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Abstract: Cross-sections and thermally averaged rate coefficients for vibration (de-)excitation of a
water molecule by electron impact are computed; one and two quanta excitations are considered
for all three normal modes. The calculations use a theoretical approach that combines the normal
mode approximation for vibrational states of water, a vibrational frame transformation employed
to evaluate the scattering matrix for vibrational transitions and the UK molecular R-matrix code.
The interval of applicability of the rate coefficients is from 10 to 10,000 K. A comprehensive set of
calculations is performed to assess uncertainty of the obtained data. The results should help in
modelling non-LTE spectra of water in various astrophysical environments.

Keywords: water; vibrational excitation; R-matrix; electron-molecule collisions; interstellar medium

1. Introduction

The water molecule is fundamental in a variety of research fields, such as biochemistry,
meteorology and astrophysics. On Earth, water exists in all three phases (gas, liquid and
solid), and life as we know it would not be possible without liquid water. Water is also
ubiquitous in astronomical environments, from the Solar System to distant galaxies, where
it is observed in both gaseous and solid forms (see ref. [1] for a review). Collisions between
free electrons and water molecules thus play an important role in molecular environments
as diverse as biological systems, cometary atmospheres and stellar envelopes.

Electron-H2O collisions have been extensively studied for many years, both theoreti-
cally and experimentally (for a recent review see ref. [2]). Vibrationally elastic and inelastic
cross-sections have been measured and computed, and the agreement between experiment
and theory is generally good. Rotational and vibrational excitation is dominated by dipole-
allowed ∆j = 1 and ∆ν = 1 transitions, respectively, except possibly in the presence of
resonances. We note, however, that cross-sections for individual rotational transitions (vi-
brationally elastic or inelastic) have not been measured so far. As a result, the best available
cross-sections for rotational excitation are those computed by Machado et al. [3] for energies
above 7 eV and those of Faure et al. [4] for lower energies, as recommended by refs. [2,5].
Because experiments can hardly distinguish between the two stretching excitations (sym-
metric and asymmetric) of water, vibrational measurements usually provide cross-sections
for bending excitation (010) and for the sum of the two stretching excitations (100) and
(001) (in normal mode notations). From their compilation of literature data, Song et al. [2]
recommend the experimental vibrational cross-sections obtained by Khakoo et al. [6] for
energies above 3 eV and those of Send and Linder [7] for lower energies. The most accurate
theoretical data are the cross-sections of ref. [8] obtained by combining the vibrational
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coupled-channel theory with an interaction potential described as a sum of electrostatic,
electron exchange and polarization contributions. The agreement with measurements is
generally good for the bending mode but the combined stretching-mode cross-section is
about a factor of two smaller than the experimental data for energies below 10 eV. We note
that the theoretical data of refs. [4,8] were used by Faure and Josselin [9] to derive rate
coefficients in the temperature range of 200–5000 K for use in astrophysical models.

In all previous experimental and theoretical studies, only dipole-allowed vibrational
transitions ∆ν = 1 were reported. In the envelopes of giant stars, however, water has been
observed in high-energy rotational transitions within several vibrational states, i.e., (010),
(100), (001) and (020) [10]. Such environments are not in local thermodynamic equilibrium
(LTE), and the observed spectra contain precious information about local physical condi-
tions. For example, one strong maser (microwave amplification by stimulated emission of
radiation) transition at 268.149 GHz, arising from jkakc = 652 → 743 in the (020) vibrational
state, was detected towards the evolved star VY CMa [11]. In order to extract information
from such non-LTE spectra, cross-sections for one-quantum but also two-quantum transi-
tions (∆ν = 1 and 2) need to be computed. In addition, rovibrational state-to-state data
are required. In all previous works for electron collisions with water, however, vibrational
cross-sections were computed for one-quantum transitions only and without considering
specific initial and final rotational states. It should be noted, in this context, that Stoecklin
and co-workers have recently performed rovibrational state-to-state close-coupling calcu-
lations for the quenching of the bending mode (010) of water by (spherical) H2 [12] and
helium atoms [13].

In the present work, new theoretical calculations for the vibrational (de-)excitation
of water by electron-impact are performed using the R-matrix theory combined with
the vibrational frame transformation. Similar preliminary calculations were presented in
ref. [2]. Here, we provide, for the first time, cross-sections for two-quantum transitions and
for all three vibrational modes. Rate coefficients are deduced, and simple fits are provided
in the temperature range from 10 to 10,000 K for use in models. The theoretical approach is
briefly introduced in the next section. The results are presented and discussed in Section 3.
Conclusions are summarized in Section 4.

2. Theoretical Approach

The theoretical approach employed in this study is presented in detail in refs. [14–17].
Here, we sketch below only the main ideas.

2.1. Ab Initio Calculations

Our model employs the fixed-nuclei reactance matrix (K-matrix) obtained numerically
using the UK molecular R-Matrix code (UKRMol) [18,19] with the Quantemol-N expert
system [20]. The K-matrix for the e−−H2O collisions is computed for each geometry
configuration of the molecule. It is labelled by the irreducible representations of the
molecular point group. The ground-state electronic configuration of H2O at its equilibrium
geometry of the C2v point group is

X1 A1 : 1a2
1 2a2

1 1b2
2 3a2

1 1b2
1.

Performing the R-matrix calculations, we freeze the 2 core electrons 1a2
1 and keep

8 electrons free in the active space of 2a1, 3a1, 4a1, 5a1, 1b1, 1b2, 2b2, 3b2 molecular orbitals.
A total number of 508 configuration state functions (CSFs) are used for the above-ground
state. All the generated states up to 10 eV were retained in the final close-coupling calcula-
tion. We employed an R-matrix sphere of radius 10 bohrs and a partial-wave expansion
with continuum Gaussian-type orbitals up to l ≤ 4.

Several basis sets, including DZP (double zeta-polarization contracted [21]) and cc-
pVTZ (correlation-consistent polarized valence triple-zeta [22]) types, were tested to inves-
tigate the stability of the target properties, such as the dipole moment and ground state
energy. Finally, we chose the cc-pVTZ basis set with the above complete active space (CAS)
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to perform the scattering calculations. In the following, this calculation will be referred
as Model 1.

One of the important features of the present theoretical approach is the use of an
energy-independent S-matrix. A convenient way to identify a weak or a strong energy
dependence of the matrices is the eigenphase sum. Figure 1 displays the eigenphase sum
of different irreducible representations at equilibrium and at displacements away from the
equilibrium along each normal mode coordinate. Here and below, all normal coordinates
are dimensionless. At equilibrium, the lowest resonance is found at 7.8 eV and has the
2B1 symmetry.
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Figure 1. The sum of eigenphases as a function of the electron scattering energy for equilibrium
geometry and displacements qi = ±1.0835 along each normal mode. The eigenphase sums for
q3 = +1.0835 and q3 = −1.0835 of the asymmetric stretching mode are identical. The curves are
color coded according the different symmetries of the e− + H2O system (see the left upper panel).

To construct elements of the scattering matrix for transitions from one vibrational
level v to another v′, which are then used to compute the cross−section, one needs the
vibrational wave functions of the target molecule. At low collisional energies, the molecule
can be characterized by three normal modes of vibration: bending, symmetric stretching
and asymmetric stretching with respective frequencies ω2, ω1 and ω3 and corresponding
coordinates q = {q2, q1, q3}. In this study, for the vibrational motion of H2O, we use the nor-
mal mode coordinates and vibrational wave functions in the normal-mode approximation.

The electronic structure and normal mode frequencies are determined by the com-
plete active space self-consistent field (CASSCF) method using the ab initio quantum
chemistry package MOLPRO [23]. The cc-pVTZ basis set is employed for all the atoms.
Table 1 gives the optimized geometry and vibrational frequencies, obtained in the present
calculation, and compares the results with available experimental data. Figure 2 shows
how inter-particle distances r1, r2 and the bond angle θ change as functions of normal
mode coordinates: bond lengths. Note that displacements along the bending and sym-
metric stretching modes do not break the C2v molecular symmetry, while the asymmetric
stretching mode reduces the symmetry to the Cs group.
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𝑟1 𝑟2

𝜃

Bending (a) 

𝑟1 𝑟2

𝜃
Symmetric stretching (b) 

𝑟1 𝑟2

𝜃

𝑟1 𝑟2

Asymmetric
stretching (c) 

Figure 2. Normal modes of H2O. The figure shows the dependence of inter-particle distances r1, r2

and the bond angle θ as functions of normal mode coordinates: (a) bending, (b) symmetric stretching
and (c) asymmetric stretching. The arrows indicate the direction and magnitude of displacements
for each mode. Bond lengths are given with solid lines with values on the left axis, while the bond
angle is given with a dashed line with values on the right axis of each panel. Note that the curves
of the bond lengths r1 (black) and r2 (red) are indistinguishable for the bending and symmetric
stretching modes.
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Table 1. The structure and vibrational frequencies (in eV) of H2O obtained in this study and compared
with experimental data from ref. [24].

Mode This Study Exp. [24,25]

Bending (010) 0.207 0.198
Symmetric stretching (100) 0.472 0.453

Asymmetric stretching (001) 0.488 0.466

Bond lengths r1, r2 (Å) 0.958 0.958
Bond angle θ (Degrees) 104.44 104.50

2.2. Cross-Sections for Vibrational Excitation

The fixed-geometry reactance matrix K(q) is transformed to the fixed-geometry scat-
tering matrix S(q). The channels (indexes) of two matrices correspond to different states
of target, which could be excited at a given scattering energy, and different partial-wave
quantum numbers of the incident electron. For water, the first excited electronic state is
at 7.14 eV above the ground vibronic level [2,26]. Here, we consider energies below the
excitation of the lowest excited states. Therefore, each channel in the scattering matrix
is labeled with the partial-wave indexes only, which are the angular momentum l of the
incident electron and its projection λ on the molecular axis of symmetry.

The scattering matrix S(R) is then converted by the vibrational frame transformation

Sv’v = ∑
l′λ′ lλ

∫
dqχv’(q)Sl′λ′ ,lλ(q)χv(q) (1)

to the matrix Sv′v in the representation of vibrational channels. Functions χv are vibrational
wave functions of the target molecule.

In this study, we consider excitation of one mode at a time with one or two quanta,
while the two other modes are kept in their ground state. Although the integral in the above
expression is formally over the three normal-mode coordinates, in practice, we integrate
only over one coordinate, which is the one corresponding to the mode that is being excited.
For the example, the excitation of the mode i from state vi to v′i is given with the integral

Sv′ivi
≈ ∑

l′λ′ lλ

∫
dqiχv′i

(qi)Sl′λ′ ,lλ(q)χv′i
(qi) (2)

evaluated over the coordinate qi, with values of the two other normal-mode coordinates
(the matrix Sl′λ′ ,lλ(q) depends on all three coordinates) fixed at the equilibrium values,
i.e., 0. The integral is evaluated using the Gaussian–Legendre quadrature with 10 points.
Functions χvi are eigenfunctions of one-dimensional harmonic oscillator in the dimension-
less coordinate qi, i.e., solutions of the equation(

− d2

dq2
i
+ q2

i

)
χvi = (2vi + 1)χvi . (3)

Having the scattering matrix in the vibrational representation, the cross-section for
the v′i ← vi process is given

σv′i←vi
=

πh̄2

2mEel
|Sv′ivi

− δv′ivi
|2 , (4)

where m and Eel are the mass and energy of the incident electron.
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3. Results
3.1. Cross Sections

Figure 3 gives the computed cross-sections for transitions between the three lowest
vibrational levels for the three modes. Both excitation and de-excitation cross-sections were
calculated. There have been several experiments measuring cross-sections for excitation
of the ground vibrational level by one quantum. In the experiments, contributions from
the two stretching modes were not resolved. Figures 4 and 5 compare the present results
with the experimental [6,7,27,28], theoretical [8,29] and previously evaluated and recom-
mended [2,30] data available in the literature. See the review of ref. [2] for details about
the data.

For the bending mode and energies below 3 eV, the present cross-section agrees well
with the experiment by Seng and Linder [7] but is somewhat below the data obtained from
a swarm analysis by Yousfi and Benabdessadok [30]. At energies above 4 eV, the present
values are below by about 30% than the swarm data and by a factor of two than the
recent experiment by Khakoo et al. [6]. For the stretching mode (Figure 5), all available
experimental data generally agree with each other, while the present results and other
previous theoretical cross-sections are all systematically below the experimental values.
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Figure 3. The calculated cross sections as functions of the electron scattering energy for the vibrational excitation of H2O for
different vibrational states vi = 0, 1, 2 of the three normal modes i (see the text for detailed discussion): (a) cross−sections
for the bending mode, (b) for symmetric stretching mode and (c) for asymmetric stretching mode.

1 10

electron scattering energy (eV)

0.1

1

cr
o
ss

 s
ec

ti
o
n
 (

1
0

-1
6
 c

m
2
)

Khakoo 2009 (exp)

El-Zein 2000 (exp)

Shyn 1988 (exp)

Seng 1976 (exp)

This work
Nishimura 2004 (calc)

Curik 2003 (calc)

Yousfi 1996 (evaluated)

Song 2021 (evaluated)

bending (000) -> (010)

Figure 4. A comparison of cross sections available in the literature for the excitation of the bending
mode (000)→ (010). The black solid line is the theoretical result obtained in this study.



Atoms 2021, 9, 62 7 of 11

1 10

electron scattering energy (eV)

0.1

1

cr
o
ss

 s
ec

ti
o
n
 (

1
0

-1
6
 c

m
2
)

Khakoo 2009 (exp)

El-Zein 2000 (exp)

Shyn 1988 (exp)

Seng 1976 (exp)

This work (calc)

Nishimura 2004 (calc)

Curik 2003 (calc)

Yousfi 1996 (evaluated)

Song 2021 (evaluated)

stretching (000) -> (100)+(001)

Figure 5. A comparison of cross sections available in the literature for the excitation of the stretching
modes (000)→ (100) + (001). The black solid line is the theoretical result obtained in this study.

It is worth mentioning that in the beam experiments, a wide resonant structure near
8 eV is observed. It is especially pronounced in the experiment by Khakoo et al. [6]
and less pronounced, manifested rather as a shoulder, in the swarm data by Yousfi and
Benabdessadok [30]. In our calculations, we observe four resonances near that energy:
two narrow resonances of 2B1 symmetry at 7.8 eV and of 2 A1 symmetry at 10 eV, and two
wider resonances: a 2 A2 resonance at 6.7 eV and a 2B2 resonance at 11 eV with a width
of about 1 eV. Therefore, the resonant structure observed in the experiments (with unre-
solved rotational structure) can be explained well by the presence of these four resonances.
However, it is clear that the theory is unable to reproduce the magnitude of the excitation
cross-section correctly, as observed in the experiments. Therefore, it is likely that in the
present and previous theoretical calculations, an effect, responsible for a larger vibrational
excitation at energies above 3 eV, is not accounted for. One possibility is that in this region
of energies, the resonant states, mentioned above, can capture the electron into their vi-
brational states, which would significantly enhance the excitation cross-section. A similar
resonant mechanism was observed in electron-impact vibrational excitation CO [31]. An-
other consideration is that close-coupling calculations, such as the ones performed here, do
not provide a converged treatment of polarization interactions [32]. It is, therefore, possible
that the underestimation of polarization effects contributes to the under prediction of the
vibrational excitation cross-section.

3.2. Rate Coefficients

The excitation cross-sections were used to compute the thermally averaged rate coeffi-
cients (see, for example, Equation (13) of ref. [14]). The coefficients are shown in Figure 6.
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Similarly to the previous studies [14,33,34], for a more convenient use in models, the
numerical rate coefficients are fitted to the following analytical formula

α
f it
υi
′←υi

(T) =
1√
T

e−
∆

υi
′←υi
T P f it

υi
′υi
(x), (5)

where

P f it
υi
′υi
(x) = a0 + a1x + a2x2 and x = ln(T). (6)

The coefficients aj (j = 0, 1, 2) are fitting parameters. The quantity P f it
υi
′υi
(x) is the

(de-)excitation probability. It weakly depends on the scattering energy. In Equation (5),
∆υi

′←υi
is the threshold energy defined as

∆νi
′νi

=

{
Eνi
′ − Eνi > 0 for excitation,

0 for de-excitation.
(7)

The coefficients aj are obtained for each pair of transitions v′ ↔ v from a numerical
fit. The numerical parameters of aj listed in Tables 2–4. To use the fit, temperature T in
Equation (6) should be in kelvins.

Table 2. Parameters a0, a1 and a2 of the polynomial P f it
υi
′υi
(x) of Equations (5) and (6) between the three lowest vibrational

states for the bending mode of H2O. The pairs of the final and initial vibrational levels for each normal mode are at the
second line in each header of the tables. The third line in each header gives the threshold energies ∆υi

′←υi in Equation (7).

v′i ← vi 1← 0 2← 0 0← 1 2← 1 0← 2 1← 2

∆v′i ,vi
(K) 2403 4807 0 2403 0 0

a0 5.76 × 10−7 2.23 × 10−8 2.63 × 10−7 1.08 × 10−6 8.33 × 10−9 3.99 × 10−7

a1 −6.32 × 10−8 −3.05 × 10−9 2.24 × 10−8 −1.19 × 10−7 7.07 × 10−10 6.83 × 10−8

a2 2.76 × 10−9 1.95 × 10−10 −2.97 × 10−9 5.30 × 10−9 −5.27 × 10−11 −7.34 × 10−9

Table 3. Same as Table 2 for the symmetric stretching mode of H2O.

v′i ← vi 1← 0 2← 0 0← 1 2← 1 0← 2 1← 2

∆v′i ,vi
(K) 5489 10978 0 5488 0 0

a0 2.92 × 10−7 1.01 × 10−8 1.10 × 10−7 5.69 × 10−7 6.62 × 10−9 2.32 × 10−7

a1 −5.68 × 10−8 −1.06 × 10−9 −8.08 × 10−9 −1.07 × 10−7 −1.82 × 10−10 −1.79 × 10−8

a2 4.29 × 10−9 7.76 × 10−11 1.09 × 10−9 8.00 × 10−9 2.39 × 10−11 2.16 × 10−9

Table 4. Same as Table 2 for the asymmetric stretching mode of H2O.

v′i ← vi 1← 0 2← 0 0← 1 2← 1 0← 2 1← 2

∆v′i ,vi
(K) 5673 11345 0 5672 0 0

a0 3.56 × 10−7 1.66 × 10−8 4.27 × 10−8 6.64 × 10−7 4.49 × 10−9 8.57 × 10−8

a1 −9.80 × 10−8 −3.59 × 10−9 −1.51 × 10−8 −1.82 × 10−7 −5.01 × 10−10 −2.94 × 10−8

a2 7.05 × 10−9 2.45 × 10−10 1.66 × 10−9 1.31 × 10−8 5.15 × 10−11 3.15 × 10−9

3.3. Assessment of Uncertainties

The main source of uncertainty of the present results is due to electron scattering
calculations. To assess the uncertainty, we computed the cross-section-varying parameters
of the scattering model. The main scattering model (Model 1) is described above. In the
second set of calculations (Model 2), the electronic basis was reduced from cc-pVTZ to DZP,
and the same CAS (CAS1) was employed. In Model 3, we freeze the 2a1 and 1b2 molecular
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orbitals, which leads to a reduced complete active space (CAS2) in the configuration
interaction calculations with respect to Model 1 by two orbitals. In Model 4, a larger
basis cc-pVQZ (correlation-consistent polarized valence quadruple-zeta) and CAS1 were
used. Figure 7 demonstrates a comparison of cross-sections obtained using the models.
As evident from the figure, reducing the basis set from cc-pVTZ to DZP (Model 1 vs. Model 2)
changes the results by about 30% (stretching) and 50% (bending), while increasing the basis
set from cc-pVTZ to cc-pVQZ (Model 1 vs. Model 4) changes the result less, by about 5–15%.
Therefore, the convergence of Model 1 with respect to the basis set is about 5% (stretching)
and 15% (bending). Changing the CAS (Model 1 vs. Model 3) changes the cross-sections
by about 5–10%. Therefore, we estimate the uncertainty of Model 1 to be about 20% for the
bending mode and about 10% for the stretching mode.
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Figure 7. Cross sections for the excitation of the bending (left panel) and stretching (right panel) modes obtained using the
four different models (see the text). Model 1 is used to produce final results of the study. The three other models, in which
the basis set and the CAS were changed compared to Model 1, are used to assess the uncertainty of the results: Model
1—the cc-pVTZ basis and CAS1; Model 2—the DZP basis and CAS1; Model 3—the cc-pVTZ basis and CAS2; Model 4—the
cc-pVQZ basis and CAS1.

4. Conclusions

Summarizing the results of the present study, we computed cross-sections for the
vibrational excitation of the water molecule by electron impact using a purely ab initio
approach. We would like to stress that cross-sections for excitation by two quanta in one
collision were obtained and reported for the first time. The uncertainty of the obtained
cross-sections is estimated to be 20% for the excitation of the bending mode and 10% for
the stretching modes. The resonant structure observed in experimental data near 6–10 eV
was characterized using the ab initio calculations. The overall agreement of the present
cross-sections with the experiment is within experimental uncertainties (including different
experiments) for the bending mode. For the stretching modes, the present theory gives
cross-sections somewhat smaller than in the experiment: The difference is slightly larger
than the combined uncertainties of the experiment and the theory. Finally, thermally
averaged rate coefficients were derived from the obtained cross-sections. The coefficients
were fitted to an analytical formula for a convenient use by modellers.

Rotationally resolved vibrational cross-sections are currently being computed and
will be reported later.

Finally, we note that the methodology for computing non-resonant vibrational excita-
tion cross-sections employed here has recently been incorporated, with some simplifica-
tions, into the QEC (Quantemol Electron Collisions) expert system [35] used to run the new
(UKRmol+) UK Molecule R-matrix code [36]. The main simplifications are: (1) The integral
of Equation (2) is evaluated using the linear approximation for the scattering matrix near
the equilibrium geometry [37–40]. (2) The electron-scattering calculation for all geometries
are performed without taking into account any symmetry of the molecule, i.e., the C1 group
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of molecular symmetry is used. As here, MOLPRO is used to automatically generate the
normal modes.
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