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ELASTOPLASTIC DEFORMATION AND CONTACT
MODELLING USING A MESHLESS METHOD

H. FIHRI FASSI, K. KHAMMARI, R. EL JID

Université Hassan®, FSTS, L2MI, équipe de calcul des structures Sklt@oc

Résumé :

La modélisation numérique de maniére efficace ablpmes incluant des non linéarités liés au materaa

la géométrie et aux conditions de contact restende jours un défi. Souvent ce genre de probleme est
modélisé par des méthodes adaptatives par élérfinrtsLes méthodes sans maillage offre des pdis&ibi
attractive d’'adaptation sans remaillage.la procéeuse fait par Une simple addition ou suppression de
nceuds. Ce papier cherche a proposer un algoritheneédolution de probleme élastoplastic incluant le
contact par la méthode « Element Free de Galerkibasée sur I'approximation des moindres carrés
mobiles. Les conditions de contact sont traitéesyre méthode de pénalisation. Les multiplicatedes
Lagrange sont utilisés pour corriger les écarts slées conditions aux limites essentielles. Dante agtide
sont testées une méthode matricielle et la programem mathématique. Le programme développé est
implémenté dans I'environnement Matlab.des exengp&gjues sont présentés a la fin de ce travail.

Abstract :

The numerical modeling problems including both eriat, geometric and contact nonlinearities remains
challenging. Often these problems are modeled aittadaptive finite element method. Meshless methods
offer the attractive possibility of simpler adagtiprocedures involving no remeshing, simple ingertr
deletion of nodes. In this paper, a meshless amtrdar elastoplastic behavior and contact is degelh

The Free Galerkin Method based on Moved Least SgudviLS” approximation has been used. The
penalty method for imposition of contact constragiproposed and the Lagrange multipliers method is
implemented to impose essential boundary conditionghis work, the mathematical programming and th
matrix method are implemented and tested on théablanvironment.

Mots clefs : élastoplasticité; formulation incrémemale, element free Galerkin, moved
least square, pénalité, multiplicateur de Lagrange

Keys words: elastoplasticity, incremental formulation, elemenfree Galerkin, moved least square,
penalty, lagrangian multiplier, mathematical programming, matrix method.
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1. Introduction

Recently there has been a fast development progressshless methods. Particularly, the Elemerg Fre
Galekin “EFG” method has been applied successtollpon-linear problems in mechanics. We quote the
contact[1] and plasticity{2]. The current study is paid attention to performingneshless model to solve
frictionless contact problems with elastoplasticifyhe “EFG” method based oMoved Least Squares
“MLS” approximation is chosen for its performandasstability and convergence. In this paper, theSML
approximation, the elastoplastic model and the ainlaw will be reviewed. The difficulties due toet
imposition of essential boundary conditions and tlunerical integration are discussed. To show the
feasibility of the model, some practical exampléslve presented in the end.

2. MLS approximation

The MLS as an approximation method has been intedily Shepar{B] and Lancastgd]. It consists of
three components: a basis function, a weight fonaissociated with each node, and a set of camifihat
depends on node position.

Using MLS approximation, a data valueu = {ui}‘f:l at nodesx; is approximated by a function
u® e CS{JE“} in a weighted square sense namely [1,5]:

ub(x) = ¥M p;(x)a;(x) = pT (x)aix) 1)

Where p;(x),i = 1,2,....m are monomial basis functionpT (x) = [py(x), p1(x), ..., b {x)], m is the
number of terms in the basis, amgx] are the coefficients of the basis functions. In

general, the basis functions are as follows: Fangle, for a 1-D problem, the linear basis{isx}, and the
quadratic basis i1, x,x2}. For a 2-D problem, the linear basis {4 x,y}, and the quadratic basis is
{Lx,5%x%xy, 7"} wherex = (x,y).

The coefficient vectora(x) is determined by minimizing a weight discrete squzorm, which is defined as

Jx) = X% w,(x) (pT (x)alx) — u;)? )

wherew, (x) is the weight function associated with the nodeis the number of nodes @
for which the weight functiomv; (x) = 0 andu; are the fictitious nodal values, but not the nogdiies of
the unknown trial functioru™(x) i.e. u™(x;) # u,.

The stationary point af, in equation (2), with respect #{x) leads to the following linear
relation betweem(x) andu:

A(x)alx) = B(x)u 3
where the matrices! (x) andEB (x) are defined by:
A(x) = PTWP = B(x) P = X7, w; (x)p(x,; )pT (x;) (4)
B(x) = PTW = [wy (x)p(xq ), wa (0)p(x2), ..o wi () p (x )] ®)

The matrix4 is often called the moment matrix, it is of siza + 1) x (m + 1).Computing a(x) using
equation (3) and substituting it into equation ¢iye:

ut(x) = &7 (x).u = Y di(x)u;, xEQ (6)
Where &7 (x) = pT(x)A 1 (x)B(x) (7)
Or ¢i(x) = Bt Pe (AT () B (x) s (8)

¢ (x) are called the shape functions of the MLS appration, corresponding to nodal poiyf similar to
the interpolation function in FEM .
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3. Elastoplastic analysis

The classical hypothesis of elastoplastic decontipasof the total strain rate in two parts is calesed
[6,7]:

E=E°+ &P, 9)
Where £° is the elastic part verifying the generalised Hoskaw andéP the plastic part given by the
classical normality law.

The plastic flow is a quasistatic problem. Consegjyethe time plays the role of a simple paramefer
evolution. The stress state doesn't depend onntiemdity of the velocity. While applying the imptic
integration scheme introduced first by Mor¢@8land known as the “catching up” algorithm, the tica@ be
eliminated. This method suggests calculating afirection called the superpotential of dissipatioar the
incremental formulation, the following notationdivine used:

NeP =¢P —¢gf |, Ne® =& — &5,
Ao=o0, -0, , Ae=¢ —¢&,,
where the index 0 (resp. 1) is relative to the ieigig (resp. to the end) of the step.
According to the implicit integration, the plassitain increment is given by [6,7]:
Ae® = ATEP. (11)
In the frame of Convex Analysis, the incrementa kand its inverse will be expressed by the follayvin
relations [6,7]:

(10)

Ae® 00,,0W,(A0); AcDd, AV, (As®), (12)
where AV represents the incremental energy of plastic dedtion andAW,, is its complementaryAV
can be calculated from the so-called plastic digp which, for the Von-Mises material, is givey the

following expression:
ACHENEN- -4} (13)

where g, is the yield stress of the material and the synﬂéq' represents the Euclidean norm of the plastic

strain deviatore” .
Finally, to determine the incremental elastoplastiperpotentieAV (Ag) that will be used in the

variational formulation, the inf-convolution condép used and defined B§,7]:

AV =4V, O, , AV,

(14)
=t {av,(as%) +av, e}
AeP incompresible

where AV, andAV,, are respectively the elastic and plastic increalesuperpotentials.

4. Problem of contact

4.1 Contact law

The Signorini law of contact can be rewritten atiebfly as follows:
If t,=0 then u, >0, non contact
Elseif u,=0 thent, >0, contact (15)

u, andt, denote the normal components of velocity and @tritace.

4.2 Incremental formulation and penalty procedure

Let's note by 0 and 1 the beginning and the enbdeogtep, the incremental displacement is defiyed b
Au, =u, —U, =Am,. (16)
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To implement the penalty method, practically weddtice a fictitious rigidity as follows [6,7]:

At 17
Au, =Au! +—" 7
a

where a is the penalisation factoAurf is fictitious increment computed from the actu@pthcement

incrementAu and the previous of the contact forces incremédriis. regularisation of the contact law leads
us to introduce the following differentiable furanti [6,7]:

Ab, = a(-Au, +Au, )? (18)

The detailed procedure of penalization appliedoitact problem with the meshless method is predente
[1].
5. Meshless formulation
The approximation of the increment of displacemean, be presented as follow:

Au(x) =dT (X)AU  Ae =B(x)AU (19)
where ®(X) is the matrix of the shape functions (;f the MLSrappnation defined by (7,8), corresponding
to nodal pointc; and B(X) = grad (P(x)) .

After this step the variational principle concephde used similarly to “FEM”.
Using the variational principle approach, the fiomal, in the meshless method context is given by:

AD(AU) = [AV(BAU) dQ + [Ab, (-®TAU,At) dS- [AT.OTAU dS (20)
Q S, s,

To solve the system (20), the matrix method andntiaghematical programming are used for elastostatic
problems. For the nonlinear problems, a procedingimimisation by the Newton method is used.

6. Difficulties

6.1Boundary condition
The enforcement of essential boundary conditiongnes an area of ongoing research, since
the shape functions in meshless methods are mdtisterpolates, i.e. they do not satisfy the
Kronecker delta condition:
o 1 ifi=j
‘i’i{x}'}i Oij = { S1=]

0 othrwise
Consequently the approximated value on the bourdigpgnds on interior nodes as well as boundarysiode
Boundary conditions are in terms of linear comboreg of nodal values. Various ways of implementing
boundary conditions for meshless methods have eggested, such as combining the Element Free
Galerkin method (EFG) with finite element shapections close to the boundary, the use of a modified
variational principle, the use of window or corientfunctions that vanish on the boundary , anduse of
Lagrange multipliers. In this paper, the esseniialndary condition is imposed using the Lagrange
multipliers method1,5].

6.2 Numerical integration

In the MLS method, the concept of element doeserist, and the shape functions are not polynorthals
the integrals cannot be evaluated as for the felgéenent method. However, direct integration nootean
underlying grid that serves only in the numeriggkgration, and does not interfere in the approiioma
scheme can be used. In this way, the second mgttsjdvas used.

7. Examples
7.1 hollow disk

a hollow disk is considered as sho(figure 1).P = 100 MPa ,v = 0.3, E = 2,1.10°MPa,a = 20 mm
andb =90 mm.
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7.2The Contact problem

A deformable bloc (60mmx30mm) in contact with aididoundation is analyzed in this section. The
geometry and boundary conditions are showed orr&iguand Figure 6 , the mechanical properties are:
E= 2.110N/mn¥, v=0.3.

The surface of contact is defined by the contadesoln this work, this surface is considered aswkn

distribution des noeuds de la structure
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visualisation des déformations
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Figure 9 Vertical displacements for different values of tdomtact penalty parameter)(

8. Conclusion

An algorithm for solving the elastoplastic evolutiproblem taking account the unilateral contachgis
meshless method has been presented. To show 8ikilfgaof the method, some numerical examplesehav
been presented. The works are under the way fiangebe method on complex non-linear problems.
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