € {red,blue}.



For any edge o € £, denoting by K, L € Tj, the two cells sharing the edge o, we employ the following
harmonic averaging formula for all 1 <4, j <2
S%Sg - (pp —pb )
dicoSP +dpSi VTR

(5992, ) nico = o]
where B - B §
S i=ng, Sinkg,eR and S/ :=ng, S/ng,eR.

We refer to [17, [18] [I] for more details. This averaging formula enables then to obtain the expression of the
fluxes F1 k.- (UP) and F; k- (UP).
At each time step p, we thus have to solve the nonlinear problem: find UP € R2Me

HP(UP) =0

where HP(U?) := (H1,k (U?), Ho x (U?)) gy € R2Ne  where Hy ;(UP) and Hy i (UP) are defined by (7).

4.3 Nonlinear resolution by the Newton method

In this section, we present a Newton procedure for computing the approximate solution U? at each time
step p. For 1 < p < P, and UP? € R2Ne fixed (typically UP® = UP~1), the Newton algorithm generates a
sequence (UP*);~q, with UP* € R?Ne given by the system of linear algebraic equations:

APF-IgPk = BTt (8)
Here, the Jacobian matrix AP*~1 ¢ R2Ne:2Ne and the right-hand side vector BP*~1 € R?Ne are defined by
APPL = Jop (UPFY) and - BPFT! = Jg (UPF-HUPF — P (UPA),

Note that Jy»(UP*~1) is the Jacobian matrix of the function H? at point UP*~1. A classical stopping
criterion for system is for instance

127 (TP, /(177 (TPO)], < nn

where e, > 0 is small enough. We refer to the book [23] for large descriptions on linearization techniques.

5 Numerical Experiments

In the following numerical experiments EL we consider the periodic lattice with M = 1 and d = 2, which
implies N = 8. The possible displacement vectors are vi = (1,0), vo = (—1,0), vz = (0,1), and v4 = (0, —1)
so that K = 4 with associated probability pr = 1/4 for k = 1,2,3,4. Throughout this section, we set the
tolerance in Algorithm [I| to ¢ = 107°. Note that using the low-rank approximation described in Section
for larger values of M is currently work in progress.

Remark 5.1. Equation can only be evaluated for certain values p = % for some 0 < ¢ < N. To evaluate
DM (p) for general p € [0, 1], we interpolate the individual entries of D (5) based on the nodes, which are
admissible for Equation , using splines.

1The code to reproduce all experiments is available on https://github.com/cstroessner/SelfDiffusionCoefficent.git


https://github.com/cstroessner/SelfDiffusionCoefficent.git

5.1 Approximation of the self-diffusion coefficient
5.1.1 Low-rank approximation error

We are interested in studying the effect of minimizing with respect to functions ¥ € H); compared to
functions in R € T;;. We denote by Ullsq € R2" the solution to computed numerically by solving
the linear least squares problem in Section @ and the low-rank solution R}, ¢ obtained using Algorithm E
Note that R} ¢ may vary depending on the initial choice of Rl for s € Sps. Thus, we run Algorithm (1] 100
times with different initializations for Rg(0) and Rs(1) obtained by sampling from the uniform distribution on
[0,1]. For u = (1,0) we obtain A}, (¥l'sq) ~ 57.397 and mean (A}, (R} s)) = 57.4498 with min(A}, (R s)) =
57.449 and max(A}; (R s)) = 57.453. These results show that evaluating A}, (RR s) differs from Af; (¥i'sq)
by less than 0.1%.

For the computation of the self-diffusion coefficient, we need to evaluate A}, , instead of A},. We again
consider the approximations Wy'sq, Rj s, for which we obtain the values displayed in Table We observe
that the values obtained from Ry 5 are again very close to the ones obtained from Wisq.

(=0 \621 \e:z \223 \£=4 V:s) ‘626 \5:7 VZS\

(1) A} (Wlsq) | 0.5000 0.4256 0.3540 0.2856 0.2205 0.1591 0.1017 0.0486 0

u=
0
A} (RpLs) | 0.5000 0.4256 0.3542 0.2858 0.2208 0.1594 0.1019 0.0486 0
(0) A} (Wlsq) | 0.5000 0.4256 0.3540 0.2856 0.2205 0.1591 0.1017 0.0486 0
u=
1

A} (RpLs) | 0.5000 0.4256 0.3542 0.2858 0.2208 0.1594 0.1019 0.0487 0

(1) AP (Plsq) | 1.0000 0.8512 0.7081 0.5712 0.4410 0.3183 0.2035 0.0972 0
u=

A} (Ras) | 1.0000 0.8512 0.7083 0.5716 0.4417 0.3188 0.2038 0.0972 0

Table 1: Evaluation of A} ), for U{'sq and Ry g for different values of u and £.

5.1.2 Computing the self-diffusion coefficient

For 0 < ¢ < N we evaluate equation (3]) for u € {(1,0),(0,1), (1,1)} to recover the entries of the symmetric
matrix D, (). To evaluate the self-diffusion coefficient Dy(p) for different values of p € [0,1], we use
an interpolation technique as explained in Remark From [27], it is known that Tr (Ds(p)) < 1 —7
for 0 < p < 1, where Tr denotes the trace operator. In Figure [3| we demonstrate that the traces of our
approximations of Dg(p) computed using Ul'sq and Rjy ¢ satisfy this property. Note that both trace plots
almost coincide.

5.2 Resolution of the cross-diffusion system

In the following, we solve the PDE system based on the self-diffusion coefficient obtained from Rj g .
The system is defined on the unit square domain  := (0,1) x (0,1). We consider a uniform spatial mesh
(No = 312 elements) and we use a constant time step At, = At = 1073 seconds V1 < p < P,. The final time
of simulation is T = 10 seconds. We employ at each time step 1 < p < P, a Newton solver as described in
Section with e;jn = 1078, The initial values are defined by

P2 (z,y) == 0.25 + 0.25 cos(mz) cos(my) and  pd..(x,y) := 0.5 — 0.5 cos(rx) cos(my).

Figure |§| displays the shape of the numerical solutions pyeq and pp1ye for several time steps. We observe that
the local volumic fractions evolve over time to reach constant profiles (around 0.25 for pyeq and 0.5 for pyie)
in the long time limit.
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Figure 3: Plot of the trace of D,(p) computed based on V5o and Ry, g and plot of the function 1 — p.

6 Conclusion

In this work, we derived a novel way of computing the self-diffusion matrix of the tagged particle process
via low-rank solutions of a high-dimensional optimization problem. The obtained approximation can then
in turn be used in order to compute the solution of cross-diffusion systems that arise as the hydrodynamic
limits of multi-species symmetric exclusion systems like the one introduced in [3I], using a finite volume
scheme. Our numerical results have clearly demonstrated that the computed low-rank solutions led to
accurate approximations of the self-diffusion coeflficient, at least for small finite lattice sizes. Extension to
larger lattices, for which solving the minimization problem directly is intractable, as well as the derivation
of a convergent entropy diminishing finite volume scheme will be explored in a future work.
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